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PREFACE

This manual describes general concepts, functions, and specifications for use of the Advanced
Scientific Library (ASL).

The manuals corresponding to this product consist of seven volumes, which are divided into the
chapters shown below. This manual describes the basic functions, volume 5.

Basic Functions Volume 1

Chapter Title Contents
1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.
2 Storage Mode Explanation of algorithms, method of using, and usage example
Conversion of subroutine related to storage mode conversion of array data.
3 Basic Matrix Algebra | Explanation of algorithms, method of using, and usage example
of subroutine related to basic calculations involving matrices.
4 Eigenvalues and Explanation of algorithms, method of using, and usage example
Eigenvectors of subroutine related to

the standard eigenvalue problem for real matrices, complex
matrices, real symmetric matrices, Hermitian matrices, real sym-
metric band matrices, real symmetric tridiagonal matrices, real
symmetric random sparse matrices, Hermitian random sparse
matrices and

the generalized eigenvalue problem for real matrices, real
symmetric matrices, Hermitian matrices, real symmetric band
matrices.

Basic Functions Volume 2

Chapter Title Contents
1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.
2 Simultaneous Linear Explanation of algorithms, method of using, and usage exam-
Equations ple of subroutine related to simultaneous linear equations corre-
(Direct Method) sponding to real matrices, complex matrices, positive symmetric

matrices, real symmetric matrices, Hermitian matrices, real band
matrices, positive symmetric band matrices, real tridiagonal ma-
trices, real upper triangular matrices, and real lower triangular
matrices.




Basic Functions Volume 3

Chapter

Title

Contents

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Fourier Transforms
and their applications

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to one-, two- and three-dimensional
complex Fourier transforms and real Fourier transforms, one-,
two- and three-dimensional convolutions, correlations, and power
spectrum analysis, wavelet transforms, and inverse Laplace
transforms.

Basic Functions Volume 4

Chapter

Title

Contents

1

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Differential Equations
and Their Applications

Explanation of algorithms, method of using, and usage example
of subroutine related to

ordinary differential equations initial value problems for
high-order simultaneous ordinary differential equations, implicit
simultaneous ordinary differential equations, matrix type ordi-
nary differential equations, stiff problem high-order simultane-
ous ordinary differential equations, simultaneous ordinary dif-
ferential equations, first-order simultaneous ordinary differential
equations, and high-order ordinary differential equations, and
ordinary differential equations boundary value problems
for high-order simultaneous ordinary differential equations, first-
order simultaneous ordinary differential equations, high-order or-
dinary differential equations, high-order linear ordinary differen-
tial equations, and second-order linear ordinary differential equa-
tions, and

integral equations for Fredholm’s integral equations of second
kind and Volterra’s integral equations of first kind, and

partial differential equations for two- and three-dimensional
inhomogeneous Helmholtz equation.

Numerical Differentials

Explanation of algorithms, method of using, and usage example
of subroutine related to numerical differentials of one-variable
functions and multi-variable functions.

Numerical Integration

Explanation of algorithms, method of using, and usage example
of subroutine related to numerical integration over a finite inter-
val, semi-infinite interval, fully infinite interval, two-dimensional
finite interval, and multi-dimensional finite interval.

Interpolations and
Approximations

Explanation of algorithms, method of using, and usage example
of subroutine related to interpolations, surface interpolations,
least squares approximations, least squares surface approxima-
tions, and Chebyshev’s approximations.

Spline Functions

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to interpolation, smoothing, numerical
derivatives, and numerical integrals using cubic splines, bicubic
splines and B—splines.




Basic Functions Volume 5

Chapter

Title

Contents

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Special Functions

Explanation of algorithms, method of using, and usage example
of subroutine related to Bessel functions, modified Bessel func-
tions, spherical Bessel functions, functions related to Bessel func-
tions, Gamma functions, functions related to Gamma functions,
elliptic functions, indefinite integrals of elementary functions, as-
sociated Legendre functions, orthogonal polynomials, and other
special functions.

Sorting and Ranking

Explanation and usage examples of subroutine related to sorting
and ranking.

Roots of Equations

Explanation of algorithms, method of using, and usage example
of subroutine related to roots of algebraic equations, nonlinear
equations, and simultaneous nonlinear equations.

Extremal Problems
and Optimization

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to minimization of functions with no
constraints, minimization of the sum of the squares of functions
with no constraints, minimization of one-variable functions with
constraints, minimization of multi-variable functions with con-
straints, and shortest path problem.

Basic Functions Volume 6

Chapter

Title

Contents

1

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Random Number Tests

Explanation and usage examples of subroutine related to uniform
random number tests, and distribution random number tests.

Probability
Distributions

Explanation and usage examples of subroutine related to contin-
uous distributions and discrete distributions.

Basic Statistics

Explanation and usage examples of subroutine related to basic
statistics, variance-covariance and correlation.

Tests and Estimates

Explanation and usage examples of subroutine related to interval
estimates and tests.

Analysis of Variance
and
Design of Experiments

Explanation and usage examples of subroutine related to one-way
layout, two-way layout, multiple-way layout, randomized block
design, Greco-Latin square method, cumulative Method.

Nonparametric Tests

Explanation and usage examples of subroutine related to tests
using x? distribution and tests using other distributions.

Multivariate Analysis

Explanation and usage examples of subroutine related to prin-
cipal component analysis, factor analysis, canonical correlation
analysis, discriminant analysis, cluster analysis.

Time Series Analysis

Explanation and usage examples of subroutine related to auto-
correlation, cross correlation, autocovariance, cross covariance,
smoothing and demand forecasting.

10

Regression analysis

Explanation and usage examples of subroutine related to linear
Regression and nonlinear Regression.




Shared Memory Parallel Functions

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Basic Matrix Algebra | Explanation of algorithms, method of using, and usage example
of subroutine related to obtain the product of real matrices and
complex matrices.

3 Simultaneous Linear Explanation of algorithms, method of using, and usage exam-

Equations ple of subroutine related to simultaneous linear equations cor-
(Direct Method) responding to real matrices, complex matrices, real symmetric
matrices, and Hermitian matrices.

4 Simultaneous Linear Explanation of algorithms, method of using, and usage exam-
Equations ple of subroutine related to simultaneous linear equations corre-
(Iteration Method) sponding to real positive definite symmetric sparse matrices, real

symmetric sparse matrices and real asymmetric sparse matrices.

5 Eigenvalues and Explanation of algorithms, method of using, and usage example
Eigenvectors of subroutine related to the eigenvalue problem for real symmet-

ric matrices and Hermitian matrices.

6 Fourier Transforms Explanation of algorithms, method of using, and usage example
and their applications | of subroutine related to one-, two- and three-dimensional com-

plex Fourier transforms and real Fourier transforms, two- and
three-dimensional convolutions, correlations, and power spec-
trum analysis.

7 Sorting Explanation and usage examples of subroutine related to sorting
and ranking.
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(1) This manual corresponds to ASL 1.1. All functions described in this manual are program products.

(2) Proper nouns such as product names are registered trademarks or trademarks of individual manufacturers.

(3) This library was developed by incorporating the latest numerical computational techniques. Therefore,
to keep up with the latest techniques, if a newly added or improved function includes the function of an
existing function may be removed.
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Chapter 1
INTRODUCTION

1.1 OVERVIEW

1.1.1 Introduction to The Advanced Scientific Library ASL

Table 1—1 shows correspondences among product categories, functions of ASL and supported hardware platforms.

In the same version of ASL, interfaces of subroutines of the same name are common among hardware platforms.

Table 1—1 Classification of functions included in ASL

Classification of Functions Volume

Basic functions Vol. 1-6

Shared memory parallel functions | Vol. 7

1.1.2 Distinctive Characteristics of ASL
ASL has the following distinctive characteristics.

(1) Subroutines are optimized using compiler optimization to take advantage of corresponding system hardware

features.

(2) Special-purpose subroutines for handling matrices are provided so that the optimum processing can be
performed according to the type of matrix (symmetric matrix, Hermitian matrix, or the like). Generally,
processing performance can be increased and the amount of required memory can be conserved by using

the special-purpose subroutines.

(3) Subroutines are modularized according to processing procedures to improve reliability of each component

subroutine as well as the reliability and efficiency of the entire system.

(4) Error information is easy to access after a subroutine has been used since error indicator numbers have been

systematically determined.



1.2 KINDS OF LIBRARIES

Table 1—2 Kinds of libraries providing ASL

. - Doclarati
Size of variable(byte) eclaration Kind Kind of library
of arguments
integer real
4 8 INTEGER(4) 32bit integer Double-precision
REAL(8) subroutine
32bit integer library
(link option: -lasl_sequential)
4 4 INTEGER(4) 32bit integer Single-precision
REAL(4) subroutine
8 8 INTEGER(8) 64bit integer Double-precision
REAL(8) subroutine
64bit integer library
(link option: -lasl_sequential i64)
8 4 INTEGER(8) 64bit integer Single-precision
REAL(4) subroutine

(*¥1) Functions that appear in this documentation do not always support all of the four kinds of subroutines listed
above. For those functions that do not support some of those subroutine kinds, relevant notes will appear in the

corresponding subsections.

(*¥2) The string “(4)” that specifies 32bit (4 byte) can be omitted.



1.3 ORGANIZATION

This section describes the organization of Chapters 2 and later.

1.3.1 Introduction

The first section of each chapter is a general introduction describing such information as the effective ways of

using the subroutines, techniques employed, algorithms on which the subroutines are based, and notes.

1.3.2 Organization of Subroutine Description

The second section of each chapter sequentially describes the following topics for each subroutine.
Function

Usage

Arguments

Restrictions

Error indicator

Notes

7) Example

Each item is described according to the following principles.

1.3.3 Contents of Each Item

(1) Function
Function briefly describes the purpose of the ASL subroutine.

(2) Usage
Usage describes the subroutine name and the order of its arguments. In general, arguments are arranged

as follows.
CALL subroutine-name (input-arguments, input/output-arguments, output-arguments, ISW, work, IERR)

ISW is an input argument for specifying the processing procedure. IERR is an error indicator. In some

cases, input/output arguments precede input arguments. The following general principles also apply.

e Array are placed as far to the left as possible according to their importance.

e The dimension of an array immediately follows the array name. If multiple arrays have the same
dimension, the dimension is assigned as an argument of only the first array name. It is not assigned

as an argument of subsequent array names.

(3) Arguments
Arguments are explained in the order described above in paragraph (2). The explanation format is as
follows.
Arguments Type Size Input/Output Contents

(a) (b) (9 (d) (e)




Contents of Each Item

(a)

(b)

Arguments
Arguments are explained in the order they are designated in the Usage paragraph.
Type
Type indicates the data type of the argument. Any of the following codes may appear as the type.

I : Integer type

D : Double precision real

R : Real

Z : Double precision complex

C : Complex

There are 64-bit integer and 32-bit integer for integer type arguments. In a 32-bit (64-bit) integer type

subroutine, all the integer type arguments are 32-bit (64-bit) integer. In other words, kinds of libraries

determine the sizes of integer type arguments (Refer to 1.4). In the user program, a 32-bit/64-bit
integer type argument must be declared by INTEGER/ INTEGER(8), respectively.

Size

Size indicates the required size of the specified argument. If the size is greater than 1, the required
area must be reserved in the program calling this subroutine.

1 : Indicates that argument is a variable.

N : Indicates that the argument is a vector (one-dimensional array) having N elements. The
argument N indicating the size of this vector is defined immediately after the specified vector.
However, if the size of a vector or array defined earlier, it is omitted following subsequently
defined vectors or arrays. The size may be specified by only a numeric value or in the form of a
product or sum such as 3 x N or N + M.

M, N : Indicates that the argument is a two-dimensional array having M rows and N columns. If M
and N indicating the size of this array have not been defined before this array is specified, they
are defined as arguments immediately following this array.

Input/Output

Input/Output indicates whether the explanation of argument contents applies to input time or
output time.

i. When only “Input” appears
When the control returns to the program using this subroutine, information when the argument
is input is preserved. The user must assign input-time information unless specifically instructed
otherwise.
ii. When only “Output” appears
Results calculated within the subroutine are output to the argument. No data is entered at
input time.
iii. When both “Input” and “Output” appear
Argument contents change between the time control passes to the subroutine and the time control
returns from the subroutine. The user must assign input-time information unless specifically
instructed otherwise.
iv. When “Work” appears
Work indicates that the argument is an area used when performing calculations within the
subroutine. A work area having the specified size must be reserved in the program calling this
subroutine. The contents of the work area may have to be maintained so they can be passed along
to the next calculation.



Contents of Each Item

()

Contents
Contents describes information held by the argument at input time or output time.
e A sample Argument description follows.

Example
The statement of the subroutine (DBGMLC, RBGMLC) that obtains the LU decomposition
and the condition number of a real matrix is as follows.

Double precision:

CALLDBGMLC (A, LNA, N, IPVT, COND, W1, IERR)
Single precision:

CALL RBGMLC (A, LNA, N, IPVT, COND, W1, IERR)

The explanation of the arguments is as follows.

Table 1-3 Sample Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A Note | LNA,N Input | Real matrix A(two-dimensional array)
D Output | The matrix A decomposed into the matrix LU
R where U is a unit upper triangular matrix and
L is a lower triangular matrix.
2 LNA I 1 Input | Adjustable dimension size of array A
3 N I 1 Input | Order n of matrix A
4 IPVT I N Output | Pivoting information
IPVT(i): Number of the row exchanged with
row ¢ in the i-th step.
5 COND D 1 Output | Reciprocal of the condition number
R
6 W1 D N Work | Work area
R
7 IERR I 1 Output | Error indicator

To use this subroutine, arrays A, IPVT and W1 must first be allocated in the calling program so

double-precision

they can be used as arguments. A is a }N"tc real array of size (LNA , N) , IPVT is

single-precision
double-precision
single-precision
When the 64-bit integer version is used, all integer-type arguments (LNA, N, IPVT and IERR) must
be declared by using INTEGER(8), not INTEGER.

an integer array of size N and W1 is a { }real array of size N.

Note The entries enclosed in brace { } mean that the array should be declared double precision type (code D) when
using subroutine DBGMLC and real type (code R) when using subroutine RBGMLC. Braces are used in this
manner throughout the remainder of the text unless specifically stated otherwise.



Contents of Each Item

Data must be stored in A, LNA and N before this subroutine is called. The LU decomposition and
condition number of the assigned matrix are calculated with in the subroutine, and the results are
stored in array A and variable COND. In addition, pivoting information is stored in IPVT for use by

subsequent subroutines.

IERR is an argument used to notify the user of invalid input data or an error that may occur during

processing. If processing terminates normally, IERR is set to zero.

Since W1 is a work area used only within the subroutine, its contents at input and output time have

no special meaning.

(4) Restrictions
Restrictions indicate limiting ranges for subroutine arguments.

(5) Error indicator

Each subroutine has been given an error indicator as an output argument. This error indicator, which
has uniformly been given the variable name IERR, is placed at the end of the arguments. If an error is

detected within the subroutine, a corresponding value is output to IERR. Error indicator values are divided

into five levels.

Table 1-4 Classification of Error Indicator Output Values

Level IERR value Meaning Processing result
Normal 0 Processing is terminated normally. Results are guaranteed.
Warning | 1000~2999 | Processing is terminated under cer- | Results are conditionally guaranteed.
tain conditions.
3000~3499 | Processing is aborted since an argu- | Results are not guaranteed.
ment violated its restrictions.
Fatal 3500~3999 | Obtained results did not satisfy a cer- | Obtained results are returned (the
tain condition. results are not guaranteed).
4000 or more, A fatal error was detected during | Results are not guaranteed.
processing.  Usually, processing is
aborted.
(6) Notes

Notes describes ambiguous items and points requiring special attention when using the subroutine.

(7) Example
Here gives an example of how to use the subroutine. Note that in some cases, multiple subroutines are

combined in a single example. The output results are given in the 32-bit integer version, and may differ

within the range of rounding error if the compiler or intrinsic functions are different.

The source codes of examples in this document are included in User’s Guide. Input data, if required, is

also included in it. To build up an executable files by compiling these example source codes, they should

be linked with this product library.




1.4 SUBROUTINE NAMES

The subroutines name of ASL basic functions consists of (six alphanumeric characters).

Figure 1-1 Subroutine Name Components

Characteristic function of individual subroutine

Indicates the numerical application

Indicates the calculation precision

“1” in Figure 1-1: The following eight letters are used to indicate the calculation precision.

D, W Double precision real-type calculation
R, V  Single precision real-type calculation
Z, J  Double precision complex-type calculation

C, I  Single precision complex-type calculation

However, the complex type calculations listed above do not necessarily require complex arguments.

“2” in Figure 1-1: Currently, the following letters lettererererere are used to indicate the application field
in the ASL related products.

Letter Application Field Volume

A Storage mode conversion 1
Basic matrix algebra 1,7

B Simultaneous linear equations (direct method) 2,7

C Eigenvalues and eigenvectors 1,7

F Fourier transforms and their applications 3,7
Time series analysis 6

G Spline function 4

H Numeric integration 4

I Special function 5

J Random number tests 6

K Ordinary differential equation (initial value problems) 4

L Roots of equations 5

M Extremum problems and optimization 5

N Approximation and regression analysis 4,6

(0] Ordinary differential equations (boundary value problems), integral 4
equations and partial differential equations

P Interpolation 4

Q Numerical differentials 4

S Sorting and ranking 5,7



Letter Application Field Volume

X Basic matrix algebra

Simultaneous linear equations (iterative method)
Probability distributions

Basic statics

Tests and estimates

Analysis of variance and design of experiments

Nonparametric tests

S O W N~
[e>E >N INe NN e e N B

Multivariate analysis

“3—6” in Figure 1—1 : These characters indicate the characteristic function of the individual subroutine.



1.5 NOTES

(1)

Use the subroutines of double precision version whenever possible. They not only provide higher precision
solutions but also are more stable than single precision versions, in particular, for eigenvalue and eigenvector

problems.

To suppress compiler operation exceptions, ASL subroutines are set to so that they conform to the compiler
parameter indications of a user’s main program. Therefore, the main program must suppress any operation

exceptions.

The numerical calculation programs generally deal with operations on finite numbers of digits, so the
precision of the results cannot exceed the number of operation digits being handled. For example, since
the number of operation digits (in the mantissa part) for double-precision operations is on the order of 15
decimal digits, when using these floating point modes to calculate a value that mathematically becomes 1,
an error on the order of 1071 may be introduced at any time. Of course, if multiple length arithmetic is
emulated such as when performing operations on an arbitrary number of digits, this kind of error can be
controlled. However, in this case, when constants such as 7 or function approximation constants, which are
fixed in double-precision operations, for example, are also to be subject to calculations that depend on the
length of the multiple length arithmetic operations, the calculation efficiency will be worse than for normal

operations.

A solution cannot be obtained for a problem for which no solution exists mathematically. For example,
a solution of simultaneous linear equations having a singular (or nearly singular) matrix for its coefficient
matrix theoretically cannot be obtained with good precision mathematically. Numerical calculations cannot
strictly distinguish between mathematically singular and nearly singular matrices. Of course, it is always
possible to consider a matrix to be singular if the calculation value for the condition number is greater than

or equal to an established criterion value.

Generally, if data is assigned that causes a floating point exception during calculations (such as a floating
point overflow), a normal calculation result cannot be expected. However, a floating point underflow that

occurs when adding residuals in an iterative calculation is an exception to this.

For problems that are handled using numerical calculations (specifically, problems that use iterative tech-
niques as the calculation method), there are cases in which a solution cannot be obtained with good precision

and cases in which no solution can be obtained at all, by a special-purpose subroutine.

Depending on the problem being dealt with, there may be cases when there are multiple solutions, and the
execution result differs in appearance according to the compiler used or the computer or OS under which
the program is executed. For example, when an eigenvalue problem is solved, the eigenvectors that are
obtained may differ in appearance in this way.

The mark “DEPRECATED” denotes that the subroutine will be removed in the future. Use ASL Unified

Interface, the higher performance alternative practice instead.



Chapter 2
SPECIAL FUNCTIONS

2.1 INTRODUCTION

This chapter describes subroutines which obtain values of special functions. The following methods are available

to calculate special functions.
e Taylor expansion and asymptotic expansion
e Approximation formulae
e Continued fraction
e Recursion relations

In the subroutines given here, the range of a variable is divided into intervals, and in each interval a special

function is calculated with the method considered to be the best for the interval.

10



Notes

2.1.1 Notes

(1)

(2)

The Bessel function of the 2nd kind N, (z) and the spherical Bessel function of the 2nd kind n, (z) are same

as Y, (z) and y,(z) given here, respectively.

The computation time of various Bessel functions of real number and integer orders becomes longer as the

argument z and the order v increase. Therefore it is desirable to set |v| < 1000.0 and |z| < 1000.0

To calculate values of the Bessel, modified Bessel, spherical Bessel or modified spherical Bessel functions of
the 1st kind successively changing the order by one, first obtain the values for the highest two successive
orders with a subroutine given here, and then calculate values for lower orders with recursion relations in

the direction of decreasing order.

J_u(x), I_,(z),Y_,(z),i_,(x) and Y_,(z) are calculated with recursion relations. See the notes for each

subroutine for the recursion relations.

The Bessel and modified Bessel functions of half integer order can efficiently be calculated from the spherical

Bessel function using the following relations.

Jn—i—%(w) ]n(l'), Yn—i—

2R Y

Ls1 (@) “in(@), Kppg(o) =

11



Algorithms Used

2.1.2 Algorithms Used
2.1.2.1 Bessel Functions
(1) Bessel functions of the 1st kind (orders 0 and 1) Jo(z) and J; (z)

@® z<0.0:
From Jy(x) = Jo(—=z) and Jy(z) = —J1(—x), following methods are applied to Jo(—2) and J;(—x).

® 0.0<z<4.0:
The functions are calculated from the best approximation equations obtained from the following equa-

tions:

Jo(z) =

]~
>~ |
= =
=
N
N T
/N
N8
N————
[V
ol

k=0

LS DR gy
Nilw) = ];)k!(kJrl)! (5)

B 4.0<z<8.0:
The functions are calculated from the best approximation equations obtained from the following equa-

tions:

Jo(.’L') — ZJO (6)($—6)k

k!
k=0
o 5(k)
J (6
nw = Y06 ey
k=0 ’

The method of generating the best approximation is described in Section 2.1.2.22, “Coefficient Calcu-
lation Method”.
(Jék) (6) and Jl(k) (6) are k-th derivatives evaluated at « = 6.0.)

@ x> 8.0
The functions are calculated from the following equations of asymptotic expansion:

JO(x) or Jl(x) _ PCOS(¢) - QSIH(¢)

VT

Here,

for calculating Jo(z)

m 2n
(8
X (3)

p = = -
S 8
n:On z

7T

¢ = UU—Z

for calculating Jy(z)

m 82n
> (%)

_ n=0
Q - m’ ] 2n
d2 [ 2
n=0 " x
o = x— Zﬂ'

12



Algorithms Used

See reference (2) for the coefficients a%),a%) b(l) b(2) ( ) 0512),d51) and dgf).

(2) Bessel functions of the 2nd kind (orders 0 and 1) Yp(x) and Y1 (z) (z > 0.0)

@ 0.0 <z <4.0:
The functions are calculated from the best approximation equations obtained from the following equa-

tions:

Yoa) — %[ o) {log (3) +7) - Z{(k})’f( )i%}]
Yi(r) = %[ () {log (5 )+7}—5—%i{k,k+l (2)2’”1<i%+ %)H

k=0 m=1 m=1

The Euler’s constant v is 0.5772 - - -
@ 4.0<z <8.0:

The functions are calculated from the best approximation equations obtained from the following equa-

tions:

) (k)
Vo) = S 20 @ g

Kl
k=0
o y-(k)
v (6
v = 306 ey
k=0 ’

The method of generating the best approximation is described in Section 2.1.2.22, “Coefficient Calcu-
lation Method".

The k-th derivative of Y5(6) and Y7(6) are obtained from recurrence relations derived from
k
Zia) = Zea@) - S Zk()
k k+1
2() = -2 (@)

where Zj,(z) is the Bessel function to be calculated.

® x> 8.0:
The functions are calculated from the following equations of asymptotic expansion:
P sin(@) + @ cos

NZ3
Here P, Q and ¢ are the same as for Jy(z) and Ji(x). The coefficients aﬁ, ), agf), b(l) and bgf) are given
in reference (2).

(3) Bessel function of the 1st kind (integer order) J,(z)

Jn(x) is expressed as in Table 2—1 using J},,(|z|) depending on the sign of x and n. Jj,|(|z|) is calculated

Table 2—1 Expressions Equivalent to J,(x) for Different Signs of 2 and n

— n <0 n>0
<00 Jjn(|2]) (=1)" T (|2])
x> 0.0 | (=1)"J),(|z]) Jin(|2])

as follows (for simple notation, n and x are used instead of |n| and |z|, respectively.):

@® n=0or1: Jo(z) or Ji(z) is used.

13



Algorithms Used

0.0 < o2 < { double precision :0.1n +0.4
single precision 190+ 7.6

The function is calculated from the power series expansion of the following equation:
9 k(xz\2k
o\t m (D)
o= (3 5 Gl
@) =13 Z%MW+W
(b) If
2> double precision :0.1n+0.4
~ | single precision :1.9n 4 7.6

or

double precision :170
~ | single precision 1 34
i. For z < n:
Setting Ty, 4k+1 = 0.0, the parameters T; (i =n,n+1,---,n+k —1,n+ k) in the continued

fraction approximation are calculated using the recurrence relations below:
2

T
7= —2 i=n+1,-ntk—1n+k
5Ty (i=n+ n+ n+k)
x
T,=—
2n—Tn+1

(T}, has a value Jﬁ(jl) )

Here, the value k is choose as in Table 2—2. It is defined that B,, = T,,, B,_1 = 1.0. Then
Table 2—2 Value of k

single precision double precision
k _ L(3.0+1.5\/ﬁ)$ + ].5J k _ L(S-O-‘:—Q.Sﬁ)m + 52J

B is calculated from the following recurrence relation:
9
Bi—l = —ZBZ —Bi+1 (Z zn—l,n—2,---,2)
T
.]1 (:E) )

Jn—l(lv)
Since the precision of computation becomes low when Jo(z) = 0 or Ji(z) =~ 0, K is set as

(Here Bj has a value

follows:

K = |1.27324x + 3] (mod 4)
If K=0or3,

B- 2%732, T = Jo(x)
K =1or2,

B=B, J=J(z)

Using the values of T,,, B and J, J,(z) is calculated from
T,J

Jn(x) =

="

ii. For z > n:

Jn(x) is calculated from the following recurrence relation starting with Ji(z) and Jo(z):
2k
Ji1(x) = ?Jk(ff) = Jp-1(z) (k=1,2,---,n—1)

(4) Bessel function of the 2nd kind (integer order) Y,,(z) (z > 0.0)

14



Algorithms Used

@® n<O:
From Y, (z) = (—1)" - Y_,(z), following methods are applied to Y_,,(x).
@ n=0orl:
Yo(x) or Yi(x) is used.
® n>2:
Y, (x) is calculated from the following recurrence relation starting with Y7 (z) and Yp(x):

Yiti1(x) = %Yk(x) —Yi1(x) (k=1,2,---,n—1)

(5) Bessel function of the 1st kind (real number order) J, ()
@ If v is an integer, the subroutine for the Bessel function of the 1st kind (integer order) is used with

n=m~uv.

@ If n is a nonintegral real number (z > 0.0 and n > 0.0):

(a) If
0.0 <22 < { d.ouble prefzi.sion :0.1v 4 0.4 }
single precision 1.9v + 7.6
and
double precision :170.0 |
v { single precision 1 34.0 } '
The function is calculated from the power series expansion of
Jo(z) = (f)”zg: (=D*(5)* '
2 = ET(v+k+1)
(b) If
2> { double precision :0.lv+04 }
~ | single precision :1.9v 4+ 7.6
i. For

- Double precision : 30.0
x
Single precision : 15.0

and
x> 0.5502

The function is calculated from the equation of asymptotic expansion of

Ju(x) = | == (P cos(6) — Qsin(9))

where
_ i (402 — 12)(4v% — 32) - - (4v? — (4k — 1)?)
Py (k) (Ba)?F
o (4% — 12)(402 — 32) - - (402 — (4k + 1)?)
Q - kZ:O(_l)k (2/€ + 1)!(8:1;)2]6-‘1-1
6 = - (Lt

2 4
(m and m' are the numbers which give the last terms such that the term does not affect the

result of calculation when included.)

ii. For = other than the above:
The function is calculated from the (backward) recursion relation given below.

15
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Assume that ¢ is the decimal part of v, v is the integer part of v, M is a sufficiently large
number, and «a is the positive minimum number (namely the smallest positive constant in the
floating point mode).
The recurrence relation to be used is
200+ k)
Fsip-1(z) = TF5+I€(I) —Fsipypa(x) (k=M,M—1,---,1)
with Fspary1(x) = 0 and Fsya(z) = a as initial values. Then J,(z) is obtained from the

following equation.

Fyn(2)(5)°

_ 2
Y
O+2m) (6 +m
Z( )I( )

m!

Ju(x)

F5+2m (17)

n=0
The value of M is calculated from x and v using an approximation equation.

(6) Bessel function of the 2nd kind (real number order) Y, (x) (x > 0.0)

@ If v is an integer, the subroutine for the Bessel function of the 2nd kind (integer order) is used with
n=uv.
@ If v is a nonintegral real number (v > 0.0): v is divided into the integer part n and the decimal part 4.

(a) If 0.0 < & < 4.0:
The function is calculated with the method of Yoshida and Ninomiya where the power series
expansions of J,(x) and J_,(x) are inserted in
Yo (z) = J,,(:C)COS'(VW) —J_,(z)
sin(vm)
terms are grouped, and the parts which give figures at lower places are calculated with the best

approximation. The procedures are shown below.

i. 0.0<v <0.5:
The function is calculated from the following equation

Y, (z) = i_ (_ﬁ)k Ay(v) + By(v)

prs 4 sin(v)

Here Ay (v) is calculated from the recursion relation

1 { 1 cos(vr) }+ o)

- K\ Tk—v) T(k+v)
Awlv) = (k+v)(k —v)
with
M
Ao(v) = (v —10) Y PP (v = 0.221521 - )
k=0

as the initial value. By (v) is calculated from

Bi(v) 1{F( o, ¢2C°S<”)}

TR \Tk+1-—v) Th+ltv)
with -
1, 10
for
(E)V <0.50r (g)” > 2.0
61 = —f(~vlog(3)) log(5), ¢2 = —f(vlog(3))log(3)
for

16
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et —1

where f(t) is calculated from the best approximation equation of
ii. 0.5<r<15

A. §<0.5:
It is set that § = 0 +1 and n = n — 1, and the function is calculated in the range 0.5 < §1.5.

B. 0.5 < §1.5:
It is set that &« = § — 1. The function is calculated from

Lo k
:C1+a21‘+ +Z{ < ) (ék(a)+bk(a))}

sin(a)

Y5(z) =

where C () and Dj(a) are calculated using best approximation equations as is done for
0.0<v <0.5.
Furthermore the function is calculated from

< o k41
2 {4(c;+1)+$2} +Z (_$_2) (Er() + Fi(a))
P2 (1 - a) k=0 4
Ysti(z) = i

sin(am)

where E’k(a) and Fk(a) are calculated using best approximation equations as is done for
0.0<v<0.5.
iii. v > 1.5:
Y, (z) is calculated from the following recurrence relation using Ys(x) and Y541 (x) obtained in
ii.
Virsor () = 25 v @) = Viwsa(2) (k= 1,2, 0 — 1)
Double precision : 30.0
Single precision : 15.0
i 0.0<v<2.0:
If § or 1 — ¢ is smaller than v/unit for determining error/4

(b) If4.0<:c§{

The Bessel function of integer order (n or n + 1) is taken as an approximation.
First Js(z) and Js41(x) are obtained from (backward) recurrence relations. Similarly Ji(x)
and Jy11(z) are obtained by setting t = 1 — §. Then J_s(z) is calculated from

20 )~ e @)

J_s(x) =
(See (5)Ju(x).)
Finally Y5(z) and Ys41(x) are calculated from:

Yi(z) = Js(x) co;(jz;)ﬂ; J_s(x)

Js41(x) cos(dm) —
sin(dm)

20J_s5(z) ()

Ysi1(x) =

ii. v > 2.0:
Y, (x) is calculated from the following recurrence relation using Y5(z) and Y41 (z) obtained in

i.
2(k+ 0
Yitst1(z) = uYk+6($) ~Yits-1(x) (k=1,2,---,n—1)

(c) If Double precision : 30.0 |
Single precision :15.0 |

i. x <0.5502:

17
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The function is calculated from the equation of asymptotic expansion of the following relation:

Y.(a) =\ 2 (Psin() + Qeos(s)
where P, Q and ¢ are obtained as J,(x) in (5).
ii. x> 0.5502%:
It is set that m = [/5%s] — 1. Yinqs(2) and Yyq541(2) are obtained from the equation of

asymptotic expansion given above. The Y, (z) is calculated from the recurrence relation

2m+0+k
Yinyotrt1(z) = %Ymnﬁ%(x) — Yinyotk—1(2)

(k=1,2,---,n—m—1)

(7) Bessel function of the 1st kind with complex variable (integer order) J,,(z)

The function is calculated from the following equation.
In(2) = (=0)"In(iz) (i = V=1)
(8) Bessel function of the 2nd kind with complex variable (integer order) Y, (z) (|z| > 0.0)
O n<O:

From Y,,(z) = (=1)"Y_,(z), following methods are applied to Y_,(2).

