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PREFACE

This manual describes general concepts, functions, and specifications for use of the Advanced
Scientific Library (ASL).

The manuals corresponding to this product consist of seven volumes, which are divided into the
chapters shown below. This manual describes the basic functions, volume 1.

Basic Functions Volume 1

Chapter Title Contents
1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.
2 Storage Mode Explanation of algorithms, method of using, and usage example
Conversion of subroutine related to storage mode conversion of array data.
3 Basic Matrix Algebra | Explanation of algorithms, method of using, and usage example
of subroutine related to basic calculations involving matrices.
4 Eigenvalues and Explanation of algorithms, method of using, and usage example
Eigenvectors of subroutine related to

the standard eigenvalue problem for real matrices, complex
matrices, real symmetric matrices, Hermitian matrices, real sym-
metric band matrices, real symmetric tridiagonal matrices, real
symmetric random sparse matrices, Hermitian random sparse
matrices and

the generalized eigenvalue problem for real matrices, real
symmetric matrices, Hermitian matrices, real symmetric band
matrices.

Basic Functions Volume 2

Chapter Title Contents
1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.
2 Simultaneous Linear Explanation of algorithms, method of using, and usage exam-
Equations ple of subroutine related to simultaneous linear equations corre-
(Direct Method) sponding to real matrices, complex matrices, positive symmetric

matrices, real symmetric matrices, Hermitian matrices, real band
matrices, positive symmetric band matrices, real tridiagonal ma-
trices, real upper triangular matrices, and real lower triangular
matrices.




Basic Functions Volume 3

Chapter

Title

Contents

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Fourier Transforms
and their applications

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to one-, two- and three-dimensional
complex Fourier transforms and real Fourier transforms, one-,
two- and three-dimensional convolutions, correlations, and power
spectrum analysis, wavelet transforms, and inverse Laplace
transforms.

Basic Functions Volume 4

Chapter

Title

Contents

1

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Differential Equations
and Their Applications

Explanation of algorithms, method of using, and usage example
of subroutine related to

ordinary differential equations initial value problems for
high-order simultaneous ordinary differential equations, implicit
simultaneous ordinary differential equations, matrix type ordi-
nary differential equations, stiff problem high-order simultane-
ous ordinary differential equations, simultaneous ordinary dif-
ferential equations, first-order simultaneous ordinary differential
equations, and high-order ordinary differential equations, and
ordinary differential equations boundary value problems
for high-order simultaneous ordinary differential equations, first-
order simultaneous ordinary differential equations, high-order or-
dinary differential equations, high-order linear ordinary differen-
tial equations, and second-order linear ordinary differential equa-
tions, and

integral equations for Fredholm’s integral equations of second
kind and Volterra’s integral equations of first kind, and

partial differential equations for two- and three-dimensional
inhomogeneous Helmholtz equation.

Numerical Differentials

Explanation of algorithms, method of using, and usage example
of subroutine related to numerical differentials of one-variable
functions and multi-variable functions.

Numerical Integration

Explanation of algorithms, method of using, and usage example
of subroutine related to numerical integration over a finite inter-
val, semi-infinite interval, fully infinite interval, two-dimensional
finite interval, and multi-dimensional finite interval.

Interpolations and
Approximations

Explanation of algorithms, method of using, and usage example
of subroutine related to interpolations, surface interpolations,
least squares approximations, least squares surface approxima-
tions, and Chebyshev’s approximations.

Spline Functions

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to interpolation, smoothing, numerical
derivatives, and numerical integrals using cubic splines, bicubic
splines and B—splines.




Basic Functions Volume 5

Chapter

Title

Contents

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Special Functions

Explanation of algorithms, method of using, and usage example
of subroutine related to Bessel functions, modified Bessel func-
tions, spherical Bessel functions, functions related to Bessel func-
tions, Gamma functions, functions related to Gamma functions,
elliptic functions, indefinite integrals of elementary functions, as-
sociated Legendre functions, orthogonal polynomials, and other
special functions.

Sorting and Ranking

Explanation and usage examples of subroutine related to sorting
and ranking.

Roots of Equations

Explanation of algorithms, method of using, and usage example
of subroutine related to roots of algebraic equations, nonlinear
equations, and simultaneous nonlinear equations.

Extremal Problems
and Optimization

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to minimization of functions with no
constraints, minimization of the sum of the squares of functions
with no constraints, minimization of one-variable functions with
constraints, minimization of multi-variable functions with con-
straints, and shortest path problem.

Basic Functions Volume 6

Chapter

Title

Contents

1

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Random Number Tests

Explanation and usage examples of subroutine related to uniform
random number tests, and distribution random number tests.

Probability
Distributions

Explanation and usage examples of subroutine related to contin-
uous distributions and discrete distributions.

Basic Statistics

Explanation and usage examples of subroutine related to basic
statistics, variance-covariance and correlation.

Tests and Estimates

Explanation and usage examples of subroutine related to interval
estimates and tests.

Analysis of Variance
and
Design of Experiments

Explanation and usage examples of subroutine related to one-way
layout, two-way layout, multiple-way layout, randomized block
design, Greco-Latin square method, cumulative Method.

Nonparametric Tests

Explanation and usage examples of subroutine related to tests
using x? distribution and tests using other distributions.

Multivariate Analysis

Explanation and usage examples of subroutine related to prin-
cipal component analysis, factor analysis, canonical correlation
analysis, discriminant analysis, cluster analysis.

Time Series Analysis

Explanation and usage examples of subroutine related to auto-
correlation, cross correlation, autocovariance, cross covariance,
smoothing and demand forecasting.

10

Regression analysis

Explanation and usage examples of subroutine related to linear
Regression and nonlinear Regression.




Shared Memory Parallel Functions

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Basic Matrix Algebra | Explanation of algorithms, method of using, and usage example
of subroutine related to obtain the product of real matrices and
complex matrices.

3 Simultaneous Linear Explanation of algorithms, method of using, and usage exam-

Equations ple of subroutine related to simultaneous linear equations cor-
(Direct Method) responding to real matrices, complex matrices, real symmetric
matrices, and Hermitian matrices.

4 Simultaneous Linear Explanation of algorithms, method of using, and usage exam-
Equations ple of subroutine related to simultaneous linear equations corre-
(Iteration Method) sponding to real positive definite symmetric sparse matrices, real

symmetric sparse matrices and real asymmetric sparse matrices.

5 Eigenvalues and Explanation of algorithms, method of using, and usage example
Eigenvectors of subroutine related to the eigenvalue problem for real symmet-

ric matrices and Hermitian matrices.

6 Fourier Transforms Explanation of algorithms, method of using, and usage example
and their applications | of subroutine related to one-, two- and three-dimensional com-

plex Fourier transforms and real Fourier transforms, two- and
three-dimensional convolutions, correlations, and power spec-
trum analysis.

7 Sorting Explanation and usage examples of subroutine related to sorting
and ranking.
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(1) This manual corresponds to ASL 1.1. All functions described in this manual are program products.

(2) Proper nouns such as product names are registered trademarks or trademarks of individual manufacturers.
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to keep up with the latest techniques, if a newly added or improved function includes the function of an
existing function may be removed.
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Chapter 1
INTRODUCTION

1.1 OVERVIEW

1.1.1 Introduction to The Advanced Scientific Library ASL

Table 1—1 shows correspondences among product categories, functions of ASL and supported hardware platforms.

In the same version of ASL, interfaces of subroutines of the same name are common among hardware platforms.

Table 1—1 Classification of functions included in ASL

Classification of Functions Volume

Basic functions Vol. 1-6

Shared memory parallel functions | Vol. 7

1.1.2 Distinctive Characteristics of ASL
ASL has the following distinctive characteristics.

(1) Subroutines are optimized using compiler optimization to take advantage of corresponding system hardware

features.

(2) Special-purpose subroutines for handling matrices are provided so that the optimum processing can be
performed according to the type of matrix (symmetric matrix, Hermitian matrix, or the like). Generally,
processing performance can be increased and the amount of required memory can be conserved by using

the special-purpose subroutines.

(3) Subroutines are modularized according to processing procedures to improve reliability of each component

subroutine as well as the reliability and efficiency of the entire system.

(4) Error information is easy to access after a subroutine has been used since error indicator numbers have been

systematically determined.



1.2 KINDS OF LIBRARIES

Table 1—2 Kinds of libraries providing ASL

. - Doclarati
Size of variable(byte) eclaration Kind Kind of library
of arguments
integer real
4 8 INTEGER(4) 32bit integer Double-precision
REAL(8) subroutine
32bit integer library
(link option: -lasl_sequential)
4 4 INTEGER(4) 32bit integer Single-precision
REAL(4) subroutine
8 8 INTEGER(8) 64bit integer Double-precision
REAL(8) subroutine
64bit integer library
(link option: -lasl_sequential i64)
8 4 INTEGER(8) 64bit integer Single-precision
REAL(4) subroutine

(*¥1) Functions that appear in this documentation do not always support all of the four kinds of subroutines listed
above. For those functions that do not support some of those subroutine kinds, relevant notes will appear in the

corresponding subsections.

(*¥2) The string “(4)” that specifies 32bit (4 byte) can be omitted.



1.3 ORGANIZATION

This section describes the organization of Chapters 2 and later.

1.3.1 Introduction

The first section of each chapter is a general introduction describing such information as the effective ways of

using the subroutines, techniques employed, algorithms on which the subroutines are based, and notes.

1.3.2 Organization of Subroutine Description

The second section of each chapter sequentially describes the following topics for each subroutine.
Function

Usage

Arguments

Restrictions

Error indicator

Notes

7) Example

Each item is described according to the following principles.

1.3.3 Contents of Each Item

(1) Function
Function briefly describes the purpose of the ASL subroutine.

(2) Usage
Usage describes the subroutine name and the order of its arguments. In general, arguments are arranged

as follows.
CALL subroutine-name (input-arguments, input/output-arguments, output-arguments, ISW, work, IERR)

ISW is an input argument for specifying the processing procedure. IERR is an error indicator. In some

cases, input/output arguments precede input arguments. The following general principles also apply.

e Array are placed as far to the left as possible according to their importance.

e The dimension of an array immediately follows the array name. If multiple arrays have the same
dimension, the dimension is assigned as an argument of only the first array name. It is not assigned

as an argument of subsequent array names.

(3) Arguments
Arguments are explained in the order described above in paragraph (2). The explanation format is as
follows.
Arguments Type Size Input/Output Contents

(a) (b) (9 (d) (e)




Contents of Each Item

(a)

(b)

Arguments
Arguments are explained in the order they are designated in the Usage paragraph.
Type
Type indicates the data type of the argument. Any of the following codes may appear as the type.

I : Integer type

D : Double precision real

R : Real

Z : Double precision complex

C : Complex

There are 64-bit integer and 32-bit integer for integer type arguments. In a 32-bit (64-bit) integer type

subroutine, all the integer type arguments are 32-bit (64-bit) integer. In other words, kinds of libraries

determine the sizes of integer type arguments (Refer to 1.4). In the user program, a 32-bit/64-bit
integer type argument must be declared by INTEGER/ INTEGER(8), respectively.

Size

Size indicates the required size of the specified argument. If the size is greater than 1, the required
area must be reserved in the program calling this subroutine.

1 : Indicates that argument is a variable.

N : Indicates that the argument is a vector (one-dimensional array) having N elements. The
argument N indicating the size of this vector is defined immediately after the specified vector.
However, if the size of a vector or array defined earlier, it is omitted following subsequently
defined vectors or arrays. The size may be specified by only a numeric value or in the form of a
product or sum such as 3 x N or N + M.

M, N : Indicates that the argument is a two-dimensional array having M rows and N columns. If M
and N indicating the size of this array have not been defined before this array is specified, they
are defined as arguments immediately following this array.

Input/Output

Input/Output indicates whether the explanation of argument contents applies to input time or
output time.

i. When only “Input” appears
When the control returns to the program using this subroutine, information when the argument
is input is preserved. The user must assign input-time information unless specifically instructed
otherwise.
ii. When only “Output” appears
Results calculated within the subroutine are output to the argument. No data is entered at
input time.
iii. When both “Input” and “Output” appear
Argument contents change between the time control passes to the subroutine and the time control
returns from the subroutine. The user must assign input-time information unless specifically
instructed otherwise.
iv. When “Work” appears
Work indicates that the argument is an area used when performing calculations within the
subroutine. A work area having the specified size must be reserved in the program calling this
subroutine. The contents of the work area may have to be maintained so they can be passed along
to the next calculation.



Contents of Each Item

()

Contents
Contents describes information held by the argument at input time or output time.
e A sample Argument description follows.

Example
The statement of the subroutine (DBGMLC, RBGMLC) that obtains the LU decomposition
and the condition number of a real matrix is as follows.

Double precision:

CALLDBGMLC (A, LNA, N, IPVT, COND, W1, IERR)
Single precision:

CALL RBGMLC (A, LNA, N, IPVT, COND, W1, IERR)

The explanation of the arguments is as follows.

Table 1-3 Sample Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A Note | LNA,N Input | Real matrix A(two-dimensional array)
D Output | The matrix A decomposed into the matrix LU
R where U is a unit upper triangular matrix and
L is a lower triangular matrix.
2 LNA I 1 Input | Adjustable dimension size of array A
3 N I 1 Input | Order n of matrix A
4 IPVT I N Output | Pivoting information
IPVT(i): Number of the row exchanged with
row ¢ in the i-th step.
5 COND D 1 Output | Reciprocal of the condition number
R
6 W1 D N Work | Work area
R
7 IERR I 1 Output | Error indicator

To use this subroutine, arrays A, IPVT and W1 must first be allocated in the calling program so

double-precision

they can be used as arguments. A is a }N"tc real array of size (LNA , N) , IPVT is

single-precision
double-precision
single-precision
When the 64-bit integer version is used, all integer-type arguments (LNA, N, IPVT and IERR) must
be declared by using INTEGER(8), not INTEGER.

an integer array of size N and W1 is a { }real array of size N.

Note The entries enclosed in brace { } mean that the array should be declared double precision type (code D) when
using subroutine DBGMLC and real type (code R) when using subroutine RBGMLC. Braces are used in this
manner throughout the remainder of the text unless specifically stated otherwise.



Contents of Each Item

Data must be stored in A, LNA and N before this subroutine is called. The LU decomposition and
condition number of the assigned matrix are calculated with in the subroutine, and the results are
stored in array A and variable COND. In addition, pivoting information is stored in IPVT for use by

subsequent subroutines.

IERR is an argument used to notify the user of invalid input data or an error that may occur during

processing. If processing terminates normally, IERR is set to zero.

Since W1 is a work area used only within the subroutine, its contents at input and output time have

no special meaning.

(4) Restrictions
Restrictions indicate limiting ranges for subroutine arguments.

(5) Error indicator

Each subroutine has been given an error indicator as an output argument. This error indicator, which
has uniformly been given the variable name IERR, is placed at the end of the arguments. If an error is

detected within the subroutine, a corresponding value is output to IERR. Error indicator values are divided

into five levels.

Table 1-4 Classification of Error Indicator Output Values

Level IERR value Meaning Processing result
Normal 0 Processing is terminated normally. Results are guaranteed.
Warning | 1000~2999 | Processing is terminated under cer- | Results are conditionally guaranteed.
tain conditions.
3000~3499 | Processing is aborted since an argu- | Results are not guaranteed.
ment violated its restrictions.
Fatal 3500~3999 | Obtained results did not satisfy a cer- | Obtained results are returned (the
tain condition. results are not guaranteed).
4000 or more, A fatal error was detected during | Results are not guaranteed.
processing.  Usually, processing is
aborted.
(6) Notes

Notes describes ambiguous items and points requiring special attention when using the subroutine.

(7) Example
Here gives an example of how to use the subroutine. Note that in some cases, multiple subroutines are

combined in a single example. The output results are given in the 32-bit integer version, and may differ

within the range of rounding error if the compiler or intrinsic functions are different.

The source codes of examples in this document are included in User’s Guide. Input data, if required, is

also included in it. To build up an executable files by compiling these example source codes, they should

be linked with this product library.




1.4 SUBROUTINE NAMES

The subroutines name of ASL basic functions consists of (six alphanumeric characters).

Figure 1-1 Subroutine Name Components

Characteristic function of individual subroutine

Indicates the numerical application

Indicates the calculation precision

“1” in Figure 1-1: The following eight letters are used to indicate the calculation precision.

D, W Double precision real-type calculation
R, V  Single precision real-type calculation
Z, J  Double precision complex-type calculation

C, I  Single precision complex-type calculation

However, the complex type calculations listed above do not necessarily require complex arguments.

“2” in Figure 1-1: Currently, the following letters lettererererere are used to indicate the application field
in the ASL related products.

Letter Application Field Volume

A Storage mode conversion 1
Basic matrix algebra 1,7

B Simultaneous linear equations (direct method) 2,7

C Eigenvalues and eigenvectors 1,7

F Fourier transforms and their applications 3,7
Time series analysis 6

G Spline function 4

H Numeric integration 4

I Special function 5

J Random number tests 6

K Ordinary differential equation (initial value problems) 4

L Roots of equations 5

M Extremum problems and optimization 5

N Approximation and regression analysis 4,6

(0] Ordinary differential equations (boundary value problems), integral 4
equations and partial differential equations

P Interpolation 4

Q Numerical differentials 4

S Sorting and ranking 5,7



Letter Application Field Volume

X Basic matrix algebra

Simultaneous linear equations (iterative method)
Probability distributions

Basic statics

Tests and estimates

Analysis of variance and design of experiments

Nonparametric tests

S O W N~
[e>E >N INe NN e e N B

Multivariate analysis

“3—6” in Figure 1—1 : These characters indicate the characteristic function of the individual subroutine.



1.5 NOTES

(1)

Use the subroutines of double precision version whenever possible. They not only provide higher precision
solutions but also are more stable than single precision versions, in particular, for eigenvalue and eigenvector

problems.

To suppress compiler operation exceptions, ASL subroutines are set to so that they conform to the compiler
parameter indications of a user’s main program. Therefore, the main program must suppress any operation

exceptions.

The numerical calculation programs generally deal with operations on finite numbers of digits, so the
precision of the results cannot exceed the number of operation digits being handled. For example, since
the number of operation digits (in the mantissa part) for double-precision operations is on the order of 15
decimal digits, when using these floating point modes to calculate a value that mathematically becomes 1,
an error on the order of 1071 may be introduced at any time. Of course, if multiple length arithmetic is
emulated such as when performing operations on an arbitrary number of digits, this kind of error can be
controlled. However, in this case, when constants such as 7 or function approximation constants, which are
fixed in double-precision operations, for example, are also to be subject to calculations that depend on the
length of the multiple length arithmetic operations, the calculation efficiency will be worse than for normal

operations.

A solution cannot be obtained for a problem for which no solution exists mathematically. For example,
a solution of simultaneous linear equations having a singular (or nearly singular) matrix for its coefficient
matrix theoretically cannot be obtained with good precision mathematically. Numerical calculations cannot
strictly distinguish between mathematically singular and nearly singular matrices. Of course, it is always
possible to consider a matrix to be singular if the calculation value for the condition number is greater than

or equal to an established criterion value.

Generally, if data is assigned that causes a floating point exception during calculations (such as a floating
point overflow), a normal calculation result cannot be expected. However, a floating point underflow that

occurs when adding residuals in an iterative calculation is an exception to this.

For problems that are handled using numerical calculations (specifically, problems that use iterative tech-
niques as the calculation method), there are cases in which a solution cannot be obtained with good precision

and cases in which no solution can be obtained at all, by a special-purpose subroutine.

Depending on the problem being dealt with, there may be cases when there are multiple solutions, and the
execution result differs in appearance according to the compiler used or the computer or OS under which
the program is executed. For example, when an eigenvalue problem is solved, the eigenvectors that are
obtained may differ in appearance in this way.

The mark “DEPRECATED” denotes that the subroutine will be removed in the future. Use ASL Unified

Interface, the higher performance alternative practice instead.



Chapter 2
STORAGE MODE CONVERSION

2.1 INTRODUCTION

This chapter describes subroutines that perform storage mode conversions of matrices.

Since this library uses various storage modes that differ according to the type and characteristics of the matrix,
you must store the matrix in advance in the storage mode that corresponds to the subroutine to be used. If
the matrix has already been stored, you must change its storage mode. Mode conversion subroutines have been

provided to facilitate this process.

10



Algorithms Used

2.1.1 Algorithms Used

2.1.1.1 Real band matrix compression and restoration

The element in the i-th row j-th column of the real band matrix is stored as follows.

Matrix Band type
Remarks

a. ML is the lower band width.

2.1.1.2 Real symmetric band matrix compression and restoration

The element in the i-th row j-th column of the real symmetric band matrix is stored as follows.

Matrix Symmetric band type
A; +—— A(—-j+MB+1,j
Remarks

a. MB is the band width.

2.1.1.3 One-dimensional column-oriented list format storage of a sparse matrix

The element in the i-th row j-th column of the sparse matrix is stored as follows.

Matrix One—dimensional column-oriented list format
k = IPONTR(j) + m
A — i = IRWIND(k)
A;; = VALUES(k)
Remarks
a. Asymmetric matrix storage:
ITYPE = 1.

The parameter m denotes an ordering number that is allocated to each nonzero element in the j -th column of
a given matrix, which begins with the value 0.

b. Symmetric matrix storage, using the upper triangular part as input ITYPE = 2.
The parameter m denotes an ordering number that is allocated to each nonzero element in the j -th column of
the upper triangular part of a given matrix, which begins with the value 0.

c. Symmetric matrix storage, using the lower triangular part as input ITYPE = 2.
The parameter m denotes an ordering number that is allocated to each nonzero element in the j -th column of
the lower triangular part of a given matrix, which begins with the value 0.

2.1.1.4 ELLPACK format of sparse matrix

The element in the i-th row j-th column of the sparse matrix is stored as follows.

Matrix ELLPACK format
A, = A(i,m
Ai,j %J. ( 7' )
j = JA(,m)
Remarks
a. The parameter m denotes an ordering number that is allocated to each nonzero element in the ¢ -th row of a

given matrix, which begins with the value 1. The smallest value m = 1 should always be given to the diagonal
element. As for other elements, values m = 2,3, ... can be allocated to them in an arbitrary order.

11



2.2 STORAGE MODE CONVERSION

2.2.1 DABMCS, RABMCS
Storage Mode Conversion of a Real Band Matrix: from (Two-Dimensional
Array Type) to (Band Type)
(1) Function
DABMCS or RABMCS converts the storage mode of the real band matrix A from (two-dimensional array
type) to (band type).
(2) Usage
Double precision:
CALL DABMCS (A, LNA, N, MU, ML, B, LMB, IERR)

Single precision:
CALL RABMCS (A, LNA, N, MU, ML, B, LMB, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output

1 A D LNA N Input | Real band matrix A

{R} (two-dimensional array type) (See Appendix

B).

2 LNA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MU I 1 Input | Upper band width of matrix A.
5 ML I 1 Input | Lower band width of matrix A.
6 B D LMB,N Output | Real band matrix A

{R} (band type) (See Appendix B).
7 LMB I 1 Input | Adjustable dimension of array B.
8 IERR I 1 Output | Error indicator

(4) Restrictions

a) 0<MU<N
b) 0 <ML < N
(¢) 0 <N <LNA

(d) MU + ML < LMB

(a)
(b)
)
)

12



DABMCS, RABMCS
Storage Mode Conversion of a Real Band Matrix: from (Two-Dimensional Array Type) to (Band Type)

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a), (b), (c) or (d) was not | Processing is aborted.
satisfied.
(6) Notes

(a) Array B elements, that were not corresponding to the elements of matrix A, retain the values they had
at the time the subroutine was called.
Examples:

Storage status within array A

—

LNA, k)

a1 ai2 a3 0

o O

LNA 0 0 0

Storage status within array B(LMB, k)

* a1 a32 Q4,3 054

ai,1 a2 as3z a44 Aass

*

ai2 Q23 a34 Q45

2xML+MU+1
ai1,3 42,4 Aas;s * *

LMB

Remarks

a. Elements of B indicated by asterisks (x) and dashes (—) remain their input-time values.
b. The area indicated by dashes (—) is required for an LU decomposition of the matrix.
c. MU is the upper band width and ML is the lower band width.

d. LMB > ML + MU and K > N must hold. (However, if LU decomposition is to be performed after conversion,
LMB > 2 x ML + MU + 1 and K > N must hold.)

(b) If an LU decomposition is to be performed after conversion, array B must be declared so that LMB
satisfies the following condition.

LMB > min(2 x ML + MU + 1,N + ML)
(7) Example
Convert the storage mode of the real band matrix A from two-dimensional array type to band type and

solve the simultaneous linear equations Ax = b using the array AC holding the matrix with converted mode
(MU is the upper band width and ML is the lower band width).

13



DABMCS, RABMCS
Storage Mode Conversion of a Real Band Matrix: from (Two-Dimensional Array Type) to (Band Type)

IMPLICIT REAL(8) (A-H, 0-Z)
PARAMETER (LNA=11, LMB=11)
DIMENSION A(LNA, LNA), AC(LMB, LMB), B(LNA), IPVT(LNA)

!
CALL DABMCS(A, LNA, N, MU, ML, AC, LMB, IERR)

!
CALL DBBDSL(AC, LMB, N, MU, ML, B, IPVT, JERR)

!

14



DABMEL, RABMEL
Storage Mode Conversion of a Real Band Matrix: from (Band Type) to (Two-Dimensional Array Type)

2.2.2 DABMEL, RABMEL
Storage Mode Conversion of a Real Band Matrix: from (Band Type) to
(Two-Dimensional Array Type)
(1) Function
DABMEL or RABMEL converts the storage mode of the real band matrix A from (band type) to (two-

dimensional array type).

(2) Usage
Double precision:
CALL DABMEL (A, LMA, N, MU, ML, B, LNB, IERR)
Single precision:
CALL RABMEL (A, LMA, N, MU, ML, B, LNB, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,N Input | Real band matrix A (band type) (See Appendix
R B).
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MU I 1 Input | Upper band width of matrix A.
5 ML I 1 Input | Lower band width of matrix A.
6 B D LNB,N Output | Real band matrix A (two-dimensional array
R type) (See Appendix B).
7 LNB I 1 Input | Adjustable dimension of array B.
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0<MU<N

(b) 0 <ML < N

(c) 0< N <LNB
(d) MU + ML < LMA

(5) Error indicator

TERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a), (b), (¢) or (d) was not | Processing is aborted.
satisfied.

15



DABMEL, RABMEL
Storage Mode Conversion of a Real Band Matrix: from (Band Type) to (Two-Dimensional Array Type)

(6) Notes
(a) 0.0 is entered in portions of the converted matrix that are outside of the band width.
Example:
Storage status within array A(LMA, k)
k  a2,1 (3,2 43 0A54
ai,l Aa22 33 Q4,4 G55
a2 G23 as34 Q4,5 * 2xML+MU+1
ai,z a4 Qasps * *
LMA B B N N N
- - N————— —
———————— K-—————— —
4
Storage status within array B(LNB, k)
a1 a2 a1z 0O 0
a1 a22 a3 a4 O
0 as2 a33 asa asgs N
0 0 a4,3 Q4,4 Q45
LNB 0 0 0 as, 4 as,s
- - N————— —
= K-—————- —
Remarks

a. The asterisk * indicates an arbitrary value.

b. The area indicated by dashes (-) is required for an LU decomposition of the matrix.
c. MU is the upper band width and ML is the lower band width.

d. LMA > ML+ MU and K > N must hold.

(7) Example
Hold the real band matrix A in the array AC as band type, solve the simultaneous linear equation Ax = b,
and store LU decomposition of A in the array A as two-dimensional array type (MU is the upper band
width and ML is the lower band width).
IMPLICIT REAL(8) (A-H, 0-2)
PARAMETER (LNA=11, LMB=11)
DIMENSION A(LNA, LNA), AC(LMB, LMB), B(LNA), IPVT(LNA)
l
CALL DBBDSL(AC, LMB, N, MU, ML, B, IPVT, JERR)
!
CALL DABMEL(AC, LMB, N, MU, ML, A, LNA, KERR)
l

16



DASBCS, RASBCS
Storage Mode Conversion of a Real Symmetric Band Matrix: from (Two-Dimensional Array Type) (Upper
Triangular Type) to (Symmetric Band Type)

2.2.3 DASBCS, RASBCS
Storage Mode Conversion of a Real Symmetric Band Matrix: from (Two-
Dimensional Array Type) (Upper Triangular Type) to (Symmetric Band

Type)

(1) Function
DASBCS or RASBCS converts the storage mode of the real symmetric band matrix A from (two-dimensional
array type) to (symmetric band type).

(2) Usage
Double precision:
CALL DASBCS (A, LNA, N, MB, B, LMB, IERR)
Single precision:
CALL RASBCS (A, LNA, N, MB, B, LMB, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA N Input | Real symmetric band matrix A
R (two-dimensional array type) (See Appendix
B).

2 LNA I 1 Input | Adjustable dimension of array A.

3 N I 1 Input | Order of matrix A.

4 MB I 1 Input | Band width of matrix A.

5 B D LMB,N Output | Real symmetric band matrix A

R (symmetric band type) (See Appendix B).
6 LMB I 1 Input | Adjustable dimension of array B.
7 IERR I 1 Output | Error indicator
(4) Restrictions

(a) 0 < N<LNA
(b) 0<MB <N

(¢) MB < LMB

(5) Error indicator
TERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
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(6) Notes

(a) Only the upper triangular portion of matrix A is stored in array B.

(b) Array B elements, that were not corresponding to the elements of matrix A, retain the values they had
at the time the subroutine was called.

Example:

Storage status within array A(LNA, k)

ai1  ai2 @13 0

ai2 Q22 0a23 (24

LNA

Storage status within array B(LMB, k)

* * ai,s a4 Qasps

¥ a2 G23 G34 Q45 MB+1

LMB| |~~~ ———~ N-— o= -

Remarks
a. Elements of B indicated be asterisks (*) retain their input-time values.

b. MB is the band width.
c. LMB > MB and K > N must hold.

(7) Example
Convert the storage mode of the positive symmetric band matrix A from two-dimensional array type to
symmetric band type and solve the simultaneous linear equations Az = b using the array AC holding the
matrix with converted mode (MB is the band width).
IMPLICIT REAL(8) (A-H, 0-Z)
PARAMETER (LNA=11, NC=11)
DIMENSION A(LNA, LNA), AC(LMB, LMB), B(NA)
l
CALL DASBCS(A, LNA, N, MB, AC, LMB, IERR)
!
CALL DBBPSL(AC, LMB, N, MB, B, JERR)
l
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2.2.4 DASBEL, RASBEL
Storage Mode Conversion of a Real Symmetric Band Matrix: from (Symmet-
ric Band Type) to (Two-Dimensional Array Type) (Upper Triangular Type)
(1) Function

DASBEL or RASBEL converts the storage mode of the real symmetric band matrix A from (symmetric
band type) to (two-dimensional array type).

(2) Usage
Double precision:
CALL DASBEL (A, LMA, N, MB, B, LNB, IERR)
Single precision:
CALL RASBEL (A, LMA, N, MB, B, LNB, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,N Input | Real symmetric band matrix A (symmetric
R band type) (See Appendix B).
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MB I 1 Input | Band width of matrix A.
5 B D LNB,N Output | Real symmetric band matrix A
R (two-dimensional array type) (See Appendix
B).
LNB I 1 Input | Adjustable dimension of array B.
IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNB
(b) 0 <MB <N
(¢) MB < LMA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
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(6) Notes

(a) The lower triangular portion is restored to the matrix after conversion. 0.0 is entered in portions of

the converted matrix that are outside of the band width.

Example:

LMA

LNB

Remarks

Storage status within array A(LMA, k)

* * a3 a24 Qasps

Storage status within array B(LNB, k)

ai,1  ai2 @13 0
ai2 G22 Q2,3 Q24

ai3 a23 Aass3 34 Aass

a. The asterisk * indicates an arbitrary value.

b. MB is the band width.

c. LMA > MB, LNB > N and K > N must hold.

(7) Example

MB+1

Hold the positive symmetric band matrix A in the array AC as symmetric band type, solve the simultaneous

linear equation Az = b, and store LLT decomposition of A in the array A as two-dimensional array type

(MB is the band width).

IMPLICIT REAL(8) (A-H,

0-2)

PARAMETER (LNA=11, LMB=11)

DIMENSION A(LNA, LNA),

l

AC(LMB, LMB), B(LNA)

CALL DBBPSL(AC, LMB, N, MB, B, JERR)

!

CALL DASBEL(AC, LMB, N, MB, A, LNA, KERR)

l
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2.2.5 DARSJD, RARSJD
Storage Mode Conversion of a Real Symmetric Sparse Matrix: from (Real
Symmetric One-Dimensional Row-Oriented List Type) (Upper Triangular
Type) to (JAD)

(1) Function
DARSJD or RARSJID converts the storage mode of the real symmetric sparse matrix A from (real symmetric

one-dimensional row-oriented list type) (upper triangular type) to (JAD; Jagged Diagonals Storage Type).

(2) Usage
Double precision:
CALL DARSJD (N, A TA, JA, LXA, LXTA, MJAD, AJAD, TAJAD, JAJAD, JADORD, IW,
IERR)
Single precision:
CALL RARSJID (N, A, TA, JA, LXA, LXIA, MJAD, AJAD, TAJAD, JAJAD, JADORD, IW,
IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
N I 1 Input | Order of matrix A.
2 A D See Input | Real symmetric sparse matrix A (real symmet-
{R} Contents ric one-dimensional row-oriented list type) (up-
per triangular type)
Size: IA(N + 1) — 1 (See Appendix B).
3 IA I N+1 Input | Array of indices for sparse matrix A (real sym-
metric one-dimensional row-oriented list type)
(upper triangular type) (See Appendix B).
4 JA I See Input | Array of indices for sparse matrix A (real sym-
Contents metric one-dimensional row-oriented list type)
(upper triangular type)
Size: IA(N + 1) — 1 (See Appendix B).
5 LXA I 1 Input | Size allocated for arrays AJAD and JAJAD.
LXTA I 1 Input | Size allocated for array IAJAD.
MJAD I 1 Output | Number of jagged diagonals for JAD storage of
matrix A.
8 AJAD D LXA Output | Sparse matrix A (JAD storage type) (See Ap-
{R} pendix B).
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I t
No. | Argument | Type Size nput/ Contents
Output
9 IAJAD I LXTA Output | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
10 JAJAD I LXA Output | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
11 | JADORD I N Output | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
12 Iw I 3xN+1 Work | Work area
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) MJAD <N
(¢) MJAD < LXIA
(d) TAJAD(MJAD +1) — 1 < LXA

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.
(Contradictions may exist among input
value for N, A, TA, JA.)
3200 Restriction (c) was not satisfied.
(Size of array IAJAD for output is
insufficient.)
3300 Restriction (d) was not satisfied.
(Either size of array AJAD or JAJAD is
insufficient.)
(6) Notes

(a) On input, only the upper nonzero elements of A must be stored in A, TA, and JA according to real
symmetric one-dimensional row-oriented list type (upper triangular type). But on output, the whole
nonzero elements, including the lower triangular ones, of A will be stored in AJAD, TAJAD, JAJAD,

and JADORD according to JAD format.

(b) If there are some distinct rows that have the same number of nonzero elements, these rows will be
placed in vertical series in JAD format. Naturally, any ordering among these rows is allowed for JAD

format. Through this subroutine, these rows will be arranged on output so that a row which has a

younger row number on input is placed lower than a row with an elder row number.
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Example:

Storage status within array IA
[1]3]6]10]13]14]16]17]
+—————N+1)—————>

Storage status within array A
1.0 1.3 (— Leads to the left end of next row
20 21 24
3.0 32 33 34 | — Leads to the left end of next row

(— Leads to the left end of next row
(
N 4.0 41 43 (— Leads to the left end of next row
(
(

— Leads to the left end of next row

)
)
)
)
)
)

— Leads to the left end of next row

= 10 13 | 20 21 24 [ 30 32 33 34 [ 40 41 43 | 50 | 60 61 | 7.0 |
- ——— = — = IAN+D)-1)—————— - — — — — — — — — —— —

Storage status within array JA

— Leads to the left end of next row
— Leads to the left end of next row
— Leads to the left end of next row
— Leads to the left end of next row
— Leads to the left end of next row
— Leads to the left end of next row

(
(
(
(
(
(

PN N N NN

=1 4[236]3567]457]|5]67]7]
e ———— AN+ -1 ——————— —— —— -

¢
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Row-Oriented List Type) (Upper Triangular Type) to (JAD)

Storage status within array JADORD

Storage status within array TAJAD
|1]8]15]21]25[2
+— —(MJAD+1)— —

Z
[efe]e]=]=]=]~]

Storage status within array AJAD
+—~———-MJAD - —— —
(@) (6) (¢) (d) (e
R R

21130323334

34436170
2433|6061
13404143
3.2 41|50 |
2.0 |21 |24 (e)

1013 |
A )
(b (o)

=121342413322010]|3043334.04.12113 | 3.26.16.04.15024]337.06.14.3 | 3.4 |
- ——— = — = (IAJADN+1)-1) - —————————— — — — — — —

Storage status within array JAJAD

“ — — _MJAD — —— —
(@) () (o) (d) (e)
R
213|567
31467
S A A e —=[2321321[3434434[566556[6777]7]
Llals | ———————— (IAJAD(N4+1)—-1)— ——— — —— —
314|514
2 1 3|6 |
14
Ll (@)
(b (o
Remarks

N is the order of matrix A.

To obtain JAD storage of matrix A, consider a data arrangement as follows:

Push rowwise the whole nonzero elements of matrix A to the left side, then sort the rows with respect to the

number of nonzero elements in descending order;

The columns in this arrangement are called jagged diagonals. The number of jagged diagonals is stored in the

parameter MJAD. The elements are stored in array AJAD “jagged diagonal” wise, successively from the leftmost

jagged diagonal to the rightmost one.
The row indices of the elements stored in array AJAD are stored in array JAJAD.

d. The indices of the starting element of each jagged diagonal in array AJAD are stored in IAJAD. The number

of elements stored in AJAD added by 1, is stored in the MJAD + 1-th element of IAJAD.
e. The value 1 is set to IAJAD(1).
f.  (The number of elements stored in JAD) = ITAJAD(MJAD+1)—1.
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(7) Example
Hold a real symmetric sparse matrix A in the array ACSR with real symmetric one-dimensional row-
oriented list type (upper triangular type), convert the storage mode into JAD storage type, and then solve
the eigenproblem Ax = A\b using the array AJAD holding the matrix with converted mode.

IMPLICIT REAL(8) (A-H, 0-Z)
PARAMETER (N=7, NZ=11, LXA=NZ*2, LXIA=4)
DIMENSION ACSR(NZ),JACSR(NZ),IACSR(N+1)
DIMENSION AJAD(LXA),JACSR(LXA),IAJAD(LXIA),JADORD(N),IW(N*3+1)
!
CALL DARSJD(N, ACSR, IACSR, JACSR, LXA, LXIA, &
MJAD, AJAD, IAJAD, JAJAD, JADORD, IW, KERR)
!
NA = IAJAD( MJAD + 1 ) - IAJAD(1)
CALL DCSJSS(MJAD, AJAD, NA, IAJAD, JAJAD, JADORD, &
N, X, LDA, E, M, TR, IX, IS, ITM, IPREC, &
NDIA, ITJD, ITQMR, IW, WK, IERR)
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2.2.6 DARGJM, RARGJM
Storage Mode Conversion of a Sparse Matrix: from (Real One-Dimensional
Row-Oriented Block List Type) to (MJAD; Multiple Jagged Diagonals Stor-

age Type)

(1) Function
DARGJM or RARGJM converts the storage mode of real random sparse matrix A from (real one-dimensional

row-oriented block list type) to (MJAD; multiple jagged diagonals storage type)

(2) Usage
Double precision:
CALL DARGJM (NB, M, A, TA, JA, ISW, LXA, LXIA, MJAD, AJAD, TAJAD, JAJAD,
JADORD, IW, IERR)
Single precision:
CALL RARGIJM (NB, M, A, TA, JA, ISW, LXA, LXIA, MJAD, AJAD, TAJAD, JAJAD,
JADORD, IW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 NB I 1 Input | Number of block rows (or columns) for dividing
matrix A into MxM block matrix.
2 M I 1 Input | Order of block.
A D See Input | Random sparse matrix A (real row-oriented
{R} Contents block list type)
Size: (IA(NB+1)—IA(1))xMxM
(See Appendix B).
4 IA I NB+1 Input | Array of indices for random sparse matrix A
(real row-oriented block list type) (See Ap-
pendix B).
5 JA I See Input | Array of indices for random sparse matrix A
Contents (real row-oriented block list type)
Size: TA(NB+1)—1 (See Appendix B).
6 ISW I 1 Input | Processing Switch.
ISW=0: Consecutive element in the row-
oriented in block on memory. (Row Major)
ISW=1: Consecutive element in the column-
oriented in block on memory. (Column Major)
7 LXA I 1 Input | Size allocated for arrays AJAD and JAJAD.
8 LXTA I 1 Input | Size allocated for array IAJAD.
9 MJAD I 1 Output | Number of jagged diagonals for MJAD storage
of matrix A.
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Input
No. | Argument | Type Size nput/ Contents
Output
10 AJAD D See Output | Sparse matrix A (MJAD storage type).
R Contents Size: LXAxMxM
(See Appendix B).
11 TAJAD I LXTA Output | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).
12 JAJAD I LXA Output | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).
13 | JADORD I NB Output | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).
14 Iw I 2xNB+1 | Work | Work area
15 IERR I 1 Output | Error indicator.
(4) Restrictions
(a) NB>0
(b) M>0
(c) ISW € {0,1}
(d) MJAD < NB
(e) MJAD < LXIA
(f) TAJAD(MJAD + 1) — IAJAD(1) < LXA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.
3200 Restriction (c) was not satisfied.
3300 Restriction (d) was not satisfied.
3400 Restriction (e) was not satisfied.

(Size of array IAJAD for output is
insufficient.)

3500 Restriction (f) was not satisfied.

(Either size of array AJAD or JAJAD is
insufficient.)

(6) Notes

(a) Example of storage mode conversion of sparse matrix from real one-dimensional row-oriented block list

type to MJAD storage type is described as follows.
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(MJAD; Multiple Jagged Diagonals Storage Type)

Example:

Figure 2—1 Example of storage status of MJAD type. (For M = 2,ISW = 0)

matrix A
B 0 C 0
NB—4 D F 0 G
0 0 H 0
0 K 0 L
+—~—-——NB--—

— —-M-—
br b di d
B— 1 b2 o= c1 C2 . D= 1 da C F= fi fa CG= gr g2 7IM
bs b4 c3 C4 ds ds fs  fa g3 g4
h
o= 1 he K= ki ko L= lh Iy 0= 0 0 7
hs  ha ks ks ls U 0 0
U Real one-dimensional row-oriented block list type O Input O
Storage status within array TA

[1]s]e]7]9]
—~-(NB+1)— —

Storage status within array A (For ISW = 0)
B C (— Leads to the left end of next row)
D F G (— Leads to the left end of next row)
H (— Leads to the left end of next row)
K L

NB

=B c|DFc¢|H]|K L]
—~—-————(ITANB+1)-1)—————

= b1 b2 b3 b4 C1 Cc2 C3 Cq | e | kl kg k3 k4 ll lg 13 l4
e —— = (IANB+1) —IA(1)) xMXxM) - — — — — — — — — — —

Storage status within array JA
3 (— Leads to the left end of next row)
2 4| (— Leads to the left end of next row)

1

1
NB
3 (— Leads to the left end of next row)
2

W~

=1 3] 12432 4]
——-———IANB+1)—-1)——— —

Y MJAD storage type 0 Output O

Storage status within array JADORD
Storage status within array TAJAD

[1]5]8]9]

<~ (MJAD 4+ 1) —

NB
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(%) The order of block of jagged diagonal
+— —MJAD—- —

(@) (0) (c)

1

¢

Q

| = =«

DWW R U
=

)

=lpKkBH [FLC |G|
< (IAJAD(MJAD + 1) — 1) —

(xx)Storage status within array AJAD
———MxM-—-—

(@ 0 © (@
R T,
di | dy | d3 | da
ki | ko | ks | ka
b1 | b2 | b3 | by
hi | ha | hs | hg | |LXA
fo | o | fs | Ja
Lol | b
C1 C2 | C3 Ca4

g1 g2 | 93 g4

L4

() (o) (d)
= dlklblhlflllclgl“"‘d4k4b4h4f4l4c4g4
—————— (IANB+1) - 1) xMxM)——————

Storage status within array JAJAD
+— —-MJAD—- —
(@) () ()
4

E

S K SR
W s N

(IAJAD(MJAD + 1) — 1)
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Remarks
a. NB is number of block rows (or columns) for dividing matrix A into MxM block matrix.

Push rowwise the whole nonzero block matrices of matrix A to the left side, then sort the rows with respect to
the number of nonzero block matrix in descending order (x);

The block columns in this arrangement are called jagged diagonals. The number of jagged diagonals is stored in
the parameter MJAD. The storage method for array AJAD is described as follows. The first row, first column
elements among from each block matrix (D, K, B, H, F,C,G) are taken. Here, these elements are arranged in
the same order as block matrices appear along the jagged diagonal above (d1, k1, b1, k1, f1,¢1,91). This method
perform repeatedly until M-th row, M-th column elements are taken((a), (b), (c), (d)) and stored in array AJAD.
The block column indices of the block array stored in array AJAD are stored in array JAJAD.

d. The indices of the starting element of each jagged diagonal in array AJAD stored in array IAJAD. The number
of block array stored in AJAD added by 1, is stored in the MJAD+1-th element of AJAD.

e. The value 1 is set to IAJAD(1).

f.  (The number of elements stored in MJAD) = (IAJAD(MJAD+1)—1)xMxM

g. If there are some distinct block rows that have the same number of nonzero block matrix, these block rows will be
placed in vertical series in MJAD format. Naturally, any ordering among these block rows is allowed for MJAD
format. Through this subroutine, these block rows will be arranged on output so that a block rows which has a
younger block rows number on input is placed lower than a block rows with an elder block rows number.

h. Each elements in the same block will be arranged with equal intervals of LXA in memory (x%). For example,

elements in the block D (d1, d2, d3, da) will be arranged with equal intervals of LXA in memory.

i.  For each elements in block of array A stored sequentially in column-oriented, you should be set 1 to ISW.

(b) Number of times of storage type conversion using this subroutine should be reduced if possible. For

example, when you will calculate repeatedly matrix-vector products without changing matrix A for
iterative solution methods of simultaneous linear equation, eigenvalue equation of sparse matrix and
so on, calculation will be performed efficiently if you perform storage mode conversion only once using
this subroutine outside the iteration loop and use repeatedly the matrix-vector products inside the

iteration loop.

(¢) When you want to calculate sparse matrix-vector products of MJAD type obtained by this subroutine,

DAMVJ1 DAM
if the order of block M =1, 3 or 4, you can calculate by using 3.2.24 vd ,3.2.25 VI3
RAMVJ1 RAMVJ3

DAMVJ4
and 3.2.26 , respectively. These subroutines will calculate efficiently because of enhanced
RAMVJ4

assembly tuning for Vector Engine.

(7) Example

Hold the random sparse matrix A that have element of 3 x 3 block matrix in the array A as real one-

dimensional row-oriented block list type, convert the storage mode into MJAD storage type, and then solve

the matrix-vector conducts y = Sy + aAx using by the array AJAD holding the matrix with converted

mode.

**xkx EXAMPLE OF DARGJM AND DAMVJ1 s

INTEGER NB,NZ,LXA,LXIA,M
PARAMETER( NB=4, M=3, NZ=8, ISW=0, LXA=NZ, LXIA=N+1 )
INTEGER IA(NB+1),JA(LXA),MJAD,IAJAD(LXIA),JAJAD(LXA), JADORD (NB)
INTEGER IW(NBx2+1),IERR
INTEGER I,J,K,L
REAL(8) A(NZ*M*M) , AJAD (LXA*MM) , X (NB*M) ,Y (NB*M) , W (NB*M)
REAL(8) ALPHA,BETA
PARAMETER (ALPHA=1.0DO, BETA=1.0D0)
!
CALL DARGJIM &
(NB,M,A,IA,JA,ISW,LXA,LXIA,MJAD,AJAD,IAJAD, JAJAD, JADORD, IW, IERR)
!
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CALL DAMVJ3 &
(AJAD,LXA,IAJAD, JAJAD, JADORD,NB,MJAD,ALPHA,BETA,X,Y,W, IERR)

!
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2.2.7 ZARSJD, CARSJD
Storage Mode Conversion of a Hermitian Sparse Matrix: from (Hermi-
tian One-Dimensional Row-Oriented List Type) (Upper Triangular Type) to
(JAD; Jagged Diagonals Storage Type)

(1) Function
ZARSJD or CARSJID converts the storage mode of the complex Hermitian sparse matrix A from (Hermitian
one-dimensional row-oriented list type)(upper triangular type) to (JAD; jagged diagonals storage type).

(2) Usage
Double precision:
CALL ZARSJD (N, A, TA, JA, LXA, LXIA, MJAD, AJAD, TAJAD, JAJAD, JADORD, IW,
IERR)
Single precision:
CALL CARSJD (N, A, IA, JA, LXA, LXIA, MJAD, AJAD, IAJAD, JAJAD, JADORD, IW,
IERR)

(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
N I 1 Input | Order of matrix A
2 A 7 See Input | Hermitian sparse matrix A (Hermitian one-
{C} Contents dimensional row-oriented list type) (upper tri-
angular type)
Size: IA(N + 1) — 1 (See Appendix B).
3 IA I N+1 Input | Array of indices for sparse matrix A (Hermitian
one-dimensional row-oriented list type) (upper
triangular type) (See Appendix B).
4 JA I See Input | Array of indices for sparse matrix A (Hermitian
Contents one-dimensional row-oriented list type) (upper
triangular type)
Size: IA(N + 1) — 1 (See Appendix B).
5 LXA I 1 Input | Size allocated for arrays AJAD and JAJAD.
LXTA I 1 Input | Size allocated for array IAJAD.
7 MJAD I 1 Output | Number of jagged diagonals for JAD storage of
matrix A.
8 AJAD 7 LXA Output | Sparse matrix A (JAD storage type) (See Ap-
{C} pendix B).
9 IAJAD I LXTA Output | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
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Input
No. | Argument | Type Size nput/ Contents
Output
10 JAJAD I LXA Output | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
11 | JADORD I N Output | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
12 Iw I 3xN+1 Work | Work area
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) MJAD <N
(¢) MJAD < LXIA
(d) TAJAD(MJAD + 1) — 1 < LXA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.

(Contradictions may exist among input
value for N, A, TA, JA.)

3200 Restriction (c) was not satisfied.

(Size of array IAJAD for output is
insufficient.)

3300 Restriction (d) was not satisfied.

(Either size of array AJAD or JAJAD is

insufficient.)

(6) Notes

(a) On input, only the upper nonzero elements of A must be stored in A, TA, and JA according to Hermitian
one-dimensional row-oriented list type (upper triangular type). But on output, the whole nonzero
elements, including the lower triangular ones, of A will be stored in AJAD, IAJAD, JAJAD, and
JADORD according to JAD format.

(b) If there are some distinct rows that have the same number of nonzero elements, these rows will be
placed in vertical series in JAD format. Naturally, any ordering among these rows is allowed for JAD
format. Through this subroutine, these rows will be arranged on output so that a row which has a

younger row number on input is placed lower than a row with an elder row number.
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Example:

az2 Q23 0. 0. a2,6 0.
a23 a33 0. ass ase as7z

N=7 ai,4 0. 0. a4,4 Q45 0. aq,7

as,7  ar,7

Storage status within array TA
[1]3]6]10]13]14]16]17]
+—————N+1)—————>

Storage status within array A

ail G14 (— Leads to the left end of next row

a22 @23 Q26 | — Leads to the left end of next row

)

)

@33 G35 Q36 G3,7 | — Leads to the left end of next row)
)

— Leads to the left end of next row)

)

(
(
N 4,4 Q45 Qa7 | (— Leads to the left end of next row
(
(

— Leads to the left end of next row

a6,6 Q6,7

=| ai,1 a4 a22 Q23 0a26 a33 azs a3e a3;7 | Qa4 Q45 Q4,7 | as,s | as,6 Q6,7 | ar,7 |

- — = — = — = IAN+D)-1) - —— - — — - — — — — — — — — — —

Storage status within array JA

— Leads to the left end of next row
— Leads to the left end of next row
— Leads to the left end of next row

— Leads to the left end of next row

(
(
(
(— Leads to the left end of next row
(
(

— Leads to the left end of next row

=1 4236356745 7]5]67]7]
- AN+ —1)——————————— N

4
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Storage status within array JADORD

Storage status within array TAJAD
|1]8]15]21]25] 2]
+— —(MJAD +1)— —

Z
[efe]e]=]=]=]~]

Storage status within array AJAD
<~ ——-MJAD — —— —
(@ () (o (@ (¢
A

az3 | a3,3 | as,;s | ase | as,7

as7 | as,7 | as,;7 | ar,7

a2,6 | 3,6 | as,6 | ae,7

a1,4 | Q4,4 | Qa5 | Qa7
azs | Gas | ass | 4

a2 | a2,3 | a6 (6)

=| Q2,3 a3,7 Q2,6 Q1,4 A3,5 G2,2 Q1,1 | a3,3 a4,7 A3,6 Q4,4 Q4,5 2,3 Q1,4 | as,s ae,7 (6,6 A4,5 455 A2.6 | 3,6 7,7 A6,7 A4,7 | as,7 |

—— = — — = IAJADN+D)-1) - - ————————— = — — — — — — — — —

Storage status within array JAJAD

+—~—-———-MJAD - —— —

(@) () () (d) (e

A

23|56 [7]

31467

S I A e =[2321321|3434434[566556[6777]7]
L lals |7 - (IAJADN+1)—-1)———— — —— —
31451

2 13| 6 |()

1] 414

U )

—~
=
=
—
s
~

Remarks

a. The T indicates the complex conjugate of the x.

b. N is the order of matrix A.

c. To obtain JAD storage of matrix A, consider a data arrangement as follows:
Push rowwise the whole nonzero elements of matrix A to the left side, then sort the rows with respect to the
number of nonzero elements in descending order;
The columns in this arrangement are called jagged diagonals. The number of jagged diagonals is stored in the
parameter MJAD. The elements are stored in array AJAD “jagged diagonal” wise, successively from the leftmost
jagged diagonal to the rightmost one.

d. The row indices of the elements stored in array AJAD are stored in array JAJAD.

e. The indices of the starting element of each jagged diagonal in array AJAD are stored in IAJAD. The number
of elements stored in AJAD added by 1, is stored in the MJAD + 1-th element of TAJAD.

f.  The value 1 is set to IAJAD(1).

g.  (The number of elements stored in JAD) = TAJAD(MJAD+1)—1.
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(7) Example
Hold a Hermitian sparse matrix A in the array ACSR with Hermitian one-dimensional row-oriented list type
(upper triangular type), convert the storage mode into JAD storage type, and then solve the eigenproblem
Ax = \b using the array AJAD holding the matrix with converted mode.

IMPLICIT COMPLEX(8) (A-H, 0-Z)
PARAMETER (N=7, NZ=11, LXA=NZ*2, LXIA=4)
DIMENSION ACSR(NZ),JACSR(NZ),IACSR(N+1)
DIMENSION AJAD(LXA),JACSR(LXA),IAJAD(LXIA),JADORD(N) ,IW(N*3+1)
!
CALL ZARSJD(N, ACSR, IACSR, JACSR, LXA, LXIA, &
MJAD, AJAD, IAJAD, JAJAD, JADORD, IW, KERR)
!
NA = IAJAD( MJAD + 1 ) - IAJAD(1)
CALL ZCHJSS(MJAD, AJAD, NA, IAJAD, JAJAD, JADORD, &
N, X, LDA, E, M, TR, IX, IS, ITM, IPREC, &
NDIA, ITJD, ITQMR, IW, WK, IERR)
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2.2.8 ZARGJM, CARGJM
Storage Mode Conversion of a Sparse Matrix: from (Complex One-
Dimensional Row-Oriented Block List Type) to (MJAD; Multiple Jagged
Diagonals Storage Type)

(1) Function
ZARGJIM or CARGJM converts the storage mode of complex random sparse matrix A from (complex
one-dimensional row-oriented block list type) to (MJAD; multiple jagged diagonals storage type)

(2) Usage
Double precision:
CALL ZARGJM (NB, M, A, TA, JA, ISW, LXA, LXIA, MJAD, AJAD, TAJAD, JAJAD,
JADORD, IW, IERR)
Single precision:
CALL CARGIJM (NB, M, A, IA, JA, ISW, LXA, LXIA, MJAD, AJAD, TAJAD, JAJAD,
JADORD, IW, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output

1 NB I 1 Input | Number of block rows (or columns) for dividing
matrix A into MxM block matrix.

2 M I 1 Input | Order of block.

A 7 See Input | Random sparse matrix A (complex row-
{C} Contents oriented block list type)

Size: (IA(NB+1)—IA(1))xMxM
(See Appendix B).

4 IA I NB+1 Input | Array of indices for random sparse matrix A
(complex row-oriented block list type) (See Ap-
pendix B).

5 JA I See Input | Array of indices for random sparse matrix A

Contents (complex row-oriented block list type)

Size: TA(NB+1)—1 (See Appendix B).

6 ISW I 1 Input | Processing Switch.
ISW=0: Consecutive element in the row-
oriented in block on memory. (Row Major)
ISW=1: Consecutive element in the column-
oriented in block on memory. (Column Major)

LXA I 1 Input | Size allocated for arrays AJAD and JAJAD.
LXTA I 1 Input | Size allocated for array IAJAD.

9 MJAD I 1 Output | Number of jagged diagonals for MJAD storage

of matrix A.
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Input
No. | Argument | Type Size nput/ Contents
Output
10 AJAD 7 See Output | Sparse matrix A (MJAD storage type).
C Contents Size: LXAXxMxM
(See Appendix B)
11 IAJAD I LXTA Output | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).
12 JAJAD I LXA Output | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).
13 | JADORD I NB Output | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).
14 Iw I 2xNB+1 Work | Work area
15 IERR I 1 Output | Error indicator.
(4) Restrictions
(a) NB >0
(b) M>0
(c) ISW € {0,1}
(d) MJAD < NB
(e) MJAD < LXIA
(f) TAJAD(MJAD + 1) —TAJAD(1) < LXA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.
3200 Restriction (c) was not satisfied.
3300 Restriction (d) was not satisfied.
3400 Restriction (e) was not satisfied.

(Size of array IAJAD for output is
insufficient.)

3500 Restriction (f) was not satisfied.

(Either size of array AJAD or JAJAD is

insufficient.)

(6) Notes

(a) Example of storage mode conversion of sparse matrix is shown in 2.2.6 figure 2—1.

(b) Number of times of storage type conversion using this subroutine should be reduced if possible. For
example, when you will calculate repeatedly matrix-vector products without changing matrix A for
iterative solution methods of simultaneous linear equation, eigenvalue equation of sparse matrix and
so on, calculation will be performed efficiently if you perform storage mode conversion only once using
this subroutine outside the iteration loop and use repeatedly the matrix-vector products inside the

iteration loop.
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if the order of block M = 1, you can calculate by using 3.2.27

Remarks

a. If there are some distinct block rows that have the same number of nonzero block matrix, these block rows will be

placed in vertical series in MJAD format. Naturally, any ordering among these block rows is allowed for MJAD

format. Through this subroutine, these block rows will be arranged on output so that a block rows which has a

younger block rows number on input is placed lower than a block rows with an elder block rows number.

b. Each elements in the same block will be arranged with equal intervals of LXA in memory (*x). For example,

elements in the block D (di, d2, d3, d4) will be arranged with equal intervals of LXA in memory. (See Note

(2.2.6 figure 2—1)).

ZANVJ1
CANVJ1

calculate efficiently because of enhanced assembly tuning for Vector Engine.

(7) Example

(¢) When you want to calculate sparse matrix-vector products of MJAD type obtained by this subroutine,

}. These subroutines will

Hold the random sparse matrix A in the array A as complex one-dimensional row-oriented block list type,

convert the storage mode into MJAD storage type, and then solve the matrix-vector conducts y = fy+aAx

using by the array AJAD holding the matrix with converted mode.

*xx EXAMPLE OF ZARGJM AND ZANVJ1 %%

INTEGER NB,NZ,LXA,LXIA,M

PARAMETER( NB=4, M=1, NZ=8, ISW=0, LXA=NZ, LXIA=N+1 )

INTEGER IA(NB+1),JA(LXA),MJAD,IAJAD(LXIA),JAJAD(LXA), JADORD (NB)
INTEGER IW(NB*2+1),IERR

INTEGER I,J,K,L

COMPLEX (8) A(NZ*M*M) ,AJAD (LXA*M*M) ,X (NB*M) , Y (NB*M) , W (NB*M)
COMPLEX (8) ALPHA,BETA

PARAMETER (ALPHA=(1.0D0,0.D0), BETA=(1.0D0,0.D0) )

!
CALL ZARGJIM &
(NB,M,A,IA,JA,ISW,LXA,LXIA,MJAD,AJAD,IAJAD, JAJAD, JADORD, IW, IERR)
!
CALL ZANVJ1 &
(AJAD,LXA,IAJAD, JAJAD, JADORD,NB,MJAD,ALPHA,BETA,X,Y,W, IERR)
!
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2.2.9 DXAO005, RXA005
Storage Mode Conversion of the Sparse Matrix : from (One-Dimensional
Column-Oriented List Format) to (ELLPACK Format)

(1) Function
DXA005 or RXA005 converts the storage mode of the sparse matrix A from (One-dimensional Column-
oriented List Format) to (ELLPACK Format).

(2) Usage
Double precision:
CALL DXA005 (ITYPE, N, VALUES, IPONTR, IRWIND, NNZ, A, LNA, M, JA, IWK,
IERR)
Single precision:
CALL RXA005 (ITYPE, N, VALUES, IPONTR, IRWIND, NNZ, A, LNA, M, JA, IWK,
IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I: {INTEGER (4) as for 32bit Integer}

R:Single precision real C:Single precision complex
No. | Argument | Type Size fnput/ Contents
Output
1 ITYPE I 1 Input | Switch to specify how the matrix data is
to be referenced for Column Oriented One-
Dimensional List Type
ITYPE=
1: DBoth upper and lower triangular parts
(Asymmetric case)
2 :  Either upper or lower triangular parts
(Symmetric case)
2 N I 1 Input | Order of the matrix A
VALUES D NNZ Input | Nonzero element values of the matrix A (One-
{R} dimensional Column-oriented List Format) (See

Appendix B)
4 IPONTR I N+1 Input | The indices within IRWIND that indicate the
positions of the first elements in each column.

As for Column j in which there are no ele-
ments to input, IPONTR should be determined

so that :
IPONTR(j) = IPONTR(j+1) (j=1,---,N)
5 IRWIND I NNZ Input | Row indices of nonzero elements in Matrix A

Row indices of those elements of Matrix A
whose values are stored in VALUES(i) should
be stored in IRWIND(i). (i =1,---,NNZ)

6 NNZ I 1 Input | The number of those elements in A whose values
are stored in Array VALUES
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(ELLPACK Format)
Input
No. | Argument | Type Size nput/ Contents
Output
7 A D LNA'M Output | Array of nonzero element values of the matrix
R A
8 LNA I 1 Input | Adjustable dimension of array A and JA
9 M I 1 Input | M denotes the column number of both Array A
and JA.
Output | A size that M should have as its value at least
(when IERR= 2000 is returned)
10 JA I LNA,M Output | Array storing the nonzero structure data of the
matrix A
11 IWK I N Work | Work area
12 IERR I 1 Output | Error indicator
(4) Restrictions
(a) ITYPE € {1,2}
(b) 1 <N <LNA
(c) IPONTR(1) = 1
1 <IPONTR(j) <NNZ+1 (j=2,...,N)

—
—
—

(g)
(h)

IPONTR(N + 1) = NNZ + 1

0 < IPONTR(j + 1) — IPONTR(j) <N (i=1,...

1 <IRWIND(k) <N (k=1,...,NNZ)

The values IRWIND(k) (k = IPONTR(j),...,IPONTR(j + 1) — 1) should be distinct among all the

elements that have the same column index j.
NNZ >1
M2>1

(5) Error indicator

7N)

IERR value Meaning Processing
0 Normal termination.

2000 The value M is too small. Procedure is terminated after setting an
output value to M, which should have
been required as the size M.

2200 Some or all of the diagonal elements were | Procedure is continued assuming that all

not given as input data. of those omitted diagonals have value 0.0.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3050 Restriction (e) was not satisfied.

3060 Restriction (f) was not satisfied.

3070 Restriction (g) was not satisfied.

3080 Restriction (h) was not satisfied.
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(6) Notes

(a) See Appendix B to find how to set values to Arrays VALUES, IPONTR, IRWIND, A and JA.

(b) Procedure will be terminated without performing data transformation between the storage modes, if
(IERR = 2000).

performed without fail in the successive call, by deallocating the already allocated memory once, and

the input value M was insufficient

then by allocating memory of the size that was indicated as an output value M.

{

CALL DXAOO5(ITYPE, N, VALUES, IPONTR, IRWIND, A, LNA, M, JA, IWK, IERR)

IF( IERR .EQ. 2000 ) THEN

DEALLOCATE(A, JA)

ALLOCATE (A(LNA, M),

ENDIF
l

(7) Example

(a)

Problem

Convert the storage mode of the matrix A from one-dimensional column-oriented list format to ELL-

PACK format

1.0 1.1 0.0
—-21 20 21
A= 0.0 0.0 3.0
45 0.0 0.0
50 0.0 —-54

Input data

Values of matrix elements, locations of matrix elements, column indices of matrix elements, ITYPE =

IL,N=5LNA=5M=1
Main program
PROGRAM BXA0O5
! skx EXAMPLE OF DXAOOB5 sk
IMPLICIT NONE

INTEGER N,NNZ, LNA
PARAMETER( N =

5)
INTEGER ITYPE, IPONTR(N+1) IRWIND(NNZ) M, IWK(N),IERR

REAL(8) VALUES (NNZ)

JA(LNA, M)
CALL DXAOO5(ITYPE, N, VALUES, IPONTR, IRWIND, A, LNA, M, JA, IWK, IERR)

1.2 14
0.0 0.0
0.0 3.5
4.0 4.1
-5.1 5.0

INTEGER,ALLOCATABLE :: JA(:,:)

REAL(8) ,ALLOCATABLE :: A(:,

INTEGER I,J,KERR

0
1

KERR
ITYPE

DO 100 I= 1,NNZ
READ(5,*) VALUES(I)
100 CONTINUE
DO 110 I= 1,N+1
READ(5,*) IPONTR(I)
110 CONTINUE
DO 120 I=
READ(5, *) IRWIND(I)
120 CONTINUE

WRITE(6,6000) N,NNZ,LNA
WRITE(6,6010)
DO 130 I=1,NNZ
WRITE(6,6020) VALUES(I)
130 CONTINUE
WRITE(6,6030)
DO 140 I=1,N+1

)
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WRITE(6,6040) IPONTR(I)

140 CONTINUE

WRITE(6,6050)
DO 150 I=1,NNZ
WRITE(6,6040) IRWIND(I)

150 CONTINUE

M=1
WRITE(6,6060) M
ALLOCATE( A(LNA,M), STAT=KERR )
IF( KERR .NE. 0 ) GOTO 160
ALLOCATE( JA(LNA, M) STAT=KERR )
IF( KERR .NE. 0 ) GOTO 170
CALL DXA0O05&
(ITYPE,N,VALUES, IPONTR, IRWIND,NNZ,A,LNA,M, JA, IWK, IERR)
WRITE(6,6070) IERR
IF( IERR .EQ. 2000 ) THEN
WRITE(6,6080) M
DEALLOCATE (JA)
DEALLOCATE(A)
ALLOCATE( A(LNA,M), STAT=KERR )
IF( KERR .NE. 0) GOTO 160
ALLOCATE( JA(LNA,M), STAT=KERR )
IF( KERR .NE. 0) GOTO 170
CALL DXAOO05&
(ITYPE,N,VALUES, IPONTR, IRWIND,NNZ,A,LNA,M, JA, IWK, IERR)
WRITE(6,6090) IERR
ENDIF

IF( IERR .GE. 2000 ) GOTO 9999
WRITE(6,6100)
DO 180 I=1,N

WRITE(6,6110) (A(I,J),J=1,M)

180 CONTINUE

WRITE(6,6120)
DO 190 I=1,N
WRITE(6,6130) (JA(I,J),J=1,M)

190 CONTINUE

9999 CONTINUE

DEALLOCATE (JA)

170 CONTINUE

DEALLOCATE (A)

160 CONTINUE

STOP
6000 FORMAT(/,&

1X, 2 **xx  DXAQ05 *xx*x’ / /. &
1X,? ** INPUT *x’,/,/.&
1X,° N = °,I5,/,&
1X,? NNZ = °,I5,/,&
1X,”’ LNA = °,I5)
6010 FORMAT(/,&
1X,”’ VECTOR VALUES’)
6020 FORMAT(1X,’ ’,F5.1)

6030 FORMAT(/, &

X
6040 FORMAT(1X,’

VECTOR_IPONTR’)
>,15)

6050 FORMAT(/
6060 FORMAT(/ &

VECTOR IRWIND’)

INPUT M = °,15,/)
6070 FORMAT(/ &
**  OUTPUT #**°,/,/,&
IERR( FIRST CALL ) = °,15,/)
6080 FORMAT(lX,’ OUTPUT M = 7,15,
6090 FORMAT(1X,’ IERR( SECOND CALL Y = ,15,/)
6100 FORMAT(1X,’ MATRIX A’)
6110 FORMAT(1X,’ »,4(2X,F5.1))
6120 FORMAT(/,&
1X,? MATRIX JA’)
6130 FORMAT (1X,” »,4(2X,15))
END

(d) Output results

k% k

*x

DXAOO5  *x*x
INPUT *x

N
NNZ
LNA

5
16
5
VECTOR VALUES
1.
-2.

WNN = O
Ol—‘OI—*OU‘II—‘O
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WL OO
ORI OND

VECTOR IPONTR

~Noi=

10
13
17

VECTOR IRWIND

P WROARRPTWNNRFOTRN -

INPUT M = 1

**  QUTPUT  *x*

IERR( FIRST CALL ) = 2000
OUTPUT M = 4
IERR( SECOND CALL ) = 0
MATRIX A
1.0 1.1 1.2 1.4
2.0 -2.1 2.1 0.0
3.0 3.5 0.0 0.0
4.0 4.5 4.1 0.0
5.0 5.0 -5.4 -5.1
MATRIX JA
1 2 4 5
2 1 3 0
3 5 0 0
4 1 5 0
5 1 3 4
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Chapter 3
BASIC MATRIX ALGEBRA

3.1 INTRODUCTION

This chapter describes subroutines that perform basic matrix calculations.

3.1.1 Algorithms Used
3.1.1.1 Real matrix multiplication (speed priority version)

Let A be an M x N real matrix, let B be an N x L real matrix, and let the (4, j)-th element of those matrices
be a;; and b;;, respectively. If C' = A x B is calculated according to the definition of matrix multiplication as

follows:

N
Cikk = g aij - bjk
i=1

M x L x (2 x N —1) floating point calculations are required. If the Strassen algorithm, which is described below
is used, this number can be reduced by up to 12%. Consider the case when M, N and L are all even numbers.
First, subdivide the matrices A, B and C' into the submatrices shown below by bisecting each matrix in the row

and column directions.

Ay Ag Biu Bz | _ | Cu Cr
A1 Az Bo1 B Co1 Cao
If we define M; through M5 as follows:

My = (A2 — Ag)- (Ba1 + Ba2)

My = (A + Ag)- (Bi1 + Bao)

Ms = (A1 — A1) (B + Bi2)

My = (A + Agg)- Ba

Ms = Ay - (B2 — Ba2)

Mg = Agz- (B2 — Bn)

M; = (A2 + Ax)-Bn

the submatrices of C' are calculated as follows.

Cu = M+ M;— M+ Ms
Ci2 = My+Ms
Co1 = Mg+ My
Co2 = My — M3+ Ms— My

If any of the numbers M, N and L is an odd number, first calculate the product by using the method described

above for the partial submatrix having the highest order contained in the corresponding matrix. Then, add a
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correction by calculating the contribution from the elements not contained in that partial submatrix. Also, by
using the procedure described above to obtain the product of each submatrix, the number of calculations can

further be reduced. This library performs this procedure for up to three steps.
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3.2 BASIC CALCULATIONS

3.2.1 DAMI1AD, RAM1AD
Adding Real Matrices (Two-Dimensional Array Type)

(1) Function

Obtain the sum of two real matrices A and B (two-dimensional array type).

(2) Usage
Double precision:
CALL DAM1AD (A, LMA, NM, NN, B, LMB, C, LMC, IERR)
Single precision:
CALL RAM1AD (A, LMA, NM, NN, B, LMB, C, LMC, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA NN Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
3 NM I 1 Input | Number of rows in matrices A, B and C.
4 NN I 1 Input | Number of columns in matrices A, B and C.
5 B D LMB, NN Input | Real matrix B (two-dimensional array type).
R
LMB I 1 Input | Adjustable dimension of array B.
C D LMC,NN Output | Sum of matrices A and B (two-dimensional ar-
R ray type).
8 LMC I 1 Input | Adjustable dimension of array C.
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NN >0
(b) 0 < NM < LMA, LMB, LMC

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes
None

(7) Example

(a) Problem

0 —1
A -3 -5 1 2
1 2 -2
0 2 1 -1
[ -3 -1 1 -1
-3 -1 1
B 3 0
-4 -1 1 0
| -10 -3 1

Obtain C = A + B.

(b) Input data
Matrices A and B, LMA = 11, LMB = 11, LMC = 11, NM = 4 and NN = 4.
(¢) Main program

PROGRAM BAM1AD
| #%% EXAMPLE OF DAM1AD **x*
IMPLICIT NONE
INTEGER LMA,LMB,LMC,NM,NN
PARAMETER( LMA=11, LMB=11, LMC=11 )
PARAMETER ( NM= 4 NN=4 )
INTEGER IERR,I,
REAL(8) A(LMA, NN) B(LMB,NN) ,C(LMC,NN)

DO 100 I=1
READ(5, *) (A(I,J),J=1,NN)
100 CONTINUE
DO 110 I=1,NN
READ(S *) (B(I,J),J=1,NN)
110 CONTINU

WRITE(6,6000) LMA,LMB,LMC,NM,NN
DO 120 I=1,NM
WRITE(6,6010) (A(I,J),J=1,NN)
120 CONTINUE
WRITE(6,6020)
DO 130 I=1,NN
WRITE(G 16010) (B(I,J),J=1,NN)
130 CONTINUE

CALL DAM1AD(A,LMA,NM,NN,B,LMB,C,LMC,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)
DO 140 I=1,NM
WRITE(6,6010) (C(I,J),J=1,NN)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X,2%%x DAMIAD **x’ / /. &
1X,’ ** INPUT =*x’,/,/.&
1X,° LMA=’,12,° LMB=’,I2,° LMC=",12,/,/,&
1X,° NM =2,12,° NN =’,12,/,/,&
1X, INPUT MATRIX AL/)
6010 FDRMAT(lX 6X 11(F7.1))

6020 FDRMAT(/
INPUT MATRIX B’,/)
6030 FDRMAT(/ &
% QUTPUT *x’,/,/.,&
1x ) IERR = ’,I4,/)
6040 FORMAT (1X,’ OUTPUT MATRIX C’,/)
END

(d) Output results

*%k*% DAM1AD  *k**
**x INPUT *x*
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*x

LMA=11 LMB=11
NM =4 NN =4
INPUT MATRIX A

1.0 2.0
-3.0 -5.0
1.0 3.0
0.0 2.0
INPUT MATRIX B
-3.0 -1.0
-3.0 -1.0
-4.0 -1.0
-10.0 -3.0
OUTPUT  *x*
IERR = 0
OUTPUT MATRIX C
-2.0 1.0
-6.0 -6.0
-3.0 2.0
-10.0 -1.0

LMC=11

PN O
[eXeleole]

R OR
[efoloXe)

N W

cocoo

-1.
-2.

-2.
-2.

[ofelole)

ROR K

[eXeleole)

[eleleofe)
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3.2.2 DAM1SB, RAM1SB
Subtracting Real Matrices (Two-Dimensional Array Type)

(1) Function
Obtain the difference of two real matrices A and B (two-dimensional array type).
(2) Usage
Double precision:
CALL DAMISB (A, LMA, NM, NN, B, LMB, C, LMC, IERR)
Single precision:
CALL RAMISB (A, LMA, NM, NN, B, LMB, C, LMC, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,NN Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
3 NM I 1 Input | Number of rows in matrices A, B and C.
4 NN I 1 Input | Number of columns in matrices A, B and C.
5 B D LMB, NN Input | Real matrix B (two-dimensional array type).
R
6 LMB I 1 Input | Adjustable dimension of array B.
7 C D LMC, NN Output | Difference (A — B) of matrices A and B (two-
R dimensional array type).
8 LMC I 1 Input | Adjustable dimension of array C.
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NN >0
(b) 0 < NM < LMA, LMB, LMC

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(a) Problem
1 0 -1
A -3 -5 1 2
1 2 =2
0 2 1 -1
[ -3 -1 1 -1
-3 -1
B_ 3 0
-4 -1 1 0
| —-10 -3 1

Obtain C = A — B.

(b) Input data
Matrices A and B, LMA = 11, LMB = 11, LMC = 11, NM = 4 and NN = 4.
(¢) Main program

PROGRAM BAM1SB
| %% EXAMPLE OF DAM1SB **x
IMPLICIT NONE
INTEGER LMA,LMB,LMC,NM,NN
PARAMETER( LMA=11, LMB=11, LMC=11 )
PARAMETER ( NM—4 NN=4 )
INTEGER IERR,I,
REAL(8) A(LMA, NN) B(LMB,NN) ,C(LMC,NN)

DO 100 I=1
READ(5, *) (A(T,J),J=1,NN)
100 CONTINUE
DO 110 I=1,NN
READ(5 *) (B(I1,J),J=1,NN)
110 CONTINUE

WRITE(6,6000) LMA,LMB,LMC,NM,NN
DO 120 I=1,NM
WRITE(6,6010) (A(I,J),J=1,NN)
120 CONTINUE
WRITE(6,6020)
DO 130 I=1,NN
WRITE(6,6010) (B(I,J),J=1,NN)
130 CONTINUE

CALL DAM1SB(A,LMA,NM,NN,B,LMB,C,LMC, IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)
DO 140 I=1,NM
WRITE(6,6010) (C(I,J),J=1,NN)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X,2*%%x DAMISB *xx*x’,/ /. &
1X,’ ** INPUT =*x’,/,/.&
1X,° LMA=’,12,° LMB=’,I2,° LMC=",12,/,/,&
1X,° NM =’,I2,° NN =’,I12,/,/,&
1X, INPUT MATRIX AL/)
6010 FORMAT (1X, 6X 11(F7.1))

6020 FORMAT(/, &
1X ’ INPUT MATRIX B’,/)
%  QUTPUT *x’,/,/,&
1X,”’ IERR = ’,14,/)
6040 FORMAT(1X.,’ OUTPUT MATRIX C’,/)
END

(d) Output results

6030 FORMAT(/,&
1X,°

*%*% DAMISB  k*x
**x INPUT *x*
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LMA=11 LMB=11 LMC=11
NM =4 NN =4
INPUT MATRIX A

1.0 2.0 0.0 -1.0
-3.0 -5.0 1.0 2.0
1.0 3.0 2.0 -2.0
0.0 2.0 1.0 -1.0
INPUT MATRIX B
-3.0 -1.0 1.0 -1.0
-3.0 -1.0 0.0 1.0
-4.0 -1.0 1.0 0.0
-10.0 -3.0 1.0 1.0
**x  QUTPUT  *x*
IERR = 0
OUTPUT MATRIX C
4.0 3.0 -1.0 0.0
0.0 -4.0 1.0 1.0
5.0 4.0 1.0 -2.0
10.0 5.0 0.0 -2.0
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3.2.3 DAM1IMU, RAM1MU
Multiplying Real Matrices (Two-Dimensional Array Type)

(1) Function
Obtain the product of two real matrices A and B (two-dimensional array type).

(2) Usage
Double precision:
CALL DAMIMU (A, LMA, NM, NN, B, LNB, NL, C, LMC, IERR)
Single precision:
CALL RAMIMU (A, LMA, NM, NN, B, LNB, NL, C, LMC, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA, NN Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
NM I 1 Input | Number of rows in matrix A
(Number of rows in matrix C').
4 NN I 1 Input | Number of columns in matrix A
(Number of rows in matrix B).
5 B D LNB,NL Input | Real matrix B (two-dimensional array type).
R
6 LNB I 1 Input | Adjustable dimension of array B.
7 NL I 1 Input | Number of columns in matrix B
(Number of columns in matrix C).
8 C D LMC, NL Output | Product (A - B) of matrices A and B (two-
R dimensional array type).
9 LMC I 1 Input | Adjustable dimension of array C.
10 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 < NM < LMA, LMC
(b) 0 < NN < LNB
(¢c) NL>0

(5) Error indicator
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IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
(6) Notes

DAMIMS

Use the speed priority version 3.2.4
RAMIMS

} when the number is great.

(7) Example

(a) Problem

1 2 0 -1
-3 -5 1
Ao 3 =5 2
1 3 2 =2
0 2 1 -1
[ -3 -1 1 -1
-3 -1
B 3 0 1
-4 -1 1 0
| -10 -3 1 1
Obtain C' = AB.

(b) Input data
Matrices A and B, LMA = 11, LNB = 11, LMC = 11, NM =4, NN = 4 and NL = 4.
(¢) Main program

PROGRAM BAM1MU

| #%% EXAMPLE OF DAMIMU ##x*
IMPLICIT NONE
INTEGER LMA,LNB,LMC,NM,NN,NL
PARAMETER( LMA=11, LNB=11, LMC=11 )
PARAMETER( NM= 4 NN=4, NL=4 )
INTEGER IERR,I,
REAL(8) A(LMA, NN) B(LNB,NL) ,C(LMC,NL)

DO 100 I=1,NM
READ(S %) (A(I,J),J=1,NN)
100 CONTINUE
DO 110 I=1,NN
READ(5,%) (B(I,J),J=1,NL)
110 CONTINUE

WRITE(6,6000) LMA,LNB,LMC,NM,NN,NL
DO 120 I—1 NM
WRITE(6,6010) (A(I,J),J=1,NN)
120 CONTINUE
WRITE(6,6020)
DO 130 I—1 NN
WRITE(6,6010) (B(I,J),J=1,NL)
130 CONTINUE

CALL DAM1MU(A,LMA,NM,NN,B,LNB,NL,C,LMC, IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)
DO 140 I=1,NM
WRITE(6,6010) (C(I,J),J=1,NL)
140 CONTINUE
STOP

6000 FDRMAT(/ &
,2%kk DAMIMU  *xx° /. /. &
1x > xx INPUT *x’,/,/.&

1X, LMA—’ 12,° LNB-’ I12,° LMC=",12,/,/,&
1X,° NM ,12, NN =2,I2,° NL =2,12,/,/,&
1X,”’ INPUT MATRIX A, N’

6010 FDRMAT(lX 6X,11(F7.1))
6020 FORMAT(/,&
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1X,” INPUT MATRIX B’,/)
6030 FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,”’ IERR = ’,14,/)
6040 FORMAT(1X,°’ OUTPUT MATRIX C’,/)
END

(d) Output results

kx*k  DAMIMU  ***

*x INPUT *x*
LMA=11 LNB=11 LMC=11
NM =4 NN=4 NL =4
INPUT MATRIX A

1.0 2.0 0.0 -1.0
-3.0 -5.0 1.0 2.0
1.0 3.0 2.0 -2.0
0.0 2.0 1.0 -1.0
INPUT MATRIX B
-3.0 -1.0 1.0 -1.0
-3.0 -1.0 0.0 1.0
-4.0 -1.0 1.0 0.0
-10.0 -3.0 1.0 1.0
*x  QUTPUT *x*
IERR = 0
OUTPUT MATRIX C
1.0 0.0 0.0 0.0
0.0 1.0 0.0 0.0
0.0 0.0 1.0 0.0
0.0 0.0 0.0 1.0
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3.2.4 DAMI1MS, RAM1MS
Multiplying Real Matrices (Two-Dimensional Array Type) (Speed Priority
Version)
(1) Function
Use the Strassen algorithm to obtain the product of two real matrices A and B (two-dimensional array
type).
(2) Usage
Double precision:
CALL DAMIMS (A, LMA, M, N, B, LNB, K, C, LMC, W1, IERR)

Single precision:
CALL RAMIMS (A, LMA, M, N, B, LNB, K, C, LMC, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,N Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
M I 1 Input | Number of rows in matrix A
(Number of rows in matrix C).
4 N I 1 Input | Number of columns in matrix A
(Number of rows in matrix B).
5 B D LNB,K Input | Real matrix B (two-dimensional array type).
R
6 LNB I 1 Input | Adjustable dimension of array B.
7 K I 1 Input | Number of columns in matrix B
(Number of columns in matrix C).
8 C D LMC,K Output | Real matrix C (two-dimensional array type).
R
9 LMC I 1 Input | Adjustable dimension of array C.
10 W1 D See Work | Work area
R Contents Size: M x N+ N x K+ K x M)/3
11 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <M < LMA, LMC
(b) 0 <N < LNB
(¢) K>0
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
(6) Notes

DAM1IMU
RAMIMU

DAMIMS

(a) Since the 3.2.4
RAMIMS

} use memory than the 3.2.3 { } because of the portion used

DAMIMU

should be used.
RAMIMU

for the work area, if sufficient memory cannot be allocated, the 3.2.3 {

DAMIMS
(b) The result obtained by using the 3.2.4 may be somewhat less precise than the result
RAMIMS
DAMIMU
obtained by using 3.2.3 .
RAMIMU

(7) Example

(a) Problem

1 2 0 -1
-3 -5 1 2
A 3 -5
1 3 2 -2
0 2 1 -1
[ -3 -1 1 -1
-3 -1
B 3 0 1
-4 -1 1 0
| -10 -3 1 1
Obtain C = AB.

(b) Input data
Matrices A and B, LMA =11, LNB=11,LMC=11,M =4, N =4 and K = 4.
(¢) Main program

PROGRAM BAM1MS
| %% EXAMPLE OF DAMIMS *x*x
IMPLICIT NONE
INTEGER LMA,LNB,LMC,M,N,K,IWK
PARAMETER( LMA=11, LNB=11, LMC=11 )
PARAMETER( M=4, N=4, K=4 )
PARAMETER( IWK = (M#N+N*K+K*M)/3 )
INTEGER IERR,I,
REAL(8) A(LMA, N) B(LNB,X) ,C(LMC,K) ,W1 (IWK)

DO 100 I=1,M
READ(S *) (A(1,J),J=1,N)
100 CONTINUE
DO 110 I=1
READ(S *) (B(I1,J),J=1,K)
110 CONTINUE

WRITE(G 6000) LMA,LNB,LMC,M,N,K
DO 120 I= 1,M

WRITE(G 6010) (A(I,J),J=1,N)
120 CONTINUE
WRITE(6,6020)
DO 130 I=1,N
WRITE(6,6010) (B(I,J),J=1,K)
130 CONTINUE
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CALL DAM1MS(A,LMA,M,N,B,LNB,K,C,LMC,W1,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)
DO 140 I=1,M
WRITE(6,6010) (C(I,J),J=1,K)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X, 2%%x DAMIMS **x’,/ /. &
1X,? =% INPUT *x’,/,/,&
1X,° LMA=>,I12,° LNB=’,I2,”> LMC=’,12,/,/,&
1X,° M =’,I2,° N =’,I2,° K =’,12,/,/.&
1X,? INPUT MATRIX A’,/)
6010 FORMAT(1X,6X,11(F7.1))
6020 FORMAT(/,&
1X,° INPUT MATRIX B’,/)
6030 FDRMAT({,&

X,? *x QUTPUT *x’,/,/,&

1X,”’ IERR = ’,I4,/)
6040 FORMAT(1X,’ OUTPUT MATRIX C’,/)
END

(d) Output results

sk DAMIMS k%

*%  INPUT **
LMA=11 LNB=11 LMC=11
M =4 N =4 K =4
INPUT MATRIX A

1.0 2.0 0.0 -1.0
-3.0 -5.0 1.0 2.0
1.0 3.0 2.0 -2.0
0.0 2.0 1.0 -1.0
INPUT MATRIX B
-3.0 -1.0 1.0 -1.0
-3.0 -1.0 0.0 1.0
-4.0 -1.0 1.0 0.0
-10.0 -3.0 1.0 1.0
*x  QUTPUT  *x*
IERR = 0
OUTPUT MATRIX C
1.0 0.0 0.0 0.0
0.0 1.0 0.0 0.0
0.0 0.0 1.0 0.0
0.0 0.0 0.0 1.0
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3.2.5 DAMT1IM, RAMT1M
Multiplying a Real Matrix (Two-Dimensional Array Type) and Its Transpose
Matrix

(1) Function
Obtain the product of the real matrix A (two-dimensional array type) and its transpose matrix.
(2) Usage
Double precision:
CALL DAMTIM (A, LMA, NM, NN, B, LMB, IERR)
Single precision:
CALL RAMTIM (A, LMA, NM, NN, B, LMB, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA NN Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
3 NM I 1 Input | Number of rows in matrix A.
4 NN I 1 Input | Number of columns in matrix A.
5 B D LMB,NM | Output | Product (A4 - AT) (two-dimensional array type)
R of matrix A and its transpose matrix.
LMB I 1 Input | Adjustable dimension of array B.
IERR I 1 Output | Error indicator
(4) Restrictions
(a) NN >0, NM >0
(b) NM < LMA,LMB
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

None
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(7) Example

(a) Problem

1 2 3 4
-2
A 3 )
-3 —4 5 6
-4 -5 -6 7

Obtain B = AAT.

(b) Input data
Matrix A, LMA = 11, LMB = 11, NM = 4 and NN = 4.
(¢) Main program

PROGRAM BAMT1M

! %% EXAMPLE OF DAMTIM x*x*x*
IMPLICIT NONE
INTEGER LMA,LMB,NM,NN
PARAMETER ( LMA= 11 LMB=11 )
PARAMETER( NM=4, NN=4 )
INTEGER IERR,I, J
REAL(8) A(LMA NN) B(LMB,NM)

DO 100 I=1,NM
READ(5,%) (A(I,J),J=1,NN)
100 CONTINUE

WRITE(6,6000) LMA,LMB,NM,NN
DO 110 I—1 NM
WRITE(6,6010) (A(I,J),J=1,NN)
110 CONTINUE

CALL DAMT1M(A,LMA,NM,NN,B,LMB,IERR)

WRITE(6,6020) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6030)
DO 120 I=1,NM
WRITE(6,6010) (B(I,J),J=1,NM)
120 CONTINUE
STOP

6000 FORMAT(/,&
X Yxkk  DAMTIM  *xx° /. /. &
1X,? =% INPUT *x’,/,/,&
1x 4 LMA—’ 12,° LMB=’,I2,° NM=’,I2,’ NN=’,12,/,/,&

INPUT MATRIX A’,/)

6010 FDRMAT(lX ex 11(F7.1))

6020 FORMAT(/,&
1X,? %% QUTPUT =%’,/,/,&
1X,° IERR = ’,14,

6030 FORMAT(1X,’ OUTPUT MATRIX B’,/)

END

(d) Output results

kx*k  DAMTIM  **x*

**x INPUT *x*
LMA=11 LMB=11 NM= 4 NN= 4
INPUT MATRIX A

1.0 2.0 3.0 4.0
-2.0 3.0 4.0 5.0
-3.0 -4.0 5.0 6.0
-4.0 -5.0 -6.0 7.0
**  QUTPUT  *x*
IERR = 0
OUTPUT MATRIX B
30.0 36.0 28.0 -4.0
36.0 54.0 44.0 4.0
28.0 44.0 86.0 44.0
-4.0 4.0 44.0 126.0
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3.2.6 DATM1M, RATM1M
Multiplying the Transpose Matrix of a Real Matrix (Two-Dimensional Array
Type) and the Original Matrix
(1) Function

Obtain the product of the transpose matrix of the real matrix A (two-dimensional array type) and the

original matrix.

(2) Usage
Double precision:
CALL DATMIM (A, LMA, NM, NN, B, LNB, IERR)
Single precision:
CALL RATMIM (A, LMA, NM, NN, B, LNB, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,NN Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
3 NM I 1 Input | Number of rows in matrix A.
4 NN I 1 Input | Number of columns in matrix A.
5 B D LNB,NN Output | Product (AT - A) of the transpose matrix of ma-
R trix A and the original matrix.
LNB I 1 Input | Adjustable dimension of array B.
IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < NN < LNB
(b) 0 < NM < LMA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

None
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(7) Example

(a) Problem

1 2 3 4
-2 4
A 3 )
-3 —4 5 6
| -4 -5 -6 7
-3 -1 1 -1
-3 -1
B_ 3 0
-4 -1 1 0
-10 -3 1

Obtain B = AT A.

(b) Input data
Matrix A, LMA = 11, LNB = 11, NM = 4 and NN = 4.
(¢) Main program

PROGRAM BATM1M

| #%* EXAMPLE OF DATMIM **x*
IMPLICIT NONE
INTEGER LMA,LNB,NM,NN
PARAMETER( LMA=11, LNB=11 )
PARAMETER( NM=4, NN=4 )
INTEGER IERR,I,J
REAL(8) A(LMA,NN),B(LNB,NN)

DO 100 I=1,NM
READ(5,*) (A(I,J),J=1,NN)
100 CONTINUE

WRITE(6,6000) LMA,LNB,NM,NN
DO 110 I=1,NM
WRITE(6,6010) (A(I,J),J=1,NN)
110 CONTINUE

CALL DATM1M(A,LMA,NM,NN,B,LNB,IERR)

WRITE(6,6020) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6030)
DO 120 I=1,NN
WRITE(6,6010) (B(I,J),J=1,NN)
120 CONTINUE
STOP

6000 FORMAT(/,&
1X,2%%x  DATMIM **xx’ / /. &
1X,’ ** INPUT =*x’,/,/,&
1X,° LMA=’,12,° LNB=’,I2,° NM=’,I2,° NN=’,12,/,/,&
1X,° INPUT MATRIX A’,/)

6010 FORMAT(1X,6X,11(F7.1))

6020 FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/,&
1X,° IERR = ’,14,/)

6030 FORMAT(1X,’ OUTPUT MATRIX B’,/)

END

(d) Output results

kx*k  DATMIM  **x*

*x INPUT *x*
LMA=11 LNB=11 NM= 4 NN= 4
INPUT MATRIX A

1.0 2.0 3.0 4.0
-2.0 3.0 4.0 5.0
-3.0 -4.0 5.0 6.0
-4.0 -5.0 -6.0 7.0

**  QUTPUT *x*
IERR = 0
OUTPUT MATRIX B
30.0 28.0 4.0 -52.0
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28.0 54.0 28.0 -36.0
4.0 28.0 86.0 20.0
2.0

-5 -36.0 20.0 126.0
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3.2.7 DAM1MM, RAM1MM
Multiplying Real Matrices (Two-Dimensional Array Type) (C = C + AB)
(1) Function
Obtain the product of real matrices A and B (C = C + AB).
(2) Usage
Double precision:
CALL DAMIMM (A, LMA, NM, NN, B, LNB, NL, C, LMC, ISW, IERR)

Single precision:
CALL RAMIMM (A, LMA, NM, NN, B, LNB, NL, C, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,NN Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
NM I 1 Input | Number of rows in matrix A
(Number of rows in matrix C').
4 NN I 1 Input | Number of columns in matrix A
(Number of rows in matrix B).
5 B D LNB,NL Input | Real matrix B (two-dimensional array type).
R
6 LNB I 1 Input | Adjustable dimension of array B.
7 NL I 1 Input | Number of columns in matrix B

(Number of columns in matrix C).

8 C D LMC, NL Input | Initial real matrix C' (when ISW = £1) (two-
dimensional array type).

Output | Product of real matrices (C = [C+]AB).

9 LMC I 1 Input | Adjustable dimension of array C.

10 ISW I 1 Input | Processing switch.

ISW = 1: Obtain C = C + AB.
ISW = 0: Obtain C = AB.

ISW = —1: Obtain C =C — AB.

11 IERR I 1 Output | Error indicator
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(4) Restrictions

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes
None

(7) Example

(a) Problem

1111 1
422222
3333 3
4 4 4 4 4
(11111 1
2 2 2 2 2 2
B=|3 3 3 3 3 3
4 4 4 4 4 4
555 5 5 5
Obtain C' = AB.

(b) Input data

Matrices A and B, LMA = 11, LNB = 11, LNC = 11, NM = 4, NN = 5, NL = 6 and ISW = 0.

(¢) Main program

PROGRAM BAM1MM

! %% EXAMPLE OF DAM1IMM x**x*
IMPLICIT NONE
INTEGER LMA,LNB,LMC,ISW,NM,NN,N
PARAMETER( LMA= 11 LNB= 11 LMC= 11
PARAMETER( NM=4, NN= 5, NL=6 )
INTEGER IERR,I, J
REAL(8) A(LMA NN) B(LNB,NL) ,C(LMC,NL)

DO 100 I=1,NM
READ(5,%) (A(I,J),J=1,NN)
100 CONTINUE
DO 110 I=1,NN
READ(5,*) (B(I,J),J=1,NL)
110 CONTINUE

ISW=0 )

WRITE(6,6000) LMA,LNB,LMC,NM,NN,NL,ISW
WRITE(6, 6010) 'MATRIX A’
DO 120 I—1
WRITE(G 6020) (A(I,J),J=1,NN)
120 CONT

WRITE(6,6010) 'MATRIX B’
DO 130 I=1,NN
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WRITE(6,6020) (B(I,J),J=1,NL)
130 CONTINUE

CALL DAM1MM(A,LMA,NM,NN,B,LNB,NL,C,LMC,ISW,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040) ’MATRIX C’
DO 140 I=1,NM
WRITE(6,6020) (C(I,J),J=1,NL)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X, 2 %*%*x  DAMIMM *xx*x’ / /. &
1X,? % INPUT #%>,/./.&

1X,° LMA=>,I2,’  ’'LNB=’,I2,’ LMC=’,I2,/,/,&
1X,° NM =’,12,} ) NN =’,I2,° NL =,I2,/,/.&
1X,° 1sw=>,12,/,/.&

1X,° INPUT MATRIX’)

6010 FORMAT(/,&
X,5X,4A)

6020 FORMAT(1X,6X,11(F7.1))

6030 FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,° IERR = ’,14,

6040 FORMAT(1X,’ OUTPUT MATRIX’,/,/.&
1X,5X,4A)

END

(d) Output results

sokk  DAMIMM %

s% INPUT *%
LMA=11 LNB=11 LMC=11
NM = 4 NN =5 NL = 6
ISW= 0
INPUT MATRIX

MATRIX A
1.0 1.0 1.0 1.0 1.0
2.0 2.0 2.0 2.0 2.0
3.0 3.0 3.0 3.0 3.0
4.0 4.0 4.0 4.0 4.0
MATRIX B
1.0 1.0 1.0 1.0 1.0 1.0
2.0 2.0 2.0 2.0 2.0 2.0
3.0 3.0 3.0 3.0 3.0 3.0
4.0 4.0 4.0 4.0 4.0 4.0
5.0 5.0 5.0 5.0 5.0 5.0
**  QUTPUT  *x*
IERR = 0
OUTPUT MATRIX
MATRIX C
15.0 15.0 15.0 15.0 15.0 15.0
30.0 30.0 30.0 30.0 30.0 30.0
45.0 45.0 45.0 45.0 45.0 45.0
60.0 60.0 60.0 60.0 60.0 60.0
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3.2.8 DAMIMT, RAM1IMT
Multiplying Real Matrices (Two-Dimensional Array Type) (C' = C + ABT)

(1) Function
Obtain the product of real matrices A and B (C = [C+]ABT).

(2) Usage
Double precision:
CALL DAMIMT (A, LMA, NM, NN, B, LLB, NL, C, LMC, ISW, IERR)
Single precision:
CALL RAMIMT (A, LMA, NM, NN, B, LLB, NL, C, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA, NN Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
NM I 1 Input | Number of rows in matrix A
(Number of rows in matrix C').
4 NN I 1 Input | Number of columns in matrix A
(Number of columns in matrix B).
5 B D LLB,NN Input | Real matrix B (two-dimensional array type).
R
6 LLB I 1 Input | Adjustable dimension of array B.
7 NL I 1 Input | Number of rows in matrix B

(Number of columns in matrix C).
8 C {D} LMC, NL Input | Initial real matrix C' (when ISW = +1) (two-

dimensional array type).

Output | Product of real matrices (C = [C+]ABT).
9 LMC I 1 Input | Adjustable dimension of array C.

10 ISW I 1 Input | Processing switch.

ISW = 1: Obtain C = C + ABT.

ISW = 0: Obtain C = ABT.

ISW = —1: Obtain C = C — ABT.

11 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 0 < NM < LMA, LMC
(b)

(c) NN >0
(d) ISW € {0,1, -1}

0 <NL <LLB

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes
None

(7) Example

(a) Problem

111 1 1
2 2 2 2 2

A:
3 3 3 3 3
4 4 4 4 4]
(11 1 1 1
2 2 2 2 2

B=1|3 3 3 3 3
4 4 4 4 4
555 5 5 |

Obtain C' — ABT.

(b) Input data
Matrices A and B, LMA = 11, LLB = 11, LNC = 11, NM = 4, NN = 5, NL = 5 and ISW = 0.
(¢) Main program

PROGRAM BAM1MT

| #%* EXAMPLE OF DAMIMT
IMPLICIT NONE
INTEGER LMA,LLB,LMC,ISW,NM,NN,NL
PARAMETER( LMA=11, LLB=11, LMC=11, ISW=0 )
PARAMETER( NM=4, NN=5, NL=5 )
INTEGER IERR,I,J
REAL(8) A(LMA,NN),B(LLB,NN),C(LMC,NL)

DO 100 I=1,NM
READ(5,*) (A(I,J),J=1,NN)
100 CONTINUE
DO 110 I=1,NL
READ(5,*) (B(I,J),J=1,NN)
110 CONTINUE

WRITE(6,6000) LMA,LLB,LMC,NM,NN,NL,ISW
WRITE(6,6010) ’MATRIX A’
DO 120 I=1,NM
WRITE(6,6020) (A(I,J),J=1,NN)
120 CONTINUE
WRITE(6,6010) ’MATRIX B’
DO 130 I=1,NL
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130

140

6000

6010

6020
6030

6040

WRITE(6,6020) (B(I,J),J=1,NN)
CONTINUE

CALL DAMIMT(A,LMA,NM,NN,B,LLB,NL,C,LMC,ISW,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040) ’MATRIX C’
DO 140 I=1,NM
WRITE(6,6020) (C(I,J),J=1,NL)
CONTINUE
STOP

FORMAT(/,&
1X, 2 %%x  DAMIMT *x**’, / /. &
1X,? ** INPUT =*x’,/,/.&

1X,° LMA=>,I2,” LLB=’,I2,” LMC=’,I2,/,/
1X,° NM =2,I2,° NN =’,I2,° NL =°,I2,/
1X,° Isw=’,12,/,/,&
1X,° INPUT MATRIX’)
FORMAT(/,&
X,5X%,4A)
FORMAT (1X,6X,11(F7.1))
FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,”’ IERR = ’,14,
FORMAT (1X,’ OUTPUT MATRIX’,/,/,&
1X,5X,A)
END

(d) Output results

k% k

*x

*k

DAMIMT  skx

INPUT *x

LMA=11 LLB=11 LMC=11
NM =4 NN=5 NL =5
ISW= 0

INPUT MATRIX

MATRIX A
1.0 1.0 1.0 1.0 1.0
2.0 2.0 2.0 2.0 2.0
3.0 3.0 3.0 3.0 3.0
4.0 4.0 4.0 4.0 4.0
MATRIX B
1.0 1.0 1.0 1.0 1.0
2.0 2.0 2.0 2.0 2.0
3.0 3.0 3.0 3.0 3.0
4.0 4.0 4.0 4.0 4.0
5.0 5.0 5.0 5.0 5.0
OUTPUT  *x*
IERR = 0
OUTPUT MATRIX
MATRIX C
5.0 10.0 156.0 20.0 25.0
10.0 20.0 30.0 40.0 50.0
15.0 30.0 45.0 60.0 75.0
20.0 40.0 60.0 80.0 100.0
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3.2.9 DAMITM, RAM1ITM
Multiplying Real Matrices (Two-Dimensional Array Type) (C' = C + ATB)

(1) Function
Obtain the product of real matrices A and B (C = [C+]AT B).

(2) Usage
Double precision:
CALL DAMITM (A, LNA, NM, NN, B, LNB, NL, C, LMC, ISW, IERR)
Single precision:

CALL RAMITM (A, LNA, NM, NN, B, LNB, NL, C, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, NM Input | Real matrix A (two-dimensional array type).
R
2 LNA I 1 Input | Adjustable dimension of array A.
NM I 1 Input | Number of columns in matrix A
(Number of rows in matrix C').
4 NN I 1 Input | Number of rows in matrix A
(Number of rows in matrix B).
5 B D LNB,NL Input | Real matrix B (two-dimensional array type).
R
6 LNB I 1 Input | Adjustable dimension of array B.
7 NL I 1 Input | Number of columns in matrix B

(Number of columns in matrix C).
8 C {D} LMC, NL Input | Initial real matrix C' (when ISW = £1) (two-

dimensional array type).

Output | Product of real matrices (C' = [C+]AT B).
9 LMC I 1 Input | Adjustable dimension of array C.

10 ISW I 1 Input | Processing switch.

ISW = 1: Obtain C = C + AT B.

ISW = 0: Obtain C = AT B.

ISW = —1: Obtain C = C — ATB.

11 IERR I 1 Output | Error indicator

70



DAMITM, RAMITM
Multiplying Real Matrices (Two-Dimensional Array Type) (C = C + AT B)

(4) Restrictions

0 < NM < LMC

(a)

(b) 0 < NN < LNA,LNB
)
)

(¢) NL>0
(d) ISW € {0,1, 1}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes
None

(7) Example

(a) Problem

111 11
2 2 2 2 2
A=|3 3 3 3 3
4 4 4 4 4
555 5 5
(111 1
2 2 2 2
B=|3 3 3 3
4 4 4 4
55 5 5

Obtain C = AT B.
(b) Input data

Matrices A and B, LNA = 11, LNB = 11, LNC = 11, NM = 5, NN = 5, NL = 4 and ISW = 0.
(¢) Main program

PROGRAM BAM1TM

| %% EXAMPLE OF DAMITM **x
IMPLICIT NONE
INTEGER LNA,LNB,LMC,ISW,NM,NN,NL
PARAMETER( LNA=11, LNB=11, LMC=11, ISW=0 )
PARAMETER ( NM—5 NN=5, NLZ4 )
INTEGER IERR,I,
REAL(8) A(LNA, NM) B(LNB,NL) ,C(LMC,NL)

DO 100 I=1,N
READ(5, *) (A(1,J),J=1,NM)
100 CONTINUE
DO 110 I=1,NN
READ(S *) (B(1,J),J=1,NL)
110 CONTINUE

WRITE(6,6000) LNA,LNB,LMC,NM,NN,NL,ISW
WRITE(6,6010) ’MATRIX A’
DO 120 I=1,NN
WRITE(6,6020) (A(I,J),J=1,NM)
120 CONTINUE
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WRITE(6,6010) ’MATRIX B’
DO 130 I=1,NN
WRITE(6,6020) (B(I,J),J=1,NL)
130 CONTINUE

CALL DAM1TM(A,LNA,NM,NN,B,LNB,NL,C,LMC, ISW,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040) ’MATRIX C’
DO 140 I=1,NM
WRITE(6,6020) (C(I,J),J=1,NL)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X, 2 %*%*x  DAMITM *x*xx*x’ /. / &
1X,? % INPUT #%’,/./.&

1X,’ LNA=’,12,’  'LNB=’,I2,’ LMC=?,I12,/,/.%
1X,° NM =>,I2,° NN =’,I2,’ NL =°,12././.&
1X,? Isw=>,12,/,/.&

1X,° INPUT MATRIX’)
6010 FORMAT(/,&
1X,5X,A)
6020 FORMAT(1X,6X,11(F7.1))
6030 FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,° IERR = ’,14,
6040 FORMAT(1X,’ OUTPUT MATRIX’,/,/.&
1X,5X,4)
END

(d) Output results

*xk  DAMITM  *ok*

*x  INPUT #*
LNA=11 LNB=11  LMC=11
NM=5 NN=5 NL-=4
ISW= 0
INPUT MATRIX

MATRIX A
1.0 1.0 1.0 1.0 1.0
2.0 2.0 2.0 2.0 2.0
3.0 3.0 3.0 3.0 3.0
4.0 4.0 4.0 4.0 4.0
5.0 5.0 5.0 5.0 5.0
MATRIX B
1.0 1.0 1.0 1.0
2.0 2.0 2.0 2.0
3.0 3.0 3.0 3.0
4.0 4.0 4.0 4.0
5.0 5.0 5.0 5.0
*x  QUTPUT  *x*
IERR = 0
OUTPUT MATRIX
MATRIX C
55.0 556.0 55.0 55.0
55.0 556.0 55.0 55.0
55.0 556.0 55.0 55.0
55.0 556.0 55.0 55.0
55.0 55.0 55.0 55.0

72



DAMITT, RAMITT
Multiplying Real Matrices (Two-Dimensional Array Type) (C = C + AT BT)

3.2.10 DAMI1TT, RAMITT
Multiplying Real Matrices (Two-Dimensional Array Type) (C' = C 4+ AT BT)
(1) Function
Obtain the product of real matrices A and B (C = [C£]AT BT).
(2) Usage
Double precision:
CALL DAMITT (A, LNA, NM, NN, B, LLB, NL, C, LMC, ISW, IERR)

Single precision:
CALL RAMITT (A, LNA, NM, NN, B, LLB, NL, C, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, NM Input | Real matrix A (two-dimensional array type).
R
2 LNA I 1 Input | Adjustable dimension of array A.
NM I 1 Input | Number of columns in matrix A
(Number of rows in matrix C').
4 NN I 1 Input | Number of rows in matrix A
(Number of columns in matrix B).
5 B D LLB,NN Input | Real matrix B (two-dimensional array type).
R
6 LLB I 1 Input | Adjustable dimension of array B.
7 NL I 1 Input | Number of rows in matrix B

(Number of columns in matrix C).
8 C {D} LMC, NL Input | Initial real matrix C' (when ISW= +1) (two-

dimensional array type).

Output | Product of real matrices

(C = [C+]ATBT).

9 LMC I 1 Input | Adjustable dimension of array C.

10 ISW I 1 Input | Processing switch.

ISW = 1: Obtain C = C + ATBT,
ISW = 0: Obtain C = AT BT,

ISW = —1: Obtain C = C — AT BT
11 IERR I 1 Output | Error indicator
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(4) Restrictions

a) 0 < NM < LMC
b) 0 < NN < LNA
(¢) 0 < NL < LNB
(d) ISW € {0,1, -1}

(
(

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes
None

(7) Example

(a) Problem

11 11 1
2 2 2 2 2
A=13 3 3 3 3
4 4 4 4 4
|5 5 5 5 5 |
(1 1 1 1 17
B:22222
3 3 3 3 3
4 4 4 4 4|

Obtain C = AT BT,
(b) Input data

Matrices A and B, LNA = 11, LLB = 11, LNC = 11, NM = 5, NN = 5, NL = 4 and ISW = 0.
(¢) Main program

PROGRAM BAMITT

| #%* EXAMPLE OF DAMITT
IMPLICIT NONE
INTEGER LNA,LLB,LMC,ISW,NM,NN,NL
PARAMETER( LNA=11, LLB=11, LMC=11, ISW=0 )
PARAMETER( NM=5, NN=5, NL=4 )
INTEGER IERR,I,J
REAL(8) A(LNA,NM),B(LLB,NN),C(LMC,NL)

DO 100 I=1,NN
READ(5,*) (A(I,J),J=1,NM)
100 CONTINUE
DO 110 I=1,NL
READ(5,*) (B(I,J),J=1,NN)
110 CONTINUE

WRITE(6,6000) LNA,LLB,LMC,NM,NN,NL,ISW
WRITE(6,6010) ’MATRIX A’
DO 120 I=1,NN
WRITE(6,6020) (A(I,J),J=1,NM)
120 CONTINUE
WRITE(6,6010) ’MATRIX B’
DO 130 I=1,NL
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130

140

6000

6010

6020
6030

6040

CALL DAMITT(A,LNA,NM,NN,B,LLB,NL,C,LMC,ISW,IERR)

WRITE(6,6020) (B(I,J),J=1,NN)
CONTINUE

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)

(d) Output results

k% k

*x

*k

DO 140 I=1,NM
WRITE(6,6020) (C(I,J),J=1,NL)
CONTINUE
STOP
FORMAT(/,&
1X, 2 %%x  DAMATT *x*x*x’,/, /. &
1X,? ** INPUT =*x’,/,/.,&
1X,° LNA=’,I2,” LLB=’,I2,’
1X,° NM =2,I2,° NN =’,I2,°
1X,’ IswW=",12,/,/.&
1X,° INPUT MATRIX’)
FORMAT(/,&
X,5X%,4A)
FORMAT (1X,6X,11(F7.1))
FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,° IERR = ’,14,
FORMAT (1X,’ OUTPUT MATRIX’,/,/,&
1X,5X,A)
END
DAMITT  ***
INPUT *x
LNA=11 LLB=11 LMC=11
NM =5 NN =5 NL = 4
ISW= 0
INPUT MATRIX
MATRIX A
1.0 1.0 1.0 1.0 1.0
2.0 2.0 2.0 2.0 2.0
3.0 3.0 3.0 3.0 3.0
4.0 4.0 4.0 4.0 4.0
5.0 5.0 5.0 5.0 5.0
MATRIX B
1.0 1.0 1.0 1.0 1.0
.0 2.0 2.0 2.0 2.0
3.0 3.0 3.0 3.0 3.0
4.0 4.0 4.0 4.0 4.0
OUTPUT  *x*
IERR = 0
OUTPUT MATRIX
MATRIX C
15.0 30.0 45.0 60.0
15.0 30.0 45.0 60.0
15.0 30.0 45.0 60.0
15.0 30.0 45.0 60.0
15.0 30.0 45.0 60.0

’MATRIX C’

5
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3.2.11 ZAM1MM, CAM1MM
Multiplying Complex Matrices (Two-Dimensional Array Type) (Real Argu-
ment Type) (C =C + AB)

(1) Function
Obtain the product of two complex matrices (Two-dimensional Array Type) (C = [C+]AB).

(2) Usage
Double precision:
CALL ZAM1IMM (AR, AI, LMA, NM, NN, BR, BI, LNB, NL, CR, CI, LMC, ISW, IERR)
Single precision:
CALL CAMIMM (AR, AI, LMA, NM, NN, BR, BI, LNB, NL, CR, CI, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 AR D LMA,NN Input | Real part of complex matrix A
{R} (two-dimensional array type).
2 Al D LMA,NN Input | Imaginary part of complex matrix A
{R} (two-dimensional array type).
3 LMA I 1 Input | Adjustable dimension of arrays AR and Al.
4 NM I 1 Input | Number of rows in matrix A
(Number of rows in matrix C).
5 NN I 1 Input | Number of columns in matrix A
(Number of rows in matrix B).
6 BR D LNB,NL Input | Real part of complex matrix B
{R} (two-dimensional array type).
7 BI D LNB,NL Input | Imaginary part of complex matrix B
{R} (two-dimensional array type).
8 LNB I 1 Input | Adjustable dimension of arrays BR and BI.
9 NL I 1 Input | Number of columns in matrix B
(Number of columns in matrix C).
10 CR D LMC, NL Input | Real part of initial complex matrix C' (when
{R} ISW = £1) (two-dimensional array type).
Output | Product of complex matrices (C' = [C+]AB).
11 CI D LMC, NL Input | Imaginary part of initial complex matrix C
{R} (when ISW = =+1) (two-dimensional array
type).
Output | Product of complex matrices (C' = [C+]AB).
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Input
No. | Argument | Type Size nput/ Contents
Output
12 LMC I 1 Input | Adjustable dimension of arrays CR and CI
13 ISW I 1 Input | Processing switch.
ISW = 1: Obtain C = C + AB
ISW = 0: Obtain C = AB
ISW = —1: Obtain C =C — AB
14 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < NM < LMA,LMC
(b) 0 < NN <LNB
(¢) NL>0
(d) ISW e {0,1,—-1}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes

None
(7) Example

(a) Problem

(140 142 143i 14+4i 1450
244 242 2+3i 24+4i 2450
344 3+2 3+3i 3+4i 3+5i
| 4+i 442 4430 4+4i 4450
[ 144 1+2 1430 1+4i

24i 242 243 24+4i
B=|3+4i 342 3+3i 3+4i

A4i 442 4430 4+4i

5+4i 542 5+3i 5+4i
Obtain C = AB.

(b) Input data
Matrices A and B, LMA = 11, LNB = 11, LNC = 11, NM = 4, NN = 5, NL = 4 and ISW = 0.
(¢) Main program

A:

PROGRAM AAM1MM

| %% EXAMPLE OF ZAMIMM ***
IMPLICIT NONE
INTEGER LMA,LNB,LMC,ISW,NM,NN,NL
PARAMETER( LMA=11, LNB=11, LMC=11, ISW=0 )

(s
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PARAMETER( NM=4, NN=5, NL=4 )

INTEGER IERR,I,J

REAL(8) AR(LMA,NN),BR(LNB,NL),CR(LMC,NL)
REAL(8) AI(LMA,NN),BI(LNB,NL),CI(LMC,NL)

DO 100 I=1,NM
READ(5, *) (AR(I,J),AI(I,J),J=1,NN)
100 CONTINUE

DO 110 I=1,NN
READ(5 *) (BR(I,J),BI(I,J),J=1,NL)
110 CONTINUE

WRITE(6,6000) LMA,LNB,LMC,NM,NN,NL,ISW
WRITE(6,6010) ’MATRIX A’
DO 120 I=1,NM
WRITE(6,6020) (AR(I,J),AI(I,J),J=1,NN)
120 CONTINUE
WRITE(6,6010) ’MATRIX B’
DO 130 I=1,NN
WRITE(6,6030) (BR(I,J),BI(I,J),J=1,NL)
130 CONTINUE

CALL ZAMIMM(AR,AI,LMA,NM,NN,BR,BI,LNB,NL,CR,CI,LMC,ISW,IERR)

WRITE(6,6040) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6050) ’MATRIX C’
DO 140 I—1 NM
WRITE(6,6030) (CR(I,J),CI(I,J),J=1,NL)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X, 2 %*%*x  ZAMIMM  **x*x’  / / &
1X,’ ** INPUT =*x’,/,/.,&

1X,° LMA=’,12,°  LNB=’,I2,” LMC=’,I12,/,/.%
1X,° NM =7,12,} ) NN =2,I2,° NL =7,I2,/./.&
1X,° Isw=>,12,/,/.&
1X,° INPUT MATRIX’)

6010 FORMAT(/,&
1X,5X,A)
6030 FORMAT(1X,6X,4(°(’,F5.1, ’,7 F5.1,°)%))
6020 FORMAT(1X,6X,5(’(’,F5.1,°,?,F5.1,%)’))
6040 FORMAT(/,&
1X > xk  QUTPUT =*x’,/,/.&
1X,’ IERR = ’,I4./)
6050 FORMAT(1X,’ , OUTPUT MATRIX’,/,/.&
1X,5X,

END
(d) Output results

sokk  ZAMIMM k%

s% INPUT *%
LMA=11 LNB=11 LMC=11
NM = 4 NN =5 NL = 4
ISW= 0
INPUT MATRIX

MATRIX A
1.0, 1.0)( 1.0, 2.0)( 1.0, 3.0)( 1.0, 4.0)( 1.0, 5.0)
( 2.0, 1.00( 2.0, 2.00( 2.0, 3.0)( 2.0, 4.0)C 2.0, 5.0)
( 3.0, 1.00( 3.0, 2.00( 3.0, 3.0)C 3.0, 4.0)C 3.0, 5.0)
( 4.0, 1.00C 4.0, 2.0)( 4.0, 3.0)C 4.0, 4.0)C 4.0, 5.0)
MATRIX B
( 1.0, 1.00( 1.0, 2.0)( 1.0, 3.0)( 1.0, 4.0)
( 2.0, 1.00¢( 2.0, 2.00C 2.0, 3.09C 2.0, 4.0)
( 3.0, 1.00( 3.0, 2.00C 3.0, 3.0)C 3.0, 4.0)
( 4.0, 1.00( 4.0, 2.00C 4.0, 3.09C 4.0, 4.0)
( 5.0, 1.00( 5.0, 2.05C 5.0, 3.09C 5.0, 4.0)
x% QUTPUT %
IERR = 0
OUTPUT MATRIX
MATRIX C
(0.0, 60.0)(-15.0, 65.0)(-30.0, 70.0)(-45.0, 75.0)
( 15.0, 65.0)( 0.0, 75.0)(-15.0, 85.0)(-30.0, 95.0)
( 30.0, 70.0)( 15.0, 85.0)( 0.0,100.0)(-15.0,115.0)
( 45.0, 75.0)( 30.0, 95.0)( 15.0,115.0)C 0.0,135.0)
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3.2.12 ZAM1MH, CAM1MH
Multiplying Complex Matrices (Two-Dimensional Array Type) (Real Argu-
ment Type) (C =C + AB*)

(1) Function
Obtain the product of two complex matrices (Two-dimensional Array Type) (C = [C£]AB*).
(2) Usage
Double precision:
CALL ZAM1IMH (AR, AI, LMA, NM, NN, BR, BI, LLB, NL, CR, CI, LMC, ISW, IERR)
Single precision:
CALL CAMIMH (AR, AL, LMA, NM, NN, BR, BIL, LLB, NL, CR, CL, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 AR D LMA NN Input | Real part of complex matrix A
{R} (two-dimensional array type).
2 Al D LMA,NN Input | Imaginary part of complex matrix A
{R} (two-dimensional array type).
3 LMA I 1 Input | Adjustable dimension of arrays AR and Al.
4 NM I 1 Input | Number of rows in matrix A
(Number of rows in matrix C).
5 NN I 1 Input | Number of columns in matrix A
(Number of columns in matrix B).
6 BR D LLB,NN Input | Real part of complex matrix B
{R} (two-dimensional array type).
7 BI D LLB,NN Input | Real part of complex matrix B
{R} (two-dimensional array type).
8 LLB I 1 Input | Adjustable dimension of arrays BR and BI.
9 NL I 1 Input | Number of rows in matrix B
(Number of columns in matrix C).
10 CR D LMC, NL Input | Real part of initial complex matrix C (when
{R} ISW = £1) (two-dimensional array type).
Output | Product of complex matrices (C' = [C+]AB*).
11 CI D LMC, NL Input | Imaginary part of initial complex matrix C
{R} (when ISW = +£1) (two-dimensional array
type).
Output | Product of complex matrices (C' = [C+]AB*).

79



ZAMIMH, CAMIMH
Multiplying Complex Matrices (Two-Dimensional Array Type) (Real Argument Type) (C = C + AB*)

Input
No. | Argument | Type Size nput/ Contents
Output
12 LMC I 1 Input | Adjustable dimension of arrays CR and CI.
13 ISW I 1 Input | Processing switch.
ISW = 1: Obtain C = C + AB*
ISW = 0: Obtain C = AB*
ISW = —1: Obtain C = C — AB*
14 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < NM < LMA,LMC
(b) 0 < NL <LLB
(¢) NN >0
(d) ISW € {0,1,—1}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes
None

(7) Example

(a) Problem

A:

[ 1+
2414
341
| 441
[ 1+

241

3+1
| 44

1424
242
3+ 21
4+ 24

1424
2+ 2
3+ 2
4+ 24

1434
2431
3+ 31
4+ 3i

1434
2+ 3
3+ 3¢
4+ 30

1+ 4
24 4i
34 4i
44 4i
1+ 4
2+ 4i
3+ 4i
44 4i

1+ 54
24+ 5¢
3+ 5¢
4+ 51

1454
2+ 51
3+ 51
4+ 51

Obtain C' = AB*.

(b) Input data
Matrices A and B, LMA = 11, LLB = 11, LNC = 11, NM = 4, NN = 5, NL = 4 and ISW = 0.
(¢) Main program

PROGRAM AAM1MH

EXAMPLE OF ZAMIMH #%x*

IMPLICIT NONE

INTEGER LMA,LLB,LMC,ISW,NM,NN,NL
PARAMETER( LMA=11, LLB=11, LMC=11, ISW=0 )
PARAMETER( NM=4, NN=5, NL=4 )

INTEGER IERR,I,J

I oskokok
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REAL(8) AR(LMA,NN),BR(LLB,NN),CR(LMC,NL)
REAL(8) AI(LMA,NN),BI(LLB,NN),CI(LMC,NL)

DO 100 I=1,N
READ(5, *) (AR(I,J),AI(I,J),J=1,NN)
100 CONTINUE
DO 110 I=1,N
READ(5, *) (BR(I,J),BI(I,J),J=1,NN)
110 CONTINUE

WRITE(6,6000) LMA,LLB,LMC,NM,NN,NL,ISW
WRITE(6,6010) ’MATRIX A’
DO 120 I=1,NM
WRITE(6,6020) (AR(I,J),AI(I,J),J=1,NN)
120 CONTINUE
WRITE(6,6010) ’MATRIX B’
DO 130 I=1,NL
WRITE(6,6020) (BR(I,J),BI(I,J),J=1,NN)
130 CONTINUE

CALL ZAMIMH(AR,AI,LMA,NM,NN,BR,BI,LLB,NL,CR,CI,LMC,ISW,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6, 6040) ’MATRIX C’
DO 140 I—l
WRITE(6, 6050) (Cr(1,J),C1(1,J),J=1,NL)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X, 2 %%x  ZAMIMH **x*x’ /. /. &
1X,? ** INPUT *x’,/,/.&

X, LMA=>,12,° LLB=’,I12,’ LMC=’,I12,/,/,
X, NM =2,I12,° NN =’,I2,° NL =°,12,/,/,
X, Isw=",12,/,/,&
X, INPUT MATRIX’)
6010 FORMAT(/,&
1X,5X,A)
6050 FORMAT(1X,6X,4(’(’,F5.1, ’,’,F5.1,’)’))
6020 FORMAT(1X,6X,5(’ (’,F5.1,7,7,F5.1,7)))
6030 FORMAT(/,&
1X,? *x OQUTPUT #*%’,/,/,&
1X,? IERR = ’,I4./)
6040 FORMAT(1X,’ ) OUTPUT MATRIX’,/,/.&
1X, 5%,
END
(d) Output results
*%xx  ZAMIMH  ***
*xx  INPUT
LMA=11 LLB=11 LMC=11
NM=4 NN=5 NL=4
ISW= 0
INPUT MATRIX
MATRIX A
( 1.0, 1.0)¢C 1.0, 2.00(C 1.0, 3.0)( 1.0, 4.0)(
( 2.0, 1.0)(¢ 2.0, 2.00( 2.0, 3.0)( 2.0, 4.0)(
( 3.0, 1.0)(¢ 3.0, 2.0)( 3.0, 3.0)( 3.0, 4.0)(
( 4.0, 1.00C 4.0, 2.00C 4.0, 3.00( 4.0, 4.0)(
MATRIX B
1.0, 1.00(C 1.0, 2.0)(C 1.0, 3.0)( 1.0, 4.0)(
( 2.0, 1.0)¢ 2.0, 2.00( 2.0, 3.0)( 2.0, 4.0)(
3.0, 1.0)( 3.0, 2.0)( 3.0, 3.0)( 3.0, 4.0)(
( 4.0, 1.00C 4.0, 2.00C 4.0, 3.00(C 4.0, 4.0)(
*xx  QUTPUT #*x
IERR = 0
QUTPUT MATRIX
MATRIX C
60.0, 0.0)( 65.0, 15.0)( 70.0, 30.0)( 75.0, 45.0)
( 65.0,-15.0)( 75.0, 0.0)( 85.0, 15.0)( 95.0, 30.0)
( 70.0,-30.0)( 85.0,-15.0)(100.0, 0.0)(115.0, 15.0)
( 75.0,-45.0) ( 95.0,-30.0) (115.0,-15.0) (135.0, .0)

81

BWN =
OO OO
oo,

BN =
QOO O
oo,

.0)
.0)

.0)
.0)



ZAMI1HM, CAM1HM
Multiplying Complex Matrices (Two-Dimensional Array Type) (Real Argument Type) (C = C + A*B)

3.2.13 ZAM1HM, CAM1HM

Multiplying Complex Matrices (Two-Dimensional Array Type) (Real Argu-
ment Type) (C =C + A*B)

(1) Function
Obtain the product of complex matrix A and complex matrix B (C' = [C+]A*B)

(2) Usage

Double precision:
CALL ZAM1HM (AR, AI, LNA, NM, NN, BR, BI, LNB, NL, CR, CI, LMC, ISW, IERR)
Single precision:
CALL CAM1HM (AR, AL, LNA, NM, NN, BR, BI, LNB, NL, CR, CI, LMC, ISW, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 AR D LNA, NM Input | Real part of complex matrix A
{R} (two-dimensional array type).
2 Al D LNA,NM Input | Imaginary part of complex matrix A
{R} (two-dimensional array type).
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al.
4 NM I 1 Input | Number of columns in matrix A
(Number of rows in matrix C).
5 NN I 1 Input | Number of rows in matrix A
(Number of rows in matrix B).
6 BR D LNB,NL Input | Real part of complex matrix B
{R} (two-dimensional array type).
7 BI D LNB,NL Input | Imaginary part of complex matrix B
{R} (two-dimensional array type).
8 LNB I 1 Input | Adjustable dimension of arrays BR and BI.
9 NL I 1 Input | Number of columns in matrix B
(Number of columns in matrix C).
10 CR D LMC, NL Input | Real part of initial complex matrix C' (when
{R} ISW = £1) (two-dimensional array type).
Output | Real part of product (C' = [C+]A*B).
11 CI D LMC, NL Input | Imaginary part of initial complex matrix C
{R} (when ISW = =+1) (two-dimensional array
type).
Output | Imaginary part of product (C = [C+]A*B).
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Input
No. | Argument | Type Size nput/ Contents
Output
12 LMC I 1 Input | Adjustable dimension of arrays CR and CI.
13 ISW I 1 Input | Processing switch.
ISW =1: Obtain C =C + A*B
ISW = 0: Obtain C = A*B
ISW = —1: Obtain C =C — A*B
14 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < NM < LMC
(b) 0 < NN <LNA,LNB
(¢) NL>0
(d) ISW e {0,1,—-1}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes

None
(7) Example

(a) Problem
[ 1+i 142 1+3i 1+4i 1+5i
241 2420 2431 2+4i 2451

A:
3+i 3+2i 3+3i 3+4i 3+5i
| 4+7 4+2i 4+3i 4+4i 4+5i
(144 142 143 1+4i

B 2447 242 2+3i 2+4i

3+7 34+2¢ 3+31 3+4i
L 4+7 4+20 4430 4+4i
Obtain C' = A*B.

(b) Input data
Matrices A and B, LNA = 11, LNB = 11, LNC = 11, NM = 5, NN = 4, NL = 4 and ISW = 0.
(¢) Main program

PROGRAM AAM1HM

| %% EXAMPLE OF ZAM1HM **x
IMPLICIT NONE
INTEGER LNA,LNB,LMC,ISW,NM,NN,NL
PARAMETER( LNA=11, LNB=11, LMC=11, ISW=0 )
PARAMETER( NM=5, NN=4, NL=4 )
INTEGER IERR,I,J
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REAL(8) AR(LNA,NM),BR(LNB,NL),CR(LMC,NL)
REAL(8) AI(LNA,NM),BI(LNB,NL),CI(LMC,NL)

DO 100 I=1,N
READ(5, *) (AR(I,J),AI(I,J),J=1,NM)
100 CONTINUE
DO 110 I=1,NN
READ(5,%) (BR(I,J),BI(I,J),J=1,NL)
110 CONTINUE

WRITE(6,6000) LNA,LNB,LMC,NM,NN,NL,ISW
WRITE(6,6010) ’MATRIX A’
DO 120 I=1,NN
WRITE(6,6020) (AR(I,J),AI(I,J),J=1,NM)
120 CONTINUE
WRITE(6,6010) ’MATRIX B’
DO 130 I=1,NN
WRITE(6,6030) (BR(I,J),BI(I,J),J=1,NL)
130 CONTINUE

CALL ZAM1HM(AR,AI,LNA,NM,NN,BR,BI,LNB,NL,CR,CI,LMC,ISW,IERR)

WRITE(6,6040) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6050) ’MATRIX C’
DO 140 I—1 NM
WRITE(6,6030) (CR(I,J),CI(I,J),J=1,NL)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X, 2 %*%*x  ZAMIHM **x*x’ /. / &
1X,’ *x INPUT *x’,/,/,&

1X,° LNA=’>,I2,’ LNB=’,I2,’ LMC=’,I2,/,/,&
1X,° NM =2,I2,” NN =’,I2,°> NL =’,I2,/,/.&
1X,° Isw=,12,/,/,&
1X,° INPUT MATRIX’)

6010 FORMAT(/,&
1X,5X,A)

6030 FORMAT(1X.4X.4(’(’,F5.1, ’,7 F5.1,%)))
6020 FORMAT(1X,4X,5(’(’,F5.1,°,?,F5.1,7)’))
6040 FORMAT(/,&
1X,? %% QUTPUT =%’,/,/,&
1X,’ IERR = ’,I14./)
6050 FORMAT (1X,°’ ) OUTPUT MATRIX’,/,/,&
1X, 58X,

END
(d) Output results

sokk  ZAMIHM sk

*%  INPUT **
LNA=11 LNB=11 LMC=11
NM =5 NN = 4 NL = 4
ISW= 0
INPUT MATRIX

MATRIX A
( 1.0, 1.00¢C 1.0, 2.00¢C 1.0, 3.0)(C 1.0, 4.0)( 1.0, 5.0)
( 2.0, 1.00¢C 2.0, 2.0)(C 2.0, 3.0)( 2.0, 4.0)( 2.0, 5.0)
( 3.0, 1.00¢ 3.0, 2.0)C 3.0, 3.0)(C 3.0, 4.0)( 3.0, 5.0)
( 4.0, 1.00C 4.0, 2.00C 4.0, 3.00C 4.0, 4.0)C 4.0, 5.0)
MATRIX B
( 1.0, 1.00C 1.0, 2.00C 1.0, 3.0)(C 1.0, 4.0)
( 2.0, 1.00¢C 2.0, 2.00(C 2.0, 3.0)( 2.0, 4.0)
( 3.0, 1.00(¢ 3.0, 2.0)(C 3.0, 3.0)(C 3.0, 4.0)
( 4.0, 1.00C 4.0, 2.00C 4.0, 3.00(C 4.0, 4.0)
*x  QUTPUT  *x*
IERR = 0
OUTPUT MATRIX
MATRIX C
(34.0, 0.0)( 38.0, 10.0)( 42.0, 20.0)( 46.0, 30.0
( 38.0,-10.0)( 46.0, 0.0)( 54.0, 10.0)( 62.0, 20.0)
( 42.0,-20.0)( 54.0,-10.0)( 66.0, 0.0)( 78.0, 10.0)
( 46.0,-30.0)( 62.0,-20.0)( 78.0,-10.0)( 94.0, 0.0)
( 50.0,-40.0)( 70.0,-30.0)( 90.0,-20.0)(110.0,-10.0)
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3.2.14 ZAM1HH, CAM1HH
Multiplying Complex Matrices (Two-Dimensional Array Type) (Real Argu-
ment Type) (C =C + A*B*)

(1) Function
Obtain the product of complex matrix A and complex matrix B (C' = [C+]A*B*)

(2) Usage
Double precision:
CALL ZAM1HH (AR, AI, LNA, NM, NN, BR, BI, LLB, NL, CR, CI, LMC, ISW, IERR)
Single precision:
CALL CAM1HH (AR, AIL, LNA, NM, NN, BR, BI, LLB, NL, CR, CI, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 AR D LNA, NM Input | Real part of complex matrix A
{R} (two-dimensional array).
2 Al D LNA,NM Input | Imaginary part of complex matrix A
{R} (two-dimensional array).
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al.
4 NM I 1 Input | Number of columns in matrix A
(Number of rows in matrix C).
5 NN I 1 Input | Number of rows in matrix A
(Number of columns in matrix B).
6 BR D LLB,NN Input | Real part of complex matrix A
{R} (two-dimensional array type).
7 BI D LLB,NN Input | Imaginary part of complex matrix B
{R} (two-dimensional array type).
8 LLB I 1 Input | Adjustable dimension of arrays BR and BI.
9 NL I 1 Input | Number of rows in matrix B
(Number of columns in matrix C).
10 CR D LMC, NL Input | Real part of initial complex matrix C (when
{R} ISW = £1) (two-dimensional array type).
Output | Product of complex matrices (C' = [C£]A*B*).
11 CI D LMC, NL Input | Imaginary part of initial complex matrix C
{R} (when ISW = +£1) (two-dimensional array
type).
Output | Product of complex matrices (C' = [C+]A*B*).
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Input
No. | Argument | Type Size nput/ Contents
Output
12 LMC I 1 Input | Adjustable dimension of arrays CR and CI.
13 ISW I 1 Input | Processing switch.
ISW = 1: Obtain C = C + A*B*
ISW = 0: Obtain C = A*B*
ISW = —1: Obtain C = C — A*B*
14 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < NM < LMC
(b) 0 < NN < LNA
(¢) 0 <NL <LNB
(d) ISW € {0,1,—-1}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes

None
(7) Example

(a) Problem

[ 14i 142 1+43i 1+4i 1456
240 242 243i 2440 2+5i
A= |3+ 3+2 3+3i 3+4i 3+5i
A+i 442 4+3i 444i 4+5i
| 5+ 542 5+3i 5+4i 5+45i

[ 1+d 1420 143 1+4i 1450
244 242 243 2+4i 2450
341 342 3+3¢ 3+4i 3450
| 4+¢ 4+20 4+370 4+4i 4450
Obtain C' = A*B*.
(b) Input data
Matrices A and B, LNA = 11, LLB = 11, LNC = 11, NM = 5, NN = 5, NL = 4 and ISW = 0.
(¢) Main program

PROGRAM AAM1HH

| #%% EXAMPLE OF ZAM1HH *%x*
IMPLICIT NONE
INTEGER LNA,LLB,LMC,ISW,NM,NN,NL
PARAMETER( LNA=11, LLB=11, LMC=11, ISW=0 )
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100

110

120

130

140

16000

6010

6020
6050
6030

6040

PARAMETER( NM=5, NN=5, NL=4 )

INTEGER IERR,I,J

REAL(8) AR(LNA,NM),BR(LLB,NN),CR(LMC,NL)
REAL(8) AI(LNA,NM),BI(LLB,NN),CI(LMC,NL)

DO 100 I=1,N

N
READ(5,*) (AR(I,J),AI(I,J),J=1,NM)

CONTINUE
DO 110 I=1,

NL
READ(5,*) (BR(I,J),BI(I,J),J=1,NN)

CONTINUE

WRITE(6,6000) LNA,LLB,LMC,NM,NN,NL,ISW

WRITE(6,6010)
DO 120 I=1,NN

’MATRIX A’

WRITE(6,6020) (AR(I,J),AI(I,J),J=1,NM)

CONTINUE
WRITE(6,6010)
DO 130 I=1,NL

’MATRIX B’

WRITE(6:6020) (BR(I,J),BI(I,J),J=1,NN)

CONTINUE

CALL ZAM1HH(AR,AI,LNA,NM,NN,BR,BI,LLB,NL,CR,CI,LMC,ISW,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000

WRITE(6,6040)

) STOP

’MATRIX C’

DO 140 I=1,NM
WRITE(6,6050) (CR(I,J),CI(I,J),J=1,NL)
CONTINUE
STOP
FORMAT(/,&
1X, 2 %%x  ZAMIHH *x*x’ / /. &
1X,? ** INPUT =*x’,/,/.,&
1X,”’ LNA=’,12,° LLB=’,I2,°
1X,° NM =’,I2,° NN =’,I2,’
1X,° Isw=’,12,/,/,&
1X,° INPUT MATRIX’)
FORMAT(/,&

1X,5X,A)
FORMAT (1X,4X,5(° (?

FORMAT(/, &
1X,7 *x*
1X,?

FORMAT (1X,°
1

s >

END

(d) Output results

k% k

*x

*k

~AAAA

~AAA

AAAAA

ZAM1HH k%
INPUT *x
LNA=11  LLB=11  LMC=11
NM=5 NN=5 NL-=4
ISW= 0
INPUT MATRIX
MATRIX A
1.0, 1.00(C 1.0, 2.0)(
2.0, 1.00(¢ 2.0, 2.0)(
3.0, 1.0)( 3.0, 2.0)(
4.0, 1.0)( 4.0, 2.0)(
5.0, 1.00( 5.0, 2.0)(
MATRIX B
1.0, 1.00(C 1.0, 2.0)(
2.0, 1.00(¢ 2.0, 2.0)(
3.0, 1.0)( 3.0, 2.0)(
4.0, 1.0)C 4.0, 2.0)(
OUTPUT
IERR = 0
OUTPUT MATRIX
MATRIX C
0.0, -60.0)( 15.0, -65.
-156.0, -65.0)( 0.0, -75.
-30.0, -70.0)( -15.0, -85.
-45.0, -75.0)( -30.0, -95.
-60.0, -80.0)( -45.0,-105.

OUTPUT
IERR = ’,14,/)

JF5.1,7,
FORMAT (1X,4X,4(’ (*,F6.1,°,

**2,/,/,&

’,F6.1

3

AW =
QOO0 O

BWN -

[eXelele]

OUTPUT MATRIX’,/,/,&

WWwWwww
[efelolole)
2wy
AAAAA
P WN =
[eXeleoYo)e)

WwWwww
[efeleole]
2w
~AAA
[eXeXole]

BWN -

30.0, -70.0)(
15.0, -85.0)(
0.0,-100.0) (
-15.0,-115.0) (
-30.0,-130.0) (
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LMC=",12,/,/,&
NL =°,12,/,/,&

4.00( 1.0,
4.00( 2.0,
4.0)( 3.0,
4.00( 4.0,
4.00( 5.0,
4.0)( 1.0,
4.00( 2.0,
4.0)( 3.0,
4.00(C 4.0,
45.0, -75.0)
30.0, -95.0)
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-15.0,-155.0)

oo,
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3.2.15 ZAN1MM, CAN1MM
Multiplying Complex Matrices (Two-Dimensional Array Type) (Complex
Argument Type) (C =C + AB)

(1) Function
Obtain the product of two complex matrices (Two-dimensional Array Type) (C = [C+]AB).

(2) Usage
Double precision:
CALL ZANIMM (A, LMA, NM, NN, B, LNB, NL, C, LMC, ISW, IERR)
Single precision:
CALL CANIMM (A, LMA, NM, NN, B, LNB, NL, C, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LMA,NN Input | Complex matrix A (two-dimensional array
{R} type).
2 LMA I 1 Input | Adjustable dimension of array A.
NM I 1 Input | Number of rows in matrix A
(Number of rows in matrix C').
4 NN I 1 Input | Number of columns in matrix A
(Number of rows in matrix B).
5 B D LNB, NL Input | Complex matrix B (two-dimensional array
{R} type).
6 LNB I 1 Input | Adjustable dimension of array B.
7 NL I 1 Input | Number of columns in matrix B

(Number of columns in matrix C).
8 C {D} LMC, NL Input | Initial complex matrix C' (when ISW = +1)

(two-dimensional array type)

Output | Product of complex matrices (C' = [C+]AB).
9 LMC I 1 Input | Adjustable dimension of array C.

10 ISW I 1 Input | Processing switch.

ISW = 1: Obtain C =C + AB

ISW = 0: Obtain C = AB

ISW = —1: Obtain C =C — AB

11 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 0 <NM <
(b) 0 < NN <
)

)

LMA,LMC
LNB

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes
None

(7) Example

(a) Problem

[ 1+
2+
3+
4+

A=

vt 1420 143 1+4¢
T 242t 243 2+44
t 3+20 3+3t 3+4
1 4420 443 4+4

(147 142 1430 1+46
24i 242 2430 244i

B=|3+4+¢ 342 34+3i 3+4i

4417 4421 4430 4+4
5+t 542t 5+31 S5+4d

Obtain C = AB.

(b) Input data

1454
2451
3+ 51
4+ 51

Matrices A and B, LMA = 11, LNB = 11, LNC = 11, NM = 4, NN = 5, NL = 4 and ISW = 0.
(¢) Main program

PROGRAM AAN1MM
! sxx EXAMPLE OF ZANIMM ***
IMPLICIT NONE

INTEGER LMA,LNB,LMC,ISW,NM,NN,
PARAMETER( LMA=11, LNB=11, LMC

PARAMETER( NM=4, NN=5, NL=4 )
INTEGER IERR,I,J
COMPLEX(8) A(LMA,NN),B(LNB,NL),C(LMC,NL)

DO 100 I=1,NM
READ(5,%) (A(I,J),J=1,NN)
100 CONTINUE
DO 110 I=1,NN
READ(5,%) (B(I,J),J=1,NL)
110 CONTINUE

NL
=11, ISW=0 )

WRITE(6,6000) LMA,LNB,LMC,NM,NN,NL,ISW
WRITE(6,6010) °MATRIX A’
DO 120 I=1,NM
WRITE(6,6020) (A(I,J),J=1,NN)
120 CONTINUE
WRITE(6,6010) ’MATRIX B’
DO 130 I=1,NN
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WRITE(6,6030) (B(I,J),J=1,NL)
130 CONTINUE

CALL ZAN1MM(A,LMA,NM,NN,B,LNB,NL,C,LMC,ISW,IERR)

WRITE(6,6040) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6050) ’MATRIX C’
DO 140 I=1,NM
WRITE(6,6030) (C(I,J),J=1,NL)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X, %% ZANIMM *x*x’ / /. &
1X,? % INPUT #%>,/./.&

1X,° LMA=’,I2,’ LNB=’,I2,’ LMC=’,I2,/,/,&
1X,° NM =’,I2,° NN =’,I2,”> NL =’,12,/,/.&
1X,° Isw=,12,/,/,&
1X,° INPUT MATRIX’)

6010 FORMAT(/,&

1X,5X%,A)
6030 FORMAT(1X,6X,4(’(’,F5.1,”,?,F5.1,%)’))
6020 FORMAT(1X,6X,5(’(’,F5.1,’,?,F5.1,7)’))
6040 FORMAT(/,&

1X,? #* QUTPUT =*x°,/,/,&

1X,° IERR = ’,I4,/)
6050 FDRMAT(%X,’ ) QUTPUT MATRIX’,/,/,&

s bl

END
(d) Output results

*kk  ZANIMM k%

*x INPUT *x*
LMA=11 LNB=11 LMC=11
NM =4 NN =5 NL = 4
ISw= 0
INPUT MATRIX

MATRIX A
( 1.0, 1.00¢C 1.0, 2.00¢C 1.0, 3.0)¢C 1.0, 4.0)(C 1.0, 5.0)
( 2.0, 1.00¢C 2.0, 2.00( 2.0, 3.0)( 2.0, 4.0)( 2.0, 5.0)
( 3.0, 1.00¢C 3.0, 2.00¢C 3.0, 3.0)C 3.0, 4.0)( 3.0, 5.0)
( 4.0, 1.00C 4.0, 2.00C 4.0, 3.00C 4.0, 4.00C 4.0, 5.0)
MATRIX B
( 1.0, 1.00¢C 1.0, 2.00(C 1.0, 3.0)(C 1.0, 4.0)
( 2.0, 1.00C 2.0, 2.00( 2.0, 3.00( 2.0, 4.0)
( 3.0, 1.00(¢ 3.0, 2.00( 3.0, 3.0)( 3.0, 4.0)
( 4.0, 1.00¢C 4.0, 2.00( 4.0, 3.0)( 4.0, 4.0)
( 5.0, 1.00C 5.0, 2.00(C 5.0, 3.00( 5.0, 4.0)
**  QUTPUT  *x*
IERR = 0
OUTPUT MATRIX
MATRIX C
( 0.0, 60.0)(-15.0, 65.0)(-30.0, 70.0)(-45.0, 75.0)
( 15.0, 65.0)( 0.0, 75.0)(-15.0, 85.0)(-30.0, 95.0)
( 30.0, 70.0)( 15.0, 85.0)( 0.0,100.0)(-15.0,115.0)
( 45.0, 75.0)( 30.0, 95.0)( 15.0,115.0)( 0.0,135.0)
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3.2.16 ZAN1MH, CAN1MH
Multiplying Complex Matrices (Two-Dimensional Array Type) (Complex
Argument Type) (C' = C £ AB¥)

(1) Function
Obtain the product of two complex matrices (Two-dimensional Array Type) (C = [C£]AB*).
(2) Usage
Double precision:
CALL ZANIMH (A, LMA, NM, NN, B, LLB, NL, C, LMC, ISW, IERR)
Single precision:
CALL CANIMH (A, LMA, NM, NN, B, LLB, NL, C, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex ) { INTEGER(4) as for 32bit Integer}
R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LMA NN Input | Complex matrix A (two-dimensional array
{R} type).
2 LMA I 1 Input | Adjustable dimension of array A.
NM I 1 Input | Number of rows in matrix A
(Number of rows in matrix C').
4 NN I 1 Input | Number of columns in matrix A
(Number of columns in matrix B).
5 B D LLB,NN Input | Complex matrix B (two-dimensional array
{R} type).
LLB I 1 Input | Adjustable dimension of array B.
NL I 1 Input | Number of rows in matrix B

(Number of columns in matrix C).
8 C {D} LMC, NL Input | Initial complex matrix C' (when ISW = +£1)

(two-dimensional array type).