@ n>0:
If the imaginary part of z is negative, Y, (z) = Y,,(z) is used.
The function is calculated from

Yo (2) = i" T, (—iz) — %(fi)”Kn(fiz) (i = v=1)

2.1.2.2 Modified Bessel Functions

(1) Modified Bessel functions of the 1st kind (orders 0 and 1) Iy(z) and I (x)
z < 0.0:
From Iy(x) = Iy(—x), I (z) = —I; (—x), following methods are applied to Io(—z) and I (—z).

e Single precision

® 0.0 <z <3.75:
The functions are calculated from the best approximation equations obtained from the following equa-

tions:

lo(@) = Z(kj)i’ @)%

k=0
> 1 x
hi@) = kzzok!(kﬂ)! (5

®@ x> 3.75:
The functions are calculated from the following approximations:

8 n
Z 3.75
X
n=0

)2k+1

IQ(.’L') = fo\/i
8 ) ﬁ n
L) = 2 %)< - )

18
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The coefficients aE}’ and agf) are given in reference (1).

e Double precision

® 0.0<z<8.0:
The functions are calculated from the following best approximation equations obtained from the fol-
lowing equations:

lo(@) = Z(k:l!)? G)%

hi(@) = Zk'k+1 ()Ml

® 8.0 <z < 24.0:

The functions are calculated from the following approximations:

28

(3) p—m
g ax
n=0

T — =
(@) e~*\/r
28
> e
L(z) = n=0
e~r\/x
® x> 24.0:
The functions are calculated from the best approximation equations obtained from the following equa-
tions:
e’ e=12.12%. -(21{*1)
T -
() Vo kzo k' 8x)k

L) = e 1+Z —3-5---((2k—1)2—4)}

2mx pt k!(8x)k

(3) )

The coefficients ay,’ and a( are obtained with the telescoping calculation method given in reference

(7). The method of generating the best approximation is described in Section 2.1.2.22.

(2) Modified Bessel functions of the 2nd kind (order 0 and 1) Ko(z) and K1(z) (z > 0.0)
e Single precision

@ 0.0 <z < 2.0:

The functions are calculated from the best approximation equations obtained from the following equa-

tions:
=1 a2k L1 T\ e
Ko(z) = ”,;W@ {(;5) log(2>{kz_0 (9N

1 2k+2 A
1+Zk'k+1) (2) 2772_:1E72_:1E)
Kl(x) = - m= m=
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®@ z>2.0:

The functions are calculated from the following approximations:

x
n=0
e 6 2 n
Ki(z) = ﬁZaSP (5)
n=0

The coefficient aE}’ and agf) are given in reference (1).
e Double precision

@ 0.0 <z < 2.0:

The functions are calculated from the best approximation equations obtained from the following equa-

tions:
o0 k >
Ko(z) = _7+Z(kﬂ)2< ) (le%)— 10g< ){kz_o ( )
2%+2 k gas
1+zk.kil> ()" e X
Ki(z) = x - =

0
1
(H — =0
ere, Z: — )
The Euler’s constant ~ is 0.5772 - - -

® 20<z<5.0

The functions are calculated from the best approximation equations:

o (k)

Kor) = 3 1%723-5)@ 3.5
k=0 ’
o (k)

Ki(z) = Y 1{1723'5)(:5 —3.5)k
k=0 ’

(K(k)(?; 5) and K(k) (3 5) are the differential values of k-th grades for = = 3.5.)
The coefficients K (3 5) and Kék)(3.5) are calculated from the following method.

to = 1,t1 :O,tg :O,UO :O,u1 =1
’UQZO,Ul :O,UIQ:O,wl :O,U)2 =-1

1=3,x=3.5
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t;:Uj*Uj (j=0,---,i—2)

t_,=0,t,=0

uy = wo — to

ui =w; —t;j—ujq (j=1,---,i—1)
ti=1,(j=0,,i)uj=u} (j=0,--,i—1)

Repetition i—2 i1

K(()i)(x) = thx*jKo(x) + Zujx*jKl(x)
j=0 j=0

’Uj+1 = 7]@(] = ].,Z — 2)

wjpr = —ju;(j =1,i—1)

| i=i+1

K" (@) = —K{ (@), K{(z) = Ko(z) +

® 5.0 <z < 24.0:

_x 18
e E -n
K() (LL') = ﬁ aS’) €z
n=0

. 18
e
K (w) = ﬁ Z aﬁl‘l)x_"
n=0

The coefficients aE?’ and a514) are obtained with the telescoping calculation method given in reference

(7).

@ x> 24.0:
The functions are calculated from the best approximation equations obtained from the following equa-
tions:

T e 12.1%2.3%... (2k — 1)?
Kolw) = e Sl

Kiw) = \fqme Y SO,

The method of generating the best approximation is described in Section 2.1.2.22.

(3) Modified Bessel function of the 1st kind (integer order) I,,(x)

I, (x) is expressed as in Table 2—3 using I},,(|z|) depending on the signs of x and n. I}, |(|z|) is calculated

Table 2—3 Expression Equivalent to I,,(x) for Different Signs of z and n

— n <0 n>0
2 < 0.0 | (=1)" Ly (J2]) | (=1)™Ij(|])
x> 0.0 I (|2]) Ljp) (|])

as follows (for simple notation, n and x are used instead of |n| and |z|, respectively.):

®On=0orl:
Ip(z) or I (x) is used.

@ n>2:
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(a) 0.0 < 2% < double precision :0.In+0.4 } and n < { double precision :170 }:

single precision :1.9n+ 7.6 single precision : 34

The function is calculated from the power expansion of

L — (DY S5
"@)_(5) I;Ok!(nmy

double precision :0.1n+0.4 double precision :170
and n < :
single precision 190+ 7.6

(b) 0.0 < 2% < . .
single precision 1 34
1. <n:
Setting T, 4+x+1 = 0.0, the parameters T; (i =n,n+1,---,n+k —1,n+ k) in the continued

fraction approximation are calculated using the recurrence relations below:
2

T
T=— i=n+l,-nthk—1n+k
T (i=n+ n+ n+ k)
B T
n72n+Tn+1
I,
(T, has a value of (z) ).
Infl(x)

Here, the value k is choose as in Table 2—4. Setting B,, = T}, and B,—; = 1.0, B; (i =
Table 2—4 Values of k

Single precision Double precision

i — I—(4.6+07.l5\/ﬁ)m 120] | k= |_(6.0+17.l2\/ﬁ)m 1 6.0]

1,2,---,n — 2) are calculated using the following recurrence relation.
0
Bisi=—Bi+Bi (i=2,,n—2n—1)
x
()
B h 1 .
(B has a value T )
Using the obtained values of T,,, By and I (), I,,(x) is calculated from
Tnfl (ac)
I,(zx) = ——~=
@ =3
ii. x> n:

The function is calculated from the following recurrence relation starting with Gps41(x) = 0.0
and Gy (z) = a, where a is the positive minimum number (namely the smallest positive
constant in the floating point mode), and M is a number sufficiently larger than n:
2k
Gr-1(2) = —Gi(2) + Grra(2) (k=M M —1,---,1)
Then

L) = — @

Z EmGm(2)

(4) Modified Bessel function of the 2nd kind (integer order) K, (x) (x > 0.0)

(co=1,em =2 (m>1))

® n<0:
From K, (z) = K_,(z), following methods are applied to K_, ().
@ n=0orl:
Ko(z) and K;(x) are used.
® n>2:
K, (z) is calculated from the following recurrence relation with K (z) and Ko(z) as initial values:

2k
Kk-i—l(w) = ?Kk(x) +Kk_1($) (k =1,2,---,n— 1)

22



Algorithms Used

(5) Modified Bessel function of the 1st kind (real number order) I, (x)

@ If v is an integer, the subroutine for the modified Bessel function of the 1st kind (integer order) is used

with n = v.
@ If v is a nonintegral real number(z > 0.0 and v > 0.0):
double precision 0.1v4+ 0.4 { double precision 170.0 }
and v <

(a) If 0.0 <22 <

single precision 190+ 7.6 single precision 34.0
The function is calculated from the following equation of power expansion:
(3)%*

9
10 =(5) e v

9 double precision 0.1v4+04 double precision 170.0
(b) Ifa? >4 . orv>4q . :
single precision 1904 7.6 single precision 34.0
double precision 30.0

i Ifx> and = > 0.5502:

single precision 15.0
The function is calculated from the following equation of asymptotic expansion:
F — (4% —12)(40% - 32) .- (4% — (2k — 1)?)
L(x) = =5 (-1 (82)F
21z PR k!(8z)

where m is the number for the last term such that the term does not affect the result of

calculation up to the previous term when included.

ii. If « is a real number other than above:
The function is calculated from the following (backward) recurrence relation with G4 pr41(z) =
0.0 and G4 (z) = a as initial value, where ¢ is the decimal part of v, n is the integer part of
v, M a sufficiently large number and a is the positive minimum number (namely the smallest

positive constant in the floating point mode).

Gopr-1(r) = @Gm(w) + Gopppr(x) (k=M,M —1,---,1)
Then
I,(x) = 1(%)5F(25+ l)er Gnys(x)
22 T+l M
Z w%*k@

k=0
The value of M is obtained from the value of x and v.

(6) Modified Bessel function of the 2nd kind (real number order) K, (z) (x > 0.0)

@ v<0.0:
From K, (z) = K_,(z), following methods are applied to K_,(z).

@ If v is an integer, the subroutine for the Bessel function of the 2nd kind (integer order) is used with
n=uv.
(® v is a nonintegral real number (v > 0.0):
When z is small, the functional is calculated with the method where the power series expansions of
I,(x) and I_,(x) are inserted in
K, (x) = zLu(i.E) — I, ()
2 sin(vm)
Terms are grouped, and the parts which give figures at lower places are calculated with the best
approximation.
When z is large, a method which is an extension of the 7 — method for K,,(z) extended for calculating
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K, (x). In this way K, (z) is calculated for 0.0 < v < 2.5. For v > 2.5, it is calculated from the

recurrence relation
Kypi(z) = Z—VKV(:E) + K,_1(x)
The following shows the procedures of the calculation.
(a) 0.0 <v <0.5:
i. o < —0.7502 4 0.0235v + 0.778
The function is calculated from

SH(E)” (A + By
K,(x) = F=0

g sin(v)

Here Ay (v) (k

> 2) is calculated from the recurrence relation.
v 1 1 ~
— A
. k!{F(k—u)+F(k+u)}+ k-1(v)

Ax(v) = (k+v)(k —v)

) ) ) M ) M
with Ag(v) and A;(v) as the initial value, where Ag(v) = uZp,(cl)uzk, Ai(v) = VZ q,(cl)u%.

k=0 k=0

By (v) is calculated from

A 1 P P2

B = —

W)= <F(k+1 ) T+ 1+u))
with
-y _ _ 1 _ E v E v f v
¢1—(§) 1 (]52—1 (2) fOI'(2) <0.5OI’(2) > 2.0
x T x
¢1 = f(-vlog(3)) ¢2=—f(vlog(3)) for0.5<(3)" <20

where f(t) is calculated from the best approximation equation of e* — 1.

ii. & > —0.7502 4+ 0.0235v + 0.778:

The function is calculated from the 7 — method for

> (%)i{gbia‘(vz)j}

K, (z) = \/ge_”” =0 zm: (l)lel\h

i=0
Here W, is obtained from
i1
. 1 .
\:[10:1, \I]Z:llz([){y2—(m—l+§)2} (ZZ 1)

and, e; = 4/ _Mp ——, and p}, ,,,_; is the coeflicients of shifted Legendre polynomial.
m(m+1)! 2¢ ’

(b) 0.5 < v <2.5:
v is divided into the integer part n and the decimal part §. It is set that « = § — 1. When § < 0.5,
itissetthat =d+1landn=n—1,a=a+1.
i. K is calculated in the following method A. or B. :
Az < —0.67562 4+ 1.9735 — 0.12:
K;(x) is calculated from

21+O¢ o0

zltel(1 — ) * poars
K5(I) == T
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where Cy,(a) and Dy (a) are obtained using best approximate equations as is done for v < 0.5.

B. 2> —0.6756% + 1.9736 — 0.12:
Ks(x) is calculated with the 7 — method as is done for large  with v < 0.5.

il. Kgy1 is calculated in the following method A. or B. :

Az <—-0277(6+ 1)+ 1.817(6 + 1) — 0.94:
Ks4+1(x) is calculated from
2%(4a + 5 -
] Z{ 42 (By(0) + Fi()))
Kspa(z) =

% sin(ar)
where E’k(a) and Fk(a) are obtained using best approximation equations as is done for
v < 0.5.
B. > —0277(6+1)? + 1.817(6 + 1) — 0.94 :
Ks4+1(x) is calculated with the 7 — method method as is done for large = with v < 0.5.
(c) v>2.5:
K, (x) is calculated from the following recurrence relation using Ks(z) and Ksiq(z) obtained

above:

Kiisi1(x) = 2k+9)

Kits(2) + Kigs—1(z) (F=1,2,---,n—1)
(7) Modified Bessel function of the 1st kind with complex variable I,,(z)

@® n<O:
From I,,(z) = I_,(2), following methods are applied to I_,(z).

@ n>0:
(a) Re(z) <0
From I,,(z) = (—=1)" - I,(—z), following methods are applied to I,(—z).
(b) R(z) > 0 and:
Double precision : 0.1n + 0.4

Single precision : 1.9n+ 7.6
The function is calculated from the power expansion

9= () S
2/ = El(n + k)!
22 > { Double precision : 0.1n + 0.4 }
~ | Single precision :1.9n + 7.6
A. If R(z) > 100.0 or |¥(z)| > 100.0 and n < 15:
The function is calculated from the following equation of asymptotic expansion:

p(4n? —12)(4n? — 3%) .-+ (4n? — (2n — 1)?)

\/— pn 0 k!(8z2)F

i(—=1)"e a (4n? —12)(4n% — 3%)--- (4n? — (2n — 1)?)

2mz o kl(8z)F

(m and m/ are the numbers which give the last terms such that the term does not affect the

i |2]?

In(z) =

+

result of calculation up to the previous term when included.)

B. Otherwise:
The function is calculated from the following (backward) recurrence relation using Gpry1(2) =
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0.0 Ga(2) = a as initial values, where M is a sufficient large number, and a is the positive
minimum number (namely smallest positive constant in the floating point mode).
2k
Gr-1(2) = —Gi(2) + Grya(2) (k= M, M —1,---,1)
Then o
() = 2

M
Z emG

The value of M is obtained from z and n using an approximate equation.

(o =1,em =2 (m>1))

(8) Modified Bessel function of the 2nd kind with complex variable (integer order) K, (z) (|z| > 0.0)
® (=) < 0: From
K, (z) = (-1)"K,(—z) + mil,(—z) - (sign of (—2))
following methods are applied to K, (—z).
@ R(z) >0

(a) n <0:
From K, (z) = K_,(z), following methods are applied to K_,(z).
(b) 0 <n < 2and:

Single precision : —2.25%(z) + 4.5
Ky(z) and K;(z) are calculated from following equations:

ml

Double precision : —4.0%(z) + 8.0 }

n

—{v+ log )Ho(z) + Z

k=1

)

SIH

Ko(z)

2 — Li(2)Ko(2)
Io(z)
Where, ~ is Euler’s constant.
Double precision : —4.0%(z) + 8.0 }
Single precision : —2.25%(z) + 4.5
Ky(z) and K;(z) are calculated from the following equation with the 7 — method:

m

E Cka_m

1 —
B el

Z dek_m

k=0
(¢) n > 2: The function is calculated from the following recurrence relation using Ko(z) and K; as

Ki(z) =

i [3(2)]

initial values: o
Ky+1(2) = —Ki(2) + Kp-1(2) (k=1,2,---,n = 1)
2.1.2.3 Spherical Bessel Functions
(1) Spherical Bessel function of the 1st kind (integer order) j,(z) (z > 0.0)

O n<0
The function is calculated from

Jn(x) = (=1)"y-n-1(2).
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®n>0

(a) 2% <0.1n + 0.47 and n < 35:

The function is calculated from the power series expansion of
2

° 5"
. _.n 2
() =2 kz::()k!(2n+2k+1)!!

(b) 22 > 0.1n + 0.47 or n > 35:

i n=0orl:
For z =0, jo(0) = 1 and 51(0) = 0. Otherwise the functions are calculated from
sin(z)

Jo(w) = » () =

T 2
ii. n>2:

sin(z) — x cos(x)

Az <n
Setting Ty +x+1 = 0.0, the parameters T; (i =n,n+1,---,n+k—1,n+k) in the continued

fraction approximation are calculated using the recurrence relations below:
2

x
Ti=— 2 i=n41,- n+k—1,n+k
2i—Ti+1+1(Z n+ n -+ n+k)
x
y N S
27’L—Tn+1+1

(T, has a value - .
]n—l(w)
Here, the value k is choose as in Table 2—5. Setting B, = T, and B,_1 = 1.0, B; (i =

Table 2—5 Value of k

Single precision Double precision
L — L(3.0+1.5\/ﬁ)z 115 | k= L(3.0+2.8\/ﬁ)x 152

1,2,---,n — 2) are calculated using the following recurrence relation.
2141

Bi, = Bi—Bi1 (i=2,--,n—2,n—1)
Since the precision of computation becomes low when jo(z) ~ 0 or ji(x) ~ 0, K is set as
follows:

K = [1.27324z] (mod 4)

When K =1 or 2,

3B o
3:71*B2, J = Jjo(x)

When K =0 or 3,
B =B, j=ji(z)

Using the obtained values of T;,, B and j, j,(z) is calculated from

. T.j
Jn(w) = —J

B
B.z>n:
Jn(z) is calculated from the following recurrence relation using ji(z) and jo(z) as initial

values:
. 2k +1 . .
]k+1($) = T ]k(‘r)_]k—l(w) (k:17277n_1)

(2) Spherical Bessel function of the 2nd kind (integer order) y,(z) (z > 0.0)

27



Algorithms Used

@® n<O:
The function is calculated from y, (z) = (=1)"T1j_,_1 ().
® n>0:
(a) = <0.41:
The function is calculated from the power expansion of
2
_ @n-11 (—%)k
yn(@) = = Zk'kzn (3—2n)---(2k—1— 2n)
(b) = > 0.41:

i.n=0or1:

The function is calculated from
cos(z) cos(z) + x sin(x)

Yo(z) = — . ; yi(w) = —

. n>2:

x2

yn () is calculated from the following recurrence relation using y; (z) and yo(x) as initial values.

+ 1yk(:v) —yr—1(x) (k=1,2,---n—1)

yr1(z) =
(3) Modified spherical Bessel function of the 1st kind (integer order) i, (z) (n > 0,2 > 0.0)

@ 2?2 < 0.1n+0.47 and n < 30:

The function is calculated from the power expansion of

2

" = kl(2n + 2k + 1

@ 2% >0.1n+0.47 or n > 30

(a) n=0or 1:
The function is calculated from

io(x) = sinh(z)
0T Ty
) xzcosh(z) —sinh(z) e"(x —1)+e *(z+1)
inlr) = 2 - 212

(b) n>2:

1.z <n:

Setting T, 4+x+1 = 0.0, the parameters T; (i =n,n+1,---,n+k —1,n+ k) in the continued
fraction approximation are calculated using the recurrence relations below:

2

2Z+TZ+1 + 1
T

2TL + Tn+1 + ].
)

Z.nfl(I)
Here, the value k is choose as in Table 2—6. Setting B, = T,, and B,—1 = 1.0, By (k =

i=n+1,---.n+k—1n+k)

i =

n =

(T}, has a value

Table 2—6 Value of k

Single precision Double precision
I — I—(4.6+07.l5\/ﬁ)ac 120] | k= |_(6.0+17.l2\/ﬁ)ac 1 6.0]

1,2,---,n — 2) are calculated using the following recurrence relation.
2k +1

Br_1 = By + Byt (k—2 n—2,n—1)
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21(:10)
in_l(.’L') )

Using the obtained values of T,,, By and i1(x), in(x) is calculated from

By
. z<n:

(Here Bj has a value

The function is calculated from the following recurrence relation using Gps41(xz) = 0.0 and
G (x) = a as initial values, where a is the positive minimum number (namely the smallest
positive constant in the floating point mode), and M is a number sufficiently larger than n.

2k+1
Gr-1(z) = Gr(z) + Gpr1(z) (k=M,M —1,---,1)
Then
) G, (x)e®
in(x) = 7 ()
2> (m+0.5)G(x)
m=0

(4) Modified spherical Bessel function of the 2nd kind (integer order) k,(z) (z > 0.0)

O n<O:
From k,(z) = k_,(x), following methods are applied to k_,(z).
@ n>0:
(a) n=0or 1:
The function is calculated from
me " me " 1
= —— = ——(1 _
(b) n>2:
kn(x) is calculated from the following recurrence relation using k1 (z) and ko(z) as initial values:
21+1 .
ki+1(l’) = —k ( ) + ki_l(.’ﬂ) (Z =1,2,---,n— 1)

2.1.2.4 Functions Related To Bessel Functions

(1) Hankel functions of the 1st and 2nd kinds (integer order) 7(11)(2), @ (2)
The function is calculated from

H7(ll)(2) = Jn(z)—l—iYn(z)
HP(2) = Ju(2) —iYa(2)

(2) Kelvin functions ber, (z), bei, (z)

@® n<0orx<0.0
First ber|,(|z|) or beij,|(|z[) is calculated as described in the case @ n > 0 and z > 0.0 then ber,(z)
or bei,(z) is calculated from the following expressions

(a) n<O0orz<O0:
bery, (x) = (—1)" ber|,,|(|z]), bei,(x) = (—1)" beij,(|z|)
(b) n<0and z <0:
ber,, (x) = ber|,,|(|z[), bei,(x) = beij,(|z|)
@ n>0andz>0.0:
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bei, (x) : 6.92 4+ 0.25n
The function is calculated from the following approximation.

" cos{3(3n+ 2k)m} sa\n+2k
ber,(x) =~ ];J (§>

@) = < {bern(x) £ 5.65 + 0.25n
X

k\(n + k)!

bei,, ()

R

i sin{1(3n + 2k)m} (x)n-ir%
kl(n + k)! 2
However, for n = 0, both ber(x) and bei(x) are calculated from the expressions shown above by
generating best approximations. The method of generating the both approximation is described
in Section 2.1.2.22.

(b) o> Pouble pre.Cl'SIOIl 1 20.0 and > 0,502

Single precision : 10.0

The function is calculated from the asymptotic expansion expressions

{Pcos(¥) 4+ Qsin(¥)}

6\/_

\/_

ber,(r) =~

bei,(z) =~ \/%{P sin(¥) — Q cos(¥)}
where:
- - km\ (4n? —12)(4n? — 3%)--- (4n? — (2k — 1)?)
P = 1—1—;(—1)1C cos (I) RICL
B (4n? —12)(4n? — 32) .- (4n? — (2k — 1)?)
@ = z::l sin ( ) k1(82)F
T n 1

However, for n = 0, both P and @ are calculated by generating best approximation is described
in Section 2.1.2.22.
(m is a value such that the final term will not affect values calculated before it.)

(c) Cases other than those described in (a) and (b):

The function is calculated from the Bessel function of the 1st kind with complex variable (integer
order) J,(z) where:

ber,, (x)

bei, (z)

Il

1%
7 N

=

|
PRSP
s+ &l
N—

(3) Kelvin function ker, (z), kei, (z) (z > 0.0)

® n<0:
First, ker|,|(z) or keij, () is described in case @) n > 0. Then ker,(z) or kei, () is calculated from

the following expressions.

ker, (z) = (—1)" ker|,(x), kein(v) = (—1)"kei|,(z)

@ n=0andz< ker(x) : 5.77 |
| kei(x) : 6.56 |

The function is calculated by generating best approximations from

ker(z) = log( ) ber(x) + be1 Z { (Z % _ 7) (;)4n}

s=1
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kei(z) = log( ) bei(z) — — ber )+ Z { ST 1 (Z % - ’Y) (g)4n+2}

(v: Euler’s constant: 0.57721566 - - -).
The method of generating the best approximation is described in Section 2.1.2.22.

® n>0:

(a) = >

The function is calculated from the asymptotic expansions

ker, (x) =~ \/gezﬁ{Pcos(\P)Qsin(\I!)}
kein (z) =~ \/%erﬁ{Psin(\Il)Qcos(\Il)}

Doubl ision : 20.0
.ou ¢ pre.mlsmn and z > 0.5n%:
Single precision : 10.0

where:
- u kr\ (4n? —12)(4n? — 32)--- (4n® — (2k — 1)?)
P = 1+;cos (Z) FI(S2)F
s~ (kT (4n? —1%)(4n? —3%) - (4n? — (2k — 1)?)
@ = ;Sm (I) F(82)F

T n 1
v = ﬁ + (5 - §> s
However, for n = 0, both P and @ are calculated by generating best approximation is described
in Section 2.1.2.22.
(m is a value such that the final term will not affect values calculated before it.)
(b) Case other than those described in (a):
The function is calculated from the modified Bessel function of the 2nd kind with complex variable
(integer order) K, (z) where A is the real part of K, (% 75 f) B is the imaginary part. If the
remainder of 7
i. 0:
ker, () = A, kei,(z) = B
ii. 1:
ker,(x) = B, kei,(z) =—-A
iii. 2:
ker, (x) = —A, kei,(z) = —-B
iv. 3:

ker,(x) = =B, kei,(z)=A
(4) Struve function Ho(x), H1(z), Ho(z) — Yo(2), H1(z) — Y1 (2)

@ x <0.0:
From Ho(z) = — Ho(—z) and H;(z) = Hi(—2), following methods applied to Ho(—2z) or Hi(—z).
However, the difference with the Bessel function Ho(z) — Yp(z) or Hi(x) — Yi(x) gives fatal error.
® 0.0 <z < 8.0;

The function is calculated by generating best approximations from the following expressions

k2k+1

Ho(z) = _kz 2k+1”
2 ¢ 2k+1)
me = 23 Sl
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The method of generating the best approximation is described in Section 2.1.2.22.
Ho(z) — Yo(x) or Hi(x) — Y1 (x) is calculated by subtracting the Bessel function of the 2nd kind Yy (z)
or Yi(z) from the value of Ho(z) or Hi(z) obtained in this way.

® x> 8.0:
The function is calculated by using the following approximation expressions

n 2n ..
1 1 Double precision : 28
s e = 3 (5) e { G }

0 x Single precision : 6
- 1\*" Double precision : 25

Hi(2) — Yi(a) = a<2><_) n—
(@) 1) ,;J Pz Single precision : 5

The coefficients ag) and ag) are obtained by a telescoping calculation of the approximation expressions

as described in reference (7).
Ho(z) or Hi(x) is obtained by adding Yo(x) or Y;(z) to the value of the difference with the Bessel

function obtained in this way.

(5) Airy functions and their derived functions Ai(z), Bi(z), Ai’(z), Bi’(z)

Assume ¢ = §|:17|%

—3.8315472 (for Ai(x),Bi(x)) )
< { 5.2414828 (for Ai'(z), Bi (x)) }

Ai(r) = Q{%Jg () = T3 () +J

Biw) = /53O~ 50~ (O}
zJé(C)—Jg(C)—J

Al = T2 (O}
i/ = _—:E z 1 — Ja 2
Bi(a) = “L{2Jy(0)~ 130+ T3(0)
® —3.8315472 (for Ai(x),Bi(x)) e 3.8315472 (for Ai(z),Bi(z)) _
—5.2414828 (for Ai'(z),Bi'(z)) [ — v 5.2414828 (for Ai'(x),Bi'(x)) |’
3-%
)
373
“ T
flx) = 1+%x3+16;!4 6 1'; 740
g(z) = $+%$4+% 7+21f)'.8x10+

The domain is divided into the intervals < 0 and = > 0. The function is calculated by generating
best approximations from the following expressions

Ai(z) = Cif(z) - Cog(x)

Bi(z) = V3(Cif(z)+ Cag(w))
Afi'() is calculated by creating an expression by differentiating the approximation of Ai(z).

Bi'(z) is calculated by creating an expression by differentiating the approximation of Bi(x).

The method of generating the best approximation is described in Section 2.1.2.22.
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_ [ 38315472 (for Ai(2),Bi(z)) |
® T2 50414808 (for Ai'(z),Bi'(z)) [

)
m1l
Ai(z) = e S Za,(cl) <

1)’“
k=0 <
1 n2 1 k T
Bi(x) = eSz71 Za@) <—) + \/jfé (©)
k=0 ¢ 37
m3 1 k
Ai'(z) = e ‘1 a,(:’) (—)
k=0 ¢
m4 @ 1 k T
Bi'(z) = eSz7 alt <—) + —1I4(C
(x) >’ () + 50
The coeflicients a( ) through a( are new coefficients obtained as described in reference (7).

2.1.2.5 Gamma Functions
(1) Gamma function I'(x) with real variable and logarithmic Gamma function log, (I'(x)) with real variable

@ x <0.0:

From
s

) = —zsin(rz)l(—x)

log.(I'(z)) = log,m —log,((—2)sin(rz)) — log,(I'(~x))
following methods are applied to I'(—z) and log,(I'(—x)). where GAMMA and ALGAMA are the

FORTRAN intrinsic functions for the Gamma function and logarithmic Gamma function.

®@ = >0.0:
Use the FORTRAN intrinsic functions GAMMA and ALGAMA.

(2) Gamma function I'(z) with complex variable and logarithmic Gamma function log,(I'(z)) with complex

variable

@ S(z) =0.0:
The function is calculated using the logarithmic Gamma function with real variable.
®@ R(z) =0.0 and |(z)| > 12.0:

The function is calculated from the following equation of asymptotic expansion:

R(log,(I'(2))) ~ %(loge(%)*ﬂd() log,(3(2)))

1 e )n 1‘B2
%(loge<r<z))) ~ %<Z) 1Oge<%<z)) - - Z Z 2?’L — 1 ( ( ))27171
n:l
where, B,, is Bernoulli numbers.
® $(z) <0.0:
From
log,(I'(z)) = log, m—log,(—2)sin(mz) —log,(I'(—z))

following methods are applied to log, (I'(—z)).
® (=) > 0.0:

The function is calculated with the following procedure.
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(a) |R(z)] < 11.0: From
log (I'(2)) = log,(I'(n + 2)) —log.((n — 1+ 2)(n =2+ 2)---(2))
following methods are applied to log,(I'(n + z)). Where, n = |12.0 — R(z)]

(b) |R(2)| > 11.0: The function is calculated from the following equation of asymptotic expansion:

1 1 - By,
log, (T ~ (2= =)log, z— 2+ = log, (2
0g.(I'(2)) (2= 5)loge z — 2 + 7 log, (27) +nz::1 (2n — 1)(2n)z2n-1

® The Gamma function with complex variable is returned as exp(log, (I'(2))).
(3) Incomplete Gamma function of the 1st kind y(v, z), (v > 0.0,2 > 0.0)

® x=0.0:
~y(v,2) = 0.0

@ x<v-050rzxz<3.5:

39

For v <

(Maximum value)

1
7(”71;) - ;

For cases other than above,

eV log(m)fxp

m k

P:1+;(u+1)(u+2)---(u+k)

(m is a value such that the final term will not affect values calculated before it.)

(® For values of = other than above:

The function is calculated from
y(v,2) =T(v) = T(v,2)
where I'(v, z) is the incomplete Gamma function of the 2nd kind.

(4) Incomplete Gamma function of the 2nd kind I'(v, z) (v > 0.0,z > 0.0)

@VS( 1.0

Maximum value)
— Ei(—2) is calculated by using the subroutine for the exponential integral.

® x=0.0:
Let T'(v,z) = T'(v).

® v is an integer z > 0.0150%:

I(v,z) = e(V—l)log(w)—w{l + i v—1)(v- 2k) (v — k)}

k=1

T

(m is a value such that the final term will not affect values calculated before it or such that m < v+2.)
@ z<v-0.5:
Let T'(v,z) =T'(v) — y(v, x).