Output | Product of complex matrices (C' = [C+]AB*).
9 LMC I 1 Input | Adjustable dimension of array C.

10 ISW I 1 Input | Processing switch.

ISW = 1: Obtain C = C + AB*

ISW = 0: Obtain C = AB*

ISW = —1: Obtain C = C — AB*

11 IERR I 1 Output | Error indicator
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(4) Restrictions

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes
None

(7) Example

(a) Problem
[ 14+4i 1425 143; 1+4i 1450
241 2420 2+3i 2+4i 2450

A—
3+¢ 34+2¢ 3+3i 3+41 3+5:
| 447 4+27 4437 4447 4457 ]
[ 14+¢ 1425 1430 1+4i 1456
B_ 244 242t 243 2447 245

3+i 3+2i 3+3t 3+4i 3451
| 44+7 4+2i 4431 4+4 4450
Obtain C = AB*.
(b) Input data
Matrices A and B, LMA =11, LLB = 11, LNC = 11, NM = 4, NN = 5, NL = 4 and ISW = 0.
(¢) Main program

PROGRAM AAN1MH
! sk EXAMPLE OF ZANIMH %
IMPLICIT NONE
INTEGER LMA,LLB,LMC,ISW,NM,NN,N
PARAMETER( LMA= 11 LLB= 11 LMC= 11 ISW=0 )
PARAMETER( NM= 4 NN= 5, NL=4 )
INTEGER IERR,I,
COMPLEX (8) A(LMA NN) ,B(LLB,NN) ,C(LMC,NL)

DO 100 I=1,NM
READ(5,%) (A(I,J),J=1,NN)
100 CONTINUE
DO 110 I=1
READ(S *) (B(I J),J=1,NN)
110 CONTINUE

WRITE(6,6000) LMA,LLB,LMC,NM,NN,NL,ISW
WRITE(6, 6010) 'MATRIX A’
DO 120 I=1,N
WRITE(6, 6020) (A(1,3),J=1,NN)
120 CONTINUE
WRITE(6,6010) ’MATRIX B’
DO 130 I=1,NL
WRITE(6,6020) (B(I,J),J=1,NN)
130 CONTINUE
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CALL ZAN1MH(A,LMA,NM,NN,B,LLB,NL,C,LMC,ISW,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040) ’MATRIX C’
DO 140 I=1,NM
WRITE(6,6050) (C(I,J),J=1,NL)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X, 2%%%  ZANIMH *%x7,/,/.&
1X,> ** INPUT *%’,/./.&

1X,° LMA=>,12,>  'LIB=",I2,’ LMC=’,I2,/,/.&
1X,° NM =’,I2,° NN =’,I2,° NL =’,12,/,/.&
1X,° Isw=’,12,/,/,&
1X,’ INPUT MATRIX’)

6010 FORMAT(/,&
1X,5X,A)

6050 FORMAT(1X,6X,4(’(’,F5.1,7,?,F5.1,°)?))
6020 FORMAT(1X,6X,5(’(’,F5.1,7,7,F5.1,°)"))
6030 FORMAT(/,&
1X,? ** OQUTPUT *%¥’,/,/.&
1X,? IERR = °,I4,/)
6040 FORMAT(%X,’ , OUTPUT MATRIX’,/,/,&
s s
END

(d) Output results

*kk  ZANIMH  **x%

**x INPUT *x*
LMA=11 LLB=11 LMC=11
NM =4 ©NN=5 NL =4
ISw= 0
INPUT MATRIX

MATRIX A
( 1.0, 1.00¢C 1.0, 2.00¢C 1.0, 3.00(C 1.0, 4.0)( 1.0, 5.0)
( 2.0, 1.00¢C 2.0, 2.00(C 2.0, 3.0)( 2.0, 4.0)( 2.0, 5.0)
( 3.0, 1.00¢C 3.0, 2.00¢C 3.0, 3.0)( 3.0, 4.0)( 3.0, 5.0)
( 4.0, 1.00C 4.0, 2.00C 4.0, 3.00(C 4.0, 4.0)(C 4.0, 5.0)
MATRIX B
1.0, 1.00¢ 1.0, 2.0)¢C 1.0, 3.0)(C 1.0, 4.0)(C 1.0, 5.0)
( 2.0, 1.00¢C 2.0, 2.00¢C 2.0, 3.0)( 2.0, 4.0)( 2.0, 5.0)
3.0, 1.00¢ 3.0, 2.0)C 3.0, 3.0)(C 3.0, 4.0)( 3.0, 5.0)
( 4.0, 1.00C 4.0, 2.00C 4.0, 3.00(C 4.0, 4.00C 4.0, 5.0)
*x  QUTPUT  *x*
IERR = 0
OUTPUT MATRIX
MATRIX C
60.0, 0.0)( 65.0, 15.0)( 70.0, 30.0)( 75.0, 45.0)
( 65.0,-15.0)( 75.0, 0.0)( 85.0, 15.0)( 95.0, 30.0)
( 70.0,-30.0)( 85.0,-15.0) (100.0, 0.0)(115.0, 15.0)
( 75.0,-45.0)( 95.0,-30.0) (115.0,-15.0) (135.0, 0.0)
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3.2.17 ZAN1HM, CAN1HM

Multiplying Complex Matrices (Two-Dimensional Array Type) (Complex

Argument Type) (C =C + A*B)

(1) Function
Obtain the product of complex matrix A and complex matrix B (C' = [C+]A*B)

(2) Usage

Double precision:
CALL ZAN1HM (A, LNA, NM, NN, B, LNB, NL, C, LMC, ISW, IERR)
Single precision:
CALL CANIHM (A, LNA, NM, NN, B, LNB, NL, C, LMC, ISW, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 A 7 LNA, NM Input | Complex matrix A (two-dimensional array
{C } type).
2 LNA I 1 Input | Adjustable dimension of array A.
3 NM I 1 Input | Number of columns in matrix A
(Number of rows in matrix C').
4 NN I 1 Input | Number of rows in matrix A
(Number of rows in matrix B).
5 B D LNB,NL Input | Real matrix B (two-dimensional array type).
)
6 LNB I 1 Input | Adjustable dimension of array B.
7 NL I 1 Input | Number of columns in matrix B
(Number of columns in matrix C).
8 C 7 LMC, NL Input | Initial complex matrix C' (when ISW = +1)
{C} (two-dimensional array type).
Output | Product of complex matrices (C' = [C+]A*B).
9 LMC I 1 Input | Adjustable dimension of array C.
10 ISW I 1 Input | Processing switch.
ISW = 1: Obtain C =C + A*B
ISW = 0: Obtain C = A*B
ISW = —1: Obtain C =C — A*B
11 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 0 < NM < LMC

(b) 0 < NN < LNA,LNB
)
)

(d) ISW € {0,1, -1}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes

None

(7) Example

(a) Problem

A=

[ 1+4d 1425 1430 1+44
2447 242 2437 244
344 3425 3+3i 344
L 4+i 4+20 4430 4+4i

[(14+43 1+2 1435 1+4i
244 242 2437 2440
3447 3+2 3430 3+4i
| 4+i 4420 4+3i 4+4i

Obtain C = A*B

(b) Input data
Matrices A and B, LNA = 11, LNB = 11, LN

(¢) Main

1ok

100

110

120

130

program

PROGRAM AAN1HM

EXAMPLE OF ZAN1HM %
IMPLICIT NONE

INTEGER LNA,LNB,LMC,ISW,NM,NN,N

PARAMETER( LNA= 11 LNB= 11 LMC= 11

PARAMETER ( NM—5 NN= 4, NL=4 )
INTEGER IERR,I,

1454
2451
3+ 51
4+ 51

ISW=0 )

COMPLEX (8) A(LNA NM) ,B(LNB,NL) ,C(LMC,NL)

DO 100 I=1,NN

READ(5, *) (A(1,J),J=1,NM)
CONTINUE
DO 110 I=1

READ(5, *) (B(1,J),J=1,NL)
CONTINUE

WRITE(6,6000) LNA,LNB,LMC,NM,NN,NL,ISW

WRITE(6, 6010) 'MATRIX A’
DO 120 I=1,

WRITE(6, 6020) (A(I,3),J=1,NM)
CONTINUE
WRITE(6,6010) ’MATRIX B’
DO 130 I=1,NN

WRITE(6,6030) (B(I,J),J=1,NL)
CONTINUE
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CALL ZAN1HM(A,LNA,NM,NN,B,LNB,NL,C,LMC,ISW,IERR)

WRITE(6,6040) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6050) ’MATRIX C’
DO 140 I—1 NM
WRITE(6, 6030) (c(1,J3),J=1,NL)
140 CONTINUE
STOP

6000 FORMAT(/,&
1X, 2%%x  ZANIHM *%x’,/ /. &
1X,? =% INPUT *x’,/,/,&

X, iNA=>,12,”  'LRB=",12,” LMC=’,12,/,/.%
X, NM =’,12,} , NN =120 NL =.12././.%
X, ISW= .12 g
X, INPUT MATRIX})

6010 FDRMAT(/ & )
5X,A
6030 FDRMAT(lX J4X,4(> (> ,F5.1,7,7 ,F5.1,7) "))
6020 FORMAT (1X,4X,5(*(?.F5.1.7,7.F5.1,°)°))
6040 FORMAT(/,&
1X, ** OQUTPUT *x°,/,/.%
X, IERR = *,14./}
6050 FORMAT (1X,° ) OUTPUT MATRIX®,/,/.&
1
END T

(d) Output results

*kk  ZAN1HM k%
**x INPUT *x*
LNA=11 LNB=11 LMC=11
NM =5 NN=4 NL =4

ISW= 0
INPUT MATRIX
MATRIX A
( 1.0, 1.00¢C 1.0, 2.00¢C 1.0, 3.0)(C 1.0, 4.0)(C 1.0, 5.0)
( 2.0, 1.00¢C 2.0, 2.0)C 2.0, 3.0)(¢ 2.0, 4.0)( 2.0, 5.0)
( 3.0, 1.00¢C 3.0, 2.00¢ 3.0, 3.0)( 3.0, 4.0)( 3.0, 5.0)
( 4.0, 1.00C 4.0, 2.00C 4.0, 3.00C 4.0, 4.00C 4.0, 5.0)
MATRIX B
( 1.0, 1.00¢C 1.0, 2.00C 1.0, 3.0)(C 1.0, 4.0)
( 2.0, 1.00¢C 2.0, 2.0)(C 2.0, 3.00( 2.0, 4.0)
( 3.0, 1.00(¢ 3.0, 2.0)C 3.0, 3.0)( 3.0, 4.0)
( 4.0, 1.00C 4.0, 2.00(C 4.0, 3.00(C 4.0, 4.0)
*x  QUTPUT  *x*
IERR = 0
OUTPUT MATRIX
MATRIX C
( 34.0, 0.0)( 38.0, 10.0)( 42.0, 20.0)( 46.0, 30.0
( 38.0,-10.0)( 46.0, 0.0)( 54.0, 10.0)( 62.0, 20.0)
( 42.0,-20.0)( 54.0,-10.0)( 66.0, 0.0)( 78.0, 10.0)
( 46.0,-30.0)( 62.0,-20.0)( 78.0,-10.0)( 94.0, 0.0)
( 60.0,-40.0)( 70.0,-30.0)( 90.0,-20.0)(110.0,-10.0)
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3.2.18 ZAN1HH, CAN1HH
Multiplying Complex Matrices (Two-Dimensional Array Type) (Complex
Argument Type) (C = C £+ A*B*)

(1) Function
Obtain the product of complex matrix A and complex matrix B (C' = [C+]A*B*)

(2) Usage
Double precision:
CALL ZAN1HH (A, LNA, NM, NN, B, LLB, NL, C, LMC, ISW, IERR)
Single precision:
CALL CAN1HH (A, LNA, NM, NN, B, LLB, NL, C, LMC, ISW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A 7 LNA, NM Input | Complex matrix A (two-dimensional array
{C} type).
2 LNA I 1 Input | Adjustable dimension of array A.
NM I 1 Input | Number of columns in matrix A
(Number of rows in matrix C').
4 NN I 1 Input | Number of rows in matrix A
(Number of columns in matrix B).
5 B 7 LLB,NN Input | Complex matrix B (two-dimensional array
{C} type).
LLB I 1 Input | Adjustable dimension of array B.
NL I 1 Input | Number of rows in matrix B

(Number of columns in matrix C).
8 C {Z} LMC, NL Input | Initial complex matrix C' (when ISW = +£1)

(two-dimensional array type).

Output | Product of real matrices (C' = [C+]A*B*).
9 LMC I 1 Input | Adjustable dimension of array C.

10 ISW I 1 Input | Processing switch.

ISW = 1: Obtain C = C + A*B*

ISW = 0: Obtain C = A*B*

ISW = —1: Obtain C =C — A*B*

11 IERR I 1 Output | Error indicator
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B*)

(4) Restrictions

a) 0 < NM < LMC
b) 0 < NN < LNA
(¢) 0 < NL < LNB

(d) ISW € {0,1, -1}

(a)
(b)
)
)

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 NN was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
3010 Restriction (d) was not satisfied.
(6) Notes
None

(7) Example

(a) Problem

[ 144 142 1+43i 1+4i 1+45i
240 242 243i 2440 2+5i
A=|3+i 3+2 3+3 3+4i 3+5i
A+i 442 4+3i 444i 4+5i
| 5+i 5+2 5+3i 5+4i 5+5i

[ 1+i 1+2 1+3i 1+4i 1+5i
241 2420 243 24+4 2+ 5
3+1 3+2i 3+3¢ 3+4 3+50
| 4+7 4+20 4+31 4+47 4+50
Obtain C' = A*B*.

(b) Input data

Matrices A and B, LNA = 11, LLB = 11, LNC = 11, NM = 5, NN = 5, NL = 4 and ISW = 0.

(¢) Main program

PROGRAM AAN1HH
| #x* EXAMPLE OF ZAN1HH **x*
IMPLICIT NONE
INTEGER LNA,LLB,LMC,ISW,NM,NN,N
PARAMETER( LNA=11, LLB=11, LMC= 11 ISW=0 )
PARAMETER( NM=5, NN=5, NL=4 )
INTEGER IERR,I,J
COMPLEX(8) A(LNA,NM),B(LLB,NN),C(LMC,NL)

DO 100 I=1,NN
READ(5,%) (A(I,J),J=1,NM)
100 CONTINUE
DO 110 I=1,NL
READ(5,*) (B(I,J),J=1,NN)
110 CONTINUE

WRITE(6,6000) LNA,LLB,LMC,NM,NN,NL,ISW
WRITE(S, 6010) 'MATRIX A’
DO 120 I—1
WRITE(G 6020) (A(T,J),J=1,NM)
120 CONTINUE
WRITE(6,6010) ’MATRIX B’
DO 130 I= 1,NL
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130

140

6000

6010
6020

6050
6030

6040

CONTIN

WRITE(6,6020) (B(I,J),J=1,NN)
UE

CALL ZAN1HH(A,LNA,NM,NN,B,LLB,NL,C,LMC,ISW,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)

(d) Output results

k% k

*k

~AAAA

NAAA

*x

’MATRIX C’

DO 140 I=1,NM
WRITE(6,6050) (C(I,J),J=1,NL)
CONTINUE
STOP
FORMAT(/,&
1X,2%%x  ZANIHH **x*x’ / /. &
1X,? ** INPUT =*x’,/,/.,&
1X,° LNA=’,I2,> LLB=’,I2,’> LMC=’,I2,/,/,&
1X,° NM =2,I2,° NN =’,I2,° NL =°,I12,/,/,%
1X,’ IswW=",12,/,/.&
1X,° INPUT MATRIX’)
FORMAT(/,&
1X,5X,4)
FORMAT(1X,4X,5(°(’,F5.1,”,,F5.1,)°))
FORMAT(1X,4X,4(°(’,F6.1,,’,F6.1,)°))
FORMAT(/,&
1X,? ** QUTPUT =*x’,/,/.&
1X,” IERR = ’,I4,/)
FORMAT (1X,° OUTPUT MATRIX’,/,/,&
1
END T
ZAN1HH **x
INPUT *x*
LNA=11 LLB=11 LMC=11
NM =5 NN =5 NL = 4
ISW= 0
INPUT MATRIX
MATRIX A
1.0, 1.0)¢ 1.0, 2.00C 1.0, 3.0)C 1.0, 4.0)C 1.0,
2.0, 1.00( 2.0, 2.0)( 2.0, 3.0)( 2.0, 4.0)( 2.0,
3.0, 1.0)(C 3.0, 2.0)¢C 3.0, 3.0)(C 3.0, 4.0)(C 3.0,
4.0, 1.0)¢C 4.0, 2.0)(C 4.0, 3.0)(C 4.0, 4.0)(C 4.0,
5.0, 1.00( 5.0, 2.0)( 5.0, 3.0)( 5.0, 4.0)( 5.0,
MATRIX B
1.0, 1.00¢ 1.0, 2.00C 1.0, 3.0)C 1.0, 4.0)C 1.0,
2.0, 1.0)( 2.0, 2.00¢C 2.0, 3.0)( 2.0, 4.0)(C 2.0,
3.0, 1.00( 3.0, 2.0)( 3.0, 3.0)( 3.0, 4.0)( 3.0,
4.0, 1.00C 4.0, 2.00C 4.0, 3.00(C 4.0, 4.00C 4.0,
OUTPUT  *x*
IERR = 0
OUTPUT MATRIX
MATRIX C
0.0, -60.0)( 15.0, -65.0)( 30.0, -70.0)( 45.0, -75.0)
-15.0, -65.0)( 0.0, -75.0)( 15.0, -85.0)( 30.0, -95.0)
-30.0, -70.0)( -15.0, -85.0)( 0.0,-100.0)( 15.0,-115.0)
-45.0, -75.0)( -30.0, -95.0)( -15.0,-115.0)( 0.0,-135.0)
-60.0, -80.0)( -45.0,-105.0) ( -30.0,-130.0)( -15.0,-155.0)
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3.2.19 DAMI1VM, RAM1VM
Multiplying a Real Matrix (Two-Dimensional Array Type) and a Vector

(1) Function
Obtain the product of the real matrix A (two-dimensional array type) and the vector .

(2) Usage
Double precision:
CALL DAM1VM (A, LMA, M, N, X, Y, IERR)
Single precision:
CALL RAM1VM (A, LMA, M, N, X, Y, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,N Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
3 M I 1 Input | Number of rows in matrix A.
4 N I 1 Input | Number of columns in matrix A.
5 X D N Input | Multiplier vector .
R
6 Y D M Output | Product (Ax) of matrix A and vector .
R
7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) N>0
(b) 0 <M < LMA

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes
None
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(7) Example

(a) Problem

h

Il
Ul N~ o ©
o o o~ o o
N o o N

1
= | -1
.t
Obtain y= Ax.

(b) Input data
Matrix A, vector &, LMA =11, M = 6 and N = 3.
(¢) Main program

PROGRAM BAM1VM

| %% EXAMPLE OF DAM1VM **x
IMPLICIT NONE
INTEGER LMA,M,N
PARAMETER( LMA=11, M=6, N=3 )
INTEGER IERR,I,J
REAL(8) A(LMA,N),X(N),Y(M)

DO 100 I=1,M
READ(5,%) (A(I,J),J=1,N)
100 CONTINUE
DO 110 I=1,N
READ(5,*) X(I)
110 CONTINUE

WRITE(6,6000) LMA,M,N
DO 120 I=1,M
WRITE(6,6010) (A(I,J),J=1,N)
120 CONTINUE
WRITE(6,6020)
DO 130 I=1,N
WRITE(6,6010) X(I)
130 CONTINUE

CALL DAM1VM(A,LMA,M,N,X,Y,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)
DO 140 I=1,M
WRITE(6,6010) Y(I)
140 CONTINUE
STOP
1
6000 FORMAT(/,&
1X,2%%x  DAMIVM *xx’ / /. &
1X,? ** INPUT =*x’,/,/.,&
1X,° LMA=’,12,° M=,12,° N=",12,/,/,&
1X,” INPUT MATRIX A’,/)
6010 FORMAT(1X,6X,11(F7.1))

6020 FORMAT(/,&
1X,° INPUT VECTOR X’,/)
6030 FORMAT(/,&
1X,’> ** OUTPUT #*x’,/,/,&
1X,° IERR = ’,I4,/)
6040 FORMAT (1X,’ OUTPUT VECTOR Y’,/)
END

(d) Output results

kx*k  DAMIVM  ***

*x INPUT *x*
LMA=11 M= 6 N= 3
INPUT MATRIX A

9.0 8.
8.

0
8.0 0

~~
oo
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ao~~
cocoo
oo~
cooo
~oo~
cocoo

INPUT VECTOR X
1.0
-1.0
1.0
**x  QUTPUT  *x*
IERR = 0

OUTPUT VECTOR Y

DO N~N N0
[eXeloleoloto)
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3.2.20 DAM3VM, RAM3VM
Multiplying a Real Band Matrix (Band Type) and a Vector

(1) Function
Obtain the product of the real band matrix A (band type) and the vector .

(2) Usage
Double precision:
CALL DAM3VM (A, LMA, N, MU, ML, X, Y, IERR)
Single precision:
CALL RAM3VM (A, LMA, N, MU, ML, X, Y, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,N Input | Real band matrix A (band type) (See Appendix
R B).
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MU I 1 Input | Upper band width of matrix A.
5 ML I 1 Input | Lower band width of matrix A.
6 X D N Input | Multiplier vector x.
R
7 Y D N Output | Product (Ax) of matrix A and vector x.
R
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a)
(b)
(©)

)

N>0

0<MU<N
0<ML <N

(d) MU + ML < LMA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a), (b), (c) or (d) was not | Processing is aborted.
satisfied.
(6) Notes
None

(7) Example

(a) Problem

1 -1 0 0
-1 2 -1 0
A:
0 -1 2 —1
0 0 -1 2
[ 4
3
xr =
2
!
Obtain y= Ax.

(b) Input data
Matrix A, Vector &, LMA = 11, N = 4, MU = 1 and ML = 1.
(¢) Main program

PROGRAM BAM3VM
| #** EXAMPLE OF DAM3VM *x*x*
IMPLICIT NONE
INTEGER LMA,N,MU,ML
PARAMETER( LMA=11, N=4, MU=1, ML=1 )
INTEGER LNA
PARAMETER ( LNA=11 )
INTEGER IERR,I,J,JERR
REAL(8) A(LMA,N),X(N),Y(N)
REAL(8) AA(LNA,N)

DO 100 I=1,N
READ(5,*) (AA(I,J),J=1,N)
100 CONTINUE
DO 110 I=1,N
READ(5,*) X(I)
110 CONTINUE

WRITE(6,6000) LMA,N,MU,ML
DO 120 I=1,N
WRITE(6,6010) (AA(I,J),J=1,N)
120 CONTINUE
WRITE(6,6020)
DO 130 I=1,N
WRITE(6,6010) X(I)
130 CONTINUE

CALL DABMCS(AA,LNA,N,MU,ML,A,LMA, JERR)
IF( JERR .GE. 3000 ) THEN
WRITE(6,6030) JERR

CALL DAM3VM(A,LMA,N,MU,ML,X,Y,IERR)

WRITE(6,6040) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6050)
DO 140 I=1,N
WRITE(6,6010) Y(I)
140 CONTINUE
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!
6000

6010
6020

6030
6040

6050

STOP
FORMAT(/, &
1X,2%x* DAM3VM *xx’ /. /. &
1X,? #* INPUT *x’,/,/.&
1X,? LMA=>,12,° N=’,I2,> MU =’,I2,> ML =,12,/,/,&
1X,? INPUT MATRIX A’,/)
FORMAT (1X,6X,11(F7.1))
FORMAT(/, &
X, INPUT VECTOR X’,/)
FORMAT(/,&
X, DABMCS IERR = ’,I4,/)
FORMAT(/,&
1X,? %k QUTPUT **’,/,/,&
X, IERR = ’,I4,/)
FORMAT (1X,° OUTPUT VECTOR Y’,/)
END

(d) Output results

k% k

*x

*x

DAM3VM  *x*x*

INPUT **

LMA=11 N=4 MU =1 ML =1
INPUT MATRIX A

N—,OO
[eXolofe)

INPUT VECTOR X

W
[eXeleole)

OUTPUT  *x*
IERR = 0
OUTPUT VECTOR Y

[eXeleol g
[eXeleole]
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3.2.21 DAM4VM, RAM4VM
Multiplying a Real Symmetric Band Matrix (Symmetric Band Type) and a
Vector

(1) Function

Obtain the product of the real band symmetric matrix A (symmetric band type) and the vector x.

(2) Usage
Double precision:
CALL DAM4VM (A, LMA, N, MB, X, Y, IERR)
Single precision:
CALL RAM4VM (A, LMA, N, MB, X, Y, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,N Input | Real symmetric band matrix A (symmetric
R band type) (See Appendix B).
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MB I 1 Input | Band width of matrix A.
5 X D N Input | Multiplier vector .
R
6 Y D N Output | Product (Az) of matrix A and vector x.
R
7 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) 0 <MB <N
(¢) MB < LMA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
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(6) Notes
None

(7) Example

(a) Problem

1 -1 0 0
-1 -1
= 2 0
0o -1 2 -1
. 0 0 -1 -2
[ 4
3
xXr =
2
()btaih,y:: Ax.

(b) Input data
Matrix A, vector &, LMA = 11, N =4 and MB = 1.
(¢) Main program

1ok

100

110

120

130

140

16000

6010
6020

6030
6040

6050

PROGRAM BAM4VM

EXAMPLE OF DAMA4VM s

IMPLICIT NONE

INTEGER LMA,N,MB

PARAMETER( LMA=11, N=4, MB=1 )
INTEGER LNA

PARAMETER( LNA=11 )

INTEGER IERR,I,J,JERR

REAL(8) A(LMA,N),X(N),Y(N)
REAL(8) AA(LNA,N)

DO 100 I=1,N
READ(5,*) (AA(I,J),J=1,N)
CONTINUE
DO 110 I=1,N
READ(5,*) X(I)
CONTINUE

WRITE(6,6000) LMA,N,MB
DO 120 I=1,N
WRITE(6,6010) (AA(I,J),J=1,N)
CONTINUE
WRITE(6,6020)
DO 130 I=1,N
WRITE(6,6010) X(I)
CONTINUE

CALL DASBCS(AA,LNA,N,MB,A,LMA, JERR)

IF( JERR .GE. 3000 ) THEN
WRITE(6,6030) JERR

CALL DAM4VM(A,LMA,N,MB,X,Y,IERR)

WRITE(6,6040) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6050)

DO 140 I=1,N
WRITE(6,6010) Y(I)
CONTINUE
STOP
FORMAT(/,&
1X,2%%x DAMAVM *xx’ / /. &
1X,? ** INPUT =*x’,/,/,&
1X,”’ LMA=’,12,° N=’,12,° MB=’,12,/,/,&
1X,’ INPUT MATRIX A’,/)
FORMAT (1X,6X,11(F7.1))
FORMAT(/,&
1X,’ INPUT VECTOR X’,/)
FORMAT(/,&
1X,’ DASBCS IERR = ’,I4,/)
FORMAT(/,&
1X,? ** QUTPUT =*x’,/,/.&
1X,’ IERR = ’,14,/)
FORMAT (1X,° OUTPUT VECTOR Y’,/)
END
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(d) Output results

wokk  DAMAVM ok
*%  INPUT **
LMA=11 N= 4 MB= 1
INPUT MATRIX A

1.0 -1.0 0.0 0.0
-1.0 2.0 -1.0 0.0
0.0 -1.0 2.0 -1.0
0.0 0.0 -1.0 2.0

INPUT VECTOR X

BN WD
[elolofe]

*x  QUTPUT  *x*
IERR = 0
OUTPUT VECTOR Y

OO0
[ofelole)
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3.2.22 DAMITP, RAM1TP
Transposing a Real Matrix (Two-Dimensional Array Type)
(1) Function

Obtain the transposed matrix of the real matrix A (two-dimensional array type).
(2) Usage
Double precision:
CALL DAMITP (A, LMA, M, N, B, LNB, IERR)
Single precision:
CALL RAMITP (A, LMA, M, N, B, LNB, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex ) INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex " | INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,N Input | Real matrix A (two-dimensional array type).
R
2 LMA I 1 Input | Adjustable dimension of array A.
3 M I 1 Input | Number of rows in matrix A.
4 N I 1 Input | Number of columns in matrix A.
5 B D LNB,M Output | Transposed matrix AT (two-dimensional array
R type) of matrix A.
LNB I 1 Input | Adjustable dimension of array B.
IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <M < LMA
(b) 0 < N<LNB

(5) Error indicator

TERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes
None
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(7) Example

(a) Problem

11 12 13 0
A 21 22 23 24
31 32 33 34
0 42 43 44
Obtain B = AT.

(b) Input data
Matrix A, LMA = 11, LNB = 11 M = 4 and N = 4.

(¢) Main program

1ok

100

6010
6020

6030

PROGRAM BAM1TP
EXAMPLE OF DAMITP x**x*
IMPLICIT NONE
INTEGER LMA,LNB

PARAMETER (

LMA 11 LNB 11, M=4, N=4 )

INTEGER IERR

REAL(8) A(

LMA N) B(LNB,M)

DO 100 I=1,M

READ(5,
CONTINUE

WRITE (6,60
DO 110 I=1,M
WRITE(G
CONTINUE
CALL DAM1T

WRITE(6,60
IF( IERR

WRITE (6,60

*) (A(1,J),J=1,N)

oo) LMA,LNB,M,N
16010) (A(I,J),J=1,N)

P(A,LMA,M,N,B,LNB, IERR)
20) IERR

.GE. 3000 ) STOP

30)

DO 120 I=1,N

WRITE(6,

CONTINUE
STOP

FORMAT(/, &
1X,
1X,
1X,
1X,

FORMAT (1X,

FORMAT(/, &
1X,
1X,

FORMAT (1X,

END

(d) Output results

k% k

*k

*x

DAMITP  *xx*
INPUT *x*

LMA=11 LN
INPUT MATRI

e
w
[eYeleole)

6010) (B(I,J),J=1,M)

Ykkk  DAMITP %%’ ,/,/.&

vk INPUT #%,/./.&

) LMA=’,12,’  'LNB=’,I2,” M=’,I2,’
4 INPUT MATRIX A’,/)

6X,11(F7.1))

> xkx  QUTPUT *x’,/,/.&
> IERR = *,I4./
4 OUTPUT MATRIX B’,/)

B=11 M=4 N=4
X A

12.0 13.0 14.0
22.0 23.0 24.0
32.0 33.0 34.0
42.0 43.0 44.0
IX B

21.0 31.0 41.0
22.0 32.0 42.0
23.0 33.0 43.0
24.0 34.0 44.0
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3.2.23 DAM3TP, RAM3TP
Transposing a Real Band Matrix (Band Type)

(1) Function
Obtain the transposed matrix of the band matrix A (band type).

(2) Usage
Double precision:
CALL DAM3TP (A, LMA, N, MU, ML, B, LMB, IERR)
Single precision:
CALL RAM3TP (A, LMA, N, MU, ML, B, LMB, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,N Input | Real band matrix A (band type) (See Appendix
R B).
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MU I 1 Input | Upper band width of matrix A.
5 ML I 1 Input | Lower band width of matrix A.
6 B D LMB,N Output | Transposed matrix A7 of matrix A (band type)
R (See Appendix B).
7 LMB I 1 Input | Adjustable dimension of array B.
8 IERR I 1 Output | Error indicator

(4) Restrictions
(a) N>0

(b) 0<MU<N

(c) 0<ML <N

(d) MU + ML < LMA,LMB

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a), (b), (¢) or (d) was not | Processing is aborted.
satisfied.
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(6) Notes

(a) Array B elements that had not been stored in matrix A retain the values they had at the time the
subroutine was called.

Example:
Storage status within array A(LMA, k)
* a1 a32 Q4,3 054
ail G222 aszs3 Q4,4 Aas55
ai2 Q23 Q34 a45 *
GLs 24 Gsp N N 2XML4+MU+1
LMA - - * * *
- - N————— —
———————— K-—————- —
4
Storage status within array B(LMB, k)
* * a1z a24 Qaz;s
* ai2 G2,3 Q34 A45
a1 a22 a33 Qa44 Aas55
a1 3,2 Q4,3 054 * 2XML+MU+1
LMB - — — * *
—————- Ne———— —
———————— K-—————- —
Remarks

Elements of B indicated by asterisks (*) and dashes (—) retain their input-time values.

a
b. The area indicated by dashes (-) is required for an LU decomposition of the matrix.

3

MU is the upper band width and ML is the lower band width.

LMB > ML + MU and K > N must hold. (However, if LU decomposition is to be performed after conversion,
LMB > 2 x ML + MU + 1 and K > N must hold.)

e

(7) Example

(a) Problem
11 12 13 O
21 22 23 24

A:
0 32 33 34
0 0 43 44
Obtain B = AT.

(b) Input data
Matrix A, LMA = 11, LMB = 11, N = 4, MU = 2 and ML = 1.
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(¢) Main program

PROGRAM BAM3TP

| %% EXAMPLE OF DAM3TP **x
IMPLICIT NONE
INTEGER LMA,LMB,N,MU,ML

PARAMETER( LMA=11, LMB=11, N=4, MU=2, ML=1 )

INTEGER LNA

PARAMETER ( LNA=11 )
INTEGER IERR,I,J,JERR
REAL(8) A(LMA,N),B(LMB,N)
REAL(8) AA(LNA,N)

DO 100 I=1,N
READ(S *) (AA(I,3),J=1,N)
100 CONTINUE

WRITE(6,6000) LMA,LMB,N,MU,ML
DO 110 I= 1,N
WRITE(6,6010) (AA(I,J),J=1,N)
110 CONTINUE

CALL DABMCS(AA,LNA,N,MU,ML,A,LMA, JERR)

IF( JERR .GE. 3000 ) THEN
WRITE(6,6020) JERR

CALL DAM3TP(A,LMA,N,MU,ML,B,LMB,IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

CALL DABMEL(B,LMB,N,ML,MU,AA,LNA, JERR)

IF( JERR .GE. 3000 ) THEN
WRITE(G 6040) JERR
STOP

ENDIF

WRITE(6, 6050)
DO 120 I=1
WRITE(6, 6010) (AA(T,J),J=1,N)
120 CONTINUE
STOP

6000 FORMAT(/,&

1X, 7 %*%* DAM3TP %%’ /, / &

1X,’ ** INPUT =*x’,/,/.&

1X,” LMA=’,12,° LMB—’ 12,/,/.&
1X,” N =’,I2,° MU =?,I2,°
X,’ INPUT MATRIX A, /)

1
6010 FORMAT(lX 6X,11(F7.1))
6020 FORMAT(/,&
DABMCS IERR =

1X,°
6030 FORMAT(/,&

1X,? **% QUTPUT *x’,/,/.,&

1X,° IERR = ’,I4,/)
6040 FORMAT(/ &
DABMEL IERR = ’,I4,/)
6050 FORMAT(lX ’ OUTPUT MATRIX B’,/)
END

(d) Output results

*%k*% DAM3TP  **x
**x INPUT *x*
LMA=11 LMB=11
N =4 MU=2 ML

[
-

INPUT MATRIX A

11.0 12.0 13.0 0.0
21.0 22.0 23.0 24.0
0.0 32.0 33.0 34.0
0.0 0.0 43.0 44.0
**x  QUTPUT  *x*

IERR = 0

OUTPUT MATRIX B
11.0 21.0 0.0 0.0
12.0 22.0 32.0 0.0
13.0 23.0 33.0 43.0
0.0 24.0 34.0 44.0
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3.2.24 DAMVIJ1l, RAMVJ1
Matrix—Vector Product of a Real Random Sparse Matrix (JAD; Jagged
Diagonals Storage Type) (y = fy + aAx)

(1) Function
Obtain the product (y = Sy + aAx) of real random sparse matrix A (JAD; jagged diagonals storage type)

and vector x.

(2) Usage
Double precision:
CALL DAMVJ1 (AJAD, LXA, TAJAD, JAJAD, JADORD, N, MJAD, ALPHA, BETA, X,
Y, W, IERR)
Single precision:
CALL RAMVJ1 (AJAD, LXA, IAJAD, JAJAD, JADORD, N, MJAD, ALPHA, BETA, X,
Y, W, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 AJAD D LXA Input | Sparse matrix A (JAD storage type) (See Ap-
R pendix B).
2 LXA 1 1 Input | Size allocated for arrays AJAD and JAJAD.
3 TAJAD I MJAD+1 Input | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
4 JAJAD I LXA Input | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
5 JADORD I N Input | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
6 N I 1 Input | Order of vectors X and Y.
7 MJAD I 1 Input | Number of jagged diagonals for JAD storage of
matrix A.
8 ALPHA D 1 Input | Multiplier a of y = Sy + aAx.
R
9 BETA D 1 Input | Multiplier S of y = Sy + aAx.
R
10 X D N Input | Vector x of y = fy + aAx.
R
11 Y D N Input/ | Vector y of y = By + aAw.
R Output
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Input
No. | Argument | Type Size nput/ Contents
Output
12 W D N Work | Work area
R
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) 0 < MJAD <N
(c) TAJAD(MJAD 4+ 1) — TAJAD(1) < LXA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.

(Contradictions may exist among input
value for N, A) TA, JA).

3200 Restriction (c) was not satisfied.
(Either size of array AJAD or JAJAD is

insufficient.)

(6) Notes

(a)

When you want to calculate a matrix-vector product of sparse matrix A that has matrices of size 3x3
DAMVJ3}
o

or 4x4 as block elements, performance will be better if you calculate by using 3.2.25
RAMVIJ3

AM
3.2.26 DAMVJ4 .
RAMVJ4

Matrix storage type conversions preceded by using this subroutine should be executed as less number

of times as possible. For example, when you will calculate repeatedly matrix-vector products without

changing matrix A for iterative solution methods of simultaneous linear equation, eigenvalue equation

of sparse matrix and so on, calculation will be performed efficiently if you perform storage mode

DARSJD } {DARGJM
or 2.2.6

RARSJD RARGIJM
repeatedly this subroutine inside the iteration loop.

conversion only once using 2.2.5 { } outside the iteration loop and use

(7) Example

(a)

Problem

Hold the real random sparse matrix A in the array A as real one-dimensional row-oriented block list
type, convert the storage mode into JAD storage type, and then solve the matrix-vector conducts
y = By + oAz using by the array AJAD holding the matrix with converted mode.
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(b) Main program

PROGRAM BAMVJ1
| #%* EXAMPLE OF DAMVJ1 #x*
IMPLICIT NONE
INTEGER N,M,NZ,ISW,LXA,LXIA
PARAMETER( N=4, M=1, NZ=8, ISW=0, LXA=NZ, LXIA=N+1 )
INTEGER IA(N+1),JA(NZ),MJAD,IAJAD(LXIA),JAJAD(LXA),JADORD(N)
INTEGER IW(N%2+1),IERR
INTEGER I,J
REAL(8) A(NZ), AJAD(LXA) X(N), Y(N) ,W(N)
REAL(8) ALPHA,BETA
PARAMETER (ALPHA=1.0DO, BETA=1.0DO)
CHARACTER*80 FMT1,FMT2,FMT3,FMT4 ,FMT5

READ(5,*) (IA(I),I=1,N+1)
READ(S *) (JA(I) I=1,NZ)
DO I=1,N
DD 110 J= IA(I) IA(I+1)-1
A(T) =
110 CONTINUE
100 CONTINUE
DO 120 I=1,N
X(I) =1
Y(I) =N-1I+1
120 CONTINUE

WRITE(6,6000)
WRITE(6,6010) ’IA IN CSR’
WRITE(FMT1,7000) N+1
WRITE(6,FMT1) (IA(I),I=1,N+1)
WRITE(6,6010) *JA IN CSR:’
DO 130 I=1,N
WRITE(FMT2,7000) IA(I+1) - IA(I)
WRITE(6,FMT2) (JA(J),J=IA(I),IA(I+1)-1)
130 CONTINUE
WRITE(6,6010) ’A IN CSR:’
DO 140 I=1,N
WRITE(FMT3,7010) IA(I+1) - IA(I)
WRITE(6,FMT3) ( A(J), J=IA(I),IA(I+1)-1 )
140 CONTINUE

WRITE(FMT4,7010) 1
WRITE(6,6010) ’ALPHA:’
WRITE(6,FMT4) ALPHA
WRITE(6,6010) ’BETA:’
WRITE(6,FMT4) BETA
WRITE(6,6010) ’VECTOR X:’
WRITE(FMT5,7010) N
WRITE(6,FMT5) (X(I),I=1,N)
WRITE(6,6010) ’VECTOR Y:’
WRITE(6,FMT5) (Y(I),I=1,N)

! CONVERT FROM CSR TO JAD

CALL DARGJM&
(N,M,A,IA,JA,ISW,LXA,LXIA,MJAD,AJAD,IAJAD, JAJAD, JADORD, IW, IERR)

! MATRIX-VECTOR PRODUCT Y=BETA*Y+ALPHA*A*X

CALL DAMVJ1&
(AJAD,LXA,IAJAD, JAJAD, JADORD,N,MJAD,ALPHA,BETA,X,Y,W, IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)
WRITE(6,FMT5) (Y(I),I=1,N)
STOP
6000 FDRMAT(/ &
Yxkk  DAMVIL  *xx2 /. / &

1X > k% INPUT  #*x°,/./.&
* MATRIX DATA FOR CSR FORMAT )
6010 FDRMAT(/ &

’LA)
6020 FDRMAT(/ &
* ORIGINAL MATRIX *’,/)
6030 FDRMAT(/ &

*x QUTPUT =*x’,/,/,&
IERR = ’,14,/)

6040 FDRMAT(/ &
* RESULT Y=BETA*Y+ALPHA*A*X *’)
7000 FORMAT(’ (1x 5X,?,12,°(3X,I2))?)
7010 FORMAT(’ (1X.7X,’.I2,’ (1X,F4.0))?)
END

(¢) Output results

*k*kx  DAMVJ1  **x%
*% INPUT *x*
* MATRIX DATA FOR CSR FORMAT x*

116



DAMVJ1, RAMVJ1
Matrix—Vector Product of a Real Random Sparse Matrix (JAD; Jagged Diagonals Storage Type)
(y = By + aAz)

*x

IA IN CSR
1

JA IN CSR:

3
2 3
4

WWH

A IN CSR:
. 4. s.

~Nowr

ALPHA:

1.
BETA:

1.
VECTOR X:

1.

2. 3. 4.

VECTOR Y:
4. 3. 2. 1.

OUTPUT  **
IERR = 0

* RESULT Y=BETA*Y+ALPHA*A*X *
11. 29. 20. 54.
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3.2.25 DAMVI3, RAMVJ3
Matrix—Vector Product of a Real Random Sparse Matrix (MJAD; Multiple
Jagged Diagonals Storage Type: 3x3 Block Matrix) (y = fy + aAx)

(1) Function
Obtain the product (y = By + aAx) of real random sparse matrix A (MJAD; multiple jagged diagonals
storage type: 3x3 block matrix) and vector x.

(2) Usage
Double precision:
CALL DAMVJ3 (AJAD, LXA, TIAJAD, JAJAD, JADORD, NB, MJAD, ALPHA, BETA, X,
Y, W, IERR)
Single precision:
CALL RAMVJ3 (AJAD, LXA, IAJAD, JAJAD, JADORD, NB, MJAD, ALPHA, BETA, X,
Y, W, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 AJAD D See Input | Sparse matrix A (MJAD storage type)
{R} Contents Size: LXAx3x3 (See Appendix B).

2 LXA 1 1 Input | Size allocated for arrays AJAD and JAJAD.

3 TAJAD I MJAD+1 Input | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).

4 JAJAD I LXA Input | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).

5 JADORD I NB Input | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).

6 NB I 1 Input | Number of block rows (or columns) for dividing
matrix A into 3x3 block matrix.

7 MJAD I 1 Input | Number of jagged diagonals for MJAD storage
of matrix A.

8 ALPHA D 1 Input | Multiplier a of y = Sy + aAx.

)
9 BETA {D} 1 Input | Multiplier 5 of y = Sy + aAx.
R

118



DAMVJ3, RAMVJ3
Matrix—Vector Product of a Real Random Sparse Matrix (MJAD; Multiple Jagged Diagonals Storage Type:
3% 3 Block Matrix) (y = By + aAx)

Input
No. | Argument | Type Size nput/ Contents
Output
10 X D NBx3 Input | Vector x of y = Sy + cAx.
R
11 Y D NBx3 Input/ | Vector y of y = By + aAwx.
R Output
12 W D NBx3 Work | Work area
R
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NB>0
(b) 0 < MJAD < NB
(c) TAJAD(MJAD 4+ 1) — TAJAD(1) < LXA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.

(Contradictions may exist among input
value for NB, A, TA, JA.)

3200 Restriction (c) was not satisfied.

(Either size of array AJAD or JAJAD is

insufficient.)

(6) Notes

(a) This subroutine calculates the matrix-vector product of sparse matrix that have element of 3x3 block

matrix. If sparse matrix that have element of 1x1 or 4x4 block matrix, you should be used 3.2.24

DAMVJ1 DAMVJ4 )
and 3.2.26 , respectively.
RAMVJ1 RAMVJ4 ’

(b) Matrix storage type conversions preceded by using this subroutine should be executed as less number
of times as possible. For example, when you will calculate repeatedly matrix-vector products without
changing matrix A for iterative solution methods of simultaneous linear equation, eigenvalue equation

of sparse matrix and so on, calculation will be performed efficiently if you perform storage mode
DARSID| ¢ {DARGJM

or
RARSJD RARGIJM
repeatedly this subroutine inside the iteration loop.

conversion only once using 2.2.5 } outside the iteration loop and use

119



DAMVJ3, RAMVJ3
Matrix—Vector Product of a Real Random Sparse Matrix (MJAD; Multiple Jagged Diagonals Storage Type:
3x 3 Block Matrix) (y = fy + aAx)

(7) Example

(a)

Problem

Hold the real random sparse matrix A that have element of 3x3 block matrix in the array A as real
one-dimensional row-oriented block list type, convert the storage mode into MJAD storage type, and
then solve the matrix-vector conducts y = Sy + aAx using by the array AJAD holding the matrix

with converted mode.

Main program

PROGRAM BAMVJ3
| #** EXAMPLE OF DAMVJ3
IMPLICIT NONE
INTEGER NB,M,NZ,ISW,LXA,LXIA,MM
PARAMETER( NB=4, M=3, NZ=8, ISW=0, LXA=NZ, LXIA=NB+1, MM=M#M )
INTEGER IA(NB+1),JA(NZ),MJAD,IAJAD(LXIA),JAJAD(LXA),JADORD(NB)
INTEGER IW(NB*2+1) IERR
INTEGER I,J,K,L
REAL(8) A(NZ*MM) AJAD (LXA,MM) , X (NB*M) , Y (NB*M) , W (NB*M)
REAL(8) ALPHA,BETA
PARAMETER (ALPHA=1.0DO, BETA=1.0DO)
CHARACTER*80 FMT1,FMT2,FMT3,FMT4,FMT5

READ(5,*) (IA(I),I=1,NB+1)
READ(5,*) (JA(I),I=1,NZ)
DO 100 I=1,NB
DO 110 J=IA(I),IA(I+1)-1
DO 120 K=1,MM
AC (J-13+MM + K ) =
120 CONTINUE
110 CONTINUE
100 CONTINUE
DO 130 I=1,NB
DO 140 J=1,M
X( (I-1)*M+J )
Y( (I-1)*M+J )
140 CONTINUE
130 CONTINUE

I
NB-I+1

WRITE(6,6000)
WRITE(6,6010) ’IA IN BLOCK CSR’
WRITE(FMT1,7000) NB+1
WRITE(6,FMT1) (TIA(I),I=1,NB+1)
WRITE(6,6010) ’JA IN BLOCK CSR:’
DO 150 I=1,NB
WRITE(FNMT2,7000) IA(I+1) - IA(I)
WRITE(6,FMT2) (JA(J),J=IA(I),TA(I+1)-1)
150 CONTINUE
WRITE(6,6010) ’A IN BLOCK CSR:’
DO 160 I=1,N
WRITE(FMT3 7010) (IA(I+1) - IA(I))*M
DO 170 K=1.M
WRITE(6,FMT3)&
( (AC(J-1)*MM+(K-1)*M+L), L=1,M) ,J=IA(I),IA(I+1)-1 )
170 CONTINUE
160 CONTINUE

WRITE(FMT4,7010) 1
WRITE(6,6010) ’ALPHA:’
WRITE(6,FMT4) ALPHA
WRITE(6,6010) ’BETA:’
WRITE(6,FMT4) BETA
WRITE(6,6010) ’BLOCK VECTOR X:’
WRITE(FMT5,7010) NB*M
WRITE(6,FMT5) (X(I),I=1,NB*M)
WRITE(6,6010) ’BLOCK VECTOR Y:’
WRITE(6,FMT5) (Y(I),I=1,NB*M)

! CONVERT FROM BLOCK CSR TO JAD

CALL DARGJM&
(NB,M,A,IA,JA,ISW,LXA,LXIA,MJAD,AJAD,IAJAD, JAJAD, JADORD, IW, IERR)

! MATRIX-VECTOR PRODUCT Y=BETA*Y+ALPHA*A*X

CALL DAMVJ3&
(AJAD,LXA,IAJAD,JAJAD, JADORD,NB,MJAD,ALPHA,BETA,X,Y,W, IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)
WRITE(6,6010) ’BLOCK VECTOR Y:’
WRITE(6,FMT5) (Y(I),I=1,NB*M)
STOP

!

6000 FORMAT(/,&
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1X, 2 %%x  DAMVI3 *xx*x’ / /. &
1x > sk INPUT %,
* MATRIX DATA FOR CSR FORMAT *’)
6010 FORMAT(/ & )
I,A
6020 FORMAT(/ &
1X, * ORIGINAL MATRIX *’,/)
6030 FORMAT(/, &
1x > sk QUTPUT #*x*°,/,/,&
IERR = ’,I4,/)
6040 FORMAT(/ &
* RESULT Y= BETA*Y+ALPHA*A*X *7)
7000 FORMAT( (1x 5X,?,I12,°(3X,I2))’)

7010

FORMAT(’ (1X,7X,
END

I2 ’(1X,F4.0)) )

(¢) Output results

k% k

*x

*x

DAMVJ3  *x**

INPUT *x*
* MATRIX DATA FOR CSR FORMAT *

IA IN BLOCK CSR
3 6 7 9

JA IN BLOCK CSR:
3

2 3

4

WWE -

A IN BLOCK CSR:
1.

NN e
00 U1 00 UTN

LCoOworw
N
PO
oow

NB RN NS
00 U100 U1 00 TN QO U1
ORHWORWORWORD W

N
oI
ooow

ALPHA:
1.
BETA:
1
BLOCK VECTOR X:
1. 1. 1
BLOCK VECTOR Y:
4. 4. 4

OUTPUT  *x*

IERR = 0

* RESULT Y=BETA*Y+ALPHA*A*X *

BLOCK VECTOR Y:
28. 64.

100. 39. 93. 147. 20. 47. 7T4. 43.
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3.2.26 DAMVJ4, RAMVJ4
Matrix—Vector Product of a Real Random Sparse Matrix (MJAD; Multiple
Jagged Diagonals Storage Type: 4x4 Block Matrix) (y = fy + aAx)

(1) Function
Obtain the product (y = By + aAx) of real random sparse matrix A (MJAD; multiple jagged diagonals
storage type: 4x4 block matrix) and vector y.

(2) Usage
Double precision:
CALL DAMVJ4 (AJAD, LXA, TAJAD, JAJAD, JADORD, NB, MJAD, ALPHA, BETA, X,
Y, W, IERR)
Single precision:
CALL RAMVJ4 (AJAD, LXA, IAJAD, JAJAD, JADORD, NB, MJAD, ALPHA, BETA, X,
Y, W, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 AJAD D See Input | Sparse matrix A (MJAD storage type)
{R} Contents Size: LXAx4x4 (See Appendix B).

2 LXA 1 1 Input | Size allocated for arrays AJAD and JAJAD.

3 TAJAD I MJAD+1 Input | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).

4 JAJAD I LXA Input | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).

5 JADORD I NB Input | Array of indices for sparse matrix A (MJAD
storage type) (See Appendix B).

6 NB I 1 Input | Number of block rows (or columns) for dividing
matrix A into 4x4 block matrix.

7 MJAD I 1 Input | Number of jagged diagonals for MJAD storage
of matrix A.

8 ALPHA D 1 Input | Multiplier S8 of y = Sy + aAx.

)
9 BETA {D} 1 Input | Multiplier « of y = Sy + aAx.
R
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Input
No. | Argument | Type Size nput/ Contents
Output
10 X D NBx4 Input | Vector x of y = Sy + cAx.
R
11 Y D NBx4 Input/ | Vector y of y = By + aAwx.
R Output
12 W D NB x4 Work | Work area
R
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NB>0
(b) 0 < MJAD < NB
(c) TAJAD(MJAD 4+ 1) — TAJAD(1) < LXA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.

(Contradictions may exist among input
value for NB, A, TA, JA.)

3200 Restriction (c) was not satisfied.

(Either size of array AJAD or JAJAD is

insufficient.)

(6) Notes

(a) This subroutine calculates the matrix-vector product of sparse matrix that have element of 4x4 block

matrix. If sparse matrix that have element of 1x1 or 3x3 block matrix, you should be used 3.2.24

DAMVIJ1 DAMVJ3 i
and 3.2.25 , respectively.
RAMVJ1 RAMVJ3 '

(b) Matrix storage type conversions preceded by using this subroutine should be executed as less number
of times as possible. For example, when you will calculate repeatedly matrix-vector products without
changing matrix A for iterative solution methods of simultaneous linear equation, eigenvalue equation

of sparse matrix and so on, calculation will be performed efficiently if you perform storage mode
DARSID| ¢ {DARGJM

or
RARSJD RARGIJM
repeatedly this subroutine inside the iteration loop.

conversion only once using 2.2.5 } outside the iteration loop and use
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(7) Example

(a)

Problem

Hold the real random sparse matrix A that have element of 4x4 block matrix in the array A as real
one-dimensional row-oriented block list type, convert the storage mode into MJAD storage type, and
then solve the matrix-vector conducts y = Sy + aAx using by the array AJAD holding the matrix

with converted mode.

Main program

PROGRAM BAMVJ4
| #** EXAMPLE OF DAMVJ4 **x*
IMPLICIT NONE
INTEGER NB,M,NZ,ISW,LXA,LXIA,MM
PARAMETER( NB=4, M=4, NZ=8, ISW=0, LXA=NZ, LXIA=NB+1, MM=M#M )
INTEGER IA(NB+1),JA(NZ),MJAD,IAJAD(LXIA),JAJAD(LXA),JADORD (NB)
INTEGER IW(NB*2+1) IERR
INTEGER I,J,K,L
REAL(8) A(NZ*MM) AJAD (LXA,MM) , X (NB*M) , Y (NB*M) , W (NB*M)
REAL(8) ALPHA,BETA
PARAMETER (ALPHA=1.0DO, BETA=1.0DO)
CHARACTER*80 FMT1,FMT2,FMT3,FMT4,FMT5

READ(5,*) (IA(I),I=1,NB+1)
READ(5,*) (JA(I),I=1,NZ)
DO 100 I=1,NB
DO 110 J=IA(I),IA(I+1)-1
DO 120 K=1,MM
AC (J-13+MM + K ) =
120 CONTINUE
110 CONTINUE
100 CONTINUE
DO 130 I=1,NB
DO 140 J=1,M
X( (I-1)*M+J )
Y( (I-1)*M+J )
140 CONTINUE
130 CONTINUE

I
NB-I+1

WRITE(6,6000)
WRITE(6,6010) ’IA IN BLOCK CSR’
WRITE(FMT1,7000) NB+1
WRITE(6,FMT1) (TIA(I),I=1,NB+1)
WRITE(6,6010) ’JA IN BLOCK CSR:’
DO 150 I=1,NB
WRITE(FNMT2,7000) IA(I+1) - IA(I)
WRITE(6,FMT2) (JA(J),J=IA(I),TA(I+1)-1)
150 CONTINUE
WRITE(6,6010) ’A IN BLOCK CSR:’
DO 160 I=1,N
WRITE(FMT3 7010) (IA(I+1) - IA(I))*M
DO 170 K=1.M
WRITE(6,FMT3)&
( (AC(J-1)*MM+(K-1)*M+L), L=1,M) ,J=IA(I),IA(I+1)-1 )
170 CONTINUE
160 CONTINUE

WRITE(FMT4,7010) 1
WRITE(6,6010) ’ALPHA:’
WRITE(6,FMT4) ALPHA
WRITE(6,6010) ’BETA:’
WRITE(6,FMT4) BETA
WRITE(6,6010) ’BLOCK VECTOR X:’
WRITE(FMT5,7010) NB*M
WRITE(6,FMT5) (X(I),I=1,NB*M)
WRITE(6,6010) ’BLOCK VECTOR Y:’
WRITE(6,FMT5) (Y(I),I=1,NB*M)

! CONVERT FROM BLOCK CSR TO JAD

CALL DARGJM&
(NB,M,A,IA,JA,ISW,LXA,LXIA,MJAD,AJAD,IAJAD, JAJAD, JADORD, IW, IERR)

! MATRIX-VECTOR PRODUCT Y=BETA*Y+ALPHA*A*X

CALL DAMVJ4&
(AJAD,LXA,IAJAD,JAJAD, JADORD,NB,MJAD,ALPHA,BETA,X,Y,W, IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)
WRITE(6,6010) ’BLOCK VECTOR Y:’
WRITE(6,FMT5) (Y(I),I=1,NB*M)
STOP

!

6000 FORMAT(/,&
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1X,2%%x  DAMVJ4 *x*x’ / /. &
1X > xx  INPUT *x’,/,/,&
* MATRIX DATA FOR CSR FORMAT *’)
6010 FORMAT(/ &

’,h)
6020 FORMAT(/ &
X * ORIGINAL MATRIX =’,/)
6030 FORMAT(/, &

1x > sk QUTPUT #*x*°,/,/,&
IERR = ’,14,/)
6040 FORMAT(/ &
* RESULT Y= BETA*Y+ALPHA*A*X *7)
7000 FORMAT( (1x 5X,?,I12,°(3X,I2))’)
7010 FORMATC’ (1X,7X.’.12,° (1X,F4.0))?)
END

(¢) Output results

**kx  DAMVJI4  *k*x
*% INPUT *x*
* MATRIX DATA FOR CSR FORMAT x*

IA IN BLOCK CSR
3 6 7 9

JA IN BLOCK CSR:
3

1
1 2 3
3
3 4
A IN BLOCK CSR:
1. 2. 3. 4. 1. 2 3. 4.
5. 6. 7. 8. 5. 6 7. 8.
9. 10. 11. 12. 9. 10 11. 12,
13. 14. 15. 16. 13. 14 15. 16.
1. 2. 3. 4. 1. 2 3. 4. 1 2 3. 4
5. 6. 7. 8. 5. 6 7. 8. 5 6. 7. 8.
9. 10. 11. 12, 9. 10 11. 12, 9 10. 11. 12,
13. 14. 15. 16. 13. 14 15. 16. 13. 14. 15. 16.
1. 2 3. 4
5. 6 7. 8
9. 10 11. 12
13. 14. 15. 16
1. 2 3. 4 1. 2 3. 4
5. 6 7. 8 5. 6 7. 8
9. 10 11, 12 9. 10 11, 12
13. 14. 15. 16 13. 14 15. 16
ALPHA:
1.
BETA:
1

BLOCK VECTOR X:
1. 1. 1

BLOCK VECTOR Y:
4. 4. 4

** QUTPUT *x*
IERR = 0

* RESULT Y=BETA*Y+ALPHA*A*X x*

BLOCK VECTOR Y:
44. 108. 172. 236. 63. 1569. 255. 351. 32. 80. 128. 176. 71. 183. 295. 407.
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3.2.27 ZANVJ1l, CANVIJ1
Matrix—Vector Product of a Complex Random Sparse Matrix (JAD; Jagged
Diagonals Storage Type) (y = fy + aAx)

(1) Function
Obtain the product (y = Sy + cAx) of complex random sparse matrix A (JAD; jagged diagonals storage

type) and vector .

(2) Usage
Double precision:
CALL ZANVJ1 (AJAD, LXA, TAJAD, JAJAD, JADORD, N, MJAD, ALPHA, BETA, X,
Y, W, IERR)
Single precision:
CALL CANVJ1 (AJAD, LXA, TAJAD, JAJAD, JADORD, N, MJAD, ALPHA, BETA, X,
Y, W, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 AJAD 7 LXA Input | Sparse matrix A (JAD storage type) (See Ap-
C pendix B).
2 LXA 1 1 Input | Size allocated for arrays AJAD and JAJAD.
3 TAJAD I MJAD+1 Input | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
4 JAJAD I LXA Input | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
5 JADORD I N Input | Array of indices for sparse matrix A (JAD stor-
age type) (See Appendix B).
6 N I 1 Input | Order of vectors X and Y.
7 MJAD I 1 Input | Number of jagged diagonals for JAD storage of
matrix A.
8 ALPHA 7 1 Input | Multiplier a of y = Sy + aAx.
C
9 BETA 7 1 Input | Multiplier S of y = Sy + aAx.
C
10 X 7 N Input | Vector x of y = fy + aAx.
C
11 Y 7 N Input/ | Vector y of y = By + aAw.
C Output
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Input
No. | Argument | Type Size nput/ Contents
Output
12 W 7 N Work | Work area
C
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) 0 < MJAD <N
(c) TAJAD(MJAD 4+ 1) — TAJAD(1) < LXA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.

(Contradictions may exist among input
value for N, A, TA, JA.)

3200 Restriction (c) was not satisfied.
(Either size of array AJAD or JAJAD is

insufficient.)

(6) Notes

(a)

Matrix storage type conversions preceded by using this subroutine should be executed as less number
of times as possible. For example, when you will calculate repeatedly matrix-vector products without
changing matrix A for iterative solution methods of simultaneous linear equation, eigenvalue equation

of sparse matrix and so on, calculation will be performed efficiently if you perform storage mode
ZARSJD ZARGJM
or 2.2.8

CARSJD CARGJM
repeatedly this subroutine inside the iteration loop.

conversion only once using 2.2.7 } outside the iteration loop and use

(7) Example

(a)

Problem

Hold the complex random sparse matrix A in the array A as real one-dimensional row-oriented block
list type, convert the storage mode into JAD storage type, and then solve the matrix-vector conducts
y = By + aAx using by the array AJAD holding the matrix with converted mode.
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(b) Main program

PROGRAM AANVJ1
| #x* EXAMPLE OF AANVJ1 #x*
IMPLICIT NONE
INTEGER N,M,NZ,ISW, LXA LXIA
PARAMETER{ N=4, M=1, NZ=8, ISW=0, LXA=NZ, LXIA=N+1 )
INTEGER IA(N+1J, JA(NZ) MJAD,IAJAD(LXIA) , JAJAD(LXA) , JADORD (N)
INTEGER IW(N*2+1),IERR
INTEGER I,J
COMPLEX(8) A(NZ),AJAD(LXA),X(N),Y(N),W(N)
COMPLEX(8) ALPHA,BETA
PARAMETER (ALPHA=(1.0D0,0.D0), BETA=(1.0D0,0.D0))
CHARACTER*80 FMT1,FMT2,FMT3,FMT4,FMT5,FMT6

READ(5,*) (IA(I),I=1,N+1)
READ(5,*) (JA(I),I=1,NZ)
DO 100 I=1,N
DO 110 J=IA(I),IA(I+1)-1
A(J) = CMPLX(J,-J, KIND=8)
110 CONTINUE
100 CONTINUE
DO 120 I=1,N
X(I) = CMPLX(I,-I, KIND=8)
Y(I) = CMPLX(N - I + 1, -N + I - 1, KIND=8)
120 CONTINUE

WRITE(6,6000)
WRITE(6,6010) ’IA IN CSR’
WRITE(FMT1,7000) N+1
WRITE(6,FMT1) (IA(I),I=1,N+1)
WRITE(6,6010) ’JA IN CSR:’
DO 130 I=1,N
WRITE(FNMT2,7000) IA(I+1) - IA(I)
WRITE(6,FMT2) (JA(J),J=IA(I),TA(I+1)-1)
130 CONTINUE
WRITE(6,6010) ’A IN CSR:’
DO 140 I=1,N
WRITE(FNMT3,7010) IA(I+1) - IA(I)
WRITE(6,FMT3) ( A(J), J= IA(I) TA(I+1)-1 )
140 CONTINUE

WRITE(FMT4,7010) 1
WRITE(6,6010) ’ALPHA:’
WRITE(6,FMT4) ALPHA
WRITE(6,6010) ’BETA:’
WRITE(6,FMT4) BETA
WRITE(6,6010) ’VECTOR X:’
WRITE(FMT5,7010) N
WRITE(6,FMT5) (X(I),I=1,N)
WRITE(6,6010) ’VECTOR Y:’
WRITE(6,FMT5) (Y(I),I=1,N)

! CONVERT FROM CSR TO JAD

CALL ZARGJM&
(N,M,A,IA,JA,ISW,LXA,LXIA,MJAD,AJAD,IAJAD, JAJAD, JADORD, IW, IERR)

! MATRIX-VECTOR PRODUCT Y=BETA*Y+ALPHA*A*X

CALL ZANVJ1&
(AJAD,LXA,IAJAD, JAJAD, JADORD,N,MJAD,ALPHA,BETA,X,Y,W, IERR)

WRITE(6,6030) IERR
IF( IERR .GE. 3000 ) STOP

WRITE(6,6040)
WRITE(FMT6,7020) N
WRITE(6,FMT6) (Y(I),I=1,N)
STOP

6000 FORMAT(/,&
1X, 2%%x  ZANVIL1 *kx’,/ /. &
1x v sk INPUT *%°,/./.&
* MATRIX DATA FOR CSR FORMAT *’)
6010 FDRMAT(/ &

LA
6020 FDRMAT(/ &
* ORIGINAL MATRIX *’,/)
6030 FDRMAT(/ &
1x,’ % QUTPUT *x’,/,/.&

IERR = ’,14,/)
6040 FDRMAT(/ &
1X, * RESULT Y= BETA*Y+ALPHA*A*X *7)
7000 FORMAT(’ (1x 5X,?,12,7(3X,I2))?)

7010 FORMAT(’ (1X,7X, I2 o (" F4.1,",",F4.1,")"))?)
7020 FDRMAT(’(iX,?X,’,I2,’(“ (",F4.1,“,“,F6.1,")"))’)
END

128



ZANVJ1, CANVJ1
Matrix—Vector Product of a Complex Random Sparse Matrix (JAD; Jagged Diagonals Storage Type)

(y = By + aAzx)

(¢) Output results

*kkx  ZANVI1  kkx
*% INPUT *x*
* MATRIX DATA FOR CSR FORMAT x*

IA IN CSR
1 3 6 7 9

JA IN CSR:
1

N
w

1
3
3
A IN CS
(1.0,-1.0) (
( 3.0,-3.0) (
( 6.0,-6.0)
7.0,-7 (

(

ALPHA:
(1.0, 0.0)

BETA:
(1.

VEC%OR :

0, 0.0)
X

1.0,-1.0) ( 2.0,-2.0) ( 3.0,-3.0) ( 4.0,-4.0)
Y
0

VECTOR
(4.

;-4.0) (3.0,-3.0) (2.0,-2.0) ( 1.0,-1.0)
**x  QUTPUT  *x*
IERR = 0

* RESULT Y=BETA*Y+ALPHA*A*X *
( 4.0, -18.0) ( 3.0, -55.0) ( 2.0, -38.0) ( 1.0,-107.0)
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Chapter 4
EIGENVALUES AND EIGENVECTORS

4.1 INTRODUCTION

This chapter describes subroutines that obtain eigenvalues and eigenvectors of matrices.

In standard eigenvalue problem, obtain the value A\ and corresponding vector & which satisfy the following
equation for a given matrix A:

Az = dx.

The value A and the corresponding vector o are called an eigenvalue and the corresponding eigenvector, respec-
tively. In generalized eigenvalue problem, obtain the value A and corresponding vector & which satisfy one of the

following equations for given matrices A and B:

Ax = \Bx

or

ABx = Az ( both A and B are Hermitian, B is positive definite )
or

BAx = Ax ( both A and B are Hermitian, B is positive definite ).

These A and x are also called an eigenvalue and an eigenvector. Various procedures have been devised to solve
the eigenvalue problem depending on the type of matrix. If both A and B are Hermitian and B is positive definite,
all the eigenvalues are real and the eigenvectors for different eigenvalues are orthogonal for each other.

This library uses the following three-step process for solving the eigenvalue problem as a rule.

(1) Transform the input matrix to a real symmetric tridiagonal matrix or Hessenberg matrix.

(2) Obtain the eigenvalues and eigenvectors of the real symmetric tridiagonal or Hessenberg matrix.

(3) Transform the obtained eigenvectors to the eigenvectors of the original input matrix.
The subroutines contained in this chapter provide functions corresponding to the following six categories.
All eigenvalues and all eigenvectors: Obtain all eigenvalues and the corresponding eigenvectors.
All eigenvalues: Obtain all eigenvalues only.

Eigenvalues and eigenvectors: Obtain a number of the largest or smallest eigenvalues and the corresponding

eigenvectors.
Eigenvalues: Obtain a number of the largest or smallest eigenvalues in a specified interval.

Eigenvalues and eigenvectors (Interval Specified): Obtain a number of the largest or smallest eigenvalues

in a specified interval and the corresponding eigenvectors.
Eigenvalues (Interval Specified): Obtain a number of the largest or smallest eigenvalues.

However, only functions corresponding to ‘all eigenvalues and all eigenvectors’ and ‘all eigenvalues’ are provided

for an asymmetric matrix.

130



Notes

4.1.1 Notes

(1)

When using these subroutines, you must first select the appropriate subroutine group for the matrix type
(for example Section 4.2, “Real Matrix” or Section 4.9, “Real Symmetric Band Matrix”) and then select
the optimum subroutine based on your objectives, the processing time, memory requirements, and so on.

In general, functions corresponding to ‘All eigenvalues and all eigenvectors’ or ‘Eigenvalues and eigenvectors’
require more processing time and memory than functions corresponding to ‘All eigenvalues’ or ‘Eigenvalues’

respectively.

In general, it is more efficient to use functions corresponding to ‘Eigenvalues and eigenvectors’ or ‘Eigenval-
ues’ if you want to obtain no more than 20% of the total number of eigenvalues. To obtain more than 20%
of the total number of eigenvalues, functions corresponding to ‘All eigenvalues and all eigenvectors’ or ‘All

eigenvalues’ require less processing time.

In this library, the subroutines of the generalized eigenvalue problem require the restriction that B is positive
definite. In the following cases, however, the eigenvalues and the eigenvectors can be obtained even if B is

not positive definite.

(a) Matrix B is not positive definite but matrix A is positive definite
By =\"1Av
gives non-zero eigenvalues.

(b) Both of A and B are not positive definite but A + B is positive definite

A
AU = H—)\(A+B)U

gives the eigenvalues which are not —1.

If the input matrix is a symmetric matrix or Hermitian matrix, the use of the exclusive subroutines requires

less processing time.

Matrix structure

The subroutines for regular sparse matrices are used to solve eigenvalue equations of regular sparse matrices
which are produced in the two-dimensional finite difference method or in the three-dimensional implicit-
solution finite difference method. To solve eigenvalue equations of random sparse matrices produced in other
difference methods or in the finite element method, subroutines for random sparse matrices are used. (See

Appendix B for the matrix data storage method.)
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4.1.2 Algorithms Used
4.1.2.1 Transforming a real matrix to a Hessenberg matrix

A basic similarity transformation is used to transform an n x n real matrix A to a Hessenberg matrix H = (h;;) :
hij = O(Z > 5+ ].) That iS,

A=A
is assumed, and the Hessenberg matrix is obtained by iterating the transformation: n — 2 times,

A1 = P T ey Ardiegt, o1y Pros

where I 11 (k41)and Pgi1 are the substitution matrix and similarity transformation matrix respectively deter-
mined by (1) and (2) below. Ay has a Hessenberg format for the first & — 1 columns. If we let:

Ap = (@)

i
then:

(1) From column k, find:

Cray ol = max o]

a
| (k1)K T n

and exchange row (k + 1)’ with row (k 4+ 1) and column (k + 1) with column (k 4 1)’. If this value is 0,
the matrix is decomposed into two submatrices, and you should solve the eigenvalue problem for these two
submatrices.

(2) for i=k+2,n

— )
(k+1) g
Pikt1 < T
k+1,k

Row ¢ + Row i — Column (k + 1) x pfkktll)

Column (k + 1) + Column (k + 1) + Row ¢ x pg’k,::l)

(Pit1)ik+1 = pgf@k:ll) (i=k+2,-,n)

(Pry1)ij = 0ij (For other i and j)
(0i4is the Kronecker delta)

Note In general, if you cumulate the transformation matrix, you can obtain the eigenvectors. That is, if you use
a non-singular matrix to repeatedly apply the transformation to the m x m matrix A to obtain the following

relationship:

Q' QTTAQIQs - Q= A

where A is a diagonal matrix, then the eigenvalues become the diagonal components of and each of the

column vectors in the product of transformation matrices (Q1Q2 - - - Q.,) becomes an eigenvector.