Double precision : 49.0
®z21q . . :
Single precision : 23.0
Perform the same procedure as described in @) for v an integer and x > 0.01502.
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® v<1.0:

(a) x < 0.36v + 0.85:
The function is calculated from

M
Zpg)yk

v log(x) -1 M’ (_1)k k
k=0 e v X
Lo = =0T ——=—— "3 3
(2) & k=1""
qu v
k=0

(o Double precision : 21 )
’ Single precision : 12

(b) = < 1.5v+ 2.1:
The function is calculated from

) S () 4 o P
P(v2) =D+ v)e™ ) (@ Au() +2* 5=

k=0
(N D'ouble pre'(:1's10n 123 )
Single precision : 14
Aov) = (Q+v)(Aiw)-1)

M
Al(”) = Zpg)yk
k=0

and

N
b
—~
S
~—

I

1 ~ 1
o o)
vlog(z) _ 1
o) = - =
v
(c) For cases other than the above:

The function is calculated from

(v, x) = eV log(@)—z | |
|
where the following values are assumed for the continued fractions:
Double precision : |12 4+ 5]
Single precision : [ 22— + 2|
(@ For cases other than those described in (1) through (6):

(a)  <5.6:
Let a = v — |v] and pr = a + 1.0, the function is calculated from
M//
T -T —zq k+1 ey k+1 ¢(a, x)
(1) = e[t 0 364 Cute) + 044 )
(M Pouble pre'ci'sion : 20 )
Single precision : 12
where
Co(a) = Ai(a)
and
Cila) = i AGka(a) + o)
a) = —{Ck1(a) + ——
i EEA (k+ 1)

ealog(m) -1

-
—
k=
8
~—
I

«
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o 1> 2.0:
Form=v—pu

The function is calculated from
1

3

(]

wv—-1)w-2)--(v—kF)

F(V, .%') — e(u—l)log(w)—w {1+

=
Il
—

+v =1 —-2)--(

AN

o v <20:
I(v,z) =T(, x)
(b) For cases other than (a):

The function is calculated from

A

— k)L (p, )

F(u,:v) — e(u—l)log(m)—m{l =+

1, (rmteoml o
‘,T n—1 ‘ 1 ‘,T

2.1.2.6 Functions Related To The Gamma Function
(1) Digamma function ¥(z) (if z < 0.0 then z #integer)
O x < —2.0:
The function is calculated from

Z a,(f)(l — )
1 k=0

U(x) =log(l —z) —

k
+ =D —=2)- (v —m)elr—m)logl@)—z
v—m)|

2i—2) ©

S (1 o)
k=0

@ —20<z<0.5:
The function is calculated from

iag)(l — :C)k
U(z) = (1—c—a)2

S oo - a)t
k=0

— 7 cot(mx)

® 0.5 <z<3.0:

The function is calculated from

m

1) .k
doaT
k=0
m

Z b,(cl):vk
k=0

U(z) = (x—c)

@ x> 3.0:

36
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The function is calculated from

Z al (2) . —2k
Z bgc2)x—2k

k=0
The value of ¢ is assumed to be ¢ = 1.46163214496836234126 and the coefficients a,(cl), b(l) (2) and
b,(f) are described in reference (4).

U(z) = log(x) — % +

(2) Beta function B(p,q) (p > 0.0,¢ > 0.0)

The beta function is defined with the following formula.

1
Blpa) = [ a7 (1= )1 e = Blaop) (.0 > 0)
0
The function is calculated as follows depending on the values of p and g¢:

@® p<12.0 and ¢ < 12.0:
The function is calculated using the Gamma function according to the following expression.
L'(p)I'(q)
L(p+q)
@ p<12.0 and ¢ > 12.0:

The function is calculated using the Gamma function and the Stirling formula as follows:

B(p,q) =

B(p,q) =T(p)e (a—3) log(9)+2(q)— (p+q—5) log(p+a) +p—2(p+q)

where ®(x) is obtained by generating the best approximation of

_ & ()i,
(@) = ; (2n)(2n — 1)a2n—1

(By: Bernoulli numbers).

The method of generating the best approximation is described in Section 2.1.2.22.

® p>12.0and ¢ < 12.0:
The function is calculated from B(p, q) = B(q,p) using the same formula as described for p < 12.0 and
q > 12.0.

@ p>12.0and ¢ > 12.0:

The function is calculated from the Stirling formula as follows:

B(p, q) = e~ 3) 1) +(a=3)log(a)=(pta—3) log(pta) +log(v2m)+&(p)+8(4) = S(p+a)

2.1.2.7 Elliptic Functions And Elliptic Integrals
(1) Complete elliptic integrals of the 1st and 2nd kinds K (m), E(m) (0.0 < m < 1.0)

® 0.0 <m <0.25:

The functions are calculated by generating the best approximations of

K(m) = _Z(%_m) i
s - 1{i-2 (%) )

k=1
The method of generating the best approximation is described in Section 2.1.2.22.
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@ 0.25 <m < 1.0:

The functions are calculated from
l

KEm) = 3 {a;”a - m)k} ~log(1 —m) zl: {b,§1>(1 - m)k}

k=0 k=0
l l

Em) = Y {af)a - m)k} ~ log(1 —m) {b,(f)(l . m)k}

k=0 k=0
® m=1.0:
The following values are assumed.
K(m) = 4o
E(m) = 1.0

The coefficients a,(cl), b,(cl), al(f) and b,(f) are described in reference (2).

(2) Incomplete elliptic integrals of the 1st and 2nd kinds F(z, m), E(x,m) (0.0 < 2 < 1.0,0.0 <m < 1.0)

@ z=0.0:
The function values are as follows:

F(0.0,m) = E(0.0,m) = 0.0

rz=1.0:
N The function values are calculated from the complete elliptic integrals as follows:
F(1.0,m) = K(m)
E(1.0,m) = E(m)
(® For cases other than those in ) and (2).
(a) m =0.0:
The following values are returned.
F(2,0.0) = sin"!(2)
E(2,0.0) = sin~!(2)

(b) 0.0 <m < 1.0:

The following values are obtained from initial values

ay, + by
ag+1 = 2
b1 = Vagbs
ap — b
Ck+1 = k2 k(k:()?]-v)

with ag = 1.0, bg = V1 — m and ¢y = v/m as initial values.
The convergence criterion is assumed to be
¢n < ag - (units for determining error).

The values ¢1, -+, ¢n are obtained by using Newton method to solve for ¢x11(> dr)
b
tan(ppy1 — or) — itan(qﬁk) =0(k=0,---,N—1)
with ¢o = sin~*(x). Then the function is calculated from

ON
F(z,m) = 2Nan

N N
E(z,m) = (1 - % Z 2%%) F(z,m)+ Z ¢k sin(ey).
k=0 k=1
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Another method is using F(x,m) = (1 + k1) F (21, m1) with

1—+v1—m 9 9 2 T
k= ———=, mi=ki, m=k", 1 = .
1+vV1I-—m 14++vV1—ma2l+k
Setting
K B K,Ql X B 2 X,
n+1 (1+ 1_K721)2, n+1 1+ /71—K721X7%1+Kn+1’
we have

F(z,m)= 1+ K)(1+K2) (14 Kny1)F(Xpt1, K2,4),

and F (X1, K2,,) is almost equal to sin™! X,,, 1 since small n is enough to make K, very

small.
(¢) m=1.0:
The following function values are assumed.
F(x,m) = artanh(x)
E(z,m) = =z

(3) Incomplete Modified Elliptic Integral and Incomplete Elliptic Integral of the Weierstrass Type
As defined already, F'(r,m) denotes the first kind incomplete elliptic integral, E(r, m) denotes the second
kind incomplete elliptic integral, which are defined as

1—ma?

\/1—952 1—mgc2 l-=

(A) Incomplete Modified Elliptic Integral

For real numbers m > 0,a,b and p > 0, incomplete modified elliptic integral

a+ bt? dt
/0 L+2 /(T + )1 + mt?)
is obtained with the following method.
When m = 0, 1 namely incomplete modified elliptic integral can be degenerated and can be expressed with
elementary functions, this is obtained by using logarithmic function or opposite tangential function.
(a) If m is not near 1 and m > 1, then the problem is reduced to the case m < 1 (b) by applying integration

by substitution.
(b) If m is not near 1 and m < 1, then by setting p = r/+/1 — r2, it holds that

/pa+bt2 dt _b—ma
0

a—>b
= Fir,l—-m)+ —FE(r,1—m
1+ A+ (1 +me2) 1-m ( ) 1—m ( )

(c) If m is near 1, then by setting p = tan«,0 < o < /2,

/P a + bt? dt / + (b —a)sin®u p
= U
0 1+t2 \/(1+t2)(1+mt2) 0 \/1_ 1_

Sln u

is applied since the value I, () = foa sin?" udu is obtained from the recurrence formula
(2n 4+ 211 (a) = (2n + 1), (@) —sin® M acosa, n >0

and since the integrated function is expanded by using the formula

o0

(w/2)
= Zw/é n vl < 1.

T
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(B) Incomplete Elliptic Integral of the Weierstrass Type
When incomplete elliptic integral can be degenerated and can be expressed with elementary functions, this

can be obtained using logarithmic function or opposite tangential function. In the other cases, set

(z—=)p [z
v = ,m =
1+2p’ z—x

for real parameters which satisfy z > y > x > 0 to obtain

L dt 1
2 Jo ViE+z)t+y)t+2) B \/Z_x(F(Uz,m)—F(m,m))

(4) Elliptic function of Jacobi sn(u,m),cn(u, m),dn(u,m) (0.0 < m < 1.0)
® uw=0.0:
sn(0.0,m) = 0.0,¢n(0.0,m) = dn(0.0,m) = 1.0

® m=1.0

sn(u,1.0) = tanh(u)

en(u,1.0) = dn(u,1.0) = sech(u)
® m=0.0

sn(u,0.0) = sin(u)

en(u,0.0) = cos(u)

dn(u,0.0) = 1.0

(@ For cases other than those in (1), 2 and (3®):
The following values are obtained

ay + by
Ap+1 = B)
b1 = Varbg
ar — b
Chpl = kz L (k=0,1,--)

with ag = 1.0 and by = /1 — m as initial values.
The convergence criterion is assumed to be

en < an—1 - (units for determining error).

The following values are obtained

™
K = —
(m) San
an
YN =
sin(anu)
aNCN
YN-1 = YN+
YN
aicy
Yo = Y+ —
Y1
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and the functions are calculated from

sn(u,m) = i

en(u,m) = m (when mOd(LK‘EﬁI)J»‘l) =0 or 3)
\/? (when mod(| g5).4) =1 or 2)

dn(u,m) = 4/1— m(_

If the value of the difference of LK(m)j and W is less than or equal to 0.03125, then sn(u,m) ~ 1.0.
Since many digits will be lost in the calculation of /1 — sn?(u, m), the function is calculated from the

following expressions

C T 2K(m)
sn(u,m) = (v, 9)
’ Vmia(v, q)
192(1),q) ¥ ]‘77771
cn(u,m) = —194@7 )
dn(u,m) = Vs, q) V(1 = m)
, 194(1),@])

(For the value of g, see next paragraph, “Nome ¢”.)

(5) Nome ¢(0.0 < m < 1.0)
If m > 0.5, then replace m with m = 1 — m and exchange the values of ¢ and ¢/, K(m) and K(m') and
E(m) and E(m') respectively with the following procedure.

@® m=0.0:

qg = 0.0
g = 10

7r

K .

m) = 1

K(m') = (Maximum value)

T

E S

m) = T
E(m') = 1.0

(@ For cases other than the one in ©):

If £ are set as follows:
0.5m

TR0+ VI—mA+vVI—m) +VI—m)—m)

then
q= 04513 + 0359 + 0255 + c1e

(Where, ¢; = 1,¢2 = 2,¢3 = 15,¢4 = 150 for double precision; ¢; = 1,¢0 = 2,¢5 = 0,¢4 = 0 for single

precision. )

/
= eX
1 p( log(q)
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If 6 is set as follows:
8 = (daq® + dsg* + dog + d1)?
(Where, di = 1,dy = 2,d3 = 1,dy = 1 for double precision; d; = 1,ds = 2,ds = 1,ds = 0 for single

precision. ) then

K(m) = gé

K(n) = (~0.5)log(g)o

E(m) = (%)(1 +(2—-m)0% — (erq™ + e6q"® + e3¢ + €aq® + e3¢® + eaq” + e1¢?)
B(m') = K1~ 2o+ 5

(Where, e; = 24,e5 = 72,e3 = 96,e4 = 168,e5 = 144,e5 = 288,e; = 192 for double precision;

e1 =24,e0 ="T72,e3 =96,e4 =0,e5 = 0,es = 0,e7 = 0 for single precision.)

(6) Elliptic theta function ¥;(v,q) (0 <i<4,0.0 < ¢ <1.0)
If : =0, then set ¢ = 4. If ¢ = 2, then set v =v 4 0.5. If i = 3, then set v = v — 0.5.

1=1o0r2:
v Set s = SIGN(v) and v =| v |. If v = v —INT(v) or INT(v) is an odd number, then let s = —s.
(a) ¢ =0.0 or v = 0.0, then
Hv,q) =0.0
(b) ¢ < 0.125, then by setting sw, s3w and sbw as follows:

sw = sin(r-v)
s3w = (—4-sw?+3)-sw
sbw = ((16 - sw? —20) - sw? +5) - sw

the function is calculated from the following expressions.
e Single precision
I(v,q) =25 /g ((sbw - ¢* — s3w) - ¢* + sw)
e Double precision

By setting s7w and s9w as follows:
sTw = (((—64-sw? 4+ 112) - sw? — 56) - sw® +7) - sw
9w = ((((256 - (1 — sw?) — 448) -
(1 — sw?) +240) - (1 — sw?) — 40) - (1 — sw?) + 1) - sw
the function is calculated from
Vi(v,q) =25 ¥q- (9w - ¢® — sTw) - ¢° + sbw) - ¢* — s3w) - ¢* + sw)
(¢) ¢ > 0.125:

If v > 0.5, then v = 1.0 — v.
By setting PLQ, w@ and w as follows:

PLQ = =*-(1/log(q))
w@® = exp(PLQ)
w = —exp(2-v-PLQ)

the function is calculated from the following expressions.
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e Single precision
Oi(v,q) = s-/m-(~1/log(q)) - exp((v? — v +0.25)- PLQ) - (wQ® - w + wQ?) - w
+1) - w+ 14 (wQ*/w + 1) - (wQ?/w))
e Double precision
9i(v,q) = s-+/m-(—1/log(q)) - exp((v? — v +0.25) - PLQ)
{(wQ™ - w +wQ°%) - w+wQ?) -w+ 1) w+1
H(WQ®/w + wQ?) - (WQ? /w) +1) - (wQ?/w)}
® i=3or4:
Let v =|v | =INT(| v |).
(a) If ¢ = 0.0, then
¥ (v,q) = 1.0
(b) If ¢ < 0.125, then by setting cw, c2w and c3w as follows:

cw = cos(2-7-v)
2w = 2-cw?—1
3w = (4-cw®—3)-cw

the function is calculated from the following expressions.
e Single precision
9i(v,q) =2 ((—c3w - ¢° + 2w) - ¢* — cw) - g+ 1
e Double precision
By setting c4w as follows:
cdw = (8 - cw? — 8) - cw® + 1
the function is calculated from
9i(v,q) =2 (((c4w - ¢7 — c3w) - ¢° + 2w) - ¢* — cw) - ¢+ 1
(¢) ¢ > 0.125:
If v > 0.5, then let v =1.0 — v.
By setting PLQ, w(@ and w as follows:

PLQ = =*-(1/log(q))
w@ = exp(PLQ)
w = exp(2-v-PLQ)

the function is calculated from the following expressions.
e Single precision
Oi(v,q) = /7 (=1/log(q)) - exp((v® — v +0.25) - PLQ) - ((wQ° - w
+wQ?)  w+1) w1+ (wQ/w+1) - (wQ?/w))
e Double precision
Vi(v,q) = /7 (=1/log(q)) - exp((v* — v +0.25) - PLQ) - (wQ" - w +wQ®) - w
FwQ?) - w+1) - w+ 1+ (wQ° /w + wQ?) - (wQ? /w) + 1) - (wQ? /w))
(7) Zeta function of Jacobi Z(u) (0.0 < m < 1.0)

K(m), K(m'), nome ¢ and complementary nome ¢’ are calculated from m.

The values v, s and w are set as follows:

v=u/(2-K(m))
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s =SIGN(w),v =|v | =INT(|v |),w =27 -v

® ¢ <0.125:

e Single precision
Z(u) = m-2¢  sin(w) — 2¢3 - sin(2w) + 3¢® - sin(3w) s
K(m) 1—2¢(cos(w) — g3 - cos(2w) + ¢8 - cos(3w))
e Double precision
- 2q sin(w) — 2¢® - sin(2w) + 3¢® - sin(3w) — 4¢'® - sin(4w)
K(m) 1—2¢(cos(w) — ¢ - cos(2w) + ¢° - cos(3w) — ¢ - cos(4w)) §

® ¢ > 0.125:
Assume z = exp(—mu/K(m’)).

The function is calculated from the following expressions.
e Single precision

Z(u)

T <5q/625 —3¢22% — 23 + 22 + 3¢ 22 + 5¢ B 2v> s
2% (m’) 755 +q24 1251221 ¢22 16

e Double precision

o (23 — 2%) +3¢'2(22 — 25) +5¢ 0(z — 25) + 7¢'12(1 — 27)

o) ) P ) 4 e )+ g )

Double precision : 0.8
® q> {

Z(u) —20)-s

) . and v < 0.5:
Single precision : 0.6

The function is calculated from the following expression.
Z(u) = tanh(u) — 2v
(8) Epsilon function of Jacobi E(u) (0.0 < m < 1.0)

The function is calculated from the following expression.

E(u)Z(u)Jr%u

(E(m) and K(m) are calculated by using the nome gq.)

(9) Theta function of Jacobi ©(u) (0.0 < m < 1.0)

The function is calculated from the following expression.
O(u) = V4(u/2- K(m),q)

(¢ and K (m) are calculated by using the nome ¢ and ¥4 is calculated by using the theta function.)
However, if m = 1.0, ©(u) = 0.0.

(10) Pi function II(u, @) (0.0 < m < 1.0)
The function is calculated from the following expression.

®<ui_z)-i-u-Z(a)

1
I(u, ) = §log ot a)
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2.1.2.8 Indefinite Integrals Of Elementary Functions

(1) Exponential integrals Ei(x), Bi(—z) (x > 0.0)
If # < 0.0, Ei(x) is calculated; if > 0.0, Ei(z) is calculated. The calculation methods are described below.

® < —4.0:

The function is calculated from
m

1
1
> a2
. e’ 1. =0 z
Bi(r) = S Q14+ (- ——
r v Zb(1)<_l)k
k T
k=0
® —4.0<az < —1.0:
The function is calculated from

o 1
Z‘l/(f)(—g)k

Ei(z) = —€* 7k;0 n
2)
Db (=)
k=0

® —-1.0<z<0.0:
The function is calculated by generating the best approximation of

(,

x)"
nln

Ei(z) = log(—x) + v + Z
n=1

(v is the Euler number.)
The method of generating the best approximation is described in Section 2.1.2.22.

® 00<z<L1.0:
The function is calculated by generating the best approximation of

= — "
Ei(z) = log(z) + v+ Z i

n=1
The method of generating the best approximation is described in Section 2.1.2.22.
® 1.0 <z < 6.0:
The function is calculated from

Z a§€3)xk
X _
Ei(r) = 10g(w—0) + (z — xo)kﬁo
Z b;f)xk
k=0

(xo = 0.37250741078136663446)

6 6.0<z<12.0:
The function is calculated from

e’ (4) m b](:l)l ‘
Ei(r)=—lay + & ———
e )
@ 12.0 <z < 24.0:
The function is calculated from

_ e no 02|
Ei(z) = <a55>+ o —t
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x> 24.0:

The function is calculated from

= e’ 1@, b ‘
Biz) = — {14+ —[a® + ¢ —2—1
x x k:l‘a§€6)+x

The coefficients al(:) ~ a,(f), b,(j) ~ b,(f) are described in references (5) and (6). a,(j’) and b,(f) are obtained

with telescoping the coefficients of shifted Chebyshev polynomials.

(2) Logarithmic integral Li(z) (x > 1.0)

The function is calculated using the exponential integral from
Li(z) = Ei(log(x))

(Logarithmic integral Li(z) is also denoted by li(x).)
3) Sine integral Si(z
g
@® z<0.0:

From Si(z) = — Si(—z), following methods are applied to Si(—z).
®@ = >0.0:

(a) @ > Double precision : 2°° - 7
a) x :
~ | Single precision : 2.7

The function value is given as

Si(x) = g
(b) For cases other than those described in (a)

i. x <5.0:
The function is calculated by generating the best approximation from
0 _1V\k L 2k+1
Si(x) = kZO (2k(+11)) : (w2k + 1)
The method of éenerating the best approximation is described in Section 2.1.2.22.
ii. £ > 42.0:
The function is calculated from
Si(z) = g — f(z) - cos(z) — g(x) - sin(z)

where f(z) and g(x) are obtained by generating approximations of the following equations.

oo o k:.
fla) = Z%

k=0

o0 _ k.
Y

k=0

The method of generating the best approximation is described in Section 2.1.2.22.
iii. 5.0 < x < 42.0:
Let @ = Si(x,,) (where z;, is the closest integer to x and Si(x,,) is the actual value of the sine
integral at z,,) and let z = z — x,,.
A. If |z] < (units for determining error) - z, then the function value is given as
Si(x) = Si(xp).
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B. Otherwise, the following calculations are repeated until
| QQ |< ||Q - (units for determining error)||

F@a) = AGin(za)™Y = (= 1) - fU7D (@)}
QQ = fU(wn) 27/
Si(z) = Q
(4) Cosine integral Ci(z) (z > 0.0)

@ = <2.0:
The function is calculated by generating the best approximation from
) e (_1)k . ka
C = 1 —_—
i(z) =~v+ Og(x)—i—; 2% (2h)]

where 7 is the Euler number (v = 0.57721566490153286061).

The method of generating the best approximation is described in Section 2.1.2.22.

@ x> 42.0:
The function is calculated from
Ci(z) = f(z) - sin(z) — g(x) - cos(x)
where f(z) and g(x) are the same as described in (35) for the sine integral.

® 2.0<z<42.0:

Let @ = Ci(x,,)(where 1z, is the closest integer to x and Ci(z,,) is the actual value of the cosine integral

at x,) and let z =z — xy,.
(a) |z| < (units for determining error) - z, then the function value is given as
Ci(z) = Ci(zy)
(b) Otherwise, assuming that
FB(@n) = (cos(n) —1)/an
Q = Q+fM(@n) 2

the following calculations are repeated until | QQ |<| @ - (units for determining error) |

FPwn) = {(cos(@n) ™ = (J = 1) fU7D (@)}
QQ = fU(xa) 27/
Q = Q+QQ (J=23,)

and then the function value is given as
x
Ci(z) = Q@ + 1og($—)

(5) Fresnel integral S(x) and C(x)

Fresnel integrals are defined by the following equations.

S(z) = /0 " sin

Cx) = /Ocos(
@® z<0.0:

oy NN

From S(z) = —=S(—z) or C(z) = —C(—x), following methods are applied to S(—z) or C(—x).

® = >0.0:
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(a)  <1.6:

The functions are calculated by generating the best approximation from
A TR
Pt (2k +1)! - (4k + 3)

cw) = oL
P (2K)! - (4k+ 1)
The method of generating the best approximation is described in Section 2.1.2.22.
(b) = >5.0:
The functions are calculated from

— 1 ™ 2 . ™ 2
S(z) = 5 {f(:E) COS<2 T )—l—g(;v) sm(2 )}
_ 1 (T2 T 9
Cx) = 2+{f(:v) sm(2 x) g(x) 005(2 x)}
where f(x) and g(z) are obtained by generating the best approximations of the following equations.
(=R 4k — 1)
fl@) = =) CRTIEE
k=0
2L (=1)F - (4k + D)
g(x) = = Z (0

k=0
The method of generating the best approximation is described in Section 2.1.2.22.

(c) 1.6 < z < 5.0:

Using the conversion Y = 7 - 22, the functions are calculated from
1 .
S(z) = 5 —{f(Y)-cos(Y) +g(Y)-sin(Y)}
1 .
Clz) = 5+ {f(Y) sin(Y)—g(Y)-cos(Y)}

where f(Y) and ¢g(Y) are as follows: Single precision:

Iy W4k
) = 2> a’)
k=0

1 8 (1) 4
Y) = 2> p(5)k
g(Y) v k (Y)
Double precision:
13 o), 4
_ _E: 2) F\k
k=0
34
1S~ @ 04
Y) = —E b, (=
9(Y) v k (Y)

The coefficients a,(:), bl(j), a,(f) and b,(f) are obtained with telescoping.

(6) Dawson integral F'(x)
The value of the Dawson integral is defined by the following equation.

@ z>0.0:
From F(z) = —F(—x), following methods are applied to F(—zx).

® = >0.0:
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(a) x < 2.5:
The function is calculated from
F(z) = xZ?:O al(gl)w%
> ko bgcl)x%
(b) 2.5 <z <3.5:
The function is calculated from

(¢) 3.5 <z <5.0:
The function is calculated from the same equation in case (b) except that the coefficients are a
and bl(f).

(d) 5.0 < z < 1/e(e :units for determining error)

(3)
k

The function is calculated from
(4)
1 _ y omo by ‘
F(r) = — . {1 2., (gl Bt
() o {1+z (ag +k(£1‘a§€4)+x2)}

(e) x> 1/e:
The function is calculated from F(z) = 5.
The coeflicients aélwl) and b,(clN4) are described in reference (6).

(7) Normal distribution function and complementary normal distribution function ®(z) and ¥(z)

The function are calculated from the following equations.

d(z) = %.ERF(x/\/i)
U(r) — %.ERFC(x/\/i)

where error function ERF and complementary error function ERFC will be given later.

2.1.2.9 Associated Legendre Functions
(1) Associated Legendre function of the 1st kind P (x)

(» For normalized Functions, see paragraph of Normalized Spherical Harmonics.

@ n<O:
From P*(z) = P™,_,(x), following methods are applied to P™,_;(x).

—n—1 —n—1
® m<0andn>0:
First, P,Lml(x) is obtained using the methods described in @) or (), then P/*(x) is calculated from the

following expressions.

(a) |z| < 1.0:
P o) = (1" o P )
(b) |z| > 1.0:

@ m>n>0:

P’ (x) =0.0
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® m=0:
The function P (z) is equal to Legendre polynomial P, (z), its value is calculated using initial values

Py(x) =1 and Pi(x) = z and the recurrence relation

2%k -1 k—1

Pk(x) A 'x'Pkfl(x)*T'Pkfz(ir)(k:l“',n)

® n>m>0:
(a) n=1and z > \/1/e:
The function is calculated from
Pl'(z) =
(b) n=m:
The function is calculated from
Pl(z) = 2n -1 (V[ 1 =2 )™
(¢c) n=m+ 1
The function is calculated from
P(z)=02n—1"-z-(\/]1—22 )™
(d)n>m+2:
The function is calculated using initial values
Frn=0Cm-DNFhom=0Cm+D)!l-2=F, -2m+1) -z
and the recurrence relation
2k —1 k+m-—1 .

Bx) = (VI1=a22 )" F,

(2) Associated Legendre function of the second kind Q7" (x) (n > 0, |z| = 1.0)

Tl Ry (h=met2em)

®» m<O0:
First, Ql{n‘ is obtained using described in the case @) or (), then QI*(x) is calculated from following
expressions.
(a) |z| < 1.0:
Q' (x) = (=1) WQ’L ()
(b) |z| > 1.0:

@ |z| < 1.0 and m > 0:
The values Q2 (x) and Q%_,(z) are obtained bye using initial values
Qo() = artanh(x), Q(x) = x - Qq(x) — 1
and the following recurrence relation
Qi) ={(2k+1) 2 Q) — k- QR (@)}/(k+1) (k=12 ,n-1)

(If m = 0, the calculation ends here.)

next, the value QL (z) is obtained from

Qn(z) ={-n-2-Qux) +n-Qn_,(2)}/V1 -~ a?

If n = 0, the following equation is used

Q(a) = VT2
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(If m = 1, the calculation ends here.)

The Q"(x) is obtained by calculating the following recurrence relation

Qfl“(x) = (k+1) - (x/V1—22)- Qkle (n—k)-(n—l—k—i—l)-Qﬁ(w)
(kzO,l,---,m—2)
® |z| > 1.0 and m > 0:
(a) z>+vn+2andn>m
.n=m=0:
The function is calculated from
Q7 (x) = artanh(1/x)
ii. || >/ (n+0.5)/e:
The function is calcula&ced frOI)n
n+m) _. 4
m — (—1)™ n
Q@) =(=1) @n+ "
ili. Otherwise:

The function is calculated from the following series expansion

m _ my. .2 Ea (n+m)| —n—m—1

1+Z (m+m+1)-n+m+2)---(n+m+2-k) 1
2K - (2n4+3)- (2n+5)---(2n+2k+1) 22k

Where the summation Z is calculated until the last term is sufficiently small compared with
the first term.

(b) For values other than those in (a)

First, Q)(x) is calculated from the following expression

QY (x) = artanh(1/x)

(If n = m = 0, the calculation ends here.)

Next, Q¥ (z) and Q%_, (x) are calculated using the series expansion of f as follows:
- 1

;o= ];(kﬂ)-Pk(w)-PkH(x)
Qu@) = Pula)-f
0 — x) - ;
n-1(®) = Poa(x) f+n'pn' ()

where, Py (z) is solved using the algorithm shown in 2.1.2.10 (1).
(If m = 0, the calculation ends.)
Next, Q1 () is obtained from

Qn(x) = {n-z-Qh(z) —n-Q)_y(2)}/Va? -1

However, if n = 0, Q1 () is calculated from

Ql(z) = —-1/\x2 — 1.

(If m = 1, the calculation ends here.)

Finally Q7" (x) is obtained by calculating the following recurrence relation
Q@) = =2 (k1) (@/Va? = 1) QT (@) + (n = k) - (n+ k +1) - Qi ()
(k:07177m72)
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2.1.2.10 Orthogonal Polynomials

(1) Legendre polynomial P,(x) (n > 0)

P, (z) is obtained using initial values Py(z) = 1.0 and P;(z) = = and the following recurrence relation

2k—1 k—1
= 'x'Pk,l(a:)fT~Pk,2(x) (k=2,3,---,n)

Py (x)
(2) Laguerre polynomial L,(z) (n > 0)
L, (x) is obtained using initial values Lo(z) = 1.0 and L;(z) = 1.0 — = and the following recurrence relation
(2k—x—1)
k

(3) Hermite polynomial H,(z) (n > 0)
H, (z) is obtained using initial values Ho(z) = 1.0 and H;(z) = 2 - = and the following recurrence relation

(k—1)
k

Ly(z) = Ly (w) — Lio()  (k=2,3,---,n)

Hp(z)=2-2-Hyp () —2-(k—1) Hy_o(x) (k=2,3,--,n)

(4) Chebyshev polynomial T;,(z) (n > 0)

T, (x) is obtained using initial values Ty(z) = 1.0 and T3 (x) = 2 and the following recurrence relation
Ti(zx) =2 2 - Tp-1(x) — Th—2(x)(k = 2,3,---,n)

(5) Chebyshev Function of the 2nd kind U, (x)(n > 0, || < 1.0)
U, (z) is obtained using initial values Up(x) = 0.0 and U;(z) = V1 — 22 and the following expression

Upt1(z) =22 - Uy(z) — Up_1(x)

(6) Generalized Laguerre polynomial L£f“>(:z:) (n>0)

L% (x) is obtained by using initial values L(()a) (z) = 1.0 and Lga) (x) = (14 «)—z and the following recurrence

relation

L@ =2 n+a—a—-1)-L' @) + (1 —a—n) L' @) /n

n

2.1.2.11 Mathieu functions of integer orders

Consider the second order simultaneous ordinary differential equation as below

d?y
— + (@ — 2qcos2z)y = 0.
For a real parameter ¢, let a = cg, c1, - - - be the real parameters such that the solutions are 27 periodic and even

functions. Here,
cop<cp<cg<---.

Also, let a = s1, S2, - - - be the real parameters such that the solutions are 27 periodic and odd functions. Here,
S1 < S <83 < ---.

For a = ¢, with an integer n > 0, normalize the periodic even solution ¢, (x, q) of the differential equation so that
the following condition is satisfied.

2m
/ cen(z,q)’de =7
0
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The ce,(x,q) is referred to as Matheiu function of integer order. Similarly, for a = s, with an integer n > 1,
normalize the periodic odd solution s, (z, q) of the differential equation so that the following condition is satisfied.

2m
/ sen(z,q)de =7
0

The se,(z,q) is also referred to as Matheiu function of integer order.
It is known that ce,(x,q) and se,(z, q) can be represented by the following Fourier expansions:

(1) If s=0 (for ce, with even n)
cen(z,q) = i X, cos(2rx).
r=0
(2) If s=1 (for se, with odd n)
sen(x,q) = i X, sin((2r + 1)x).
r=0
(3) If s=2 (for ce, with odd n)
cen(z,q) = i X, cos((2r + 1)x).
r=0
(4) If s=3 (for se, with positive even n)
sen(z,q) = i X, sin((2r + 2)x).

r=0

These are referred to as Mathieu functions of order n. By substituting these formulas for ce,, and se, into the
differential equation, the equation reduces to an eigenvalue problem of tridiagonal real symmetric matrix A;(q),

and this gives the expansions X,.

I KE +dsq Ryq

Ry (24 Ky)? q 0
Aulq) = q (4+ K)? q
0 q (6 + K)?

Here,

(1) Ro=+v2,Ri=Ry=R3=1
(2) Ko=0,K; =Ky =1,K3=2
(3) do=0,d; = —1,dy = 1,d3 = 0,

and s=0, 1, 2 or 3. The s is determined by the kind of Mathieu functions (whether it is ce, (, ¢) or se,(x,q)), and
whether order n is odd or even. Eigenvalues [RsXq, X1, X2, X3, +]* of A4(q) are choose to become unit vectors.

Define an integer constant [ with the following conditions:

(1) For ce,
l=1+[n/2]
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(2) For se,
I=n/2 (If nis odd.)
I=(n+1)/2 (If n is even.)

The direction of the eigenvector which corresponds to [-th smallest eigenvalue is selected to satisfy X; > 0. When
¢ — 0, Mathieu functions ce,(x,q) and se,(x,q) which is obtained with this procedure converge to the following
functions.

(1) ceole.q) —» &

(2) cen(x,q) = cosnz(n=1,2,--)

(3) sen(z,q) = sinnz(n =1,2,---)

2.1.2.12 Langevin function

® x<0.0:
From L(z) = —L(—x), following methods are applied to L(—z).

®@ x >0.0:

(1) x < 1.5:
The function is calculated by generating the best approximation of the following equation.

> 2% | . p2kt2
Lie) = 2+ 3O~ —)

k=1

The method of generating the best approximation is described in Section 2.1.2.22.

(2) 15 << { Double precision : 45.0 }

Single precision : 20.0
The function is calculated from

2.e727 1
L(w)—ei—g—i—l

T l—e 2w

Double precision : 45.0

(B)z>9 o . :
Single precision : 20.0

The function is calculated from

L(z)=1-~

x
2.1.2.13 Gauss=Legendre integration formula

(1) Gauss=Legendre integration formula
Suppose an arbitrary Legendre polynomial F'(x) of degree 2N — 1 or less is given. The remainder of F(x)

divided by Py(z), the Legendre polynomial of degree N, can be expressed as a linear combination of
Pij(z) (=0,1,---,N —1):

N-1
F(z) = Py(2)Q(x) + bo+ Y /2j + 1b;P;(x)
j=1
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where Q(z) is a polynomial of degree N—1 or less and by, by, - - -, by —1 are constants. An arbitrary polynomial
Q(z) of degree N — 1 or less can be expressed as a linear combination of P;(z) (j =0,1,---,N —1). Using
the orthogonal relation

+1
1

it holds that

+1
/ Py (z)Q(x)dz = 0.

-1
Also, by being aware of the fact:
+1
Pi(x)dz=0(j=1,2,---,N — 1),

-1

the relation below is induced from the expression formula for F(z):

+1
/ F(x)dx = 2bg.
—1

Let ax(k = 1,2,---,N) be the the N number of zero points of Py(z). Substituting z = a4 into the

expression formula for F(z), it holds that:
N-1
Flox) =bo+ > /2j+ 1b;Pj(ew). (k=1,2,--+,N)
j=1

For k=1,2,---,N, let take d% such that:
N—1
di =" (2n+1)P2(ax).
n=0

From the above expression for F'(«ay) and

N
> d?Pi(ox) =0 (j =1,2,---,N = 1),

k=1

it holds that:
N
bo = d;*F(ag).
k=1

Therefore, if a polynomial F(x) is choose so that its values F'(ay) at ¢ = ax(k = 1,2,---, N) coincides with

the values of the function f(z), the integration formula of degree 2N — 1 holds:

+1 +1 N
f(z)dx ~ F(z)dx = 2by = 22 d 2 F(ay,)
1

-1 k=1
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Here, the polynomial F'(x) of degree 2N — 1 or less needs only to satisfy the conditions at the N number of
zero points. This means that the choice of F(z) has freedom of degree N at most. If the integrand function
f(x) can not be approximated by some polynomial F'(z) (for instance when f(z) is a vibrating function),

it is necessary to set the degree NN sufficiently large when applying this integration formula.

Zero points of Legendre polynomial
We set X,, = v2n + 1P, (). If « satisfies Py («) =0 for a,, = n/v4n? — 1, it holds that

a1X1 = aXo,a2X2 +a1Xo = aXi,a3X3 + a2 X1 = aXa, -+,
an-1XN-1+anv2XN-3=aXy 2,an 1 XN 2=aXy 1.

Therefore, since all the zero points of Legendre polynomial are single solutions, they are eigenvalues of a
real symmetric tridiagonal matrix whose diagonals are zero and whose subdiagonals are ay,as,---,an—_1,
and they are obtained with root-free QR method.

For a Legendre polynomial of a large degree, all the zero points gather closely together in the open interval (-
1,1). In this case all of the N number of zero points can be calculated certainly by solving the eigenproblem
of this real symmetric tridiagonal matrix using root free QR method, instead of computing them using

Newton method.

2.1.2.14 Zero points of Bessel Functions

(1)

Positive solution for the transcendency equation aJp(a) + a1 () = 0 containing the Bessel function

Positive solution « for the transcendency equation
aJo(a) + aJi(a) =0

is obtained with the following method.

By using the following method, the positive solution for the transcendency equation can be calculated up
to M = 50 in rough. (If it is calculated with the single precision, set to M < 24, that is N < 192.) The
parameter a should be set to a=0 and 1071 < |a| < 10%.

1. Calculate an approximate value with the finite element method.

The differential equation

u(r) + ' (r)/r + oPu(r) =0
with a boundary condition

u'(1) = au(1)

has a non-trivial solution u(r)(0 < r < 1) where u(40) is finite, if and only if aJy(a) + aJi(a) = 0 is
satisfied. Then it holds that u(r) = CJy(ar).

Let w;(r)(j =0,1,2,---, N —1, N) be the basis function which satisfy w;(j/N) = 1,w;(k/N) = 0(k # j) at
the nodal points r = 0,1/N,2/N,---,(N —1)/N, 1. Using the w;, interpolate u(r) using the basis functions

as below.

N
u(r) = 3" uli/N)uw;(r)

Jj=0
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Galerkin method can be applied to get

1
/0 w0y () (7) + o () + oPu(r))rdr = 0.

Applying integration by parts to the factor including the second differential calculus, the above relation is
reduced to the following integral relation.

1 1
/0 wi(r)u’ (r)rdr — aw;(1)u(l) = a2/0 wj (r)u(r)rdr
Substitute the interpolated basis function
AX = a?’BX, X = (u(0),u(1/N),---,u(1))".

Where A and B are

1
A= / w;(r)wg(r)Tdr — 6 NOjNa,
0

1
B; ; :/ w; (r)w; (r)rdr.
0

Therefore, the approximate values of solutions « (« > 0) for aJo(a) +aJi(a) = 0 are obtained by calculating
/B which are square roots of the positive eigenvalues 3 for the generalized eigenvalue problem AX = SBX.
2. Improving the Solution by Bisection and Newton method

Set N = LM. Here L is the approximate magnification ratio, which is preferred to be 8 in rough. The square
roots of the positive eigenvalues 8 for the generalized eigenvalue problem the approximate the solutions for
the transcendental equation.

E is defined as below:

E=0(a<0)
E =a(0)*(a>0)

Here «(0) is the positive smallest zero point of Jo(z).

Let 51,85, --, 83 be the eigenvalues greater than F in ascending order. We examine that the number of
eigenvalues that is smaller than or equal to £ does not reach 2. We also examine that 37 is not a multiple
root.

(» Bisection method
If o = | /[33-k for j > 2 satisfies

laJo(a®) + a*J1 ()] < 0.1 % (|Jo(a™)| + |J1(a™)]),

then step forward to the process to improve the approximate solution using Newton method.

This condition holds when j is 10 or less. When j is larger than 10, however, the condition is not
satisfied because of the approximation error due to Galerkin method. In the latter case, therefore,
improve o* by Bisection method.

In Bisection method, use the property that |aJo(a*) + o*Ji(a*)| becomes small as the approximate
solution * comes close to the exact solution. The interval (/B; — 4, /B +9) such that includes
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(2)

only the j-th solution is divided into two subintervals and a* is replaced with one of the edges of these
subintervals. Here, § is positive real number which has the order of the approximate error. Divisions
of intervals are repeated until o* satisfies the condition above, and then step forward to the process to
improve the approximate solution using Newton method.

(@ Newton method
The improvement using Newton method will be repeated until |aJo(z) +zJ1 (x)| < e is satisfied, where
e=10"1! for double precision
or

e=10"* for single precision.

Positive zero points of the Bessel function J,,41(x) with integer order

When m=1,2,- -, the holomorphic function F,,(z) can be defined as
Im(z) = 2™ Fp ()

and this satisfies
F!'(z)+ (2m+ 1)F (x)/x + Fy(z) = 0.

Furthermore, it holds that 2™ F), () = —Jm+1(x). Therefore, the method of algorithm (1) can be applied
to

1
A= / ()l (r)r 2 dr,
0

1
Bi,j:/ wj(r)wi(r)r2m+1dr.
0

The threshold p for determining whether an eigenvalue for generalized eigenvalue problem is positive or not
is:

p = 1072 (for double precision),

p =101 (for single precision).

In Bisection method, the following error criterion is applied:

|1 (a®)] < 0.001.

Positive zero points of each Bessel function Jy, J; of the order 0 and 1

The zero point of Ji(z) is obtained as the positive zero point of the transcendent equation in the algorithm
(1) when setting a=0.

When a is set to a sufficiently large value, the solution of the transcendent equation aJy(a) + aJi(a) =0
becomes the approximate value of the zero point of Jy(x). Therefore the zero point of Jy(x) is obtained by
applying the algorithm (1) for a sufficiently large value a.
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2.1.2.15 Positive zero points of the second kind Bessel function

(® Obtain Positive zero point of the second kind Bessel function Y, () in window interval [z1, z1+27] (1 > 0)

with the following procedure.

(1) Positive zero point on each window interval
Set an initial value = xo to the middle-point of the window interval. We let F(z) = Y, (z)cosx —
Jn(z)sinz and G(z) = Y, (z)sinz + J,(z) cosz. Furthermore, let a be an argument of the vector

(F(z),G(x)).
cosa = F(x)/S
sina = G()/S
S = V(F(2)? + G(x)?)

Here « is choose so that it lies in the window interval. The improved value z;y; of the approximate

zero point is given as the argument of the vector (F(x), G(z)). Repeat this improvement.

(2) Decision of existing the positive zero point When repetition of this improvement does not converge, we

concluded that positive zero point does not exist in this window interval.
(@ Shifting the window interval for 2w per step, repeat the above procedures until the number of already
obtained positive zero points reaches the number to be obtained.
2.1.2.16 Zeta function of Positive definite quadratic form z2 + ay?

We initially define the zeta function Z(s, a) of the positive definite quadratic form z? + ay? as:

Z(s,a) = > (m? +an?)~° (s > 1).

(m,n)eZ?,(m,n)#(0,0)

Subtracting the function to eliminate the unique pole of Z(s,a), the analytic continuation of Z(s,a) is obtained

as described below:

s,—s/2
ma
7 -
A S TERY
s ,—8/2 00 o] s ,—5/2
ma ma
S > (A5, / et Tt + AS ) / e T dt) — .
L) e zimm£00) Amn mon D(s+1)

Each integral in the above formula is a second kind incomplete gamma integral. Therefore, we obtain

7.rsafs/2
VA -
R O Y
WSG_S/2 7.(.sa—s/Z
= — —s T s=lp — .
F(S) Z (Am,n (S’Am,’ﬂ) + Am,n ( SvA’mJl)) F(SJr 1)

(m,n)€Z2,(m,n)#(0,0)

with Ay, n = 7(v/am? + n?/\/a).
The summation in the last expression should be taken for all those integer pairs (m,n) # (0,0) that satisfy
A n < 40.
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2.1.2.17 Di-log function

The value of
z dt
Lig(x) = —/ log [t — 1]—
0 t

is given as follows:

@ Forx =1
The functional value Liy(x) is 72 /6.

®@ Foraxz>1
The functional value Liy(z) is 7%/3 — 3 (log z)? - Liy (L), where Liz(1) is obtained as below.

® Foro<z<l1

(1) If © > 3, Lig(x) is calculated by Liz(z) = 72/6 — log (1 — z) log x — Liz(1 — ). Where, Liz(1 — z) is
obtained by applying 2.

(2) If & < &, Lig(w) is

8
Lis(z) = a — —a? —Z o2kt
k

—

=

k+1

Where oo = —log (1 — ) and cg is Bernoulli numbers.

The functional value Lis(z) can be calculated by using this relation.

2.1.2.18 Debye function

The Debye function Fp(x) is defined as below:

3 [T ettt
F = = ——dt.
Pl = 5 / (=12
This is transformed as:

12 (7 3
FD(:U):—/ dt — 2~

a3 Jo et—1 et —1°

The value of this function is calculated by applying two kind of methods as below.

@ For 0 < x <log2 It can be obtained with

= o 3(2k — 1) 2k
I
2k +3

3
Fp(e) = ——= - +12(5 -

er

—

ol
Oolg

Here cop, is Bernoulli numbers. The summation of series for k is performed until the added factor becomes

is less than or equal to the unit for determining error (Note Appendix B).

@ For x > log2
It can be obtained with
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4

F(z) = % + S1(y) + S2(y) logy + S3(y)(logy)* + y(logy)?,

Si(y) = eyt =1,2,3).
k=1

Here y = —log (1 — e™®). The summation of series for k is performed until the added factor becomes less
than or equal to the unit for determining error (Note Appendix B). The coefficients by ; are calculated with
the following procedure.

For F(z) = [, t*dt/(e' — 1), use the parameter y(0 < y < log2)

F(x)/yoo(log(le“))3du/ooo/0y11]2

Here,
00 4
b= [ =Feo =T,
0 15

I, = /Oy = /Oy (log( “ ) — logu)3du.

l1—e

Furthermore, by ; is calculated by using the series expansion of log(;—2==)

u U C2k ok
I = — tiad
0BT =) =3 T 2 5

where ¢y, is Bernoulli numbers.

2.1.2.19 Normalized Spherical Harmonics

For a real number z(—1 < x < 1), calculate the normalized spherical harmonic function (the normalized Legendre

function)

P (x) = LAn,m /W (x + i1 — 22 cosy)” cos (mah)di.

= —
47 o

Here, i = /-1,

and

_ | |
A, = 2(2n+ 1)(n — m)l(n + m)! (1<m<n).
’ mw(n!)?

To obtain the integral factor, apply the following Fourier expansion (set 2 = cosf, 0 < 6 < ):

n

(cos @ + isinfcosy)” = Z 1" Cpm (0) cos (ma).

m=0
If we define I, ,,, as
1 g o
Inm = 7,”/ (cos @ + isin @ cos )™ cos (map)du,
msin™ 0 J_,
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the coefficients C,, ,,, (0) of the Fourier expansion can be obtained using the following recurrence formula:

T
In,n = 2,,1—_17 In,n+1 =0
2 sin® 0
Lnm—2 = m{—(m —1)cosOI, m—1+ (Mm+n)——1I, .}
2 —0m.0)sin™ @
Co(t) = B 0mOSTE,

n,m
21 ’

Using the coefficients C), , (0) of the Fourier expansion which can be obtained as procedure above, the normalized

spherical harmonic function (the normalized Legendre function) P*™(cos @) of the order n can be obtained as:

P (cos0) = Cy.m ()

Here, the coefficients h,, ,, are:

m. _
In,0 =1, gnm = gn,m—l(l + Z) 1<1 -

(2 - (Sm,O)ﬂ—gn,m

Ry, = 2
’ 2n+1

2.1.2.20 Hurwitz Zeta function for a real variable

(1) Definition
For real region s > —1 and s # 1 and for a parameter a > 0, the Hurwitz zeta function ((s,a) is defined as
follows :

afs+1 afs
+

((s0) = T + %5

Jr/o —s(x)(z +a)”° du.

Here, 1(x) is a periodic function (of period 1) defined as x — [z] — 3.

(a) Definition for s > 1
The Hurwitz zeta function is expressed as follows:

((s,a) = /OOO (@ +a)*de + T + /Ooo —stp(z)(x 4 a) "5 Hdx

—S

n+1 —s

0 n+1
=>»{ (x+a) *de + —s(z)(z + a) " Hdx) + a4
> /

n+1 d —s

—Z{/ z)(x+a)” )d;v}-i—a

—S

=1 1
S S LIURE RS FUA R
n=0

i (n+a)~*.

Therefore, the Hurwitz zeta function is equal to the infinite series sum > 7, (n 4+ a)~* for s > 1, which

converges to a finite value.
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(b) Definition for s > —1
An infinite integral

/OOO —sp(@)(@ + a) Lo

is convergent also for s > —1. This is easy to see from the fact that the alternating series

M e
Z / —stp(z)(x 4 a) "5 Ldx
m=0"%

converge as M — oo. Therefore, the Hurwitz zeta function can also be defined in this region.

Now it can be said that the Hurwitz zeta function

a—s—i—l a5

371+ 2

C(s,a) = + /000 —s(x)(z +a) " tdx

is a function defined in the region s # 1, which is an extension of the infinite series sum Y " (n+a)”*
that is defined for s > 1. Also,

C(s,0) — i _ /0 (C(s,a) — C(s, 7 + 1)}da

has an integral expression

1 —8S o0
/ x"%dx + a2 + / —stp(z)(x 4+ a) "5 da,
a 0

which can be defined for s > —1, including the case s = 1.
(2) Algorithm for Calculation

(a) Set N to a fixed natural number 10; N = 10. The Hurwitz zeta function can be expanded as the

formula below:
N —

i

(o) = 3 (00)" + Zlsse) + WEA | R(s.a),
a —s+1
Z(s,a) = %,

and
o0
R(s,a) = / —s(x +a) "1y (x)de.
N
This expansion formula is obtained by applying the integral expression to the second summation term

in the right hand side of the Hurwitz zeta function

N-1 0o
¢(s,a) = Z (n+a)™%+ Z (n+a)~%.
n=0 n=N

(b) The value of R(s,a) is obtained from the following formula whose error is of the order 10~9( for single
precision ) 10718 ( for double precision ):

m—2

R(s,a) =Y (=s)- (=5 — j)(N +a) " epyy(0).

J=0
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Here, ¥ (z) (k=2,3, ) are defined as periodic functions (of period 1)

(@) = ¢y(z), —vo(x) = ¢3(2), — vs(x) = Yi(2),
satisfying

/0 1 U (z)dz = 0.

Depending on whether double precision or single precision is assumed and depending on the value s,
the function R(s,a) is obtained as follows:
i. For single precision
If s > 10 then, set R(s,a) = 0.
If 0 < s < 10, then apply expansion formula with m = 10.
ii. For double precision
If s > 20, then set R(s,a) = 0.
If 10 < s < 20, then apply expansion formula with m = 10.
If 5 < s < 10, then apply expansion formula with m = 15.
If 0 < s < 5, then apply expansion formula with m = 20.

Using the Bernoulli numbers By, 1 (0) is represented as

Y2;+1(0) =0
and
i B
P2;(0) = (—1) ik

For arbitrary real numbers xz and ¢ (|t| < 27), it holds that

te®it =
g1 1- ;ﬂ%(x)(*

Here, z; is fractional part of . The Bernoulli polynomials ¢y (x) are expressed using the Fourier

expansions as

L > n(2mnx)
- g Qan)r (k : oddnumber)

and

l\.’:

E cos(2mnx)
g (k : evennumber).
27m

This implies that these absolute values are of the order (27)~*

(3) Removal of Singular point
Since the Hurwitz zeta function has a pole at the point s = 1, it is not able to obtain the value of the
function when s is equal to 1. But, as {(s,a) — 1/(s — 1) can be defined as a regular function, as far as
|s — 1] < 10~*( for single precision ) or |s — 1| < 1078 ( for double precision ), we replace Z(s,a) in the

expansion formula of the Hurwitz zeta function ((s,a) with:
1 1
—log(N +a)(1 — 3 log(N +a)(s —1)(1 — 3 log(N +a)(s — 1)))

which is an approximation formula for

(N+a)—s+1_1
s—1
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whose error is less than 107%( single precision ) 1078 ( double precision ). Here

2.1.2.21 The functions related to the error function

(1) The error function for complex values e~* Erfe(—iz)

The error function for complex values e —= Erfc(—iz) can be obtained from the value of definite integral

4
.2 2
ez/ewdw.
0

(a) When the absolute value of J(z) is small and less than 10~%, we apply the following formula to avoid

the small denominator due to some special values of R(z) ( also including the case R(z) =0 )

f(2) = fo+ fi(z — 20) + fo(z — 20)%/2 + f3(z — 20)* /6,

where f(z) = e~ % + \/—D (z)(Dw(z) is the Dawson integral) and

fo=f(z0), 1 =—2z0f0+ —= ,fz =220 f1 — 2fo, f3 = —2z0f2 — 4f1, 20 = R(2).

J‘

(b) Assume that z is not real and set z = 8 = R+ ¢I(R and I are real and I > 0). If the imaginary part
is negative, this problem is reduced to the case when the imaginary part is positive using the fact that

the relation
F(z)+ F(—z)=2e""
holds for F(z) =e~* Erfc(—iz).

(¢) Suppose that z = 8= R+ il(R, I are real and I > 0). Set

fla) = [ e gy = [T 2 (@ - Parta > 0),

— 00

For x > 0, since
(€7 f(z)) = (VaB/Vr)e”
it holds that
1 B2z
B2 _ _ e_d
)~ 0) = v [ s

Therefore,

[ et = S s~ g0y
0 2Vm '

Furthermore, in f(0) = fooo 283/(8? — t?)dt, changing the integration pass [0,00) to [0,i8oc) and con-
sidering the residual that is added with this change, it follows that

—ﬁ/ﬁW% = 1(/@ ~/(t+ B)dt + mie ")
(& o e ’U}—2\/7_T _006 me .

Now we apply the Poisson formula. Setting
7h2(n+z)

=h Z_: Wn o) 1 B
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g(z) is a periodic function of the period 1 and can be expanded by the Fourier series. Evaluate each

coefficient as

1 ) o0 e—h2m2 )
/ g(w)e—%rznmdx — / h e—27rzn;vd$
0

o hzt B
oo 712
e —2minxz/h
= —e d:E
[
oo —(zx+min 2
:/ e—(@+min/h) dze
o THB

here, moving the integration pass and considering the residuals if they are added, we get

7z2

_ 771_2"2/}12 > e d h I
e /OO—:E—Fﬁ—m'n/h x(mn/h < I)

o0 —LE2
_ —7r2n2/h2 / € dr — 27 —(—B-Hrin/h)2 h>1T
e (  _TT A —min/h x — 2mie )(mn/ ).
Therefore, taking h such that 7/h > 1/log(1016) and neglecting the terms of the order 10716, it is
obtained that:

—h2n?

hn;m femTﬁ - /,OO :zi v —2mi > exp(2minB/h — §7).

mn/h>I

The infinite series on the both sides of this equation converge in a few terms. e Erfc(—iz) becomes:

. oo g2
1 (&

— d
w[mx+ﬁ !

with z = 3.

(2) The inverse function of the co-error function

The co-error function is defined as follows:

2 e
y = Erfe(z) = — e dt
VT Ja

Here, y is a non-negative real number.

To obtain values of its inverse function y = Erfc_l(a:), calculate y satisfying
2 [ e 2
fly)=(—= [ e di-z)e” =0
y

using Newton method first. The derivative of f(y) is given by f'(y) = 2yf(y) — 2/+/m. Classifying by the

range of x, the initial value y;,;; for y is taken as follows:
(a) When a > Erfc(2)
Set Yinit = 0.

(b) When z < Erfc(2)
For a given x, the initial value y;,;: is calculated using the formula below:

y1 = 1/(Vrx),y2 = Vlogy1,ys = 1/(V7xyz2), Yinit = \/10g y3

The initial value y;,;: obtained by this procedure is an approximation of y which satisfies:

Ny 1
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(3) The error function and the co-error function

(a) For |z| <0.476563

i. Co-error function is obtained as Erfe(z) = 1 — Erf(x).

ii. The error function Erf(z) is obtained as follows:
2

e ” 2x
Erf(z) =
rf(z) LS 1 222
472
3+ 62
5_7+ s
9_...

(b) For |z| > 0.476563

i. Co-error function Erfc(z) is obtained as follows:
For 0 <z < 8.0, using the best-fit formula.
For 8.0 < = < 26.628736,

2
e " 1.0
Erfe(z) = Tr - 05
1.0
T+ 15
T+ -
T+

and if x > 26.628736 ,then Erfc(x)=0.
For negative value of z, Erfc(x) = 2 — Erfc(—2z) is applied.

Then error function is obtained as Erf(z) = 1 — Erfe(x).

2.1.2.22 Coefficient Calculation Method

The subroutines in this library adopt arithmetic techniques to save the amount of calculation without degrading

the accuracy.

2.1.2.23 Method of Calculating Related Special Functions

(1) Incomplete elliptic integral of the 3rd kind

T ) /‘P dé
p;c,m) =
0 (14 csin®0)y/1 —msin?6
= /I dt (x =sinp)
0 (L+ec2)/a B m) 4

“ dw ( )
— Bt T =sn u
o l+c-sn?2w

If this integral is represented using the II function, it appears as follows:

sn o

I(p;c,m) =u+ -(u, a)

cno-dno

(v is set so that sn? v = —£.)
(u = F(z,m) = F(sinp,m))
Another method is described below.
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o —m<c<O0:

B = 5-Flem)/Km)
v o= %~F(x,m)/K(m) (z = sin )
5 = -

(I+c¢)(m+c)

. _ 1 da(v+58) V1(8)
II(p;c,m) = 01 [_510g194(v6) +v- 53)

Assume that the nome ¢ for modulus m. Then the above function can be calculated using the following

expressions.
%log Ev+g§ = 2251(1% -sin(2-s-v)-sin(2-s- f)
)

( B 25 )
0(B) COMMZ — 2. Cos(2 B g S0 A

The summation calculation are contlnued until the last term is sufficiently small relative to the first
term.

e c< —1:

Assume N = ﬂ,pl = \/(—c -1+ m). Then the function is calculated using the following expres-
c c

sions.
1 A t
H(p;c,m) = —7(0; Nym) + F(z,m) + 5 mw

p1 T Alp) —prtane
where, A(p) = /1 — msin® .

II(¢; N,m) is obtained using the calculations described above for —m < ¢ < 0.

o —l<c<—m:

_ 1+c
© = 1—-m
B = 5 Flel—m)/K(m)
v o= g - F(z,m)/K(m)
P
(I+¢)(m+c)
e (71)571 . q25 ) )
A = a-tan(tanh g - tanv) +2ZW -sin(2 - s-v) -sinh(2- s 3)
s=1
Z sq® sinh(2-s- )
s=1
u o=

142372 ¢ cosh(2-s- )
M(p;e,m) =02 - (A—4-pu-v)

e c>0.0:

N 7m+c
1+e¢
c-(m-+c

b2 = 7< )

1+c
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m - F(xz,m)

II(p;c,m) =
(p;¢,m) P

{\/(1+N)~(1+% (s N, m) +

+ atan(%pg sin(2-# ))}/ 1+c)(1+ %)

Aly
Where, A(p) = v/1 —msin? .

~

II(p; N, m) is obtained using the calculations described above for —m < ¢ < 0.0.

(Refer to bibliography reference (1).)

(2) Heuman’s lambda function
Ao(p\a) = %{K(Q)E(w\%" —a) = (K(a) = E(a)) - F(p\90° — a)}

Let m = sin® o. Then lambda function is obtained from the following equations.

K(a) = K(m)

E(p\90° —a) = E(sing,1—m)
E(a) = E(m)

F(o\90° —a) = F(sinp,1—m)

(Refer to bibliography reference (1).)

(3) Legendre function

e x> 1.0:
2 2 r—1
Pﬁl/Q(w) I x+1K(x+1)
2 2vx? —1
P, = — — 2 1P| ———
i - N 22
2 2
Qopa(r) = x+1K<I+1)
Qi2(z) = = 2 K 2 -2z +1)E 2
1/2 - r+1 r+1 r+1
o v <1.0:
2 1—x
P_ipp(x) = ;K< 5 )
2 1—=z 1—x
P, = —<2F - K
o = Hap(57) -x ()]

{
O 1pla) = K (1—1—:10)

v - n(152) (15)

(E and K are complete elliptic integrals)
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2.2 BESSEL FUNCTIONS

2.2.1 WIBJO0OX, VIBJ0X
Bessel Function of the 1st Kind (Order 0)

(1) Function
For x = X;, calculates values of the Bessel function of the 1st kind (order 0)

Jo(z) = 1 /07r cos(x sin(t))dt

™

(2) Usage
Double precision:
CALL WIBJOX (NV, XI, XO, IERR)
Single precision:
CALL VIBJOX (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 XO D NV Output | Jo(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XI()[ < M
where, M={double precision: 2°7, single precision: 287}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by XI(i).

(6) Notes

(a) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation

d*w dw
2 2 _ 2\
deQ—l—de—i—(z — v )w =0
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and defined as
2\ (=™ z\2m
ao= () S U2y
(2) (2) mZ:Om!F(erqul) (2
(b) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.

(7) Example

(a) Problem
Obtain Jo(z) for # = 0.0,0.1,0.2, -, 0.9.
(b) Main program

PROGRAM EIBJOX

IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBJOX’, CFNC=’ Jo’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=(I-1)/DNV
1000 CONTINUE
]

CALL WIBJOX( NV, XI, X0, IERR )

WRITE(G,GOOO) CNAME
WRITE(6,610 )
DO 2000 I=1,N
WRITE(6, 6200) I,XI1(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP
]
6000 FORMAT (1X,?%%% * A6, *’)
6100 FORMAT(1X,’#%* INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT (1X, ?*%x% DUTPUT ®7 )
6400 FORMAT(1X,’IERR=",I5 )
6500 FORMAT(1X,A6,°(’, F10 6,’)=",F10.6 )
END

(¢) Output results

*%x WIBJOX *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_ 0.900000

*x*% QUTPUT *

IERR= 0
JO( 0.000000)= 1.000000
JO( 0.100000)= 0.997502
JO( 0.200000)= 0.990025
JO( 0.300000)= 0.977626
JO( 0.400000)= 0.960398
JO( 0.500000)= 0.938470
JO( 0.600000)= 0.912005
Jo( 0.700000)= 0.881201
JO( 0.800000)= 0.846287
Jo( 0.900000)= 0.807524
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2.2.2 WIBY0X, VIBY0X
Bessel Function of the 2nd Kind (Order 0)

(1) Function
For x = X;, calculates values of the Bessel function of the 2nd kind (order 0)

Yo(z) = 2 /000 cos(z cosh(t))dt (x > 0.0)

T
(2) Usage
Double precision:
CALL WIBY0X (NV, XI, XO, IERR)

Single precision:
CALL VIBY0X (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | Yp(X;)
R
4 IERR I 1 Output | Error indicator

(4) Restrictions
(a) NV >1
(b) XI(i) > 0.0

(¢) XI() < M
where M={double precision: 2°°7, single precision: 2'¥7}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
2000 XI(i) = 0.0 (overflow) XO(i) = (Minimum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) or (c) was not satisfied by
XI(i).
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(6) Notes

(a) Bessel function of the 2nd kind Y, (2) is the basic solution of Bessel’s differential equation

d?w dw
2 22y,
) +Z_dz +(z"=v)w=0
and defined as
Jy(z) cosvm — J_,(2)

sinvm

Y, (2) =
When v is equal to integer n, the following limiting value is used for definition.

Y. (z) = lim Y, (2)

v—n

(b) Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.

(¢) The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).
(7) Example

(a) Problem
Obtain Yo (z) for z = 0.1,0.2, -- -, 1.0.
(b) Main program

PROGRAM EIBYOX
IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBYOX’, CFNC=’ Yo )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV
1000 CONTINUE
]

CALL WIBYOX( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP
]
6000 FORMAT (1X,’2**x > A6,’ *x’)
6100 FORMAT(1X,’#*%* INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT(1X,’>**x QUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*%x WIBYOX *

*xk INPUT *

XI( 1)= 0.100000

XI( 2)= 0.200000

XI( 3)= 0.300000

XI( 4)= 0.400000

XI( 5)= 0.500000

XI( 6)= 0.600000

XI( 7)= 0.700000

XI( 8)= 0.800000

XI( 9)= 0.900000

XI(10)=_ 1.000000

*x% QUTPUT *

IERR= 0
YO( 0.100000)= -1.534239
YO( 0.200000)= -1.081105
YO( 0.300000)= -0.807274
YO( 0.400000)= -0.606025
YO( 0.500000)= -0.444519
YO( 0.600000)= -0.308510

74



WIBY0X, VIBY0X
Bessel Function of the 2nd Kind (Order 0)

0.700000)= -0.190665
0.800000)= -0.086802
0.900000)= 0.005628
1.000000)= 0.088257
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2.2.3 WIBJ1X, VIBJ1X
Bessel Function of the 1st Kind (Order 1)

(1) Function
For x = X, calculates values of the Bessel function of the 1st kind (order 1)

Ji(z) = 1 /OW cos(z sin(t) — t)dt.