4.1.2.2 Transforming a complex matrix to a Hessenberg matrix

The Householder method is used to transform an n x n complex matrix A to a Hessenberg matrix. That is,

A; = Ais assumed, and for k =1,2,---,n — 2, a vector uy is taken so that:
1 *
Hk = §ukuk
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URUL

Po=1-
k .

and all elements below the subdiagonal component is column k of:
Apyr = PLALP;
become 0. A, _; becomes the obtained Hessenberg matrix. In addition, the transformation matrix Py is a unitary
Hermitian matrix.
4.1.2.3 Balancing real and complex matrices

Real and complex matrices are balanced before they are transformed to Hessenberg matrices. First, the original
matrix A is multiplied on the left and right by P in which rows and columns have been suitably exchanged to

form:
U X Y
PAP=| O B Z
O OV

U and V are upper triangular matrices having self-evident isolated eigenvalues as diagonal components, and B is
a square matrix that does not contain further isolated eigenvalues.
Next, B; = B is assumed and the non-singular diagonal matrix Dy, is used to repeatedly perform the similarity

transformation:
Biy1 = D; ' BiDy,

unit the absolute sum of mutually corresponding rows and columns of B are nearly equal. Eventually, this is

transformed to the following form:

U XD Y
O D 'BD D 'Z
0 0] V

4.1.2.4 QR method and double QR method

For a non-singular complex Hessenberg matrix H, there is a unitary matrix @) and an upper triangular matrix R
(for which all diagonal components are positive) such that H is uniquely decomposed into H = QR. Hy = H is

assumed, Hy is decomposed into Hy = Qi Ry, and these are multiplied in the reverse order to form:
Hiy1 = RpQr = Qi HrQr (QF is the adjoint matrix of Q)

If Hy,Hs, -+, Hi_1, H, are created, they are all Hessenberg matrices. As k — oo, Hy converges to an upper
triangular matrix having the eigenvalues of H as its diagonal components. To accelerate convergence in the
actual QR method, Hy — uil is created in place of Hj by performing a translation of the origin and this is

decomposed into:

Hy, — ppl = QR (where py, is taken as an approximation of the eigenvalue)
If Hiyt1 = RixQp + px ! is created, then Hy,q1 becomes:

Hyp1 = QpHpQp

After iterating this operation until the sequence of matrices converges, the values adjusted by the cumulative

amount the origin was translated become the eigenvalues.
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Double QR method
If the origin is translated as described above for a real matrix (asymmetric), a complex matrix may appear

at an intermediate step. To prevent this, we let:

Hivo = (QrQit1)” He(QrQrt1)
(Hy — prd)(Hy — preg1 1) = (QrQry1) (Rpy1 Ry)

If p, and pk41 both become real or conjugate complex, then the left hand side of the second equation shown

above becomes a real matrix.

Actually, using the Householder transformation matrix Pji:
QrQr+1 =P P+ P

is assumed, and Hyo becomes:
Hyio = pg Lo pQTplTHkplp2 ...... P,

For details, refer to (1), (2), and (5) in the reference bibliography.

4.1.2.5 Transforming a real symmetric matrix to a real symmetric tridiagonal matrix

The Householder method is used to transform an n x n real symmetric matrix A to a real symmetric tridiagonal

matrix T'. That is, A; = A is assumed, and for k = 1,2,---,n — 2, a vector uy is taken so that:
1
Hk = §u£’u,k
T
UL Uy,
P,=1——"
k .

and all elements below the subdiagonal component in column £ of:
Apyr = PLALP;

become 0. A,,_1 becomes the obtained real symmetric tridiagonal matrix. In addition, the transformation matrix

Py is an orthogonal symmetric matrix.

4.1.2.6 Transforming a Hermitian matrix to a real symmetric tridiagonal matrix

First, the Householder method is used to transform an n x n Hermitian matrix A to a Hermitian tridiagonal

matrix S.
S=P, o---P,PILAPPy---P,_»

Then a regular complex diagonal matrix D is used (similarity transformation) to transform matrix S to a real

symmetric tridiagonal matrix T'.

T=D*SD
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4.1.2.7 The Householder transformation by block algorithm

As for the Householder transformation, the block algorithm is used. This method simplifies the update of a
matrix by applying the lump sum of a rank-one matrix update that transforms the original real symmetric matrix
into a real symmetric tridiagonal matrix. Let Ax;1 be the symmetric matrix that is generated after similarity

transformations are performed for k times on the original symmetric matrix A. Then it holds that:
Ak+1 = PkAkPk = Ak — ukvg — vkug

where P} is an orthogonal matrix. Also the following relationship holds:

A=A
UrU
P.=1-
Hy,
1
Hk = §u;‘5uk
Y = Apug
ulfy u
oy = B~ )

Hy,

The Householder transformation updates the symmetric matrix twice for one similarity transformation.

The Axy1 can be expressed without using Ay explicitly.
T T T T
Ap1 = Ap—1 — Up—1Vk—1" — Vp—1Up—1" — URVE — VpUg

Similarly, matrix Ap4q after the p times of mirror transformation becomes:

P
Apr1 = A1 — Z(Uz’”zT +vu])

=1

Therefore, matrix A,y; can be computed at a higher speed if matrix A; is updated in the lump, once per 2p

«T'»

matrices. If the original matrix is Hermitian, the transpose notation should be replaced with the Hermite

conjugate notation “*”. For details, refer to (3) and (4) in the reference bibliography.

4.1.2.8 Transforming a real symmetric band matrix to a real symmetric tridiagonal matrix

The Givens method is used to transform an n x n real symmetric band matrix A (band width M B) to a real

symmetric tridiagonal matrix 7. That is, with a real symmetric band matrix A and the transformation matrix
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P assumed that:

i-th column j-th column
1
0
1
COSG Sm@ 'L—thrOW
1
P =
1
—sing --- -+ .. cos@O -+ .. ... ]_throw
1
0
1
where
a; i
cosf = i
a?,ﬁ-l + @i j—1
sinf = it ,
a?,jfl + a’zz,jfl

a; j—1 can be 0 by transforming A’ = PT AP (a; ; is the (i, j) component of matrix A).

If this transformation is used for

i=j L ,MIN(MB +j — 1,n)

A real symmetric band matrix A can be a real Symmetric tridiagonal matrix 7. At this time the number of

transformation is (MB — 1)(n — 28 — 1), The transformation matrix P is an orthogonal matrix.

4.1.2.9 QR method

For a tridiagonal matrix T', there is a unitary matrix () and an upper triangular matrix R (for which all diagonal
components are positive) such that 7" is uniquely decomposed into T'= QR. T}, = T is assumed, T}, is decomposed

into T, = Qr Rk, and these are multiplied in the reverse order to form:
Tr+1 + ReQr = Qi TrQr(Q%is the adjoint matrix of Q)(k=1,---)

IfTy,Ts,- -+, Tk, Txy1 are created, they are all tridiagonal matrices. As k — oo, T} converges to a diagonal matrix
having the eigenvalues of T as its diagonal elements.

To accelerate convergence in the actual QR method, the values pj are taken as approximations of the eigenvalues,
Ty, — prl are created in place of T by performing an origin shift, and these are decomposed into:

Ty — pd = QrRy,
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To calculate the approximation of an eigenvalue, consider the case when there is an adjacent eigenvalue (or an
eigenvalue having a close absolute value). Let the eigenvalue py of the lower-right corner submatrix obtained by
the root-free QR method. If Tj41 = RpQx + pil is created, then Ty41 becomes:

Try1 = QpTrQx

After this operation is iterated until the sequence of matrices converges, the values adjusted by the cumulative
amount the origin was shifted become the eigenvalues.

The eigenvectors of the original matrix before tridiagonalization are obtained by the following procedures. First,
sequentially accumulate the transformation matrices used when obtaining the trigonal matrix 7' according to
the Householder transformation method. Next, accumulate the transformation matrices @Q1,Q2, - - -, Q obtained
according to the QR method.

4.1.2.10 Root-free QR method

The root-free QR method, which eliminates the square root calculations of the QR method, is faster when only
seeking the eigenvalues of a real symmetric tridiagonal matrix. Let «y,---,a, be the diagonal elements and
B1,-+, Bn—1 be the subdiagonal elements. Let one of the components of the transformation matrix during the
calculation be P and let S; and C; be sinf and cos @ within P(). Although square roots must be computed in

the calculations:
P =0;Ci_1 — 3;-15;-1Ci_2

Bi
VP + 57
o P
L VPR

New aj—1 =o; + Pi_1Ci—o — PiCij—

New Bi_2 = Si—ay/ P2, + 74

If these calculations are performed using the squared formats of each of P;, 8;,S;,andC;, and if the following

values are assumed: Cy = 1,59 = 0,71 = 2, P2 = a?, i1 = Bmt1 = 0 then the equations can be expressed as

follows:
ti = PP + 7,

New 2 — S22

2 2

S2 _ M4l 02 _ Pz
i 2 i T T2
ti ti

P2 =a? C} —20; + Sy + B, SICE
Yi+1 = 051'+lci2 = 51'2%'
New a; = a1 + v — Vit1

and the calculations can be performed without computing any square roots.
For details, refer to (11) in the reference bibliography.
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4.1.2.11 Bisection method

The bisection method obtains several of the largest or smallest eigenvalues of a real symmetric tridiagonal matrix
T. If we let dy,dso,---,d, be the diagonal components of T, let s1,s2,---,s,—1 be the subdiagonal components,
let A be a variable, and create the sequence of functions:

fo(N) =1
AO) =di — A
JiA) = (di = N fiia(A) = 871 fica(A) (i=2,---,n)

then fo(A), f1i(A), -+, fm(A) is the Sturm sequence. That is, if we let L()\) be the number of non-matching signs
for the successive sequence of functions for a given A, then this L()) is equal to the number of eigenvalues less
than A. To prevent overflow or underflow, if g;(\) is actually defined as:

9:(N) = ff%

L(X) becomes the number of g;(A) that are negative. Furthermore, g;()) satisfies the following:

(i=1,2,---,n)

gl(/\) = d1 - A

=N - =2,
gi = i - 1=4,",N
gi—1(N)

If g;—1(A\)=0, then g;()\) is assumed to be:
gi(A) = (d; — \) — |SZ€—_1| (¢ : Units for determining error)

Assume that the eigenvalues of T satisfy:

From the Gerschgorin theorem, the lower limit (zmin) and upper imit (zmax) of all the eigenvalues are given by:
Tmax = MAX(d; + ([si—1] + [si])) (1 <i<n)

where, sg = s, = 0 is assumed.

We continue to make the eigenvalue existence range smaller by repeatedly subdividing the interval while counting
the number of eigenvalues as described above, based on xy,i, and yax. In this way, both ends of the infinitesimal
interval can be made to converge to a given eigenvalue.

For information about the Sturm sequence of functions and the Gerschgorin theorem, refer to entries (2) and (5)

of the bibliography.

4.1.2.12 Accumulation of similarity (unitary) transformation by block algorithm

In seeking the eigenvectors of a real symmetric matrix using the QR method or the inverse iteration method, it
is necessary to calculate the accumulation of the similarity (unitary) matrices that had already been computed in
the preceding Householder transformation. It is very effective to apply the block algorithm to this accumulating
procedure for getting better performance.
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Let P, be a transformation matrix that is obtained in Householder transformation which transform the real

symmetric matrix to a tridiagonal matrix.

ukug

P.=1
k o,

1
Hk = §u;‘guk

The accumulation of the transformation matrix P, becomes to:

P1P2 s Pn,Q =1I-— 2?_1211,1'11)?

T

where w; is expressed by the following recurrence formula.

T
T _ un72
n_o =

2
Hn72

w

[ V)

ul = > (u]u)w]
j=i—1

3

—i—
w! =

i H,

If we let V' be the eigenvectors of a real symmetric tridiagonal matrix which are obtained with the QR method

or the inverse iteration method. The eigenvectors X of the original matrix is obtained by the following.

X=P P,V
n—2
i=1

A product of a similarity (unitary) matrix P and the eigenvectors V' is a rank-one update. Therefore, the
accumulation of the transformation matrices can be obtained at a higher speed if the matrix updates are performed

«T'»

in the lump. If the original matrix is Hermitian, the transpose notation should be replaced with the Hermite

Wk

conjugate notation

4.1.2.13 Inverse iteration method

The inverse iteration method is used to obtain the eigenvector corresponding to the eigenvalues obtained by the
root-free QR method or bisection method.

Assume the approximate value ui of a given eigenvalue )y of the real symmetric tridiagonal matrix T has been
obtained. If a suitable initial vector vg has been chosen at this time and the linear simultaneous equations:

(T - lvi =vi1 (i=1,2,--)

are iteratively solved, then if v; satisfy the convergence conditions, they converge to the eigenvector.
To solve the simultaneous linear equations, partial pivoting is performed while using the Gauss method to perform
an LU decomposition. Then forward elimination and back substitution are performed.
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4.1.2.14 Generalized eigenvalue problem

A Cholesky decomposition of B is performed:
B=LL"
in the generalized eigenvalue problem for a Hermitian matrix:
Az = ABx (A: Hermitian, B : Positive Hermitian)
yielding:
(L7PA(LY) Y (L x) = M(L*x)
If we set:
P=L1A(L*)!
L'zx=1y

then the generalized eigenvalue problem is transformed to a standard eigenvalue problem for the Hermitian matrix
P.

Py =Xy
The eigenvector of matrix A is given by:
z=(L)"y

Generalized eigenvalue problems for Hermitian matrix other than Az = ABx (B : Positive Hermitian) are

classified into two cases by the position of positive Hermitian Matrix B as:
ABx = \x

and
BAx = \x

The eigenvalues A and the eigenvectors = of these equations can be obtained by reducing them to standard

eigenvalue problems using the following procedure:

@® Apply the Cholesky decomposition to the positive matrix B as B = L*L. (Where L is a lower triangle

matrix.)

2@ ABx = Az is reduced to the eigenvalue problem for C = LAL*, and the eigenvectors are obtained by
multiplying the inverse of L.

® BAxz = Az is reduced to the eigenvalue problem for C' = LAL*, and the eigenvectors are obtained by
multiplying L*.
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4.1.2.15 QZ method and the combination shift QZ method

For Ax = ABx where A is a Hessenberg matrix and B is a regular upper triangular matrix, if we let C = AB™!,
then C also is a Hessenberg matrix.

Therefore, if we let:
C,=C
Cr = QxR (Qr : Unitary matrix, R : Upper triangular matrix)
Crit1 = ReQr = Q1.CrQu

and use the QR method to create C1,Cy, -, Cy, Ck41, - - - these matrices are Hessenberg matrices that converge
to an upper triangular matrix as k — oo.

In addition, we can select a unitary matrix Z so that:

Byi1 = QrBrZy

Apy1 = QrArZi Agy1 @ Hessenberg matrix
Biy1 @ Upper triangular matrix

Since:
Api1(Big1) " = QuArZe Zi B, ' Q) = QuArB ' Qf = Crpa

at this time, Ay converges to an upper triangular matrix, and if «; are the diagonal elements of A and 3; are the
diagonal elements of B then the eigenvalues are expressed by «;/8;. Combination shift QZ method

In a manner similar to the origin shift in the QR and double QR methods, you can also shift the origin in the
QZ method in order to accelerate convergence. The combination shift QZ method uses a combination of the
origin shift methods used in the QR and double QR methods. For details, refer to (9) and (10) in the reference
bibliography.

4.1.2.16 Subspace method

The starting vector group:

Xo = ( 0) ) _(0) (0) (0)

Ty Xy Xy Ly ey, X)) (mgo),wg-o)are independent)

is determined for Az = ABx (A: Real symmetric matrix, B: Positive symmetric matrix.) If we let:
Yy, = BX}

AXk+1 = Yk (k — OO)

(k)

then the space Ej over which the x;’ extend converge to the space E,, over which the eigenvectors ¢;(i =

1,2,---,m) corresponding to the m eigenvalues A;(i = 1,2, ---,m) having smallest absolute values extend. (How-
(0

ever, we assume that the z; ’ are not orthogonal to E.)

To speed up convergence, we let AZ; = Y}, and use a projection onto the space over which the Zi(k) of matrices
A and B extend.

An=2FAZy (Zi= (20,287, Z0))

By = ZI'BZ,
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If we obtain the eigenvalues and eigenvectors of Ay and By, improve Zi, and let it be X1, then Xy, 1 converges
faster to the eigenvector ¢ = (¢, po, -+, @,,,) to be obtained.

Ay : Diagonal matrix having eigenvalues corresponding to Ay and By,
ArQr = BrQrAg as diagonal components.

Qr: Matrix having eigenvectors of Ay and By as column vectors.
X1 = ZpQu
Xk+1 — ¢ (k — OO) o= (¢17¢27""¢m)

A 0
Ak%A(k%oo) A=
0 Am

In addition, to obtain eigenvalues having maximum absolute values, let:

Y. = AX,
BZ, =Y}
X1 = ZrQr

To prevent the norm from expanding or the vectors from becoming close to being parallel to each other at an
intermediate iteration during the actual computation, the vectors are normalized and orthogonalized for each
iteration.

In addition, to make the convergence speed proportional to |\;/A;,|, more vectors are used in the iterative

processing than the number of eigenvalues to be actually obtained.

4.1.2.17 Sturm sequence check

If n is the number of negative elements that appear as diagonal elements when (A — AB) is LD LT-decomposed
in the generalized eigenvalue problem Ax = ABx, then n corresponds to the number of eigenvalues smaller than

Am. (However, assume that all eigenvalues are positive.)

4.1.2.18 Jacobi-Davidson method

To solve large sparse Hermitian eigenvalue problems numerically, variants of a method proposed by Davidson (18)
are frequently applied. These solvers use a succession of subspaces where the update of the subspace exploits
approximate inverses of the problem matrix, A. For 4, A = A" or A* = AT holds where A* denotes A with

complex conjugate elements and A” = (AT)* (transposed and complex conjugate). The basic idea is: Let V¥

be a subspace of the whole n-dimensional space with an orthonormal basis w¥,---,w¥ and W the matrix with
columns wf, S = WHAW, 5\;? the eigenvalues of S, and T' a matrix with the eigenvectors of S as columns. The
columns :102C of W T are approximations to eigenvectors of A with Ritz values 5\2? = (xf)H Ax;? that approximate
eigenvalues of A. Let us assume that ;\i, cee 5‘;?”171 € [Mower; Aupper]- For j € jg, -+, jsyi—1 define

q;-c = (A—X?I)x?, r;? = (A—X?I)_qu, (4.1)

and VA1 = span(VFUrk U... U rfsﬂil ) where A is an easy to invert approximation to A (A = diag(4) in

(18). Then V¥*1 is an (m + [)-dimensional subspace of the whole n-dimensional space , and the repetition of the
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procedure above gives in general improved approximations to eigenvalues and -vectors. Restarting may increase
efficiency. For good convergence, V¥ has to contain crude approximations to all eigenvectors of A with eigenvalues
smaller than Ajoyer (cf. (18)). The approximate inverse must not be too accurate, otherwise the method stalls.
The reason for this was investigated in (19) and leads to the Jacobi-Davidson (JD) method with an improved
definition of r;-“:

[(1 =5 @5)T) (A= NoT) (I = 25 () )] 7} = a5 - (4.2)

J J J

The projection (I —z¥ (z¥)™) in (4.2) is not easy to incorporate into the matrix, but there is no need to do so, and

solving (4.2) is only slightly more expensive than solving (4.1). The method converges quadratically for A = A.

4.1.2.19 Preconditioning for Jacobi-Davidson method

The character of the JD method is determined by the approximation A to A. For obtaining an approximate
solution of the preconditioning system (4.2), we may try an iterative approach (cf.(13), (14), (19), (20)). Here,
a real symmetric or a complex Hermitian version of the QMR algorithm are used (cf. (15), (16), (17)) that are
directly applied to the projected system (4.2) with A = A. The control of the QMR iteration is as follows.
Iteration is stopped when the current residual norm is smaller than the residual norm of QMR in the previous
inner JD iteration. By controlling the QMR residual norms, we achieve that the preconditioning system (4.2)
is solved in low accuracy in the beginning and in increasing accuracy in the course of the JD iteration. For a
block version of JD, the residual norms of each preconditioning system (4.2) are separately controlled for each
eigenvector to approximate since some eigenvector approximations are more difficult to obtain than others. This

adapts the control to the properties of the matrix’s spectrum.
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Complex Hermitian QMR

i=1,2,--

i+1

The algorithm above shows the QMR iteration used to precondition JD for complex Hermitian matrices. The
method is derived from the QMR variant described in (16). Within JD, the matrix B in the algorithm above
corresponds to the matrix [(1 — xf (xf)H) (A— 5\?[) (Ifx;? (xf)H)] of the preconditioning system (4.2). Per QMR
iteration, two matrix-vector operations with B and B* (marked by frames in the algorithm above) are performed
since QMR bases on the non-Hermitian Lanczos algorithm that requires operations with B and BT = B* but not
with BH (17). For real symmetric problems, only one matrix-vector operation per QMR iteration is necessary

since then ¢' = Bp' and thus v'™ = ¢ — (77 /4%)v" hold. The only matrix-vector multiplication to compute per

tolerance ) then STOP

Il

[

(wi+1)T,Ui+1

([mrur] o
,_Yigipi—&-l

it i

6i+1

pi+1

i+l i+1
-7 K

P —v)
VT2 + [yt L)2
— ()R
VT2 + [y

Vil7i|?
VT2 + [y
A
9isi—1 4 ki Bp'

2 d

=1 k0=—-1 w =0l =0 =b—- Ba”
L= ()Tl el = (B*uw")T0!, pl = 0,7 =

1.

?UZ _Mlpl

1 . U

gB>k,w7, o ’YSIZ'L qz—l
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ql_ _-wl

é‘z

144



Algorithms Used

iteration is then Bw*™. Naturally, B is not computed element-wise from [(I —z% (%)) (A—N1) (I—ak (%) H)];

the operation Bp’, for instance, is split into vector-vector operations and one matrix-vector operation with A.
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4.2 REAL MATRIX (TWO-DIMENSIONAL ARRAY TYPE)
(REAL ARGUMENT TYPE)

4.2.1 DCGEAA, RCGEAA
All Eigenvalues and All Eigenvectors of a Real Matrix

(1) Function
DCGEAA or RCGEAA uses a basic similarity transformation and the double QR method to obtain all
eigenvalues of the real matrix A (two-dimensional array type) and all corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCGEAA (A, LNA, N, ER, EI, VE, LNV, IW1, W1, IERR)
Single precision:
CALL RCGEAA (A, LNA, N, ER, EIL, VE, LNV, IW1, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA N Input | Real matrix A (two-dimensional array type).
R Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A.
N I 1 Input | Order of matrix A.
4 ER D N Output | Real parts of eigenvalues (See Notes (a) and
R (b))
5 EI D N Output | Imaginary parts of eigenvalues (See Notes (a)
R and (b)).
6 VE D LNV, N Output | Eigenvectors (See Notes (¢) and (d)).
R
7 LNV I 1 Input | Adjustable dimension of array VE.
8 W1 I N Work | Work area
9 W1 D N Work | Work area
R
10 IERR I 1 Output | Error indicator
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(4) Restrictions

(a)

0 < N < LNA,LNV

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. ER(1) «+ A(1,1),
EI(1) + 0.0 and
VE(1,1) < 1.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 + ¢ The sequence did not converge in the step | Eigenvalues correctly obtained by this
where the eigenvalues obtained. time are entered in elements (i + 1)
(1<i<N) through N of ER and EL

No eigenvector is obtained at this time.

(6) Notes

(a)

(b)

(d)
()

Eigenvalue real parts are stored in ER and eigenvalue imaginary parts are stored in EI. If the j-th
element eigenvalue at this time is a complex number, then its conjugate complex eigenvalue is stored

in the (j 4+ 1)-th element. However, the positive imaginary part is stored first.

Eigenvalues are obtained in decreasing order of their subscript values. That is, the j-th eigenvalue
to be obtained is stored in the (N — j + 1)-th element of ER and EI. However, the order in which

eigenvalues are obtained is unrelated to the numerical values of the eigenvalues themselves.

Eigenvectors are stored as shown in Figure 4—1 corresponding to eigenvalues (ER, EI). That is, if
the k-th element eigenvalue is real, then the real eigenvector corresponding to it is stored in the k-th
column of array VE. In addition, if the j-th and (j 4+ 1)-th element eigenvalues are a pair of conjugate
complex eigenvalues, then the real and imaginary parts of the complex eigenvector corresponding to
the j-th element eigenvalue are stored in the j-th and (j + 1)-th columns respectively of array VE. The
conjugate vector of this complex eigenvector becomes the eigenvector corresponding to the (j + 1)-th

element eigenvalue.

An eigenvector is normalized so that its Euclidean norm becomes ||z||2 = 1.0.

DCGEAN}

If eigenvectors are not required, use 4.2.2
RCGEAN
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Figure 4—1 Eigenvalue and Eigenvector Storage Method
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(7) Example

(a) Problem

Obtain all eigenvalues of the matrix:

A=

4 -5
0 4
5 —3
3 0

0 3
-3 =5
4 0
) 4

and their corresponding eigenvectors.

Input data
Matrix A, LNA=11, N=4 and LNV=11.

Main program

1ok

10

20

30

40

50

60

70

80

90

PROGRAM BCGEAA
EXAMPLE OF DCGEAA ***

IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER ( ZERO = 0.0DO )

PARAMETER ( LNA = 11, LNV = 11 )
DIMENSION A(LNA,LNA), ER(LNA),

CONTIN

UE

IW1(LNA), W1i(LNA)

READ(5,%) N
DO 10 I=1, N
READ(5,*) (A(I,J), J=1, N)

WRITE(6,1000) N

DO 20 I=1

WRITE
CONTINUE

, N
(6,1100) (A(I,D), J=1, N)

EI(LNA), VE(LNV,LNV),&

CALL DCGEAA(A,LNA,N,ER,EI,VE,LNV,IW1,W1,IERR)
WRITE(6,1200)
DO 70 J=1, N-1, 2

WRITE(6,1300) (’EIGENVALUE °
WRITE(6,1400) ER(J), EI(J),

IERR

, I=1, 2)
ER(J+1), EI(J+1)

WRITE(6,1300) (’EIGENVECTOR’, I=1, 2)

IF(EI(J) .EQ.ZERO) THEN

IF(EI(J+1) .EQ.ZERD) THEN
D

ELS

ELS

0 30
WR

E

DO 40
WR,

CONTI

ENDIF
E
IF(EI(J+1) .EQ.ZERO) THEN

DO 50
WR

I=1, N

ITE(6,1500) VE(I,J), ZERO, VE(I,J+1), ZERO
CONTINUE

I=1, N

ITE(é,lSOO) VE(I,J), ZERO, VE(I,J+1), VE(I,J+2)

NUE

I=

CONTINUE
LSE

DO 60
WR
CONTI

ENDIF
ENDIF

CONTINUE

IF(MOD(N,2) .NE.O) THEN
WRITE(6,1300) ’EIGENVALUE ’
WRITE(6,1400) ER(N), EI(N)
WRITE(6,1300) ’EIGENVECTOR’
IF(EI(N) .EQ.ZERO) THEN

DO 80

WRITE

CONTINUE
LSE

ENDIF
STOP

DO

90 I=
WRITE

CONTINUE
ENDIF

1000 FORMAT(’
) kkk

H
H
>

Ny

*%

I=1

I=
NUE

3

N
(6,1500) VE(I,N), ZERO

1, N
(6,1500) VE(I,N-1), -VE(I,N)

&

3

DCGEAA *xx’,/ /. &

INPUT =*x°,/,/,&
=, 12,/,/,&

INPUT MATRIX A’,/)
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1100 FORMAT(7X, 11(F7.1))
1200 FORMAT(’ °,/,/,&
> xkx  QUTPUT =*x’,/,/.&
’ IERR = ’, I4)
1300 FORMAT(’ ’,/, 2(14X, A11, 9X))
1400 FORMAT(’ >, 2(4X, 1PD13.6, ° , ’,
1500 FORMAT(’ ’, 2(4X, F13.10, ’> , ’, F
END
(d) Output results
xx% DCGEAA %
% INPUT *x
N= 4
INPUT MATRIX A
4.0 -5.0 0.0 3.0
0.0 4.0 -3.0 -5.0
5.0 -3.0 4.0 0.0
3.0 0.0 5.0 4.0
*x  QUTPUT *x*
IERR = 0
EIGENVALUE
1.200000D+01 , 0.000000D+00 1
EIGENVECTOR
0.5000000000 , 0.0000000000 0
-0.5000000000 , 0.0000000000 0
0.5000000000 , 0.0000000000 0
0.5000000000 , 0.0000000000 -0
EIGENVALUE
1.000000D+00 , -5.000000D+00 2
EIGENVECTOR
0.1308649199 , -0.4825705883 0
0.4825705883 , 0.1308649199 0
0.4825705883 , 0.1308649199 -0
-0.1308649199 , 0.4825705883 0

1PD13.6, 1X))
13.10, 1X))
EIGENVALUE
.000000D+00 , 5.000000D+00
EIGENVECTOR
.1308649199 , 0.4825705883
.4825705883 , -0.1308649199
.4825705883 , -0.1308649199
.1308649199 , -0.4825705883
EIGENVALUE
.000000D+00 , 0.000000D+00
EIGENVECTOR
.5000000000 , 0.0000000000
-5000000000 , 0.0000000000
-5000000000 , 0.0000000000
.5000000000 , 0.0000000000
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4.2.2 DCGEAN, RCGEAN
All Eigenvalues of a Real Matrix

(1) Function
DCGEAN or RCGEAN uses a basic similarity transformation and the double QR method to obtain all

eigenvalues of the real matrix A (two-dimensional array type).

(2) Usage
Double precision:
CALL DCGEAN (A, LNA, N, ER, EI, IW1, W1, IERR)
Single precision:
CALL RCGEAN (A, LNA, N, ER, EI, IW1, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size put/ Contents
Output
1 A D LNA, N Input | Real matrix A (two-dimensional array type).
R Output | Input-time contents are not retained.
2 LNA 1 Input | Adjustable dimension of array A.

1 Input | Order of matrix A.

N Output | Real parts of eigenvalues (See Notes (a) and

(b))

Output | Imaginary parts of eigenvalues (See Notes (a)

ot
52
— —N—|
—| B O~ IOl =™ OO~
N—— —— | Y—~—
Z

and (b)).
W1 N Work | Work area
W1 N Work | Work area
8 IERR 1 Output | Error indicator

(4) Restrictions

(a) 0 < N <LNA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. ER(1) < A(1,1) and
EI(1) «+ 0.0

are performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

5000 42 The sequence did not converge in the step | Eigenvalues correctly obtained by this
where the eigenvalues obtained. time are entered in elements (i + 1)
(1<i<N) through N of ER and EI.

(6) Notes

(a) Eigenvalue real parts are stored in ER and eigenvalue imaginary parts are stored in EIL If the j-th
element eigenvalue at this time is a complex number, then its conjugate complex eigenvalue is stored

in the (j + 1)-th element. However, the positive imaginary part is stored first.

(b) Eigenvalues are obtained in decreasing order of their subscript values. That is, the j-th eigenvalue
to be obtained is stored in the (N — j + 1)-th element of ER and EI. However, the order in which
eigenvalues are obtained is unrelated to the numerical values of the eigenvalues themselves.
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4.3 REAL MATRIX (TWO-DIMENSIONAL ARRAY TYPE)
(COMPLEX ARGUMENT TYPE)

4.3.1 DCGNAA, RCGNAA
All Eigenvalues and All Eigenvectors of a Real Matrix
(1) Function
DCGNAA or RCGNAA uses a basic similarity transformation and the double QR method to obtain all

eigenvalues of the real matrix A (two-dimensional array type) and all corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCGNAA (A, LNA, N, E, VE, LNV, IW1, W1, IERR)
Single precision:
CALL RCGNAA (A, LNA, N, E, VE, LNV, IW1, W1, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA N Input | Real matrix A (two-dimensional array type).
R Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A.
N I 1 Input | Order of matrix A.
4 E 7 N Output | Real parts of eigenvalues (See Notes (a) and
C (b))-
5 VE 7 LNV,N Output | Eigenvectors (See Notes (¢) and (d)).
C
LNV I 1 Input | Adjustable dimension of array VE.
W1 I N Work | Work area
W1 D N Work | Work area
R
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N < LNA,LNV
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1) and
VE(1,1) < 1.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.

where the eigenvalues obtained.
(1<i<N)

5000 + ¢ The sequence did not converge in the step

Eigenvalues correctly obtained by this
time are entered in elements (i + 1)
through N of E.

No eigenvector is obtained at this time.

(6) Notes

(a) If the j-th element eigenvalue at this time is a complex number, then its conjugate complex eigenvalue

is stored in the (j + 1)-th element. However, the positive imaginary part is stored first.

(b) Eigenvalues are obtained in decreasing order of their subscript values. That is, the j-th eigenvalue to
be obtained is stored in the (N — j + 1)-th element of E. However, the order in which eigenvalues are
obtained is unrelated to the numerical values of the eigenvalues themselves.

(¢) The eigenvector corresponding to the k-th element eigenvalue E is stored in the k-th column of array
VE.

(d) An eigenvector is normalized so that its Euclidean norm becomes ||z]|2 = 1.0.

DCGNAN}

(e) If eigenvectors are not required, use 4.3.2
RCGNAN

(7) Example

(a) Problem

Obtain all eigenvalues of the matrix:

4 -5 0 3
0 4 -3 =5
5 =3 4 0
3 0 5 4

A:

and their corresponding eigenvectors.

(b) Input data
Matrix A, LNA=11, N=4 and LNV=11.
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(¢) Main program

1ok

10

20

PROGRAM BCGNAA

EXAMPLE OF DCGNAA s
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER ( LNA
COMPLEX(8) E

11, LNV = 11 )

DIMENSION A(LNA LNA) ,IW1(LNA) ,W1(LNA) ,E(LNA),VE(LNV,LNV)

READ(5, *) N
DO 10 I= 1,

READ(5, *) (A(T,D,
CONTINUE

WRITE(S6, 1000) N
DO 20 I=1

J=1, N)

WRITE(G 1100) A(T,D, J=1, D)

CONTINUE

CALL DCGNAA(A,LNA,N,E,VE,LNV,IW1,W1,IERR)

WRITE(6,1200) IERR
DO 70 J=

WRITE(G 1300) (’EIGENVALUE 7, I=
E(J+1)
WRITE(6,1300) (’EIGENVECTOR’ I=

WRITE(6,1400) E(J),

DO 30 I=1, N
WRITE(6,1500) VE(I,J),
30 CONTINUE
70 CONTINUE

IF(MOD(N,2) .NE.O) THEN

WRITE(6,1300) ’%I?ENVALUE ’

WRITE(6,1400) E(N

WRITE(6,1300) ’EIGENVECTOR’
D N

0 80 I=1,
WRITE(6,1500) VE(I,N)
80 CONTINUE
ENDIF
\ STOP
1000 FORMAT(® °,/,/,&
> %k  DCGNAA *xx’ /. /. &
> kx  INPUT *x’,/,/.&
’ N=",12,/,/,%
’ INPUT MATRIX A’,/)
1100 FORMAT(?X, 11(F7.1))

[ofelole)

L

H] H
> s

)
> 75 F

e

[oleolole)

1200 FORMAT(’ °,/,/,&
> kkx  QUTPUT *x’,/
> IERR = °, I4
1300 FORMAT(> ,/, 2(14X, Al1, 9X))
1400 FORMAT(’> °, 2(4X, 1PD13.6,
1500 FORMAT(’> ’, 2(4X, F13.10, ’
END
(d) Output results
wkk  DCGNAA %
*% INPUT *x*
N= 4
INPUT MATRIX A
4.0 -5.0 0.0 3.
0.0 4.0 -3.0 -5.
5.0 -3.0 4.0 0.
3.0 0.0 5.0 4.
#% QUTPUT *x%
IERR = 0
EIGENVALUE
1.200000D+01 , 0.000000D+00
EIGENVECTOR
0.5000000000 , 0.0000000000
-0.5000000000 , 0.0000000000
0.5000000000 , 0.0000000000
0.5000000000 , 0.0000000000
EIGENVALUE
1.000000D+00 , -5.000000D+00
EIGENVECTOR
0.1308649199 , -0.4825705883
0.4825705883 , 0.1308649199
0.4825705883 , 0.1308649199
-0.1308649199 , 0.4825705883

[oXoloYe)

1, 2)
1, 2)
VE(I,J+1)

1PD13.6, 1X))

13.10, 1X))
EIGENVALUE
.000000D+00 , 5.000000D+00
EIGENVECTOR
.1308649199 , 0.4825705883
.4825705883 , -0.1308649199
.4825705883 , -0.1308649199
.1308649199 , -0.4825705883
EIGENVALUE
.000000D+00 , 0.000000D+00
EIGENVECTOR
.5000000000 , 0.0000000000
.5000000000 , 0.0000000000
.5000000000 , 0.0000000000
.5000000000 , 0.0000000000
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4.3.2 DCGNAN, RCGNAN
All Eigenvalues of a Real Matrix
(1) Function

DCGNAN or RCGNAN uses a basic similarity transformation and the double QR method to obtain all
eigenvalues of the real matrix A (two-dimensional array type).

(2) Usage
Double precision:
CALL DCGNAN (A, LNA, N, E, IW1, W1, IERR)
Single precision:
CALL RCGNAN (A, LNA N, E, IW1, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, N Input | Real matrix A (two-dimensional array type).
R Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A.
N I 1 Input | Order of matrix A.
4 E 7 N Output | Eigenvalues (See Notes (a) and (b)).
C
5 W1 I N Work | Work area
W1 D N Work | Work area
R
7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N < LNA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)

is performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

5000 + ¢ The sequence did not converge in the step | Eigenvalues correctly obtained by this
where the eigenvalues obtained. time are entered in elements (i + 1)
(1<i<N) through N of E.

(6) Notes
(a) If the j-th element eigenvalue at this time is a complex number, then its conjugate complex eigenvalue
is stored in the (j + 1)-th element. However, the positive imaginary part is stored first.

(b) Eigenvalues are obtained in decreasing order of their subscript values. That is, the j-th eigenvalue to
be obtained is stored in the (N — j + 1)-th element of E. However, the order in which eigenvalues are

obtained is unrelated to the numerical values of the eigenvalues themselves.
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4.4 COMPLEX MATRIX (TWO-DIMENSIONAL ARRAY TYPE)
(REAL ARGUMENT TYPE)

4.4.1 ZCGEAA, CCGEAA
All Eigenvalues and All Eigenvectors of a Complex Matrix

(1) Function
ZCGEAA or CCGEAA uses a basic similarity transformation and QR method to obtain all eigenvalues of

the complex matrix A=(AR, Al) (two-dimensional array type) and all corresponding eigenvectors.

(2) Usage
Double precision:
CALL ZCGEAA (AR, AL, LNA, N, ER, EI, VR, VI, LNV, W1, IERR)
Single precision:
CALL CCGEAA (AR, AI, LNA, N, ER, EI, VR, VI, LNV, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size put/ Contents
Output
1 AR D LNA N Input | Real part of complex matrix A
R (two-dimensional array type).

Output | Input-time contents are not retained.
2 Al {D} LNA,N Input | Imaginary part of complex matrix A (two-

dimensional array type).

Output | Input-time contents are not retained.

3 LNA 1 Input | Adjustable dimension of arrays AR and Al.

Z
[ =
—

Input | Order of matrix A.

N Output | Real parts of eigenvalues (See Note (a)).

~ O

=

LNV,N Output | Real parts (column vectors) of eigenvectors cor-

o

responding to eigenvalues (ER, EI) (See Notes

(b) and (c)).

LNV, N Output | Imaginary parts (column vectors) of eigenvec-

=

o

6 EI {D} N Output | Imaginary parts of eigenvalues (See Note (a)).

tors corresponding to eigenvalues (ER, EI) (See
Notes (b) and (c)).
9 LNV I 1 Input | Adjustable dimension of arrays VR and VI.
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Input
No. | Argument | Type Size nput/ Contents
Output
10 W1 D 3x N Work | Work area
R
11 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNA LNV
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. ER(1) «+ AR(1,1),
EI(1) « AI(1,1),
VR(1,1) + 1.0 and
VI(1,1) + 0.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 + ¢ The sequence did not converge in the step | Eigenvalues correctly obtained by this
where the eigenvalues obtained. time are entered in elements (i + 1)
(1<i<N) through N of ER and EIL.

No eigenvector is obtained at this time.

(6) Notes

(a) Eigenvalue real parts are stored in ER and eigenvalue imaginary parts are stored in EI. Eigenvalues
are obtained in decreasing order of their subscript values. That is, the j-th eigenvalue to be obtained
is stored in the (N — j 4 1)-th element of ER and EI. However, the order in which eigenvalues are

obtained is unrelated to the numerical values of the eigenvalues themselves.

(b) The real and imaginary parts of the eigenvector corresponding to the k-th element (ER(k), EI(k)) of
eigenvalue (ER, EI) are stored in the k-th columns of VR and VI respectively.

(¢) An eigenvector is normalized so that its Euclidean norm becomes ||z]|2 = 1.0.

ZCGEAN}

(d) If eigenvectors are not required, use 4.4.2
CCGEAN
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(7) Example

(a) problem
Obtain all eigenvalues of the matrix:

5+9% 5457 —6-—-61 —7—-T1¢
3+3t 6+100 —-5—-51 —6—06:
242t 343 —-1431 —-5-051
1+7 2427 —-3-31 43

and their corresponding eigenvectors.

(b) Input data
Real part AR and imaginary Al of matrix A, LNA=11, N=4 and LNV=11.
(¢) Main program

PROGRAM ACGEAA
| #x* EXAMPLE OF ZCGEAA **x*
IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT
PARAMETER ( LNA = 11, LNV = 11 )
DIMENSION AR(LNA,LNA),AI(LNA,LNA),ER(LNA),EI(LNA),&
VR(LNV,LNV) , VI (LNV,LNV) ,W1(3+LNA)

READ(5,*) N
DO 10 I=1, N
READ(5,*) (AR(I,J), AI(I,J), J=1, N)
10 CONTINUE

WRITE(6,1000) N
DO 20 I=1, N
WRITE(FMT,1100) N
WRITE(6,FMT) (AR(I,J), AI(I,J), J=1, N)
20 CONTINUE

CALL ZCGEAA(AR,AI,LNA,N,ER,EI,VR,VI,LNV,W1,IERR)
WRITE(6,1200) IERR

DO 40 J=1, N-1, 2
WRITE(6,1300) (’EIGENVALUE’, I=1, 2)
WRITE(6,1400) ER(J), EI(J), ER(J+1), EI(J+1)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 2)
DO 30 I=1, N
WRITE(6,1500) VR(I,J), VI(I,J), VR(I,J+1), VI(I,J+1)
30 CONTINUE
40 CONTINUE
IF(MOD(N,2) .NE.0) THEN
WRITE(6,1300) ’EIGENVALUE ’
WRITE(6,1400) ER(N), EI(N)
WRITE(6,1300) ’EIGENVECTOR’
DO 50 I=1, N
WRITE(6,1500) VR(I,N), VI(I,N)
50 CONTINUE
ENDIF
STOP
]

1000 FORMATC’ °,/,/.&

P oxkk ZCGEAA  *xx2 / /. &

> *x  INPUT *x’,/,/.,&

’ = 7’ I4)/)/)&

’ INPUT MATRIX A ( REAL,IMAGINARY )°’,/)

1100 FORMAT(’( ,5X,’,I12,°(>?(*?,F5.1,’% , *?, F5.1,7?) *?))?)
1200 FORMATC’ °./,/.%&
> % QUTPUT *%’,/,/,&
14)

) IERR = °

1300 FORMAT(® °,/, 2(14X, A1, 9X))

1400 FORMAT(’ ’, 2(4X, 1PD13.6, ° , ’, 1PD13.6, 1X))

1500 FORMAT(’ ’, 2(4X, F13.10, > , 7, F13.10, 1X))
END

(d) Output results

**kx  ZCGEAA  **x
*% INPUT *x*

N= 4

INPUT MATRIX A ( REAL,IMAGINARY )

( 5.0, 9.0) ( 5.0, 5.0) (-6.0, -6.0) (-7.0 , -7.0)
( 3.0, 3.00( 6.0, 10.0) ( -5.0 , -5.0) ( -6.0 . -6.0)
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*x

( 2.0, 2.0) ¢ 3.0, 3
( 1.0, 1.0) ¢ 2.0, 2
OUTPUT  *x*
IERR = 0
EIGENVALUE
4.000000D+00 , 8.000000D+00
EIGENVECTOR
0.5419737851 , -0.1989918330
0.5419737851 , -0.1989918330
0.5419737851 , -0.1989918330
-0.0000000000 , 0.0000000000
EIGENVALUE
3.000000D+00 , 7.000000D+00
EIGENVECTOR
-0.2921601411 , 0.4979716712
-0.2921601411 , 0.4979716712
0.0000000000 , -0.0000000000
-0.2921601411 , 0.4979716712

N

[efeleole]

-0.
-0.
-0.
-0.

0, 3.0) ( -5.0 , -5.0)
0, -3.00 ¢ 0.0, 4.0)
EIGENVALUE
.000000D+00 , 6.000000D+00
EIGENVECTOR
.3438224256 , -0.1569817904
.6876448512 , -0.3139635808
.3438224256 , -0.1569817904
.3438224256 , -0.1569817904
EIGENVALUE
.000000D+00 , 5.000000D+00
EIGENVECTOR
3883659462 , 0.6485371718
1941829731 , 0.3242685859
1941829731 , 0.3242685859
1941829731 , 0.3242685859
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4.4.2 ZCGEAN, CCGEAN
All Eigenvalues of a Complex Matrix
(1) Function

ZCGEAN or CCGEAN uses the a basic similarity transformation and QR method to obtain all eigenvalues
of the complex matrix A=(AR, AI) (two-dimensional array type).

(2) Usage
Double precision:
CALL ZCGEAN (AR, AI, LNA, N, ER, EI, IERR)
Single precision:
CALL CCGEAN (AR, AI, LNA, N, ER, EI, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size put/ Contents
Output
1 AR D LNA, N Input | Real part of complex matrix A
R (two-dimensional array type).

Output | Input-time contents are not retained.
2 Al {D} LNA,N Input | Imaginary part of complex matrix A (two-

dimensional array type).

Output | Input-time contents are not retained.

3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
N I 1 Input | Order of matrix A.
5 ER D N Output | Real parts of eigenvalues (See Note (a)).
R
6 EI D N Output | Imaginary parts of eigenvalues (See Note (a)).
R
7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N < LNA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. ER(1) + AR(1,1) and

EI(1) «+ AI(1,1)
are performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

5000 + ¢ The sequence did not converge in the step | Eigenvalues correctly obtained by this
where the eigenvalues obtained. time are entered in elements (i + 1)
(1<i<N) through N of ER and EI.

(6) Notes

(a) Eigenvalue real parts are stored in ER and eigenvalue imaginary parts are stored in EI. Eigenvalues
are obtained in decreasing order of their subscript values. That is, the j-th eigenvalue to be obtained
is stored in the (N — j 4 1)-th element of ER and EI. However, the order in which eigenvalues are

obtained is unrelated to the numerical values of the eigenvalues themselves.
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4.5 COMPLEX MATRIX (TWO-DIMENSIONAL ARRAY TYPE)
(COMPLEX ARGUMENT TYPE)

4.5.1 ZCGNAA, CCGNAA
All Eigenvalues and All Eigenvectors of a Complex Matrix

(1) Function
ZCGNAA or CCGNAA uses a basic similarity transformation and QR method to obtain all eigenvalues of

the complex matrix A=(AR, Al) (two-dimensional array type) and all corresponding eigenvectors.

(2) Usage
Double precision:
CALL ZCGNAA (A, LNA ) N, E, VE, LNV, W1, WK, IERR)
Single precision:
CALL CCGNAA (A, LNA, N, E, VE, LNV, W1, WK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A 7 LNA N Input | Complex matrix A (two-dimensional array
C type).
Output | Input-time contents are not retained.
2 LNA 1 1 Input | Adjustable dimension of array A.
N I 1 Input | Order of matrix A.
4 E 7 N Output | Eigenvalues (See Note (a)).
C
5 VE 7 LNV, N Output | Eigenvectors (column vectors) corresponding to
C each eigenvalue (See Notes (b) and (c)).
6 LNV I 1 Input | Adjustable dimension of array VE.
7 W1 D N Work | Work area
R
8 WK 7 N Work | Work area
C
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N < LNA,LNV
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1) and
VE(1,1) < 1.0

are performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

5000 + ¢ The sequence did not converge in the step | Eigenvalues correctly obtained by this
where the eigenvalues obtained. time are entered in elements (i + 1)
(1<i<N) through N of E.

No eigenvector is obtained at this time.

(6) Notes

(a) Eigenvalues are obtained in decreasing order of their subscript values. That is, the j-th eigenvalue to
be obtained is stored in the (N — j + 1)-th element of E. However, the order in which eigenvalues are

obtained is unrelated to the numerical values of the eigenvalues themselves.

(b) The eigenvector corresponding to the k-th element eigenvalue E(k) are stored in the k-th columns of
VE.

(c) An eigenvector is normalized so that its Euclidean norm becomes ||z||2 = 1.0.

ZCGNAN}

(d) If eigenvectors are not required, use 4.5.2
CCGNAN

(7) Example

(a) problem

Obtain all eigenvalues of the matrix:

54+9 545 —6-—-6i —7—-7Ti

343 6+100 —-5—-5i —6—61

242 3+3i —1+3i —5-—05i

1+4 242 —3-—-3 44
and their corresponding eigenvectors.

(b) Input data
Matrix A, LNA=11, N=4 and LNV=11.
(¢) Main program

PROGRAM ACGNAA
| %% EXAMPLE OF ZCGNAA **x
IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT
PARAMETER ( LNA = 11, LNV = 11 )
COMPLEX(8) A,E,VE,WK
DIMENSION A(LNA,LNA),E(LNA),VE(LNV,LNV),W1(LNA),WK(LNA)

READ(5,%) N
DO 10 I=1, N
READ(5,*) (A(I,J), J=1, N)
10 CONTINUE

WRITE(6,1000) N
DO 20 I=1, N
WRITE(FMT,1100) N
WRITE(6,FMT) (A(I,J), J=1, N)
20 CONTINUE
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30
40

50

1000

1100
1200

1300
1400
1500

CALL ZCGNAA(A,LNA,N,E,VE,LNV,W1,WK, IERR)

WRITE(6,1200) IERR
DO 40 J=1, N-1,

(d) Output results

*kk 7

*% T
N

I

~AAA

**x 0

I

4.

[eXeleole]

-0.
-0.

-0.

WRITE (6,1300) (’EIGENVALUE’, I=1, 2)
WRITE(6,1400) E(J), E(J+1)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 2)
DO 30 I=1, N
WRITE(6,1500) VE(I,J), VE(I,J+1)
CONTINUE
CONTINUE
IF(MOD(N,2) .NE.Q) THEN
WRITE(6,1300) ’EIGENVALUE °
WRITE(6,1400) E(N)
WRITE(S6, 1300) ’EIGENVECTOR’
DO 50 I=1,
WRITE(S, 1500) VE(I,N)
CONTINUE
ENDIF
STOP
FORMAT(C’ °,/,/,&
> kkx ZCGNAA  **x’ /. /. &
> xx  INPUT =*x’,/,/,&
? =, 14,/,/,k
’ INPUT MATRIX A ( REAL, IMAGINARY )?,/)
FORMAT(’( ,5X,’,I2,°(C’’(’’,F5.1, ”) 22)) %)
FORMAT( °./,/.&
vk OUTPUT *x2 /. /&
’ IERR = ’, I4
FORMAT(’> ’,/, 2(14X, Al1, 9X))
FORMAT(’ °, 2(4X, 1PD13.6, , >, 1PD13.6, 1X))
FORMAT(® °, 2(4X, F13.10, ° , 7, F13.10, iX))
END
CGNAA  sxx
NPUT %
= 4
NPUT MATRIX A ( REAL,IMAGINARY )
5.0, 9.0) ( 5.0, 5.0)(-6.0, -6.0)(-7.0, -7.0)
3.0, 3.0) ( 6.0, 10.0) ( -5.0 , -5.0) ( -6.0 , -6.0)
2.0, 2.00 ( 3.0, 3.0)(-1.0, 3.00(-5.0, -5.0)
1.0, 1.0) ( 2.0, 2.0) (-3.0, -3.00 ( 0.0, 4.0)
UTPUT  *x
ERR = 0
EIGENVALUE EIGENVALUE
000000D+00 , 8.000000D+00 2.000000D+00 , 6.000000D+00
EIGENVECTOR EIGENVECTOR
.5419737851 , -0.1989918330 -0.3496783544 , -0.1434649481
.5419737851 , -0.1989918330 -0.6993567087 , -0.2869298963
.5419737851 , -0.1989918330 -0.3496783544 , -0.1434649481
.0000000000 , 0.0000000000 -0.3496783544 , -0.1434649481
EIGENVALUE EIGENVALUE
.000000D+00 , 7.000000D+00 1.000000D+00 , 5.000000D+00
EIGENVECTOR EIGENVECTOR
2921601411 , 0.4979716712 -0.3172488495 , 0.6861353649
2921601411 , 0.4979716712 -0.1586244247 , 0.3430676824
.0000000000 , 0.0000000000 -0.1586244247 , 0.3430676824
2921601411 , 0.4979716712 -0.1586244247 , 0.3430676824
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4.5.2 ZCGNAN, CCGNAN
All Eigenvalues of a Complex Matrix

(1) Function
ZCGNAN or CCGNAN uses the a basic similarity transformation and QR method to obtain all eigenvalues
of the complex matrix A=(AR, AI) (two-dimensional array type).

(2) Usage
Double precision:
CALL ZCGNAN (A, LNA, N, E, W1, IERR)
Single precision:
CALL CCGNAN (A, LNA, N, E, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A 7 LNA, N Input | Complex matrix A (two-dimensional array
C type).
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A.
N I 1 Input | Order of matrix A.
4 E 7 N Output | Eigenvalues (See Note (a)).
C
5 W1 D N Work | Work area
R
6 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 + ¢ The sequence did not converge in the step | Eigenvalues correctly obtained by this
where the eigenvalues obtained. time are entered in elements (i + 1)
(1<i<N) through N of E.
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(6) Notes

(a) Eigenvalues are obtained in decreasing order of their subscript values. That is, the j-th eigenvalue
to be obtained is stored in the (N — j 4+ 1)-th element of ER and EI. However, the order in which

eigenvalues are obtained is unrelated to the numerical values of the eigenvalues themselves.
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4.6 REAL SYMMETRIC MATRIX (TWO-DIMENSIONAL ARRAY
TYPE) (UPPER TRIANGULAR TYPE)

4.6.1 DCSMAA, RCSMAA

All Eigenvalues and All Eigenvectors of a Real Symmetric Matrix

(1) Function
DCSMAA or RCSMAA uses the Householder method and QR method to obtain all eigenvalues of the real
symmetric matrix A (two-dimensional array type) (upper triangular type) and all corresponding eigenvec-
tors.

(2) Usage
Double precision:
CALL DCSMAA (A, LNA, N, E, W1, IERR)
Single precision:
CALL RCSMAA (A, LNA, N, E, W1, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA N Input | Real symmetric matrix A (two-dimensional ar-
R ray type) (upper triangular type)
Output | Eigenvectors (column vectors) corresponding to
each eigenvalue
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A
4 E D N Output | Eigenvalues
R
5 W1 D N Work | Work area
R
6 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N < LNA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1) and
A(1,1) « 1.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 42 The sequence did not converge in the step | Eigenvalues correctly obtained by this
where the eigenvalues obtained. time are entered in E(1),---,E(1 — 1)
(1<i<N) and eigenvectors corresponding to them
are entered in A (However, the order is
irregular).
(6) Notes

(a) Data should be stored only in the upper triangular portion of array A.

(b) Eigenvalues are stored in ascending order.

(¢) The eigenvectors are an orthonormal system.

(d) If eigenvectors are not required, use 4.6.2 {

(7) Example

(a) Problem

Obtain all eigenvalues of the matrix:

6 4 4 1
4 6 1 4
4 1 6 4
1 4 46

and their corresponding eigenvectors.

(b) Input data

Matrix A, LNA=11 and N=4.
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(¢) Main program

PROGRAM BCSMAA
| s%x EXAMPLE OF DCSMAA s
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER ( LNA = 11 )
DIMENSION A(LNA,LNA), E(LNA), W1(LNA)

READ(5,%) N
DO 10 I=1, N
READ(5,*) (A(I,J), J=I, N)
10 CONTINUE

WRITE(6,1000) N
DO 20 I=1, N
WRITE(6,1100) (A(J,I), J=1, I-1), (A(I,J), J=I, N)
20 CONTINUE

CALL DCSMAA(A,LNA,N,E,W1,IERR)
WRITE(6,1200) IERR

DO 40 K=1, N-3, 4
WRITE(6,1300) (’EIGENVALUE ’, I=1, 4)
WRITE(6,1400) (E(I), I=K, K+3)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 4)

DO 30 J=1, N
WRITE(6,1500) (A(J,I), I=K, K+3)
30  CONTINUE
40 CONTINUE
IF(MOD(N,4) .NE.Q) THEN
WRITE(6,1300) (’EIGENVALUE ’, I=N/4*4+1, N)
WRITE(6,1400) (E(I), I=N/4*4+1, N)
WRITE(6,1300) (’EIGENVECTOR’, I=N/4*4+1, N)
DO 50 J=1, N
WRITE(6,1500) (A(J,I), I=N/4*4+1, N)
50  CONTINUE
ENDIF
. STOP

1000 FORMAT(’ °,/,/,&
> kkk  DCSMAA  *xx’ /|
> kk INPUT  *%°,/,/,
’ N=",12,/,/,&
’ INPUT MATRIX A’,/)

1100 FORMAT(7X, 11(F7.1))

1200 FORMAT(’ °,/,/,&
> %k QUTPUT =*x’,/,/.&
’ IERR = ’, I4)

1300 FORMAT(’> °,/,1X, 4(5X, A11, 2X))

1400 FORMAT(3X, 4(2X, 1PD14.7, 2X))

1500 FORMAT(2X, 4(F14.8, 4X))

END

(d) Output results

/,&
&

*kx*% DCSMAA  **x*
**x INPUT *x*
N= 4
INPUT MATRIX A

6.0 4.0 4.0 1.0

4.0 6.0 1.0 4.0

4.0 1.0 6.0 4.0

1.0 4.0 4.0 6.0

**x  QUTPUT  *x*

IERR = 0
EIGENVALUE EIGENVALUE EIGENVALUE EIGENVALUE
-1.0000000D+00 5.0000000D+00 5.0000000D+00 1.5000000D+01
EIGENVECTOR EIGENVECTOR EIGENVECTOR EIGENVECTOR
0.50000000 0.70710678 0.00000000 0.50000000
-0.50000000 0.00000000 -0.70710678 0.50000000
-0.50000000 -0.00000000 0.70710678 0.50000000
0.50000000 -0.70710678 0.00000000 0.50000000

173



DCSMAN, RCSMAN
All Eigenvalues of a Real Symmetric Matrix

4.6.2 DCSMAN, RCSMAN
All Eigenvalues of a Real Symmetric Matrix

(1) Function
DCSMAN or RCSMAN uses the Householder method and root-free QR method to obtain all eigenvalues of

the real symmetric matrix A (two-dimensional array type) (upper triangular type).

(2) Usage
Double precision:
CALL DCSMAN (A, LNA, N, E, W1, IERR)
Single precision:
CALL RCSMAN (A, LNA, N, E, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, N Input | Real symmetric matrix A (two-dimensional ar-
R ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A
4 E D N Output | Eigenvalues
R
5 W1 D N Work | Work area
R
6 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 42 The sequence did not converge in the step | Eigenvalues correctly obtained by this
where the eigenvalues obtained. time are entered in E(1),---,E(1 — 1)
(1<i<N) (However, the order is irregular).
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(6) Notes

(a) Data should be stored only in the upper triangular portion of array A.

(b) Eigenvalues are stored in ascending order.
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4.6.3 DCSMSS, RCSMSS

Eigenvalues and Eigenvectors of a Real Symmetric Matrix

(1) Function

DCSMSS or RCSMSS uses the Householder method, root free QR method, or Bisection method to obtain

the m largest or m smallest eigenvalues of the real symmetric matrix A (two-dimensional array type) (upper

triangular type) and the inverse iteration method to obtain the corresponding eigenvectors.

(2) Usage

Double precision:
CALL DCSMSS (A, LNA, N, EPS, E, M, VE, LNV, ISW, IW1, W1, IERR)
Single precision:
CALL RCSMSS (A, LNA, N, EPS, E, M, VE, LNV, ISW, IW1, W1, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 A D LNA N Input | Real symmetric matrix A (two-dimensional ar-
{R} ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
3 N I 1 Input | Order of matrix A
4 EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalues conver-
gence test. (See Note (d))
5 E D M Output | Eigenvalues
i
6 M I 1 Input | The number m of eigenvalues to be obtained.
7 VE D LNV, M Output | Eigenvectors (column vector) corresponding to
{R} each eigenvalue.
8 LNV I 1 Input | Adjustable dimension of array VE
9 ISW I 1 Input | Processing switch
ISW>0: Obtain M eigenvalues from the largest
one.
ISW<0: Obtain M eigenvalues from the small-
est one.
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Input
No. | Argument | Type Size nput/ Contents
Output
10 W1 I M Output | Eigenvectors flag (See Note (e))
11 W1 D 8 x N Work | Work area
R
12 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N <LNA,LNV
(b) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1) and
VE(1,1) «+ 1.0
are performed.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

()
(b)

()

(d)

()
(2)

Data should be stored only in the upper triangular portion of array A.

If ISW>0, the eigenvalues are stored in descending order. If ISW<O0, they are stored in ascending
order.

Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.

If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000
is output), the following processing is performed.

If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.

If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the
eigenvector precision is low. In this case, the iteration count is set for IW1(i).

If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.
The eigenvectors are an orthonormal system.

DCSMSN}

If eigenvectors are not required, use 4.6.4
RCSMSN
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(7) Example

(a) Problem
Obtain the three smallest eigenvalues of the matrix:

010001
101000
A_|0 10100
001010
000101
(1000 1 0

and their corresponding eigenvectors.

(b) Input data
Matrix A, LNA=11, N=6, EPS=—1.0, M=3, LNV=11 and ISW=—

(¢) Main program

PROGRAM BCSMSS
| #%% EXAMPLE OF DCSMSS #*x*
IMPLICIT REAL(8) (A -H,0-2)
PARAMETER ( LNA = LNV = 11 )
DIMENSION A(LNA, LNA) E(LNA), VE(LNV,LNV), IW1(LNA), W1(8*LNA)

READ(5, *) N M
DO 10 I=1
READ (5, *) (A(T,0), J=I, N)
10 CONTINUE

WRITE(6 1000) N, M
DO 20 I=1,
WRITE(G 1100) Q,n, J=1, I-1), (AI,N, J=I, N)
20 CONTINUE

ISW
EPS

-1
-1.0D0

CALL DCSMSS(A,LNA,N,EPS,E,M,VE,LNV,ISW,IW1,W1,IERR)
WRITE(6,1200) IERR

DO 40 K=1, M-3, 4
WRITE(6,1300) (’EIGENVALUE >, I=1, 4)
WRITE(6,1400) (E(I), I=K, K+3)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 4)
DO 30 J=1, N
WRITE(8,1500) (VE(J,I), I=K, K+3)
30 CONTINUE
40 CONTINUE
IF(MOD(M,4) .NE.O) THEN
WRITE(6,1300) (’EIGENVALUE ’, I=M/4*4+1, M)
WRITE(6,1400) (E(I), I=M/4%4+1, M)
WRITE(6, 1300) (’EIGENVECTOR’, I=M/4%4+1, M)
DO 50 J=1, N
WRITE(G 1500) (VE(J,I), I=M/4x4+1, M)
50 CONTINUE

ENDIF
STOP
]
1000 FDRMAT(’ VAR ]
s%%  DCSMSS %%’ ,/,/,&
> xkx  INPUT *x’,/,/.&
? =7, 12,/,/,%
’ M=, 12,/,/.%
) INPUT MATRIX A’,/)

1100 FORMAT(7X, 11(F7.1))
1200 FORMATC’ °,/,/.%
> xx QUTPUT *%’,/,/,&
) IERR = °, I4
1300 FORMAT(’ *,/,1X, 4(5X, A11, 2X))
1400 FORMAT(3X, 4(2X, 1PD14.7, 2X))
1500 FORMAT(2X, 4(F14.8, 4X))
END
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(d) Output results

k% k

*x

*k

DCSMSS  *x*x*
INPUT **

N= 6

M= 3

INPUT MATRIX A

HOOORrO
[eXeleoleolote)]
OO0OOrOr

OQUTPUT  **
IERR = 0

EIGENVALUE
-2.0000000D+00

EIGENVECTOR
0.40824829
-0.40824829
0.40824829
-0.40824829
0.40824829
-0.40824829

[elelololot o]

EI

-1.0000000D+00

OOrORrO
[eXeleoleolote)]

OrOrOO
[elelofolot o]

GENVALUE

EIGENVECTOR

0.
-0.
0.
-0.
-0.

0.

00000000
50000000
50000000
00000000
50000000
50000000

HOR,OOO
[eXoleoleolota)

O OOOr
[elelofolot o]

EIGENVALUE

-1.

0000000D+00

EIGENVECTOR

0.
-0.
-0.

0.
-0.
-0.

57735027
28867513
28867513
57735027
28867513
28867513
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4.6.4 DCSMSN, RCSMSN
Eigenvalues of a Real Symmetric Matrix

(1) Function
DCSMSN or RCSMSN uses the Householder method, root-free QR method, or Bisection method to obtain
the m largest or m smallest eigenvalues of the real symmetric matrix A (two-dimensional array type) (upper
triangular type).

(2) Usage
Double precision:
CALL DCSMSN (A, LNA, N, EPS, E, M, ISW, W1, IERR)
Single precision:
CALL RCSMSN (A, LNA, N, EPS, E, M, ISW, W1, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 A D LNA N Input | Real symmetric matrix A (two-dimensional ar-
{R} ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
3 N I 1 Input | Order of matrix A
4 EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalues conver-
gence test. (See Note (d))
5 E D M Output | Eigenvalues
il
6 M I 1 Input | The number m of eigenvalues to be obtained.
7 ISW I 1 Input | Processing switch
ISW>0: Obtain M eigenvalues from the largest
one.
ISW<0: Obtain M eigenvalues from the small-
est one.
8 W1 D 5x N Work | Work area
i
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N < LNA
(b) 0<M <N
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)
is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) Data should be stored only in the upper triangular portion of array A.

(b) If ISW>0, the eigenvalues are stored in descending order. If ISW<O0, they are stored in ascending

order.

(c) Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

(d) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection

method.
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4.6.5 DCSMEE, RCSMEE
Eigenvalues in an Interval and Their Eigenvectors of a Real Symmetric Matrix
(Interval Specified)

(1) Function
DCSMEE or RCSMEE uses the Householder method and the Bisection method to obtain the m largest
or m smallest eigenvalues in a specified interval of the real symmetric matrix A (two-dimensional array

type)(upper triangular type) and the inverse iteration method to obtain the corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCSMEE (A, LNA, N, EPS, E, M, E1, E2, VE, LNV, IW1, W1, IERR)
Single precision:
CALL RCSMEE (A, LNA, N, EPS, E, M, E1, E2, VE, LNV, IW1, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size Input/ Contents
Output
1 A D LNA N Input | Real symmetric matrix A (two-dimensional ar-
{R} ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A
4 EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalues conver-
gence test. (See Note (b))
5 E D M Output | Eigenvalues
i
6 M I 1 Input | Maximum number of the eigenvalues to be
computed
Output | Number of the obtained eigenvalues
7 El D 1 Input | E1 < E2: Obtain M eigenvalues in the interval
{R} [E1, E2] from the smallest one. (E2 is upper
bound.)
8 E2 D 1 Input | E1>E2: Obtain M eigenvalues in the interval
{R} [E1, E2] from the largest one. (E2 is lower
bound.) (See Notes (c) and (d))
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Input
No. | Argument | Type Size nput/ Contents
Output
9 VE D LNV, M Output | Eigenvectors (column vector) corresponding to
R each eigenvalue.
10 LNV I 1 Input | Adjustable dimension of array VE
11 W1 I M Output | Eigenvectors flag (See Note (e))
12 W1 D 8 x N Work | Work area
R
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N <LNA,LNV
(b)) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1) and
VE(1,1) «+ 1.0
are performed.
1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding
and E2 is less than M. eigenvectors between E1 and E2 are ob-
tained and the number of the found eigen-
value is output to M.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) Data should be stored only in the upper triangular portion of array A.

(b) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection

method.

If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1>E2 the eigenvalues and eigenvectors are stored in descending order.

If E1 = E2, the eigenvalues in the interval [E1 — EPS, E1 + EPS] are obtained. Normally, E1 should

be set to be different E2.

If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000

is output), the following processing is performed.

If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.

If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the
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eigenvector precision is low. In this case, the iteration count is set for IW1(i).
If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.

(f) The eigenvectors are an orthonormal system.

DCSMEN}

If ei t t required, use 4.6.6
(g) If eigenvectors are not required, use {RCSMEN
(7) Example

(a) Problem

Obtain the three eigenvalues in the interval [0, 5] from the smallest one of the following symmetric

matrix:
0 1.0 0 0 17
1 01000
1 1
A:0 0 0 0
001 010
000101
|1 000 1 0]

and their corresponding eigenvectors.

(b) Input data
Matrix A, LNA=11, N=6, EPS=—1.0, M=3, E1=0, E2=5 and LNV=10.
(¢) Main program

PROGRAM BCSMEE
| #%% EXAMPLE OF DCSMEE ##x*
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER ( LNA = 11, LNV = 11 )
DIMENSION A(LNA,LNA), E(LNA), VE(LNV,LNV), IW1(LNA), W1(8*LNA)

READ(5,*) N, M, E1, E2
DO 10 I=1, N
READ(5,*) (A(I,J), J=I, N)
10 CONTINUE

WRITE(6,1000) N, M, E1, E2
DO 20 I=1, N
WRITE(6,1100) (A(J,I), J=1, I-1), (A(I,J), J=I, N)
20 CONTINUE

EPS = -1.0D0
CALL DCSMEE(A,LNA,N,EPS,E,M,E1,E2,VE,LNV,IW1,W1,IERR)
WRITE(6,1200) IERR

DO 40 K=1, M-3, 4
WRITE(6,1300) (’EIGENVALUE °, I=1, 4)
WRITE(6,1400) (E(I), I=K, K+3)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 4)
DO 30 J=1, N
WRITE(6,1500) (VE(J,I), I=K, K+3)
30 CONTINUE
40 CONTINUE
IF(MOD(M,4) .NE.QO) THEN
WRITE(6,1300) (’EIGENVALUE °’, I=M/4x*4+1, M)
WRITE(6,1400) (E(I), I=M/4*4+1, M)
WRITE(6,1300) (’EIGENVECTOR’, I=M/4x*4+1, M)
DO 50 J=1, N
WRITE(6,1500) (VE(J,I), I=M/4*4+1, M)
50 CONTINUE
ENDIF
STOP
]
1000 FORMAT(1X,/,/,&
1X,’*** DCSMEE *x*x*’ / /. &
1X,’ *x INPUT =*x’,/,/.,&
1X,’N =, 14, M =", 14,/,/,&
1X,’E1= >, 1PD14.7,’> E2= ’, 1PD14.7,/,/.&
1X,° INPUT MATRIX A’,/)
1100 FORMAT(1X, 6X, 11(F7.1))
1200 FORMAT(1X,/,/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,° IERR = ’, I4)
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1300 FORMAT(1X,/,1X, 4(5X, A11, 2X))
1400 FORMAT(1X, 2X, 4(2X, 1PD14.7, 2X))

1500 FORMAT(1X, 1X, 4(F14.8, 4X))
END

(d) Output results

*okk
*ok
N =
El=

*x

DCSMEE  *x*3%
INPUT *x*

6 M= 3
0.0000000D+00 E2=
INPUT MATRIX A

0.0 1.0 0.0 0.0
1.0 0.0 1.0 0.0
0.0 1.0 0.0 1.0
0.0 0.0 1.0 0.0
0.0 0.0 0.0 1.0
1.0 0.0 0.0 0.0
OUTPUT  *x*
IERR = 0
EIGENVALUE EIGENVALUE
1.0000000D+00 1.0000000D+00
EIGENVECTOR EIGENVECTOR
0.57735027 0.00000000
0.28867513 -0.50000000
-0.28867513 -0.50000000
-0.57735027 -0.00000000
-0.28867513 0.50000000
0.28867513 0.50000000

5.0000000D+00

HOROOO
[elelololole)

O OOOK
[eXeleofoloto)

EIGENVALUE

2.0000000D+00

EIGENVECTOR
-0.
-0.
-0.
-0.
-0.
-0.

40824829
40824829
40824829
40824829
40824829
40824829
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4.6.6 DCSMEN, RCSMEN
Eigenvalues in an Interval of a Real Symmetric Matrix (Interval Specified)

(1) Function
DCSMEN or RCSMEN uses the Householder method and the Bisection method to obtain m largest or m

smallest eigenvalues in a specified interval of the real symmetric matrix A (two-dimensional array type)

(upper triangular type).

(2) Usage

Double precision:
CALL DCSMEN (A, LNA, N, EPS, E, M, E1, E2 , W1, IERR)
Single precision:
CALL RCSMEN (A, LNA, N, EPS, E, M, E1, E2 , W1, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 A D LNA N Input | Real symmetric matrix A (two-dimensional ar-
{R} ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
3 N I 1 Input | Order of matrix A
4 EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalues conver-
gence test. (See Note (b))
5 E D M Output | Eigenvalues
i
6 M I 1 Input | Maximum number of the eigenvalues to be
computed
Output | Number of the obtained eigenvalues
7 El D 1 Input | E1<E2: Obtain M eigenvalues in the interval
{R} [E1, E2] from the smallest one. (E2 is upper
bound.)
8 E2 D 1 Input | E1>E2: Obtain M eigenvalues in the interval
{R} [E1l, E2] from the largest one. (E2 is lower
bound.) (See Notes (c) and (d))
9 W1 D 5x N Work | Work area
i
10 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 0 <N < LNA
(b) 0<M <N

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)
is performed.
1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding
and E2 is less than M. eigenvectors between E1 and E2 are ob-

tained and the number of the found eigen-

value is output to M.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

(6) Notes

(a) Data should be stored only in the upper triangular portion of array A.

(b) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.

(¢) If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1 > E2 the eigenvalues and eigenvectors are stored in descending order.

(d) If E1 = E2, the eigenvalues in the interval [E1 — EPS, E1 4+ EPS] are obtained. Normally, E1 should
be set to be different E2.
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(UPPER TRIANGULAR TYPE) (REAL ARGUMENT TYPE)

4.7.1 ZCHRAA, CCHRAA
All Eigenvalues and All Eigenvectors of a Hermitian Matrix

(1) Function
ZCHRAA or CCHRAA uses the Householder method and QR method to obtain all eigenvalues of the
Hermitian matrix A=(AR, AI) (two-dimensional array type) (upper triangular type) (real argument type)
and all corresponding eigenvectors.

(2) Usage
Double precision:
CALL ZCHRAA (AR, AL, LNA, N, E, VR, VI, LNV, W1, IERR)
Single precision:
CALL CCHRAA (AR, AL, LNA, N, E, VR, VI, LNV, W1, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
I t
No. | Argument | Type Size nput/ Contents
Output
1 AR D LNA N Input | Real part of Hermitian matrix A (two-
R dimensional array type) (upper triangular type)
2 Al D LNA, N Input | Imaginary part of Hermitian matrix A (two-
R dimensional array type) (upper triangular type)
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrix A

N Output | Eigenvalues

= T

LNV, N Output | Real part (column vector) of eigenvectors cor-

W)

responding to each eigenvalue

=

corresponding to each eigenvalue

=

8 LNV 1 Input | Adjustable dimension of arrays VR and VI

3xN ‘Work Work area

W)

7 VI {D} LNV, N Output | Imaginary part (column vectors) of eigenvectors

=

10 IERR

=
—_

Output | Error indicator

(4) Restrictions

(a) 0 <N < LNA,LNV
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1),
VR(1,1) + 1.0 and
VI(1,1) «+- 0.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 + ¢ The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue is obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).