™

(2) Usage
Double precision:
CALL WIBJ1X (NV, XI, XO, IERR)
Single precision:
CALL VIBJ1X (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | J1(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) [XI(H)] < M
with M={double precision: 2°07, single precision: 287}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by XI(i).
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(6) Notes

(a) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation

d*w dw
2 2 _ 2\
z dz2+zdz+(z rHw =20

and defined as

2= G S e ()

=0

(b) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.
(7) Example

(a) Problem
Obtain Jy(z) for 2 = 0.0,0.1,0.2,---,0.9.
(b) Main program

PROGRAM EIBJ1X
IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER ( CNAME=’WIBJ1X’, CFNC=’ J1’ )

DNV=NV
DO 1000 I=
XI(I)=(T
I1000 CONTINUE

CALL WIBJ1X( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP

1,N
-1)

\
1) /DNV

]

6000 FORMAT (1X,’#%* > ,A6,° *°)

6100 FORMAT(1X,’#** INPUT %’ )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT(1X,’#** OUTPUT *’ )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,’(’,F10.6,°)=",F10.6 )
END

(¢) Output results

*%x WIBJ1X *

*x% INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)= 0.900000

*xx QUTPUT *

IERR= 0
J1( 0.000000)= 0.000000
J1( 0.100000)= 0.049938
J1(  0.200000)= 0.099501
J1( 0.300000)= 0.148319
J1( 0.400000)= 0.196027
J1( 0.500000)= 0.242268
J1( 0.600000)= 0.286701
J1( 0.700000)= 0.328996
J1( 0.800000)= 0.368842
J1( 0.900000)= 0.405950
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2.24 WIBY1X, VIBY1X
Bessel Function of the 2nd Kind (Order 1)

(1) Function

For x = X;, calculates values of the Bessel function of the 2nd kind (order 1)

1 (7 1 [ }
Yi(z) = —/ sin(x sin(t) — t)dt — _/ o—@sinh(t) e — e"]dt.
0

™ ™ Jo

(2) Usage
Double precision:
CALL WIBY1X (NV, XI, XO, IERR)
Single precision:
CALL VIBY1X (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 XO D NV Output | Y1(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XI(i) > 0.0
(c¢) XI(i)) <M
where M={double precision: 2°°7, single precision: 2'¥7}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000+ XI(i) < 1.0/(Maximum value) (overflow) XO(i) = (Minimum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) or (c) was not satisfied by
XI(3i).
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(6) Notes

(a) Bessel function of the 2nd kind Y, (z) is the basic solution of Bessel’s differential equation

d*w dw
52 2 _ 2\
2 +z - +(z"=vH)w=0

and defined as

Ju(z) cosvm — J_,(2) '

sin v

Y, (z) =
When v is equal to integer n, the following limiting value is used for definition.

Y, (z) = lim Y, (2)

v—n

(b) Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.
(¢) The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).

(7) Example

(a) Problem
Obtain Yy (z) for z =0.1,0.2,---,1.0.
(b) Main program

PROGRAM EIBY1X

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBY1X’, CFNC=’ Y1’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV
1000 CONTINUE
1

CALL WIBY1X( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(S6, 6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP

6000 FORMAT (1X,’***x > A6,’ *x’)

6100 FORMAT (1X, ?**x* INPUT *7 )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT (1X, ?**x* DUTP *7 )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X.A6,’(’,F10.6,’)=",F10.6 )
END
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(¢) Output results

*k% WIBY1X
**% INPUT *
XI( 1)=

OO0~ U WN
NN NSNS N2

><
L
~.
[N
o
~
]

*x%x QUTP!

HOOOOOOOOOOSD—‘OOOOOOOOO

*

.100000
.200000
.300000
.400000
.500000
.600000
.700000
.800000
.900000
.000000

*

-6.
-3.
-2.
-1.
-1.
-1.
-1.
-0.
-0.
-0.

458951
323825
293105
780872
471472
260391
103250
978144
873127
781213
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2.2.5 DIBJNX, RIBJNX
Bessel Function of the 1st Kind (Integer Order)

(1) Function

Calculates a value of the Bessel function of the 1st kind (integer order)

In(z) = 1 /OW cos(z sin(t) — nt)dt.

™

(2) Usage
Double precision:
CALL DIBJNX (N, XI, XO, IERR)
Single precision:
CALL RIBJNX (N, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 XI D 1 Input | Value of variable x
R
3 X0 D 1 Output | Value of J,(z)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) X1 < M
where, M={double precision: 257, single precision: 2!87}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 In|(log, |%| — M1) > My (See Note (c)) | XO = 0.0 is performed.
(XI # 0.0 and N # 0) (underflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) The computation time of J,(z) becomes longer as x and n increase. Generally it is desirable to set
IN| < 1000 and |XI| < 1000.0.

o calculate J,(z), Jpt1(x), Jot2(x), - - - at a time, it is faster to successively use the recurrence relation

b) To calculate J, I+ Tt t a ti it is faster t ivel th lati
below than to call this subroutine repeatedly. The computation, however, becomes unstable if it is
done with increasing n. Therefore the recurrence relation should be used with decreasing n.

Recurrence relation:
2n
Jﬁ_l ::iE_Jﬁ(x)-_ Jﬁ+1($)

(¢) When IERR becomes 1000 in this subroutine, the values of M; and M are as follows:
My = 0.3068,
M5 ={double precision: 709.7827, single precision: 88.72284}

(d) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation:

o d*w d
z d—+ df:qL(foVQ)w:O

and defined as
2\ (=™ z\2m
- () Sty ()7
(2) =3 ;::Om!r(m+u+1) 2
(e) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.
(7) Example

(a) Problem
Obtain the value of J,(z) at © = 1.5 for n = 5.

(b) Input data

N =5 and XI = 1.5.
(¢) Main program

PROGRAM BIBJNX
| %x* EXAMPLE OF DIBJNX s
IMPLICIT REAL(8) (A-H,0-2)
READ (5,*) N
READ (5,*) XI
WRITE(6,1000) N,XI
CALL DIBJNX(N,XI,XO,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(? ?,/,/,5X, '#%x DIBINX #%x°,/, / 6X, %k INPUT #*’,&
,8X,’N =>.13,5K,’XI = ’,F6.2 )
2000 FORMAT(® °,/./,6X, %% QUTPUT*x’ ,/ /,8X,’IERR = ’,15,&
/,/,8X, VALUE OF JIN(X)’,/,/,10%X,°%0 = >,D18.10)
END

(d) Output results

*%% DIBJNX *x%%*
*x* INPUT **
N= 5 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF JN(X)
X0 = 0.1799421767D-02
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2.2.6 DIBYNX, RIBYNX
Bessel Function of the 2nd Kind (Integer Order)

(1) Function
Calculates a value of the Bessel function of the 2nd kind (integer order)

Y. (z) = 1 /W sin(x sin(t) — nt)dt — 1 /OO e~ @sinh(®)[ent | (_1)me g,
T Jo T Jo
(2) Usage
Double precision:
CALL DIBYNX (N, XI, XO, IERR)
Single precision:
CALL RIBYNX (N, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 XI D 1 Input | Value of variable x
R
3 X0 D 1 Output | Value of Y,,(x)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) XI>0.0
(b) XI<M
where, M={double precision: 2°°7, single precision: 2¥7}
(5) Error indicator
TERR value Meaning Processing
0 Normal termination.
2000 XTI < 2.0/(Maximum value) If N > 0, XO = (Minimum value) is per-
or |n|(log, ‘mil — My) > Ms (See Note (¢)) | formed.
(XTI # 0.0 and N # 0) (overflow) If N < 0, XO = (Minimum value) x (—1)N
is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) The computation time of Y, (x) becomes longer as x and n increase. Generally it is desirable to set
IN| < 1000 and XI < 1000.0.

(b) To calculate Y;,(x), Yo11(2), Ynt2(x), - - - at a time, it is faster to successively use the recurrence relation
below than to call this subroutine repeatedly.

Recurrence relation:
2n
Yoii(z) = ?Yn(x) —Yn1(2)

(¢) When IERR becomes 2000 in this subroutine, the values of M; and My are as follows:
M; = 0.3068,
M5 ={double precision: 709.7827, single precision: 88.72284}

(d) Bessel function of the 2nd kind Y, (2) is the basic solution of Bessel’s differential equation:

d*w dw
52 2 _ 2\
el +z o +(z"=v)w=0
and defined as
Jy(2) cosvm — J_,(2)

sinvm

Y. (2) =

When v is equal to integer n, the following limiting value is used for definition.

Y,(z) = lim Y, (z)

v—n

(e) Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.
(f) The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).

(7) Example

(a) Problem
Obtain the value of Y, (z) at x = 1.5 for n = 5.

(b) Input data
N =5 and XI = 1.5.
(¢) Main program

PROGRAM BIBYNX
| xx* EXAMPLE OF DIBYNX s
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,*) N
READ (5,%) XI
WRITE(6,1000) N,XI
CALL DIBYNX(N,XI,X0,IERR)
WRITE(6,2000) IERR,XO
1000 FORMATC 7,7,/ 5X 3%k DIBYNX ***; ,/ 5/ ,6X, %% INPUT #*x%’,&

,/,8X,°N =.13,6%,°XI = ’,F6.2
2000 FORMAT(? ?,/./,6X, %% OUTPUT=*x’, / /,8X,’IERR = ’,15,&
/,/ 8X, *VALUE OF ¥YN(X)’,/,/,10X.,’X0 = ’ ,D18. 10)
END
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(d) Output results

4% DIBYNX +%x
*x INPUT **
N= 5 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF YN(X)
X0 = -0.3719030840D+02
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2.2.7 DIBJMX, RIBJMX
Bessel Function of the 1st Kind (Real Number Order)

(1) Function
Calculates a value of the Bessel function of the 1st kind (real number order)

Ju(x) = —/0 cos(zsin(t) — vt)dt — sin(mv) /0 emesinh(®) vt gy,

s s

(2) Usage
Double precision:
CALL DIBJMX (R, XI, XO, IERR)
Single precision:
CALL RIBJMX (R, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size IOnEtlglit Contents
1 R D 1 Input | Order v
i
2 XI D 1 Input | Value of variable z
it
3 X0 D 1 Output | Value of J,(x)
i
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) When R corresponds with an integer:
R| < My
XTI < My
(b) When R does not correspond with an integer:
0<R< M
0 < XI < M,
where, M; ={double precision: 23!, single precision: 231},

Msy={double precision: 257, single precision: 287}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 v(log, £—Ms3) > My (See Note (e)) (XI # | XO = 0.0 is performed.

0.0 and R # 0.0) (underflow)
(Note: When v corresponds with an inte-

ger, |v] and |z| are used for judging.)

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

(6) Notes
(a) The computation time of J,(z) becomes longer as z and n increase. Generally it is desirable to set
R < 1000.0 and XI < 1000.0.

(b) If the order is half an integer (a half of an odd integer), the spherical Bessel function should be used
instead.

Jnyi(@) = \/%jn(x)

(c) If v is negative and is not an integer, the Bessel function of the 1st kind cannot be calculated by using

this subroutine. Therefore, it should be calculated by using a recurrence relation.

d) To calculate J,(z), Jy11(z), Jv 4+ 2(x), - at a time, it is faster to successively use the recurrence
+
relation below than to call this subroutine repeatedly. The computation, however, becomes unstable
if it is done with increasing v. Therefore the recurrence relation should be used with decreasing v.

Recurrence relation:
2v
Jy-1(2) = —Ju(2) = Ju11(2)

(e) When IERR becomes 1000 in this subroutine, the values of M3 and My are as follows:
M5 = 0.3068,
M, ={double precision: 709.7827, single precision: 88.72284}

(f) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation:
and defined as

20 (3 S e (5

(g) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.
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(7) Example

(a) Problem
Obtain the value of J,(x) at x = 1.5 for v = 3.3.

(b) Input data

R =3.3 and XI = 1.5.
(¢) Main program

PROGRAM BIBJMX
| #%* EXAMPLE OF DIBJMX *x*x*
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,%) R
READ (5,*) XI
WRITE(6,1000) R,XI
CALL DIBJMX(R,XI,XO,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(’ ’,/,/,5X, *%x DIBIMX ***’,/,/,6X,’** INPUT **’,&
,/,8X,’R =’ ,F6.2,56X,’XI = ’,F6.2 )
2000 FORMAT(’ ’,/./,6X,’** OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8%X,’VALUE OF JM(X)’,/,/,10X,’X0 = ’,D18.10)
END

(d) Output results

*%% DIBJMX *x*%*
*% INPUT **
R = 3.30 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF JM(X)
X0 = 0.3827927999D-01
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2.2.8 DIBYMX, RIBYMX
Bessel Function of the 2nd Kind (Real Number Order)

(1) Function

Calculates a value of the Bessel function of the 2nd kind (real number order)

1 [ 1 [ 5
Y., (z) = —/ sin(x sin(t) — vt)dt — —/ e~ Tsnh(®) eVt | cos(mr)e V] dt.
0

™ ™ Jo

(2) Usage
Double precision:
CALL DIBYMX (R, XI, XO, IERR)
Single precision:
CALL RIBYMX (R, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real ~ C:Single precision complex INTEGER(S) as for 64bit Integer
No. | Argument | Type Size Ionfg;tl{ . Contents
1 R D 1 Input | Order v
)
2 XI D 1 Input | Value of variable x
)
3 XO D 1 Output | Value of Y, (z)
it}
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) When R corresponds with an integer,
IR < M

(b) When R does not corresponds with an integer,

0<R< M

where, M;={double precision: 23! single precision: 23!}
(¢) XI>0.0
(d) XI < M,

where, My={double precision: 259

7, single precision: 2187}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

2000 XI < 2.0/(Maximum value) XO = (Minimum value) is performed.
or v(log, £ — Ms) > My (See Note (e)) | Note: If R <0,
(XI # 0.0 and R # 0) (overflow) X0 = (—=1)B* x (Maximum value) is
Note: When v corresponds with an inte- | performed.
ger, |v] is used for judging.

3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.

(6) Notes

(a) The Bessel function of the 2nd kind N, (x) is the same as Y;, (z).

(b) The computation time of Yn(z) becomes longer as z and n increase. Generally it is desirable to set
R < 1000.0 and XI < 1000.0.

(c) If the order is half an integer (a half of an odd integer), the spherical Bessel function should be used
instead.

Y,y (@) = \/?W)

(d) If v is negative and is not an integer, the Bessel function of the 1st kind cannot be calculated by using
this subroutine. Therefore, it should be calculated by using a recurrence relation.
2v
Y,_1(z) = ;YV(I) = Yiqa(z)
(e) To calculate Y, (x),Y,41(z), Yv +2(x),- -
relation than to call this subroutine repeatedly.

at a time, it is faster to successively use the recurrence

(f) When IERR becomes 2000 in this subroutine, the values of M3 and My are as follows:
M5 = 0.3068,
M4 ={double precision: 709.7827, single precision: 88.72284}

(g) Bessel function of the 2nd kind Y, (2) is the basic solution of Bessel’s differential equation:

d? d
sz—; + zd—z} + (2 =1vHw =0
and defined as
Jy(z) cosvm — J_,(2)

sinvm

Y. (z) =

When v is equal to integer n, the following limiting value is used for definition.
Y. (z) = I}EBL Y. (2)
(h) Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.
(i) The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).

(7) Example

(a) Problem
Obtain the value of Y, (z) at z = 1.5 for v = 3.3.
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(b) Input data

R =3.3 and XI = 1.5.
(¢) Main program

PROGRAM BIBYMX
| s%x EXAMPLE OF DIBYMX s
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,*) R
READ (5,%) XI
WRITE(6,1000) R,XI
CALL DIBYMX(R,XI,XO,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(} ?,/,/ X, Ssx* DIBYMK *x%’,/,/,6X, %% INPUT %x’,&

/./,8X,’R =7 .F6.2.5%,’XI = *,F6.2 )

2000 FORMAT(® *,/./,6X. %% OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8X, VALUE OF YM(X)’,/,/,10%X,°%0 = >,D18.10)
END

(d) Output results

*%% DIBYMX *x%%*
*% INPUT **
R = 3.30 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF YM(X)
X0 = -0.2895226697D+01
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2.2.9 ZIBJNZ, CIBJNZ
Bessel Function of the 1st Kind with Complex Variable (Integer Order)

(1) Function

Calculates a value of the Bessel function of the 1st kind with complex variable (integer order)

In(2) = = /07T cos(zsin(t) — nt)dt.

(2) Usage
Double precision:
CALL ZIBJNZ (N, ZI, ZO, IERR)
Single precision:
CALL CIBJNZ (N, ZI, ZO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real  C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size Ionfg;tl{ . Contents
N I 1 Input | Order n
2 A 7 1 Input | Value of variable z
)
3 Z0 7 1 Output | Value of J,(2)
)
4 IERR I 1 Output | Error indicator

(4) Restrictions
(a) [S(ZD)] < My
where, M7 ={double precision: 709.7827, single precision: 88.72284}
(b) |21] < M,

where, My={double precision: 2°°

7, single precision: 287}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 In|(log, @ — M3) > My (See Note (c)) | ZO = (0.0,0.0) is performed.
(|Z1] # 0.0 and N # 0) (underflow)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) The computation time of .J,(z) becomes longer as |z| and n increase. Generally it is desirable to set
|N| < 1000 and |ZI] < 1000.0.

b) To calculate J,(2), Jn+1(2), Jnra(2),- - - at a time, it is faster to successively use the recurrence relation
+ +
below than to call this subroutine repeatedly. The computation, however, becomes unstable if it is
done with increasing n. Therefore the recurrence relation should be used with decreasing n.

Recurrence relation:

Ta(2) = 2 0E) = Inia(2)

(¢) When IERR becomes 1000 in this subroutine, the values of M3 and My are as follows: Mz = 0.3068,
M, ={double precision: 709.7827, single precision: 88.72284}

(d) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation:

d*w dw
52 2 _ 2\
2 +z - +(z"=v)w =0

and defined as
2\V — (=™ z\2m
1= () S e ()7
(2) =3 mZ:Om!F(erqul) 2
(e) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.

(7) Example

(a) Problem
Obtain the value of J,(z) at z = 1+ 2y/—1 for n = 3.

(b) Input data
N =3 and ZI = (1.0, 2.0).
(¢) Main program

PROGRAM AIBJNZ
! s%x EXAMPLE OF ZIBJNZ
IMPLICIT COMPLEX(8) (A-H,0-Z)
READ (5,*) N
READ (5, ’(D6 1, D6 1)’) Z1
WRITE(6,1000) N
CALL ZIBJNZ(N, ZI zo IERR)
WRITE(6,2000) IERR,Z0
1000 FORMAT(’ >,/ /5K, S¥xx ZIBINZ *%x°,/, / 6X, %% INPUT *%’,&

/./,8X,°N =7.13,5X,°2I = (’,F6.2,’ VUF6.2,7 )7 )
2000 FORMAT(’ v, /176X, %% OUTPUT*x>,/,/,8X. IERR = °,15,&
/,/,8X,VALUE OF JN(Z)’,/,/,10X,°20 = (’,D18.10,7 ,?,D18.10 ,’ )’ )

END
(d) Output results

*x*k ZIBINZ *x*%*

*x INPUT **
N= 3 ZI = ( 1.00 , 2.00 )
% OUTPUT#*
TERR = 0
VALUE OF JN(Z)
= ( -0.2810396668D+00 , 0.1717506200D-01 )
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2.2.10 ZIBYNZ, CIBYNZ
Bessel Function of the 2nd Kind with Complex Variable (Integer Order)

(1) Function

Calculates a value of the Bessel function of the 2nd kind with complex variable (integer order)

Y. (z) = 1 /7T sin(zsin(t) — nt)dt — 1 /OO e #sinh®)[ent 4 (1)~ dt,
T Jo T Jo
(2) Usage
Double precision:
CALL ZIBYNZ (N, ZI, ZO, IERR)
Single precision:
CALL CIBYNZ (N, ZI, ZO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
I t
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 A 7 1 Input | Value of variable z
C
3 Z0 7 1 Output | Value of Y, (2)
C
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) |ZI| > 0.0
(b) [S(ZD)] < My
where, M; ={double precision: 709.7827, single precision: 88.72284}
(c) |21} < M,
where, My={double precision: 257, single precision: 2'87}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
4000 |Z1] < 2.0/(Maximum value)
or [n|(log, {2} — Mz) > My (See Note (d))
(|Z1] # 0.0 and N +# 0)
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(6) Notes

(a) The Bessel function of the 2nd kind N, (2) is the same as Y,,(z).

(b) The computation time of Y,,(z) becomes longer as |z| and n increase. Generally it is desirable to set
IN| < 1000 and |ZI| < 1000.0.

(¢) To calculate Y, (2), Yit1(2), Yota(2), - - - at a time, it is faster to successively use the recurrence relation
than to call this subroutine repeatedly.

Recurrence relation:
2n
Yni1(2) = 7Yn(z) —Yo1(z)

(d) When IERR becomes 4000 in this subroutine, the values of M3 and My are as follows:
M4 ={double precision: 709.7827, single precision: 88.72284}

(e) Bessel function of the 2nd kind Y, (2) is the basic solution of Bessel’s differential equation:

2
22% +chl—1;) + (2= 1vH)w =0
and defined as
Ju(z) cosvm — J_,,(2)
sinvm '
When v is equal to integer n, the following limiting value is used for definition.

Y. (2) =

Y. (z) = I}gr:l Y., (2)
(f) Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.
(g) The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).

(7) Example

(a) Problem
Obtain the value of Y, (z) at z =1+ 2y/—1 for n = 3.

(b) Input data
N =3 and ZI = (1.0, 2.0).
(¢) Main program

PROGRAM AIBYNZ
| %% EXAMPLE OF ZIBYNZ **x
IMPLICIT COMPLEX(8) (A-H,0-Z)
READ (5,%) N
READ (5,°(D6.1,D6.1)°) ZI
WRITE(6,1000) N,ZI
CALL ZIBYNZ(N,ZI,ZO,IERR)
WRITE(6,2000) IERR,Z0
1000 FORMAT(’ ’,/,/,5X, *%x ZIBYNZ ***>,/,/,6X,”** INPUT **’,&

,/,8X,°N =2 13,5X,°2I = (*,F6.2,’ ,’,F6.2,° )’ )
2000 FORMAT(> °,/,/,6X,’*x QUTPUT**>,/,/,8X,’IERR = *,15,&
/,/,8X,’VALUE OF ¥N(Z)’,/,/,10X,°Z0 = (*,D18.10,° ,7,D18.10,” )’ )
END
(d) Output results
*x*k ZIBYNZ **%*
*% INPUT **
N= 3 ZI = ( 1.00 , 2.00 )
%% QUTPUT*x
IERR = 0
VALUE OF YN(Z)
70 = ( 0.2901532942D+00 , -0.2121187705D+00 )

95



2.3 ZERO POINTS OF THE BESSEL FUNCTIONS

2.3.1 DIZBS0, RIZBS0
Positive Zero Points of the Bessel Function of the 1st Kind (Order 0)

(1) Function
Obtain positive zero points of the Bessel function of the first kind of the order 0.

(2) Usage
Double precision:
CALL DIZBSO (N, Z, IERR)
Single precision:
CALL RIZBSO (N, Z, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size put/ Contents
Output
N I 1 Input | Number of zero points
Z D N Output | Zero points (stored in ascending order)
R
3 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 1 <N <50
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes
None
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(7) Example

(a) Problem
Set N=20 to get the positive zero points of Jo(z) to 20-th one.
(b) Main program

PROGRAM BIZBSO

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (N=20)

REAL(8)  Z(N)

CALL DIZBSO(N,Z,IERR)

WRITE(6,60)

WRITE(6,80)

WRITE(6,90) N

WRITE(6,100)

WRITE(6,110) 0,IERR

DO 1000 I=1,N

CALL DIBJOX(Z(I),Y,IERR)

WRITE(6,6000) I,0 ,Z(I),Y
1000 CONTINUE

STOP

60 FORMAT (1X,’*%% DIZBSO **x’,/, /)
80 FORMAT(1X,’ *¥x INPUT *x*x ’,/ /)
90 FORMAT(1X,’ N= ’,I13,/,/)
100 FORMAT (1X,’ *¥x QUTPUT *xx ’,/,/)
110 FORMAT(1X,’0ORDER = ’,I2,’ 1IERR = ’,I4,/,/)
6000 FORMAT(1X,I2,’ TH ZERO OF J’,I2,’ °’,F13.10, > ERR=’,E10.3)
END

(¢) Output results

*%* DIZBSO ***
skk INPUT sok*
N= 20

*%% QUTPUT **x*

ORDER = O IERR = 0

1 TH ZERO OF J 0  2.4048255577 ERR= 0.000E+00
2 TH ZERO OF J O  5.5200781103 ERR=-0.555E-16
3 TH ZERO OF J O  8.6537279129 ERR=-0.855E-16
4 TH ZERO OF J 0 11.7915344390 ERR= 0.561E-15
5 TH ZERO OF J 0 14.9309177085 ERR= 0.314E-16
6 TH ZERO OF J 0 18.0710639679 ERR= 0.206E-16
7 TH ZERO OF J 0 21.2116366299 ERR= 0.235E-15
8 TH ZERO OF J 0 24.3524715307 ERR=-0.287E-15
9 TH ZERO OF J 0 27.4934791320 ERR=-0.163E-15
10 TH ZERO OF J 0 30.6346064684 ERR=-0.461E-16
11 TH ZERO OF J 0 33.7758202136 ERR=-0.170E-15
12 TH ZERO OF J 0 36.9170983537 ERR=-0.458E-15
13 TH ZERO OF J 0 40.0584257646 ERR=-0.374E-15
14 TH ZERO OF J 0 43.1997917132 ERR= 0.223E-15
15 TH ZERO OF J O 46.3411883717 ERR= 0.411E-15
16 TH ZERO OF J 0 49.4826098974 ERR= 0.353E-16
17 TH ZERO OF J O 52.6240518411 ERR= 0.292E-15
18 TH ZERO OF J 0 55.7655107550 ERR=-0.231E-15
19 TH ZERO OF J 0 58.9069839261 ERR=-0.845E-16
20 TH ZERO OF J O 62.0484691902 ERR=-0.862E-16

97



DIZBS1, RIZBS1
Positive Zero Points of the Bessel Function of the 1st Kind (Order 1)

2.3.2 DIZBS1, RIZBS1

(1)

(2)

Positive Zero Points of the Bessel Function of the 1st Kind (Order 1)

Function

Evaluate positive zero points of the Bessel function of the first kind of order 1.

Usage

Double precision:

CALL DIZBS1 (N, Z, IERR)

Single precision:

CALL RIZBS1 (N, Z, IERR)

Arguments
D:Double precision real  Z:Double precision complex ) INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size put/ Contents
Output
N I Input | Number of zero points
2 Z D N Output | Positive zero points (stored in ascending order)
R
3 IERR I Output | Error indicator
Restrictions
(a) 1 <N <50
Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
Notes
None
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(7) Example

(a) Problem

Set N=20 to get positive zero points of J;(x) to 20-th one.

(b) Main program

PROGRAM BIZBS1

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (N=20)

REAL(8)  Z(N)

CALL DIZBS1(N,Z,IERR)

WRITE(6,60)

WRITE(6,80)

WRITE(6,90) N

WRITE(6,100)

WRITE(6,110) 1,IERR

DO 1000 I=1,N

CALL DIBJ1X(Z(I),Y,IERR)

WRITE(6,6000) I,1 ,Z(I),Y
1000 CONTINUE

STOP

60 FORMAT (1X,’*%x DIZBS1 *x*x*’,/,/)
80 FORMAT(1X,’ *¥x INPUT *x*x ’,/ /)
90 FORMAT(1X,’> N= °,I3,/,/)
100 FORMAT(1X,’> #*x*x QUTPUT **x* ’,/,/)
110 FORMAT(1X,’0RDER = ’,I2,’ IERR =
6000 FORMAT(1X,I2,’ TH ZERO OF J’,I2,’
END

(¢) Output results

*%*% DIZBS1 ***
skk INPUT sok*
N= 20

*%% QUTPUT **x*

ORDER = 1 1IERR = 0

1 TH ZERO OF J 1 3.8317059702 ERR= 0
2 TH ZERO OF J 1 7.0155866698 ERR= 0
3 TH ZERO OF J 1 10.1734681351 ERR= 0
4 TH ZERO OF J 1 13.3236919363 ERR= 0
5 TH ZERO OF J 1 16.4706300509 ERR= 0O
6 TH ZERO OF J 1 19.6158585105 ERR=-0
7 TH ZERO OF J 1 22.7600843806 ERR=-0.
8 TH ZERO OF J 1 25.9036720876 ERR= 0O
9 TH ZERO OF J 1 29.0468285349 ERR=-0
10 TH ZERO OF J 1 32.1896799110 ERR= 0
11 TH ZERO OF J 1 35.3323075501 ERR= O
12 TH ZERO OF J 1 38.4747662348 ERR= 0
13 TH ZERO OF J 1 41.6170942128 ERR=-0
14 TH ZERO OF J 1 44.7593189977 ERR=-0
15 TH ZERO OF J 1 47.9014608872 ERR= 0.
16 TH ZERO OF J 1 51.0435351836 ERR=-0.
17 TH ZERO OF J 1 54.1855536411 ERR= 0.
18 TH ZERO OF J 1 57.3275254379 ERR=-0.
19 TH ZERO OF J 1 60.4694578453 ERR=-0.
20 TH ZERO OF J 1 63.6113566985 ERR=-0.

’,14,/,/)
' F13.10,

.000E+00
.556E-16
.892E-16
.159E-15
.186E-15
.281E-15

247E-15

.TT7E-16
.187E-15
.356E-15
.384E-15
.337E-16
.511E-16
.161E-15

306E-15
192E-15
132E-15
490E-16
125E-15
785E-16

99

> ERR=’,E10.3)



DIZBSN, RIZBSN
Positive Zero Points of Bessel Function of the 1st Kind (Integer Order)

2.3.3 DIZBSN, RIZBSN
Positive Zero Points of Bessel Function of the 1st Kind (Integer Order)
(1) Function
Evaluate positive zero points of Bessel function of the first kind and integer order J,,(x).
(2) Usage
Double precision:
CALL DIZBSN (N,M,LF, Z, WORK, IERR)

Single precision:
CALL RIZBSN (N,M,LF, Z, WORK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 N I 1 Input | Number of positive zero points
2 M I 1 Input | m
3 LF I 1 Input | Approximate magnification ratio
4 Z D N Output | Positive zero points (stored in ascending order)
R
5 WORK D See Work | Work area
R Contents size:2 x (LExN+1) x (LFxN+2)
6 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 1 <N <50 (M=1,0,+1),1 <N ( otherwise )
(b) LF > 1

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
3500 The solution could not be improved.
3600 The solution of eigenvalue problem was
not obtained.
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(6) Notes

(a) N should be about 50 at most.

(b) Maximum iteration count for iterative improvement is LExN. This value is also used as the order of

the eigenvalue problem which has to be solved to obtain an initial approximation value for iterative

improvement. If this value is not sufficiently large, the precision for approximation of the initial value

which is used in iterative improvement may become bad, which may cause IERR=3500,3600. On the

other hand, if this value is too large, processing time required to calculate the initial approximation

value which is used in iterative improvement becomes large. As a criterion, NxLF may be taken to be

no less than 24 if M is around 10, and may be taken to be no less than 30 if M is around 18.

(¢) For M=-1,0,+1, processing time becomes rather small because this subroutine refers to an numerical

table.
(7) Example

(a) Problem

Set N=20 and M=10 to obtain positive zero points of Jio(x) to 20-th one.

(b) Main program

PROGRAM BIZBSN
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER (N=20
REAL(8)

II=10

CALL DIZBSN(N,II,8,Z,WORK,IERR)

Z

WRITE(6,10)
WRITE(6,20)

WRITE(6,30) N,II

WRITE
DO 10

CALL DIBJNX(II, Z(I),

(6,40)
WRITE(6,50) II IERR

00 I=1,N

)
),

WORK (2% (1+8%N) * (2+8%N) )

DERR,

WRITE(6,6000) I II ,Z(I),DERR

1000 CONTINUE

STOP
10 FORMAT(1X,

> sx%x DIZBSN s*%*
20 FORMAT(1X,’ *%* INPUT ***
30 FORMAT(1X,’ N= ’,I3,’ M= ’,I
40 FORMAT(1X,> *x* OUTPUT *kk )

50 FORMAT(1X,’0ORDER = ’,I3,°

6000 FORMAT(1X,I2,’ TH ZERQ OF J

END

(¢) Output results

*%% DIZBSN *x*%*

skk INPUT sok*

N= 20 M=

10

*%%x QUTPUT **x*

b

,/
IER
’,1

> ERR = ’,E13. 3)

ORDER = 10 IERR =

TH ZERO
TH ZERO
TH ZERO
TH ZERO
ZERO

TH ZERO

TH ZERO

TH ZERO

TH ZERO
10 TH ZERO
11 TH ZERO
12 TH ZERO
13 TH ZERO
14 TH ZERO
15 TH ZERO
16 TH ZERO

OCO~NONPWN -
=
=

J10
J10
J10
J10
J10
J10
J10
J10
J10
J10
J10
J10
J10
J10
J10
J10

0

.4755006866
.4334636670
.0469853647
.5094505542
.8873750635
.2118561997
.4999092054
.7618070179
.0041902367
.2315741035
.4471513873
.6532516682
.8516190760
.0435879282
.2301979773
.4122724129

IERR)

.167E-15
.194E-15
.194E-15
.264E-15
.139E-16
.319E-15
.444E-15
.194E-15
.556E-16
.250E-15
.555E-16
.167E-15
.160E-15
.694E-16
.340E-15
.354E-15
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17 TH ZERO OF J10 67.5904720737 ERR = -0.354E-15
18 TH ZERO OF J10 70.7653339962 ERR = -0.607E-15
19 TH ZERO OF J10 73.9372993818 ERR = 0.461E-15
20 TH ZERO OF J10 77.1067342469 ERR = -0.163E-15
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2.3.4 DIZBYN, RIZBYN
Positive Zero Points of the Second Kind Bessel Function

(1) Function

Evaluate positive zero points of Bessel function of the second kind and integer order Y, (z).

(2) Usage
Double precision:
CALL DIZBYN (N, M, Z, NCONV, IERR)
Single precision:
CALL RIZBYN (N, M, Z, NCONV, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Number of zero points
M I Input | Degree m
3 Z D Output | Positive zeros (from smallest one)
R
4 NCONV I Output | Maximum number of iteration
5 IERR I Output | Error indicator
(4) Restrictions
(a) N>1
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 The iterative improvement did not con-
verge within the maximum number of
iterations.
(6) Notes

(a) The double precision version should be used to get zero points for the second kind Bessel function with
the absolute value of the degree > 5.
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(7) Example

(a) Prob

lem

For Yio(z), obtain zero points for 20-th one.

(b) Input data

N=20 and M=10.
(¢) Main program

I oskokok

100

6000

6010

6020
6030

PROGRAM BIZBYN
EXAMPLE OF DIZBYN s
IMPLICIT NONE

INTEGER N
INTEGER M,NCONV,IERR,I
PARAMETER( N = 20 )
REAL(8) Z(N),DERR

M =

10

WRITE(6,6000) N,M
CALL DIZBYN(N,M,Z,NCONV,IERR)
,6010) IERR, NCONV, M

WRI

TE(6
0

DO 10
CALL DIBYNX(M, Z(I), DERR, IERR)
IF(IERR.NE.O) WRITE(6,6020)

WRITE(6,6030) I,M ,Z(I),DERR
CONTINUE

I-1,

1,N

STOP
FORMAT(/, &

1X,2%%x DIZBYN *x*x’ / /. &

1X,’ ** INPUT =*x °,/,/.,&

1X,° N= ’,I3,° M= °,I3,/)
FORMAT(/,&

1X,’ ** QUTPUT =*x’,/,/.,&

1X,° IERR =’,15,/,/,&

1X,° NCONV = °,I4,/,/.&

1X,° NO ’,’°Y’,I2,&

>(  ZERO POINT ) VALUE OF YM(X)’,/)

FORMAT (1X,’ ** ERROR IN DIBYNX’,/)
FORMAT(1X,5X,I2,’ Y’,I12,’( ’,F13.10,’ )

END

(d) Output results

k% k

*x

*x

DIZB

YN

INPUT =*

N=

OUTP
IERR
NCON
NO

QN UTHWN -

20

UT

VvV =
Y10¢(

Y10(
Y10(
Y10(
Y10¢(
Y10(
Y10(
Y10¢(
Y10(
Y10¢(
Y10(
Y10(
Y10¢(
Y10(
Y10¢(
Y10¢(
Y10(
Y10¢(
Y10(
Y10¢(
Y10(

koK ok

*

*x

0

29

ZERO POINT

.1289277044
.5222843948
.2659845012
.7916697195
.2065688816
.55560200110
.8596838727
.1336497603
.3851175938
.6195330856
.8406766306
.0512658519
.2533105567
.4483324889
.6375070056
.8217575527
.0018204937
.1782907026
.3516543205
.5223127385

(AN NN AN NN NN NN NN N

VALUE OF YM(X)

-0.
-0.
0.
0.
-0.
0.
-0.
0.
-0.
0.
0.
0.
0.
-0.
0.
-0.
0.
-0.
0.
-0.

335D-11
468D-12
695D-13
145D-12
144D-13
247D-13
322D-14
178D-13
357D-14
541D-15
798D-15
352D-14
125D-15
101D-14
194D-14
196D-14
330D-14
251D-13
351D-14
410D-14
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2.3.5 DIZBSL, RIZBSL
Positive Zero Points of the Function aJy(«a) + aJi (@)

(1) Function
Evaluate the positive solutions a of the transcendental equation aJy(a) + aJi(a) =0
(2) Usage
Double precision:
CALL DIZBSL (N,A,LF, Z, WORK, IERR)
Single precision:
CALL RIZBSL (N,A,LF, Z, WORK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex ) INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Number of positive solutions
2 A D 1 Input | a
R
3 LF I 1 Input | Approximate magnification ratio
4 7 D N Output | Positive solutions « (stored in ascending order)
R
5 WORK D See Work | Work area
R Contents size:2 X (LFxN+1) x (LFxN+2)
6 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>1
(b) LF > 1
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
3500 The solution could not be improved.
3600 The solution of eigenvalue problem was
not obtained.
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(6) Notes

(a) The effective range for parameter a (input value A) is 10719 < |a| < 10* or a = 0.
(b) N should be about 50 at most.

(¢) Maximum iteration count for iterative improvement is LFxN.

)

(d) As a criterion, LF may be taken to be about 8.
(7) Example
(a) Problem
Set a = —f

aJi(a) =0.
(b) Main program

J1(B)
Jo(B)

(8 = 2.304780), N=20 and LF=8 to obtain the positive solutions « of aJy(c) +

PROGRAM BIZBSL

IMPLICIT REAL(8) (A-H,0-2)

PARAMETER (N=20)

REAL(8) Z(N), WORK(2*(1+8%N)*(2+8%N))

A=2.304780D0

CALL DIBJOX(A,F,IERR)

CALL DIBJ1X(A,D,IERR)

A=-D*A/F

WRITE(6,10)

WRITE(6,20)

WRITE(6,6000) A

CALL DIZBSL(N,A,8,Z,WORK,IERR)

WRITE(6,30)

WRITE(6,40) IERR

DO 1000 J=1,N

CALL DIBJOX(Z(J),F,IERR)

CALL DIBJ1X(Z(J),D,IERR)

P=AxF+D*Z(J)

WRITE(6,6100) J,Z(J),P
1000 CONTINUE

STOP
10 FORMAT(1X,’ #%% DIZBSL *** °

2/ /)
20 FORMAT(1X,’ *** INPUT *x**x >,/ /)
30 FORMAT(1X,’#*** QUTPUT **x ’,/. /)
40 FORMAT(1X,’ IERR = ’,I4,/,/)
6000 FORMAT(1X,’> INPUT A = ’,F10.6,/,/)
6100 FORMAT(1X,’ALPHA(’,I2,’)= ’,F10.6,’ ERR= ’,E11.4)
END

(¢) Output results

*%*x DIZBSL **x*
xx*x INPUT *%*x*
INPUT A = -23.456847

**x QUTPUT **%*

IERR = 0
ALPHA( 1)= 2.304780 ERR= 0.0000E+00
ALPHA( 2)= 5.293488 ERR= 0.1332E-14
ALPHA( 3)= 8.306597  ERR= -0.4885E-14
ALPHA( 4)= 11.333025 ERR= -0.1243E-13
ALPHA( 5)= 14.371644 ERR= 0.6217E-14
ALPHA( 6)= 17.421959 ERR= -0.5773E-14
ALPHA( 7)= 20.483189 ERR= 0.4441E-14
ALPHA( 8)= 23.554295 ERR= 0.1332E-14
ALPHA( 9)= 26.634127 ERR= 0.0000E+00
ALPHA(10)= 29.721552 ERR= 0.5773E-14
ALPHA(11)= 32.815519 ERR= -0.3553E-14
ALPHA(12)= 35.915098 ERR= 0.1421E-13
ALPHA(13)= 39.019482 ERR= -0.1865E-13
ALPHA(14)= 42.127984 ERR= 0.1510E-13
ALPHA(15)= 45.240020 ERR= -0.4441E-15
ALPHA(16)= 48.355101 ERR= -0.6661E-14
ALPHA(17)= 51.472814 ERR= 0.1554E-13
ALPHA(18)= 54.592810 ERR= 0.1732E-13
ALPHA(19)= 57.714796 ERR= 0.2309E-13
ALPHA(20)= 60.838523 ERR= 0.1199E-13
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2.4.1 WIBIOX, VIBIOX
Modified Bessel Function of the 1st Kind (Order 0)

(1) Function
For z = X, calculates values of the Modified Bessel function of the 1st kind (order 0)

1 [7 i
Iy(z) = —/ e®cos(t) gy
0

™

(2) Usage
Double precision:
CALL WIBIOX (NV, XI, XO, IERR)
Single precision:
CALL VIBIOX (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 XO D NV Output | Ip(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 Restriction (a) was not satisfied. Processing is aborted.
2000+ |XI(i)] > M (See Note (a)) XO0(i) = (Maximum value) is performed.
(overflow)
(6) Notes

(a) When IERR = 2000 in this subroutine, the value of M is as follows:
M ={double precision: 713.067, single precision: 90.978}
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(b) Modified Bessel function of the 1st kind I,,(2) is the particular solution of modified Bessel’s differential

equation
dQU} dw

2 2 2
?4‘2’—27( +V)’LU—0,

and defined as

Liy(z) = e¥VI2 g, (V=12).

z

(7) Example

(a) Problem
Obtain Io(z) for « = 0.0,0.1, - -, 0.9.
(b) Main program

PROGRAM EIBIOX

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBIOX’, CFNC=’ 10° )

DNV=NV
DO 1000 I=1,NV
XI(I)=(I-1)/DNV
/1000 CONTINUE

CALL WIBIOX( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP
]
6000 FORMAT(1X,’*%* *,A6,° *’)
6100 FORMAT(1X,’*** INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT(1X,’*%* OUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,’)=",F10.6 )
END

(¢) Output results

*%x WIBIOX *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_ 0.900000

*x*% QUTPUT *

IERR= 0
I0( 0.000000)= 1.000000
I0(¢ 0.100000)= 1.002502
I0( 0.200000)= 1.010025
I0(¢ 0.300000)= 1.022627
I0( 0.400000)= 1.040402
I0( 0.500000)= 1.063483
I0( 0.600000)= 1.092045
I0( 0.700000)= 1.126303
I0( 0.800000)= 1.166515
I0( 0.900000)= 1.212985
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2.4.2 WIBKO0X, VIBK0X
Modified Bessel Function of the 2nd Kind (Order 0)

(1) Function

For x = X, calculates values of the modified Bessel function of the 2nd kind (order 0)

Ko(x) :/ e~ weosh®) gy,
0

(2) Usage
Double precision:
CALL WIBKOX (NV, XI, XO, IERR)
Single precision:
CALL VIBKOX (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | Ko(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XI(i) > 0.0
(5) Error indicator
TERR value Meaning Processing
0 Normal termination.
1000 XI(i) > M (See Note (a)) XO(i) = 0.0 is performed.
(underflow)
2000 XI(i) = 0.0 (overflow) XO(i) = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+i Restriction (b) was not satisfied by XI(i).

109



WIBKO0OX, VIBKOX
Modified Bessel Function of the 2nd Kind (Order 0)

(6) Notes

(a) When IERR becomes 1000 in this subroutine, the value of M is as follows:
M ={double precision: 705.117, single precision: 85.114}

(b) Modified Bessel function of the 2nd kind K, (z) is the particular solution of modified Bessel’s differential

equation

d?w dw
2 (a2 2V —
deQ—i—de (ZZ+1rHw=0

and defined as
ml_,(2)—1,(2)

2 sinvw

Ky(2) =
When v is equal to integer n, the following limiting value is used for definition.

K,(z) = lim K,(2)

v—n

(7) Example

(a) Problem
Obtain Ky(z) for = 0.1,0.2,---,1.0.
(b) Main program

PROGRAM EIBKOX

IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBKOX’, CFNC=’ K0’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV
1000 CONTINUE
]

CALL WIBKOX( NV, XI, X0, IERR )

WRITE(G,GOOO) CNAME
WRITE(6,610 )
DO 2000 I=1,N
WRITE(S6, 6200) I,XI1(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP
]
6000 FORMAT (1X, ?%%% * A6, *’)
6100 FORMAT(1X,’#*%* INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT (1X, ?*%x% DUTPUT ®7 )
6400 FORMAT(1X,’IERR=",I5 )
6500 FORMAT(1X,A6,°(’, F10 6,’)=",F10.6 )
END

(¢) Output results

*xk INPUT *

XI( 1)= 0.100000

XI( 2)= 0.200000

XI( 3)= 0.300000

XI( 4)= 0.400000

XI( 5)= 0.500000

XI( 6)= 0.600000

XI( 7)= 0.700000

XI( 8)= 0.800000

XI( 9)= 0.900000

XI(10)= 1.000000

*x% QUTPUT =*

IERR= 0
KO( 0.100000)= 2.427069
KO( 0.200000)= 1.752704
KO( 0.300000)= 1.372460
KO( 0.400000)= 1.114529
KO( 0.500000)= 0.924419
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0.777522
0.660520
0.565347
0.486730
0.421024
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2.4.3 WIBI1X, VIBI1X

Modified Bessel Function of the 1st Kind (Order 1)

(1) Function

For x = X;, calculates values of the modified Bessel function of the 1st kind (order 1)

Ii(z) = 1 /W e® o5 cos(t)dt.
T Jo
(2) Usage
Double precision:
CALL WIBI1X (NV, XI, XO, IERR)
Single precision:
CALL VIBI1X (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

| INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 NV I 1 Input | Number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | I1(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 Restriction (a) was not satisfied. Processing is aborted.
2000+i |XI(i)| > M (See Note (a)) In the case where XI(i) > 0.0,

(overflow)

XO(i) = (Maximum value) is performed.
In the case where XI(i) < 0.0,
XO0(i) = —(Maximum value)

is performed.
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(6) Notes

(a) When IERR becomes 2000 in this subroutine, the value of M is as follows:
M ={double precision: 713.067, single precision: 90.978}

(b) Modified Bessel function of the 1st kind I,,(z) is the particular solution of modified Bessel’s differential

equation

and defined as
Liy(2) = eTV172 1, (V=12).
(7) Example

(a) Problem
Obtain I (x), for x = 0.0,0.1,0.2,---,0.9.
(b) Main program

PROGRAM EIBI1X
IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBI1X’, CFNC=’ 1’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=(I-1)/DNV
1000 CONTINUE
]

CALL WIBI1X( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP
]
6000 FORMAT (1X,’***x > A6,’ *x’)
6100 FORMAT(1X,’#*%* INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT (1X, ’*** QUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*%x WIBI1X =*

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_ 0.900000

*x% QUTPUT *

IERR= 0
I1( 0.000000)= 0.000000
I1( 0.100000)= 0.050063
I1( 0.200000)= 0.100501
I1( 0.300000)= 0.151694
I1( 0.400000)= 0.204027
I1( 0.500000)= 0.257894
I1( 0.600000)= 0.313704
I1( 0.700000)= 0.371880
I1( 0.800000)= 0.432865
I1( 0.900000)= 0.497126
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2.4.4 WIBK1X, VIBK1X
Modified Bessel Function of the 2nd Kind (Order 1)

(1) Function
For = X;, calculates values of the modified Bessel function of the 2nd kind (order 1)

Kq(z) = / e~ 70 cosh(t)dt.
0
(2) Usage
Double precision:
CALL WIBK1X (NV, XI, XO, IERR)
Single precision:
CALL VIBK1X (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | K1(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XI(i) > 0.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 XI(i) > M (See Note (a)) XO(i) = 0.0 is performed.
(underflow)
2000 XI(i) < 1.0/(Maximum value) (overflow) XO(i) = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+i Restriction (b) was not satisfied by XI(i).
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(6) Notes

(a) When IERR becomes 1000 in this subroutine, the value of M is as follows:
M ={double precision: 705.117, single precision: 85.114}

(b) Modified Bessel function of the 2nd kind K, (z) is the particular solution

d? d
220 5 (2% +v*)w =0,
z

and defined as
ml_,(2)— 1,(2)

2 sinvw

K,(z)=
When v is equal to integer n, the following limiting value is used for definition.
K,(z) = I}gr:l K,(z)
(7) Example

(a) Problem
Obtain Ki(z) for 2 =0.1,0.2,---,1.0.
(b) Main program

PROGRAM EIBK1X

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBK1X’, CFNC=’ K1’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV
1000 CONTINUE
]

CALL WIBK1X( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP
]
6000 FORMAT (1X,’***x > A6,’ *x’)
6100 FORMAT(1X,’*%x INPUT ’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT (1X, ’*** QUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*xk WIBK1X *

*x% INPUT *

XI( 1)= 0.100000

XI( 2)= 0.200000

XI( 3)= 0.300000

XI( 4)= 0.400000

XI( 5)= 0.500000

XI( 6)= 0.600000

XI( 7)= 0.700000

XI( 8)= 0.800000

XI( 9)= 0.900000

XI(10)= 1.000000

*xx QUTPUT *

IERR= 0
K1( 0.100000)= 9.853845
K1( 0.200000)= 4.775973
K1( 0.300000)= 3.055992
K1( 0.400000)= 2.184354
K1( 0.500000)= 1.656441
K1( 0.600000)= 1.302835
K1( 0.700000)= 1.050284
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K1( 0.800000)= 0.861782
K1( 0.900000)= 0.716534
K1( 1.000000)= 0.601907
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2.4.5 DIBINX, RIBINX
Modified Bessel Function of the 1st Kind (Integer Order)

(1) Function
Calculates a value of the modified Bessel function of the 1st kind (integer order)

I, (z) = —/ e® 1) cos(nt)dt.
0

s

(2) Usage
Double precision:
CALL DIBINX (N, XI, XO, IERR)
Single precision:
CALL RIBINX (N, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 XI D 1 Input | Value of variable x
R
3 X0 D 1 Output | Value of I,,(z)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) X1 < M
where, M ={double precision: 713.067, single precision: 90.978}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 In|(log, |%| — M1) > My (See Note (c)) | XO = 0.0 is performed.
(XI # 0.0 and N # 0) (underflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) The computation time of I, (z) becomes longer as x and n increase. Generally it is desirable to set
IN| < 1000 and |XI| < 1000.0.

o calculate I, (z), Iny1(x), Iny2(x), - - at a time, it is faster to successively use the recurrence relation

b) To calculate I, Loyt It t ati it is faster t ivel th lati
below than to call this subroutine repeatedly. The computation, however, becomes unstable if it is
done with increasing n. Therefore the recurrence relation should be used with decreasing n.

Recurrence relation :

2n
In—l ::iE_In<Q» +’In+1(w)

(¢) When IERR becomes 1000 in this subroutine, the values of M; and M are as follows:
My = 0.3068,
M5 ={double precision: 709.7827, single precision: 88.72284}

(d) Modified Bessel function of the 1st kind I,,(2) is the particular solution of modified Bessel’s differential

equation:
d*w dw
2 2 2\,
CgE Ty T EHvu=0,

and defined as
Liy(2) = eFVI72 1, (V=12).

(7) Example

(a) Problem
Obtain the value of I,,(z) at z = 1.5 for n = 5.

(b) Input data

N =5 and XI = 1.5.
(¢) Main program

PROGRAM BIBINX

! #xx EXAMPLE OF DIBINX xox
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,%) N
READ (5,%) XI
WRITE(6,1000) N,XI
CALL DIBINX(N,XI,X0,IERR)
WRITE(6,2000) IERR,X0

1000 FORMAT(’ ?,/,/,5X, %% DIBINX *%*’,/,/,6X, %% INPUT #x’,&
/,/,8%,’N =2 13 5%,°XI = ’,F6.2 )

2000 FORMAT(’ ’,/,/,6X,’*x OQUTPUT**’,/,/,8X,’IERR = *,I5,&
/,/,8X,’VALUE OF IN(X)’,/,/,10X,°X0 = >,D18.10)
END

(d) Output results

*%% DIBINX s*x%%*
*% INPUT **
N= 5 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF IN(X)
X0 = 0.2170559569D-02
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2.4.6 DIBKNX, RIBKNX
Modified Bessel Function of the 2nd Kind (Integer Order)

(1) Function
Calculates a value of the modified Bessel function of the second kind (integer order)

K, (x) :/ e~ coh(®) cosh(nt)dt.
0

(2) Usage
Double precision:
CALL DIBKNX (N, XI, XO, IERR)
Single precision:
CALL RIBKNX (N, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 XI D 1 Input | Value of variable x
R
3 X0 D 1 Output | Value of K, (z)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) XI>0.0
(b) XI<M
where, M ={double precision: 705.117, single precision: 85.114}
(5) Error indicator
TERR value Meaning Processing

Normal termination.
2000 XTI < 2.0/(Maximum value) X0 = (Maximum value) is performed.
or |n|(log, ‘mil — M) > My (See Note (c))

(XTI # 0.0 and N # 0) (overflow)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes
(a) The computation time of K, (x) becomes longer as = and n increase. Generally it is desirable to set
IN| < 1000 and XI < 1000.0.

(b) To calculate K, (x), Kpi1(x), Kpyo(x), -+ at a time, it is faster to successively use the recurrence
relation below than to call this subroutine repeatedly.

Recurrence relation:
2n
Knyi(z) = ?Kn(w) + Kn-a(z)

(¢) When IERR becomes 2000 in this subroutine, the values of M; and My are as follows:
M; = 0.3068,
M5 ={double precision: 709.7827, single precision: 88.72284}

(d) Modified Bessel function of the 2nd kind K, (z) is the particular solution of modified Bessel’s differential

equation:
d*w dw
2 2 2y,
SgE Ty T e =0,

and defined as
ml_,(2)—1,(2)
K, (2) = -——————.
(2) 2 sinvm
When v is equal to integer n, the following limiting value is used for definition.
K,(z) = I}l_l)r;K,,(z)
(7) Example

(a) Problem
Obtain the value of K, () at z = 1.5 for n = 5.

(b) Input data

N =5 and XI = 1.5.
(¢) Main program

PROGRAM BIBKNX

! %% EXAMPLE OF DIBKNX sxx
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,*) N
READ (5,*) XI
WRITE(6,1000) N,XI
CALL DIBKNX(N,XI,XO,IERR)
WRITE(6,2000) IERR,X0

1000 FORMAT(’ ’,/,/,5X,’*%* DIBKNX *x*x*’ / / 6X,’**x INPUT *x’,&
/,/,8%,’N =2 ,13,6%,’XI = ’,F6.2 )

2000 FORMAT(’ ’,/,/,6X,’#*% QUTPUT#*x’,/,/,8X,’IERR = ’,I5,&
/,/,8%,’VALUE OF KN(X)’,/,/,10X,’X0 = ’>,D18.10)
END

(d) Output results

*%% DIBKNX *x%%*
*% INPUT **
N= 5 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF KN(X)
X0 =  0.4406778116D+02
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2.4.7 DIBIMX, RIBIMX
Modified Bessel Function of the 1st Kind (Real Number Order)

(1) Function
Calculates a value of the modified Bessel function of the 1st kind (real number order)

1 ™ . o)
L) = - / & <o5(0) cos(vt)dt — ST / ¢ cosh(t) vt gy
0 0

s s

(2) Usage
Double precision:
CALL DIBIMX (R, XI, XO, IERR)
Single precision:
CALL RIBIMX (R, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size IOnEtlglit Contents
1 R D 1 Input | Order v
i
2 XI D 1 Input | Value of variable x
it
3 X0 D 1 Output | Value of I, (x)
i
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) When R corresponds with an integer:
R < My
[XI| < My
(b) When R does not correspond with an integer:
0<R <M
0 < XI <M,
where, M; ={double precision: 23!, single precision: 23!},
My ={double precision: 713.067, single precision: 90.978}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 v(log, £—Ms) > My (See Note (e)) (XI # | XO = 0.0 is performed.

0.0 and R # 0.0) (underflow)
(Note: When v corresponds with an inte-

ger, |v] and |z| are used for judging.)

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

(6) Notes

()

(b)

(e)

(f)

The computation time of I, () becomes longer as z and n increase. Generally it is desirable to set
R < 1000.0 and XI < 1000.0.

If the order is half an integer (a half of an odd integer), the spherical Bessel function should be used
instead.

e @) =y Zialo

If v is negative and is not an integer, the Bessel function of the 1st kind cannot be calculated by using

this subroutine. Therefore, it should be calculated by using a recurrence relation.

To calculate I, (z), [v + 1(x), I, 12(x), - - - at a time, it is faster to successively use the recurrence relation
below than to call this subroutine repeatedly. The computation, however, becomes unstable if it is
done with increasing v. Therefore the recurrence relation should be used with decreasing v.
Recurrence relation:
2v

Iy (x) = ;IU(*T) + Ly (2)
When IERR becomes 1000 in this subroutine, the values of M3 and My are as follows:
M3 = 0.3068,
M, ={double precision: 709.7827, single precision: 88.72284}
Modified Bessel function of the 1st kind I,,(2) is the particular solution of modified Bessel’s differential
equation:

d? d

Z2d—;§ + Zf — (22 + 1w =0,

and defined as

Liy(2) = eFVI72 1, (V=12).
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(7) Example

(a) Problem
Obtain the value of I, (z) at = 1.5 for v = 3.3.

(b) Input data

R =3.3 and XI = 1.5.
(¢) Main program

PROGRAM BIBIMX
| %% EXAMPLE OF DIBIMX **x
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,%) R
READ (5,%) XI
WRITE(6,1000) R,XI
CALL DIBIMX(R,XI,XO0,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(’ ’,/,/,5X, *%x DIBIMX ***’,/,/,6X,’** INPUT **’,&
,/,8%,°R =’ ,F6.2,5X,’XI = ’,F6.2 )
2000 FORMAT(’ *,/,/,6X,’** OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8X,’VALUE OF IM(X)’,/,/,10X,°X0 = ’,D18.10)
END

(d) Output results

*%% DIBIMX *%%*
*% INPUT **
R = 3.30 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF IM(X)
X0 =  0.4973088526D-01
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2.4.8 DIBKMX, RIBKMX
Modified Bessel Function of the 2nd Kind (Real Number Order)

(1) Function

Calculates a value of the modified Bessel function of the 2nd kind (real number order)

Ky(w):/ e~ 70 cosh(vt)d.
0

(2) Usage
Double precision:
CALL DIBKMX (R, XI, XO, IERR)
Single precision:
CALL RIBKMX (R, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real  C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size Ionfg;tl{ . Contents
1 R D 1 Input | Order v
)
2 XI D 1 Input | Value of variable z
)
3 XO D 1 Output | Value of K, ()
)
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) [R| < M
where, M;={double precision: 23! single precision: 23!}
(b) XI > 0.0
(¢) XI < M,

where, My ={double precision: 705.117, single precision: 85.114}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
2000 XI < 2.0/(Maximum value) XO = (Maximum value) is performed.

or v(log, £ — Ms) > My (See Note (d))

x

(XTI # 0.0 and R # 0.0) (overflow)

3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.

(6) Notes

(a)

(b)

The computation time of K, (z) becomes longer as x and n increase. Generally it is desirable to set
R < 1000.0 and XI < 1000.0.

If the order is half an integer (a half of an odd integer), the spherical Bessel function should be used

instead.
2z
Koy () =\ k(o)
To calculate K, (x), Ky41(x), Kyy2(x), -+ at a time, it is faster to successively use the recurrence

relation below than to call this subroutine repeatedly.

Recurrence relation:
2v
Ky (z) = ?KV(*T) + Ky—1(x)

When IERR becomes 2000 in this subroutine, the values of M3 and My are as follows:
M3 = 0.3068,
M, ={double precision: 709.7827, single precision: 88.72284}
Modified Bessel function of the 2nd kind K, (z) is the particular solution of modified Bessel’s differential
equation:
d? d

sz—;;} + zd—f — (22 + 1w =0,

and defined as
Ifu - Il/
Ko(s) =T (2) ~ 1n(2).
2 sin v

When v is equal to integer n, the following limiting value is used for definition.
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(7) Example

(a) Problem
Obtain the value of K, (x) at x = 1.5 for v = 3.3.

(b) Input data

R =3.3 and XI = 1.5.
(¢) Main program

PROGRAM BIBKMX
| #%* EXAMPLE OF DIBKMX *x*x*
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,%) R
READ (5,*) XI
WRITE(6,1000) R,XI
CALL DIBKMX(R,XI,XO,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(’ ’,/,/,5X, *%x DIBKMX ***’,/,/ 6X,’** INPUT **’,&
,/,8X,’R =’ ,F6.2,5X,’XI = ’,F6.2 )
2000 FORMAT(’ ’,/./,6X,’** OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8X,’VALUE OF KM(X)’,/,/,10X,’X0 = ’,D18.10)
END

(d) Output results

*%% DIBKMX *x%%*
*% INPUT **
R = 3.30 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF KM(X)
X0 = 0.2759863620D+01
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2.4.9 ZIBINZ, CIBINZ
Modified Bessel Function of the 1st Kind with Complex Variable (Integer
Order)

(1) Function
Calculates a value of the modified Bessel function of the 1st kind with complex variable (integer order)

1 s
I(z) == / e cos(nt)dt.
0

™

(2) Usage
Double precision:
CALL ZIBINZ (N, ZI, ZO, IERR)
Single precision:
CALL CIBINZ (N, ZI, ZO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 71 7 1 Input | Value of variable z
C
3 Z0O 7 1 Output | Value of I,,(2)
C
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) |21] < M,
where, M;={double precision: 2507, single precision: 2!87}
(b) IR(ZD| < M,
where, My ={double precision: 709.7827, single precision: 88.72284}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 In|(log, % — Ms) > My (See Note (¢)) | ZO = (0.0,0.0) is performed.
(IZ1] # 0.0 and N # 0) (underflow)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

a e computation time of [,(z) becomes longer as |z| and n increase. Generally 1t is desirable to set
Th i i f 1 b long dni G lly it is desirabl
|N| < 1000 and |ZI| < 1000.0.

o calculate I,(2), In+1(2), Int2(2),- - - at a time, it is faster to successively use the recurrence relation

b) To calculate I, Loyt Loyt t a ti it is faster t ivel th lati
below than to call this subroutine repeatedly. The computation, however, becomes unstable if it is
done with increasing n. Therefore the recurrence relation should be used with decreasing n.

Recurrence relation:
2n
In-1(2) = 7171(2) + Int1(2)

(¢) When IERR becomes 1000 in this subroutine, the values of M3 and My are as follows:
M5 = 0.3068,
M,y ={double precision: 709.7827, single precision: 88.72284}

(d) Modified Bessel function of the 1st kind I,,(2) is the particular solution of modified Bessel’s differential
equation:
d?w dw
207W | OW a2y
deQ—i—de (zZ+ 1w =0,
and defined as

Ly (2) = eTV7I72 1, (V-12).
(7) Example

(a) Problem
Obtain the value of I,,(z) at z =1+ 2¢/—1 for n = 3.

(b) Input data
N = 3 and ZI = (1.0,2.0).
(¢) Main program

PROGRAM AIBINZ
! *%*x EXAMPLE OF ZIBINZ **x*
IMPLICIT COMPLEX(8) (A-H,0-Z)
READ (5,*) N
READ (5,’(D6.1,D6.1)°) ZI
WRITE(6,1000) N,ZI
CALL ZIBINZ(N,ZI,ZO,IERR)
WRITE(6,2000) IERR,Z0
1000 FORMAT(’ ’,/,/,5X,’***x ZIBINZ *x*x*’,/,/,6X,’**x INPUT *x’,&
/,/,8X,’N =>,13,5X,°Z2I = (°,F6.2,> ,’,F6.2,° )’ )

2000 FORMAT(’ °,/./,6X, %% QUTPUT**’,/,/,8X,’IERR = ’,15,&
/./,8X,’VALUE OF IN(Z)’,/,/,10X,°Z0 = (’,D18.10,° ,’,D18.10,° )’ )
END

(d) Output results

*%% ZIBINZ **x*
**x INPUT **
N= 3 ZI = ( 1.00 , 2.00 )

*% QUTPUT**
IERR = 0
VALUE OF IN(Z)
Z0 = ( -0.1753534440D+00 , -0.8243079895D-01 )
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2.4.10 ZIBKNZ, CIBKNZ
Modified Bessel Function of the 2nd Kind with Complex Variable (Integer

Order)
(1) Function
Calculates a value of the modified Bessel function of the second kind with complex variable (integer order)

Kn(z) = / e~ 7050 cosh(nt)dt.
0

(2) Usage
Double precision:
CALL ZIBKNZ (N, ZI, ZO, IERR)
Single precision:
CALL CIBKNZ (N, ZI, ZO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real ~ C:Single precision complex INTEGER(S) as for 64bit Integer
No. | Argument | Type Size Input/ Contents
Output
N I 1 Input | Order n
2 71 7 1 Input | Value of variable z
B
3 Z0O 7 1 Output | Value of K,,(2)
)
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) |ZI > 0.0

(b) [21] < My
where, M;={double precision: 2°°7, single precision: 2!¥7}

(c) R(ZD| < M,
where, My ={double precision: 709.7827, single precision: 88.72284}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
4000 |Z1| < 2.0/(Maximum value)
or |n|(log, ‘Inll Ms) > My (See Note (c))
(IZ1] # 0.0 and N #£0)

(6) Notes

a) The computation time of K, (z) becomes longer as |z| and n increase. Generally it is desirable to set
g
IN| < 1000 and |ZI] < 1000.0.