Not eigenvector is obtained at this time.

(6) Notes
(a) Real and imaginary parts of the Hermitian matrix are stored only in the upper triangular portions of
arrays AR and Al respectively. (See Appendix B)
(b) Eigenvalues are stored in ascending order.
(¢) The eigenvectors are an orthonormal set.

ZCHRAN
CCHRAN [~

(d) If eigenvectors are not required, use 4.7.2 {

(7) Example

(a) Problem

Obtain all eigenvalues of the matrix:

7 3 1+2¢ -1+
e 3 7 1-2¢ —1—-2

1-24 1424 7 -3

—-1-27 —-1+2¢ -3 7

and their corresponding eigenvectors.

(b) Input data
Real part AR and imaginary part Al of matrix A, LNA=11, N=4 and LNV=10.
(¢) Main program

PROGRAM ACHRAA
| %% EXAMPLE OF ZCHRAA **x
IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT
PARAMETER ( LNA = 11, LNV = 11 )
DIMENSION AR(LNA,LNA), AI(LNA,LNA), E(LNA),&
VR(LNV,LNV), VI(LNV,LNV), W1i(3*LNA)

READ(5,%) N
DO 10 I=1, N
READ(5,*) (AR(I,J), AI(I,J), J=I, N)
10 CONTINUE

WRITE(6,1000) N
DO 20 I=1, N
WRITE(FMT,1100) N
WRITE(6,FMT) (AR(J,I), -AI(J,I), J=1, I-1),&
(AR(I,J), AI(I,J), J=I, M)
20 CONTINUE

CALL ZCHRAA(AR,AI,LNA,N,E,VR,VI,LNV,W1,IERR)
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WRITE(6,1200) IERR
DO 40 J=

1, N-1, 2
WRITE(6,1300) (’EIGENVALUE °, I=1, 2)
WRITE(6,1400) E(J), E(J+1)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 2)

DO 30 I=1, N

WRITE(6,1500) VR(I,J), VI(I,J), VR(I,J+1), VI(I,J+1)

30 CONTINUE
40 CONTINUE
IF(MOD(N,2) .NE.O) THEN

WRITE(6,1300) ’EIGENVALUE °

WRITE(6,1400) E(N)

WRITE(6,1300) ’EIGENVECTOR’

DO 50 I=1

50 CONTINU!
ENDIF
STOP
1
1000 FORMAT(’ °,/,/,&
> k%%  ZCHRAA  kxx*’ |
> xk  INPUT *x’,/,
’ =,14,/,/
’ INPUT MATRIX

/
/

A
b

s
&

&

REAL,
1

, N
WRITE(6,1500) VR(I,N), VI(I,N)
E

IMAGINARY )’,/)
t) 5.1’7;)

1100 FORMAT(’( ,5X,’, I2,’(’’(°’,F5.1,’’ ,77, 72))%)
1200 FORMAT(’ °,/,/,&
> xkx  QUTPUT =*x’,/,/.&
’ ERR = ’, I4)
1300 FORMAT(’ ’,/, 2(14X, Ai1, 8X))
1400 FORMAT(’ °, 2(12X, 1PD14.7, 7X))
1500 FORMAT(’> ’, 2(5X, F12.8, ’ ,’, F12.8, 2X))
END
(d) Output results
*4%  ZCHRAA  #x*
**%  INPUT
N = 4
INPUT MATRIX A ( REAL,IMAGINARY )
( 7.0, 0.00 ( 3.0, 0.00 ( 1.0, 2.00 (-1.0, 2.0)
( 30, 00 (¢ 7.0, 0.0) ( 1.0, -2.0) (-1.0 , -2.0)
( 10, -2.00 ¢ 1.0, 2.0 ( 7.0, 0.0) (-3.0, 0.0)
(-1.0, -2.0) ( -1.0, 2.0 (-3.0, 0.0 ¢ 7.0, 0.0
%%  QUTPUT  **
IERR = 0
EIGENVALUE EIGENVALUE
0.0000000D+00 8.0000000D+00
EIGENVECTOR EIGENVECTOR
0.50000000 , 0.00000000 -0.70710678 , -0.00000000
-0.50000000 , 0.00000000 0.00000000 , -0.00000000
0.00000000 , 0.50000000 0.353556339 , 0.35355339
-0.00000000 , 0.50000000 -0.353556339 , 0.35355339
EIGENVALUE EIGENVALUE
8.0000000D+00 1.2000000D+01
EIGENVECTOR EIGENVECTOR
0.00000000 , 0.00000000 0.50000000 , 0.00000000
-0.09987868 , 0.70001732 0.50000000 , 0.00000000
-0.30006932 , -0.39994800 0.50000000 , -0.00000000
-0.39994800 , 0.30006932 -0.50000000 , -0.00000000
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4.7.2 ZCHRAN, CCHRAN
All Eigenvalues of a Hermitian Matrix

(1) Function
ZCHRAN or CCHRAN uses the Householder method and root-free QR method to obtain all eigenvalues
of the Hermitian matrix A=(AR, AI) (two-dimensional array type) (upper triangular type) (real argument

type).
(2) Usage
Double precision:
CALL ZCHRAN (AR, AI, LNA, N, E, W1, IERR)
Single precision:
CALL CCHRAN (AR, AI, LNA, N, E, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size put/ Contents
Output
1 AR D LNA N Input | Real part of Hermitian matrix A (two-
R dimensional array type) (upper triangular type)

Output | Input-time contents are not retained.
2 Al {D} LNA,N Input | Imaginary part of Hermitian matrix A (two-

dimensional array type) (upper triangular type)

Output | Input-time contents are not retained.

3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrix A
E D N Output | Eigenvalues
R
6 W1 D 3xN Work | Work area
R
7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 < N <LNA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + AR(1,1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 42 The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue is obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).
(6) Notes

(a) Real and imaginary parts of the Hermitian matrix are stored only in the upper triangular portions of

arrays AR and Al respectively. (See Appendix B)

(b) Eigenvalues are stored in ascending order.
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4.7.3 ZCHRSS, CCHRSS
Eigenvalues and Eigenvectors of a Hermitian Matrix

(1) Function
ZCHRSS or CCHRSS uses the Householder method, root-free QR method, or Bisection method to obtain
the m largest or m smallest eigenvalues of the Hermitian matrix A=(AR, AI) (two-dimensional array type)
(upper triangular type) (real argument type) and the inverse iteration method to obtain the corresponding

eigenvectors.

(2) Usage
Double precision:
CALL ZCHRSS (AR, AIL LNA, N, EPS, E, M, VR, VI, LNV, ISW, IW1, W1, IERR)
Single precision:
CALL CCHRSS (AR, AL LNA, N, EPS, E, M, VR, VI, LNV, ISW, IW1, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size Input/ Contents
Output
1 AR D LNA N Input | Real part of Hermitian matrix A (two-
{R} dimensional array type) (upper triangular type)
Output | Input-time contents are not retained.
2 Al D LNA,N Input | Imaginary part of Hermitian matrix A (two-
{R} dimensional array type) (upper triangular type)
Output | Input-time contents are not retained.
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrix A
EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test. (See Note (d))
6 E D M Output | Eigenvalues
i
M I 1 Input | The number of m of eigenvalues to be obtained.
VR D LNV, M Output | Real part (column vector) of eigenvectors cor-
{R} responding to each eigenvalue
9 VI D LNV, M Output | Imaginary parts (column vectors) of eigenvec-
{R} tors corresponding to each eigenvalue
10 LNV I 1 Input | Adjustable dimension of arrays VR and VI
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Input
No. | Argument | Type Size nput/ Contents
Output
11 ISW I 1 Input | Processing switch
ISW>0: Obtain M eigenvalues from the largest
one.
ISW<0: Obtain M eigenvalues from the small-
est one.
12 W1 I M Output | Eigenvector flag (See Note (e))
13 W1 D 10 x N Work | Work area
R
14 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNA LNV
(b) 0 <M <N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) < AR(1,1),
VR(1,1) + 1.0 and
VI(1,1) « 0.0
are performed.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

()

The real and imaginary parts of the Hermitian matrix should be stored only in the upper triangular
portions of arrays AR and Al respectively (See Appendix B).

If ISW>0, the eigenvalues are stored in descending order. If ISW<O0, they are stored in ascending
order.

Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.

If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000
is output), the following processing is performed.

If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.

If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the
eigenvector precision is low. In this case, the iteration count is set for IW1(i).

If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.
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(f) The eigenvectors are an orthonormal set.

(g) If eigenvectors are not required, use 4.7.4

(7) Example

(a) Problem

Obtain the three largest eigenvalues of the Hermitian matrix A.

7 3 1424

3 7 1—2

1—-2: 1424 7
-1-27 —-1+2: -3

A=

and their corresponding eigenvectors.

(b) Input data
Real part AR and imaginary part Al of matrix A, LNA=11, N=4, EPS=-1.0, M=3, LNV=11 and
ISW=1.

(¢) Main program

1 okkx

10

20

30
40

50

1000

1100
1200

1300
1400
1500

PROGRAM ACHRSS

EXAMPLE OF ZCHRSS **x

IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT

PARAMETER ( LNA = 11, LNV = 11 )

ZCHRSN
CCHRSN

—1+42¢
—1-2
-3

7

DIMENSION AR(LNA,LNA), AI(LNA,LNA), E(LNA),&

VR(LNV,LNV), VI(LNV,LNV), IW1

READ(5,*) N, M
DO 10 I=1, N

READ(5,*) (AR(I,J), AI(I,J), J=I, N)

CONTINUE

WRITE(6,1000) N, M
DO 20 I=1, N
WRITE(FMT,1100) N

WRITE(6,FMT) (AR(J,I), -AI(J,I), J
(AR(I,J), AI(I,)), J
CONTINUE
ISW =1
EPS = -1.0D0

CALL ZCHRSS(AR,AI,LNA,N,EPS,E,M,VR,VI,LNV,ISW,IW1,W1,IERR)

WRITE(6,1200) IERR

DO 40 J=1, M-1, 2
WRITE(6,1300) (’EIGENVALUE ’, I=1,
WRITE(6,1400) E(J), E(J+1)
WRITE(6,1300) (’EIGENVECTOR’, I=1,
DO 30 I=

1, N
WRITE(6,1500) VR(I,J), VI(I,J), VR(I,J+1), VI(I,J+1)

CONTINUE

CONTINUE

IF(MOD(M,2) .NE.0) THEN
WRITE(6,1300) ’EIGENVALUE °
WRITE(6,1400) E(M)
WRITE(6,1300) ’EIGENVECTOR’
DO 50 I=1, N

WRITE(6,1500) VR(I,M), VI(I,M)

CONTINUE

ENDIF

STOP

FORMATC® °,/,/,&

> *%xx ZCHRSS **x’,/ /. &

> xkx  INPUT *x’,/,/.&

’ N =", 14,/,/,&

? M=’: 143/3/3&

’ INPUT MATRIX A ( REA
FORMAT(’( ,5X,’, I2,’(*’(’’,F5.1,7°
FORMAT(® °,/,/,&

> #x  QUTPUT =*x’,/,/,&

) IERR = ’, I4)
FORMAT(’ °,/, 2(14X, Al1, 8X))
FORMAT(® °, 2(12X, 1PD14.7, 7X))
FORMAT(’ ’, 2(5X, F12.8, ’> ,’, F12.8,
END

1, I-1),&
I, N)

2)
2)

L,IMAGINARY )’,
,7.F5.1,7%)

2X))
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(d) Output results

*%% ZCHRSS  *%*x%
*x  INPUT #*

N= 4
M= 3
INPUT MATRIX A ( REAL,IMAGINARY )
( 7.0, 0.0) ( 3.0, 0.00 ( 1.0, 2.0) (-1.0 , 2.0)
( 3.0, 0.0 ( 7.0 . 0.0 1.0 . -2.0) ( -1.0 ., -2.0)
( 1.0, -2.0) ( 1.0, 2.0) ( 7.0, 0.0) (-3.0, 0.0)
(-1.0 ., -2.0) ( -1.0 . 2.0) ( -3.0 , 0.0) ( 7.0, 0.0
x% QUTPUT %
IERR = 0
EIGENVALUE EIGENVALUE
1.2000000D+01 8.0000000D+00
EIGENVECTOR EIGENVECTOR
0.50000000 , 0.00000000 0.00000000 , 0.00000000
0.50000000 , 0.00000000 -0.09987868 , 0.70001732
0.50000000 , -0.00000000 -0.30006932 , -0.39994800
-0.50000000 , —0.00000000 -0.39994800 , 0.30006932
EIGENVALUE

8.0000000D+00

EIGENVECTOR
0.70710678 , 0.00000000
-0.00000000 , -0.00000000
-0.35355339 , -0.35355339
0.35355339 , -0.35355339
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4.7.4 ZCHRSN, CCHRSN
Eigenvalues of a Hermitian Matrix

(1) Function
ZCHRSN or CCHRSN uses the Householder method, root-free QR method, or Bisection method to obtain
the m largest or m smallest eigenvalues of the Hermitian matrix A=(AR, AI) (two-dimensional array type)

(upper triangular type) (real argument type).

(2) Usage
Double precision:
CALL ZCHRSN (AR, AI, LNA, N, EPS, E, M, ISW, W1, IERR)
Single precision:
CALL CCHRSN (AR, AL, LNA, N, EPS, E, M, ISW, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 AR D LNA N Input | Real part of Hermitian matrix A (two-
{R} dimensional array type) (upper triangular type)
Output | Input-time contents are not retained.
2 Al D LNA,N Input | Imaginary part of Hermitian matrix A (two-
{R} dimensional array type) (upper triangular type)
Output | Input-time contents are not retained.
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrix A
EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test. (See Note (d))
6 E D M Output | Eigenvalues
il
M I 1 Input | The number of m of eigenvalues to be obtained.
ISW I 1 Input | Processing switch
ISW>0: Obtain M eigenvalues from the largest
one.
ISW<0: Obtain M eigenvalues from the small-
est one.
9 W1 D 5x N Work | Work area
i
10 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 0 <N < LNA
(b) 0<M <N

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + AR(1,1)
is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) The real and imaginary parts of the Hermitian matrix should be stored only in the upper triangular

portions of arrays AR and Al respectively (See Appendix B).

(b) If ISW>0, the eigenvalues are stored in descending order. If ISW<O0, they are stored in ascending

order.

(c) Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

(d) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection

method.
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4.7.5 ZCHREE, CCHREE
Eigenvalues in an Interval and Their Eigenvectors of a Hermitian Matrix
(Interval Specified)

(1) Function
ZCHREE or CCHREE uses the Householder method and the Bisection method to obtain the m largest
or m smallest eigenvalues in a specified interval of the Hermitian matrix A=(AR, AI) (two-dimensional
array type) (upper triangular type) (real argument type) and the inverse iteration method to obtain the

corresponding eigenvectors.

(2) Usage
Double precision:
CALL ZCHREE (AR, AI, LNA ) N, EPS, E, M, E1, E2,VR, VI, LNV, IW1, W1, IERR)
Single precision:
CALL CCHREE (AR, AL, LNA, N, EPS, E, M, E1, E2,VR, VI, LNV, IW1, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size put/ Contents
Output
1 AR D LNA, N Input | Real part of Hermitian matrix A (two-
R dimensional array type) (upper triangular type)

Output | Input-time contents are not retained.
2 Al {D} LNA,N Input | Imaginary part of Hermitian matrix A (two-

dimensional array type) (upper triangular type)

Output | Input-time contents are not retained.

—
—

3 LNA Input | Adjustable dimension of arrays AR and Al
N I 1 Input | Order of matrix A
5 EPS

1 Input | Parameter that assigns an upper limit to the
absolute error for use in the eigenvalue conver-
gence test. (See Note (b))

Output | Eigenvalues

(@)

3!
—
—| = O = J
N~ N~

=

1 Input | Maximum number of the eigenvalues to be

computed

Output | Number of the obtained eigenvalues
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Input
No. | Argument | Type Size nput/ Contents
Output
8 El D 1 Input | E1 < E2: Obtain M eigenvalues in the interval
R [E1, E2] from the smallest one. (E2 is upper
bound.)
9 E2 D 1 Input | E1>E2: Obtain M eigenvalues in the interval
R [E1l, E2] from the largest one. (E2 is lower
bound.) (See Notes (c¢) and (d))
10 VR D LNV, M Output | Real part (column vector) of eigenvectors cor-
R responding to each eigenvalue
11 VI D LNV, M Output | Imaginary parts (column vectors) of eigenvec-
R tors corresponding to each eigenvalue
12 LNV I 1 Input | Adjustable dimension of arrays VR and VI
13 IW1 I M Output | Eigenvector flag (See Note (e))
14 W1 D 10 x N Work | Work area
R
15 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N <LNA,LNV
(b) 0<M <N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) < AR(1,1),
VR(1,1) + 1.0 and
VI(1,1) + 0.0
are performed.
1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding
and E2 is less than M. eigenvectors between E1 and E2 are ob-
tained and the number of the found eigen-
value is output to M.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) The real and imaginary parts of the Hermitian matrix should be stored only in the upper triangular
portions of arrays AR and Al respectively (See Appendix B).

(b) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
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()
(2)

method.

If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1 > E2 the eigenvalues and eigenvectors are stored in descending order.

If E1 = E2, the eigenvalues in the interval [E1 — EPS, E1 + EPS] are obtained. Normally, E1 should
be set to be different E2.

If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000
is output), the following processing is performed.

If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.

If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the
eigenvector precision is low. In this case, the iteration count is set for TW1(i).

If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.

The eigenvectors are an orthonormal set.

. . ZCHREN
If eigenvectors are not required, use 4.7.6 .
CCHREN

(7) Example

()

Problem
Obtain the three eigenvalues in the interval [5, 15] from the largest one of the following Hermitian
matrix A:
7 3 1427 —1+42¢
. 3 ‘ 7 ‘ 1-20 —1-24
1-—2¢ 14+2¢ 7 -3
—-1-2¢ —-1+2¢ -3 7

and their corresponding eigenvectors.

Input data

Real part AR and imaginary part Al of matrix A, LNA=11, N=4, EPS=-1.0, M=3, E1=15, E2=5
and LNV=11.

Main program

PROGRAM ACHREE
| %% EXAMPLE OF ZCHREE **x
IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT
PARAMETER ( LNA = 11, LNV = 11 )
DIMENSION AR(LNA,LNA), AI(LNA,LNA), E(LNA),&
VR(LNV,LNV), VI(LNV,LNV), IW1(LNA), W1(10=LNA)

READ(5,*) N, M, E1, E2
DO 10 I=1, N
READ(5,*) (AR(I,J), AI(I,J), J=I, N)
10 CONTINUE

WRITE(6,1000) N, M, E1, E2
DO 20 I=1, N
WRITE (FMT,1100) N

WRITE(6,FMT) (AR(J,I), -AI(J,I), J=1, I-1),&
(AR(I,J), AI(I,J), J=I, N)
20 CONTINUE
!
! ISW = 1
EPS = -1.0D0

CALL ZCHREE(AR,AI,LNA,N,EPS,E,M,E1,E2,VR,VI,LNV,IW1,W1,IERR)
WRITE(6,1200) IERR

DO 40 J=1, M-1, 2
WRITE(6,1300) (’EIGENVALUE ’, I=1, 2)
WRITE(6,1400) E(J), E(J+1)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 2)
DO 30 I=1, N
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WRITE(6,1500) VR(I,J), VI(I,J), VR(I,J+1), VI(I,J+1)

30
40

50

1000

1100
1200

1300
1400
1500

CDNTINU

CONTIN

IF(MOD(M,2).NE.0) THEN
WRITE(6,1300) ’EIGENVALUE °’
WRITE(6,1400) E(M)
WRITE(6,1300) ’EIGENVECTOR’
DO 50 I=1, N

WRITE(6,1500) VR(I,M),

CONTINUE

ENDIF

STOP

FORMAT(1X,/,/,&
1X, 7 kxx
1X,7 *x*
1X,’N = ?, I4,’
1X,’El1= ’, 1P D14 7,
1X,°

FORMAT(’ (1X 5X,’,

FDRMAT(iX,/,/,&

***’
o,/

= 3

ZCHREE
INPUT

12,7 (°,F5.1,°

1X, 7 ** **2,/,/,&

1X,° IERR = ’, I4)
FORMAT(1X,/, 2(14X, A11, 8X))
FORMAT(1X, 2(12X, 1PD14.7, 7X))
FORMAT(1X, 2(5X, F12.8, °’
END

(d) Output results

k% k

*k

El=

*x

ZCHREE  **¥x*

INPUT *x*
4 M= 3

1.5000000D+01 E2= 5.0000000D+00
INPUT MATRIX A ( REAL,IMAGINARY )
( 7.0, oO. 0) ( 3.0,
( ( 7.0,

( 1.0 .
(-1.0 ,

I\JMO
OOO
(2wiNg

>
>
>
>

W
ooo

(
(

OUTPUT
IERR =

*k
0

EIGENVALUE
1.2000000D+01

EIGENVECTOR
.50000000 , 0.00000000
.50000000 , 0.00000000
.50000000 , -0.00000000
.50000000 , -0.00000000

[eXeleole)

EIGENVALUE
8.0000000D+00

EIGENVECTOR
.00000000 , 0.00000000
-0.09987868 , 0.70001732
-0.30006932 , -0.39994800
-0.39994800 , 0.30006932

VI(I,M

,7, F12.8,

.70710678 ,
~00000000
.35355339
.35355339

&
1PD14.7,/,/,&

INPUT MATRIX A ( RE AL IMAGINARY ),/)

77, F5.1,70) )

2X))

conn
cooo
NAANAA
A~~~
|
~Nwe e
cooo
conwn
cooo
NAANAA

EIGENVALUE
8.0000000D+00

EIGENVECTOR
0.00000000
-0.00000000
-0.35355339
-0.35355339
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4.7.6 ZCHREN, CCHREN
Eigenvalues in an Interval of a Hermitian Matrix (Interval Specified)

(1) Function
ZCHREN or CCHREN uses the Householder method and the Bisection method to obtain the m largest or
m smallest eigenvalues in a specified interval of the Hermitian matrix A = (AR, AI) (two-dimensional array
type) (upper triangular type) (real argument type).

(2) Usage
Double precision:
CALL ZCHREN (AR, AL LNA, N, EPS, E, M, E1, E2, W1, IERR)
Single precision:
CALL CCHREN (AR, AL, LNA, N, EPS, E, M, E1, E2, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 AR D LNA N Input | Real part of Hermitian matrix A (two-
{R} dimensional array type) (upper triangular type)
Output | Input-time contents are not retained.
2 Al D LNA,N Input | Imaginary part of Hermitian matrix A (two-
{R} dimensional array type) (upper triangular type)
Output | Input-time contents are not retained.
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrix A
EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test. (See Note (b))
6 E D M Output | Eigenvalues
il
7 M I 1 Input | Maximum number of the eigenvalues to be
computed
Output | Number of the obtained eigenvalues
8 El D 1 Input | E1 < E2: Obtain M eigenvalues in the interval
{R} [E1, E2] from the smallest one. (E2 is upper
bound.)
9 E2 D 1 Input | E1>E2: Obtain M eigenvalues in the interval
{R} [E1l, E2] from the largest one. (E2 is lower
bound.) (See Notes (c) and (d))
10 W1 D 5x N Work | Work area
i
11 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 0 <N < LNA
(b) 0<M <N

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

1000 N was equal to 1. E(1) + AR(1,1)
is performed.

1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding

and E2 is less than M. eigenvectors between E1 and E2 are ob-

tained and the number of the found eigen-
value is output to M.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

(6) Notes

(a) The real and imaginary parts of the Hermitian matrix should be stored only in the upper triangular

portions of arrays AR and Al respectively (See Appendix B).

(b)

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection

method.

If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1>E2 the eigenvalues and eigenvectors are stored in descending order.

set to be different from E2.
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4.8 HERMITIAN MATRIX (TWO-DIMENSIONAL ARRAY
TYPE) (UPPER TRIANGULAR TYPE) (COMPLEX ARGU-
MENT TYPE)

4.8.1 ZCHEAA, CCHEAA
All Eigenvalues and All Eigenvectors of a Hermitian Matrix

(1) Function
ZCHEAA or CCHEAA uses the Householder method or QR method to obtain all eigenvalues of the Her-
mitian matrix A (two-dimensional array type) (upper triangular type) (complex argument type) and all

corresponding eigenvectors.

(2) Usage
Double precision:
CALL ZCHEAA (A, LNA, N, E, W1, W2, IERR)
Single precision:
CALL CCHEAA (A, LNA N, E, W1, W2, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A 7 LNA, N Input | Hermitian matrix A (two-dimensional array
C type) (upper triangular type)
Output | Eigenvectors (column vector) corresponding to
each eigenvalue
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A
4 E D N Output | Eigenvalues
R
5 W1 D N Work | Work area
R
6 W2 7 N Work | Work area
C
7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 < N <LNA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1) and
A(1,1) + (1.0,0.0)
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 42 The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue is obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).
No eigenvector is obtained at this time.
(6) Notes

(a) Only the upper triangular portion of the Hermitian matrix should be stored in array A. (See Appendix
B)

(b) Eigenvalues are stored in ascending order.

(¢) The eigenvectors are an orthonormal set.

(d) If eigenvectors are not required, use 4.8.2
CCHEAN

ZCHEAN}

(7) Example

(a) Problem

Obtain all eigenvalues of the matrix:

7 3 14+2¢ —1+42¢
e 3 7 1-2¢ —-1-2¢

1-24 1424 7 -3

—1-2t —-1+2¢ -3 7

and their corresponding eigenvectors.

(b) Input data
Matrix A, LNA=11 and N=4.

(¢) Main program

PROGRAM ACHEAA
| #x* EXAMPLE OF ZCHEAA **x*
IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT
COMPLEX(8) A,W2
PARAMETER ( LNA = 11 )
DIMENSION A(LNA,LNA), E(LNA), W1(LNA), W2(LNA)

READ(5,%) N
DO 10 I=1, N
READ(5,*) (A(I,J), J=I, N)
10 CONTINUE

WRITE(6,1000) N
DO 20 I=1, N

WRITE(FMT,1100) N
WRITE(6,FMT) (DCONJG(A(J,I)), J=1, I-1),

(A(1,0), J=I, M)
20 CONTINUE

CALL ZCHEAA(A,LNA,N,E,W1,W2,IERR)
WRITE(6,1200) IERR
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30
40

50

!
1000

1100
1200

1300
1400
1500

DO 40 J=1, N-1, 2

WRITE(6,1300) (’EIGENVALUE ’, I=1, 2)

WRITE(6,1400) E(J), E(J+1)

WRITE(6,1300) (’EIGENVECTOR’, I=1, 2)

DO 30 I=1, N
WRITE(6,1500) A(I,J), A(I,J+1)

CONTINUE

CONTINUE

IF(MOD(N,2) .NE.Q) THEN
WRITE(6,1300) ’EIGENVALUE ’
WRITE(6,1400) E(N)
WRITE(6,1300) ’EIGENVECTOR’

(d) Output results

*k

~AAA

*k

DO 50 I=1, N
WRITE(6,1500) A(I,N)
CONTINUE
ENDIF
STOP
FORMAT(’ °,/,/,&

> xkk  ZCHEAA *xx° /. /. &

> xx INPUT =*x’,/,/,&

? = ’) 149/’/’&

’ INPUT MATRIX A ( REAL,IMAGINARY )’,/)
FORMAT(’( ,5X,’, I2,°(>’(’?,F56.1,’? ,?’,F5.1,%?) ?2))?)
FORMAT(C’ °,/,/,&

> #x  QUTPUT =*x’,/,/,&

) IERR = ’, I4
FORMAT(’ °,/, 2(14X, Al1, 8X))

FORMAT(® °, 2(12X, 1PD14.7, 7X))

FORMAT(’ ’, 2(5X, F12.8, ’> ,’, F12.8, 2X))

END

ZCHEAA  *xx

INPUT *x*

N = 4

INPUT MATRIX A ( REAL,IMAGINARY )
7.0, 0.0) ¢ 3.0, 0.0) ( 1.0, 2.0) (-1.0, 2.0)
3.0, 0.0) ( 7.0, 0.00 ( 1.0, -2.0) ( -1.0 , -2.0)
1.0, -2.0) ¢ 1.0, 2.0) ( 7.0, 0.0) (-83.0, 0.0)
-1.0 , -2.0) ( -1.0, 2.0) (-3.0, 0.0) ¢ 7.0, 0.0)

OUTPUT  *x*

IERR = 0

EIGENVALUE EIGENVALUE

0.0000000D+00 8.0000000D+00

EIGENVECTOR EIGENVECTOR

0.50000000 , 0.00000000 -0.70710678 , -0.00000000
-0.50000000 , 0.00000000 0.00000000 , -0.00000000
0.00000000 , 0.50000000 0.35355339 , 0.35355339
-0.00000000 , 0.50000000 -0.353556339 , 0.35355339

EIGENVALUE EIGENVALUE

8.0000000D+00 1.2000000D+01

EIGENVECTOR EIGENVECTOR

0.00000000 , 0.00000000 0.50000000 , 0.00000000
-0.09987868 , 0.70001732 0.50000000 , 0.00000000
-0.30006932 , -0.39994800 0.50000000 , -0.00000000
-0.39994800 , 0.30006932 -0.50000000 , -0.00000000
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4.8.2 ZCHEAN, CCHEAN
All Eigenvalues of a Hermitian Matrix

(1) Function
ZCHEAN or CCHEAN uses the Householder method or root-free QR method to obtain all eigenvalues of

the Hermitian matrix A (two-dimensional array type) (upper triangular type) (complex argument type).

(2) Usage
Double precision:
CALL ZCHEAN (A, LNA, N, E, W1, W2, IERR)
Single precision:
CALL CCHEAN (A, LNA ) N, E, W1, W2, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 A {Z} LNA,N Input | Hermitian matrix A (two-dimensional array
C type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A
4 E D N Output | Eigenvalues
)
5 W1 D N Work | Work area
)
6 W2 7 N Work | Work area
)
7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N <LNA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 + ¢ The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue is obtained. tered in E(1),---,E(i — 1) (However, the
(1<i< AGN) order is irregular).
(6) Notes

(a) Only the upper triangular portion of the Hermitian matrix should be stored in array A. (See Appendix
B)

(b) Eigenvalues are stored in ascending order.
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4.8.3 ZCHESS, CCHESS
Eigenvalues and Eigenvectors of a Hermitian Matrix

(1) Function
ZCHESS or CCHESS uses the Householder method, root-free QR method, or Bisection method to obtain
the m largest or m smallest eigenvalues of the Hermitian matrix A (two-dimensional array type) (upper
triangular type) (complex argument type) and the inverse iterative method to obtain the corresponding

eigenvectors.

(2) Usage
Double precision:
CALL ZCHESS (A, LNA, N, EPS, E, M, VE, LNV, ISW, IW1, W1, W2, IERR)
Single precision:
CALL CCHESS (A, LNA, N, EPS, E, M, VE, LNV, ISW, IW1, W1, W2, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size Input/ Contents
Output
1 A 7 LNA N Input | Hermitian matrix A (two-dimensional array
{C} type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A
4 EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test. (See Note (d))
5 E D M Output | Eigenvalues
)
6 M 1 1 Input | The number of m of eigenvalues to be obtained.
7 VE 7 LNV, M Output | Eigenvectors (column vector) corresponding to
{C} each eigenvalue
8 LNV I 1 Input | Adjustable dimension of array VE
9 ISW I 1 Input | Processing switch
ISW>0: Obtain M eigenvalues from the largest
one.
ISW<0: Obtain M eigenvalues from the small-
est one.
10 W1 I M Output | Eigenvector flag (See Note (e))

210



ZCHESS, CCHESS
Eigenvalues and Eigenvectors of a Hermitian Matrix

Input
No. | Argument | Type Size nput/ Contents
Output
11 W1 D 8 x N Work | Work area
R
12 W2 7 N Work | Work area
C
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNA LNV
(b) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1) and
VE(1,1) « (1.0,0.0)
are performed.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a)

()
(2)

Only the upper triangular portion of the Hermitian matrix should be stored in array A. (See Appendix
B)

If ISW>0, the eigenvalues are stored in descending order. If ISW < 0, they are stored in ascending
order.

Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.

If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000
is output), the following processing is performed.
If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.

If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the

eigenvector precision is low. In this case, the iteration count is set for IW1(i).
If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.

The eigenvectors are an orthonormal set.

. . ZCHESN
If eigenvectors are not required, use 4.8.4 .
CCHESN
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(7) Example

(a) Problem

Obtain the three largest eigenvalues of the following Hermitian matrix A:

7 3 14+2¢ —1+42¢
e 3 . 7 . 1-2¢ —-1-2¢

1—2¢ 1424 7 -3

-1-2i —-1+2¢ -3 7

and their corresponding eigenvectors.

(b) Input data
Matrix A, LNA=11, N=4, EPS=—1.0, M=3, LNV=11 and ISW=1.
(¢) Main program

PROGRAM ACHESS
| #x* EXAMPLE OF ZCHESS #*x*
IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT
COMPLEX(8) A,VE,W2
PARAMETER ( LNA = 11, LNV = 11 )
DIMENSION A(LNA,LNA), E(LNA), VE(LNV,LNV),&
TW1(LNA), W1(8%LNAJ, W2(LNA)

READ(5,*) N, M
DO 10 I=1, N
READ(5,*) (A(I,J), J=I, N)
10 CONTINUE

WRITE(6,1000) N, M
DO 20 I=1, N
WRITE(FMT,1100) N
WRITE(6,FMT) (DCONJG(A(J,I)), J=1, I-1), (A(I,J), J=I, N)
20 CONTINUE

ISW
EPS

1

-1.0D0

CALL ZCHESS(A,LNA,N,EPS,E,M,VE,LNV,ISW,IW1,W1,W2,IERR)
WRITE(6,1200) IERR

DO 40 J=1, M-1, 2
WRITE(6,1300) (’EIGENVALUE ’, I=1, 2)
WRITE(6,1400) E(J), E(J+1)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 2)
DO 30 I=1, N
WRITE(G 1500) VE(I,J), VE(I,J+1)
30 CONTINUE
40 CONTINUE
IF(MOD(M,2) .NE.O) THEN
WRITE(6,1300) ’EIGENVALUE °’
WRITE(6,1400) E(M)
WRITE(6,1300) ’EIGENVECTOR’
DO 50 I=1, N
WRITE(6,1500) VE(I,M)
50 CONTINUE
ENDIF
STOP

1000 FORMAT(C’ °,/,/,&

k% ZCHESS %%’ ,/,/.&

> xx  INPUT **°,/,/,&

’ N =", 14,/,/,&

’ M=, 14,/,/,&

’ INPUT MATRIX A ( REAL,IMAGINARY )’,/)

1100 FORMAT(’( ,5X,’, I2,°(’’(’’,F5.1,’? ,??,F5.1,77) 77))’)
1200 FORMAT(’ °./,7.&
> xx  QUTPUT *x’,/,/.&

) IERR = °, I4)
1300 FORMAT(’ ’,/, 2(14X, Ai1, 8X))
1400 FORMAT(> >, 2(12X, 1PD14. 7, 75)
1500 FORMAT(’> ’, 2(5X, F12.8, ° ,’, F12.8, 2X))

END
(d) Output results

**x ZCHESS  **x*
*% INPUT *x*
N = 4
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~AAA

*x

M= 3
INPUT MATRIX A ( REAL,IMAGINARY
7.0, 0.0) ¢ 3.0, 0.0) (
3.0, 0.0) ¢ 7.0, 0.0)
1.0, -2.0) ( 1.0, 2.0) (
-1.0 , -2.0) ( -1.0, 2.0) (
OUTPUT  *x*
IERR = 0
EIGENVALUE
1.2000000D+01
EIGENVECTOR

0.50000000 , 0.00000000
0.50000000 , 0.00000000
0.50000000 , -0.00000000
-0.50000000 , -0.00000000

EIGENVALUE
8.0000000D+00

EIGENVECTOR
0.70710678 , 0.00000000
-0.00000000 , 0.00000000
-0.35355339 , -0.35355339
0.35355339 , -0.35355339

0, 2.0) (-1.0, 2.0)
0, -2.0) (-1.0, -2.0)
0, 0.0) (-3.0, 0.0)
0, 0.00 C 7.0, 0.0)
EIGENVALUE
8.0000000D+00
EIGENVECTOR

0.00000000 , 0.00000000
-0.09987868 , 0.70001732
-0.30006932 , -0.39994800
-0.39994800 , 0.30006932
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4.8.4 ZCHESN, CCHESN
Eigenvalues of a Hermitian Matrix

(1) Function

ZCHESN or CCHESN uses the Householder method, root-free QR method, or Bisection method to obtain

the m largest or m smallest eigenvalues of the Hermitian matrix A (two-dimensional array type) (upper

triangular type) (complex argument type).

(2) Usage
Double precision:

CALL ZCHESN (A, LNA, N, EPS, E, M, ISW, W1, W2, IERR)

Single precision:

CALL CCHESN (A, LNA, N, EPS, E, M, ISW, W1, W2, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex

I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A 7 LNA N Input | Hermitian matrix A (two-dimensional array
C type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A
4 EPS D 1 Input | Parameter that assigns an upper limit to the
R absolute error for use in the eigenvalue conver-
gence test. (See Note (d))
5 E D M Output | Eigenvalues
R
6 M I 1 Input | The number of m of eigenvalues to be obtained.
7 ISW I 1 Input | Processing switch
ISW>0: Obtain M eigenvalues from the largest
one.
ISW<0: Obtain M eigenvalues from the small-
est one.
8 W1 D 2x N Work | Work area
R
9 W2 7 N Work | Work area
C
10 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 0 <N < LNA
(b) 0<M <N

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)
is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) Only the upper triangular portion of the Hermitian matrix should be stored in array A. (See Appendix

B)

(b) If ISW>0, the eigenvalues are stored in descending order. If ISW<O0, they are stored in ascending

order.

(c) Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

(d) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection

method.
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4.8.5 ZCHEEE, CCHEEE
Eigenvalues in an Interval and their Eigenvectors of a Hermitian Matrix (In-
terval Specified)

(1) Function
ZCHEEE or CCHEEE uses the Householder method and the Bisection method to obtain the m largest or m
smallest eigenvalues in a specified interval of the Hermitian matrix A (two-dimensional array type) (upper
triangular type) (complex argument type) and the inverse iterative method to obtain the corresponding

eigenvectors.

(2) Usage
Double precision:
CALL ZCHEEE (A, LNA, N, EPS, E, M, E1, E2, VE, LNV, IW1, W1, W2, IERR)
Single precision:
CALL CCHEEE (A, LNA, N, EPS, E, M, E1, E2, VE, LNV, IW1, W1, W2, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A 7 LNA, N Input | Hermitian matrix A (two-dimensional array
{C} type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A.
N I 1 Input | Order of matrix A
4 EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test. (See Note (b))
5 E D M Output | Eigenvalues
i}
6 M I 1 Input | Maximum number of the eigenvalues to be
computed
Output | Number of the obtained eigenvalues
7 El D 1 Input | E1 < E2: Obtain M eigenvalues in the interval
{R} [E1, E2] from the smallest one. (E2 is upper
bound.)
8 E2 D 1 Input | E1 > E2: Obtain M eigenvalues in the inter-
{R} val [E1, E2] from the largest one. (E2 is lower
bound.) (See Notes (c) and (d))
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Input
No. | Argument | Type Size nput/ Contents
Output
9 VE 7 LNV, M Output | Eigenvectors (column vector) corresponding to
C each eigenvalue
10 LNV I 1 Input | Adjustable dimension of array VE
11 W1 I M Output | Eigenvector flag (See Note (e))
12 W1 D 8 x N Work | Work area
R
13 W2 7 N Work | Work area
C
14 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNA LNV
(b) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1) and
VE(1,1) « (1.0,0.0)
are performed.
1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding
and E2 is less than M. eigenvectors between E1 and E2 are ob-
tained and the number of the found eigen-
value is output to M.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) Only the upper triangular portion of the Hermitian matrix should be stored in array A. (See Appendix
B)

(b) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.

(¢) If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1>E2 the eigenvalues and eigenvectors are stored in descending order.

(d) If E1=E2, the eigenvalues in the interval [E1 — EPS, E1 + EPS] are obtained. Normally, E1 should be
set to be different E2.
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()

()
(2)

If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000

is output), the following processing is performed.
If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.

If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the

eigenvector precision is low. In this case, the iteration count is set for IW1(i).

If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.
The eigenvectors are an orthonormal set.

ZCHEEN
If eigenvectors are not required, use 4.8.6 { }

CCHEEN

(7) Example

(a)

Problem
Obtain the three eigenvalues in the interval [15, 5] from the largest one of the following Hermitian
matrix A:
7 3 1425 —142¢
e 3 . 7 | 1—-25 —1—-2¢
1-—2¢ 1+2¢ 7 -3
—-1-2¢ —-14+2¢ -3 7

and their corresponding eigenvectors.

Input data
Matrix A, LNA=11, N=4, EPS=-1.0, M=3, E1=15, E2=5 and LNV=11.

Main program

PROGRAM ACHEEE
| #x* EXAMPLE OF ZCHEEE **x*
IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT
COMPLEX(8) A,VE,W2
PARAMETER ( LNA = 11, LNV = 11 )
DIMENSION A(LNA,LNA), E(LNA), VE(LNV,LNV),&
IW1(LNA), W1(8+LNA), W2(LNA)

READ(5,*) N, M, E1, E2
DO 10 I=1, N
READ(5,*) (A(I,J), J=I, N)
10 CONTINUE

WRITE(6,1000) N, M, E1, E2
DO 20 I=1, N
WRITE(FMT,1100) N
WRITE(6,FMT) (DCONJG(A(J,I)), J=1, I-1), (A(I,]), J=I, N)
20 CONTINUE

! ISW
EPS

1

-1.0D0

CALL ZCHEEE(A,LNA,N,EPS,E,M,E1,E2,VE,LNV,IW1,W1,W2,IERR)
WRITE(6,1200) IERR

DO 40 J=1, M-1, 2
WRITE(6,1300) (’EIGENVALUE ’, I=1, 2)
WRITE(6,1400) E(J), E(J+1)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 2)
DO 30 I=1, N
WRITE(6,1500) VE(I,J), VE(I,J+1)
30 CONTINUE
40 CONTINUE
IF(MOD(M,2) .NE.O) THEN
WRITE(6,1300) ’EIGENVALUE °’
WRITE(6,1400) E(M)
WRITE(6,1300) ’EIGENVECTOR’
DO 50 I=1, N
WRITE(6,1500) VE(I,M)
50 CONTINUE
ENDIF
STOP
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1000

1100
1200

1300
1400
1500

(d) Output results

k% k

kK

*x

FORMAT(1X,/,/,&
1X,?*%x ZCHEEE *xx*’,/ /. &
1X,’ ** INPUT =*x’,/,/,&
1X,’N = >, I4,> M=, 14,/,/,&
1X,’E1= ’>, 1PD14.7,’ E2= ’>, 1PD14.7,/,/,&
1X,° INPUT MATRIX A ( REAL,IMAGINARY )’,/)
FORMAT(’ (1X,5X,’, I2,>(’’(’’,F5.1,%’ ,’?,F5.1,°%) ’?))’)
FORMAT(1X,/,/,&
1X,? ** QUTPUT =*x’,/,/.&
1X,° IERR = ’, I4)
FORMAT(1X,/, 2(14X, A11, 8X))
FORMAT (1X, 2(12X, 1PD14.7, 7X))
FORMAT(1X, 2(5X, F12.8, ’ ,’, F12.8, 2X))
END
ZCHEEE  *xx
INPUT *x*
4 M= 3
1.5000000D+01 E2= 5.0000000D+00
INPUT MATRIX A ( REAL,IMAGINARY )
( 7.0, 0.00) ( 3.0, 0.00 ( 1.0, 2.0) (-1.0, 2.0
( 3.0, 0.0) ( 7.0, 0.0) 1.0 , -2.0) ( -1.0 , -2.0)
( 1.0, -2.00 ¢ 1.0, 2.00 ( 7.0, 0.0) ( -3.0, 0.0
(-1.0, -2.0) (-1.0, 2.0) (-8.0, 0.0) ( 7.0, 0.0)
OUTPUT  *x*
IERR = 0
EIGENVALUE EIGENVALUE
1.2000000D+01 8.0000000D+00
EIGENVECTOR EIGENVECTOR
0.50000000 , 0.00000000 0.70710678 , 0.00000000
0.50000000 , 0.00000000 -0.00000000 , 0.00000000
0.50000000 , -0.00000000 -0.353556339 , -0.35355339
-0.50000000 , -0.00000000 0.35355339 , -0.35355339

-0.
-0.
-0.

EIGENVALUE

8.0000000D+00

EIGENVECTOR
.00000000 , 0.00000000
09987868 , 0.70001732
30006932 , -0.39994800
39994800 , 0.30006932

219



ZCHEEN, CCHEEN
Eigenvalues in an Interval of a Hermitian Matrix (Interval Specified)

4.8.6 ZCHEEN, CCHEEN
Eigenvalues in an Interval of a Hermitian Matrix (Interval Specified)

(1) Function
ZCHEEN or CCHEEN uses the Householder method and the Bisection method to obtain the m largest
or m smallest eigenvalues of the Hermitian matrix A (two-dimensional array type) (upper triangular type)

(complex argument type).

(2) Usage
Double precision:
CALL ZCHEEN (A, LNA, N, EPS, E, M, E1, E2, W1, W2, IERR)
Single precision:
CALL CCHEEN (A, LNA, N, EPS, E, M, E1, E2, W1, W2, IERR)
(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A 7 LNA N Input | Hermitian matrix A (two-dimensional array
{C} type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A
4 EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test. (See Note (b))
5 E D M Output | Eigenvalues
i
6 M I 1 Input | Maximum number of the eigenvalues to be
computed
Output | Number of the obtained eigenvalues
7 El D 1 Input | E1<E2: Obtain M eigenvalues in the interval
{R} [E1, E2] from the smallest one. (E2 is upper
bound.)
8 E2 D 1 Input | E1>E2: Obtain M eigenvalues in the interval
{R} [E1l, E2] from the largest one. (E2 is lower
bound.) (See Notes (c) and (d))
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Input
No. | Argument | Type Size nput/ Contents
Output
9 W1 D 2x N Work | Work area
R
10 W2 7 N Work | Work area
C
11 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNA
(b)) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)
is performed.
1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding
and E2 is less than M. eigenvectors between E1 and E2 are ob-
tained and the number of the found eigen-
value is output to M.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) Only the upper triangular portion of the Hermitian matrix should be stored in array A. (See Appendix

B)

(b) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection

method.

(c) If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1>E2 the eigenvalues and eigenvectors are stored in descending order.

(d) If E1=E2, the eigenvalues in the interval [E1 — EPS, E1 + EPS] are obtained. Normally, E1 should be
set to be different E2.
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4.9.1 DCSBAA, RCSBAA
All Eigenvalues and All Eigenvectors of a Real Symmetric Band Matrix

(1) Function
DCSBAA or RCSBAA uses the Householder method and QR method to obtain all eigenvalues of the real
symmetric band matrix A (symmetric band type) and all corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCSBAA (A, LMA, N, MB, E, VE, LNV, W1, IERR)
Single precision:
CALL RCSBAA (A, LMA, N, MB, E, VE, LNV, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LMA,N Input | Real symmetric band matrix A (symmetric
R band type) (See Note (a)).
Output | Input-time contents are not retained.
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MB I 1 Input | Band width of matrix A.
5 E D N Output | Eigenvalues.
R
6 VE D LNV, N Output | Eigenvectors (column vector) corresponding to
R each eigenvalue.
7 LNV I 1 Input | Adjustable dimension of array VE.
8 W1 D N Work | Work area
R
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N < LNV
(b) 0 < MB < N
(¢) MB < LMA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1) and
VE(1,1) < 1.0
are performed.
1100 MB was equal to 0. E(i) «+ A(1,i) (1<i<N)and

VE < I (I is unit matrix)
are performed.

3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
5000 + ¢ The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue is obtained. tered in E(1),---,E(i — 1) and eigenvec-
(1<i<N) tors corresponding to them are entered in

A (However, the order is irregular).

(6) Notes
(a) The real symmetric band matrix is compressed into symmetric band type having (MB+1) rows and N
columns and stored in array A (See Appendix B).
(b) Eigenvalues are stored in ascending order.
(¢) The eigenvectors are an orthonormal set.

DCSBAN
(d) If eigenvectors are not required, use 4.9.2 { }

RCSBAN
(7) Example

(a) Problem

Obtain all eigenvalues of the matrix:

5 —4 1
4 6 -4 1 0
1 -4 6 -4 1
A= 1 -4 6 -4 1
1 -4 6 -4 1
0 1 -4 6 -4
i 1 -4 5|

and their corresponding eigenvectors.

(b) Input data
Matrix A, LMA=11, N=7, MB=2 and LNV=11.
(¢) Main program

PROGRAM BCSBAA
| %% EXAMPLE OF DCSBAA **x
IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT
PARAMETER ( LMA = 11, LNV = 11 )
DIMENSION A(LMA,LMA), E(LMA), VE(LNV,LNV), Wi(LMA)

READ(5,*) N, MB
DO 10 J=1, MB+1
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READ(5,*) (A(J,I), I=MB-J+2, N)
10 CONTINUE

WRITE(6,1000) N, MB
DO 20 J=1, MB+1
WRITE(FMT,1100) (MB-J+1)*7+1, N-MB+J-1
WRITE(6,FMT) (A(J,I), I=MB-J+2, N)
20 CONTINUE

CALL DCSBAA(A,LMA,N,MB,E,VE,LNV,W1,IERR)
WRITE(6,1200) IERR

DO 40 K=1, N-3
WRITE(G 1300) (’E‘.IGENVALUE v, I=1, 4)
WRITE(6,1400) (E(I), K+3)
wglgg(e 1300) (’E‘.IGENVE‘.CTDR’ I=1, 4)
D

WRITE(G 1500) (VE(J,I), I=K, K+3)
30 CONTINUE
40 CONTINUE
IF(MOD(N,4).NE.Q) THEN
WRITE(6,1300) (’EIGENVALUE ’, I=N/4*4+1, N)
WRITE(6,1400) (E(I), I=N/4*4+1, N)
WRITE(6,1300) (’EIGENVECTOR’, I=N/4*4+1, N)
DO 50 J=1, N
WRITE(G 1500) (VE(J,I), I=N/4x4+1, N)
50 CONTINUE
ENDIF
STOP

1000 FORMAT(’ °,/,/,&
> sk DCSBAA *¥x’ / /. &
> xx  INPUT =xx’,/,/,&

’ =, 12,7,/,k
) BAND WIDTH = ’°, I2,/,/,&
) INPUT MATRIX A’°,/)

1100 FORMAT(’( ,’, I3,°X,’, I2,’(F7.1))?)

1200 FORMATC> °././.&
vk OUTPUT *x2 [/ /. &
’ IERR = ’, I4)
1300 FORMAT(’ ’,/,1X, 4(5X, A11, 2X))
1400 FORMAT(3X, 4(2X, 1PD14.7, 2X))
1500 FORMAT(2X, 4(F14.8, 4X))
END

(d) Output results

*%k*% DCSBAA k%%

**x INPUT *x*
N= 7
BAND WIDTH = 2
INPUT MATRIX A

|
oY
co
|
oYY
coo
|
oY
coo
|
oYY
coo
|
oY Y
coo
|
[S 1Y
coo

5.0

**  QUTPUT  *x*

IERR = 0
EIGENVALUE EIGENVALUE EIGENVALUE EIGENVALUE
2.3177302D-02 3.4314575D-01 1.5243190D+00 4.0000000D+00
EIGENVECTOR EIGENVECTOR EIGENVECTOR EIGENVECTOR
0.19134172 -0.35355339 -0.46193977 -0.50000000
0.35355339 -0.50000000 -0.35355339 -0.00000000
0.46193977 -0.35355339 0.19134172 0.50000000
0.50000000 -0.00000000 0.50000000 0.00000000
0.46193977 0.35355339 0.19134172 -0.50000000
0.35355339 0.50000000 -0.35355339 0.00000000
0.19134172 0.35355339 -0.46193977 0.50000000
EIGENVALUE EIGENVALUE EIGENVALUE
7.6472539D+00 1.1656854D+01 1.4805250D+01
EIGENVECTOR EIGENVECTOR EIGENVECTOR
-0.46193977 -0.35355339 0.19134172
0.35355339 0.50000000 -0.35355339
0.19134172 -0.35355339 0.46193977
-0.50000000 0.00000000 -0.50000000
0.19134172 0.35355339 0.46193977
0.35355339 -0.50000000 -0.35355339
-0.46193977 0.35355339 0.19134172
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4.9.2 DCSBAN, RCSBAN
All Eigenvalues of a Real Symmetric Band Matrix
(1) Function
DCSBAN or RCSBAN uses the Givens method and root-free QR method to obtain all eigenvalues of the

real symmetric band matrix A (symmetric band type).

(2) Usage
Double precision:
CALL DCSBAN (A, LMA, N, MB, E, W1, IERR)
Single precision:
CALL RCSBAN (A, LMA, N, MB, E, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LMA,N Input | Real symmetric band matrix A (symmetric
{R} band type) (See Note (a)).
Output | Input-time contents are not retained.
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MB I 1 Input | Band width of matrix A.
5 E D N Output | Eigenvalues.
)
6 W1 D N Work | Work area
it}
7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0<MB <N
(b) MB < LMA
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1)
is performed.
1100 MB was equal to 0. E(i) « A(1,i) (1<i<N)
is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
5000 + ¢ The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue is obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).
(6) Notes

(a) The Real symmetric band matrix is compressed into symmetric band type having (MB+1) rows and

N columns and stored in array A (See Appendix B).

(b) Eigenvalues are stored in ascending order.
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4.9.3 DCSBSS, RCSBSS
Eigenvalues and Eigenvectors of a Real Symmetric Band Matrix

(1) Function
DCSBSS or RCSBSS uses the Givens method and root-free QR method to obtain the m largest or m smallest
eigenvalues of the real symmetric band matrix A (symmetric band type) and the inverse iteration method

to obtain the corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCSBSS (A, LMA, N, MB, EPS, E, M, VE, LNV, ISW, IW1, W1, IERR)
Single precision:
CALL RCSBSS (A, LMA, N, MB, EPS, E, M, VE, LNV, ISW, IW1, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LMA,N Input | Real symmetric band matrix A (symmetric
{R} band type) (See Note (a)).
Output | Input-time contents are not retained.
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MB 1 Input | Band width of matrix A.
5 EPS 1 Input | Parameter that assigns an upper limit to the

absolute error for use in the eigenvalue conver-
gence test (See Note (d)).
Output | Eigenvalues.

1 Input | The number m of eigenvalues to be obtained.

VE LNV, M Output | Eigenvectors (column vector) corresponding to

each eigenvalue.

9 LNV
10 ISW

1 Input | Adjustable dimension of array VE.

(@)
3!
— — |
== B O |~ m O = O |+
N—— N—— ~~—
=

1 Input | Processing switch.

ISW > 0: Obtain M eigenvalues from the
largest one.

ISW < 0: Obtain M eigenvalues from the small-
est one.

11 W1 I M Output | Eigenvector flag (See Note (e)).
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Input
No. | Argument | Type Size nput/ Contents
Output
12 W1 D See Work | Work area
R Contents Size: N x 3 x MB+6
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNV
(by 0<M <N
(¢) 0<MB <N
(d) MB < LMA
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1) and
VE(1,1) < 1.0
are performed.
1100 MB was equal to 0. E(i) « A(1,i) (1<i<N)
is performed.
1.0 is entered in appropriate components
of each column vector of VE, and 0.0 is
entered in remaining components.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
3000 Restriction (a), (b), (c) or (d) was not | Processing is aborted.
satisfied.
(6) Notes

(a) The real symmetric band matrix is compressed into symmetric band type having (MB+1) rows and N

columns and stored in array A (See Appendix B).

(b) If ISW>0, the eigenvalues are stored in descending order. If ISW<O0, they are stored in ascending

order.

(c) Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

(d) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection

method.

(e) If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000

is output), the following processing is performed.

If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.
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If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the
eigenvector precision is low. In this case, the iteration count is set for TW1(i).
If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.

(f) The eigenvectors are an orthonormal set.

DCSBSN
RCSBSN |

(g) If eigenvectors are not required, use 4.9.4 {

(7) Example

(a) Problem

Obtain the three smallest eigenvalues of the matrix:

5 2 1
2 6 31 0
1 3 6 3 1
1 3 6 3 1
e 1 3 6 3 1
1 3 6 3 1
1 3 6 3 1
0 1 3 6 3
1 3 6
1 2

and their corresponding eigenvectors.

(b) Input data
Matrix A, LNA = 11, N = 10, MB = 2, EPS = —1.0, M = 3, LNV = 10 and ISW — —1.
(¢) Main program

PROGRAM BCSBSS

| %% EXAMPLE OF DCSBSS **x
IMPLICIT REAL(8) (A-H,0-Z)
CHARACTER*80 FMT
PARAMETER ( LMA = 11,
DIMENSION A(LMA,LMA),

READ(5,*) N, MB, M
DO 10 J=1, MB+1
READ(5,*) (A(J,I), I=MB-J+2, N)
10 CONTINUE

LNV = 11 )
E(LMA), VE(LNV,LNV), IW1(LMA), W1(36%LMA)

WRITE(6,1000) N, MB, M

DO 20 J=1, MB+1
WRITE(FMT,1100) (MB-J+1)%7+1, N-MB+J-1
WRITE(6,FMT) (A(J,I), I=MB-J+2, N)

20 CONTINUE
!
ISW = -1
EPS = -1.0D0

CALL DCSBSS(A,LMA,N,MB,EPS,E,M,VE,LNV,ISW,IW1,W1,IERR)
WRITE(6,1200) IERR

DO 40 K=1, M-3, 4
WRITE(6,1300) (’EIGENVALUE ’, I=1, 4)
WRITE(6,1400) (E(I), I=K, K+3)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 4)
DO 30 J=1, N
WRITE(6,1500) (VE(J,I), I=K, K+3)
30  CONTINUE
40 CONTINUE
IF(MOD(M,4) .NE.0) THEN
WRITE(6,1300) (’EIGENVALUE ’, I=M/4%4+1, M)
WRITE(6,1400) (E(I), I=M/4*4+1, M)
WRITE(6,1300) (’EIGENVECTOR’, I=M/4*4+1, M)
DO 50 J=1, N
WRITE(6,1500) (VE(J,I), I=M/4*4+1, M)
50  CONTINUE
ENDIF
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1000

1100
1200

1300
1400
1500

STOP
FORMATC® *,/,/,&

> s%x DCSBSS #**’,/,/.&

> xx  INPUT *x’,/./.,&

? =, 12:/:/:&

) BAND WIDTH = °, 12,/,/,&

? =, 12:/:/:&

) INPUT MATRIX A’,/)
FORMAT(’ ( ,?, I3,°X,’, I12,’(F7.1))?)
FORMAT(® °,/./,&

> k% QUTPUT *%’,/,/,&
) IERR = °, I4)

FORMAT(’ *,/,1X, 4(5X, A11, 2X))

FORMAT(3X, 4(2X, 1PD14.7, 2X))

FORMAT (2X, 4(F14.8, 4X))

END

(d) Output results

***x DCSBSS  **x*
*% INPUT *x*
N = 10
BAND WIDTH = 2
M= 3
INPUT MATRIX A
1.0 1.0 1.0 1.0 1.0 1.0
2.0 3.0 3.0 3.0 3.0 3.0 3.0
5.0 6.0 6.0 6.0 6.0 6.0 6.0 6.0
**% QUTPUT **
IERR = 0
EIGENVALUE EIGENVALUE EIGENVALUE
1.8799058D+00 1.8926451D+00 2.2578112D+00
EIGENVECTOR EIGENVECTOR EIGENVECTOR
-0.01172823 0.05600768 0.12429215
-0.20382326 -0.01048668 -0.41411041
0.44423970 -0.15306238 0.48738830
-0.46949161 0.39024431 -0.16106987
0.20136345 -0.56659903 -0.22265032
0.20136345 0.56659903 0.22265032
-0.46949161 -0.39024431 0.16106987
0.44423970 0.15306238 -0.48738830
-0.20382326 0.01048668 0.41411041
-0.01172823 -0.05600768 -0.12429215
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4.9.4 DCSBSN, RCSBSN
Eigenvalues of a Real Symmetric Band Matrix

(1) Function
DCSBSN or RCSBSN uses the Givens method and root-free QR method to obtain the m largest or m

smallest eigenvalues of the real symmetric band matrix A (symmetric band type).

(2) Usage
Double precision:
CALL DCSBSN (A, LMA, N, MB, EPS, E, M, ISW, W1, IERR)
Single precision:
CALL RCSBSN (A, LMA, N, MB, EPS, E, M, ISW, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LMA,N Input | Real symmetric band matrix A (symmetric
{R} band type) (See Note (a)).
Output | Input-time contents are not retained.
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MB I 1 Input | Band width of matrix A.
5 EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test (See Note (d)).
6 E D M Output | Eigenvalues.
i
M I 1 Input | The number of m of eigenvalues to be obtained.
ISW I 1 Input | Processing switch.
ISW > 0: Obtain M eigenvalues from the
largest one.
ISW < 0: Obtain M eigenvalues from the small-
est one.
9 W1 D 5x N Work | Work area
it}
10 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 0<M<N
(b) 0 <MB < N
(c) MB < LMA

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

1000 N was equal to 1. E(1) «+ A(1,1)
is performed.

1100 MB was equal to 0. E(i) « A(1,i) (1<i<N)
is performed.

3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.

satisfied.
(6) Notes

(a) The real symmetric band matrix is compressed into symmetric band type having (MB+1) rows and N

columns and stored in in array A (See Appendix B).

(b) If ISW > 0, the eigenvalues are stored in descending order. If ISW < 0, they are stored in ascending
order.

(c¢) Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection
method internally.

(d) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.
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4.9.5 DCSBFF, RCSBFF
Eigenvalues and Eigenvectors of a Real Symmetric Band Matrix

(1) Function
DCSBFF and RCSBFF uses the subspace method to obtain the eigenvalues having the m largest or m
smallest absolute values of the real symmetric band matrix A (symmetric band type) and to obtain the

corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCSBFF (A, LMA, N, MB, M, ITOL, NITE, E, VE, LNV, MST, IS1, 1S2, W1, IW1,
IERR)
Single precision:
CALL RCSBFF (A, LMA, N, MB, M, ITOL, NITE, E, VE, LNV, MST, IS1, IS2, W1, IW1,
IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LMA,N Input | Real symmetric band matrix A (symmetric
{R} band type) (See Appendix B).
Output | Input-time contents are not retained.
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrix A.
4 MB I 1 Input | Band width of matrix A.
5 M I 1 Input | The number of m of eigenvalues to be obtained.
6 ITOL I 1 Input | Tolerance used for convergence test (See Note
(b)).
NITE I 1 Input | Maximum iteration count (See Note (d)).
E D See Output | Eigenvalues.
{R} Contents Size: min(2 x M,N,M + 8)
9 VE D See Output | Eigenvectors (column vector) corresponding to
{R} Contents each eigenvalue.
Size: (LNV,min(2 x M,N, M + 8)
10 LNV I 1 Input | Adjustable dimension of array VE.
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No. | Argument | Type Size fnput/ Contents
Output
11 MST I 1 Output | Number of eigenvalues not calculated (See Note
(¢)):
12 IS1 I 1 Input | Processing switch.
IS1 <o:
Obtain eigenvalues having the smallest abso-
lute values.
IS1 > 0:
Obtain eigenvalues having the largest abso-
lute values.
13 152 I 1 Input | Sturm sequence check switch.
IS2 < 0: Do not check.
IS2 > 0: Check.
14 W1 D See Work | Work area
{R} Contents Size: Nxg+gxqg+2xqg+ N
g =min(2 x M, N, M + 8)
If IS2 > 0, then N x (MB + 1) work areas are
required.
15 W1 I N Work | Work area
16 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNV
(b) 0 <MB < N
(¢) MB < LMA
(d) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1) and
VE(1,1) «+ 1.0
are performed.
3000 Restriction (a), (b), (c) or (d) was not | Processing is aborted.
satisfied.
4000 An error occurred during processing.
5000 42 The sequence did not converge within the | Processing is aborted after obtaining up
specified number of iterations. to the i-th eigenvalue and eigenvector.
(6) Notes

(a) This subroutine is effective when the number of eigenvalues to be obtained is very small (m<N) relative
DCSBAA}
a

to the order of the matrix. Otherwise, you should use other subroutines such 4.9.1
RCSBAA
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DCSBSS
493 .
RCSBSS

This subroutine considers that the eigenvalue has converged if the following condition is satisfied. At
this time, the eigenvector has a precision greater than or equal to ITOL/2.

a — a1

|1 —] <10.07"T9%  (aP: i-th eigenvalue after the n-th iteration)
a’

If the linput value of ITOL is less than or equal to 0 or greater than — LOG10 (&), then the optimum

value is automatically set internally. (¢: Unit for determining error)

If ISW > 0, the eigenvalues are stored in descending order. If ISW < 0, they are stored in ascending
order.

If the input value of NITE is less than or equal to 0, then 20 is used as the default value.

This subroutine has a function that checks whether the Sturm sequence property was used for the
calculated eigenvalues. Although the number of calculated eigenvalues is computed, the number of
calculations increases at this time on the order of N x MB?. For example, assume that three eigenvalues
having the smallest absolute values are to be obtained for the eigenvalue problem having 6, 5, 3, 2 and
1 as eigenvalues. If 5, 2 and 1 are obtained as solution eigenvalues at this time, then 1 is returned to
MST since the value 3 was not obtained as a solution. This function is effective only if all eigenvalues

are positive.

(7) Example

(a)

Problem
Obtain the two eigenvalues having the smallest absolute values of the matrix:
[ 611 196 -192 407 -8 0 0 0]
196 899 113 -—-192 —-71 —43 0 0
—-192 113 899 196 61 49 8 0
e 407 —-192 196 611 8 44 59  —23
-8 =72 61 8§ 411 -599 208 208
0 —43 49 44 -599 411 208 208
0 0 8 59 208 208 99 -—-911
i 0 0 0 —-23 208 208 -911 99 |

and their corresponding eigenvectors.

Input data
Matrix A, LMA=11, N=8, MB=4, M=2 and LNV=10.

Main program

PROGRAM BCSBFF
| %% EXAMPLE OF DCSBFF ***
IMPLICIT REAL(8)(A-H,0-Z)
CHARACTER*80 FMT
PARAMETER ( LMA=11, LNV=10, LN=10, LNQ=10 )
PARAMETER ( LW=LNQ* (LN+LNQ+2)+LN*(LN+1) )
DIMENSION A(LMA,LN), E(LN), VE(LNV,LNQ), Wi(LW), IW1(LN)

READ(5,*) N, MB, M
DO 10 J=1, MB+1
READ(5,*) (A(J,I), I=MB-J+2, N)
10 CONTINUE

WRITE(6,1000) N, MB, M
DO 20 J=1, MB+1
WRITE(FMT,1100) (MB-J+1)*8+2, N-MB+J-1
WRITE(6,FMT) (A(J,I), I=MB-J+2, N)
20 CONTINUE

CALL DCSBFF(A,LMA,N,MB,M,0,0,E,VE,LNV,MST,0,1,W1,IW1,IERR)

235



DCSBFF, RCSBFF
Eigenvalues and Eigenvectors of a Real Symmetric Band Matrix

WRITE(6,1200) IERR

DO 40 K=1, M-3, 4
WRITE(6,1300) (’EIGENVALUE ’, I=1, 4)
WRITE(6,1400) (E(I), I=K, K+3)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 4)
DO 30 J=1, N
WRITE(6,1500) (VE(J,I), I=K, K+3)
30 CONTINUE
40 CONTINUE
IF(MOD(M,4) .NE.O) THEN
WRITE(6,1300) (’EIGENVALUE >, I=M/4*4+1, M)
WRITE(6,1400) (E(I), I=M/4%4+1, M)
WRITE(6,1300) (’EIGENVECTOR’, I=M/4*4+1, M)
DO 50 J=1, N
WRITE(6,1500) (VE(J,I), I=M/4*4+1, M)
50 CONTINUE

ENDIF
WRITE(6,1600) MST
STOP

1000 FORMATC’ °,/,/.&
#%% DCSBFF %%’

WAVR';
*k  INPUT *x°,/,/
3

&
=, 12,/,/,&
BAND WIDTH = 12,/,/,&
)

H
>
b
H
)

» 12,/,/,
’ INPUT MATRIX A’,/)
1100 FORMAT(’( ,’, I3,°’X,’, I2,’°(F8.1))’)
1200 FORMAT(’ °,/,/,&
> xkx  QUTPUT =*x’,/,/.&
’ IERR = ’, I4)
1300 FORMAT(’ °,/,1X, 4(5X, Al11, 2X))
1400 FORMAT(3X, 4(2X, 1PD14.7, 2X))
1500 FORMAT(2X, 4(F14.8, 4X))
1600 FORMAT(’ ’,/,1X,° MISSED EIGENVALUES = °, I2)
END

(d) Output results

*x% DCSBFF kx
*%  INPUT #*
N= 8
BAND WIDTH = 4
M= 2
INPUT MATRIX A

-8.0 -43.0 8.0 -23.0

407.0 -71.0 49.0 59.0 208.0

-192.0 -192.0 61.0 44.0 208.0 208.0

196.0 113.0 196.0 8.0 -599.0 208.0 -911.0

611.0 899.0 899.0 611.0 411.0 411.0 99.0 99.0

** QUTPUT *x*

IERR = 0

EIGENVALUE EIGENVALUE
-5.9306717D+00 2.2278823D+01
EIGENVECTOR EIGENVECTOR
0.42488478 0.46703726
-0.26681179 -0.17958149
0.26654024 0.17944823
-0.39884494 -0.49603483
-0.45953441 0.42706413
-0.43824501 0.44863165
-0.22420209 0.22834768
-0.25429564 0.18862045

MISSED EIGENVALUES = 1
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4.10.1 DCSTAA, RCSTAA
All Eigenvalues and All Eigenvectors Real Symmetric Tridiagonal Matrix

(1) Function
DCSTAA and RCSTAA uses the QR method to obtain all eigenvalues of the real symmetric tridiagonal

matrix A (vector type) and all corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCSTAA (D, N, SD, E, VE, LNV, IERR)
Single precision:
CALL RCSTAA (D, N, SD, E, VE, LNV, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size put/ Contents

Output

1 D D N Input | Diagonal components of the real symmetric

R tridiagonal matrix A.
2 N I 1 Input | Order of matrix A.
SD D N Input | Subdiagonal components of the real symmetric

tridiagonal matrix A.

Output | Input-time contents are not retained.

Output | Eigenvalues.

LNV, N Output | Eigenvectors (column vector) corresponding to

o

each eigenvalue.

=

B
=
/—/H/E’? —N
—— |~ ~—~—
Z

LNV
IERR

—
—

Input | Adjustable dimension of array VE.

—
—_

Output | Error indicator

(4) Restrictions

(a) 0 < N <LNV
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ D(1) and
VE(1,1) < 1.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.

5000 42 The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue and eigenvector were | tered in E(1),---,E(i — 1) and eigenvec-
to be obtained. tors corresponding to them are entered in
(1<i<N) A (However, the order is irregular).

(6) Notes

(a) The diagonal components and subdiagonal components of the real symmetric tridiagonal matrix are
stored in the one-dimensional arrays D and SD respectively. SD(N) is arbitrary (See Appendix B).

(b) Eigenvalues are stored in ascending order.

(c) Eigenvectors are an orthonormal set.

DCSTAN
(d) If eigenvectors are not required, use 4.10.2 o5 .
RCSTAN

(7) Example

(a) Problem

Obtain all eigenvalues of the matrix:

4 1 0 0
1 1
e 3 0
01 3 1
0 01 4

and their corresponding eigenvectors.

Input data
Diagonal components D of matrix A, N=4, subdiagonal components SDof matrix A and LNV=10.
Main program

PROGRAM BCSTAA

EXAMPLE OF DCSTAA *%x*

IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER (LNV = 10)

DIMENSION D(LNV), SD(LNV), E(LNV), VE(LNV,LNV)

READ(5,*) N
READ(5,*) (D(I
READ(5,*) (SD(

WRITE(6,1000) N

I oskokok

), I=1, N)
I), 1=1, N-1)

WRITE(6,1100) ’DIAGONAL ’, (D(I), I=1, N)

WRITE(6,1100) ’SUBDIAGONAL’, (SD(I), I=1, N-1)
!

CALL DCSTAA(D,N,SD,E,VE,LNV, IERR)
!

WRITE(6,1200) IERR
!

DO 20 K=1, N-3, 4

WRITE(6,1300) (’EIGENVALUE >, I=1, 4)

WRITE(6,1400) (E(I), I=K, K+3)
WRITE(6,1300) (’EIGENVECTOR’, I=1, 4)
DO 10 J=1, N

WRITE(6,1500) (VE(J,I), I=K, K+3)
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10 CONTINUE
20 CONTINUE
IF(MOD(N,4) .NE.O) THEN
WRITE(6,1300) (’EIGENVALUE ’, I=N/4*4+1, N)
WRITE(6,1400) (E(I), I=N/4*4+1, N)
WRITE(6,1300) (’EIGENVECTOR’, I=N/4*4+1, N)
DO 30 J=1, N
WRITE(6,1500) (VE(J,I), I=N/4*4+1, N)
30 CONTINUE

ENDIF
STOP

]

1000 FORMAT(C’ °,/,/.%&
) xkx DCSTAA *%x7,/./.&
» sx INPUT #*’,/./.%
? N = ’) 129/’/’&
) INPUT MATRIX A’)

1100 FORMAT(’ ’,/,%X, A§17{,&
5X, 11(F7.1),

1200 FORMATC® °,/,/,&
> %% QUTPUT **’,{,/,&
) IERR = °, I4

1300 FORMAT(’ °,/,1X, 4(5X, Al11, 2X))

1400 FORMAT(3X, 4(2X, 1PD14.7, 2X))

1500 FORMAT(2X, 4(F14.8, 4X))

END

(d) Output results

kx*% DCSTAA  *x*x*
**x INPUT *x*
N= 4
INPUT MATRIX A

DIAGONAL
4.0 3.0 4.0

SUBDIAGONAL
1.0 1.0 1.0

** QUTPUT *x*

IERR = 0
EIGENVALUE EIGENVALUE EIGENVALUE EIGENVALUE
1.5857864D+00 3.0000000D+00 4.4142136D+00 5.0000000D+00
EIGENVECTOR EIGENVECTOR EIGENVECTOR EIGENVECTOR
-0.27059805 -0.50000000 -0.65328148 -0.50000000
0.65328148 0.50000000 -0.27059805 -0.50000000
-0.65328148 0.50000000 0.27059805 -0.50000000
0.27059805 -0.50000000 0.65328148 -0.50000000
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4.10.2 DCSTAN, RCSTAN
All Eigenvalues of a Real Symmetric Tridiagonal Matrix

(1) Function
DCSTAN and RCSTAN uses the QR method to obtain all eigenvalues of the real symmetric tridiagonal
matrix A (vector type).