(b) To calculate K, (2), Knt1(2), Kni2(2), -+ at a time, it is faster to successively use the recurrence
relation given below than to call this subroutine repeatedly.

Recurrence relation:
2n
Knt1(2) = 7Kn(z) + Kn-1(2)

(¢) When IERR becomes 4000 in this subroutine, the values of M3 and My are as follows:
M3 = 0.3068,
M, ={double precision: 709.7827, single precision: 88.72284}

(d) Modified Bessel function of the 2nd kind K, (z) is the particular solution of modified Bessel’s differential
equation:
d*w dw
52 2 2\, —
d22+ o - +rHw =0,
and defined as
I _,(z)—1,
Ky =" (2) ~ In(2).
2 sinvm
When v is equal to integer n, the following limiting value is used for definition.
K,(z) = 31_131[(,,(2)
(7) Example

(a) Problem
Obtain the value of K, (z) at z =1+ 2/—1 for n = 3.

(b) Input data
N = 3 and ZI = (1.0,2.0).
(¢) Main program

PROGRAM AIBKNZ
! s%xx EXAMPLE OF ZIBKNZ **x*
IMPLICIT COMPLEX(S) (A-H,0-2)
READ (5,%) N
READ (5,’(D6.1,D6.1)°) ZI
WRITE(6,1000) N ZI
CALL ZIBKNZ(N ZI Z0,IERR)
WRITE(6,2000) IERR ZO
1000 FDRMAT(’ ’,/,/,SX,’*** ZIBKNZ **x*’,/,/,6X,’** INPUT *x*’ &

/,/,8%,°N =2 ,13,6%,°2I = (°,F6.2,” ,’,F6.2,7 )’ )

2000 FORMAT(’ ’,/./,6X,’** OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8X,’VALUE OF KN(Z)’,/,/,10%X,°Z0 = (’,D18.10,° ,’,D18.10,> )’ )
END
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(d) Output results

*%% ZIBKNZ **x*
**x INPUT **
N= 3 ZI = ( 1.00 , 2.00 )

*% QUTPUT**
IERR = 0
VALUE OF KN(Z)
Z0 = ( -0.6814364280D+00 , 0.6251546546D+00 )
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2.5 SPHERICAL BESSEL FUNCTIONS

2.5.1 DIBSJN, RIBSJN
Spherical Bessel Function of the 1st Kind (Integer Order)

(1) Function
Calculates a value of the spherical Bessel function of the 1st kind (integer order)

™

in@) =\ o= Ty @),

(2) Usage
Double precision:
CALL DIBSJN (N, XI, XO, IERR)
Single precision:
CALL RIBSJN (N, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real  C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size IOnEtupté . Contents
N I 1 Input | Order n
2 XI D 1 Input | Value of variable z
)
3 X0 D 1 Output | Value of j,(x)
)
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) XI>0.0

(b) XI < M
where, M={double precision: 2°°7, single precision: 2¥7}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

1000 |n|(log, ‘Zl — My) > M, (See Note (c)) | If N >0, XO = 0.0 is performed.
(XI # 0.0 and N # 0) (underflow or | If N <0,
overflow) X0 = (=1)N*1 x (Maximum value)

is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a)

(b)

The computation time of j,(z) becomes longer as x and n increase. Generally it is desirable to set
IN| < 1000 and XI < 1000.0.

To calculate j,, (), jnt+1(x), jnt2(x) - - - at a time, it is faster to successively use the recurrence relation
bellow than to call this subroutine repeatedly.

The computation, however, becomes unstable if it is done with increasing n. Therefore the recurrence
relation should be used with decreasing n.

Recurrence relation:

jn—l(w) = 2”;’ 1]n(x) - jn+1(l')

When IERR becomes 1000 in this subroutine, the values of My and My are as follows:
M; = 0.3068,

My ={double precision: 709.7827, single precision: 88.72284}
Spherical Bessel function of the 1st kind j,(z) is the particular solution of differential equation:
d? d
z2d—;§ + 2zd—1§ P22 a1 w=0 (n=0+1,+2,. )
and defined as
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(7) Example

(a) Problem
Obtain the value of j,(x) at x = 1.5 for n = 5.

(b) Input data

N =5 and XI = 1.5.
(¢) Main program

PROGRAM BIBSJN
| #**% EXAMPLE OF DIBSJN #*x*
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,%) N
READ (5,*) XI
WRITE(6,1000) N,XI
CALL DIBSJN(N,XI,XO,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(’ ’,/,/,5X, *%x DIBSIN ***>,/,/,6X,”** INPUT **’,&
,/,8X,’N =>,I3,5X,’XI = ’,F6.2 )
2000 FORMAT(’ ’,/./,6X,’** OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8X,’VALUE OF SPHERICAL JN(X)’,/,/,10X,’X0 = °,D18.10)
END

(d) Output results

*%% DIBSJN *x%%*
*% INPUT **
N= 5 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF SPHERICAL JN(X)
X0 =  0.6696205963D-03
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2.5.2 DIBSYN, RIBSYN
Spherical Bessel Function of the 2nd Kind (Integer Order)

(1) Function
Calculate a value of the spherical Bessel function of the 2nd kind (integer Order)

s

—Y, 1(x).

yn(z) = 2x 2

(2) Usage
Double precision:
CALL DIBSYN (N, XI, XO, IERR)
Single precision:
CALL RIBSYN (N, XI, XO, IERR)

(3) Arguments

R:Single precision real C:Single precision complex

D:Double precision real =~ Z:Double precision complex I INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 XI D 1 Input | Value of variable x
R
3 X0 D 1 Output | Value of y,,(x)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) XI>0.0
(b) XI< M
where, M={double precision: 2°°7, single precision: 2¥7}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 XTI < 2.0/(Maximum value) If N > 0, XO = (Minimum value) is per-
or |n|(log, ‘%l — My) > M; (See Note (c)) | formed.
(XI # 0.0 and N #0) If N <0, XO = 0.0 is performed.
(overflow or underflow)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

a e computation time of y,(x) becomes longer as  and n increase. Generally i1t 1s desirable to set
Th i i fy b long dni G lly it is desirabl
IN|] < 1000 and XTI < 1000.0.

(b) To calculate yy, (), Yn+1(2), ynt2(x) - - - at a time, it is faster to successively use the recurrence relation
below than to call this subroutine repeatedly.
Recurrence relation:
2n+1

Yn(2) = Yn—1(z)

(¢) When IERR becomes 2000 in this subroutine, the values of M; and My are as follows:
M; = 0.3068,
M5 ={double precision: 709.7827, single precision: 88.72284}

yn-&-l(w) =

(d) Spherical Bessel function of the 2nd kind y,(z) is the particular solution of differential equation:

e d
2d7“2”+2 d—w+{z —nn+D)Iw=0 (n=0,+1,£2, )

and defined as

s

In(2) = | 3= Yaes (2)

(e) The spherical Neumann function n,(z) is the same as the spherical Bessel function of the 2nd kind

(7) Example

(a) Problem
Obtain the value of y,(x) at x = 1.5 for n = 5.

(b) Input data

N =5 and XI = 1.5.
(¢) Main program

PROGRAM BIBSYN
| *x* EXAMPLE OF DIBSYN s
IMPLICIT REAL(8) (A-H,0-2)
READ (5,*) N
READ (5,%) XI
WRITE(6,1000) N,XI
CALL DIBSYN(N,XI,X0,IERR)
WRITE(6,2000) IERR,X0
1000 FDRMAT(’ 7,/,/,5X, S %xx DIBSYN *##>,/,/,6X, % INPUT #*’,&
/,/,8%,’N =2 ,13,5X,’XI = ’,F6.2 )
2000 FDRMAT(’ »,/,7,6X, %% QUTPUT*x’,/,/,8X,’IERR = *,15,&
/,/ 8X, VALUE OF SPHERICAL YN(X}?./. / 10X,°X0 = },pis.10)
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(d) Output results

*%% DIBSYN *x*%*
*% INPUT **
N= 5 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF SPHERICAL YN(X)
X0 = -0.9423611009D+02
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2.5.3 DIBSIN, RIBSIN
Modified Spherical Bessel Function of the 1st Kind (Integer Order)

(1) Function
Obtain the value of the modified spherical Bessel function of the 1st kind (integer Order)

(2) Usage
Double precision:
CALL DIBSIN (N, XI, XO, IERR)
Single precision:
CALL RIBSIN (N, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real  C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size IOnEtupté . Contents
N I 1 Input | Order n
2 XI D 1 Input | Value of variable z
)
3 X0 D 1 Output | Value of i, (z)
)
4 IERR I 1 Output | Error indicator

(4) Restrictions
(a) N>0
(b) XI> 0.0

(c) XI< M
where, M ={double precision: 709.7827, single precision: 88.72284}

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 n(log, 2 — M) > My (See Note (d)) | XO = 0.0 is performed.

x

(XI # 0.0 and N # 0) (underflow)

3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
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(6) Notes

(a) The computation time of i,(x) becomes longer as z and n increase. Generally it is desirable to set
N < 1000 and XTI < 1000.0.

(b) If n is negative and is not an integer, the Bessel function of the 1st kind cannot be calculated by using

this subroutine. Therefore, it should be calculated by using a recurrence relation.

(¢) To calculate ip, (), int1(x),inta(x) - - at a time, it is faster to successively use the recurrence relation
than to call this subroutine repeatedly.
The computation, however, becomes unstable if it is done with increasing n. Therefore the recurrence
relation should be used with decreasing n.
Recurrence relation:
2n+1 .

in-1(x) = in (@) +int1(2)
(d) When IERR becomes 1000 in this subroutine, the values of My and M; are as follows:
M; = 0.3068,

My ={double precision: 709.7827, single precision: 88.72284}
(e) Modified spherical Bessel function of the 1st kind i, (z) is the particular solution of differential equation:

CPw  d
d—+22d—w7{z Fnn+ D w=0 (n=0+1,42 )

and defined as
in(z) = ZLH%(Z)'
(7) Example

(a) Problem
Obtain the value of i, (z) at = 1.5 for n = 5.

(b) Input data

N =5 and XI = 1.5.
(¢) Main program

PROGRAM BIBSIN
| *%x EXAMPLE OF DIBSIN
IMPLICIT REAL(8) (A-H,0-2)
READ (5,*) N
READ (5,%) XI
WRITE(6,1000) N
CALL DIBSIN(N, XI xo IERR)
WRITE(68,2000) IERR,X0
1000 FORMAT(’ 7,/,/,5X, J¥xx DIBSIN *%x’,/,/,6X, %% INPUT *%’,&

/./,8X,’N =7.13,5%,’XI = 7 ,F6.2
2000 FORMAT(’ v,/ 1/ ,6X, %% OUTPUT*%,/,/,8X, IERR = ’,15,&
/,/ 8X, VALUE OF SPHERICAL IN(X)>.,/./,10X,’X0 = ’,Di8.10)

(d) Output results

*%% DIBSIN **x*
**x INPUT **
N= 5 XI = 1.50

*x QUTPUT**
IERR = 0
VALUE OF SPHERICAL IN(X)
X0 = 0.7961612655D-03
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2.5.4 DIBSKN, RIBSKN
Modified Spherical Bessel Function of the 2nd Kind (Integer Order)

(1) Function

Calculate a value of the modified spherical Bessel function of the 2nd kind (integer order)

(2) Usage
Double precision:
CALL DIBSKN (N, XI, XO, IERR)
Single precision:
CALL RIBSKN (N, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 XI D 1 Input | Value of variable z
R
3 XO D 1 Output | Value of ky,(z)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) XI>0.0
(b) XI<M
where, M ={double precision: 702.293, single precision: 83.364}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 XTI < 2.0/(Maximum value) XO = (Maximum value) is performed.
or |n|(log, ‘%l — M;) > M, (See Note (c))
(XI # 0.0 and N # 0) (overflow)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) The computation time of k,(z) becomes longer as z and n increase. Generally it is desirable to set
IN| < 1000 and XI < 1000.0.

(b) To calculate ky, (2), knt1(x), knta(z) - - - at a time, it is faster to successively use the recurrence relation
given bellow than to call this subroutine repeatedly.

Recurrence relation:
2n+1
kn1(x) = kn(2) + kn—1(x)

(¢) When IERR becomes 2000 in this subroutine, the values of M; and M are as follows:
M; = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}

(d) Modified spherical Bessel function of the 2nd kind &, (z) is the particular solution of differential equa-
tion:

d? d
ﬁ@%+2ﬁ£‘fﬁ+nm+lﬂw:0(”:QiLil”)

and defined as

s

(7) Example

(a) Problem
Obtain the value of k,(x) at x = 1.5 for n = 5.

(b) Input data

N =5 and XI = 1.5.
(¢) Main program

PROGRAM BIBSKN
! x%x*% EXAMPLE OF DIBSKN **x*
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,*) N
READ (5,*) XI
WRITE(6,1000) N,XI
CALL DIBSKN(N,XI,XO0,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(’ ’,/,/,5X,’*** DIBSKN ***;,/,/,GX,’** INPUT **’,&

/,/,8%,°N =2 ,I3,6X,’XI = ’,F6.2

2000 FORMAT(’ ’,/,/,6X,’** OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8X,’VALUE OF SPHERICAL KN(X)*,/,/,10X,’X0 = *,Di8.10)
END

(d) Output results

*%% DIBSKN *x*%*
*x* INPUT **
N= 5 XI = 1.50

*% QUTPUT**
IERR = 0
VALUE OF SPHERICAL KN(X)
X0 = 0.1152469739D+03
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2.6 FUNCTIONS RELATED TO BESSEL FUNCTIONS

2.6.1 ZIBH1N, CIBH1N
Hankel Function of the 1st Kind

(1) Function
Calculates the value of the Hankel function of the 1st kind
24/—1 >
HWV(z) = ——ef‘/f_lmrﬂ/ eV~ Tzcosh(t) cosh(nt)dt (0 < argz < m).
W 0
(2) Usage
Double precision:
CALL ZIBHIN (N, ZI, ZO, IERR)

Single precision:
CALL CIBHIN (N, ZI, ZO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 71 7 1 Input | Value of variable z
C
3 Z0 7 1 Output | Value of H,(Il)(z)
C
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) |ZI] > 0.0

(b) [S(ZD)] < My
where, M7 ={double precision: 709.7827, single precision: 88.72284}

(c) 21| < M
where, My={double precision: 2507, single precision: 2!87}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
4000 |Z1| < 2.0/(Maximum value)
or |n|(log, l‘"“ Ms) > My (See Note (a))

(6) Notes

(a) When IERR becomes 4000 in this subroutine, the values of M5 and M, are as follows:
M3 = 0.3068,
M4 ={double precision: 709.7827, single precision: 88.72284}
(b) Hankel function of the 1st kind H, ,51)(2) is the particular solution of Bessel’s differential equation:
d*w dw
2

z d—Jr T + (22 = vHw =0,
and defined as
H(1)< / —/=1z blnT-‘r\/iUTdT
Ly

where the path of integration L; is taken as (0, —o0) — (0,0) — (—7,0) — (—m, 00).

(c¢) Hankel functions of the 1st kind and of the 2nd kind are also called Bessel function of the 3rd kind or
cylindrical function of the 3rd kind.

(7) Example

(a) Problem
Obtain the value of Hr(Ll)(z) at z=1+4+2y/—1for n = 3.

(b) Input data
N = 3 and ZI = (1.0,2.0).
(¢) Main program

PROGRAM AIBHIN
| %%* EXAMPLE OF ZIBHIN #%x*
IMPLICIT COMPLEX(8) (A-H,0-Z)
READ (5,%) N
READ (5,’(D6.1,D6.1)’) ZI
WRITE(6,1000) N,ZI
CALL ZIBHIN(N,ZI,Z0,IERR)
WRITE(6,2000) IERR,Z0
1000 FORMAT(’ 7/, /,5X, >**x ZIBHIN VAV s I§PU§ *0 g

,/,8X,°N =7.13,6%,72I = (’,F6.2 . ,F6 2,
2000 FORMAT(® °,/./,6X, %% OUTPUT**’,/,/,8X.’IERR = *,I5,&
/,/,8X,VALUE OF HIN(Z)’,&
/i 1ox,’zo = (»,D18.10,> ,’,D18.10 ,” )’ )
END

(d) Output results

**k%x ZIBHIN **x*

*% INPUT #*
N= 3 ZI = ( 1.00 , 2.00 )
*% OUTPUT**
IERR = 0
VALUE OF H1N(Z)
= ( -0.6892089637D-01 , 0.3073283562D+00 )
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2.6.2 ZIBH2N, CIBH2N
Hankel Function of the 2nd Kind

(1) Function
Calculates the value of the Hankel function of the 2nd kind

2y/—1 o
H?(z) = —eﬁ"ﬂ/Q/ e~V Tzcosh(t) cosh(nt)dt (0 < argz < ).
0 0

(2) Usage
Double precision:
CALL ZIBH2N (N, ZI, ZO, IERR)
Single precision:
CALL CIBH2N (N, ZI, ZO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 71 7 1 Input | Value of variable z
C
3 Z0 7 1 Output | Value of H7(12)(Z)
C
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) |ZI] > 0.0
(b) [S(ZD)] < M,y
where, M7 ={double precision: 709.7827, single precision: 88.72284}

(c) |21 < My

where, My={double precision: 259

7, single precision: 2187}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
4000 |Z1] < 2.0/(Maximum value)
or |n|(log, % — M3) > My (See Note (a))
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(6) Notes

(a) When IERR becomes 4000 in this subroutine, the values of M3 and M, are as follows:
M5 = 0.3068,
M, ={double precision: 709.7827, single precision: 88.72284}

(b) Hankel function of the 2nd kind Hl(,2)(z) is the particular solution of Bessel’s differential equation:

d>w dw
2 22\
2 +z - + (2" = v9)w =0,
and defined as
H(2)< / —+/—1zsin T+\/7u7-d7_
Lo

where the path of integration Ly is taken as (mw,00) — (m,0) — (0,0) — (0, —00).

(c¢) Hankel functions of the 1st kind and of the 2nd kind are also called Bessel function of the 3rd kind or
cylindrical function of the 3rd kind.

(7) Example

(a) Problem
Obtain the value of H,@(z) at z=1+2y/—1forn =3.

(b) Input data
N = 3 and ZI = (1.0,2.0).
(¢) Main program

PROGRAM AIBH2N
! xx*% EXAMPLE OF ZIBH2N **x*
IMPLICIT COMPLEX(8) (A-H,0-2)
READ (5,%) N
READ (5,’(D6.1,D6.1)°) ZI
WRITE(6,1000) N Z1
CALL ZIBH2N(N,ZI,ZO0,IERR)
WRITE(6,2000) IERR,Z0
1000 FORMAT(C’ °,/,/,5X, Swx% ZIBH2N ***’,/,/ 6X, *x INPUT *x’,&

/,/,8%,°N =7.13,6%,72I = (’,F ’ VF6.2,0 )7 )
2000 FORMAT(’ /0] BX, S OUTPUT**’,/ /,8X.°IERR = ’,15,&
/,/,8X, 'VALUE OF H2N(Z)’
/,/,10X,°Z0 = (’,D18.10,° ,°,D18.10 ,’ )’ )
END

(d) Output results

*%% ZIBH2N **x*
**x INPUT **
N= 3 ZI = ( 1.00 , 2.00 )

*% QUTPUT**
IERR = 0
VALUE OF H2N(Z)
= ( -0.4931584373D+00 , -0.2729782322D+00 )
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2.6.3 DIBBER, RIBBER
Kelvin Function ber,(z)

(1) Function

Calculates the Kelvin function
bery, () = R{J, (ze®V T/ 4)}.

(2) Usage
Double precision:
CALL DIBBER (N, XI, XO, IERR)
Single precision:

CALL RIBBER (N, XI, XO, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 N I 1 Input | Order n
2 XI D 1 Input | Value of variable z
R
3 X0 D 1 Output | Value of ber, (x)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) X1 < M
where, M ={double precision: 1003.784, single precision: 125.473}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 IN|(log, % — My) > Ms> (See Note (a)) | XO = 0.0 is performed.
(underflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) When IERR becomes 1000 in this subroutine, the values of My and M; are as follows:

M, =
M, =

0.3068
709.7827
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(b) w = ber,(z) + v—1bei,(x), ber_,(x) + v/—1bei_,(x), ker,(z) + v/—1kei, (z), and
ker_, (x) + v/—1kei_,(x) are the solutions of the differential equation:

d? d
x2£ + x% — (V=12 + v*)w = 0.

(7) Example

(a) Problem
Obtain the value of ber, (z) at x = 1.0 for n = 3.

(b) Input data

N =3 and XI = 1.0.
(¢) Main program

PROGRAM BIBBER
! xxx EXAMPLE OF DIBBER **x
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,*) N
READ (5,%*) XI
WRITE(6,1000) N,XI
CALL DIBBER(N,XI,XO0,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(’ °’,/,/,5X,’***x DIBBER ***;,/,/,GX,’** INPUT **’,&

/,/,8%,°N = ,I3,6X,’XI = ’,F6.2

2000 FORMAT(’ *,/,/,6X,’** OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8X,’VALUE OF BERNX’,/,/,10X,’X0 = ’,D18.10)
END

(d) Output results

*%% DIBBER *x**
*% INPUT **
N= 3 XI = 1.00

*% QUTPUT*x*
IERR = 0
VALUE OF BERNX
X0 = 0.1378798405D-01
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2.6.4 DIBBEI, RIBBEI
Kelvin Function bei, ()

(1) Function

Calculates the Kelvin function

bei, (z) =

(2) Usage

S{ T (we®V T4,

Double precision:

CALL DIBBEI (N, XI, XO, IERR)
Single precision:

CALL RIBBEI (N, XI, XO, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
2 XI D 1 Input | Value of variable z
R
3 X0 D 1 Output | Value of bei,(x)
R
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) [XI| < M

where, M ={double precision: 1003.784, single precision: 125.473}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 IN|(log, %fMl) > M> (See Note (a)) | XO = 0.0 is performed.
(underflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) When IERR becomes 1000 in this subroutine, the values of My and M; are as follows:
M; = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}

(b) w = ber,(z) + /—1bei,(x), ber_,(z) + v/—1bei_, (), ker, (z) + v/—1kei,(z), and
ker_, (z) ++/—1kei_,(x) are the solutions of the differential equation:

2w
dx?

d
+ xd—w — (V—-12* + v*)w = 0.
x
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(7) Example

(a) Problem
Obtain the value of bei, (x) at = 1.0 for n = 3.

(b) Input data

N =3 and XI = 1.0.
(¢) Main program

PROGRAM BIBBEI
| %% EXAMPLE OF DIBBEI **x
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,%) N
READ (5,%) XI
WRITE(6,1000) N,XI
CALL DIBBEI(N,XI,X0,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(’> ’,/,/,5X, *%x DIBBEI ***’,/,/,6X,”** INPUT **’,&
/,8%X,’N =’ ,13,5X,’XI = ’>,F6.2 )

2000 FORMAT(® *,/./,BX, %% OUTPUT#x’,/,/,8X,’IERR = *,I5,&
/,/,8X,’VALUE OF BEINX’,/,/,10X,’X0 = ’,D18.10)
END
(d) Output results

*%% DIBBEI **x*

**x INPUT **
N= 3 XI = 1.00

*% QUTPUT**
IERR = 0
VALUE OF BEINX

X0 =  0.1562876861D-01
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2.6.5 DIBKER, RIBKER
Kelvin Function ker,(z)

(1) Function

Calculates the Kelvin function

ker, (z) = R{e V"I 2K, (zeV T/},

(2) Usage
Double precision:
CALL DIBKER (N, XI, XO, IERR)
Single precision:
CALL RIBKER (N, XI, XO, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 N I 1 Input | Order n
2 XI D 1 Input | Value of variable z
R
3 X0 D 1 Output | Value of kery, (z)
R
4 IERR I 1 Output | Error indicator

(4) Restrictions
(a) 0.0 < XI< M

where, M = . ..
single precision : 125.473

(5) Error indicator

double precision : 1003.784}

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 XI < 2.0/(Maximum value)
or |n|(log, ‘%l — My) > M, (See Note (a))
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(6) Notes

(a) When IERR becomes 4000 in this subroutine, the values of My and M, are as follows:
My = 0.3068,
) double precision : 709.7827
| single precision : 88.72284

(b) w = ber, (z) + v/—1bei,(x), ber_,(z) + v/—1bei_, (), ker,(z) + v/—1kei,(z), and

ker_, (x) + v/—1kei_,(x) are solutions of the differential equation:

d*w dw
x d:z:2+xd:1: (V=1zc+v5)w=0

(7) Example

(a) Problem
Obtain the value of ker,(z) at x = 1.0 for n = 3.

(b) Input data

N =3 and XI =1.0.
(¢) Main program

PROGRAM BIBKER
| *%x EXAMPLE OF DIBKER #xx
IMPLICIT REAL(8) (A-H,0-2)
READ (5,*) N
READ (5,*) XI
WRITE(6,1000) N,XI
CALL DIBKER(N,XI, xo IERR)
WRITE(6,2000) IERR,X0
1000 FORMATC> *,/,/, 5x 3xkx DIBKER ***;,/ ,/,6X,7%x INPUT *x’ &

,/,8X,’N =.13,5%,’XI = ’,F6.2
2000 FORMAT(’ °,/./,6X, %% OUTPUT*%>,/,/, 8X, IERR = ’,15,%
/,/ 8X, 'VALUE OF KERNX’ ,/,/,10X.°%X0 = 7,D18.10)
END

(d) Output results

*%% DIBKER *x*%*
*x* INPUT **
N= 3 XI = 1.00

*% QUTPUT*x*
IERR = 0
VALUE OF KERNX
X0 = 0.4887273882D+01
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2.6.6 DIBKEI, RIBKEI
Kelvin Function kei,(z)

(1) Function

Calculates the Kelvin function

keiy () = S{e V"2 K, (zeV T/ 4))

(2) Usage
Double precision:
CALL DIBKEI (N, XI, XO, IERR)
Single precision:
CALL RIBKEI (N, XI, XO, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 N I 1 Input | Order n
2 XI D 1 Input | Value of variable z
R
3 X0 D 1 Output | Value of kei, (x)
R
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0.0 < XI< M

where, M ={double precision: 1003.784, single precision: 125.473}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 XTI < 2.0/(Maximum value)
or |n|(log, ‘%l — M) > M, (See Note (a))
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(6) Notes

(a) When IERR becomes 4000 in this subroutine, the values of My and M, are as follows:
My = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}

(b) w = ber,(z) + v/—1bei,(x), ber_,(x) + v/—1bei_,(z), ker,(z) + v/—1kei, (z), and
ker_, (x) + v/ —1kei_,(x) are solutions of the differential equation:

d? d
x2£ + x% - (V-12* +v*)w = 0.

(7) Example

(a) Problem
Obtain the value of kei,(x) at x = 1.0 for n = 3.

(b) Input data

N =3 and XI = 1.0.
(¢) Main program

PROGRAM BIBKEI
| %% EXAMPLE OF DIBKEI **x
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,%) N
READ (5,%) XI
WRITE(6,1000) N,XI
CALL DIBKEI(N,XI,XO0,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(’ ’,/,/,5X, *%x DIBKEI ***’,/,/,6X,”** INPUT **’,&
/,8%,’N =’ ,13,5X,’XI = ’>,F6.2 )

2000 FORMAT(® *,/./,BX, %% OUTPUT#x’,/,/,8X,’IERR = *,I5,&
/,/,8X,’VALUE OF KEINX’,/,/,10X,’X0 = ’,D18.10)
END
(d) Output results

*%% DIBKEI *%x*

**x INPUT %
N= 3 XI = 1.00

*% QUTPUT**
IERR = 0
VALUE OF KEINX

X0 = -0.6269710887D+01
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2.6.7 WIBHO0X, VIBHOX
Struve Function (Order 0)

(1) Function

For z = X, calculates the Struve function (order 0)

Ho(z) = 2 /0E sin(x cos(t))dt.

™

(2) Usage
Double precision:
CALL WIBHOX (NV, XI, XO, IERR)
Single precision:
CALL VIBHOX (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | Value of variable X;
R
3 XO D NV Output | Ho(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XI(i) < M
where, M={double precision: 257, single precision: 2!87}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by XI(i).

(6) Notes
(a) For struve Function of order vH, (z), the following recurrence relation holds:

2w (3)"
Hl,,l(z) + Hu+1(z) = 7 HV(Z) + m
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(b) The general solution of differential equation

d*w dw 4(£)U+1
27 bttt 2 .2 — _c\2)
S T tE e VAl (v+ 1)

w = aJ,(z) +bY,(2) + Ho(2),

where J,(z) and Y, (z) are Bessel function of the 1st kind and of the 2nd kind respectively, and a and

b are constants.
(7) Example

(a) Problem
Obtain Ho(z) for x = 0.0,0.1,0.2,---,0.9.
(b) Main program

PROGRAM EIBHOX

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBHOX’, CFNC=’ HO’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=(I-1)/DNV
1000 CONTINUE
1

CALL WIBHOX( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP

6000 FORMAT(1X,’*** > A6,’ *’)

6100 FORMAT(1X,’**x INPUT x’ )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT(1X,’**x QUTPUT *’ )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*xk WIBHOX *

*x% INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)= 0.900000

*xx QUTPUT *

IERR= 0
HO( 0.000000)= 0.000000
HO( 0.100000)= 0.063591
HO( 0.200000)= 0.126759
HO( 0.300000)= 0.189083
HO( 0.400000)= 0.250150
HO( 0.500000)= 0.309556
HO( 0.600000)= 0.366911
HO( 0.700000)= 0.421842
HO( 0.800000)= 0.473994
HO( 0.900000)= 0.523035
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2.6.8 WIBHI1X, VIBH1X
Struve Function (Order 1)

(1) Function
For x = X, calculates the Struve function (order 1)

Hi(x) = 2 /0E sin(z cos(t)) sin?(t)dt.

™

(2) Usage
Double precision:
CALL WIBH1X (NV, XI, XO, IERR)
Single precision:
CALL VIBH1X (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | Number of input data
2 XI D NV Input | X;
R
3 XO D NV Output | H1(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XI(i) < M
where, M={double precision: 257, single precision: 2!87}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by XI(i).

(6) Notes

(a) For struve Function of order v H,(z), the following recurrence relation holds

2w (3)"
Hl,,l(z) + Hu+1(z) = 7 HV(Z) + m
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(b) The general solution of differential equation

d*w dw 4(£)U+1
27 bttt 2 .2 — _c\2)
S T tE e VAl (v+ 1)

w = aJ,(z) +bY,(2) + Ho(2),

where J,(z) and Y, (z) are Bessel functions of the 1st kind and of the 2nd kind respectively, and ¢ and
b are constants.

(7) Example

(a) Problem
Obtain Hi(z) for x = 0.0,0.1,0.2,---,0.9.
(b) Main program

PROGRAM EIBH1X

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBH1X’, CFNC=’ H1’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=(I-1)/DNV
1000 CONTINUE
1

CALL WIBH1X( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP

6000 FORMAT(1X,’*** > A6,’ *’)

6100 FORMAT(1X,’**x INPUT x’ )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT(1X,’**x QUTPUT *’ )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*xk WIBHIX *

*x% INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)= 0.900000

*xx QUTPUT *

IERR= 0
H1( 0.000000)= 0.000000
H1( 0.100000)= 0.002121
H1( 0.200000)= 0.008466
H1( 0.300000)= 0.018984
H1( 0.400000)= 0.033593
H1( 0.500000)= 0.052174
H1( 0.600000)= 0.074580
H1( 0.700000)= 0.100632
H1( 0.800000)= 0.130122
H1( 0.900000)= 0.162817
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2.6.9 WIBHYO, VIBHYO0
Difference of Struve Function (Order 0) and Bessel Function of the 2nd Kind
(Order 0)

(1) Function
For x = X, calculates the difference of the Struve function (order 0) and Bessel function of the 2nd kind

(order 0)
2 > —xt 2\—1
Ho(z) — Yo(z) = - e "1+ t%)” 2dt.
0
(2) Usage

Double precision:

CALL WIBHYO0 (NV, XI, XO, IERR)
Single precision:

CALL VIBHYO0 (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | Ho (Xl) -Y (Xl)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XI(i) > 0.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 XI(i) = 0.0 (overflow) XO(i) = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by XI(i).
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(6) Notes

(a) The following relation holds:

(7) Example

(a) Problem
Obtain Ho(z) — Yo (z) for z = 0.1,0.2,---,1.0.

Main program

(b)

1000
!

2000
!