(2) Usage
Double precision:
CALL DCSTAN (D, N, SD, E, IERR)
Single precision:
CALL RCSTAN (D, N, SD, E, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 D D N Input | Diagonal components of the real symmetric
R tridiagonal matrix A.
2 N I 1 Input | Order of matrix A.
3 SD D N Input | Subdiagonal components of the real symmetric
R tridiagonal matrix A.
Output | Input-time contents are not retained.
4 E D N Output | Eigenvalues.
R
5 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ D(1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 42 The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue is obtained. tered in E(1),---,E(1 — 1) (However, the
(1<i<N) order is irregular).
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(6) Notes

(a) The diagonal components and subdiagonal components of the real symmetric tridiagonal matrix are

stored in the one-dimensional arrays D and SD respectively. SD(N) is arbitrary (See Appendix B).

(b) Eigenvalues are stored in ascending order.
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4.10.3 DCSTSS, RCSTSS
Eigenvalues and Eigenvectors of a Real Symmetric Tridiagonal Matrix
(1) Function
DCSTSS and RCSTSS uses the root-free QR method or Bisection method to obtain the m largest or m

smallest eigenvalues of the real symmetric tridiagonal matrix A (vector type) and the inverse iteration

method to obtain the corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCSTSS (D, N, SD, EPS, E, M, VE, LNV, ISW, IW1, W1, IERR)
Single precision:
CALL RCSTSS (D, N, SD, EPS, E, M, VE, LNV, ISW, IW1, W1, IERR)
(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 D N Input | Diagonal components of the real symmetric
tridiagonal matrix A.
2 N I 1 Input | Order of matrix A.
3 SD D N Input | Subdiagonal components of the real symmetric
R tridiagonal matrix A.
4 EPS D 1 Input | Parameter that assigns an upper limit to the
R absolute error for use in the eigenvalue conver-
gence test (See Note (d)).
5 E D M Output | Eigenvalues.
R
6 M I 1 Input | The number of m of eigenvalues to be obtained.
7 VE D LNV, M Output | Eigenvectors (column vector) corresponding to
R each eigenvalue.
8 LNV 1 Input | Adjustable dimension of array VE.
9 ISW I 1 Input | Processing switch.
ISW > 0: Obtain M eigenvalues from the
largest one.
ISW < 0: Obtain M eigenvalues from the small-
est one.
10 IW1 I M Output | Eigenvector flag (See Note (e)).
11 W1 D 6 x N Work | Work area
R
12 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 0 <N <LNV
(b) 0<M <N

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) <~ D(1) and
VE(1,1) + 1.0
are performed.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) The diagonal components and subdiagonal components of the real symmetric tridiagonal matrix are

stored in the one-dimensional arrays D and SD respectively. SD(N) is arbitrary (See Appendix B).

(b) If ISW > 0, the eigenvalues are stored in descending order. If ISW < 0, they are stored in ascending
order.

(c) Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

(d) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be

set so that this value will be set automatically. EPS is used to obtain eigenvalues by Bisection method.

(e) If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000
is output), the following processing is performed.
If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.
If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the
eigenvector precision is low. In this case, the iteration count is set for TW1(i).

If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.
(f) Eigenvectors are an orthonormal set.

DCSTSN}

If ei t t ired, 4.10.4
(g) If eigenvectors are not required, use {RCSTSN
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(7) Example

(a) Problem

Obtain the two largest eigenvalues of the matrix:

(5 3
3 2 3
3 2 3 0
2 3
A 3 2 3
3 2 3
3 3
0 3 3
3 2 3
L 35_

and their corresponding eigenvectors.

(b) Input data
Diagonal component D of matrix A, N=10, subdiagonal components SD of matrix A, EPS=—1.0 M=2,

LNV=10 and ISW=1.
(¢) Main program

PROGRAM BCSTSS
| #x* EXAMPLE OF DCSTSS #*x*
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER ( LNV = 10 )
DIMENSION D(LNV), SD(LNV), E(LNV), VE(LNV,LNV),&
IWL(LNV), W1(B*LNV)

READ(5,*) N, M
READ(5,*) (D(I), I

=1, N)

READ(5,*) (SD(I), I=1, N-1)
!

WRITE(6,1000) N, M

WRITE(6,1100) ’DIAGONAL ’, (D(I), I=1, N)

WRITE(6,1100) ’SUBDIAGONAL’, (SD(I), I=1, N-1)
!

IsW = 1

EPS = -1.0D0

CALL DCSTSS(D,N,SD,EPS,E,M,VE,LNV,ISW,IW1,W1,IERR)
WRITE(6,1200) IERR

DO 20 K=1, M-3, 4
WRITE(6,1300) (’EIGENVALUE ’, I=1, 4)
WRITE(6,1400) (E(I), I=K, K+3)

WRITE(6, 1300) (’EIGENVECTOR’, I=1, 4)
DO 10 J=1, N
WRITE(G 1500) (VE(J,I), I=K, K+3)
10  CONTINUE
20 CONTINUE
IF(MOD(M,4) .NE.0) THEN
WRITE(6,1300) (’EIGENVALUE >, I=M/4%4+1, M)
WRITE(6,1400) (E(I), I=M/4%4+1, M)
WRITE(6,1300) (’EIGENVECTOR’, I=M/4%4+1, M)
D0 30 J=1, N
WRITE(6,1500) (VE(J,I), I=M/4*4+1, M)
30  CONTINUE

ENDIF
. STOP
1000 FORMATC’ °,/,/.%&
> xkx DCSTSS *%x7,/,/.&
> x*  INPUT **’,/,/,&
> N = ’, 2,/,/,&
’ M= I2 /.7 ,&
) INPUT MATRIX A’)

1100 FORMAT(’ °,
5X,

1200 FORMAT(’ °
’ X

/,6X, Al11,/,&
11(F7 1,/)
VAR
*  QUTPUT =*x’,/,/,&
’ IERR = ’, I4)

1300 FORMAT(’ ’,/,1X, 4(5X, A11, 2X))
1400 FORMAT(3X, 4(2X, 1PD14.7, 2X))
1500 FORMAT(2X, 4(F14.8, 4X))

END
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(d) Output results

k% k

*x

*x

DCSTSS  **x

INPUT *x*

N
M

INPUT MATRIX A

= 10
= 2

DIAGONAL

SUBDIAGONAL
3.0 3.0

5.0 2.0

OUTPUT  *x*

IERR = 0

EIGENVALUE

8.0000000D+00

EIGENVECTOR
0.31622777

[eXeleololololeleoleo]

.31622777
.31622777
.31622777
.31622777
.31622777
.31622777
.31622777
.31622777
.31622777

2.0

3.0

EI

7.7063391D+00
GENVECTOR

EI

GENVALUE

0.44170765

-0.
-0.
-0.
-0.

[eleoleoloXo)

39847023
31622777
20303072
06995962

.06995962
.20303072
.31622777
.39847023
.44170765

2.0

3.0
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4.10.4 DCSTSN, RCSTSN
Eigenvalues of a Real Symmetric Tridiagonal Matrix
(1) Function
DCSTSN and RCSTSN uses the root-free QR method or Bisection method to obtain the m largest or m

smallest eigenvalues of the real symmetric tridiagonal matrix A (vector type).

(2) Usage
Double precision:
CALL DCSTSN (D, N, SD, EPS, E, M, ISW, W1, IERR)
Single precision:
CALL RCSTSN (D, N, SD, EPS, E, M, ISW, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 D D N Input | Diagonal components of the real symmetric
R tridiagonal matrix A.
2 N I 1 Input | Order of matrix A.
3 SD D N Input | Subdiagonal components of the real symmetric
R tridiagonal matrix A.
4 EPS D 1 Input | Parameter that assigns an upper limit to the
R absolute error for use in the eigenvalue conver-
gence test (See Note (d)).
5 E D M Output | Eigenvalues.
R
6 M I 1 Input | The number of m of eigenvalues to be obtained.
7 ISW I 1 Input | Processing switch.
ISW > 0: Obtain M eigenvalues from the
largest one.
ISW < 0: Obtain M eigenvalues from the small-
est one.
8 W1 D 3x N Work | Work area
R
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0<M<N
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + D(1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) The diagonal components and subdiagonal components of the real symmetric tridiagonal matrix are

stored in the one-dimensional arrays D and SD respectively. SD(N) is arbitrary (See Appendix B).

(b) If ISW > 0, the eigenvalues are stored in descending order. If ISW < 0, they are stored in ascending
order.

(c) Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

(d) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be

set so that this value will be set automatically. EPS is used to obtain eigenvalues by Bisection method.
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4.10.5 DCSTEE, RCSTEE
Eigenvalues in an Interval and Their Eigenvectors of a Real Symmetric Tridi-
agonal Matrix (Interval Specified)

(1) Function
DCSTEE and RCSTEE uses the Bisection method to obtain the m largest or m smallest eigenvalues in a
specified interval of the real symmetric tridiagonal matrix A (vector type) and the inverse iteration method

to obtain the corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCSTEE (D, N, SD, EPS, E, M, E1, E2, VE, LNV, IW1, W1, IERR)
Single precision:
CALL RCSTEE (D, N, SD, EPS, E, M, E1, E2, VE, LNV, IW1, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 D D N Input | Diagonal components of the real symmetric
R tridiagonal matrix A.
2 N I 1 Input | Order of matrix A.
SD D N Input | Subdiagonal components of the real symmetric
R tridiagonal matrix A.
4 EPS D 1 Input | Parameter that assigns an upper limit to the
R absolute error for use in the eigenvalue conver-
gence test (See Note (b)).
5 E D M Output | Eigenvalues.
R
6 M I 1 Input | Maximum number of the eigenvalues to be

computed.

Output | Number of the obtained eigenvalues.
1 Input | E1 < E2: Obtain M eigenvalues in the inter-

val [E1, E2] from the smallest one (E2 is upper
bound).

Input | E1 > E2: Obtain M eigenvalues in the inter-
val [E1, E2] from the largest one (E2 is lower
bound) (See Notes (c¢) and (d)).

LNV, M Output | Eigenvectors (column vector) corresponding to

each eigenvalue.

10 LNV
11 IW1

—_

Input | Adjustable dimension of array VE.
M Output | Eigenvector flag (See Note (e)).

oo

e

[\
— /| —/—
= ™ O ~ O =Bl w}
N—— Y~ Y——
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Input
No. | Argument | Type Size nput/ Contents
Output
12 W1 D 6 x N Work | Work area
R
13 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNV
(b)) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + D(1) and
VE(1,1) < 1.0
are performed.
1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding
and E2 is less than M. eigenvectors between E1 and E2 are ob-
tained and the number of the found eigen-
value is output to M.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) The diagonal components and subdiagonal components of the real symmetric tridiagonal matrix are

stored in the one-dimensional arrays D and SD respectively. SD(N) is arbitrary (See Appendix B).

(b) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.

(c) If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1 > E2 the eigenvalues and eigenvectors are stored in descending order.

(d) If E1 = E2, the eigenvalues in the interval [E1 — EPS, E1 + EPS] are obtained. Normally, E1 should
be set to be different E2.

(e) If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000
is output), the following processing is performed.
If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.
If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the
eigenvector precision is low. In this case, the iteration count is set for TW1(i).
If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.

(f) Eigenvectors are an orthonormal set.
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DCSTEN
RCSTEN

(g) If eigenvectors are not required, use 4.10.6 {

(7) Example

(a) Problem
Obtain the four eigenvalues in the interval [0, 7.9] from the largest one of the following symmetric

tridiagonal matrix A:

s s 5
3 2
3 2 3 0
2 3
A 3 2
3 2 3
2 3
0 3 2
3 2 3
L 5_

and their corresponding eigenvectors.

(b) Input data
Diagonal component D of matrix A, N=10, subdiagonal components SD of matrix A, EPS=—1.0 M=4,
E1=7.9, E2=0 and LNV=10.

(¢) Main program

PROGRAM BCSTEE
| #** EXAMPLE OF DCSTEE #*x*
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER ( LNV = 10 )
DIMENSION D(LNV), SD(LNV), E(LNV), VE(LNV,LNV),&
IWL(LNV), W1(B*LNV)

READ(5,*) N, M, E1, E2
READ(5,*) (D(I), I=1, N)
READ(5,*) (SD(I), I=1, N-1)

WRITE(6,1000) N, M, E1, E2

WRITE(6,1100) ’DIAGONAL >, (D(I), I=1, N)

WRITE(6,1100) °’SUBDIAGONAL’, (SD(I), I=1, N-1)
!

EPS = -1.0D0

CALL DCSTEE(D,N,SD,EPS,E,M,E1,E2,VE,LNV,IW1,W1,IERR)
WRITE(6,1200) IERR

DO 20 K=1, M-3
WRITE(G 1300) (’EIGENVALUE v, I=1, 4)
WRITE(6,1400) (E(I), K+3)
wgl$g(6 1300) (’EIGENVECTDR’ I=1, 4)

D
WRITE(G 1500) (VE(J,I), I=K, K+3)
10 CONTINUE
20 CONTINUE

IF(MOD(M,4) .NE.Q) THEN
WRITE(6,1300) (’EIGENVALUE °, I=M/4*4+1, M)
WRITE(6,1400) (E(I), I=M/4x4+1, M)
WRITE(6,1300) (’EIGENVECTOR’, I=M/4%*4+1, M)
DO 30 J=1, N

WRITE(G 1500) (VE(J,I), I=M/4x4+1, M)
30 CONTINUE
ENDIF
STOP

1000 FORMAT(1X,/,/,&
1X,’***x DCSTEE *x*x*’, / /. &
1X,’ *x INPUT =*x’,/,/,&

1X,’N =, 14, M=, I4:/:/:&
1X.°El= °, 1PD14.7,’ E2= >, 1PD14.7,/,/.,%
X,’ INPUT MATRIX A)

1100 FORMAT(1X,/, 6X A11,/,&
1X) ax, 11 GE7. D, )
1200 FORMAT(1X,/, /,
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1X,7 sk
1X,’

1500 FORMAT(1X,
END

(d) Output results

*okk
*%
N =
El=

DC

STEE  *%%

INPUT *x

1

0 M=

OUTPUT *x’,/,/,&
>, 14)

IERR = 7,
1300 FORMAT(1X,/,1X, 4(5X, A1l1, 2X))
1400 FORMAT(1X, 2X, 4(2X, 1PD14.7, 2X))
1X, 4(F14.8, 4X))

4

7.9000000D+00 E2=

INPUT MATRIX A

0.0000000D+00

DIAGONAL

5.0 2.0 2.0 2.0 2.0
SUBDIAGONAL

3.0 3.0 3.0 3.0 3.0
OUTPUT  *x*
IERR = 0
EIGENVALUE EIGENVALUE
7.7063391D+00 6.8541020D+00
EIGENVECTOR EIGENVECTOR
-0.44170765 0.42532540
-0.39847023 0.26286556
-0.31622777 0.00000000
-0.20303072 -0.26286556
-0.06995962 -0.42532540
0.06995962 -0.42532540
0.20303072 -0.26286556
0.31622777 0.00000000
0.39847023 0.26286556
0.44170765 0.42532540

2.0 2.0

3.0 3.0

EIGENVALUE

5.5267115D+00

EIGENVECTOR
0.39847023

0.
-0.
-0.
-0.

0.

0.

0.
-0.
-0.

06995962
31622777
44170765
20303072
20303072
44170765
31622777
06995962
39847023
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3.8541020D+00
GENVECTOR

EI

GENVALUE

0.36180340

0.
0.
0.
-0.
-0.
0.
0.
0.
-0.

13819660
44721360
13819660
36180340
36180340
13819660
44721360
13819660
36180340
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4.10.6 DCSTEN, RCSTEN
Eigenvalues in an Interval of a Real Symmetric Tridiagonal Matrix (Interval
Specified)

(1) Function
DCSTEN and RCSTEN uses the Bisection method to obtain the m largest or m smallest eigenvalues in a
specified interval of the real symmetric tridiagonal matrix A (vector type).

(2) Usage
Double precision:
CALL DCSTEN (D, N, SD, EPS, E, M, E1, E2, W1, IERR)
Single precision:

CALL RCSTEN (D, N, SD, EPS, E, M, E1, E2, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 D D N Input | Diagonal components of the real symmetric
R tridiagonal matrix A.
N I 1 Input | Order of matrix A.
3 SD D N Input | Subdiagonal components of the real symmetric
R tridiagonal matrix A.
4 EPS D 1 Input | Parameter that assigns an upper limit to the
R absolute error for use in the eigenvalue conver-
gence test (See Note (b)).
5 E D M Output | Eigenvalues.
R
6 M I 1 Input | Maximum number of the eigenvalues to be

computed.

Output | Number of the obtained eigenvalues.

7 El 1 Input | E1 < E2: Obtain M eigenvalues in the inter-
val [E1, E2] from the smallest one (E2 is upper
bound).

Input | E1 > E2: Obtain M eigenvalues in the inter-
val [E1, E2] from the largest one (E2 is lower
bound) (See Notes (c¢) and (d)).

3xN Work | Work area

oo

e

[\
— — —/—
—| =™ T ~ O ~ O
N—— Y~ Y——~

10 IERR 1 Output | Error indicator

(4) Restrictions

(a) 0<M<N
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + D(1)
is performed.
1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding
and E2 is less than M. eigenvectors between E1 and E2 are ob-

tained and the number of the found eigen-

value is output to M.

3000 Restriction (a) was not satisfied. Processing is aborted.

(6) Notes

(a) The diagonal components and subdiagonal components of the real symmetric tridiagonal matrix are
stored in the one-dimensional arrays D and SD respectively. SD(N) is arbitrary (See Appendix B).
(b) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.

(¢) If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1 > E2 the eigenvalues and eigenvectors are stored in descending order.

(d) If E1 = E2, the eigenvalues in the interval [E1 — EPS, E1 4+ EPS] are obtained. Normally, E1 should
be set to be different E2.
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4.11.1 DCSRSS, RCSRSS
Eigenvalues and Eigenvectors of a Real Symmetric Sparse Matrix (Symmet-
ric One-Dimensional Row-Oriented List Type) (Upper Triangular Type)

(1) Function
DCSRSS or RCSRSS uses the Jacobi-Davidson (JD) algorithm to obtain the M extreme (largest or smallest)
eigenvalues and -vectors of a real symmetric sparse matrix A (real symmetric one-dimensional row- oriented

list) (upper triangular type).

(2) Usage
Double precision:
CALL DCSRSS (A, NA, JA,TA N, X, LDA, E, M, TR, IX, IS, ITM, IPREC, NDIA, ITJD,
ITQMR, IW, WK, IERR)
Single precision:
CALL RCSRSS (A, NA, JA, IA, N, X, LDA, E, M, TR, IX, IS, ITM, IPREC, NDIA, ITJD,
ITQMR, IW, WK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D NA Input | Real symmetric matrix A
{R} (real symmetric one-dimensional row-oriented
list type) (upper triangular type)
(See Note (a)).
2 NA 1 1 Input | Dimension size of array A: number of the diag-
onal elements and the nonzero elements in the
upper triangle of matrix A.
3 JA I NA Input | JA(4): Column number of i-th element of ma-
trix A
4 IA I N+1 Input | TA(i): Element number in array A of the diago-
nal element of matrix A’s i-th row (IA(N+1) =
TA(N) +1).
5 N I 1 Input | Order of matrix A.
X D LDA,M Input | Initial iteration vectors (if IX = 1).
{R} Output | Column vectors of IX are eigenvectors.
7 LDA I 1 Input | Adjustable dimension of array X.
8 E D M Output | Eigenvalues.
i}
9 M I 1 Input | Number of eigenvalues to be obtained M (See
Note (b)).
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No. | Argument | Type Size fnput/ Contents
Output
10 TR D M Input | Convergence threshold for the quotient of cur-
{R} rent residual norm and the initial residual norm
(See Note (c)).
Output | TR(i) (¢ = 1,---,M): Final residual norms
divided by the initial residual norms.
11 X I 1 Input/ | Switch parameter for selection of initial itera-
Output | tion vectors (See Note (d)).
IX=-1:

No specification of initial iteration vectors;
initial eigenvalues and eigenvectors are inter-
nally derived from the diagonal of the matrix.
IX=0:

No specification of initial iteration vectors;
random vectors are internally generated.
IX=1:

Initial iteration vectors are user-specified.
Else:

Default value 0 is used.

12 IS I 1 Input | Processing switch (See Note (b)).
IS > 0: Obtain M eigenvalues from the largest
one (in descending order).
IS < 0: Obtain M eigenvalues from the smallest
one (in ascending order).
13 IT™ I 1 Input/ | Dimension of subspace (See Note (e)).
Output
14 | IPREC I 1 Input/ | Preconditioning method.
Output | [PREC = 0:

Diagonal preconditioning
IPREC = 1:

Iterative QMR preconditioning with NDIA
preceding diagonal preconditioning steps.

Else: IPREC is reset to default value 1.
15 NDIA I 1 Input/ | Number of preceding diagonal preconditioning
Output | steps (See Note (f)).
16 ITJD I 1 Input/ | Maximum number of outer JD iterations (de-
Output | fault: 1000)
(See Note (g)).
17 ITQMR I 1 Input/ | Maximum number of QMR iterations (default:
Output | 1000)
(See Note (h)).
18 Iw I 2x M Work | Work area
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Input
No. | Argument | Type Size nput/ Contents
Output
19 WK D See Work | Work area
R Contents Size:
Nx (2xITM+3 xM+9) +ITM x (3 x ITM +
2)+4xM
20 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) N<NA
(¢c) JAN4+1)—1<NA
(d) N <LDA
() 0<M<N
(f) When IX =1 : (All M user-specified initial iteration vectors) # 0
(g) When M <N : M < ITM
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) < A(1) and
X(1,1) « 1.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
3030 Restriction (d) was not satisfied.
3040 Restriction (e) was not satisfied.
3070 Restriction (f) was not satisfied.
3100 Restriction (g) was not satisfied.
5000 Error occurred in course of finding eigen-

vectors in subspace.

6000 No convergence to the required accuracy
in ITJD iterations. Namely, |Az; —
Xixi|l2/ || Azo — Aoxoll2 is larger than the

user-specified threshold.

(6) Notes

(a) The diagonal elements and nonzero elements in the upper triangular portion of the real symmetric
matrix are stored rowwise in the one-dimensional array A. (Real symmetric one-dimensional row-

oriented list type (upper triangular type); See Appendix B).
(b) IfISW>0, the M eigenvalues are stored in array E in descending order from the largest one. If ISW<0,

the M eigenvalues are stored in array E in ascending order from the smallest one.
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(¢) Convergence test method depends on the input value TR(1) as follows.
When TR(1) > 0: The input value TR is used as convergence threshold. That is, the
convergence condition is as follows.
[Az; — Aizill2/[|Azo — Aozoll2 < TR(1)
When TR(1) < 0: Convergence threshold is set to the default value 10~% (10~° for
single precision). Namely the condition is as follows.
| Az; — Nizi|l2/ || Azo — Aoxoll2 < 1078 (107°)

(d) For IX = 1, the initial iteration vectors are user-specified. Good starting vectors are approximations
of the eigenvectors looked for. The user-specified vectors are orthonormalized within this subroutine.
If this fails, they are replaced by random starting vectors.

(e) The subspace size ITM is crucial for JD’s convergence. ITM must be < M if ITM > M. The maximum
value for ITM is the full space size N. For determining a few extreme eigenvalues and -vectors, a
subspace size ITM > 2xM is recommended.

Note that the higher the subspace size is chosen, the faster JD’s convergence becomes. A larger
subspace, however, results in higher memory requirements. For large sparse matrices, subspace sizes
of 2xM to 4xM are usually sufficient.

If input value ITM is larger than or equal to N, then ITM is set equal to N and processing continues.

(f) The value of argument NDIA is referred only when IPREC = 1. If IPREC = 1 and the input value
NDIA satisfies NDIA < 0, then NDIA is modified to 10 and processing continues. If IPREC = 0, then
NDIA is modified to 0, but it is not referred.

(g) If the input value of argument ITJD satisfies ITJD < 0, then ITJD is modified to 1000 and processing
continues.

(h) If the input value of argument ITQMR satisfies ITQMR < 0, then ITQMR is modified to 1000 and

processing continues.
(i) On output, the eigenvectors are an orthonormal set.

(j) The JD iteration stops when all the residual norms divided by the initial residual norms of all M current
eigenvalue and -vector approximations become smaller than or equal to the user-specified threshold
which is given as the input value TR(1). The value of the criterion depends on the user’s needs. The

default value of 1078 (1075 for single precision) should lead to sufficient accuracy in most cases.
(7) Example

(a) Problem

Obtain the three smallest eigenvalues of the matrix:

52 1 0000000
26 31000000
136 3100000
0136 310000
A 00136 31000
000136 3100
0000136 310
0 000O0OT136 31
0 000O0O0OT13 6 2
100000001 2 5]

and their corresponding eigenvectors.

257



DCSRSS, RCSRSS
Eigenvalues and Eigenvectors of a Real Symmetric Sparse Matrix (Symmetric One-Dimensional Row-Oriented
List Type) (Upper Triangular Type)

(b) Input data
Arrays defining the matrix A: A, JA, TA.
NA=27, N=10, LDA=11, M=3, TR(1)=1.0D—10, IX=0, IS=—
ITM=5, IPREC=1, NDIA=1, ITJD=1000 and ITQMR=1000.
(¢) Main program

PROGRAM BCSRSS

| #** EXAMPLE OF DCSRSS #*x*
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER LDA, ITMMAX
PARAMETER ( LDA = 11, ITMMAX = 11 )
DIMENSION A(LDA*LDA)
DIMENSION JA(LDA*LDA),IA(LDA+1)
DIMENSION X(LDA,LDA),E(LDA),TR(LDA)
DIMENSION IW(2*ITMMAX)
DIMENSION WK(LDA* (5% ITMMAX+9)+ITMMAX* (3*ITMMAX+6))
INTEGER ITM, IPREC, NDIA, ITJD, ITQMR

CHARACTER*80 FMT

READ(5,*) N ,NA ,M

WRITE(6,1000) ‘N ,NA ,M

READ (5, *) (A(I) I=1,NA)

READ(S,*) (JA(I),I=1,NA)

READ(5,*) (IA(I),I=1,N+1)

DO 40 I=1,N
WRITE(FMT,1100) I*5, TA(I+1)-IA(I)
WRITE(6,FMT) ( A(J), J=IA(I), IA(I+1)-1)

40 CONTINUE

WRITE(6,1150)

WRITE(6,1200) (J,JA(J),J=1,NA)

WRITE(6,1250)

WRITE(6,1300) (J,IA(J),J=1,N+1)

I™M = 5
IX=0
IS=-1
IPREC = 1
NDIA = 1
ITJD = 1000
ITQMR = 1000
]
EPS = 1.0D-10
TR(1) = EPS

CALL DCSRSS(A, NA, JA, IA, N, X, LDA, E, M, TR, IX, IS,&
ITM, IPREC, NDIA, ITJD, ITQMR, IW, WK, IERR)

WRITE(6,1400) IERR

DO 140 K=1, M-3,
WRITE (68,2300} (’EIGENVALUE ), J=1,4)
WRITE(6,2400) (E(J), J=K, K+3)
WRITE(6, *)
WRITE(S, 2300) (’EIGENVECTOR’, J=1,4)
DO 130 I=1,N
WRITE(6,2500) (X(I,J), J=K, K+3)
130  CONTINUE
WRITE (6, *)
WRITE(6,2300) (’RESIDUAL’, J=1,4)
WRITE(6,2400) (TR(J), J=K., K+3)
140 CONTINUE

IF(MOD(M,4) .NE.Q) THEN
MREM=M/4%4+1
WRITE(6,2300) (’EIGENVALUE ’, J=MREM, M)
WRITE(6,2400) (E(J), J=M/4x4+1, M)
WRITE(6,%*)
WRITE(6, 2300) (’EIGENVECTOR’>, J=MREM, M)
DO 150 I=1,N
WRITE(6,2500) (X(I,J), J=MREM, M)
150 CONTINUE
WRITE(6,*)
WRITE(6,2300) (’RESIDUAL’, I=MREM, M)
WRITE(6,2400) (TR(J), J=MREM, M)

ENDIF
. STOP
1000 FDRMAT(/ 1X,? *xx DCSRSS ***’,/,/,&
1X, *k INPUT PARAMETER #**’,/,&
1X,? N =I5, /&
X, NA = 14 /&
1X,? M=>,15,/,7,%
1X,7 xx INPUT MATRIX A **’)
1100 FORMAT(’ (1X,’,I3,’X,’,12,’ (1X,F4.1))?)
1150 FORMAT(/,1X.’ = %% INPUT INDEX JA **°)
1200 FORMAT((2X,5(> JA(’,I2,’) = ’,I3, 2X,:)))
1250 FORMAT(/,1X,’  ** INPUT INDEX IA *x*’)
1300 FORMAT((2X,5(’ IA(’,I2,’) = *,I3, 2X,:)))
1400 FORMAT(/,/,1X,’  ** OUTPUT =x’,/,/,5X,’IERR = ’,I8,/)
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2300 FORMAT(/,1X,4(5X, A11, 2X),/)
2400 FORMAT(1X,’ ’,4(2X, 1PD14.7, 2X))
2500 FORMAT(1X,’ ~’,4(F14.8, 4X))

END

(d) Output results

**% DCSRSS  **x*
**% INPUT PARAMETER **
= 10

N
NA = 27
M= 3
*x INPUT MATRIX A *x
5.0 2.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 2.0
5.0
** INPUT INDEX JA *x
JAC 1) = 1 JAC2)= 2 JA(C3)= 3 JAC4)= 2 JACS5)= 3
JAC6) = 4 JACT7)= 3 JAC8)= 4 JAC9) = 5 JA(10) = 4
JAC11) = 5 JA(12) = 6 JA(13) = 5 JA(14) = 6 JA(15) = 7
JAC16) = 6 JA(17) = 7 JA(18) = 8 JA(19) = 7 JA(20) = 8
JAC21) = 9 JA(22) = 8 JA(23) = 9 JA(24) = 10 JA(25) = 9
JA(26) = 10 JA(27) = 10
** INPUT INDEX IA **
IAC 1) = 1 IAC2) = 4 IA(C3)= 7 IAC4) = 10 IA(CS5) = 13
IA(6) = 16 IACT7) = 19 IA(8) = 22 IAC9 = 25 IAC10) = 27
IA(11) = 28
** QUTPUT **
IERR = 0
EIGENVALUE EIGENVALUE EIGENVALUE
1.8799058D+00 1.8926451D+00 2.2578112D+00
EIGENVECTOR EIGENVECTOR EIGENVECTOR
0.01172823 0.05600768 -0.12429215
0.20382326 -0.01048668 0.41411041
-0.44423970 -0.15306238 -0.48738830
0.46949161 0.39024431 0.16106987
-0.20136345 -0.56659903 0.22265032
-0.20136345 0.56659903 -0.22265032
0.46949161 -0.39024431 -0.16106987
-0.44423970 0.15306238 0.48738830
0.20382326 0.01048668 -0.41411041
0.01172823 -0.05600768 0.12429215
RESIDUAL RESIDUAL RESIDUAL
9.7859321D-12 3.9447236D-16 5.4323145D-13
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4.11.2 DCSJSS, RCSJSS
Eigenvalues and Eigenvectors of a Real Symmetric Sparse Matrix (Jagged
Diagonals Storage Type)

(1) Function
DCSJSS or RCSJSS uses the Jacobi-Davidson (JD) algorithm to obtain the M extreme (largest or smallest)
eigenvalues and -vectors of a real symmetric matrix A (JAGGED DIAGONALS LIST TYPE)(JAD).

(2) Usage
Double precision:
CALL DCSJSS (MJAD, AJAD, NA, TAJAD, JAJAD, JADORD, N, X, LDA, E, M, TR,
IX, IS, ITM, IPREC, NDIA, ITJD, ITQMR, IW, WK, IERR)
Single precision:
CALL RCSJSS (MJAD, AJAD, NA, TAJAD, JAJAD, JADORD, N, X, LDA, E, M, TR,
IX, IS, ITM, IPREC, NDIA, ITJD, ITQMR, IW, WK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 MJAD I 1 Input | Number of jagged diagonals of matrix A (JAD
format) (See Note (a)).
2 AJAD D NA Input | Nonzero elements of matrix A (JAD format)
R (See Note (a)).
3 NA I 1 Input | Dimension size of array AJAD: number of

nonzero elements of matrix A.

4 TAJAD I MJAD +1 Input | TAJAD(i): Starting indices of the i-th jagged
diagonal of matrix A in arrays AJAD and JA-
JAD (See Note (a)).

5 JAJAD I NA Input | JAJAD(4): Column number of the i-th nonzero
element of matrix A in AJAD (See Note (a)).
6 | JADORD I N Input | The mapping of the left vector (y of y = Ax)

from the real symmetric one-dimensional row-

oriented list type ordering to JAD ordering.

7 N I 1 Input | Order of matrix A.
8 X D LDA/M Input | Initial iteration vectors (if IX = 1).
R Output | Column vectors of IX are eigenvectors.
9 LDA I 1 Input | Adjustable dimension of array X.
10 E { D } M Output | Eigenvalues.
R
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No. | Argument | Type Size fnput/ Contents
Output
11 M I 1 Input | Number of eigenvalues to be obtained M (See
Note (b)).
12 TR D M Input | Convergence threshold for the quotient of cur-
{R} rent residual norm and the initial residual norm
(See Note (c)).
Output | TR(i) (¢ =1,2,---,M): Final residual norms
divided by the initial residual norms.
13 X I 1 Input/ | Switch parameter for selection of initial itera-
Output | tion vectors (See Note (d)).
IX = —1: No specification of initial iteration
vectors; initial eigenvalues and eigenvectors are
internally derived from the diagonal of the ma-
trix.
IX = 0: No specification of initial iteration vec-
tors; random vectors are internally generated.
IX = 1: Initial iteration vectors are user-
specified.
Else: Default value 0 is used.
14 IS I 1 Input | Processing switch (See Note (b)).
IS > 0: Obtain M eigenvalues from the largest
one (in descending order).
IS < 0: Obtain M eigenvalues from the smallest
one (in ascending order).
15 IT™M I 1 Input/ | Dimension of subspace (See Note (e)).
Output
16 IPREC I 1 Input/ | Preconditioning method.
Output | IPREC = 0: Diagonal preconditioning.
IPREC = 1: Iterative QMR preconditioning
with NDIA preceding diagonal preconditioning
steps.
Else: IPREC is reset to default value 1.
17 NDIA I 1 Input/ | Number of preceding diagonal preconditioning
Output | steps (See Note (f)).
18 ITJD I 1 Input/ | Maximum number of outer JD iterations (de-
Output | fault: 1000)
(See Note (g)).
19 ITQMR I 1 Input/ | Maximum number of QMR iterations (default:
Output | 1000)
(See Note (h)).
20 W I 2x M Work | Work area
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Input
No. | Argument | Type Size nput/ Contents
Output
21 WK D See Work | Work area
R Contents Size:
Nx (2xITM+3 xM+9) +ITM x (3 x ITM +
2)+4xM
22 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) MJAD <N
(¢c) MJAD >0
(d) N<NA
(e) IAIN4+1)—-1<NA
(f) N <LDA
(g) 0<M<N
(h) When IX =1 : (All M user-specified initial iteration vectors) # 0
(i) When M < N: M < ITM
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1) and
X(1,1) + 1.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3005 Restriction (b) was not satisfied.
3007 Restriction (c) was not satisfied.
3010 Restriction (d) was not satisfied.
3020 Restriction (e) was not satisfied.
3030 Restriction (f) was not satisfied.
3040 Restriction (g) was not satisfied.
3070 Restriction (h) was not satisfied.
3100 Restriction (i) was not satisfied.
5000 Error occurred in course of finding eigen-
vectors in subspace.
6000 No convergence to the required accuracy
in ITJD iterations. Namely, |Az; —
Xixi|l2/ || Azo — Aoxoll2 is larger than the
user-specified threshold.
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(6) Notes

()

(b)

()

The nonzero elements of matrix A are stored as jagged diagonals in the one-dimensional array AJAD.
(JAD format; see Section 2005).

If ISW>0, the M eigenvalues are stored in array E in descending order from the largest one. If ISW<0,

the M eigenvalues are stored in array E in ascending order from the smallest one.

Convergence test method depends on the input value TR(1) as follows.

When TR(1) > 0: The input value TR is used as convergence threshold. That is, the
convergence condition is as follows.
|Az; — Nizi||2/ ]| Az — Aozoll2 < TR10

When TR(1) < 0: Convergence threshold is set to the default value 1078 (1075 for
single precision). Namely the condition is as follows.
| Az; — Nizi|l2/ || Azo — Aoxoll2 < 1078 (107°)

For IX = 1, the initial iteration vectors are user-specified. Good starting vectors are approximations
of the eigenvectors looked for. The user-specified vectors are orthonormalized within this subroutine.

If this fails, they are replaced by random starting vectors.

The subspace size ITM is crucial for JD’s convergence. I'TM must be > M if M < N. The maximum
value for ITM is the full space size N. For determining a few extreme eigenvalues and -vectors, a
subspace size ITM > 2xM is recommended.

Note that the higher the subspace size is chosen, the faster JD’s convergence becomes. A larger
subspace, however, results in higher memory requirements. For large sparse matrices, subspace sizes
of 2xM to 4xM are usually sufficient.

If input value ITM is larger than or equal to N, then ITM is set equal to N and processing continues.
The value of argument NDIA is referred only when IPREC = 1. If IPREC = 1 and the input value

NDIA satisfies NDIA < 0, then NDIA is modified to 10 and processing continues. If IPREC = 0, then
NDIA is modified to 0, but it is not referred.

If the input value of argument ITJD satisfies ITJD < 0, then ITJD is modified to 1000 and processing

continues.

If the input value of argument ITQMR satisfies ITQMR < 0, then ITQMR is modified to 1000 and
processing continues.

On output, the eigenvectors are an orthonormal set.

The JD iteration stops when all the residual norms divided by the initial residual norms of all M current
eigenvalue and -vector approximations become smaller than or equal to the user-specified threshold
which is given as the input value TR(1). The value of the criterion depends on the user’s needs. The

default value of 1078 (1075 for single precision) should lead to sufficient accuracy in most cases.
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(7) Example

(a) Problem

Obtain the three smallest eigenvalues of the matrix:

52 1 00 0 0 0 0O
26 31000000
136 3100000
0136 310000
e 001 36 3 1000
0 001 36 3100
0 000136 310
00000136 31
0 000OO0OO0OT13 6 2
| 00000001 25|

and their corresponding eigenvectors.

(b) Input data
Arrays defining the matrix A: A, JA and TA.
Converted to: MJAD, AJAD, TAJAD, JAJAD and JADORD (JAD format).
NA=27, N=10, LDA=11, M=3, TR(1)=1.0D—10, IX=0, IS=—1,
ITM=5, IPREC=1, NDIA=1, ITJD=1000 and ITQMR=1000.
(¢) Main program

PROGRAM BCSJSS

| #%% EXAMPLE OF DCSJSS ##x*
IMPLICIT NONE
INTEGER N, NA, NAJAD, M, I, J, K, IERR
INTEGER LDA, ITMMAX, LXA, LXIA
PARAMETER ( LDA = 11, ITMMAX = 11 )
PARAMETER ( LXA = LDA*LDA, LXIA = LDA+1 )
REAL(8) A(LDAxLDA)
INTEGER JA(LDA*LDA), IA(LDA+1)

REAL(8) AJAD(LXA)
INTEGER IAJAD(LXIA), JAJAD(LXA), JADORD(LDA), MJAD
INTEGER IWJ(LDA*3+1)

REAL(8) X(LDA,LDA), E(LDA), TR(LDA), EPS

INTEGER IW(2*ITMMAX)

REAL(8) WK(LDA* (5%ITMMAX+11)+ITMMAX* (3% ITMMAX+6))
INTEGER ITM, IPREC, NDIA, ITJD, ITQMR, IX, IS, MREM

CHARACTER*80 FMT

READ(5,%) N, NA, M

WRITE(6,1000) N ,NA ,M

READ(5,*) (A(I),I=1,NA)

READ(5,*) (JA(I),I=1,NA)

READ(5,*) (IA(I),I=1,N+1)

DO 40 I=1,N
WRITE(FMT,1100) I*5, TA(I+1)-IA(I)
WRITE(6,FMT) ( A(J), J=IA(I), IA(I+1)-1)

40 CONTINUE

WRITE(6,1150)

WRITE(6,1200) (J,JA(J),J=1,NA)

WRITE(6,1250)

WRITE(6,1300) (J,IA(J),J=1,N+1)

CALL DARSJD(N, A, IA, JA, LXA, LXIA,&
MJAD, AJAD, IAJAD, JAJAD,%
JADORD, IWJ, IERR)

WRITE(6,1400) IERR

IT™
IX
IS = -1
IPREC = 1
NDIA 1
ITJD 1000
ITQMR = 1000

5

o
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130

140

150

1000

1100
1150
1200
1250
1300
1400

1500
2300
2400
2500

EPS = 1.0D-10
TR(1) EPS

NAJAD = TAJAD(MJAD+1) - TIAJAD(1)

CALL DCSJSS(MJAD, AJAD, NAJAD, IAJAD, JAJAD, JADORD,&
N, X, LDA, E, M, TR, IX, IS,&
ITM, IPREC, NDIA, ITJD, ITQMR, IW, WK, IERR)

WRITE(6,1500) IERR

DO 140 K=1, M-3, 4
WRITE(6,2300) (’EIGENVALUE °, J=1,4)
WRITE(6,2400) (E(J), J=K, K+3
WRITE(S, 2300) (’EIGENVECTOR’, J=1,4)

([

DO 130 I=1
WRITE(S 2500) (X(1,J), J=K, K+3)
CONTINUE
WRITE(6,2300) (’RESIDUAL ’, J=1,4)
WRITE(6,2400) (TR(J), J=K, K+3)
CONTINUE

IF(MOD(M,4) .NE.O) THEN
MREM=M/4%4+1
WRITE(6,2300) (’EIGENVALUE ’, J=MREM, M)
WRITE(6,2400) (E(J), J=M/4*4+1, M)
WRITE(6,2300) (’EIGENVECTOR’, J=MREM, M)
DO 150 I=1,N

WRITE(6,2500) (X(I,J), J=MREM, M)

CONTINUE
WRITE(6,2300) (’RESIDUAL ’, I=MREM, M)
WRITE(6,2400) (TR(J), J=MREM, M)

ENDIF

STOP

FORMAT(/,1X,’ *x* DCSJSS %’ /, /. &

1X,? % INPUT PARAMETER *x’,/.&

1X,° N = ,I5, /,&

1X,° NA = 3,I4,/, &

1X,° M= 15 X

1X.» % INPUT MATRIX A **7)

FORMAT(’ (1X,”,13,°X,?,12,’ (1X, F4.1))’)

FORMAT(/, 1X, ¥% INPUT INDEX JA *x7)
FORMAT((2X,5(° JA(’,I2,°) = 7,13, 2X,:)))
FORMAT(/,1X,’  *x INPUT INDEX Th %3

FORMAT ((2X,5(° IA(’,I2,’) = °,I3, 2X,:)))
FORMAT(/,/,&

1X,°’ IERR AT DARSJD (STORAGE TRANSFORM_CSR- >JAD) = ,186)
FORMAT(/,/,1X,’> %% QUTPUT #%’,/,/,5X,’IERR = ’,I8)
FORMAT(/,1X,4(5X, Al1, 2X), /)

FORMAT(1X,>  ’,4(2X, iPD14.7, 2X))

FORMAT(1X,’> ’.4(F14.8, 4X))

END

(d) Output results

kK%

*k

*k

* %
JA(
JA(
JA(
JA(
JA(
JA(

*%
IA(

TA(
TA(

I

kX

DCSJSS  *x*x*
INPUT PARAMETER *x*
10

NA = 27
M= 3
INPUT MATRIX A *x
5.0 2.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 3.0 1.0
6.0 2.0
5.0
INPUT INDEX JA *x
1) = 1 JAC2)= 2 JAC3)= 3 JA(C4) = 2 JA(CSK) =
6) = 4 JACT7)= 3 JAC8) = 4 JAC9) = 5 JA(10) =
11) = 5 JA(12) = 6 JA(13) = 5 JA(14) = 6 JA(15) =
16) = 6 JA(17) = 7 JA(18) = 8 JA(19) = 7 JA(20) =
21) = 9 JA(22) = 8 JA(23) = 9 JA(24) = 10 JA(25) =
26) = 10 JA(27) = 10
INPUT INDEX IA *x
1) = 1 IAC2)= 4 IA(C3)= 7 IAC4)= 10 IA(S5) =
6) = 16 IAC7) = 19 IA(8) = 22 IAC9) = 25 IA(10) =
11) = 28
ERR AT DARSJD (STORAGE TRANSFORM CSR->JAD) = 0
OUTPUT **
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IERR = 0
EIGENVALUE EIGENVALUE EIGENVALUE
1.8799058D+00 1.8926451D+00 2.2578112D+00
EIGENVECTOR EIGENVECTOR EIGENVECTOR
-0.01172823 0.05600768 -0.12429215
-0.20382326 -0.01048668 0.41411041
0.44423970 -0.15306238 -0.48738830
-0.46949161 0.39024431 0.16106987
0.20136345 -0.56659903 0.22265032
0.20136345 0.56659903 -0.22265032
-0.46949161 -0.39024431 -0.16106987
0.44423970 0.15306238 0.48738830
-0.20382326 0.01048668 -0.41411041
-0.01172823 -0.05600768 0.12429215
RESIDUAL RESIDUAL RESIDUAL
9.7858582D-12 6.8865735D-16 5.4312008D-13

266



4.12 COMPLEX HERMITIAN RANDOM SPARSE MATRIX

4.12.1 ZCHJSS, CCHJSS
Eigenvalues and Eigenvectors of a Complex Hermitian Sparse Matrix (JAD;
Jagged Diagonals Storage Type)

(1) Function
ZCHJSS or CCHJSS uses the Jacobi-Davidson (JD) algorithm to obtain the M extreme (largest or smallest)
eigenvalues and eigenvectors of a complex Hermitian matrix A (SPARSE JAGGED DIAGONALS LIST
TYPE)(JAD).

(2) Usage
Double precision:
CALL ZCHJSS (MJAD, AJAD, NA, TAJAD, JAJAD, JADORD, N, X, LDA, E, M, TR,
IX, IS, ITM, IPREC, NDIA, ITJD, ITQMR, IW, WK, IERR)
Single precision:
CALL CCHIJSS (MJAD, AJAD, NA, TAJAD, JAJAD, JADORD, N, X, LDA, E, M, TR,
IX, IS, ITM, IPREC, NDIA, ITJD, ITQMR, IW, WK, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 MJAD I 1 Input | Number of jagged diagonals of matrix A (JAD
format) (See Note (a)).
2 AJAD 7 NA Input | Nonzero elements of matrix A (JAD format)
C (See Note (a)).
3 NA I 1 Input | Dimension size of array AJAD: number of

nonzero elements of matrix A.

4 TAJAD I MJAD +1 Input | IAJAD(i): Starting indices of the i-th jagged
diagonal of matrix A in arrays AJAD and JA-
JAD (See Note (a)).

5 JAJAD I NA Input | JAJAD(4): Column number of the i-th nonzero
element of matrix A in AJAD (See Note (a)).
6 | JADORD I N Input | The mapping of the left vector (y of y = Ax

from the real symmetric one-dimensional row-

oriented list type ordering to JAD ordering.

N I 1 Input | Order of matrix A.
X 7 LDA,M Input | Initial iteration vectors (if IX = 1).
C Output | Column vectors of IX are eigenvectors.
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No. | Argument | Type Size fnput/ Contents
Output
9 LDA I 1 Input | Adjustable dimension of array X.
10 E D M Output | Eigenvalues.
)
11 M I 1 Input | Number of eigenvalues to be obtained M (See
Note (b)).
12 TR D M Input | Convergence threshold for the quotient of cur-
{R} rent residual norm and the initial residual norm
(See Note (c)).
Output | TR(i) (i = 1,---,M): Final residual norms
divided by the initial residual norms.
13 X I 1 Input/ | Switch parameter for selection of initial itera-
Output | tion vectors (See Note (d)).
X=-1

No specification of initial iteration vectors;
initial eigenvalues and eigenvectors are inter-
nally derived from the diagonal of the matrix.
IX=0:

No specification of initial iteration vectors;
random vectors are internally generated.
IX=1

Initial iteration vectors are user-specified.
Else: Default value 0 is used.

14 IS I 1 Input | Processing switch (See Note (b)).
IS > 0: Obtain M eigenvalues from the largest

one (in descending order).
IS < 0: Obtain M eigenvalues from the smallest

one (in ascending order).

15 IT™M I 1 Input/ | Dimension of subspace (See Note (e)).
Output
16 IPREC I 1 Input/ | Preconditioning method.
Output | IPREC = 0: Diagonal preconditioning.
IPREC =1:

Iterative QMR preconditioning with NDIA
preceding diagonal preconditioning steps.
Else: IPREC is reset to default value 1.

17 NDIA I 1 Input/ | Number of preceding diagonal preconditioning
Output | steps (See Note (f)).

18 ITJD I 1 Input/ | Maximum number of outer JD iterations
Output | (default: 1000) (See Note (g)).

19 | ITQMR I 1 Input/ | Maximum number of QMR iterations

Output | (default: 1000) (See Note (h)).
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Input
No. | Argument | Type Size nput/ Contents
Output
20 Iw I 2xM Work | Work area
21 WK 7 See Work | Work area
C Contents Size:
Nx(2xITM+3xM+9)+ITM x (3 x ITM +
2)+4xM
22 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) MJAD <N
(¢c) MJAD >0
(d) N<NA
(e) AJAD(MJAD + 1) — 1 < NA
(f) N < LDA
() 0<M<N
(h) When IX =1 : (All M user-specified initial iteration vectors) # 0
(i) When M < N: M <ITM
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) < A(1) and
X(1,1) « 1.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3005 Restriction (b) was not satisfied.
3007 Restriction (c) was not satisfied.
3010 Restriction (d) was not satisfied.
3020 Restriction (e) was not satisfied.
3030 Restriction (f) was not satisfied.
3040 Restriction (g) was not satisfied.
3070 Restriction (h) was not satisfied.
3100 Restriction (i) was not satisfied.
5000 Error occurred in course of finding eigen-

vectors in subspace.

6000 No convergence to the required accuracy
in ITJD iterations. Namely, |Az; —
)\zIZHZ/HAIO — )\Ox()”Q is larger than the

user-specified threshold.
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(6) Notes

(a)

(b)

()

The nonzero elements of matrix A are stored as jagged diagonals in the one-dimensional array AJAD.
(JAD format; see Section 2005).

If ISW>0, the M eigenvalues are stored in array E in descending order from the largest one. If ISW<O0,

the M eigenvalues are stored in array E in ascending order from the smallest one.

Convergence test method depends on the input value TR(1) as follows.

When TR(1) > 0: The input value TR is used as convergence threshold. That is, the
convergence condition is as follows.
[Az; — Aizill2/[|Azo — Aozoll2 < TR(1)

When TR(1) < 0: Convergence threshold is set to the default value 10~ (1075 for
single precision). Namely the condition is as follows.
|Az; — Nizi|l2/ || Azo — Aoxoll2 < 1078 (107°)

For IX = 1, the initial iteration vectors are user-specified. Good starting vectors are approximations
of the eigenvectors looked for. The user-specified vectors are orthonormalized within this subroutine.

If this fails, they are replaced by random starting vectors.

The subspace size ITM is crucial for JD’s convergence. ITM must be > M if M < N. The maximum
value for ITM is the full space size N. For determining a few extreme eigenvalues and -vectors, a
subspace size ITM > 2xM is recommended.

Note that the higher the subspace size is chosen, the faster JD’s convergence becomes. A larger
subspace, however, results in higher memory requirements. For large sparse matrices, subspace sizes
of 2xM to 4xM are usually sufficient.

If input value ITM is larger than or equal to N, then ITM is set equal to N and processing continues.

The value of argument NDIA is referred only when IPREC = 1. If IPREC = 1 and the input value
NDIA satisfies NDIA < 0, then NDIA is modified to 10 and processing continues. If IPREC = 0, then
NDIA is modified to 0, but it is not referred.

If the input value of argument ITJD satisfies ITJD < 0, then ITJD is modified to 1000 and processing
continues.

If the input value of argument ITQMR satisfies ITQMR < 0, then ITQMR is modified to 1000 and
processing continues.

On output, the eigenvectors are an orthonormal set.

The JD iteration stops when all the residual norms divided by the initial residual norms of all M current
eigenvalue and -vector approximations become smaller than or equal to the user-specified threshold

which is given as the input value TR(1). The value of the criterion depends on the user’s needs. The

default value of 1078 (105 for single precision) should lead to sufficient accuracy in most cases.

(7) Example

(a)

Problem

Obtain the two smallest eigenvalues of the matrix:

—2.28 1.78 —2.037 2.26+0.10¢ —0.12+ 2.53¢

_ 1.78 +2.03: —1.12 0.01+0.43: —1.07+ 0.86¢
2.26 — 0.10¢ 0.01 — 0.43¢ —-0.37 2.31-0.92¢
—0.12 -2.537 —1.07—-0.86¢ 2.3140.92¢ —0.7300

and their corresponding eigenvectors.
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(b)

Input data

Arrays defining the matrix A: A, JA and TA.

Converted to: MJAD, AJAD, TAJAD, JAJAD and JADORD (JAD format).
NA=121, N=4, LDA=11, M=2, TR(1)=1.0D-10, IX=0, IS=-1

ITM=3, IPREC=1, NDIA=1, ITJD=1000 and ITQMR=1000.

Main program

PROGRAM ACHJSS

| s%x EXAMPLE OF ZCHJSS
IMPLICIT NONE
INTEGER N, NA, NAJAD, M, I, J, K, IERR
INTEGER LDA, ITMMAX, LXA, LXIA
PARAMETER ( LDA = 11, ITMMAX = 11 )
PARAMETER ( LXA = LDA*LDA, LXIA = LDA+1 )
COMPLEX(8) A(LDA*LDA)
INTEGER JA(LDA*LDA),IA(LDA+1)

COMPLEX(8) AJAD(LXA)
INTEGER IAJAD(LXIA), JAJAD(LXA), JADORD(LDA), MJAD
INTEGER IWJ(LDA*3+1)

COMPLEX(8) X(LDA,LDA)

REAL(8) E(LDA),TR(LDA), EPS

INTEGER IW(2+ITMMAX)

COMPLEX (8) WK (LDAx (5%ITMMAX+11)+ITMMAX* (3xITMMAX+6))
INTEGER ITM, IPREC, NDIA, ITJD, ITQMR, IX, IS, MREM

CHARACTER*80 FMT

READ(5,*) N, NA, M

WRITE(6,1000) N ,NA ,M

READ(5,*) (A(I),I=1,NA)

READ(5.#) (JA(I),I=1,NA)

READ(5,*) (IA(I),I=1,N+1)

DO 40 I=1,N
WRITE(FMT,1100) (I-1)*18+1, IA(I+1)-IA(I)
WRITE(6,FMT) ( A(J), J=IA(I), IA(I+1)-1")

40 CONTINUE

WRITE(6,1150)

WRITE(6,1200) (J,JA(J),J=1,NA)

WRITE(6,1250)

WRITE(6,1300) (J,IA(J),J=1,N+1)

CALL ZARSJD(N, A, IA, JA, LXA, LXIA,&
MJAD, AJAD, IAJAD, JAJAD,%
JADORD, IWJ, IERR)

WRITE(6,1400) IERR

ITM = 5
IX=0
S=-1
IPREC = 1
NDIA =1
ITJD = 1000
\ ITQMR = 1000
EPS = 1.0D-10
TR(1) = EPS
NAJAD = TAJAD(MJAD+1) - TIAJAD(1)

CALL ZCHJSS(MJAD, AJAD, NAJAD, IAJAD, JAJAD, JADORD,&
D R, I &

ITM, IPREC, NDIA, ITJD,
WRITE(6,1500) IERR

DO 140 K=1, M-1, 2
WRITE(6,2300) (’EIGENVALUE ’, J=1,2)
WRITE(6,2400) (E(J), J=K, K+1)
WRITE(6,2300) (’EIGENVECTOR’, J=1,2)
DO 130 I=1,N
WRITE(6,2500) (X(I,J), J=K, K+1)
130  CONTINUE
WRITE(6,2300) (’RESIDUAL °, J=1,2)
WRITE(6,2400) (TR(J), J=K, K+1)
140 CONTINUE

ITQMR, IW, WK, IERR)

IF(MOD(M,2) .NE.O) THEN
MREM=M/2%2+1
WRITE(6,2300) (’EIGENVALUE ’, J=MREM, M)
WRITE(6,2400) (E(J), J=M/2%2+1, M)
WRITE(6,2300) (’EIGENVECTOR’, J=MREM, M)
DO 150 I=1,N

WRITE(6,2500) (X(I,J), J=MREM, M)

150 CONTINUE
WRITE(6,2300) (’RESIDUAL  ’, I=MREM, M)
WRITE(6,2400) (TR(J), J=MREM, M)

271



ZCHJSS, CCHJSS
Eigenvalues and Eigenvectors of a Complex Hermitian Sparse Matrix (JAD; Jagged Diagonals Storage Type)

ENDIF
STOP

11000 FORMAT(/,1X,’ **x ZCHJSS *x**’,/,/.&

1X,” % INPUT PARAMETER *x’,/,&
1X,° N =,15,/,&
1X,° NA = °,14,/.%
X, M=,15,/,/,&
1X,>  # INPUT MATRIX A *x’)
1100 FORMAT(’ (1X,’,13,°X,,12,&
7(4X’II(II’F5.2’"’"’1X’F5.2’II)"))7)
1150 FORMAT(/,iX,? ~ %% INPUT INDEX JA *x’)
1200 FORMAT((2X,5(’ JA(’,I2,°) = °,1I3, 2X,:)))
1250 FORMAT(/,1X,” %% INPUT INDEX IA *x’)
1300 FORMAT((2X,5(’ IA(’,I2,’) = 7,I3, 2X,:)))
1400 FORMAT(/,/,&
1X,’ " IERR AT ZARSJD (STORAGE TRANSFORM CSR->JAD) = ’,I6)
1500 FORMAT(/,/,1X,’  *x OUTPUT **’,/,/,5X,’IERR = ’,18)
2300 FORMAT(/,1X,2(5X, A11, 20X),/)
2400 FORMAT(1X,’  *,2(2X, 1PD14.7, 18X))
2500 FORMAT(1X,> *,2(°(’, F14.8,” 2,7, F14.8, *)’, 3X))
END
(d) Output results
*%% ZCHJSS  ***
*% INPUT PARAMETER **
N = 4
NA = 10
M = 2
% INPUT MATRIX A **
(-2.28, 0.00)  ( 1.78, -2.03)  ( 2.26, 0.10)  (-0.12, 2.53)
(-1.12; 0.00)  ( 0.01, 0.43)  (-1.07, 0.86)
(-0.37, 0.00)  ( 2.31, -0.92)
(-0.73, 0.00)
% INPUT INDEX JA **
JAC1) = 1 JAC2)= 2 JAC3)= 3 JAC4) = 4 JA(S5) = 2
jaCe) = 3 JA(T = 4 JAC8) = 3 JA(9 = 4 JA(10) = 4
*% INPUT INDEX IA **
IACLD) = 1 IAC2) = 5 IAC3) = 8 IAC4) = 10 TIACB) = 11
IERR AT ZARSJD (STORAGE TRANSFORM CSR->JAD) =
*% QUTPUT xx
IERR = 0
EIGENVALUE EIGENVALUE

-6.0001855D+00
EIGENVECTOR
( -0.69071106,
( 0.09074333,
( 0.34833130,
(  -0.03041543,
RESIDUAL

2.5845464D-15

-0.23593286)
0.24877543)
0.26867067)

-0.45020731)

AAAA

-3.0030337D+00
EIGENVECTOR
-0.22312724,
0.72843164,
-0.33188966,
0.50799388,
RESIDUAL

7.5446512D-16
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4.13 GENERALIZED EIGENVALUE PROBLEM FOR A REAL MA-
TRIX (TWO-DIMENSIONAL ARRAY TYPE)

4.13.1 DCGGAA, RCGGAA
All Eigenvalues and All Eigenvectors of a Real Matrix (Generalized Eigen-
value Problem)

(1) Function
DCGGAA or RCGGAA uses the Householder method and combination shift QZ method to obtain all
eigenvalues of the real matrix (two-dimensional array type) generalized eigenvalue problem Ax = ABz
(A, B: Real matrices) and all corresponding eigenvectors.

(2) Usage
Double precision:
CALL DCGGAA (A, LNA, N, B, LNB, ALFR, ALFI, BETA, VE, LNV, IERR)
Single precision:
CALL RCGGAA (A, LNA, N, B, LNB, ALFR, ALFI, BETA, VE, LNV, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, N Input | Real matrix A (two-dimensional array type).
R Output | Input-time contents are not retained.
LNA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrices A and B.
4 B D LNB,N Input | Real matrix B (two-dimensional array type).
R Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B.
ALFR D N Output | Real parts of the diagonal components of ma-
R trix A after transformation (See Note (a)).
7 ALFI D N Output | Imaginary parts of the diagonal components of
R matrix A after transformation (See Note (a)).
8 BETA D N Output | Diagonal components of matrix B after trans-
R formation (See Note (a)).
9 VE {D} LNV,N Output | Eigenvectors (See Notes (b) and (c)).
R
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Input
No. | Argument | Type Size nput/ Contents
Output
10 LNV I 1 Input | Adjustable dimension of array VE.
11 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N <LNA LNB,LNV
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. ALFR(1) « sign(B(1,1)) x A(1,1),
ALFI(1) « 0.0,
BETA(1) « |B(1,1)| and
VE(1,1) < 1.0
are performed.
2000 The array BETA contains 0.0. Processing continues.
(See Note (b).)
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 + ¢ The sequence did not converge in the step | The (i + 1)-th through N-th elements of
where the eigenvalue is obtained. ALFR, ALFI and BETA are obtained.
(1<i<N) No eigenvectors is obtained.
(6) Notes

()

(d)
()

Eigenvalues are obtained in decreasing order of their subscript values and stored in arrays ALFR,

ALFI and BETA. If the j-th element of ALFR, ALFI and BETA are aj,a;-, B;, then the eigenvalues

are represented by the following formula:

aj +aji
B

If the j-th eigenvalue is a real number, the 0.0 is stored in oz;-. In addition, if the j-th eigenvalue is a

(j-th eigenvalues)= (i: imaginary unit)

complex number, its conjugate complex eigenvalue is stored in the (j + 1)-th element.

However, o, > 0, oz;-_H < 0 and ; always is positive (See Figure 4—2).

IERR = 2000 indicates that the eigenvalue corresponding to B; = 0 is an extremely large value.
Note that a division by zero will occur at this time if the eigenvalue is obtained by using the formula
(o + o)/ Bj-

Eigenvectors corresponding to obtained eigenvalues are stored as shown in Figure 4—2 in columns of
array VE. That is, if the j-th eigenvalue is real, then the eigenvector corresponding to it is stored in
the j-th column of array VE. In addition, if the j-th and (j 4+ 1)-th eigenvalues are a pair of complex
conjugate eigenvalues, then the real and imaginary parts of the complex eigenvector corresponding to
the j-th element eigenvalue are stored in the j-th and (j + 1)-th columns respectively of array VE. The
conjugate vector of this complex eigenvector becomes the eigenvector corresponding to the (5 x 1)-th

eigenvalue.

An eigenvectors is normalized so that the maximum absolute value of each element is 1.0.

DCGGAN}

If eigenvectors are not required, use 4.13.2
RCGGAN
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ALFR ALFI ALFI
k-th )
element k 0.0 Bi

ER El BETA
j-th ) ’ )
element % % Bi
(j+1)-th , o ,
element & & Bi

Remarks
a. a; >0,8; >0

(7) Example

(a) Problem

k-th

column

j-th
column
(j+1)-th
column

Figure 4—2 Eigenvalues and Eigenvectors Storage Format

VE

Real eigenvector corresponding to %

VE

Real part of complex eigenvector
. aj+tast
corresponding to ——

Imaginary part of complex eigenvector

. a +a;i

corresponding to ———L
J

Obtain all eigenvalues of Az = ABx and their corresponding eigenvectors, where matrices A and B

are as follows:

(b) Input data

50
38
27
27
27
27

[ 16

=N W o Ot

—60
—28
—-17
—28
—28
—28

5
16

S W = Ot

50
27
27
38
27
27

4
5
16

5 16 —6

4
6

—27
—-17
—-17
—-17
—-17 16
—-17 5 16

[ B2 SN B )
ot Ot Ot Ot Oy

3 -2
4 -6
5 —6

N R

5 —6 16
6 -5 6

Matrix A, LNA=11, N=6, matrix B, LNB=11 and LNV=11.
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(¢) Main program

PROGRAM BCGGAA

EXAMPLE OF DCGGAA *x*x*

IMPLICIT REAL(S)(A—H,D—Z)

PARAMETER ( ZERO = 0.0DO )

PARAMETER (LNA=11, LNB=11, LNV=11)

DIMENSION A(LNA,LNA), B(LNB,LNB), VE(LNV,LNV),&
ALFR(LNA) , ALFI(LNA), BETA(LNA}

READ(5,%) N

DO 10 J=1, N
READ(5, *)

CONTINUE

DO 20 J=1, N
READ (5, *)

CONTINUE

WRITE(6,1000) N
WRITE(6,1100) ’A’
DO 30 J=1, N

WRITE(G 1200) (A(J,1),
CONTINUE
WRITE(6, 1100)
DO 40 J=1,

WRITE (6, 1200) (BWUJ,D),
CONTINUE

1ok

(AQJ,I), I=1, N)

10
(B(J,I), I=1, N)
20

I=1, N)
30
lBl

I=1, N)

40
CALL DCGGAA(A,LNA,N,B,LNB,ALFR,ALFI,BETA,VE,LNV,IERR)
WRITE(6,1300) IERR

DO 100 J=1, N-1, 2
WRITE(6,1400) ’EIGENVALUE ’, ’EIGENVALUE °’
WRITE(6,1500) ’ALFR’, ALFR(J), ’ALFR’, ALFR(J+1)
WRITE(6,1500) ’ALFI’, ALFI(J), ’ALFI’, ALFI(J+1)
WRITE(6,1500) ’BETA’, BETA(J), ’BETA’, BETA(J+1)
WRITE(6,1400) ’EIGENVECTOR’, ’EIGENVECTOR’
IF(ALFI(J).EQ.ZERO) THEN
IF(ALFI(J+1) EQ.ZERD) THEN
DO 50 N
WRITE(G 1600) VE(I,J), ZERO, VE(I,J+1),
CONTINUE
SE

ZERO
50

DO 60 I=1
WRITE(6, 1600) VE(I,J),
CONTINUE
ENDIF
ELSE
IF(ALFI(J+1) .EQ.ZERO) THEN
DO 70 I=1, N
WRITE(6,1600) VE(I,J-1),-VE(I,J),
CONTINUE
ELSE
IF(ALFI(J) LT.ZERO) THEN
DO 80 N
WRITE(G 1600) VE(I,J-1),-VE(I,J),
CONTINUE
ELSE
DO 90 I
WRITE(G 1600) VE(I,J),
CONTINUE
ENDIF
ENDIF
ENDIF
100 CONTINUE
IF(MOD(N,2) .NE.O) THEN

ZERQO, VE(I,J+1), VE(I,J+2)

60

VE(I,J+1), ZERO
70

VE(I,J+1), VE(I,J+2)
80

VE(I,J+1), VE(I,J),-VE(I,J+1)

90

WRITE(6,1400)
WRITE(6,1500)
WRITE(6,1500)
WRITE(6,1500)
WRITE(6,1400)

IF(ALFI(N) .EQ.

’EIGENVALUE °’
>ALFR’, ALFR(N)
’ALFI’, ALFI(N)
’BETA’, BETA(N)
’EIGENVECTOR’
ZERO) THEN

DO 110 I=1, N
WRITE(6,1600) VE(I,N), ZERO
110 CONTINUE
SE
DO 120 I=1, N
WRITE(6,1600) VE(I,N-1),-VE(I,N)
CONTINUE
ENDIF
ENDIF
STOP

120

1000 FORMAT(C’ °,/,/,&
> x%*x  DCGGAA

> %% INPUT

=

AT
**2,/,/,4%

,» 12)

1100

1200
1300

FORMAT(’ °,/,&
)

INP
FORMAT (7X, 10(F7.1))
FORMATC’ °,/,/,&

> %% QUTPUT **’ / /,&
’ IERR = ’, I4)

UT MATRIX °,A1,/)
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1400 FORMAT(’

1500 FORMAT(’> °,

1600 FORMAT(’
END

(d) Output results

k% k

*k

*k

DCGGAA  *xx*
INPUT *x*
N= 6

INPUT MATRIX A

-6
-2
-1
-2
-2
-2

cooooo

INPUT MATRIX B

1

WO
[elelololola)

OUTPUT *x*
IERR = 0

207X, A
>, 2(5X, F12 8,

0.
8.
7.
8.
8.
8.

WO,

[eXeloleoloXo)

[eleleololoto)

cooooo

[eXojeolofolo]
=

EIGENVALUE

ALFR
ALFI
BETA

-1.1634546D+01
0.0000000D+00
9.3588312D-01

EIGENVECTOR

-0.02489667
0.25251218

>

0.19443080 .

0.20492111
1.00000000
0.16361487

>
>
>
>

0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

EIGENVALUE

=
—
1
—
wun

6.6131567D+00
1.5653458D+01
1.4195630D+01

EIGENVECTOR
-0.90275293 ,

-0.61708834
0.12677136
0.25033712

-0.41100766

-0.22010716

>
>
>
>
>

-0.16929219
0.78689388
0.78675507
0.21412357
0.54117624

0.61947141

EIGENVALUE

=
e
¥y
—
wann

4.8318024D+00
7.8056571D+00
1.0797432D+01

EIGENVECTOR
, —0.29190301

0.46429690
0.06840004
-0.60524575
-0.88694870
-0.21908532
-0.21818206

>

>
>
>
>

-0.86309624
-0.79603869
-0.14801432
-0.37959993
-0.41595648

-27.
-17.
-17.
-17.
-17.

OO UTPW
[eXeloleololo)

’,/,14X, 2(A11 22X))
= ’,1PD14.7,5X))
’,F12.8,2X))

[eleleoleoloto)

e
oo o

-6.
-6.
-6.
-6.
-5.

0 6.0

0 5.0

0 5.0

0 5.0

0 5.0

0 16.0

.0 1.0

0 2.0

0 3.0

0 4.0

0 16.0

0 6.0
EIGENVALUE

ALFR = 1.1837890D+01

ALFI = 0.0000000D+00

BETA = 3.9038739D+00
EIGENVECTOR

0.19987257 , 0.00000000

-0.19189298 , 0.00000000

-0.24240591 , 0.00000000

-0.21760871 , 0.00000000

-1.00000000 , 0.00000000

-0.44802812 , 0.00000000
EIGENVALUE

ALFR = 9.3466830D+00

ALFI = -2.2123763D+01

BETA = 2.0063347D+01
EIGENVECTOR

-0.90275293 , 0.16929219

-0.61708834 , -0.78689388

0.12677136 , -0.78675507

0.25033712 , -0.21412357

-0.41100766 , -0.54117624

-0.22010716 , -0.61947141
EIGENVALUE

ALFR = 5.7494668D+00

ALFI = -9.2881212D+00

BETA = 1.2848100D+01
EIGENVECTOR

0.46429690 , 0.29190301

0.06840004 , 0.86309624

-0.60524575 , 0.79603869

-0.88694870 , 0.14801432

-0.21908532 , 0.37959993

-0.21818206 , 0.41595648
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4.13.2 DCGGAN, RCGGAN

(1) Function

DCGGAN or RCGGAN uses the Householder method and combination shift QZ method to obtain all

eigenvalues of the real matrix (two-dimensional array type) generalized eigenvalue problem Ax = ABzx

(A, B: Real matrices).

(2) Usage

Double precision:
CALL DCGGAN (A, LNA, N, B, LNB, ALFR, ALFI, BETA, IERR)
Single precision:
CALL RCGGAN (A, LNA, N, B, LNB, ALFR, ALFI, BETA, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

All Eigenvalues of a Real Matrix (Generalized Eigenvalue Problem)

I INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA N Input | Real matrix A (two-dimensional array type).
R Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrices A and B.
4 B D LNB,N Input | Real matrix B (two-dimensional array type).
R Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B.
6 ALFR D N Output | Real parts of the diagonal components of ma-
R trix A after transformation (See Note (a)).
7 ALFI D N Output | Imaginary parts of the diagonal components of
R matrix A after transformation (See Note (a)).
8 BETA D N Output | Diagonal components of matrix B after trans-
R formation (See Note (a)).
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N < LNA,LNB
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. ALFR(1) < sign(B(1,1)) x A(1,1),

ALFI(1) + 0.0 and
BETA(1) + |B(1,1)|

are performed.

2000 The array BETA contains 0.0. Processing continues.
(See Note (b).)
3000 Restriction (a) was not satisfied. Processing is aborted.

5000 + ¢ The sequence did not converge in the step | The (¢ + 1)-th through N-th elements of

where the eigenvalue is obtained. ALFR, ALFI and BETA are obtained.
(1<i<N)

(6) Notes

()

Eigenvalues are obtained in decreasing order of their subscript values and stored in arrays ALFR,
ALFT and BETA. If the j-th element of ALFR, ALFI and BETA are aj,a;,ﬂj, then the eigenvalues
are represented by the following formula:

aj + ali

B;

If the j-th eigenvalue is a real number, the 0.0 is stored in 05;-. In addition, if the j-th eigenvalue is a

(j-th eigenvalues) = (i: imaginary unit)

complex number, its conjugate complex eigenvalue is stored in the (j + 1)-th element.

However, o > 0, a;»_H < 0 and §; always is positive. (See Figure 4—2).

IERR = 2000 indicates that the eigenvalue corresponding to 3; = 0 is an extremely large value.

Note that a division by zero will occur at this time if the eigenvalue is obtained by using the formula
(aj +af;)/B;.
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4.14 GENERALIZED EIGENVALUE PROBLEM (Ax = ABz) FOR
A REAL SYMMETRIC MATRIX (TWO-DIMENSIONAL AR-
RAY TYPE) (UPPER TRIANGULAR TYPE)

4.14.1 DCGSAA, RCGSAA
All Eigenvalues and All Eigenvectors of a Real Symmetric Matrix
(Generalized Eigenvalue Problem Az = ABx, B: Positive)

(1) Function
DCGSAA or RCGSAA uses the Cholesky method to transform the real symmetric matrix (two-dimensional
array type) (upper triangular type) generalized eigenvalue problem Az = ABx (A: Real symmetric matrix,
B: Positive symmetric matrix) to a standard eigenvalue problem and uses the Householder method and QR

method to obtain all eigenvalues and corresponding all eigenvectors.

(2) Usage
Double precision:
CALL DCGSAA (A, LNA, N, B, LNB, E, W1, IERR)
Single precision:
CALL RCGSAA (A, LNA, N, B, LNB, E, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA N Input | Real symmetric matrix A (two-dimensional ar-
R ray type) (upper triangular type)
Output | Eigenvectors (column vector) corresponding to
each eigenvalue
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A and B
4 B D LNB,N Input | Politics symmetric matrix B
R (two-dimensional array type) (upper triangular
type)
Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
E D N Output | Eigenvalues
R
7 W1 D 2x N Work | Work area
R
8 IERR I 1 Output | Error indicator
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(4) Restrictions
(a) 0 < N < LNA,LNB

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1)/B(1,1) and

A(1,1) + 1.0//B(1, 1)

are performed.

2100 B has a diagonal element very close to | Some eigenvectors may be obtained with
Z€ero. low precision, and processing continues.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 B was not positive definite.
5000 + ¢ The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue is obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).

No eigenvector is obtained at this time.

(6) Notes

(a) Data should be stored only in the upper triangular portions of arrays A and B.
(b) Eigenvalues are stored in ascending order.

(¢) Eigenvectors v; are an orthonormal set so that 'UjTka =0

DCGSAN}

(d) If eigenvectors are not required, use 4.14.2
RCGSAN

(7) Example

(a) Problem
Obtain all eigenvalues of Az = ABx and their corresponding eigenvectors, where matrices A and B

are as follows:

2

1
A—

1

2

i
[N NCR
=N =N

153 31 58 —58
31 153 -53 58
58 =58 153 31

—58 58 31 153

(b) Input data
Matrix A, LNA=11, N=4, matrix B and LNB=11.
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SAA

(Generalized Eigenvalue Problem Ax = ABzx, B: Positive)

(¢) Main

1ok

10

20

30

40

50
60

70
1000

1100
1200
1300

1400
1500

program

PROGRAM BCGSAA

EXAMPLE OF DCGSAA **x*

IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER ( LNA = 11, LNB = 11 )
DIMENSION A(LNA,LNA), B(LNB,LNB),

READ(5,*) N
DO 10 J=1, N

READ(5 *) (AQJ,D),
CDNTINU
DO 20 J

READ(5 *) (B(J,I),
CONTINUE

E(LNA),

I=J, N)
I=J, N)

WRITE(6,1000) N
WRITE(6,1100) ’A’
DO 30 J=1, N
WRITE(6,1200) (A(I,J), I=1, J-1),
CONTINUE
WRITE(6, 1100) B
DO 40 J=1,
WRITE(G 1200) (B(I,D),
CONTINUE

I=1, J-1), (B(J,D),

CALL DCGSAA(A,LNA,N,B,LNB,E,W1,IERR)
WRITE(6,1300) IERR
DO 60 K=1, N-3, 4

WRITE(6,1400) (’EIGENVALUE °, I=1, 4)
WRITE(6,1500) (E(I), I=K, K+3)

WRITE(6,1400) (’EIGENVECTOR’, I=1, 4)
DO 50 J=1, N
WRITE(6,1500) (A(J,I), I=K, K+3)
CONTINUE
CONTINUE

IF(MOD(N,4) .NE.0) THEN
WRITE(6,1400) (’EIGENVALUE ’,
WRITE(6,1500) (E(I), I=N/4%4+1,
WRITE(G 1400) (’EIGENVECTOR’ ,

I= N§4*4+1 N)
I N/4*4+1, N)

DO 70 J
WRITE(G 1500) (A(J,I), I=N/4x%4+1, N)
CONTINUE
ENDIF
STOP
FORMATC’ °,/,/,&
> xkk  DCGSAA  *xx° /. /. &
> *x INPUT *x’,/,/.,&
’ N =", I2)
FORMAT(’ ’,/,&
’ INPUT MATRIX ’,A1,/)
FORMAT(7X, 11(F8.1))
FORMAT(’ °,/,/,&
> *x QUTPUT **’ / /&
J ER_)
FORMAT(> °,/,1X, 4(5X, A11 2X))
FORMAT (° ’, 4(2X 1PD14 7, 2X))
END

(d) Output results

k%% DCGSAA  **x
*% INPUT *x*
N= 4
INPUT MATRIX A
2.0 1.0 1.0 2.0
1.0 1.0 1.0 1.0
1.0 1.0 2.0 2.0
2.0 1.0 2.0 4.0
INPUT MATRIX B
153.0 31.0 58.0 -58.0
31.0 153.0 -58.0 58.0
58.0 -58.0 153.0 31.0
-58.0 58.0 31.0 163.0
**%  QUTPUT  **
IERR = 0
EIGENVALUE EIGENVALUE EIGENVALUE
6.4779811D-04 5.3688291D-03 2.7447086D-02
EIGENVECTOR EIGENVECTOR EIGENVECTOR
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2.9405960D-02 4.9839235D-02 -1.6115522D-02 2.0451432D-01
-4.6877602D-02 3.7709049D-02 6.8634504D-02 -1.9262477D-01
3.1083549D-02 -1.9357438D-02 8.5979167D-02 -1.9157548D-01
-1.9570768D-02 -3.3245027D-02 1.4513123D-03 2.0962854D-01
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4.14.2 DCGSAN, RCGSAN
All Eigenvalues of a Real Symmetric Matrix
(Generalized Eigenvalue Problem Az = ABx, B: Positive)

(1) Function
DCGSAN or RCGSAN uses the Cholesky method to transform the real symmetric matrix (two-dimensional
array type) (upper triangular type) generalized eigenvalue problem Az = ABx (A: Real symmetric matrix,
B: Positive symmetric matrix) to a standard eigenvalue problem and uses the Householder method and QR

method to obtain all eigenvalues.

(2) Usage
Double precision:
CALL DCGSAN (A, LNA, N, B, LNB, E, W1, IERR)
Single precision:
CALL RCGSAN (A, LNA, N, B, LNB, E, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, N Input | Real symmetric matrix A (two-dimensional ar-
R ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A and B
4 B D LNB,N Input | Positive symmetric matrix B (two-dimensional
R array type) (upper triangular type)
Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
E D N Output | Eigenvalues
R
7 W1 D N Work | Work area
R
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 < N < LNA,LNB

284



DCGSAN, RCGSAN
All Eigenvalues of a Real Symmetric Matrix
(Generalized Eigenvalue Problem Az = A\Bz, B: Positive)

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)/B(1,1)
is performed.

2100 B has a diagonal element very close to | Processing continues.
Zero.

3000 Restriction (a) was not satisfied. Processing is aborted.

4000 B was not positive definite.

5000 + 2 The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue is obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).
(6) Notes

(a) Data should be stored only in the upper triangular portions of arrays A and B.

(b) Eigenvalues are stored in ascending order.
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4.14.3 DCGSSS, RCGSSS
Eigenvalues and Eigenvectors of a Real Symmetric Matrix
(Generalized Eigenvalue Problem Az = ABx, B: Positive)

(1) Function
DCGSSS or RCGSSS uses the Cholesky method to transform the real symmetric matrix (two-dimensional
array type) (upper triangular type) generalized eigenvalue problem Az = ABx (A: Real symmetric matrix,
B: Positive symmetric matrix) to a standard eigenvalue problem and uses the Householder method and the
root-free QR method or Bisection method to obtain the m largest eigenvalues or m smallest eigenvalues,

and uses the reverse iterative method to obtain the eigenvectors.

(2) Usage
Double precision:
CALL DCGSSS (A, LNA, N, B, LNB, EPS, E, M, VE, LNV, ISW, IW1, W1, IERR)
Single precision:
CALL RCGSSS (A, LNA, N, B, LNB, EPS, E, M, VE, LNV, ISW, IW1, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LNA,N Input | Real symmetric matrix A (two-dimensional ar-
{ R} ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A and B
4 B D LNB,N Input | Positive symmetric matrix B (two-dimensional
{ R} array type) (upper triangular type)
Output | The strict upper triangular portion is not
retained.
5 LNB 1 Input | Adjustable dimension of array B

EPS 1 Input | Parameter that assigns an upper limit to the
absolute error for use in the eigenvalue conver-

gence test. (See Note (d))

I
D
R
7 E D M Output | Eigenvalues
R
I
D
R

1 Input | The number of m of eigenvalues to be obtained.

LNV, M Output | Eigenvectors (column vector) corresponding to

each eigenvalue
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Input
No. | Argument | Type Size nput/ Contents
Output
10 LNV I 1 Input | Adjustable dimension of array VE
11 ISW I 1 Input | Processing switch
ISW>0: Obtain M eigenvalues from the largest
one.
ISW<0: Obtain M eigenvalues from the small-
est one.
12 W1 I M Output | Eigenvector flag (See Note (a))
13 W1 D 9 x N Work | Work area
R
14 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N <LNA LNB,LNV
(b) 0<M <N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)/B(1,1) and
VE(1,1) + 1.0/4/B(1, 1)
are performed.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues. (See
taining eigenvectors. Note (e).)
2100 B has a diagonal element very close to | Some eigenvectors may be obtained with
Z€ero. low precision, and processing continues.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 B was not positive definite.
(6) Notes

(a) Data should be stored only in the upper triangular portions of arrays A and B.

(b) If ISW>0, the eigenvalues are stored in descending order. If ISW<O0, they are stored in ascending

(©)

(d)

order.

Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection

method internally.

If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set

so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection

method.

If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000

is output), the following processing is performed.

If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.
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()
(2)

If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the

eigenvector precision is low. In this case, the iteration count is set for IW1(i).

If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.
Eigenvectors v; are an orthonormal set so that 'UJTB'Uk =0k

DCGSSN}

If eigenvectors are not required, use 4.14.4
RCGSSN

(7) Example

(a)

(b)
()

ProblemObtain all eigenvalues of Az = ABx and their corresponding eigenvectors, where matrices A

and B are as follows:

611 196 —192 407 -8 —52 —49 29
196 899 113 —192 —71 —43 -8 —44
~192 113 899 196 61 49 8 52
A_ | 407 -192 196 611 8 44 59 —23
-8 -7 61 8 411 —599 208 208
—52 —43 49 44 =599 411 208 208
—49 -8 8 59 208 208 99 —911
29 -4 52 —23 208 208 -—911 99 |
[ 170 18 33 —21 —-17 13 25 —36 |
18 171 —-21 22 13 —17 —-36 25
33 —21 171 18 25 —36 —17 13
p_| "2 2 18 171 =36 25 13 17
—17 13 25 -36 171 18 33 -—21
13 —17 —-36 25 18 171 —-21 -3
25 —36 —17 13 33 —21 171 18
| 36 25 13 -17 -21 -3 18 171 |
Input data

Matrix A, LNA=11, N=8, matrix B, LNB=11, EPS=-1.0, M=2, LNV=10 and ISW=-1.
Main program

PROGRAM BCGSSS
| #** EXAMPLE OF DCGSSS #*x*
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER ( LNA = 11, LNB = 11, LNV = 10 )
DIMENSION A(LNA,LNA), B(LNB,LNB), E(LNA), VE(LNV,LNV),&
IW1(LNA), W1(9*LNA)

READ(5,*) N, M
DO 10 J=1, N
READ(5,*) (A(J,I), I=J, N)
10 CONTINUE
DO 20 J=1, N
READ(5,*) (B(J,I), I=J, N)
20 CONTINUE

WRITE(6,1000) N, M
WRITE(6,1100) ’A’
D0 30 J=1, N
WRITE(6,1200) (A(I,J), I=1, J-1), (A(J,I), I=J, N)
30 CONTINUE

WRITE(6,1100) ’B’
DO 40 J=1, N
WRITE(6,1200) (B(I,J), I=1, J-1), (B(J,I), I=J, N)
| 40 CONTINUE
ISW = -1
EPS = -1.0D0

CALL DCGSSS(A,LNA,N,B,LNB,EPS,E,M,VE,LNV,ISW,IW1,W1,IERR)
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50
60

70

!
1000

1100
1200
1300

1400
1500

WRITE(6,1300) IERR

DO 60 K=

1, M-3, 4
WRITE(6,1400) (’EIGENVALUE ’, I=1, 4)

WRITE(6,1500) (E(I), I=K, K+3)

WRITE (6,140

0)

DO 50 J=1, N

WRITE(6,1500) (VE(J,I), I=K, K+3)

CONTINUE
CONTINUE

(’EIGENVECTOR’, I=1, 4)

IF(MOD(M,4) .NE.0) THEN
(’EIGENVALUE ’, I=M/4*4+1, M)
WRITE(6,1500) (E(I), I=M/4*4+1, M)
(’EIGENVECTOR’, I=M/4*4+1, M)

WRITE (6,140
WRITE(6,140

0)
0)

DO 70 J=1, N

WRITE(6,1500) (VE(J,I), I=M/4*4+1, M)

CONTINUE
ENDIF
STOP

FORMAT(C® °,/,/,&

s/ s
) kokok
4 k%
)

)

M
FORMAT(: /&

(d) Output results

k% k

*k

*x

DCGSSS

INPUT *x°,/,/,&

N

7, 12,7,/
>, 12)

*Hx2 [,/

&

INPUT MATRIX ’,A1,/)
FORMAT(7X, 11(F8.1))
FORMAT(’ °,/,/,&
> %k  QUTPUT =*x’,/,/.,&
) IERR = ’, I4
FORMAT(’> ’,/,1X, 4(5X, Al11, 2X))
FORMAT(® °, 4(2X, 1PD14.7, 2X))
END
DCGSSS  ***
INPUT *x*
N= 8
M= 2
INPUT MATRIX A
611.0 196.0 -192.0 407.0
196.0 899.0 113.0 -192.0
-192.0 113.0 899.0 196.0
407.0 -192.0 196.0 611.0
-8.0 -71.0 61.0 8.0
-52.0 -43.0 49.0 44.0
-49.0 -8.0 8.0 59.0
29.0 -44.0 52.0 -23.0
INPUT MATRIX B
170.0 18.0 33.0 -21.0
18.0 171.0 -21.0 22.0
33.0 -21.0 171.0 18.0
-21.0 22.0 18.0 171.0
-17.0 13.0 25.0 -36.0
13.0 -17.0 -36.0 25.0
25.0 -36.0 -17.0 13.0
-36.0 25.0 13.0 -17.0
OUTPUT  *x*
IERR = 0
EIGENVALUE EIGENVALUE
.3020806D+00 -1.0369304D-15
EIGENVECTOR EIGENVECTOR
.8865043D-04 -3.2898475D-03
.4571715D-03 -6.5796950D-03
.2438782D-04 6.5796950D-03
.6786293D-03 3.2898475D-03
.4707363D-02 -4.6057865D-02
.9017760D-02 -4.6057865D-02
.7852016D-02 -2.3028932D-02
.4548878D-02 -2.3028932D-02

-8.
-71.
61.

411.
-599.
208.
208.

cocoooooo

cooboob0O
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4.14.4 DCGSSN, RCGSSN
Eigenvalues of a Real Symmetric Matrix
(Generalized Eigenvalue Problem Az = ABx, B: Positive)

(1) Function
DCGSSN or RCGSSN uses the Cholesky method to transform the real symmetric matrix (two-dimensional
array type) (upper triangular type) generalized eigenvalue problem Az = ABx (A: Real symmetric matrix,
B: Positive symmetric matrix) to a standard eigenvalue problem and uses the Householder method and the

root-free QR method or Bisection method to obtain the m largest eigenvalues or m smallest eigenvalues.

(2) Usage
Double precision:
CALL DCGSSN (A, LNA, N, B, LNB, EPS, E, M, ISW, W1, IERR)
Single precision:
CALL RCGSSN (A, LNA, N, B, LNB, EPS, E, M, ISW, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LNA, N Input | Real symmetric matrix A (two-dimensional ar-
{R} ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A and B
4 B D LNB,N Input | Positive symmetric matrix B (two-dimensional
{R} array type) (upper triangular type)
Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test. (See Note (d))
7 E D M Output | Eigenvalues
i
8 M I 1 Input | The number of m of eigenvalues to be obtained.
9 ISW I 1 Input | Processing switch
ISW>0: Obtain M eigenvalues from the largest
one.

ISW<0: Obtain M eigenvalues from the small-

est one.
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Input
No. | Argument | Type Size nput/ Contents
Output
10 W1 D 5x N Work | Work area
R
11 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNA LNB
(b) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)/B(1,1)
is performed.
2100 B has a diagonal element very close to | Processing continues.
Zero.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 B was not positive definite.
(6) Notes

(a) Data should be stored only in the upper triangular portions of arrays A and B.

(b) If ISW>0, the eigenvalues are stored in descending order. If ISW<O0, they are stored in ascending
order.

(c¢) Eigenvalue calculations are appropriately divided up between the root-free QR method and Bisection
method internally.

(d) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.
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4.14.5 DCGSEE, RCGSEE
Eigenvalues in an Interval and Their Eigenvectors of a Real Symmetric Ma-
trix (Interval Specified) (Generalized Eigenvalue Problem Az = ABz, B:
Positive)

(1) Function
DCGSEE or RCGSEE uses the Cholesky method to transform the real symmetric matrix (two-dimensional
array type) (upper triangular type) generalized eigenvalue problem Az = ABx (A: Real symmetric matrix,
B: Positive symmetric matrix) to a standard eigenvalue problem and uses the Householder method and the
Bisection method to obtain the m largest eigenvalues or m smallest eigenvalues in a specified interval and
uses the reverse iterative method to obtain the eigenvectors.

(2) Usage
Double precision:
CALL DCGSEE (A, LNA, N, B, LNB, EPS, E, M, E1, E2, VE, LNV, IW1, W1, IERR)
Single precision:
CALL RCGSEE (A, LNA, N, B, LNB, EPS, E, M, E1, E2, VE, LNV, IW1, W1, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LNA N Input | Real symmetric matrix A (two-dimensional ar-
{ R} ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A and B
4 B D LNB,N Input | Positive symmetric matrix B (two-dimensional
{R} array type) (upper triangular type)
Output | The strict upper triangular portion is not
retained.
5 LNB I 1 Input | Adjustable dimension of array B
6 EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test. (See Note (b))
7 E { D } M Output | Eigenvalues
R
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No. | Argument | Type Size fnput/ Contents
Output
8 M I 1 Input | Maximum number of the eigenvalues to be
computed
Output | Number of the obtained eigenvalues
9 El D 1 Input | E1<E2: Obtain M eigenvalues in the interval
{R} [E1, E2] from the smallest one. (E2 is upper
bound.)
10 E2 D 1 Input | E1>E2: Obtain M eigenvalues in the interval
{R} [E1l, E2] from the largest one. (E2 is lower
bound.) (See Notes (c) and (d))
11 VE D LNV, M Output | Eigenvectors (column vector) corresponding to
{R} each eigenvalue
12 LNV I 1 Input | Adjustable dimension of array VE
13 W1 I M Output | Eigenvector flag (See Note (a))
14 W1 D 9 x N Work | Work area
i
15 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N <LNA LNB,LNV
(b) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)/B(1,1) and
VE(1,1) + 1.0/4/B(1, 1)
are performed.
1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding
and E2 is less than M. eigenvectors between E1 and E2 are ob-
tained and the number of the found eigen-
value is output to M.
2000 The maximum number of iterations was | Some eigenvectors are obtained with low
exceeded by the inverse iterations for ob- | precision, and processing continues.
taining eigenvectors. (See Note (e).)
2100 B has a diagonal element very close to | Some eigenvectors may be obtained with
Z€ero. low precision, and processing continues.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 B was not positive definite.
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(6) Notes

(a) Data should be stored only in the upper triangular portions of arrays A and B.

(b) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.

(¢) If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1>E2 the eigenvalues and eigenvectors are stored in descending order.

(d) If E1 = E2, the eigenvalues in the interval [E1 — EPS, E1 4+ EPS] are obtained. Normally, E1 should
be set to be different E2.

(e) If the maximum number of iterations is exceeded when using the inverse iteration method (IERR = 2000
is output), the following processing is performed.
If IW1(i) = 0: The i-th eigenvector calculation is normally terminated.

If IW1(i) # 0: The convergence condition is not satisfied for the i-th eigenvector calculation, and the

eigenvector precision is low. In this case, the iteration count is set for IW1(i).

If processing is normally terminated (IERR = 0 is output), IW1(i) = 0 is set.
(f) Eigenvectors v; are an orthonormal set so that v;‘-FB'vk =0k

DCGSEN}

(g) If eigenvectors are not required, use 4.14.6
RCGSEN

(7) Example

(a) ProblemObtain the two eigenvalues in the interval [0.001, 0.1] from the smallest one of Az = ABez,

where matrices A and B are as follows:

611 196 —192 407 —8 —52 —49 29
196 899 113 —192 —71 —43 -8 —44
—192 113 899 196 61 49 8 52
A_ | 407 192 196 611 8 44 59 —23
-8 -7l 61 8 411 —599 208 208
—52 —43 49 44 —599 411 208 208
—49 -8 8 59 208 208 99 -—911
29 -4 52 —23 208 208 -—911 99 |
[ 170 18 33 —21 —-17 13 25 —36 |
18 171 -21 22 13 —-17 -36 25
33 —21 171 18 25 —36 —17 13
p_| "2 2 18 171 =36 25 13 17
~17 13 25 -36 171 18 33 -—21
13 —-17 -36 25 18 171 -21 -3
25 —36 —17 13 33 —21 171 18
| 36 25 13 -17 -21 -3 18 171 |

and their corresponding eigenvectors.
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(b) Input data
Matrix A, LNA=11, N=8, matrix B, LNB=11, EPS=—1.0, M=2, E1=0.001, E2=0.1 and LNV=10.

(¢) Main program

1 okokx

10

20

30

40

50
60

70

1000

1100
1200
1300

1400
1500

PROGRAM BCGSEE
EXAMPLE OF DCGSEE x***
IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER ( LNA = 11, LNB = 11, LNV = 10 )
DIMENSION A(LNA,LNA), B(LNB,LNB), E(LNA), VE(LNV,LNV),&

IWi(LNA), W1(9*LNA)

READ (5, *) N M, E1, E2
DO 10 J=1,

READ(5, *) (A3, D), I=J, )
CONTINUE
DO 20 J=1,

READ(5, *) (B(J,I), I=J, N)
CONTINUE

WRITE(6,1000) N, M, E1, E2
WRITE(6,1100) ’A’
DO 30 J=1, N

WRITE(6,1200) (A(I,J), I=1, J-1),
CONTINUE
WRITE(6,1100) ’B’
DO 40 J=1, N

WRITE(6,1200) (B(I,J), I=1, J-1),
CONTINUE

EPS = -1.0D0

CALL DCGSEE(A,LNA,N,B,LNB,EPS,E,M,E1,

WRITE(6,1300) IERR
DO 60 K=1, M-3, 4

WRITE(6,1400) (’EIGENVALUE ’, I=1,

WRITE(6,1500) (E(I), I=K, K+3)

WRITE(6,1400) (’EIGENVECTOR’, I=1,

DO 50 J=1, N

AU, D, I=J, M)

(BU,D, I=J, N)

E2,VE,LNV,IW1,W1,IERR)

4)
4)

WRITE(6,1500) (VE(J,I), I=K, K+3)

CONTINUE
CONTINUE
IF(MOD(M,4) .NE.0) THEN

WRITE(6,1400) (’EIGENVALUE ’, I=M/4*4+1, M)
WRITE(6,1500) (E(I), I=M/4%4+1, M)
WRITE(6,1400) (’EIGENVECTOR’, I=M/4*4+1, M)

DO 70 J—1

N
WRITE(G 1500) (VE(J,I), I=M/4x%4+1, M)

CONTINUE
ENDIF
STOP

FORMAT(1X,/,/,&
1X,’***x DCGSEE *xx*’,/, /. &
1X,’ ** INPUT =*x’,/,/,&

1X,°N = », 14,> M= 5,'14,/,/,&

1X,’E1l= ’, 1PD14.7,” E2= >, 1PD14.7)
FORMAT (1X,/,&

X, INPUT MATRIX ’,Al,/)

FORMAT (1X, 6X, 11(F8.1))
FORMAT(1X./,/.&
1X.2 %% QUTPUT #*%’,/,/.&
1X,? IERR = ’, I4
FORMAT (1X,/,1X, 4(5X, A11l, 2X))
FORMAT (1X, 4(2X, 1PD14.7, 2X))
END

(d) Output results

k% k

*k

DCGSEE  *x*3%
INPUT *x*

4 M= 2

1.0000000D-03 E2= 1.0000000D-01
INPUT MATRIX A

2.0 1.0 1.0 2.0
1.0 1.0 1.0 1.0
1.0 1.0 2.0 2.0
2.0 1.0 2.0 4.0
INPUT MATRIX B
163.0 31.0 58.0 -568.0
31.0 153.0 -58.0 58.0
58.0 -58.0 163.0 31.0
-58.0 58.0 31.0 153.0
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** QUTPUT *x*

IERR = 0
EIGENVALUE EIGENVALUE
5.3688291D-03 2.7447086D-02
EIGENVECTOR EIGENVECTOR
-4.9839235D-02 1.6115522D-02
-3.7709049D-02 -6.8634504D-02
1.9357438D-02 -8.5979167D-02
3.3245027D-02 -1.4513123D-03
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4.14.6 DCGSEN, RCGSEN
Eigenvalues in an Interval of a Real Symmetric Matrix
(Interval Specified) (Generalized Eigenvalue Problem Az = ABzx, B: Positive)

(1) Function
DCGSEN or RCGSEN uses the Cholesky method to transform the real symmetric matrix (two-dimensional
array type) (upper triangular type) generalized eigenvalue problem Az = ABz (A: Real symmetric matrix,
B: Positive symmetric matrix) to a standard eigenvalue problem and uses the Householder method and the

Bisection method to obtain the m largest eigenvalues or m smallest eigenvalues in a specified interval.

(2) Usage
Double precision:
CALL DCGSEN (A, LNA, N, B, LNB, EPS, E, M, E1, E2, W1, IERR)
Single precision:
CALL RCGSEN (A, LNA, N, B, LNB, EPS, E, M, E1, E2, W1, IERR)
(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LNA, N Input | Real symmetric matrix A (two-dimensional ar-
{R} ray type) (upper triangular type)
Output | Input-time contents are not retained.
2 LNA I 1 Input | Adjustable dimension of array A
N I 1 Input | Order of matrix A and B
4 B D LNB,N Input | Positive symmetric matrix B (two-dimensional
{R} array type) (upper triangular type)
Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
EPS D 1 Input | Parameter that assigns an upper limit to the
{R} absolute error for use in the eigenvalue conver-
gence test. (See Note (b))
7 E D M Output | Eigenvalues
)
8 M I 1 Input | Maximum number of the eigenvalues to be
computed
Output | Number of the obtained eigenvalues
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Input
No. | Argument | Type Size nput/ Contents
Output
9 El D 1 Input | E1<E2: Obtain M eigenvalues in the interval
R [E1, E2] from the smallest one. (E2 is upper
bound.)
10 E2 D 1 Input | E1>E2: Obtain M eigenvalues in the interval
R [E1l, E2] from the largest one. (E2 is lower
bound.) (See Notes (c¢) and (d))
11 W1 D 5x N Work | Work area
R
12 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0 < N<LNA LNB
(b) 0<M<N
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1)/B(1,1)
is performed.
1500 The number of eigenvalues between E1 | All the eigenvalues and the corresponding
and E2 is less than M. eigenvectors between E1 and E2 are ob-
tained and the number of the found eigen-
value is output to M.
2100 B has a diagonal element very close to | Processing continues.
Zero.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 B was not positive definite.
(6) Notes

(a) Data should be stored only in the upper triangular portions of arrays A and B.

(b) If EPS < 0, the optimum value is automatically set internally. Normally, a negative value should be set
so that this value will be set automatically. EPS is used to obtain eigenvalues by using the Bisection
method.

(¢) If E1 < E2 the obtained eigenvalues and eigenvectors are stored in ascending order. On the other

hand, if E1 > E2 the eigenvalues and eigenvectors are stored in descending order.

(d) If E1 = E2, the eigenvalues in the interval [E1 — EPS, E1 4+ EPS] are obtained. Normally, E1 should

be set to be different E2.
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4.15 GENERALIZED EIGENVALUE PROBLEM (ABz = Az) FOR
REAL SYMMETRIC MATRICES (TWO-DIMENSIONAL AR-
RAY TYPE) (UPPER TRIANGULAR TYPE)

4.15.1 DCGJAA, RCGJAA
All Eigenvalues and All Eigenvectors of Real Symmetric Matrices
(Generalized Eigenvalue Problem ABz = \x, B: Positive)

(1) Function
Generalized eigenvalue problem

ABx = \x

(A: Real symmetric, B: Positive real symmetric) is solved by using the Cholesky method, the Householder
method and QR method to obtain all eigenvalues A and corresponding all eigenvectors .

(2) Usage
Double precision:
CALL DCGJAA (A, LNA, N, B, LNB, E, WORK, IERR)
Single precision:
CALL RCGJAA (A, LNA, N, B, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, N Input | Real symmetric matrix A
R Output | Eigenvectors x
LNA I 1 Input | Adjustable dimension of array A
3 N I 1 Input | Order of matrices A and B
4 B D LNB,N Input | Real symmetric matrix B
R Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
E D N Output | Eigenvalues A
R
7 WORK D 2x N Work | Work area
R
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 1 <N < LNA,LNB
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1) x B(1,1) and
A(1,1) + 1.0/4/B(1,1)
are performed.
2100 B has a diagonal element very close to | Some results may be obtained with low
Z€eTo. precision.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 B was not positive definite.
5000 42 The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue was obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).
No eigenvector is obtained at this time.
(6) Notes

(a) Arrays A and B should be stored only in the upper triangular portions.

(b) Eigenvalues are stored in ascending order.

(c) Eigenvectors v; are an orthonormal set so that 'UJTB'U;C =0k

(d) 4.15.2 {

(e) 4.16.1 {

(7) Example

(a) Problem

Obtain all eigenvalues and their corresponding eigenvectors non-symmetric matrix AB when A and B

DCGJAN
RCGJAN

DCGKAA
RCGKAA

are positive symmetric matrices.

[ 1.07692 0.28571 0.09733 0.04887 ]|
0.28571 1.02041 0.26316 0.08610
0.09733 0.26316 1.00917 0.25676

| 0.04887 0.08610 0.25676 1.00518 |

[ 1.04762 0.18841 0.05996 0.02968 ]|
0.18841 1.01235 0.17460 0.05314
0.05996 0.17460 1.00552 0.17073

| 0.02968 0.05314 0.17073 1.00312 |

} should be used if the eigenvectors are not needed.

} should be used if matrix A is only positive.

Note Where matrix elements of A and B are defined as

A= P(3.0,4), B=P(5.0,4)

where

P(a*N), ; = 2/ cos (ait) cos (ajt)e tdt(1 <i < N;1<j <N).
0

All eigenvalues of the each matrix exist within a finite interval which is independent of N.
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(b) Input data

N=4

,LNA=LNB=4 and Symmetric matrices A and B.

(¢) Main program

[

110
100

120

130

140

6000

6010

6020
6030

6040

6050
6060

PROGRAM BCGJAA
EXAMPLE OF DCGJAA x**x
IMPLICIT NONE

INTEGER N,LNA,LNB

PARAMETER( N = 4, LNA = 4, LNB = 4 )

INTEGER IERR,I,J,L

REAL(8) A(LNA,N),B(LNB,N)

REAL(8) E(N),WORK(2xN)

REAL(8) ONE,TRE,FIV

PARAMETER( ONE = 1.DO, TRE = 3.D0, FIV = 5.D0 )

WRITE(6,6000) N, LNA, LNB
DO 100 I=1,N
DO 110 J=1,N
A(I,J)= ONE/(ONE+TRE*DBLE(I+J)*#*2)+0NE/(ONE+TRE*#DBLE (I-J)**2)
B(I,J)= ONE/(ONE+FIV+DBLE(I+J)**2)+0NE/(ONE+FIV*DBLE(I-J)*%2)
CONTINUE
CONTINUE
WRITE(6,6010)
DO 120 I=1,N
WRITE(6,6020) A(I,1),A(I,2),A(I,3),A(I,4)
CONTINUE
WRITE(6,6030)
DO 130 I=1,N
WRITE(6,6020) B(I,1),B(I,2),B(I,3),B(I,4)
CONTINUE

CALL DCGJAACA, LNA, N, B, LNB, E, WORK, IERR)

WRITE(6,6040) IERR

DO 140 I=1,N,2
WRITE(6,6050) (’ EIGENVALUE’,L=1,2)
WRITE(6,6060) E(I),E(I+1)
WRITE(6,6050) (’EIGENVECTOR’,L=1,2)
WRITE(6,6060) A(1,I),A(1,I+1)
WRITE(6,6060) A(2,1),A(2,I+1)
WRITE(6,6060) A(3,I),A(3,I+1)

WRITE(6,6060) A(4,I),A(4,I+1)
CONTINUE

STOP

FORMAT(/, &
1X,2%x* DCGJAA *xx’ /. /. &
1X,? ** INPUT *x’,/,/.&

1X,° N = ’,I4, °’ LNA = ’,I4,> LNB = ’,I4,/)
FORMAT(/,&
1X,? INPUT MATRIX A’,/)
FORMAT (1X,3X,4(2X,F9.5))
FORMAT(/,&
1X,” INPUT MATRIX B’,/)
FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,”’ IERR =’,15,/)
FORMAT(/,&

1X,7X,A11,22X,A11)
FORMAT (1X,5X, 1PD14.7,19X,1PD14.7)
END

(d) Output results

*x

*k

DCGJAA  **x
INPUT *x
N = 4 LNA = 4 LNB = 4

INPUT MATRIX A

1.07692 0.28571 0.09733 0.04887
0.28571 1.02041 0.26316 0.08610
0.09733 0.26316 1.00917 0.25676
0.04887 0.08610 0.25676 1.00518
INPUT MATRIX B
1.04762 0.18841 0.05996 0.02968
0.18841 1.01235 0.17460 0.05314
0.05996 0.17460 1.005652 0.17073
0.02968 0.05314 0.17073 1.00312
OUTPUT  *x*
IERR = 0
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EIGENVALUE
5.0334859D-01

EIGENVECTOR
-3.5988845D-01
7.0243936D-01
-7.1756352D-01
4.0575850D-01

EIGENVALUE
1.1519432D+00

EIGENVECTOR
5.9964094D-01
2.5727788D-01

-3.8926246D-01
-6.0442734D-01

EIGENVALUE
7.0649951D-01

EIGENVECTOR
-5.7276742D-01
4.9740733D-01
4.1982158D-01
-6.2631989D-01

EIGENVALUE
2.1334368D+00

EIGENVECTOR
4.1404961D-01
4.9417207D-01
4.5974369D-01
3.2426391D-01
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4.15.2 DCGJAN, RCGJAN
All Eigenvalues of Real Symmetric Matrices
(Generalized Eigenvalue Problem ABz = Az, B: Positive)

(1) Function
Generalized eigenvalue problem

ABx = \x

(A: Real symmetric, B: Positive real symmetric) is solved by using the Cholesky method, the Householder
method and QR method to obtain all eigenvalues A .

(2) Usage
Double precision:
CALL DCGJAN (A, LNA, N, B, LNB, E, WORK, IERR)
Single precision:
CALL RCGJAN (A, LNA, N, B, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, N Input | Real symmetric matrix A
R Output | Input-time contents are not retained.
LNA I 1 Input | Adjustable dimension of array A
3 N I 1 Input | Order of matrices A and B
4 B D LNB,N Input | Real symmetric matrix B
R Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
E D N Output | Eigenvalues A
R
7 WORK D 2xN Work | Work area
R
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 1 <N <LNA,LNB
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

1000 N was equal to 1. E(1) «+ A(1,1) x B(1,1) is performed.

2100 B has a diagonal element very close to | Some results may be obtained with low
Z€ero. precision.

3000 Restriction (a) was not satisfied. Processing is aborted.

4000 B was not positive definite.

5000 + ¢ The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue was obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).
(6) Notes

(a) Arrays A and B should be stored only in the upper triangular portions.

(b) Eigenvalues are stored in ascending order.

(c) 4.15.1 {

(d) 4.16.2 {

DCGJAA
RCGJAA

DCGKAN
RCGKAN
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4.16 GENERALIZED EIGENVALUE PROBLEM (BAz = Az) FOR
REAL SYMMETRIC MATRICES (TWO-DIMENSIONAL AR-
RAY TYPE) (UPPER TRIANGULAR TYPE)

4.16.1 DCGKAA, RCGKAA
All Eigenvalues and All Eigenvectors of Real Symmetric Matrices
(Generalized Eigenvalue Problem BAxr = \x, B: Positive)

(1) Function
Generalized eigenvalue problem

BAzx = \x

(A: Real symmetric, B: Positive real symmetric) is solved by using the Cholesky method, the Householder

method and QR method to obtain all eigenvalues A and corresponding all eigenvectors .

(2) Usage
Double precision:
CALL DCGKAA (A, LNA, N, B, LNB, E, WORK, IERR)
Single precision:
CALL RCGKAA (A, LNA, N, B, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, N Input | Real symmetric matrix A
R Output | Eigenvectors x
LNA I 1 Input | Adjustable dimension of array A
3 N I 1 Input | Order of matrices A and B
4 B D LNB,N Input | Real symmetric matrix B
R Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
E D N Output | Eigenvalues A
R
7 WORK D 2x N Work | Work area
R
8 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) 1 <N < LNA,LNB

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1) x B(1,1) and
A(1,1) «+ /B(1, 1)
are performed.
2100 B has a diagonal element very close to | Some results may be obtained with low
Z€eTo. precision.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 B was not positive definite.
5000 42 The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue was obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).
No eigenvector is obtained at this time.
(6) Notes

(a) Arrays A and B should be stored only in the upper triangular portions.

(b) Eigenvalu

es are stored in ascending order.

(c¢) Eigenvectors v; are an orthonormal set so that 'UJTB’lvk =k

(d) 4.16.2 {

(e) 4.15.1 {

(7) Example

(a) Problem

Obtain all eigenvalues and their corresponding eigenvectors non-symmetric matrix AB when A and B

DCGKAN
RCGKAN

DCGJAA
RCGJAA

are positive symmetric matrices.

[ 1.07692
0.28571
0.09733
| 0.04887

0.28571
1.02041
0.26316
0.08610

0.04887 ]
0.08610
0.25676
1.00518 |

0.09733
0.26316
1.00917
0.25676

[ 1.04762
0.18841
0.05996

| 0.02968

0.18841
1.01235
0.17460
0.05314

0.02968 |
0.05314
0.17073
1.00312 |

0.05996
0.17460
1.00552
0.17073

} should be used if the eigenvectors are not needed.

} should be used if matrix A is only positive.

Note Where matrix elements of A and B are defined as

A= P(3.0,4), B=P(5.0,4)
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where

P(a®N), ;= 2/ cos (ait) cos (ajt)e tdt(1 <i <N;1<j <N).
0

All eigenvalues of the each matrix exist within a finite interval which is independent of N.

(b) Input data

N=4 ,LNA=LNB=4 and Symmetric matrices A and B.

(¢) Main program

PROGRAM BCGKAA
! sxx EXAMPLE OF DCGKAA x***
IMPLICIT NONE

INTEGER N,LNA,LNB

PARAMETER( N = 4, LNA = 4, LNB = 4 )

INTEGER IERR,I,J,L
REAL(8) A(LNA,N),B(LNB,N)
REAL(8) E(N),WORK(2xN)
REAL(8) ONE, TRE, FIV

PARAMETER( ONE = 1.DO, TRE = 3.DO, FIV = 5.D0 )

WRITE(6,6000) N, LNA, LNB
DO 100 I=1,N
DO 110 J=1,N

A(I,J)= ONE/(ONE+TRE*DBLE(I+J)*%2)+0ONE/(ONE+TRE*DBLE (I-J)**2)
B(I,J)= ONE/(ONE+FIV+DBLE(I+J)*%2)+0NE/(ONE+FIV*DBLE(I-J)**2)

110 CONTINUE

100 CONTINUE
WRITE(6,6010)
DO 120 I=1,N

WRITE(6:6020) A(I,1),A(1,2),A(T,3),A(1,4)

120 CONTINUE
WRITE(6,6030)
DO 130 I=1,N

WRITE(6,6020) B(I,1),B(I,2),B(I,3),B(I,4)

130 CONTINUE

CALL DCGKAA(A, LNA, N, B, LNB, E, WORK, IERR)

WRITE(6,6040) IERR
DO 140 2

WRITE(6,6050)
WRITE(6,6060)
WRITE(6,6050)
WRITE(6,6060)
WRITE(6,6060)
WRITE(6,6060)
WRITE(6,6060)

(> EIGENVALUE’,L=1,2)
E(I),E(I+1)
(’EIGENVECTOR’ ,L=1,2)
A(1,I),A(1,I+1)
A(2,1),A(2,1+1)
A(3,1),A(3,I+1)
A(4,1),A(4,I+1)

140 CONTINUE
1
STOP

6000 FORMAT(/,&
1X,2*%%x DCGKAA *xx’ / /. &
1X,? ** INPUT =*x’,/,/.,&
1X,”’ N=",I4,

6010 FORMAT(/,&
1X,? INPUT MATRIX A’,/)

6020 FORMAT(1X,3X,4(2X,F9.5))

6030 FORMAT(/,&
1X,”’ INPUT MATRIX B’,/)

6040 FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,”’ IERR =’,15,/)

6050 FORMAT(/,&
1X,7X,A11,22X,A11)

6060 FORMAT(1X,5X,1PD14.7,19X,1PD14.7)

END

(d) Output results

LNA = °,I4,°

**k*x DCGKAA  k*x
*% INPUT *x*
N = 4 LNA = 4 LNB = 4
INPUT MATRIX A
1.07692 0.28571 0.09733 0.04887
0.28571 1.02041 0.26316 0.08610
0.09733 0.26316 1.00917 0.25676
0.04887 0.08610 0.25676 1.00518
INPUT MATRIX B
1.04762 0.18841 0.05996 0.02968
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0.18841 1.01235 0.17460 0.05314
0.05996 0.17460 1.00552 0.17073
0.02968 0.05314 0.17073 1.00312
**x  QUTPUT  *x*
IERR = 0
EIGENVALUE EIGENVALUE

5.0334859D-01

EIGENVECTOR
-2.7566971D-01
5.3958111D-01
-5.5118459D-01
3.1116215D-01

7.0649951D-01

EIGENVECTOR
4.9973959D-01
4.3565256D-01
3.6771142D-01
5.4715726D-01

EIGENVALUE EIGENVALUE
1.1519432D+00 2.1334368D+00
EIGENVECTOR EIGENVECTOR

6.3538913D-01
2.7334189D-01
-4.1372916D-01
-6.4130226D-01

5.6406228D-01
6.7578767D-01
6.2875822D-01
4.4231632D-01
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4.16.2 DCGKAN, RCGKAN
All Eigenvalues of Real Symmetric Matrices
(Generalized Eigenvalue Problem BAr = Az, B: Positive)
(1) Function

Generalized eigenvalue problem
BAxz = \x

(A: Real symmetric, B: Positive real symmetric) is solved by using the Cholesky method, the Householder
method and QR method to obtain all eigenvalues A .

(2) Usage
Double precision:
CALL DCGKAN (A, LNA, N, B, LNB, E, WORK, IERR)
Single precision:
CALL RCGKAN (A, LNA, N, B, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D LNA, N Input | Real symmetric matrix A
R Output | Input-time contents are not retained.
LNA I 1 Input | Adjustable dimension of array A
3 N I 1 Input | Order of matrices A and B
4 B D LNB,N Input | Real symmetric matrix B
R Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
E D N Output | Eigenvalues A
R
7 WORK D 2xN Work | Work area
R
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 1 <N <LNA,LNB
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1) x B(1,1)
is performed.

2100 B has a diagonal element very close to | Some results may be obtained with low
Z€eTo. precision.

3000 Restriction (a) was not satisfied. Processing is aborted.

4000 B was not positive definite.

5000 42 The sequence did not converge in the step | Eigenvalues obtained by this time are en-
where the eigenvalue was obtained. tered in E(1),---,E(i — 1) (However, the
(1<i<N) order is irregular).
(6) Notes

(a) Arrays A and B should be stored only in the upper triangular portions.

(b) Eigenvalues are stored in ascending order.

DCGKAA

(c) 4.16.1
RCGKAA

} should be used if the eigenvectors are needed.

DCGJAN

(d) 4.15.2
RCGJAN

} should be used if matrix A is only positive.
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4.17.1

GENERALIZED EIGENVALUE PROBLEM (Az = ABz) FOR
HERMITIAN MATRICES (TWO-DIMENSIONAL ARRAY
TYPE) (UPPER TRIANGULAR TYPE) (REAL ARGU-
MENT TYPE)

ZCGRAA, CCGRAA
All Eigenvalues and All Eigenvectors of Hermitian Matrices
(Generalized Eigenvalue Problem Az = A\Bz, B: Positive)

(1) Function

Generalized eigenvalue problem

Az = A\Bz

(A: Hermitian, B: Positive Hermitian) is solved by using the Cholesky method, the Householder method

and

QR method to obtain all eigenvalues A and corresponding all eigenvectors z.

(2) Usage
Double precision:
CALL ZCGRAA ( AR, AL, LNA, N, BR, BI, LNB, E, WORK, IERR)
Single precision:
CALL CCGRAA ( AR, AI, LNA, N, BR, BI, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 AR D LNA, N Input | Real part of Hermitian matrix A
R Output | Real part of eigenvector z
p 1% g
2 Al D LNA,N Input | Imaginary part of Hermitian matrix A
R Output | Imaginary part of eigenvector z
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrices A and B
5 BR D LNB,N Input | Real part of Hermitian matrix B
R Output | Input-time contents are not retained.

311



ZCGRAA, CCGRAA

All Eigenvalues and All Eigenvectors of Hermitian Matrices

(Generalized Eigenvalue Problem Az = ABz, B: Positive)

Input
No. | Argument | Type Size nput/ Contents
Output
6 BI D LNB,N Input | Imaginary part of Hermitian matrix B
R Output | Input-time contents are not retained.
7 LNB I 1 Input | Adjustable dimension of arrays BR and BI
8 E D N Output | Eigenvalues A
R
9 WORK D 4xN Work | Work area
R
10 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 1 <N <LNA,LNB
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + AR(1,1)/BR(1,1),
AR(1,1) + 1.0/4/BR(1,1) and
AI(1,1) + 0.0
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 B was not positive definite.
5000 The sequence did not converge in the step
where the eigenvalue was obtained.
(6) Notes

(a) Arrays AR, AI, BR and BI should be stored only in the upper triangular portions.

(b) Eigenvalues are stored in ascending order.

(c) Eigenvectors v; are an orthonormal set so that v} Bvg = 0k

(d) 4.17.2 {

ZCGRAN
CCGRAN

312

} should be used if the eigenvectors are not needed.




ZCGRAA, CCGRAA
All Eigenvalues and All Eigenvectors of Hermitian Matrices
(Generalized Eigenvalue Problem Az = ABz, B: Positive)

(7) Example

(a) Problem

For Hermitian matrix of the degree 4

8 3 1-2¢ —-1-24¢

e 3 9 142 —-1+42¢
1424 1—2¢ 10 -3

| —1+2¢ —1-23 -3 11

and its conjugate Hermitian matrix

8 3 142 —1+2
B 3 9 1-2i —1-2
1—-2i 142 10 -3

| —1-2 —-1+2 -3 11

obtain eigenvector of generalized eigenvalue problem.

(b) Input data
N=4, LNA=4, matrix A, LNB=4 and matrix B.
(¢) Main program

PROGRAM ACGRAA
IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER ( N=4 , LN=4 )
REAL(8) E(NS, WDRK(4*N)
COMPLEX(8) KEEP(LN,N), VI

REAL (8) AR(LN,N) , BR(LN N),AI(LN,N),BI(LN,N),SCL(N)
KEEP(1,1)=( 8.D0, 0.D0)
KEEP(2,2)=( 9.D0, 0.D0)
KEEP(3,3)=( 10.D0, 0.D0)
KEEP (4,4)=( 11.D0, 0.D0)
KEEP(1,2)=( 3.D0, 0.D0)
KEEP(1,3)=( 1.D0, 2.D0)

KEEP (1,4)=(-1.D0, 2.D0)
KEEP(2,3)=( 1.D0,-2.D0)
KEEP(2,4)=(-1.D0,-2.D0)

KEEP (3,4)=(-3.D0, 0.D0)
METHOD=0

WRITE(6,60)
IF (METHOD.EQ.0) WRITE(6,70) N
DO 1000 I=1,N
DO 1001 J=I,N
BR(I,J)=DBLE (KEEP(I,J))
BI(I,J)=DIMAG(KEEP(I,J))
KEEP (J,1)=CONJG (KEEP(I,J))
AR(T,J3=BR(I,J)
AT(I,J)=-BI(I,D)
ARCI,T)=AR(I, D)
AI(J,I)=-AI1(1,J)
BR(J,I)=BR(I,J)
BI(J,I)=-BI(I,J)
1001 CONTINUE
1000 CONTINUE
IF (METHOD.EQ.0) THEN
WRITE(6,80)
DO 1150 I=1,N
WRITE(6,5000) AR(I,1),AI(I,1),AR(I,2),AI(I,2),&
AR(I.3),AI(I,3).AR(I,4),AT(I.4)
1150 CONTINUE
WRITE(6,90)
DO 1250 I=1,N
WRITE(6,5000) BR(I,1),BI(I,1),BR(I,2),BI(I,2),&
BR(I,3),BI(I,3),BR(I,4),BI(I,4)
1250 CONTINUE
ENDIF
IF (METHOD.GT.0) THEN
CALL BWINTA(AR, AI, BR, BI, LN, N, SCL, IERRA)
IF (IERRA.GT.0) STOP
WRITE(6,95)
DO 1100 I=1, N
DO 1101 J=I,N
WRITE(6,6000) AR(I,J),AI(I,J),BR(I,J),BI(I,J),I,J
1101 CONTINUE
1100 CONTINUE
ENDIF

CALL ZCGRAA(AR,AI, LN, N, BR,BI, LN, E, WORK, IERR)
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2101
2100

1000

2001
2000
!

1001
1000
1

IF (METHOD.

CALL B

GT.0) THEN
WINTB(AR, AI, LN, N, SCL, IERRB)

IF(IERRB.GT.0) STOP

ENDIF

IF (METHOD.
WRITE(6

LSE
WRITE(
ENDIF
WRITE(6,9

DO 2000 I=

VM=(0
DO 210
DO 210

VM=

CONTIN
CONTIN
WRITE(
WRITE(
WRITE(
WRITE(
WRITE(
WRITE(
WRITE(
CONTINUE

STOP

FORMAT (1X,
FORMAT (1X,
FORMAT (1X,
FORMAT (1X,
FORMAT (1X, >
FORMAT (1X,
FORMAT (1X,
FORMAT (1X,
FORMAT(1X,
FORMAT (1X,

FORMAT (1X
FORMAT (1X,

FDRMAT(lX,

END
SUBROUTIN
INTEGER
REAL(8)

INTEGER I,
REAL(8) F,

PARAMETER
PARAMETER

IERR=0
IF(N.GT.L.
IF(N.LT.
IF(IERR.G

DO 1000 I=

IF(BR(
I

GT.0) THEN
,96)

6,97)

8) IERR
1,N,2

.D0,0.D0)

0 J=1,N

1 K=1,N

UM + KEEP(J,K)*CMPLX (AR(K,I), AI(K,I), KIND=8)&
*CMPLX (AR(J,I),-AI(J,I), KIND=8)

UE

UE
6,6500) (’EIGENVALUE ’,L=1,2)

6,7000) E(I),E(I+1)

6,6500) (’EIGENVECTOR’,L=1,2)

6,8000) AR(1,I),AI(1,I),AR(1,I+1),AT(1,I+1)
6,8000) AR(2,I).AI(2.I),AR(2,I+1),AT(2,1+1)
6,8000) AR(3,I),AI(3,I),AR(3,I+1),AI(3,I+1)
6,8000) AR(4,I),AI(4,I),AR(4,I+1),AI(4,I+1)

> xkx ZCGRAA *** 7,/ /)
> xkx INPUT *¥x’,/./,’ N= °,13,/,/)
’ INPUT MATRIX A ( REAL , IMAGINARY )°’,/)
/], INPUT MATRIX B ( REAL , IMAGINARY )’,/)
*x*% INPUT #*** (SCALED) ’)
> %% QUTPUT *** (SCALED) ’)
/s/, ? *x¥x QUTPUT *x*x’,/,/)
’ IERR = ’,I4)
4 (’,F5.1,7,7,F5.1,7)))
> RE(A) ’,E10.2,? IM(A)
> RE(B) ’,E10.2,° IM(B)
>’ I,J =" I2 3X, I2)
./, 2(14X A11 8X))
2(12X,1PD14.7,7X))
2(5X,F12.8,’ ,”,F12.8,2X))

E BWINTA(AR, AI BR, BI, LN, N, SCL, IERR)
LN,

AR(LN, N), BR(LN N), SCL(N),&
AT(LN, 1), BI(LN, N)

) E10.2,&
1 E10.2.&

J

ZERO, ONE
(ZER0=0.D0)
(ONE =1.D0)

N) IERR=3000

1) IERR=3000

T.0) RETURN

1,8

1,1).LE.ZERO) THEN
ERR=4000

RETURN

ENDIF
SCL(I)
CONTINUE

DO 2000 J=
DO 2001 I=

F=SCL(
AR(I,J
AI(I,J
BR(I,J
BI(I,J
CONTINUE
CONTINUE

RETURN
END

SUBROUTIN
INTEGER
REAL(8)

=0NE/SQRT(BR(I,I))

1,N

1,N
I)*SCL(J)
Y=AR(I,J)*F
Y=AI(I,J)*F
Y=BR(I,J)*F
)=BI(I,J)*F

E BWINTB(AR, AI, LN, N, SCL, IERR)
LN, N
AR(LN, N), AI(LN, N), SCL(N)

INTEGER I,J

IERR=0
IF(N.GT.L.
IF(N.LT.
IF(IERR.G

DO 1000 I
DO 1001
AR(T, J
AI(I,J
CONTINUE
CONTINUE

RETURN

>

N) IERR=3000
1) IERR=3000

T.0) RETURN
1 N

) AR(I J)*SCL(I)
)=AI(I,J)*SCL(I)
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END
(d) Output results

*%* ZCGRAA **x*

skk INPUT sok*

N= 4
INPUT MATRIX A ( REAL , IMAGINARY )
( 8.0, 0.0)C 3.0, 0.0)C 1.0, -2.0)( -1.0, -2.0)
( 3.0, 0.0)( 9.0, 0.0)(C 1.0, 2.0)( -1.0, 2.0)
( 1.0, 2.0)(C 1.0, -2.0)( 10.0, 0.0)( -3.0, 0.0)
(-1.0, 2.00(C -1.0, -2.0)( -3.0, 0.0)( 11.0, 0.0)
INPUT MATRIX B ( REAL , IMAGINARY )
( 8.0, 0.0)(C 3.0, 0.0)(C 1.0, 2.0)(C -1.0, 2.0)
( 3.0, 0.0)C 9.0, 0.0)C 1.0, -2.0)( -1.0, -2.0)
( 1.0, -2.0)(C 1.0, 2.0)(C 10.0, 0.0)( -3.0, 0.0)
(-1.0, -2.0)(C -1.0, 2.00( -3.0, 0.0)( 11.0, 0.0)
***x QUTPUT ***
IERR = 0
EIGENVALUE EIGENVALUE
2.3087618D-01 1.0000000D+00
EIGENVECTOR EIGENVECTOR
0.17507548 , 0.00103858 0.20825807 , 0.00000000
-0.16011650 , 0.00086549 0.20825807 , 0.00000000
-0.00110807 , -0.14886363 0.00144123 , -0.00000000
0.00110807 , -0.13795850 -0.00144123 , -0.00000000
EIGENVALUE EIGENVALUE
1.0000000D+00 4.3313260D+00
EIGENVECTOR EIGENVECTOR
0.00314584 , -0.03530977 0.36436426 , -0.00216148
0.00314584 , -0.03530977 -0.33323187 , -0.00180124
-0.01730214 , 0.19420373 -0.00230610 , 0.30981257
0.01730214 , -0.19420373 0.00230610 , 0.28711700
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4.17.2 ZCGRAN, CCGRAN
All Eigenvalues of Hermitian Matrices
(Generalized Eigenvalue Problem Az = ABz, B: Positive)

(1) Function
Generalized eigenvalue problem

Az = \Bz

(A: Hermitian, B: Positive Hermitian) is solved by using the Cholesky method, the Householder method
and QR method to obtain all eigenvalues A .

(2) Usage
Double precision:
CALL ZCGRAN ( AR, AILL LNA, N, BR, BI, LNB, E, WORK, IERR)
Single precision:
CALL CCGRAN ( AR, AL, LNA, N, BR, BI, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 AR D LNA, N Input | Real part of Hermitian matrix A
R Output | Input-time contents are not retained.
2 Al D LNA,N Input | Imaginary part of Hermitian matrix A
R Output | Input-time contents are not retained.
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrices A and B
BR D LNB,N Input | Real part of Hermitian matrix B
R Output | Input-time contents are not retained.
6 BI D LNB,N Input | Imaginary part of Hermitian matrix B
R Output | Input-time contents are not retained.
7 LNB I 1 Input | Adjustable dimension of arrays BR and BI
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Input
No. | Argument | Type Size nput/ Contents
Output
8 E D N Output | Eigenvalues A
R
9 WORK D 4xN Work | Work area
R
10 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 1 < N<LNA,LNB
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + AR(1,1)/BR(1,1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 B was not positive definite.
5000 The sequence did not converge in the step
where the eigenvalue was obtained.
(6) Notes

(a) Arrays AR, AI, BR and BI should be stored only in the upper triangular portions.

(b) Eigenvalues are stored in ascending order.

(c) 4.17.1 {

ZCGRAA
CCGRAA
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4.18 GENERALIZED EIGENVALUE PROBLEM (Az = ABz) FOR
HERMITIAN MATRICES (TWO-DIMENSIONAL ARRAY
TYPE) (UPPER TRIANGULAR TYPE) (COMPLEX ARGU-
MENT TYPE)

4.18.1 ZCGHAA, CCGHAA
All Eigenvalues and All Eigenvectors of Hermitian Matrices
(Generalized Eigenvalue Problem Az = BAz, B: Positive)
(1) Function

Generalized eigenvalue problem
Az = \Bz

(A: Hermitian, B: Positive Hermitian) is solved by using the Cholesky method, the Householder method

and QR method to obtain all eigenvalues A and corresponding all eigenvectors z.

(2) Usage
Double precision:
CALL ZCGHAA (A, LNA, N, B, LNB, E, WORK, ZZW, IERR)
Single precision:
CALL CCGHAA ( A,LNA, N, B, LNB, E, WORK, ZZW, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A 7 LNA, N Input | Hermitian matrix A
C Output | Eigenvector z
2 LNA I 1 Input | Adjustable dimension of array A
3 N I 1 Input | Order of matrices A and B
4 B 7 LNB,N Input | Hermitian matrix B
C Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
E {D} N Output | Eigenvalues A
R
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Input
No. | Argument | Type Size nput/ Contents
Output
7 WORK D 2xN Work | Work area
R
8 77ZW 7 N Work | Work area
C
9 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 1 < N<LNA,LNB
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.

1000 N was equal to 1. E(1) «+ A(1,1)/B(1,1) and
A(1,1) + 1.0//B(1,1)
are performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

4000 B was not positive definite.

5000 The sequence did not converge in the step

where the eigenvalue was obtained.

(6) Notes

(a) Arrays A and B should be stored only in the upper triangular portions.
(b) Eigenvalues are stored in ascending order.
(¢) Eigenvectors v; are an orthonormal set so that v} Boy = 3k

ZCGHAN

(d) 4.18.2
CCGHAN

} should be used if the eigenvectors are not needed.

(7) Example

(a) Problem

For Hermitian matrix of the degree 4

8 3 1—-2 —1-—2
Ao 3 9 142 —-1+2
142 1—2 10 -3

| —14+2 -1-2 -3 11

and its conjugate Hermitian matrix

8 3 142 —1+2i
B 3 9 1-2 —1-2
1-2 142 10 -3

| —1-2 —1+2 -3 11

obtain eigenvector of generalized eigenvalue problem.
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(b) Input data
N=4, LNA=4, matrix A, LNB=4 and matrix B.

(¢) Main program

1001
1000

1150

1250

1101
1100

1201
1200
!

1301
1300

2101
2100

PROGRAM ACGHAA

IMPLICIT

REAL (8) (A-H,0-2)

PARAMETER ( N=4 , LN=4 )

REAL(8)

E(N), WORK(2+N)

COMPLEX(8) KEEP(LN,N),VM,A(LN,N) ,B(LN,N),ZZW(N)

REAL(8)
KEEP(1,1)

NN N2
LI L T [ 1 1 1 1}

AAAAAAAAAA

s
s
s
s
s
s

KEEP(3,4)
METHOD=0

AR(LN,N) ,BR(LN,N) ,AT(LN,N) ,BI(LN,N),SCL(N)
8.D0, 0.D0)
9.D0, 0.D0)
10.D0, 0.D0)
11.D0, 0.DO)
3.D0, 0.DO)
1.D0, 2.D0)
-1.D0, 2.D0)

1.D0,-2.D0)
-1.D0,-2.D0)
-3.D0, 0.DO)

WRITE(6,60)

IF (METHOD.EQ.0) WRITE(6,70) N
DO 1000 I=1,N

DO 1001 J=I,N

BR(I,J)
BI(I,J)
KEEP (J,
AR(I,J)
AI(I,J)
AR(J,I)
AI(J,I)
BR(J,I)
BI(J,I)
CONTINUE
CONTINUE

=DBLE (KEEP(I,J))
=DIMAG(KEEP(I,J))
I)=CONJG(KEEP(I,J))
=BR(I,J)

=-BI(I,J)

=AR(I,J)

=-AI(I,J])

=BR(I,J)

=-BI(I,J)

IF(METHOD.EQ.0) THEN
WRITE(6,80)
DO 1150 I=1,N
WRITE(6,5000) AR(I,1),AI(I,1),AR(I,2),AI(I,2),&

AR(I,3),AI(I,3),AR(I,4),AI(I,4)

CONTINUE

WRITE(6,90)

DO 1250 I=1,N

WRITE(6,5000) BR(I,1),BI(I,1),BR(I,2),BI(I,2),&

BR(I,3),BI(I,3),BR(I,4),BI(I,4)

CONTINUE

ENDIF

IF (METHOD.GT.0) THEN
CALL BWINTA(AR, AI, BR, BI, LN, N, SCL, IERRA)
IF(IERRA.GT.0) STOP
WRITE(6,95)
DO 1100 I=1,N
DO 1101 J=I.N
WRITE(6,6000) AR(I,J),AI(I,J),BR(I,J),BI(I,]),I,J
CONTINUE
CONTINUE

ENDIF
DO 1200
DO 1201
ACT,T)
B(I,J)
CONTINUE
CONTINUE

I=1,N
J=I,N
=CMPLX (AR(I,J),AI(I,J), KIND=8)
=CMPLX(BR(I,J),BI(I,J), KIND=8)

CALL ZCGHAA(A, LN, N, B, LN, E, WORK, ZZW, IERR)

DO 1300
DO 1301

I=1,N
J=1.N

AR(I,J)=A(I,J)
AI(I,J)=DIMAG(A(I,J))

CONTINUE
CONTINUE

IF(METHOD.GT.0) THEN
CALL BWINTB(AR, AI, LN, N, SCL, IERRB)
IF(IERRB.GT.0) STOP

EN

DIF
IF(METHOD.GT.0) THEN

WRITE(6,96)
ELSE
WRITE(6,97)
NDIF

WRITE(6,98) IERR
DO 2000 I=1,N,2
VM=(0.D0,0.D0)
DO 2100 J=1,N
DO 2101 K=1,N
VM=VM + KEEP(J,K)*CMPLX(AR(K,I), AI(K,I), KIND=8)&

CONTINUE
CONTINUE
WRITE(6,6500) (’EIGENVALUE ’,L=1,2)

*CMPLX (AR(J,I),-AI(J,I), KIND=8)
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WRITE(6,7000) E(I),E(I+1)
WRITE(6,6500) (’EIGENVECTOR’,L=1,2)
WRITE(6,8000) AR(1,I),AI(1,I),AR(1,I+1),AI(1,I+1)
WRITE(6,8000) AR(2,I),AI(2,I),AR(2,I+1),AI(2,I+1)
WRITE(6,8000) AR(3,I),AI(3,I),AR(3,I+1),AI(3,I+1)
WRITE(6,8000) AR(4.I),AI(4,1).AR(4,I+1).AT(4,1+1)
2000 CONTINUE
STOP
60 FORMAT (1X,
70 FORMAT(1X,

> kkx ZCGHAA *xx 2,/ /)
> sxk INPUT #xx’,/, ], N= ’,13,/,/)
80 FORMAT(1X,’ INPUT MATRIX A ( REAL , IMAGINARY )’,/)
90 FORMAT(1X,/,/,’ INPUT MATRIX B ( REAL , IMAGINARY )’,/)
95 FORMAT(1X,’ *** INPUT *** (SCALED) ’)
96 FORMAT(1X,’ *** QUTPUT #** (SCALED) ’)
97 FORMAT(1X,/,/, > *** OUTPUT *xx2 [ /)
98 FORMAT (1X,° RR = ’,I4)
5000 FORMAT(1X,4(’(’,F5. 1 ’,?,F5.1,%)°))

6000 FORMAT(1X,’ RE(A) = %,E10.2,7 IM(A) = °,E10.2,&
RE(B) = ’,E10.2,’ IM(B) = ’.E10.2.&
) I J = 12 3X,12)
6500 FORMAT (1X ,/, 2(14x A11.8%))
7000 FORMAT(1X,2(i2X,1PDi4.7,7%))
8000 FORMAT(1X, 2(5X,F12.8,° ,’,F12.8,2X))
END
SUBRDUTINE BWINTA (AR, AI BR, BI, LN, N, SCL, IERR)
INTEGER LN,
REAL(8) AR(LN, N), BR(LN N), SCLN),&
AT (LN, N) BI(LN, N3
]
INTEGER I,J

REAL(8) F,ZERO,ONE
PARAMETER (ZER0=0.DO0)
PARAMETER (ONE =1.D0)

IERR=0
IF(N.GT.LN) IERR=3000
IF(N.LT. 1) IERR=3000
IF(IERR.GT.0) RETURN
DO 1000 I=1,N
IF(BR(I,I).LE.ZERO) THEN
IERR=4000
RETURN
ENDIF
SCL (I)=0NE/SQRT (BR(I,I))
1000 CONTINUE
DO 2000 J=1,N
DO 2001 I=1,N
F=SCL(I)*SCL(J)
AR(I,J)=AR(I,J)*F
AI(I,1)=AI(I,J)+F
BR(I,J)=BR(I,J)*F
BI(I,J)=BI(I,J)*F
2001 CONTINUE
2000 CONTINUE

RETURN
END

SUBRDUTINE BWINTB(AR, AI LN, N, SCL, IERR)
LN,

INTEGER
REAL(8) AR(LN, N), AI(LN N), SCL(N)

INTEGER I,J

IERR=0
IF(N.GT.LN) IERR=3000

IF(N.LT.
IF (IERR.

DO 1000
DO 1001

1) IERR=3000
GT.0) RETURN

I=1,N
J=1,N

AR(I,J) AR(I J)*SCL(I)
AI(I,J)=AI(I,J)*SCL(I)
1001 CONTINUE
I1000 CONTINUE

RETURN
END

(d) Output results

***x ZCGHAA **x*

**xx INPUT

k% k

N= 4

INPUT MATRIX A ( REAL , IMAGINARY

)
( 8.0, 0.0)( 3.0, 0.0)( 1.0, -2.0)( -1.0, -2.0)
( 3.0, 0.00( 9.0, 0.00C 1.0, 2.03C -1.0, 2.0)
( 1.0, 2.0)0( 1.0, -2.0)( 10.0, 0.0)( -3.0, 0.0)
( -1.0, 2.0)( -1.0, -2.0)C -3.0, 0.0)C 11.0, 0.0)
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INPUT MATRIX B ( REAL , IMAGINARY
( 8.0, 0.0)C 3.0, 0.0)(C 1.0, 2.
( 3.0, 0.0)C 9.0, 0.0)C 1.0, -2.
( 1.0, -2.0)¢ 1.0, 2.0)( 10.0, O.
(-1.0, -2.0)(C -1.0, 2.00(C -3.0 0.
***x QUTPUT ***
IERR = 0
EIGENVALUE
2.3087618D-01
EIGENVECTOR
0.17507548 , 0.00103858
-0.16011650 , 0.00086549
-0.00110807 , -0.14886363
0.00110807 , -0.13795850
EIGENVALUE
1.0000000D+00
EIGENVECTOR
0.00314584 , -0.03530977
0.00314584 , -0.03530977
-0.01730214 , 0.19420373
0.01730214 , -0.19420373

QOO O

NI NN
~AAA

[eXeleote)

-1.0, 2.0)

-1.0, -2.0)

-3.0, 0.0)

11.0, 0.0)
EIGENVALUE
1.0000000D+00
EIGENVECTOR

.20825807 , 0.00000000

20825807 ., 0.00000000

00144123 , -0.00000000

00144123 , -0.00000000
EIGENVALUE
4.3313260D+00
EIGENVECTOR

.36436426 , -0.00216148

.33323187 , -0.00180124

00230610 , 0.30981257

00230610 , 0.28711700
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4.18.2 ZCGHAN, CCGHAN
All Eigenvalues of Hermitian Matrices
(Generalized Eigenvalue Problem Az = B\z, B: Positive)

(1) Function
Generalized eigenvalue problem

Az = A\Bz

(A: Hermitian, B: Positive Hermitian) is solved by using the Cholesky method, the Householder method
and QR method to obtain all eigenvalues A .

(2) Usage
Double precision:
CALL ZCGHAN ( A, LNA, N, B, LNB, E, WORK, ZZW, IERR)
Single precision:
CALL CCGHAN ( A, LNA, N, B, LNB, E, WORK, ZZW, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A 7 LNA, N Input | Hermitian matrix A
C Output | Input-time contents are not retained.
LNA I 1 Input | Adjustable dimension of array A
3 N I 1 Input | Order of matrices A and B
4 B 7 LNB,N Input | Hermitian matrix B
C Output | Input-time contents are not retained.
5 LNB I 1 Input | Adjustable dimension of array B
E D N Output | Eigenvalues A
R
7 WORK D 2xN Work | Work area
R
8 77ZW 7 N Work | Work area
C
9 IERR I 1 Output | Error indicator
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(4) Restrictions
(a) 1 <N < LNA,LNB

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1)/B(1,1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 B was not positive definite.
5000 The sequence did not converge in the step

where the eigenvalue was obtained.

(6) Notes

(a) Arrays A and B should be stored only in the upper triangular portions.

(b) Eigenvalues are stored in ascending order.

ZCGHAA
(c) 4.18.1 { cG

should be used if the eigenvectors are needed.
CCGHAA
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4.19 GENERALIZED EIGENVALUE PROBLEM (ABz = Az) FOR
HERMITIAN MATRICES (TWO-DIMENSIONAL ARRAY
TYPE) (UPPER TRIANGULAR TYPE) (REAL ARGU-
MENT TYPE)

4.19.1 ZCGJAA, CCGJAA
All Eigenvalues and All Eigenvectors of Hermitian Matrices
(Generalized Eigenvalue Problem ABz = Az, B: Positive)

(1) Function
Generalized eigenvalue problem

ABz = Az

(A: Hermitian, B: Positive Hermitian) is solved by using the Cholesky method, the Householder method

and QR method to obtain all eigenvalues A and corresponding all eigenvectors z.

(2) Usage
Double precision:
CALL ZCGJAA ( AR, AIL, LNA, N, BR, BI, LNB, E, WORK, IERR)
Single precision:
CALL CCGJAA ( AR, AI, LNA N, BR, BI, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 AR D LNA, N Input | Real part of Hermitian matrix A
R Output | Real part of eigenvector z
2 Al D LNA,N Input | Imaginary part of Hermitian matrix A
R Output | Imaginary part of eigenvector z
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrices A and B
BR D LNB,N Input | Real part of Hermitian matrix B
R Output | Input-time contents are not retained.
6 BI D LNB,N Input | Imaginary part of Hermitian matrix B
R Output | Input-time contents are not retained.
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Input
No. | Argument | Type Size nput/ Contents
Output
7 LNB I 1 Input | Adjustable dimension of arrays BR and BI
8 E D N Output | Eigenvalues A
R
9 WORK D 4xN Work | Work area
R
10 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 1< N<LNA LNB
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.

1000 N was equal to 1. E(1) «+ A(1,1) x B(1,1) and
A(1,1) « 1.0//B(1,1)
are performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

4000 B was not positive definite.

5000 The sequence did not converge in the step

where the eigenvalue was obtained.

(6) Notes

(a) Arrays AR, AI, BR and BI should be stored only in the upper triangular portions.
(b) Eigenvalues are stored in ascending order.

(¢) Eigenvectors v; are an orthonormal set so that vi B =5k

ZCGJAN

d) 4.19.2
@ {CCGJAN

} should be used if the eigenvectors are not needed.

ZCGKAA

(e) 4.20.1
CCGKAA

} should be used if matrix A is only positive.

(7) Example

(a) Problem
For Hermitian matrix of the degree 4

8 3 1-2i —-1-2i

B 3 9 142 —-1+42i
B 1+2 1-—2i 10 -3
142 —-1-2i -3 11
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and its conjugate Hermitian matrix

8

3

B = i
1—2

—-1-23

3 1420 —1424

9 1-2¢ —-1-24

14+ 2 10 -3
—1+4+2¢ -3 11

obtain eigenvector of generalized eigenvalue problem ABz = Az.

(b) Input data
N=4, LNA=4, matrix A, LNB=4 and matrix B.
(¢) Main program

k% k

110
100

120

130

140

6000

6010

6020
6030

6040

6050

PROGRAM ACGJAA
EXAMPLE OF ZCGJAA
IMPLICIT NONE

INTEGER N,LNA,LNB
PARAMETER( N = 4
INTEGER IERR,I,

REAL(8) AR(LNA N)
REAL(8) E(N), WORK

COMPLEX(8) KEEP(L
KEEP(1,1)=( 8.DO,
KEEP(2,2)=( 9.D0,
KEEP(3.3)=( 10.D0,
KEEP(4,4)=( 11.DO,
KEEP(1,2)=( 3.D0,
KEEP(1,3)=( 1.DO0,
KEEP (1,4)=(-1.D0,
KEEP(2,3)=( 1.DO,
KEEP(2,4)=(-1.D0,
KEEP(3,4)=(-3.D0,
WRITE(6,6000) N,
DO 100 I=1,N

DO 110 J=I,N

BR(I,J)=DBLE (
BI(I,J)=DIMAG(
KEEP (J,I)=CONJ

k% k

LNA =4, LNB = 4 )

BR(LNB N) ,AI(LNA,N),BI(LNB,N)
(4*N)
NA,N)

0.D0)
0.D0)
0.D0)
0.D0)
0.D0)
2.D0)
2.D0)
-2.D0)
-2.D0)
0.D0)
LNA, LNB

KEEP(I,J))
KEEP(I,J))
G(KEEP(I,J))

AR(I,J)=BR(I,J)

AI(I,J)=-BI(I,
AR(J,I)=AR(I,J
AT(J,I)=-AI(I,
BR(J,I)=BR(I,J
BI(J,I)=-BI(I,

CONTINUE

CONTINUE

WRITE(6,6010)

DO 120 I=1,N
WRITE(6,6020)

CONTINUE

WRITE(6,6030)

DO 130 I=1,N
WRITE(6,6020)

CONTINUE

CALL ZCGJAA(AR,AI,

N))
)
N))
)
N))

AR(I,1),AI(I,1),AR(I,2),AI(I,2),&
AR(I,3),AI(I,3),AR(I,4),AI(I,4)

BR(I,1),BI(I,1),BR(I,2),BI(I,2),&
BR(I,3),BI(I,3),BR(I,4),BI(I,4)

LNA, N, BR,BI, LNB, E, WORK, IERR)

WRITE(G 6040) IERR
DO 140 I=1 52

WRITE(G 6050)
WRITE(6,6060)
WRITE(6,6050)
WRITE(6,6070)
WRITE(6,6070)
WRITE(6,6070)
WRITE(6,6070)
CONTINUE

STOP
FORMAT(/, &

1X, 2x*kx 7
1X,? **x I
1X,° N
FORMAT(/ &
FORMAT(lX 5X 40 (
FORMAT(/ &
) I
FORMAT(/ &
X’** 0
X, I
FORMAT(/, &
1X,14X,A11,

(> EIGENVALUE’,L=1,2)
E(I),E(I+1)

(’EIGENVECTOR’ ,L=1,2)
AR(1,I),AI(1,I),AR(1,I+1),AI(1,I+1)
AR(2,I),AI(2,1),AR(2,I+1),AI(2,I+1)
AR(3,I),AI(3,1),AR(3,I+1),AI(3,I+1)
AR(4,I),AI(4,1),AR(4,I+1),AI(4,I+1)

CGJAA  *xx> /. /. &
NPUT *°,/./.&
=,14, > LNA = °,I4, > LNB = ’,I4,/)

INPUT MATRIX A ( REAL , IMAGINARY )’,/)
»,F5.1,7,’ ,F5.1,7)7))

NPUT MATRIX B ( REAL , IMAGINARY )’,/)

UTPUT *x°,/,/,&
ERR =’,15,/)

22X,A11)
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6060 FORMAT(1X,12X, 1PD14 7, 19X 1PD14.7)
s F 2.

6070 FORMAT(1X,5X, F12 8, 8,7X,F12.8,’ ,’,F12.8)
6080 FORMAT(1X,’ RE(A) = D10 2,? IM(A) = ’,D10.2,&
> RE(B) =’ D10 2,’ IM(B) = ’,D10.2,&
’ I J =" I2,3X,12)
END
(d) Output results
**kx  ZCGJAA  **x
*% INPUT *x*
N = 4 LNA = 4 LNB = 4
INPUT MATRIX A ( REAL , IMAGINARY )
( 8.0, 0.0)¢C 3.0, 0.0)C 1.0, -2.0)( -1.0, -2.0)
( 3.0, 0.0)C 9.0, 0.0)C 1.0, 2.0)( -1.0, 2.0)
( 1.0, 2.00¢ 1.0, -2.0)( 10.0, 0.0)( -3.0, 0.0)
(-1.0, 2.00C -1.0, -2.0)(C -3.0, 0.0)( 11.0, 0.0)
INPUT MATRIX B ( REAL , IMAGINARY )
( 8.0, 0.0)(C 3.0, 0.0)(C 1.0, 2.0)(C -1.0, 2.0)
( 3.0, 0.0)C 9.0, 0.0)(C 1.0, -2.0)( -1.0, -2.0)
( 1.0, -2.0)( 1.0, 2.0)( 10.0, 0.0)( -3.0, 0.0)
(-1.0, -2.00C -1.0, 2.00( -3.0, 0.0)( 11.0, 0.0)
**%  QUTPUT **
IERR = 0
EIGENVALUE EIGENVALUE
1.6653903D+01 3.6956492D+01
EIGENVECTOR EIGENVECTOR
-0.39854844 , -0.00036439 0.10790304 , -0.01173201
0.34532368 , 0.00125155 -0.10272938 , -0.00491675
0.00738031 , -0.13233200 0.01670018 , 0.32687634
-0.00409275 , -0.12491736 0.01489428 , 0.2814589%4
EIGENVALUE EIGENVALUE
1.0637116D+02 2.1801844D+02
EIGENVECTOR EIGENVECTOR
0.17017623 , -0.00775370 0.09159450 , 0.00390728
0.20301495 , -0.00090493 0.10133798 , 0.00028167
-0.09985610 , -0.00146802 0.14661381 , 0.00223902
0.12968534 , -0.00655395 -0.16597958 , -0.00438924
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4.19.2 ZCGJAN, CCGJAN
All Eigenvalues of Hermitian Matrices
(Generalized Eigenvalue Problem ABz = Az, B: Positive)
(1) Function

Generalized eigenvalue problem
ABz = )z

(A: Hermitian, B: Positive Hermitian) is solved by using the Cholesky method, the Householder method
and QR method to obtain all eigenvalues A .

(2) Usage
Double precision:
CALL ZCGJAN ( AR, AI, LNA, N, BR, BI, LNB, E, WORK, IERR)
Single precision:
CALL CCGJAN ( AR, AI, LNA N, BR, BI, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 AR D LNA, N Input | Real part of Hermitian matrix A
R Output | Input-time contents are not retained.
2 Al D LNA,N Input | Imaginary part of Hermitian matrix A
R Output | Input-time contents are not retained.
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrices A and B
BR D LNB,N Input | Real part of Hermitian matrix B
R Output | Input-time contents are not retained.
6 BI D LNB,N Input | Imaginary part of Hermitian matrix B
R Output | Input-time contents are not retained.
7 LNB I 1 Input | Adjustable dimension of arrays BR and BI
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Input
No. | Argument | Type Size nput/ Contents
Output
8 E D N Output | Eigenvalues A
R
9 WORK D 4xN Work | Work area
R
10 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 1 <N <LNA,LNB
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1) x B(1,1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 B was not positive definite.
5000 The sequence did not converge in the step
where the eigenvalue was obtained.

(6) Notes

(a) Arrays AR, AI, BR and BI should be stored only in the upper triangular portions.

(b) Eigenvalues are stored in ascending order.

(©) 4.19.1 {ZCGJAA

should be used if the eigenvectors are needed.
CCGJAA

ZCGKAN

(d) 4.20.2
CCGKAN

} should be used if matrix A is only positive.
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4.20 GENERALIZED EIGENVALUE PROBLEM (BAz = Az) FOR
HERMITIAN MATRICES (TWO-DIMENSIONAL ARRAY
TYPE) (UPPER TRIANGULAR TYPE) (REAL ARGU-
MENT TYPE)

4.20.1 ZCGKAA, CCGKAA
All Eigenvalues and All Eigenvectors of Hermitian Matrices
(Generalized Eigenvalue Problem BAz = Az, B: Positive)

(1) Function
Generalized eigenvalue problem

BAz = \z

(A: Hermitian, B: Positive Hermitian) is solved by using the Cholesky method, the Householder method

and QR method to obtain all eigenvalues A and corresponding all eigenvectors z.

(2) Usage
Double precision:
CALL ZCGKAA ( AR, AL, LNA, N, BR, BI, LNB, E, WORK, IERR)
Single precision:
CALL CCGKAA ( AR, AI, LNA, N, BR, BI, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 AR D LNA, N Input | Real part of Hermitian matrix A
R Output | Real part of eigenvector z
2 Al D LNA,N Input | Imaginary part of Hermitian matrix A
R Output | Imaginary part of eigenvector z
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrices A and B
BR D LNB,N Input | Real part of Hermitian matrix B
R Output | Input-time contents are not retained.
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Input
No. | Argument | Type Size nput/ Contents
Output
6 BI D LNB,N Input | Imaginary part of Hermitian matrix B
R Output | Input-time contents are not retained.
7 LNB I 1 Input | Adjustable dimension of arrays BR and BI
8 E D N Output | Eigenvalues A
R
9 WORK D 4xN Work | Work area
R
10 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 1 <N <LNA,LNB
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1) x B(1,1) and
A(1,1) «+ +/B(1,1)
are performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 B was not positive definite.
5000 The sequence did not converge in the step
where the eigenvalue was obtained.

(6) Notes

(a) Arrays AR, AI, BR and BI should be stored only in the upper triangular portions.

(b) Eigenvalues are stored in ascending order.

(c) Eigenvectors v; are an orthonormal set so that 'U;TB_lvk =0,k

ZCGKAN

(d) 4.20.2
CCGKAN

ZCGJAA

(e) 4.19.1
CCGJAA

(7) Example

(a) Problem
For Hermitian matrix of the degree 4

8 3 1-2i

B 3 9 142
N 1+2 1-—2i 10
142 -1-2i -3

—1-2
—1+2¢
-3

11
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and its conjugate Hermitian matrix

8

3

B = i
1—2

—-1-23

3 1420 —1424

9 1-2¢ —-1-24

14+ 2 10 -3
—1+4+2¢ -3 11

obtain eigenvector of generalized eigenvalue problem BAz = Az.

(b) Input data
N=4, LNA=4, matrix A, LNB=4 and matrix B.
(¢) Main program

k% k

110
100

120

130

140

6000

6010

6020
6030

6040

6050

PROGRAM ACGKAA
EXAMPLE OF ZCGKAA
IMPLICIT NONE

INTEGER N,LNA,LNB
PARAMETER( N=4 B
INTEGER IERR,I,
REAL(8) AR(LNA.N),
REAL(8) E(N),WORK

COMPLEX(8) ~KEEP(
KEEP(1,1)=( 8.DO,
KEEP(2,2)=( 9.D0,
KEEP(3,3)=( 10.D0,
KEEP (4,4)=( 11.D0,
KEEP(1,2)=( 3.D0,
KEEP(1,3)=( 1.DO0,
KEEP (1,4)=(-1.D0,
KEEP(2,3)=( 1.DO,
KEEP(2,4)=(-1.D0,
KEEP(3,4)=(-3.D0,
WRITE(6,6000) N,
DO 100 I=1,N

DO 110 J=I,N

BR(I,J)=DBLE (

k% k

LNA=4 , LNB=4 )

J,L

BR(LNB,N) ,AI(LNA,N),BI(LNB,N)
(4¥N)

LNA,N)

0.D0)
0.D0)
0.D0)
0.D0)
0.D0)
2.D0)
2.D0)
-2.D0)

-2.D0)

0.D0)
LNA, LNB

KEEP(I,J))

BI(I,J)=DIMAG(KEEP(I,J))
KEEP(J,1)=CONJG (KEEP(I,J))
AR(I,J)=BR(I,J)

AI(I,J)=-BI(I,
AR(J,I)=AR(I,J
AT(J,I)=-AI(I,
BR(J,I)=BR(I,J
BI(J,I)=-BI(I,

CONTINUE

CONTINUE

WRITE(6,6010)

DO 120 I=1,N
WRITE(6,6020)

CONTINUE

WRITE(6,6030)

DO 130 I=1,N
WRITE(6,6020)

CONTINUE

CALL ZCGKAA(AR,AI,

N))
)
N))
)
N))

AR(I,1),AI(I,1),AR(I,2),AI(I,2),&
AR(I,3),AI(I,3),AR(I,4),AI(I,4)

BR(I,1),BI(I,1),BR(I,2),BI(I,2),&
BR(I,3),BI(I,3),BR(I,4),BI(I,4)

LNA, N, BR,BI, LNB, E, WORK, IERR)

WRITE(G 6040) IERR
DO 140 I=1 52

WRITE(G 6050)
WRITE(6,6060)
WRITE(6,6050)
WRITE(6,6070)
WRITE(6,6070)
WRITE(6,6070)
WRITE(6,6070)
CONTINUE

STOP
FORMAT(/, &

1X, 2x*kx 7
1X,? **x I
1X,° N
FORMAT(/ &
FORMAT(lX 5X 40 (
FORMAT(/ &
) I
FORMAT(/ &
X’** 0
X, I
FORMAT(/, &
1X,14X,A11,

(> EIGENVALUE’,L=1,2)
E(I),E(I+1)

(’EIGENVECTOR’ ,L=1,2)
AR(1,I),AI(1,I),AR(1,I+1),AI(1,I+1)
AR(2,I),AI(2,1),AR(2,I+1),AI(2,I+1)
AR(3,I),AI(3,1),AR(3,I+1),AI(3,I+1)
AR(4,I),AI(4,1),AR(4,I+1),AI(4,I+1)

CGKAA  *xx> ./ /. &
NPUT *%°,/./.&
=,14, > LNA = °,I4, > LNB = ’,I4,/)

INPUT MATRIX A ( REAL , IMAGINARY )’,/)
»,F5.1,7,’ ,F5.1,7)7))

NPUT MATRIX B ( REAL , IMAGINARY )’,/)

UTPUT *x°,/,/,&
ERR =’,15,/)

22X,A11)
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6060 FORMAT(1X,12X, 1PD14 7, 19X 1PD14.7)
s F 2.

6070 FORMAT(1X,5X, F12 8, 8,7X,F12.8,’ ,’,F12.8)
6080 FORMAT(1X,’ RE(A) = D10 2,? IM(A) = ’,D10.2,&
> RE(B) =’ D10 2,’ IM(B) = ’,D10.2,&
’ I J =" I2,3X,12)
END
(d) Output results
*k*kx  ZCGKAA  **x*
*% INPUT *x*
N = 4 LNA = 4 LNB = 4
INPUT MATRIX A ( REAL , IMAGINARY )
( 8.0, 0.0)¢C 3.0, 0.0)C 1.0, -2.0)( -1.0, -2.0)
( 3.0, 0.0)C 9.0, 0.0)C 1.0, 2.0)( -1.0, 2.0)
( 1.0, 2.00¢ 1.0, -2.0)( 10.0, 0.0)( -3.0, 0.0)
(-1.0, 2.00C -1.0, -2.0)(C -3.0, 0.0)( 11.0, 0.0)
INPUT MATRIX B ( REAL , IMAGINARY )
( 8.0, 0.0)(C 3.0, 0.0)(C 1.0, 2.0)(C -1.0, 2.0)
( 3.0, 0.0)C 9.0, 0.0)(C 1.0, -2.0)( -1.0, -2.0)
( 1.0, -2.0)( 1.0, 2.0)( 10.0, 0.0)( -3.0, 0.0)
(-1.0, -2.00C -1.0, 2.00( -3.0, 0.0)( 11.0, 0.0)
**%  QUTPUT **
IERR = 0
EIGENVALUE EIGENVALUE
1.6653903D+01 3.6956492D+01
EIGENVECTOR EIGENVECTOR
-1.62644471 , 0.00000000 -0.65982846 , -0.00000000
1.40924217 , -0.00381901 0.61762116 , -0.09721828
0.02962467 , 0.54006351 0.11386209 , 1.98647301
-0.01716825 , 0.50976217 0.09493235 , 1.71080318
EIGENVALUE EIGENVALUE
1.0637116D+02 2.1801844D+02
EIGENVECTOR EIGENVECTOR
1.75695717 , 0.00000000 1.35366373 , 0.00000000
2.09207784 , -0.08597803 1.49511825 , 0.05961668
-1.02812336 , 0.06200047 2.16426058 , 0.05923384
1.33921828 , 0.00664669 -2.45129806 , -0.03970066
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4.20.2 ZCGKAN, CCGKAN
All Eigenvalues of Hermitian Matrices
(Generalized Eigenvalue Problem BAz = Az, B: Positive)

(1) Function
Generalized eigenvalue problem

BAz = \z

(A: Hermitian, B: Positive Hermitian) is solved by using the Cholesky method, the Householder method
and QR method to obtain all eigenvalues A .

(2) Usage

Double precision:
CALL ZCGKAN ( AR, AL LNA, N, BR, BI, LNB, E, WORK, IERR)
Single precision:
CALL CCGKAN ( AR, AI, LNA, N, BR, BI, LNB, E, WORK, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 AR D LNA, N Input | Real part of Hermitian matrix A
R Output | Input-time contents are not retained.
2 Al D LNA,N Input | Imaginary part of Hermitian matrix A
R Output | Input-time contents are not retained.
3 LNA I 1 Input | Adjustable dimension of arrays AR and Al
4 N I 1 Input | Order of matrices A and B
5 BR D LNB,N Input | Real part of Hermitian matrix B
R Output | Input-time contents are not retained.
6 BI D LNB,N Input | Imaginary part of Hermitian matrix B
R Output | Input-time contents are not retained.
LNB I 1 Input | Adjustable dimension of arrays BR and BI
E D N Output | Eigenvalues A
R
9 WORK D 4 xN Work | Work area
R
10 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 1 <N <LNA,LNB
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) «+ A(1,1) x B(1,1)
is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 B was not positive definite.
5000 The sequence did not converge in the step

where the eigenvalue was obtained.

(6) Notes

(a) Arrays AR, Al BR and BI should be stored only in the upper triangular portions.

(b) Eigenvalues are stored in ascending order.

ZCGKAA
(c) 4.20.1 { cG

should be used if the eigenvectors are needed.
CCGKAA

ZCGJAN

d) 4.19.2
@ {CCGJAN

} should be used if matrix A is only positive.
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4.21 GENERALIZED EIGENVALUE PROBLEM FOR A REAL

SYMMETRIC BAND MATRIX (SYMMETRIC BAND
TYPE)

4.21.1 DCGBFF, RCGBFF

(1)

3)

Eigenvalues and Eigenvectors of a Real Symmetric Band Matrix
(Generalized Eigenvalue Problem)

Function

DCGBFF or RCGBFF uses the subspace method to obtain the eigenvalues having the m largest or m
smallest absolute values of the real symmetric band matrix (symmetric band type) generalized eigenvalue
problem Ax = ABx (A: Real symmetric band matrix, B: Positive symmetric band matrix) and to obtain

the corresponding eigenvectors.

Usage
Double precision:
CALL DCGBFF (A, LMA, N, MAB, B, LMB, MBB, M, ITOL, NITE, E, VE, LNV, MST,
IS1, ISs2, W1, IW1, IERR)
Single precision:
CALL RCGBFF (A, LMA, N, MAB, B, LMB, MBB, M, ITOL, NITE, E, VE, LNV, MST,
IS1, IS2, W1, IW1, IERR)

Arguments
D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}
R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D LMA,N Input | Real symmetric band matrix A (symmetric
{R} band type) (See Appendix B).
Output | Input-time contents are not retained.
2 LMA I 1 Input | Adjustable dimension of array A.
3 N I 1 Input | Order of matrices A and B.
4 MAB I 1 Input | Band width of matrix A.
5 B D LMB, N Input | Positive symmetric band matrix B (symmetric
{R} band type).
6 LMB I 1 Input | Adjustable dimension of array B.
7 MBB I 1 Input | Band width of matrix B.
8 M I 1 Input | The number of m of eigenvalues to be obtained.
9 ITOL I 1 Input | Tolerance used for convergence test (See Note
(b)).
10 NITE I 1 Input | Maximum iteration count (See Note (d)).
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No. | Argument | Type Size fnput/ Contents
Output
11 E D See Output | Eigenvalues
{R} Contents Size: min(2 x M, N, M + 8)
12 VE D See Output | Eigenvectors (column vector) corresponding to
{R} Contents each eigenvalue.
Size: (LNV,min(2 x M, N, M + 8))
13 LNV I 1 Input | Adjustable dimension of array VE.
14 MST I 1 Output | Number of eigenvalues not calculated (See Note
())-
15 IS1 I 1 Input | Processing switch.
IS1 <0:
Obtain eigenvalues having the smallest abso-
lute values.
IS1 > 0:
Obtain eigenvalues having the largest abso-
lute values.
16 1S2 I 1 Input | Sturm sequence check switch.
IS2 < 0: Do not check.
IS2 > 0: Check.
17 W1 D See Work | Work area
{R} Contents Size:
IfIS2<0: 2xNxg+gxqg+2xqg+N
IfIS2 >0: 2XxNxqg+gxqg+2xqg+N+IxN
Here,
g = min(2 x M, N, M + 8).
¢=MAB+1 (IS1<0)
¢=MBB+1 (IS1 > 0)
18 W1 I N Work | Work area
19 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0 <N <LNV

(b) 0 < MAB < N
0<MBB <N

(c) MAB < LMA
(d) MBB < LMB

() 0<M<N
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. E(1) + A(1,1)/B(1,1) and
VE(1,1) < 1.0
are performed.
3000 Restriction (a), (b), (c), (d) or (e) wasnot | Processing is aborted.
satisfied.
4000 An error occurred during processing.
5000 + ¢ The sequence did not converge within the | Processing is aborted after obtaining up
specified number of iteration. to the i-th eigenvalue and eigenvector.
(6) Notes

()

This subroutine is effective when the number of eigenvalues to be obtained is very small (m<N) relative
DCGSAA}

to the order of the matrix. Otherwise, you should use other subroutines such 4.14.1
RCGSAA

1131 DCGGAA .
RCGGAA

This subroutine considers that the eigenvalue has converged if the following condition is satisfied. At

this time, the eigenvector has a precision greater than or equal to ITOL/2.

n _  n—l
|a17n1| < 10.07"OL  (gP: i-th eigenvalue after the n-th iteration)
a;
If the input value of ITOL is less than or equal to 0 or greater than — LOG10 (¢), then the optimum
value is automatically set internally. (e: Unit for determining error).

Eigenvalues are stored in array E in ascending (or descending) order of their absolute values.
If the input value of NITE is less than or equal to 0, then 20 is used as the default values.

This subroutine has a function that checks whether the Sturm sequence property was used for the
calculated eigenvalues. Although the number of calculated eigenvalues is computed, the number of
calculations increases at this time on the order of N x MB?. For example, assume that three eigenvalues
having the smallest absolute values are to be obtained for the eigenvalue problem having 6, 5, 3, 2 and
1 as eigenvalues. If 5, 2 and 1 are obtained as solution eigenvalues at this time, then 1 is returned to
MST since the value 3 was not obtained as a solution. This function is effective only if all eigenvalues
are positive.
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(7) Example

(a) Problem
Obtain all eigenvalues of Az = ABx and their corresponding eigenvectors, where matrices A and B

are as follows:

611 196 —192 407 -8 0 0 0
196 899 113 —192 —71 —43 0 0
~192 113 899 196 61 49 8 0
A_ | 407 -192 196 611 8 44 59 —23
-8 -7 61 8 411 —599 208 208
—43 49 44 -—599 411 208 208
0 0 8 59 208 208 99 —911
0 0 0 —23 208 208 —911 99 |
[ 171 18 33 —21 -17 0 0 0 |
18 171 —-21 33 13 —-17 0 0
33 —21 171 18 25 —36 —17 0
p_| "2 33 18 171 36 25 13 17
~17 13 25 -36 171 18 33 -—21
0 —-17 -36 25 18 171 -21 33
0 0 —-17 13 33 —21 171 18
|0 0 0 —17 -21 33 18 171 |

(b) Input data
Matrix A, LMA=11, N=8, MAB=4, matrix B, LMB=11, MBB=4, M=3 and LNV=11.
(¢) Main program

PROGRAM BCGBFF
| #x* EXAMPLE OF DCGBFF **x*

IMPLICIT REAL(8)(A-H,0-Z)

CHARACTER*80 FMT

PARAMETER ( LMA=11, LMB=11, LNV=10, LN=10, LNQ=10 )

PARAMETER ( LW=LNQ*LNQ+2*LNQ+LN (2*LNQ+1+LN) )

DIMENSION A(LMA,LN), B(LMB,LN), E(LN), VE(LNV,LNQ),&
W1(LW), IWi(LN)

READ(5,*) N, MAB, MBB, M
DO 10 J=1, MAB+1
READ(5,%) (A(J,I), I=MAB-J+2, N)
10 CONTINUE
DO 20 J=1, MBB+1
READ(5,%) (B(J,I), I=MBB-J+2, N)
20 CONTINUE

WRITE(6,1000) N, MAB, MBB, M
WRITE(6,1100) ’A’
DO 30 J=1, MAB+1
WRITE(FMT,1200) (MAB-J+1)%7+6, N-MAB+J-1
WRITE(6,FMT) (A(J,I), I=MAB-J+2, N)
30 CONTINUE
WRITE(6,1100) ’B’
DO 40 J=1, MBB+1
WRITE(FMT,1200) (MBB-J+1)%7+6, N-MBB+J-1
WRITE(6,FMT) (B(J,I), I=MBB-J+2, N)
40 CONTINUE

CALL DCGBFF(A,LMI)&,N,MAB,B,LMB,MBB,M,0,0,E,VE,LNV,MST,O,1,W1,IW1,&
IERR

WRITE(6,1300) IERR

DO 60 K=1, M-3, 4
WRITE(6,1400) (’EIGENVALUE ’, I=1, 4)
WRITE(6,1500) (E(I), I=K, K+3)
WRITE(6,1400) (’EIGENVECTOR’, I=1, 4)
DO 50 J=1, N

WRITE(6,1500) (VE(J,I), I=K, K+3)
50 CONTINUE
60 CONTINUE
IF(MOD(M,4) .NE.O) THEN
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DCGBFF, RCGBFF

Eigenvalues and Eigenvectors of a Real Symmetric Band Matrix

(Generalized Eigenvalue Problem)

70

1000

1100

1200
1300

1400
1500
1600

WRITE(6,1400) (’EIGENVALUE ’, I=

WRITE(6,1500) (E(I), I=M/4*4+1,
WRITE(6,1400) (’EIGENVECTOR’, I=M/4%4+1, M)

(d) Output results

*x

*x

-2.

-2.
-1.

PR WWN

MISSED EIGENVALUES = 1

M/4x4+1, M)
M)

DO 70 J=1, N
WRITE(6,1500) (VE(J,I), I=M/4%4+1, M)
CONTINUE
ENDIF
WRITE(6,1600) MST
STOP
FORMATC’ °,/,/,&
> k%%  DCGBFF **x’,/ /. &
> xx  INPUT *x’,/,/.&
> N =, 12,/,/,&
’ MAB = °, I12,/,/,&
’ MBB = ’, I2,/,/,&
> M =, I2)
FORMAT (’ L&
> INPUT MATRIX °’,A1,/)
FORMAT(’ ( ,’, I3,°X,’, I2,’(F7.1))?)
FORMATC’ °,/,/,&
> #%x  QUTPUT *x’,/,/.&
> IERR = ’, I4)
FORMAT(’ ’,/,1X, 4(5X, A11, 2X))
FORMAT(’ ’, 4(2X, 1PD14.7, 2X))
FORMAT(’ ’,/,&
> MISSED EIGENVALUES = ’, I2)
END
DCGBFF %%
INPUT %
N = 8
MAB = 4
MBB = 4
M = 3
INPUT MATRIX A
-8.0 -43.0 8
407.0 -71.0 49.0 59.
-192.0 -192.0 61.0 44.0 208
196.0 113.0 196.0 8.0 -599.0 208.
611.0 899.0 899.0 611.0 411.0 411.0 99.
INPUT MATRIX B
-17.0 -17.0 -17
-21.0 13.0 -36.0 13
33.0 33.0 25.0 25.0 33
18.0 -21.0 18.0 -36.0 18.0 -21
171.0 171.0 171.0 171.0 171.0 171.0 171
QUTPUT  *x*
IERR = 0
EIGENVALUE EIGENVALUE EIGENVALUE
8694668D-02 1.1418645D-01 4.6073986D+00
EIGENVECTOR EIGENVECTOR EIGENVECTOR
9518370D-02 -3.3280520D-02 1.3357085D-03
.8549154D-02 1.2860714D-02 -2.3833439D-02
8508500D-02 -1.2749259D-02 -1.4890226D-02
.7733942D-02 3.5436570D-02 5.2891703D-04
.2017538D-02 -3.0821630D-02 -3.4967437D-02
.0482006D-02 -3.2110386D-02 3.4727146D-02
.5596117D-02 -1.6287379D-02 -2.6667696D-02
. 7726852D-02 -1.3617717D-02 2.5869490D-02
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Appendix A

GLOSSARY

(1) Matrix
An m x n matrix A is rectangular array of m x n elements a; ; (i =1,2,---,m; j = 1,2,---,n) as shown
below.
a1 aiz2 -+ Qin
az,1 Qa2 - A2p
Am,1  Am,2 o Qmyn

The element a; ; is called the (7,j)-th element of matrix A. The elements of a matrix are considered to
be complex or real numbers. In particular, a matrix having complex numbers as its elements is called a
complex matrix, and a matrix having real numbers as its elements is called a real matrix. Also, if m = n,
the matrix A is called square matrix.

The matrix A is sometimes denotes as (a;;). In this manual, (a; ;) is used for distinguishing between the

row subscript ¢ and column subscript j as necessary.

(Number) vector

1 x n matrix is called a row vector of size n, and an m x 1 matrix is called a column vector of size m.
Unless it is specifically necessary to distinguish between them, both of these are simply called vectors.
Mathematically, a vector is defined as a more abstract concept. The “vector” described here is called a

number vector. For the definition of an abstract vector, see the explanation of “vector space.”

Matrix product
The matrix product AB = (¢;,;) of the two matrices A = (a;,;) and B = (bi,;) is defined as follows

Cig = ai;-bi
i

only when the number of columns in matrix A is equal to the number of rows in matrix B.

Matrix-vector product
If the matrix B in the matrix product AB is a column vector @, then the product Az is called the matrix-

vector product.

Transpose of matrix

The matrix A’ = (a;,) formed by interchanging the rows and columns in m x n matrix A = (a;;) (i =
1,2,---,m; j = 1,2,---,n) is called the transpose of matrix A and is represented by A”. The transpose
may be also represented as tA.

(Main) diagonal of a matrix

The list of elements a;; (1 =1,2,---,n) in an n x n square matrix A = (a; ;) (i, =1,2,---,n) is called the
(main) diagonal, and the elements are called the (main) diagonal elements. Also, a matrix having nonzero
elements only on the diagonal is called a diagonal matrix.
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(7)

(10)

(15)

(16)

Unit matrix

An n x n matrix A = (a;;) (¢, =1,2,---,n) in which all the diagonal elements a;; (i =1,2,---,n) are 1
and all the non-diagonal elements are 0 is called a unit matrix and is represented using the symbol F or I.
This satisfies AE = EA = A for any matrix A.

Inverse matrix
For a square matrix A, if a square matrix B exist that satisfies AB = BA = E (where E is the unit matrix),

then the matrix B is called the inverse matrix of matrix A and is represented by the symbol A1

General inverse matrix

For an m x n matrix A, an n X m matrix X that satisfies the following relationships exists uniquely. This
matrix X, which is called the (Moore-Penrose) general inverse matrix of matrix A, is represented by the
symbol AT.

o AXA = A
o XAX = X

o (AX)T = AX
o (XA)T = XA

Lower triangle and upper triangle of a matrix

The collection of elements a; ; (¢ > j) in an n X n square matrix A = (a; ;) (1,7 = 1,2,---,n) is called the
lower triangle and the collection of elements a; ; (i < j) is called the upper triangle. The diagonal may also
be included in the definition of the upper and lower triangles. A matrix having nonzero elements only in the
lower triangle that includes the diagonal is called a lower triangular matrix, and a matrix having nonzero

elements only in the upper triangle that includes the diagonal is called an upper triangular matrix.

Conjugate transpose matrix
The transpose of a matrix having the complex conjugates of the elements of a complex matrix A as elements
is called conjugate transpose matrix and is represented by the symbol A*. If the elements of a matrix are

real numbers, then A* = AT.

Symmetric matrix

A square matrix for which A = A7 holds is called a symmetric matrix. In a symmetric matrix, a; ; = a;,;.

Hermitian matrix
A square matrix for which A = A* holds is called a Hermitian matrix. In a Hermitian matrix, a; ; and a;;

are complex conjugates.

Unitary matrix

The square matrix U for which UU* = I (I is the unit matrix) holds is called the unitary matrix.

Orthogonal matrix

The real square matrix A for which AAT = T (I is the unit matrix) holds is called the orthogonal matrix.

Subdiagonal of a matrix

The list of elements a;,;4p (¢ = 1,2,---,n — p) in an n x n square matrix A = (a; ;) (i,j = 1,2,---,n)
is called the p-th upper subdiagonal, and the list of elements a;1q; (¢ = 1,2,---,n — q) is called the g-th
lower subdiagonal. The elements are called the p-th upper subdiagonal elements and g-th lower subdiagonal

elements, respectively. Also, both of these collectively may be referred to simply as subdiagonal elements.
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(17)

(18)

(19)

(23)

Band matrix

A matrix having nonzero elements only on the main diagonal and in several upper and lower subdiagonals
near the main diagonal in an n X n square matrix A = (a;;) (4,7 = 1,2,---,n) is called a band matrix.
If the subdiagonals containing nonzero elements that are furthest from the diagonal are the u-th upper
subdiagonal and [-th lower subdiagonal, the values w and [ are called the upper bandwidth and lower

bandwidth, respectively. if w = [, this is simply called the bandwidth.

Tridiagonal matrix

A matrix in which the upper and lower bandwidths are both 1 is called a tridiagonal matrix.

Hessenberg matrix
A matrix in which all lower triangle elements except the first lower subdiagonal are zero in an n X n square
matrix A = (a; ;) (i, =1,2,---,n) is called a Hessenberg matrix. To obtain the eigenvalues of a matrix, a

general matrix is converted to this kind of matrix.

Quasi-upper triangular matrix

An n x n square matrix A = (a;;) (4,5 = 1,2,---,n) for which at least one of every two consecutive
subdiagonal elements of the first lower subdiagonal is 0 and all lower triangular elements excluding the first
lower subdiagonal are 0 is called a quasi-upper triangular matrix. This is a special case of a Hessenberg

matrix.

Sparse matrix

In general, a matrix in which the number of nonzero elements is relatively small compared to the total
number of elements is called a sparse matrix. If the arrangement of the elements within a sparse matrix has
some kind of regularity and an effective method of solving a problem is created by making practical use of
this regularity, this matrix is called a regular sparse matrix. A sparse matrix that is not a regular sparse
matrix is called an irregular sparse matrix. For example, a band matrix having a small bandwidth is a type

of regular sparse matrix.

Regular and singular matrices

If a square matrix A has an inverse matrix, the matrix A is said to be regular. A matrix that is not
regular is said to be singular. The solutions of system of simultaneous linear equations having a regular
matrix as coefficients are uniquely determined. However, since calculations are actually performed using
a finite number of digits, the effects of rounding errors cannot be avoided, and the distinction between
a regular and singular matrix becomes ambiguous. For example, solutions may apparently be obtained
even when a system of simultaneous linear equations is solved numerically using a mathematically singular
matrix. Therefore, when solving a system of simultaneous linear equations having a nearly singular matrix
as coefficients, sufficient testing is required concerning the appropriateness of solutions that are apparently

obtained.

LU decomposition

To use a direct method to solve the system of simultaneous linear equations Ax = b, first decompose the
coefficient matrix A into the product A = LU of the lower triangular matrix L and upper triangular matrix
U. This decomposition is called an LU decomposition, If this kind of decomposition is performed, the

solution « of the system of simultaneous linear equations is obtained by sequentially solving the following

equations:
Ly = b
Ux = y
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(25)

(26)

(28)

Since the coeflicient matrix of these two simultaneous linear equations is a triangular matrix, they can
be easily solved by using forward-substitution and backward-substitution. If the matrix A is regular, for
example, if the diagonal elements of matrix L are fixed at 1, the LU decomposition of the matrix A is uniquely
determined. Also, when solving a system of simultaneous linear equations, since LU decomposition generally
is performed while performing partial pivoting, if P is a row exchange matrix due to pivoting, triangular
matrices L and U for which PA = LU is satisfied are obtained, respectively.

UTDU decomposition

If the coefficient matrix of a system of simultaneous linear equations is a symmetric matrix, the relationship
L = UTD holds between the lower triangular matrix L and upper triangular matrix U obtained by perform-
ing an LU decomposition without performing pivoting. Here, D is a diagonal matrix. Therefore, the system
of simultaneous linear equations can be solved by explicitly obtaining only D and one of L and U. The

decomposition that explicitly obtains U and D from coefficient matrix is called the UTDU decomposition.

U*DU decomposition

If the coefficient matrix of a system of simultaneous linear equations is a Hermitian matrix, the relationship
L = U*D holds between the lower triangular matrix L and upper triangular matrix U obtained by performing
an LU decomposition without performing pivoting. Here, D is a diagonal matrix. Therefore, the system
of simultaneous linear equations can be solved by explicitly obtaining only D and one of L and U. The

decomposition that explicitly obtains U and D from coefficient matrix is called the U*DU decomposition.

Positive definite
If a real symmetric matrix or Hermitian matrix A satisfies * Ax > 0 for an arbitrary vector  (x # 0), it
is said to be positive (definite). If it satisfies * Az < 0, it is said to be negative. The fact that the matrix

A is a positive definite matrix is equivalent to the following two condition.
(a) All of the eigenvalues of matrix A are positive.
(b) All principal minors of matrix A are positive.
Although, mathematically, an LU decomposition can be performed for a positive definite matrix without

performing pivoting, if pivoting is not actually performed, an LU decomposition may not be able to be

performed numerically with stability.

Real eigenvalue
The eigenvalue of a real square matrix are all real if and only if the matrix is a product of two real
symmetric matrices. Also, the eigenvalue of a complex square matrix are all real if and only if the matrix

is a product of two Hermitian matrices.

Diagonally dominant

If the following holds for an n x n square matrix A = (a;;) (4, =1,2,---,n)

n
laiil > Y laigl (i=1,2,---,n)
i—1
i
matrix A is called a diagonally dominant matrix. Although, mathematically, an LU decomposition can

be performed for a diagonally dominant matrix without performing pivoting, if pivoting is not actually

performed, an LU decomposition may not be able to be performed numerically with stability.

Vector space
If the set V satisfies conditions (a) and (b) V is called a vector space and its elements are called vectors.
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(30)

(a) The sum a + b of two elements @ and b of V' is uniquely determined as an element of V' and satisfies

the following properties.
i. (@+b)+c=a+ (b+c) (associative law)
Where, a, b and c are arbitrary elements of V.

ii. @+ b=>b+ a (commutative law)

Where, a and b are arbitrary elements of V.

iii. An element 0 of V', which is called the zero vector, exists and satisfies @ + 0 = a for an arbitrary
element a of V.
iv. For an arbitrary element a of V, exactly one element b of V exists for which @ + b = 0. This

element b is represented as —a.

(b) For an arbitrary element a of V' and complex number ¢, ca (the ¢ multiple of a) is uniquely determined
as an element of V' and satisfies the following properties (scalar multiple).
i. ¢(a+b) = ca+ cb (vector distributive law)
ii. (¢+d)a = ca+ da (scalar distributive law)
iii. (ed)a = c(da)

iv. la=a

Linear combination, linearly independent and linearly dependent

The vector

ciar + -+ -+ cpag

created from the k vectors a1, ---, aj of vector space V' and complex numbers ¢y, ---, ¢ is called the linear
combination of a1, ---, ag, and ¢y, ---, ci are called its coefficients. For certain coefficients ¢y, ---, ck
that are not all zero, the set of vectors {a1, ---, ax} is said to be linearly dependent if

cia;+---+cpap=0

and is said to be linearly independent otherwise.

Basis

Let S be an arbitrary subset of vector space V', and let a collection of linearly independent vectors contained
inSbe{ay, ---, ar}. Foranarbitrary vector bof S, if {a1, ---, ai, b} islinearly dependent, {ay, ---, ar}
is said to be the maximum set in S. When the vector space V itself is taken as S, this collection of linearly
independent vectors is called the basis of vector space V. The number of vectors constituting the basis
of V is called the dimension of V. Also, if we let an arbitrary basis of an n-dimensional vector space V,

be {ui, -+, w,}, then an arbitrary vector a of V;, is represented uniquely as a linear combination of

{uh Y un}

(Vector) subspace
A subset L of vector space V is called a (vector) subspace of V' if the following conditions (a) and (b) are
satisfied.

(a) Ifa,be L, thena+be L

(b) If @ € L and c is a complex number, ca € L
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(33)

(34)

(35)

Linear transformation
Let V,, and V,,, be n-dimensional and m-dimensional vector spaces, respectively. If the mapping A : V,, — V,,
that associates each element x of V,, with an element A(x) of V,, satisfies the following two conditions, A

is said to be a linear transformation from V,, to V,,.

(a) A(xr+2x2) = A(x1) + A1) X1, T2€V,
(b) A(cx) =cA(x) « €V, and ¢ : a complex number

If we let a single basis of V,, and V,,, respectively, be {ui, ---, u,} and {vy, ---, v}, then A(x) is

determined for an arbitrary @ € V,, according to the coefficient matrix A = (a; ;) of
m
Aluy) = v (j=1,---,n)
i=1

The matrix A is called the representation matrix of the linear transformation A related to this basis. Also,
if A(x) = x for € V,,, it defines the linear transformation E : V,, — V,,, which is called the identity
transformation. The representation matrix of the identity transformation always is the unit matrix F

regardless of how the basis is taken.

Eigenvalue and eigenvector
For a linear transformation A within an n-dimensional vector space V,,, if there exists a number A and a
vector  (x # 0) such that

A(x) = Az, that is, (A — AE)(x) =0

is satisfied, then A is called an eigenvalue of A and @ is called the eigenvector belonging to the eigenvalue
A. Here, E is the identity transformation. If we fix a single basis within V,,, let the representation matrix
of the linear transformation A be A, and let the number vector corresponding to the eigenvector & be &,

then the eigenvalue A and & satisfy the following equation.

Az =)\
Here, & is represented using the components =1, ---, z, of x as
Ty
T =
Ln

Normally, A and & are called the eigenvalue and eigenvector of matrix A, respectively. These terms are
also used in this manual. Also, no distinction is made between the number vector and vector, which are
represented as x. Since the collection of all the vectors belonging to eigenvalue A of the linear transformation
A : 'V, = V, together with the zero vector 0 form a single vector space, this is called the eigenvector space

belonging to the eigenvalue A of A.

Invariant subspace

For the linear transformation A within the vector space V,,, if the subspace U of V,, has the property
AU)CU

that is, if Ax € U for an arbitrary vector x, then U is said to be invariant relative to A. In particular,
the eigenvector space of A is invariant relative to A. An invariant subvector space is called an invariant

subspace.
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(36) Plane rotation
The orthogonal transformation specified by the following kind of matrix Sy.;(0) is called a plane rotation.

El:kfl Ol:kfl,k:l Ol:kfl,l:n
Ski(0) = | Oraae—1  Tra(0) Ok:t,i:n
Ol:n,l:k—l Ol:n,k:l El:n

Here, T}.;(0) is defined as follows:

cos 6 Ok:k,k41:-1 —sinf
Tra(0) = | Okt1a—1,kk Err1a-1 Okg1a-1,1
sin Ol:l’]ﬁLl:l,l cos

Eyp.q is the ¢ — p 4 1-dimensional unit matrix shown below:

1 0] (»
1 (p+1
Ep:q = .
0 1 (q

and Op.y q:s is the 7 —p 4+ 1 X s — ¢ + 1-dimensional zero matrix shown below:

q q+1 s

00 --- 0 (p

0 0 0 (p+1
Op:r,q:s: .

00 - 0 (r

Now, if the submatrix Ay, 4.5 of A= (a;;) (1 =1,2,---,m;5 =1,2,---,n) is defined as follows:

Qp,q Apg+1 " Qpgs
Ap+1,g Opt+l,g+1 " Qptls
Ap:r,q:s = . . .
Qr,q Ar,g+1 T Ar,s

the matrix A is represented as follows:

Al:kfl,lzkfl Al:kfl,k:l Al:kfl,l+1:n
A= Ak k-1 Akt kil Ak i+1:n
Al+1:n,1:k71 Al+1:n,k:l Al+1:n,l+1:n

At this time, since Sk.(60)A and Ty (8)Ag.,q:s are as follows:

Al:k—l,l:k—l Al:k—l,k:l Al:k—l,l+1:n
Sei(A = | Tea()Ar1e—1 Tr1(0)Araxy  Tra(0)Arri+1m
Al+1:n,1:k71 Al+1:n,k:l Al+1:n,l+1:n
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[ cosbaypq —sinfa;q --- cosbag, —sinfa; s |

Ak+1,q to Ak+1,r
Tk:l<0)Ak:l s —
q

Aj—1,q ar—1,r

| sinflay,q +cosfa;q --- sinfag, + cosfa;, |

if # is determined so that tanf = Z;— or tanf = f;li—(z =gq,---,s) is satisfied, then an arbitrary element
i i

among the elements of column & and column [ of Sk:1(0)A can be set to zero. Now, since the following

relationship holds:

Avk—1,1:6-1  Ark—1,1Tha(—0)  Av—1141:m
ASk.(—0) = Ak k-1 Akt 1T (—0) Ap:i41:m
Al+1:n,1:k71 Al+1:n,k:lTk:l(*9) Al+1:n,l+1:n

cosba, —sinfap; apr41 -+ api—1 sinfap i + cosbay,;
Ap:r,k:lTk:l(_a) =
cosfa, —sinfa,; arp+1 -+ arj—1  sinfa,p + cosfa,
if # is determined so that tanf = ;“i or tanf = f;“—fc(z =p,---,r) is satisfied, then an arbitrary element

among the elements of column &k and column ! of ASy.;(—0) can be set to zero. Now, since the following

relationship holds:
Sra(—0) = Sk (0)"

and since A = Sk:1(0)ASy.1(—0) is as follows:

) Alk—11:k-1 Atk—1, k1 T5:1(—6) Alk—11+1n
A= Spa(0)ASka(—0) = | Tha(0)Ara1—1  Tra(0) At k1 Tha(—0)  Tha(0) Akt is1:n
Al-‘rl:n,l:k—l Al-i—l:n,k:lTk:l(_G) Al+1:n,l+1:n

if matrix A is a symmetric matrix, then by adjusting 6, either:
akj =G =0

or
ai; =a;,=0

can be set for some j(j # k,j # 1), where the elements of A = S.;(0) ASk.;(—0) are represented by (a;.;).
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Appendix B
METHODS OF HANDLING ARRAY DATA

B.1 Methods of handling array data corresponding to matrix

Since the ASL subroutine library uses array data corresponding to matrix, this section describes various methods
of handling arrays.

To call a subroutine that uses array data, you must declare that array in advance in the calling program. If
the declared array is A(LNA, K), then n x n matrix A = (a; ;) (i =1,2,---,n;j =1,2,---,n) is stored in array
A as shown in the figure below.

Matrix Storage Mode Within an Array A

a1 ai2 ai3 ot Qi
az1 Q22 a23 - A2n
a3l az2 azsz -°° AaA3n n
LNA
an,1 Qn,2 Gan,3 An,n
- —— - n—————— —
———————— K-—————- —

Remarks
a. LNA > n and K > n must hold.

b. Matrix element a; ; corresponds to the array element A(i, 7).

Figure B—1 Matrix Storage Mode Within an Array A()

LNA is called an adjustable dimension. If a two-dimensional array is used as an argument, the adjustable must
be passed to the subroutine as an argument in addition to the array name and order of the array. The matrix
elementsa; ; (1 =1,2,---,LNA;j =1,2,--- K) must correspond to the array element A(i,j) i=1,2,---,LNA;j =
1,2,---,K) , as follows on the main memory.

a1 a1 ce ALNA,1 a2 az 2
A(1,1) A(2,1) --- ALNA1) A(1,2) A(2,2)

Example DAMIAD (Real matrix addition)
Add 3 x 2 matrices A and B placing the sum in matrix C. If you declare arrays of size (5, 4), the declaration
and CALL statements are as follows.

REAL(8) A(5, 4), B(5, 4), C(5, 4)
INTEGER IERR

CALL DAM1AD(A, 5, 3, 2, B, 5, C, 5, IERR)

Data is stored in A as follows. Data are stored in B and C in the same way.
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a1 Q12

az,1 a2 3
as,1  asz2
5 ———2-—-=
- 4—-————=

Figure B—2 Matrix Storage Mode Within an Array A

If you will be manipulating several arrays having different orders as data, you can prepare one array having
LNA equal to the largest order and use that array successively for each array. However, you must always assign

the LNA value as an adjustable dimension.

B.2 Data storage modes

Matrix data storage modes differ according to the matrix type. Storage modes for each type of matrix are shown

below.

B.2.1 Real matrix (two-dimensional array type)

Storage status within array A(LNA, K)

ai,1 ai2 @13 G144 Q15

Matrix to be stored
a21 Q22 023 0G24 Q25

ai1 ai2 Gi13 @14 Q15

az,1 Q32 az3 az4 Aass N
az,1 G2,2 0a23 0G24 0G25 - Gs1 Qa2 Q43 Qa4
@31 @32 433 434 G35 LNA as;1  as2 G53 G54 055
a4,1 Q4,2 Q43 Q44 G45 — ______ Ne — — _ _ N
as,1 as2 a53 As54 As55 - _ ____ Ke — — — _ _ _ N
Remarks

a. LNA > N and K > N must hold.

Figure B—3 Real Matrix (Two-Dimensional Array Type) Storage Mode
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Complex matrix

B.2.2 Complex matrix

(1) Two-dimensional array type, real argument type

Real and imaginary parts are stored in separate arrays.

Matrix to be stored

a1,1 +b1,1t a12 + b2t aiz+ bzt

az,1 + b1t az2+baat azsz+ b3zt

a3,1 +b31%9 asz2+b320 az3+ b33t

|
Storage status within array AR(LNA, K)  Storage status within array AI(LNA, K)
a1l a1z ais bin bi2 bis
az,1 G272 Q23 N ba1 b2 b2gs N
as1 as2 asg3 bs1 b3z b33
LNA| M LNA| M
D G —— - ——K———— =
Remarks

a. LNA > N and K > N must hold.

Figure B—4 Complex Matrix (Two-dimensional Array Type) (Real Argument Type) Storage Mode

(2) Two-dimensional array type, complex argument type

Storage status within array A(LNA, K)

. ai,1 Qi2 13 G14 Q15
Matrix to be stored
a21 Q22 a23 0G24 Q25
ai,1 Qi2 ai3 ai4 ais
as3,1 az2 G33 0A34 G35 N
a1 Q22 G23 0424 0a25
= aq,1 Q42 G4,3 G44 Q45
as1  as2 a33 a34 035 LNA
as,1  as2 G653 QG54 G55
4,1 Q42 Q43 Q44 Q45 — ____ __ N —_ __ —
as,1 Q52 @G53 QA54 G55 - Ke — - __ N
Remarks

a. LNA > N and K > N must hold.

Figure B—5 Complex Matrix (Two-dimensional Array Type)(Complex Argument Type) Storage Mode
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Real symmetric matrix and positive symmetric matrix

B.2.3 Real symmetric matrix and positive symmetric matrix

(1) Two-dimensional array type, upper triangular type

Storage status within array A(LNA, K)

a1 Qi2 ai3 @14 Q15

Matrix to be stored

* a22 Qa23 0G24 0a25
ai1 ai2 a3 G144 Qi

* * as3 as34 as;s N
ai2 G2,2 Qa23 G244 Q25

= * * * 4,4 Q45

ai,s a23 as3 As4 435 LNA

* * * * as. s
ai,4 Q24 A34 Q44 Q45 - _ _ __ __ N — — _ _ N
ais Q25 Aa3s Q45 455 - ___ Ke — — — — _ _ N

Remarks
a. The asterisk (%) indicates an arbitrary value.
b. LNA > N and K > N must hold.
Figure B—6 Real Symmetric Matrix (Two-dimensional Array Type) (Upper Triangular Type) Storage mode

(2) Two-dimensional array type, lower triangular type

Storage status within array A(LNA, K)

. al,l * * * *
Matrix to be stored

ai2 G232 * * *

a1 ai2 ai3 a4 Aals
ai,3 a3 as3s * * N

ai2 Q22 G23 G24 Q25 N a a a a *
1,4 2,4 3,4 4,4

a3 a23 a33 as4 A3 LNA
ais Q25 A3s5 A45 G55

aj,4 A4 A34 Q44 G455

ais Q25 G35 G455 G55

Remarks
a.  The asterisk (*) indicates an arbitrary value.

b. LNA > N and K > N must hold.

Figure B—7 Real Symmetric Matrix (Two-dimensional Array Type, Lower Triangular Type) Storage mode
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Hermitian matrix

B.2.4 Hermitian matrix

(1) Two-dimensional array type, real argument type, upper triangular type

Upper triangular portions of the real and imaginary parts are stored in separate arrays.

Matrix to be stored

ai1,1 a12 + b2t a1z + b3t
az,1 — b2,1% a2,2 a2,3 + b2 31
as,1 — b3 19 az2 — b3l as,s
4
Storage status within array AR(LNA, K) Storage status within array AI(LNA, K)
a1 ai2  ais 0.0 b2 bis
* a2 02,3 N * 0.0 b2s3 N
* * as,3 * * 0.0
LNA| [ - - N-——— > LNA| [ - - N-——— >
—————- K-——— —————- K-———
Remarks

a. The asterisk (%) indicates an arbitrary value.

b. LNA > N and K > N must hold.

Figure B—8 Hermitian Matrix (Two-dimensional Array Type) (Real Argument Type) (Upper Triangular Type)
Storage Mode
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Hermitian matrix

(2) Two-dimensional array type, complex argument type, upper triangular type

Remarks

LNA

Matrix to be stored

a1 ai2 @13 Q14 Q15
ar2 G2 Q23 0G24 Q25
ais G23 G3,3 0A34 Q35
ai4 Q24 Q3,4 Q44 Q45
ai,5s G255 G355 Q4,5 G55
4
Storage status within array A(LNA, K)
a1l ai2 61,3 Aai14 G15
* az2 G233 G24 0A25
* * a3,3 a3,4 Qa3
* * * a4.4 aa,s
* * * * as.s
—————— Ne———-— —
———————- K-————-—-

a. The 7 indicates the complex conjugate of x.

b.  The asterisk * indicates an arbitrary value.

c. LNA > N and K > N must hold.

Figure B—9 Hermitian Matrix (Two-dimensional Array Type) (Complex Argument Type) (Upper Triangular

Type) Storage Mode
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Real band matrix

B.2.5 Real band matrix

Matrix to be stored

a1 ai2 a13
a1 G222 Qa23 a24

az,2 a33 Aa34 G35

0 a43 Q4,4 Q4,5
as4 Q5,5
4
Storage status within array A(LNA, K)
* a1 as2 0a4,3 0as54
ai,1 a2 a3 a44 Aasps
ai,2 Q2,3 G34 Q4,5 * 2xML+MU+1
ai,3 Qa4 Aas;s * *
LNA B B " N N
—————— N————— —
———————— K-———-—-— —
Remarks
a The asterisk * indicates an arbitrary value.
b. The area indicated by dashes (-) is required for an LU decomposition of the matrix.

0

MU is the upper band width and ML is the lower band width.

LNA > 2 x ML+ MU+1 and K > N must hold. (However, if no LU decomposition is to be performed,
LNA > ML + MU + 1 and K > N is sufficient.)

&

Figure B—10 Real Band Matrix (Band Type) Storage Mode
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Real symmetric band matrix and positive symmetric matrix (symmetric band type)

B.2.6 Real symmetric band matrix and positive symmetric matrix (symmetric band
type)

Matrix to be stored

a1 ai2 ais O
ai2 G272 Qa23 24
ai3 23 as3s3 a34 as;s

0 a24 Q34 Q44 Q45

Storage status within array A(LNA, K)

* * ai,3 a24 Qs;s

* ai2 Q23 a34 Q45 MB-+1

LNA| | €~~~ —— N————— -

Remarks
a. The asterisk * indicates an arbitrary value.

b. MB is the band width.
c. LNA > MB + 1 and K > N must hold.

Figure B—11 Real Symmetric Band Matrix (Symmetric Band Type) Storage Mode
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Real symmetric tridiagonal matrix and positive symmetric tridiagonal matrix (vector type)

B.2.7 Real symmetric tridiagonal matrix and positive symmetric tridiagonal matrix
(vector type)

Matrix to be stored

ail  ai2
ai2 a22 G23 0
a23 a33 @34
0 asz4a Q44 Q45
a5 Q5,5

I

Storage status within arrays D(NA)
(diagonal component) and SD(NA)

(subdiagonal component)

ai ai,2
az,2 az,3
as,s as,a N
NA
Q4,4 a4,5
as,s *
D SD
Remarks
a. The asterisk * indicates an arbitrary value.

b. NA > N must hold.

Figure B—12 Real Symmetric Tridiagonal Matrix (Vector Type) Storage Mode

B.2.8 Triangular matrix

(1) Two-dimensional array type
The storage mode is the same as for a real symmetric matrix (two-dimensional array type) (upper triangular
type) or a real symmetric matrix (two-dimensional array type) (lower triangular type).
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Random sparse matrix (For symmetric matrix only)

B.2.9 Random sparse matrix (For symmetric matrix only)

(1) One-dimensional row-oriented list format (Symmetric case)

Matrix A to be stored

ai,i ai,2 0.0 a4 0.0 aie 0.0

ai2 a22 a23 a24 0.0 0.0 a7
00 azs ass 00 00 ase 0.0
ai,4a az,4 0.0 a474 a475 a476 0.0
0.0 0.0 0.0 a4.5 as.s 0.0 0.0
ai,e 00 asze ase 0.0 ase 0.0
00 az7 00 00 00 00 arr

W
Storage status of arrays A(NA), JA(NA) and IA(N+1)

A JA IA
a1 1
ai,2 2 5
aia 4 9
ai,e 6 11 N—|—1
az,2 2 14
az,3 3 15

NA asa 4 16
az,7 7 17
as,3 3
as.6 6
ar,7 7

Remarks

a
b.
c.
d.

€.

N is the order of matrix A.

NA is the number of nonzero upper triangular elements.

A contains the nonzero upper triangular elements of matrix A, stored sequentially beginning with the first row.
JA contains the column numbers in the original matrix A of the elements stored in A.

TA contains values equal to the positions in array A of the diagonal elements. The N+1-th element contains the
value NA+1.

Figure B—13 Storage of Symmetric Random Sparse Matrix (One-dimensional Row-oriented List Format)
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Random sparse matrix (For symmetric matrix only)

(2) One-dimensional column-oriented list format (Symmetric case)

Matrix A to be stored

ai ai,2 0.0 ai,4a 0.0 aie 0.0

ai,2 az,2 az,3 az,4 0.0 0.0 a7
00 azs ass 00 00 asg 0.0
aia a24 0.0 asa ass ase 0.0
0.0 0.0 0.0 aq,5 as.s 0.0 0.0

aie 0.0 as.e a4,6 0.0 ae,6 0.0
0.0 az,7 0.0 0.0 0.0 0.0 ar7
I
Storage status of arrays VALUES(NNZ), IRWIND(NNZ) and IPONTR(N+1)
VALUES IRWIND IPONTR

ai,1 1 1
ai,2 1 2
a2 2 4
a2,3 2 6
as,;3 3 9 N+1
ai4 1 11
a2 .4 2 15

NNZ a4 4 17
a4.5 4
as.s 5
ai,e 1
as,6 3
a4.6 4
ae,6 6
a7 2
ar,7 7

ITYPE =

Remarks
N is the order of Matrix A.

NNZ is the number of nonzero upper triangular elements.

c.  VALUES contains the nonzero upper triangular elements of Matrix A, stored sequentially beginning with the

first column.

d. IRWIND contains the row indices in the original matrix A of the elements stored in VALUES.
e. IPONTR contains values equal to the positions in array VALUES of the diagonal elements. Here, [IPONTR(1)

contains the value 1 and IPONTR(N+1) contains the value NNZ+1.

Figure B—14 Storage of Symmetric Random Sparse Matrix (One-dimensional Column-oriented List Format) for

Upper Triangular Part
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Random sparse matrix (For symmetric matrix only)

Matrix A to be stored

Storage status of arrays VALUES(NNZ), IRWIND(NNZ) and IPONTR(N+1)

NNZ

Remarks

ai,1 a1 0.0 asg1 0.0 as1 0.0
a21 a22 asz2 as2 0.0 00 a7z
00 az2 a3z 00 00 a3z 0.0
aq,1 a4,2 0.0 a474 a574 a674 0.0
00 00 00 assa ass 00 0.0
as,1 0.0 a3 asa 0.0 ase 0.0
00 ar2 00 00 00 00 a7
I
VALUES IRWIND IPONTR
a171 1 1
a1 2 5
a4,1 4 9
ae,1 6 11
az.2 2 14
as,2 3 15
a2 4 16
ar,2 7 17
as,3 3
ae,3 6
4.4 4
as 4 5
ae6,4 6
as,s 5
a6,6 6
ar7 7
ITYPE = | 2|

a. N is the order of Matrix A.

NNZ is the number of nonzero lower triangular elements.

N+1

c.  VALUES contains the nonzero lower triangular elements of Matrix A, stored sequentially beginning with the first

column.

d.  IRWIND contains the row indices in the original matrix A of the elements stored in VALUES.

e. IPONTR contains values equal to the positions in array VALUES of the diagonal elements. IPONTR(1) contains
the value 1 and IPONTR(N+1) contains the value NNZ+1.

Figure B—15 Storage of Symmetric Random Sparse Matrix (One-dimensional Column-oriented List Format) for

Lower Triangular Part
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Random sparse matrix

B.2.10 Random sparse matrix

(1) ELLPACK format

Matrix A to be stored

ai,1
a1
0.0
Q4,1
0.0
ae,1
0.0

ai,2
az,2
as,2
aq,2
0.0
0.0

ar,2

0.0
a2,3
as,3
0.0
0.0
ae,3
0.0

ai,4
a4

0.0

a6,4
0.0

0.0
0.0
0.0
a4,5
as,s
0.0
0.0

a6
0.0
as,6
a4,6
0.0
46,6
0.0

0.0
az,7
0.0
0.0
0.0
ae,7

ar,7

4

Storage status of arrays A(LNA, M), JA(LNA, M)

A JA
ai1 @12 G16 Q14 * 1 2 6 4 0
a22 Q21 Q2,3 0a24 Q2,7 2 3
ass a32 a36 * * 3 2 6 0
LNA
as,6 G6,1 A6,3 0a6,4 Q6,7 6 3 4 7
ar,7 ar.2 * * * 7 2 0 *
<———— M ———> <———= ———>
Remarks

a. N is order of Matrix A.

b. LNA > N must hold.

M is the column number of Array A, which contains the nonzero elements of Matrix A.

d. Array A should contain nonzero elements of Matrix A so that:

e Diagonal elements are stored in the first column.

e Nonzero elements in the lower triangular part and the upper triangular part are stored in the second
though M-th columns, with the first one in the second column, one adjacent to the next in each row.
Here, it is unnecessary that nonzero elements in each row are stored sequentially.
e Arbitrary values can be stored in the remaining positions that are marked with ‘*’.
e.  Array JA should contain the column indices in Matrix A of those elements that correspond to the elements
contained in Array A.
For those rows in which M — 1 becomes greater than the number of nonzero elements in the lower and
upper triangular part, value 0 should be stored in the right neighbor of the rightmost position of the region
in JA in which the column indices of nonzero elements in Matrix A are stored. Arbitrary values can be

stored in the remaining positions that are marked with ‘x’.

Figure B—16 Storage format for Asymmetric Random Sparse Matrix (ELLPACK Format)
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Random sparse matrix

(2) One-dimensional column-oriented list format

Matrix A to be stored

N+1

ai,i ai,2 0.0 a4 0.0 aie 0.0
az1  azz2 a3z az4a 0.0 0.0 a2z
00 as2 ass 00 00 ase 0.0
as;1 as2 0.0 as4 ass ase 0.0
0.0 00 00 00 ass 0.0 0.0
ae,1 0.0 ae,3 a674 0.0 a676 ae,7
0.0 ar.2 0.0 0.0 0.0 0.0 ar,7
I
Storage status of arrays VALUES(NNZ), IRWIND(NNZ) and IPONTR(N+1)
VALUES IRWIND IPONTR
ai,1 1 1
a1 2 5
as1 4 10
a671 6 13
a1z 1 17
az.2 2 19
as,2 3 23
a2 4 26
ar.2 7
a3 2
as,3 3
ae6,3 6
NNZ 14 1
a4 2
4.4 4
ae6,4 6
a4,5 4
as.s 5
aie 1
as,6 3
a4,6 4
a6,6 6
a7 2
a677 6
ar,7 7

Remarks
a. N is the order of Matrix A.

ITYPE =

b. NNZ is the number of nonzero elements.

c.  VALUES contains the nonzero elements of Matrix A, stored sequentially beginning with the first column.
d.  IRWIND contains the row indices in the original matrix A of the elements stored in VALUES.
e. IPONTR contains values equal to the positions in array VALUES of the diagonal elements. Here, IPONTR(1)

contains the value 1 and IPONTR(N+1)contains the value NNZ+1.

Figure B—17 Storage of Asymmetric Random Sparse Matrix (One-dimensional Column-oriented List Format)
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Random sparse matrix

(3) JAD format (Jagged diagonals storage format)

Matrix A to be stored

a171 ai,2 0. ai,4a 0. a176 0.
az1 azz2 azs aza O 0. a7
0. as,2 as,s 0. 0. as,.6 0
as1 as2 0. as4 aas ass O
0. 0 0. as,4 as.s 0. 0.
ae,1 0. ae,3 ae,4 0. ae,6 0.
0 arz2 0. 0. 0. 0. arr
U
Storage status within array JADORD
N MJAD

[2]=[o ][] ~]«]

Storage status within array AJAD  Storage status within array JAJAD

~———-MAD———-—— +— ——MJAD- —
a2,1 | az2 | @23 | G2,4 | a2,7 11213417
Storage status within array IAJAD a4,1 | Qa2 | Qa4 | Ga5 | Qa6 1121456

———(MJAD+1)— — — a1 | a2 | a1,4 | ave 112|146
|1]8 15202426 | a1 | ass | asa | ace 13416

as,2 as,3 as.e 2 3 6

as4 | ass 415

arz | a7z 207

Remarks

a. The data types of matrix elements may be either real or complex.

b. N is the order of matrix A.

c. To obtain JAD storage of matrix A, consider a data arrangement as follows:

Push rowwise the whole nonzero elements of matrix A to the left side, then sort the rows with respect to the

number of nonzero elements in descending order;

The columns in this arrangement are called jagged diagonals. The number of jagged diagonals is stored in the

parameter MJAD. The elements are stored in array AJAD “jagged diagonal”’wise, successively from the leftmost

jagged diagonal to the rightmost one.

d.  The row indices of the elements stored in array AJAD are stored in array JAJAD.

e. The indices of the starting element of each jagged diagonal in array AJAD are stored in TAJAD. The number
of elements stored in AJAD added by 1, is stored in the (MJAD+1)-th element of IAJAD.

f.  The value 1 is set to IAJAD(1).

g.  (The number of elements stored in arrays AJAD, JAJAD) = IAJAD(MJAD+1)—1.

h. In the figure above illustrates a JAD storage for a structurally symmetric matrix A. But naturally, this storage

is even available for a general asymmetric matrix A.

Figure B—18 JAD format
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Random sparse matrix

(4) One-dimensional row-oriented block list format

Matrix A to be stored

B 0 C 0
D F 0 G
0 0 H 0
0 K 0 L
+—-M-—
by b dy d
B— 1270: 0162,D: 1 2,F: f1f2,G: 9192,1\/[:2
bz by c3 ¢4 d3 dy f3 fa g3 G4
I h1  ho K= ki ko - i s 0= 0 0
hz  hy ks ka I3 Iy 0 0
3

Storage status within array A(LXAxMxM), JA(LXA), TA(NB+1)
A JA IA

by
ba
b3
by

C1

NB+1

O | S| W+~

C2

€3

= N W NN W

Cq

LXAxMxM

k1
)
k3
ka4
Iy
la

I3

ly

Remarks

a. The data types of matrix elements may be either real or complex.

b. NB is the number of block rows (or columns) for dividing matrix A into MxM block matrix.

c.  LXA is the number of nonzero MxM block matrices.

d. A contains the nonzero block matrices of matrix A, stored sequentially beginning with the first block row.

e. JA contains the column block numbers in the original matrix A of the block matrices stored in A.

f. TA contains values equal to the positions in array A of the diagonal block matrices. The NB+1-th element

contains the value LXA+1.

Figure B—19 One-dimensional Row-oriented Block List Format (for M = 2)
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Random sparse matrix

(5) MJAD format (Multiple jagged diagonals storage format)

Matrix A to be stored

B 0 C 0
D F 0 G
0 0 H 0
0 K 0 L
— —M—-—
b1 b d d
B:12,026162,D:12,F:f1f2,G29192,M—2
by b2 c3 ¢ ds dy I3 Ja gs ga
hi h ki k lh 1 0 0
H— ST T R S I
hs  hy ks ka I3 Iy 0 0
4
Storage status within arrayJADORD
NB MJAD
NB
(*)Storage status within arrayAJAD
—~—--MxM--—=
di | do | ds | da Storage status within arrayJAJAD
Storage status within arrayIAJAD ki | ko | k3 | ks < MJAD -

MJAD+1 bi | bs | b3 | ba L2
————— hi | he | hs | ha 214
nn LXA filfo| fs | fa 113

L |l |13 | la 3

C1 C2 C3 Cq

g1 g2 | g3 | 94

Remarks

a. The data types of matrix elements may be either real or complex.

b.  NB is number of block rows (or columns) for dividing matrix A into MxM block matrix.

c.  Push rowwise the whole nonzero block matrices of matrix A to the left side, then sort the rows with respect to
the number of nonzero block matrix in descending order;
The block columns in this arrangement are called jagged diagonals. The number of jagged diagonals is stored
in the parameter MJAD. The storage method for array AJAD is described as follows. The first row, first column
elements among from each block matrix (D, K, B, H, F,C,G) are taken. Here, these elements are arranged in
the same order as block matrices appear along the jagged diagonal above (di, k1, b1, h1, f1,¢1,91). This method
perform repeatedly until M-th row, M-th column elements are taken and stored in array AJAD.

d.  The block column indices of the block array stored in array AJAD are stored in array JAJAD

e.  The indices of the starting element of each jagged diagonal in array AJAD stored in array IAJAD. The number
of block array stored in AJAD added by 1, is stored in the MJAD—+1-th element of AJAD.

f.  Each elements in the same block will be arranged with equal intervals of LXA in memory (%). For example,
elements in the block D (d1, dz2, d3, d4) will be arranged with equal intervals of LXA in memory.

g.  The value 1 is set to IAJAD(1).

h.  (The number of elements stored in MJAD) = (IAJAD(MJAD+1)—1)xMxM

Figure B—20 MJAD format(for M = 2)
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Hermitian sparse matrix (Hermitian one-dimensional row-oriented list type) (upper triangular type)

B.2.11 Hermitian sparse matrix (Hermitian one-dimensional row-oriented list type)

(upper triangular type)

Matrix A to be stored

al.1 ai,2 0. ai,4 0. ai,6 0.

ai2 Q22 G23 Q24 0. 0. az,7
0. az,3 as,3 0. 0. as,e 0.
ara aza 0. aa4 aas aae

0 0. as5 as;5 0. 0.
aie 0. aze aze 0. ass O
0. m 0. 0. 0. 0. ar,7

N NA

H
—
[«

A JA IA
a1 1
ai,2 2 5
aia 4 9
ai,e 6 11
az,2 2 14 N+1
az,3 3 15
Q2,4 4 16
NA az,7 7 17
as,3 3
as.6 6
Q4,4 4
a4,5 5
a4,6 6
as,s 5
ae,6 6
ar,7 7
Remarks
a. The T indicates the complex conjugate of x.
b. N is order of the matrix A.
NA is the number of the diagonal elements and the nonzero elements in the upper triangle of the matrix A.
d. Array A contains the diagonal elements and the nonzero elements in the upper triangle of the matrix A, stored
sequentially beginning with the first row.
e. Array JA contains the column numbers in the original matrix A of the elements stored in A.
f. Array IA contains values equal to the positions in array A of the diagonal element in each row. The N+1-th
element contains the value NA+1.
g. 1 < N < NA must be satisfied.

Figure B—21 Storage format for Hermitian Sparse Matrix (Hermitian One-dimensional Row-oriented List Type)
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Appendix C
MACHINE CONSTANTS USED IN ASL

C.1 Units for Determining Error

The table below shows values in ASL as units for determining error in floating point calculations. The units
shown in the table are numeric values determined by the internal representation of floating point data. ASL uses

these units for determining convergence and zeros.

Table C—1 Units for Determining Error

Single-precision Double-precision
272(~1.19 x 1077) 2752(~ 2.22 x 10716)

Remark: The unit for determining error e, which is also called the machine ¢, is usually defined as the smallest positive
constant for which the calculation result of 1+ ¢ differs from 1 in the corresponding floating point mode. Therefore, seeing
the unit for determining error enables you to know the maximum number of significant digits of an operation (on the

mantissa) in that floating point mode.

C.2 Maximum and Minimum Values of Floating Point Data

The table below shows maximum and minimum values of floating point data defined within ASL. Note that the
maximum and minimum values shown below may differ from the maximum and minimum values that are actually

used by the hardware for each floating point mode.

Table C—2 Maximum and Minimum Values of Floating Point Data

Single-precision Double-precision

Maximum value 2127(2 — 2723) (~ 3.40 x 10%®) 21023(2 — 2752) (~ 1.80 x 103%8)
Positive 9126 (~ 1.17 x 10~%) 21022 (v .93 x 10-308)
minimum value
Negati

caanve 97126 (~ 1,17 x 107%9) _9-1022 (993 x 10-308)
maximum value
Minimum value —2127(2 — 2723) (~ —3.40 x 1038) —21023(2 _ 2752 (~ —1.80 x 1038)
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Index

CAM1HH :
CAM1HM :
CAM1MH :
CAM1MM :
CAN1HH :
CAN1HM :
CAN1MH :
CAN1MM :

CANVJ1

CARGJM :
CARSJID :

CBGMDI

CBGMLC :
CBGMLS :
CBGMLU :
CBGMLX :
CBGMMS :
CBGMSL :
CBGMSM :

CBGNDI

CBGNLC :
CBGNLS :
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85
82
79
76
97
94
91
88
126
37
32
72
64
66
62
74
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