3000

1
6000
6100
6200
6300
6400
6500

PROGRAM EIBHYO

IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC

771/ e (1L +12) 34t (
) Jo

PARAMETER( CNAME=’WIBHYO’, CFNC=’ HO-YO’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV

CONTINUE

CALL WIBHYO( NV, XI, X0, IERR )

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV

WRITE(6,6500) CFNC,XI(I),

CONTINUE
STOP

FORMAT (1X, >#** > ,A6,° *’)
FORMAT (1X, >*** INPUT *’ )

X0(D)

FORMAT (1X,°XI(’,I2,’)=",F10.6 )

FORMAT (1X, >*** QUTPUT *’ )

FORMAT(1X,’IERR=’,I5 )
FORMAT(1X,A6,° (*,F10.6,7)=",F10.6 )
END

Output results

*x% WIBHYO *

*xk INPUT *

XI( 1)= 0.100000

XI( 2)= 0.200000

XI( 3)= 0.300000

XI( 4)= 0.400000

XI( 5)= 0.500000

XI( 6)= 0.600000

XI( 7)= 0.700000

XI( 8)= 0.800000

XI( 9)= 0.900000

XI(10)=_ 1.000000

*x% QUTPUT *

IERR= 0

HO-YO( 0.100000)= 1.597830
HO-YO( 0.200000)= 1.207864
HO-YO( 0.300000)= 0.996357
HO-YO( 0.400000)= 0.856174
HO-YO( 0.500000)= 0.754075
HO-YO( 0.600000)= 0.675421
HO-YO( 0.700000)= 0.612507
HO-YO( 0.800000)= 0.560797
HO-YO( 0.900000)= 0.517407
HO-YO( 1.000000)= 0.480400
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2.6.10 WIBHY1, VIBHY1
Difference of Struve Function (Order 1) and Bessel Function of the 2nd Kind
(Order 1)

(1) Function
For x = X, calculates the difference of the Struve function (order 1) and Bessel function of the 2nd kind

(order 1)
2z > —xt 2\ 1
Hl(x)—Yl(x):? e (1 +t%)2dt.
0
(2) Usage

Double precision:

CALL WIBHY1 (NV, XI, XO, IERR)
Single precision:

CALL VIBHY1 (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output Hl(Xz) -Y; (Xl)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XI(i) > 0.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 XI(i) < 1.0/(Maximum value) (overflow) | XO(i) = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by XI(i).
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(6) Notes

(a) The following relation holds:

<2
arg z — ).
& 2

771/ eI+ 2" 3dt (
3) Jo
(7) Example

(a) Problem
Obtain Hi(z) — Y1(z) for £ = 0.1,0.2,---,1.0.
(b) Main program

PROGRAM EIBHY1

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIBHY1’, CFNC=’ H1-Y1’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV
1000 CONTINUE
]

CALL WIBHY1( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP
]
6000 FORMAT (1X,’**x ’,A6,° *’)
6100 FORMAT (1X,’*** INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT (1X, ’*** QUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*%x WIBHY1 *

*xk INPUT *

XI( 1)= 0.100000

XI( 2)= 0.200000

XI( 3)= 0.300000

XI( 4)= 0.400000

XI( 5)= 0.500000

XI( 6)= 0.600000

XI( 7)= 0.700000

XI( 8)= 0.800000

XI( 9)= 0.900000

XI(10)=_ 1.000000

*x% QUTPUT *

IERR= 0

H1-Y1( 0.100000)= 6.461072
H1-Y1( 0.200000)= 3.332291
H1-Y1( 0.300000)= 2.312089
H1-Y1( 0.400000)= 1.814465
H1-Y1( 0.500000)= 1.523646
H1-Y1( 0.600000)= 1.334971
H1-Y1( 0.700000)= 1.203882
H1-Y1( 0.800000)= 1.108267
H1-Y1( 0.900000)= 1.035944
H1-Y1( 1.000000)= 0.979670
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2.6.11 DIBAIX, RIBAIX
Airy Function Ai(z)

(1) Function
Calculates the Airy function

_1 K1 2 é
Al(l’) \/_ 52(3|$é2
el (2lel )+ 7
(2) Usage
Double precision:
CALL DIBAIX (XI, XO, IERR)

Single precision:
CALL RIBAIX (XI, XO, IERR)

=

(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 XI D 1 Input | Value of variable z
R
2 X0 D 1 Output | Value of Ai(x)
R
3 IERR I 1 Output | Error indicator
(4) Restrictions
(a) XI>-M
where,
M={double precision: (3 x 2497)%/3  single precision: (3 x 2'77)?/3}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 XI > M; (See Note (a)) XO = 0.0 is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) When IERR becomes 1000 in this subroutine, the value of M; is as follows:
M; ={double precision: 103.8, single precision: 25.3}
(b) Pairs of linearly independent solution of differential equation:
dQ_w
dz?

are {Ai(z),

—zw=20

—24/—17
3

201 and {Ai(2), Ai(ze

Bi(2)}, {Ai(2), Ai(ze” )}
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(7) Example

Problem
Obtain the value of Ai(z) at z = —5.3.

Input data
XI = —-5.3.
Main program

PROGRAM BIBAIX

! x%*x EXAMPLE OF DIBAIX s*x
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER IERR

READ(5,*) XI
WRITE(6,1000)
WRITE(6,2000) XI

CALL DIBAIX(XI,XO,IERR)
WRITE(6,3000)
WRITE(6,4000) IERR
WRITE(6,5000) XO

STOP

1000 FORMAT(’ ’,/,B5X,’#*xx DIBAIX *xx’,/ &
6X, 2 *%x INPUT *x*’)

2000 FORMAT(9X,’VALUE OF VARIABLE X = ’,F4.1)

3000 FORMAT(’> >,/,/,6X,’#** QUTPUT **)

4000 FORMAT(9X,’IERR = ’,I4)

5000 FORMAT(9X,’VALUE OF AIRY FUNCTION AI(X) = ’,D17.10)
END

Output results

*%% DIBAIX *%%*
*x*% INPUT **
VALUE OF VARIABLE X = -5.3

*% QUTPUT *x*
IERR =

0
VALUE OF AIRY FUNCTION AI(X) = 0.1825679311D+00
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2.6.12 DIBBIX, RIBBIX
Airy Function Bi(x)

(1) Function
Calculates the Airy function

Bi(x) = 3 3 .
@) VE L) — 1 Gl (@ <00)

(2) Usage
Double precision:
CALL DIBBIX (XI, XO, IERR)
Single precision:
CALL RIBBIX (XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex ) { INTEGER(4) as for 32bit Integer}
R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output

1 XI D 1 Input | Value of variable z

i
2 X0 D 1 Output | Value of Bi(z)

i}
3 IERR I 1 Output | Error indicator

(4) Restrictions

(a) XI> M
where, M ={double precision: (3 x 2497)?/3  single precision: (3 x 2'77)?/3}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
2000 XI > M; (See Note (a)) (overflow) XO = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) When IERR becomes 2000 in this subroutine, the value of M; is as follows:

M; ={double precision: 104.266, single precision: 20.066}
(b) Pairs of linearly independent solution of differential equation:
d*w
'Egg —zw =0

—24/—17

are {Ai(z), Bi(2)}, {Ai(z),Ai(ze@)}, and {Ai(z), Ai(ze— 3 )}

(7) Example

(a) Problem
Obtain the value of Bi(z) at z = —5.3.

(b) Input data
XI=-5.3.
(¢) Main program

PROGRAM BIBBIX

| %% EXAMPLE OF DIBBIX **x
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER IERR

READ(5,*) XI
WRITE(6,1000)
WRITE(6,2000) XI

CALL DIBBIX(XI,XO,IERR)
WRITE(6,3000)
WRITE(6,4000) IERR
WRITE(6,5000) XO

STOP

1000 FORMAT(’ ’,/,B5X,’#*xx DIBBIX **x’,/ &
6X, 2 *%x INPUT *x*’)

2000 FORMAT(9X,’VALUE OF VARIABLE X = ’,F4.1)

3000 FORMAT(’> >,/,/,6X, %% QUTPUT *%’)

4000 FORMAT(9X, IERR = ’,I4)

5000 FORMAT(9X,’VALUE OF AIRY FUNCTION BI(X) = ’,D17.10)
END

(d) Output results

*%% DIBBIX *x%%*
*x*% INPUT **
VALUE OF VARIABLE X = -5.3

*x QUTPUT **
IERR = 0
VALUE OF AIRY FUNCTION BI(X) = -0.3237160767D+00
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2.6.13 DIBAID, RIBAID
Derived Airy Function Ai'(z)

(1) Function

Calculates the derived Airy function

Ai(z) = { ~ K3 (3ll?) (x> 0.0)

21Tz (3lal?) = T2 (3[2[)] (2 <0.0)

2
3 3

(2) Usage
Double precision:
CALL DIBAID (XI, XO, IERR)
Single precision:
CALL RIBAID (XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

No. | Argument | Type Size IOnEtupté . Contents
1 XI D Input | Value of variable x
i
2 X0 D Output | Value of Ai'(x)
i}
3 IERR I Output | Error indicator

(4) Restrictions

(a) XI>—M

where, M ={double precision: (3 x 2497)?/3  single precision: (3 x 2'77)?/3}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 XI > M; (See Note (a)) (underflow) XO = 0.0 is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) When IERR becomes 1000 in this subroutine, the value of M; is as follows:
M; ={double precision: 104.1, single precision: 25.7}

166




DIBAID, RIBAID
Derived Airy Function Ai(z)

(7) Example

Problem
Obtain the value of the derived function Ai’(z) of the Airy function Ai(z) at = —5.3.

Input data
XI = —-5.3.
Main program

1ok

1000

2000
3000
4000
5000

PROGRAM BIBAID

EXAMPLE OF DIBAID x
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER IERR

READ(5,*) XI
WRITE(6,1000)
WRITE(6,2000) XI

CALL DIBAID(XI,XO,IERR)
WRITE(6,3000)
WRITE(6,4000) IERR
WRITE(6,5000) XO

STOP

FORMAT(® ’,/,5X,’***x DIBAID **x’,/,&
6X, 2 *%x INPUT *x*’)

FORMAT (9X, ’VALUE OF VARIABLE X = ’,F4.1)

FORMAT(’ °,/,/,6X, %% QUTPUT **’)

FORMAT(9X, ’IERR = ’,I4)

FORMAT (9X,’VALUE OF DERIVED AIRY FUNCTION AI’’(X) = ’,D17.10)
END

Output results

*

*% DIBAID **x
*% INPUT #*
VALUE OF VARIABLE X = -5.3

*% QUTPUT *x*
IERR =

0
VALUE OF DERIVED AIRY FUNCTION AI’(X) = 0.7545754199D+00
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2.6.14 DIBBID, RIBBID
Derived Airy Function Bi'(z)

(1) Function

Calculates the derived Airy function

BY () { Z 3 Glel®) + I3 (Blald)]
— [Ty Blel?) + T3 (3[2]?)]

(2) Usage
Double precision:
CALL DIBBID (XI, XO, IERR)
Single precision:
CALL RIBBID (XI, XO, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size Ionfg;tl{ . Contents
1 XI D 1 Input | Value of variable z
i
2 X0 D 1 Output | Value of Bi'(z)
i}
3 IERR I 1 Output | Error indicator

(4) Restrictions

(a) XI>—M

where, M ={double precision: (3 x 2497)?/3, single precision: (3 x 2'77)?/3}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
2000 XI > M; (See Note (a)) (overflow) XO = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) When IERR becomes 2000 in this subroutine, the value of M; is as follows:
M; ={double precision: 104.266, single precision: 20.066}

(7) Example

(a) Problem
Obtain the value of the derived function Bi'(z) of the Airy function Bi(z) at x = —5.3.

(b) Input data
XI = —-5.3.
(¢) Main program

PROGRAM BIBBID

! s%x EXAMPLE OF DIBBID ***
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER IERR

READ(5,%) XI
WRITE(6,1000)
WRITE(6,2000) XI

CALL DIBBID(XI,XO,IERR)
WRITE(6,3000)
WRITE(6,4000) IERR
WRITE(6,5000) XO

STOP

1000 FORMAT(’ ’,/,5X,’*%x DIBBID *xx*’,/.&
6X, > ** INPUT *x*’)

2000 FORMAT (9X,’VALUE OF VARIABLE X = ’,F4.1)

3000 FORMAT(’> >,/,/,6X,’#** QUTPUT **)

4000 FORMAT(9X,’IERR = ’,I4)

5000 FORMAT(9X,’VALUE OF DERIVED AIRY FUNCTION BI’’(X) = ’,D17.10)
END

(d) Output results

*%x*x DIBBID **x*
*x INPUT **
VALUE OF VARIABLE X = -5.3

*% QUTPUT *x*
IERR = 0
VALUE OF DERIVED AIRY FUNCTION BI’(X) = 0.4055569409D+00
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2.7.1 WIGAMX, VIGAMX
Gamma Function with Real Variable

(1) Function
For x = X, calculates the value of the Gamma function with real variable

F(x):/ ettt
0

(2) Usage
Double precision:
CALL WIGAMX (NV, XI, XO, IERR)
Single precision:
CALL VIGAMX (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size IOnEtupté . Contents
NV I 1 Input | number of input data
2 XI D NV Input | X;
it
3 XO D NV Output | T'(X;)
i
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NV >1
(b) XI(i) is not any negative integer or 0.0.

(c) XI(i) > -M
where M ={double precision: 170.4, single precision: 34.0}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

2000 |XI(i)] < 1.0/(Maximum value) XO(i) = (Maximum value) is performed.
or XI(i) > M; (See Note (c)) (overflow)

3000 Restriction (a) was not satisfied. Processing is aborted.

3000+ Restriction (b) or (c) was not satisfied by
XI(i).
(6) Notes

(a) If IERR = 3000 + i and restriction (b) is not satisfied, furthermore XI(i) is not a value close to a

negative integer, I'(X;) is a value close to 0.0.

(b) z=-n (n=0,1,2,---) are simple poles of the Gamma function I'(x), i.e.

. 1

Therefore, high precision result cannot be expected for a calculated value of gamma function at a point

close to zero or at a negative integer.

(¢) The value to return IERR=2000 of M; is as follows:
M; ={double precision: 171.4, single precision: 35.0}

(d) Gamma Function I'(z) is called Euler’s integral of the 2nd kind. This function is also called factorial
function because I'(z + 1) = 2T'(2) = z! holds.

(7) Example

(a) Problem
Obtain I'(z) for z = 0.1,0.2,---,0.9,1.0.
(b) Main program

PROGRAM EIGAMX

IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER ( CNAME=’WIGAMX’, CFNC=> GAMMA’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV
1000 CONTINUE
]

CALL WIGAMX( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP

6000 FORMAT(1X,’***x > A6,’ *’)

6100 FORMAT(1X,’**x INPUT x’ )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT (1X,’*** QUTPUT *’ )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END
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(¢) Output results

*%x WIGAMX
*xk INPUT *
XI( 1)=

OO0~ U WN
NN NSNS N2

><
L
~.
[N
o
~
]

*k% QUTP
IERR=
GAMMA (
GAMMA (
GAMMA (
GAMMA (
GAMMA (
GAMMA (
GAMMA (
GAMMA (
GAMMA (
GAMMA (

HOOOOOOOOOOSD—‘OOOOOOOOO

*

.100000
.200000
.300000
.400000
.500000
.600000
.700000
.800000
.900000
.000000

*

.513508
.590844
.991569
.218160
. 772454
.489192
.298055
.164230
.068629
.000000
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2.7.2 WIGLGX, VIGLGX
Logarithmic Gamma Function with Real Variable

(1) Function
For x = X, calculates the value of the logarithmic Gamma function with real variable log, (I'(x)).

(2) Usage

Double precision:

CALL WIGLGX (NV, XI, XO, IERR)

Single precision:

CALL VIGLGX (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | log,(T'(X;))
R
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NV >1

(b) XI(i) must not be any non-positive integer.

(¢) XI(i) > —M

where M ={double precision: 2°°; single precision: 218}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 I(XI(i)) is negative. The natural logarithm of |[(XI(i))| is
performed.
2000 XI(i) > M; (See Note (b)) (overflow) XO(i) = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) or (c) was not satisfied by
XI(i).
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(6) Notes

(a) When IERR = 1000, the Gamma function value is obtained as — exp(XO(i)) for a certain i, while it is
obtained as exp(XO(i)) in other cases.

(b) When IERR becomes 2000 in this subroutine, the value of M; is as follows:
M; ={double precision: 2.545 x 103°®, single precision: 4.08 x 103¢}

(7) Example

(a) Problem
Obtain log,(I'(z)) for z = 0.1,0.2,---,0.9,1.0.
(b) Main program

PROGRAM EIGLGX

IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIGLGX’, CFNC=’LGAMMA’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV
1000 CONTINUE
]

CALL WIGLGX( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP
]
6000 FORMAT (1X,’2**x > A6,’ *x’)
6100 FORMAT(1X,’#%* INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT(1X,’>**x QUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*xk WIGLGX *

*xk INPUT *

XI( 1)= 0.100000

XI( 2)= 0.200000

XI( 3)= 0.300000

XI( 4)= 0.400000

XI( 5)= 0.500000

XI( 6)= 0.600000

XI( 7)= 0.700000

XI( 8)= 0.800000

XI( 9)= 0.900000

XI(10)= 1.000000

*x% QUTPUT *

IERR= 0

LGAMMA( 0.100000)= 2.252713
LGAMMA( 0.200000)= 1.524064
LGAMMA( 0.300000)= 1.095798
LGAMMA( 0.400000)= 0.796678
LGAMMA( 0.500000)= 0.572365
LGAMMA( 0.600000)= 0.398234
LGAMMA( 0.700000)= 0.260867
LGAMMA( 0.800000)= 0.152060
LGAMMA( 0.900000)= 0.066376
LGAMMA( 1.000000)= -0.000000
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2.7.3 DIGIG1, RIGIG1
Incomplete Gamma Function of the 1st Kind

(1) Function

Calculates the value of the incomplete Gamma function of the 1st kind

'y(u,x):/ e 't dt.
0

(2) Usage
Double precision:
CALL DIGIG1 (V, XI, XO, IERR)
Single precision:
CALL RIGIG1 (V, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
’ Output
1 V D 1 Input | Value of variable v
)
2 XI D 1 Input | Value of variable x
it
3 X0 D 1 Output | Value of y(v, z)
)
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) XI>0.0
(b) V>0.0
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 vlog,(x) < —M; (See Note (b)) XO = 0.0 is performed.
(underflow)
2000 V < 1.0/(Maximum value) (overflow) XO = (Maximum value) is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

4000 For XI > 1.0,
o v > (My+x)/log. (x) or

Processing is aborted.
(See Note (a))

e x>ux,, and v > v,

was satisfied (See Note (c)).

(6) Notes

(a) If IERR=4000, the value of v(v,x) is practically the (maximum value).

(b) When IERR becomes 1000 in this subroutine, the value of M; is as follows:
M; ={double precision: 708.396, single precision: 87.336}

(¢) When IERR becomes 4000 in this subroutine, the values of Z,,, vy,, and M are as follows:
Zm ={double precision: 171.0, single precision: 35.0},
vy ={double precision: 171.4, single precision: 35.0},
My ={double precision: 709.782, single precision: 88.722}

(7) Example

(a) Problem
Obtain the value of (v, z) at z = 3.0 for v = 4.0.

(b) Input data

V =4.0 and XI = 3.0.
(¢) Main program

PROGRAM BIGIG1
! *%*x EXAMPLE OF DIGIG1 **x*
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,%) V
READ (5,%) XI
WRITE(6,1000) V,XI
CALL DIGIG1(V,XI,XO,IERR)
WRITE(6,2000) IERR,XO
1000 FORMAT(’ ’,/,/,5X,’*%*x DIGIG1 *x*x*’,/,/ 6X,’*x INPUT *x’,&
/,/,8%X,’V =’ ,F6.2,5X,’XI = ’,F6.2 )
2000 FORMAT(® ’,/,/,6X,’*x QUTPUT*x*’,/,/,8X,’IERR = ’,I5,&
/,/,8X,’VALUE OF INCOMPLETE GAMMA FUNCTION OF THE FIRST KIND’,&
/,/,10X,’X0 = ’,D18.10)
END

(d) Output results
**k*x DIGIG1 **x*

*% INPUT **
V= 4.00 XI

3.00

*% QUTPUT*x*
IERR = 0
VALUE OF INCOMPLETE GAMMA FUNCTION OF THE FIRST KIND
X0 = 0.2116608667D+01
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2.7.4 DIGIG2, RIGIG2
Incomplete Gamma Function of the 2nd Kind

(1) Function

Calculates the value of the incomplete Gamma function of the 2nd kind

I(v,z) = / et ldt = 671/ ez + 1)Vt
T 0

(2) Usage
Double precision:
CALL DIGIG2 (V, XI, XO, IERR)
Single precision:
CALL RIGIG2 (V, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size IOnEtupté . Contents
1 V D 1 Input | Value of variable v
)
2 XI D 1 Input | Value of variable x
it
3 X0 D 1 Output | Value of I'(v, z)
)
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) XI>0.0

(b) 00<V<M
where, M ={double precision: 171.4, single precision: 35.0}
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(5) Error indicator

IERR value Meaning

Processing

0 Normal termination.

1000 For XI >V,
(v —1)log,(z) —x < =M
(See Note (b)) (underflow)

XO = 0.0 is performed.

2000 V = 0.0 and XI = 0.0 (overflow)

X0 = (Maximum value) is performed.

3000 Restriction (a) or (b) was not satisfied.

Processing is aborted. (See Note (a))

4000 For XI <V —0.5,
vlog.(x) > (Ma+x) or >z
was satisfied (See Note (c)).

Processing is aborted.

(6) Notes

(a) If v is a large value when IERR = 3000, the value of I'(v, ) is practically the (maximum value).

(b) When IERR becomes 1000 in this subroutine, the value of M; is as follows:
M, ={double precision: 708.396, single precision: 87.336}

(¢) When IERR becomes 4000 in this subroutine, the values of x,, and My are as follows:

X ={double precision: 171.0, single precision: 35.0},

M5 ={double precision: 709.7827, single precision: 88.72284}

(7) Example

(a) Problem
Obtain the value of I'(v, z) at = 3.0 for v = 4.0.

(b) Input data

V =4.0 and XI = 3.0.
(¢) Main program

PROGRAM BIGIG2

| xx* EXAMPLE OF DIGIG2 s
IMPLICIT REAL(8) (A-H,0-2)
READ (5,%) V
READ (5,%) XI
WRITE(6,1000) V,XI
CALL DIGIG2(V,XI,X0,IERR)
WRITE(6,2000) IERR,X0

1000 FORMAT(’ ’,/,/,5X,’***x DIGIG2 ***’,{,/,GX,’** INPUT *x’,&

’V =’,F6.2,5X,’XI = ’,F6.2

/,/,8%,
2000 FORMAT(’ *,/./,6X,’** OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8X,’VALUE OF INCOMPLETE GAMMA FUNCTION OF THE SECOND KIND’,&
/,/,10X,°X0 = ’,D18.10)

END
(d) Output results

*x%x DIGIG2 *x**
*% INPUT **
V= 4.00 XI = 3.00

*x QUTPUT**
IERR = 0

VALUE OF INCOMPLETE GAMMA FUNCTION OF THE SECOND KIND

X0 = 0.3883391333D+01
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2.7.5 ZIGAMZ, CIGAMZ
Gamma Function with Complex Variable

(1) Function

Calculates the value of the Gamma function with complex variable

I'(z) = /000 et tat (R{z} > 0).

(2) Usage
Double precision:
CALL ZIGAMZ ( 71, ZO, IERR)
Single precision:
CALL CIGAMZ ( ZI, ZO, IERR)

(3) Arguments

D:Double precision real

Z:Double precision complex I INTEGER(4) as for 32bit Integer
R:Single precision real ’

C:Single precision complex INTEGER(8) as for 64bit Integer

No. | Argument | Type Size IODE;Z . Contents
1 71 7 Input | Value of variable z
B
2 A 7 Output | Value of I'(z)
)
3 IERR I Output | Error indicator

(4) Restrictions

(a) ZI must not be a negative integer and 0.0, and |ZI| > 1.0/(Maximum value).
(b) =My < R(ZI) < M,

where, M; ={double precision: 170.4, single precision: 34.0},

My ={double precision: 171.4, single precision: 35.0}

(5) Error indicator

TERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted. (See Note (a))
(6) Notes

(a) When R(ZI) < —M; (aborted with IERR = 3000; see Restriction(b)), the value of I'(z) will be almost
0.0 except the case ZI is close to a negative integer.

(b) z=—-n (n=0,1,2,---) is a singular point for gamma function I'(z) such that

. 1
Zl_l}l’{lnm—o(n—o,l,2,)

So, high precision result cannot be expected for a calculated value of gamma function at a point close

to zero or at a negative integer.
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(¢) Gamma Function I'(z) is called Euler’s integral of the 2nd kind. This function is also called a factorial
function because I'(z 4+ 1) = 2T'(2) = z! holds.

(7) Example

(a) Problem
Obtain the value of I'(z) at z =1+ 2y/—1.

(b) Input data
71 = (1.0,2.0).
(¢) Main program

PROGRAM AIGAMZ
| %% EXAMPLE OF ZIGAMZ ##x*
IMPLICIT COMPLEX(8) (A-H,0-Z)
READ (5,’(D6.1,D6.1)°) ZI
WRITE(6,1000) ZI
CALL ZIGAMZ(ZI,ZO,IERR)
WRITE(6,2000) IERR,Z0
1000 FORMAT( °,/,/,5 X ik ZIGAMZ #okk” { /)sx v4x INPUT #%°,&

/,/,8X,°21 = (*,F6.2,” ,’,F6.2,’
2000 FORMAT(’ /,/,6X,’** QUTPUT**,/,/,8X,’IERR = *,15,&
/,/,8X, VALUE' OF GAMMA FUNCTION OF COMPLEX VARIABLE’,&
/./,10%,°20 = (*,D18.10,> ,’,Di8.10 ,” )’ )
END

(d) Output results

kxkxx ZIGAMZ **x
*% INPUT *x*
ZI = ( 1.00 , 2.00 )

*x QUTPUT**
IERR = 0
VALUE OF GAMMA FUNCTION OF COMPLEX VARIABLE
Z0 = ( 0.1519040027D+00 , 0.1980488016D-01 )
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2.7.6 ZIGLGZ, CIGLGZ
Logarithmic Gamma Function with Complex Variable

(1) Function
Calculates the value of the logarithmic Gamma function with complex variable log,(I'(z2)).
(2) Usage
Double precision:
CALL ZIGLGZ ( ZI, ZO, IERR)
Single precision:
CALL CIGLGZ ( ZI, ZO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex ) { INTEGER(4) as for 32bit Integer}
R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output

1 71 7 1 Input | Value of variable z

B
2 Z0 7 1 Output | Value of log, (T'(2))

1
3 IERR I 1 Output | Error indicator

(4) Restrictions

(a) ZI must not be a negative integer or 0.0.
(b) R(ZI) > — M,
where M; ={double precision: 259, single precision: 2%}
(c) [S(ZD)[, R(ZI) < M,
where M, ={double precision: 2.545 x 103%%, single precision: 4.08 x 1036}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 I'(z) <0 70 = log,(|T'(2)|) + mv/—1 is performed.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
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(6) Notes

(a) When IERR = 1000, the Gamma function value is obtained as exp(®(Z0O)), while it is obtained as

exp(ZO) in general.

(b) Logarithmic gamma function with complex variable log,(I'(z)) is many-valued function (with infinite

number of values) and the difference between their values is integer times of 2my/—1. This subroutine
calculates the principal value determined so that —7 < ${log,(I'(2))} < 7 hold.

(7) Example

Problem
Obtain the value of log,(T'(z)) at z = 1+ 24/—1.

Input data
Z1 = (1.0,2.0).

Main program

PROGRAM AIGLGZ

! sk EXAMPLE OF ZIGLGZ x**x*

IMPLICIT COMPLEX(8) (A-H,0-Z)
READ (5,’(D6.1,D6.1)7) ZI
WRITE(6,1000) ZI

CALL ZIGLGZ(ZI,ZO,IERR)
WRITE(6,2000) IERR,Z0

1000 FORMAT(’ ’,/,/,5X,’***x ZIGLGZ ***’,{i/ssx,’** INPUT *x’,&

/./,8%,°21 = (0 F6.2,> ,’,F6.2,’

2000 FORMAT(’ °,/,/,6X,’** QUTPUT**’,/,/,8X,’IERR = ’,I5,&

/,/,8X,’VALUE OF LOGARITHMIC GAMMA FUNCTION OF COMPLEX VARIABLE’,&
/,/,10%X,’20 = (’>,D18.10,’ ,’,D18.10 ,’ )’ )
END

Output results

kx%xx ZIGLGZ **x*
*% INPUT *x*
ZI = ( 1.00 , 2.00 )

*% QUTPUT*x*
IERR = 0
VALUE OF LOGARITHMIC GAMMA FUNCTION OF COMPLEX VARIABLE
Z0 = ( -0.1876078786D+01 , 0.1296463163D+00 )
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2.8 FUNCTIONS RELATED TO THE GAMMA FUNCTION

2.8.1 WIGDIG, VIGDIG
Digamma Function

(1) Function

For x = X, calculates the value of the digamma function (psi function)

V(o) = T = 5 o (C(a).

(2) Usage
Double precision:
CALL WIGDIG (NV, XI, XO, IERR)
Single precision:
CALL VIGDIG (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex ) INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | ¥(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions

(a) NV >1
(b) XI(i) is not negative integer or 0.0

(¢) XI(i) >-M

where M ={double precision: 2°°, single precision: 2%}
(5) Error indicator
TERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) or (c) was not satisfied by
XI(i).
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(6) Notes
(a) Digamma function () is a solution of the following equations
1 .
Wa+1) e = £ (1) =~y lm [ n) - w1+ 0)} =0

where, v is Euler’s constant:

1 1
v = lim <1+—+---+——logen)
2 n

n—o0

(b) Derived functions of digamma function ¢ (x): ¢'(z), ¥" (), and ¢ (), are called as trigamma function,
tetragamma function, pentagamma function, respectively. In general, derived functions of digamma

function are called polygamma function.
(7) Example

(a) Problem
Obtain t(z) for z = 0.1,0.2, - -, 0.9, 1.0.
(b) Main program

PROGRAM EIGDIG

IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER ( CNAME=’WIGDIG’, CFNC=’DGAMMA’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV
I1000 CONTINUE

CALL WIGDIG( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
\ STOP
6000 FORMAT(1X,’*x*x > A6,’ *’)
6100 FORMAT(1X,’*** INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT(1X,’*** QUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*%x WIGDIG *

*xk INPUT *

XI( 1)= 0.100000

XI( 2)= 0.200000

XI( 3)= 0.300000

XI( 4)= 0.400000

XI( 5)= 0.500000

XI( 6)= 0.600000

XI( 7)= 0.700000

XI( 8)= 0.800000

XI( 9)= 0.900000

XI(10)=_ 1.000000

*x% QUTPUT *

IERR= 0

DGAMMA(  0.100000)=-10.423755
DGAMMA( 0.200000)= -5.289040
DGAMMA(  0.300000)= -3.502524
DGAMMA( 0.400000)= -2.561385
DGAMMA(  0.500000)= -1.963510
DGAMMA(  0.600000)= -1.540619
DGAMMA( 0.700000)= -1.220024
DGAMMA(  0.800000)= -0.965009
DGAMMA( 0.900000)= -0.754927
DGAMMA( 1.000000)= -0.577216
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2.8.2 WIGBET, VIGBET
Beta Function

(1) Function
For p = X; and ¢ =Y, calculates the value of the beta function

1
B(p-,q)=/ (1 — )T .
0

(2) Usage
Double precision:
CALL WIGBET (NV, P, Q, XO, IERR)
Single precision:
CALL VIGBET (NV, P, Q, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real ~ C:Single precision complex INTEGER(S) as for 64bit Integer
No. | Argument | Type Size IOnlI:tuptl{t
NV I 1 Input | number of input data
2 P D NV Input | X;
i
3 Q D NV Input | Y;
il
4 X0 D NV Output | B(X;,Y;)
i
5 IERR I 1 Output | Error indicator

(4) Restrictions
(a) NV > 1
(b) 2.0/(maximum)< P(i) < M
(¢) 2.0/(maximum)< Q(i) < M

where M ={double precision: 1.2 x 103% single precision: 2.0 x 1036}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
2000 P(i) > 1000.0 and Q(i) > 1000.0 The solution is obtained but the precision
could not be guaranteed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) or (c) was not satisfied by
P(i) and Q(i).
(6) Notes

(a) Beta Function B(p,q) is called Euler’s integral of the 1st kind.
(p,q

(b) Beta Function B

B(p,
(7) Example

(a) Problem

Obtain B(p,q) for p =0.1,0.2,---,0.9,1.0 and ¢ = 0.5.

~_I'(pIl(g)
)= I'(p+q)

(b) Main program

PROGRAM EIGBET

IMPLI

CIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(

8) XI(NV) , YI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC
PARAMETER( CNAME=’WIGBET’, CFNC=’

DNV=NV
DO 1000 I=1,NV

XI(

YI(
1000 CONTI
!

CALL WIGBET( NV, XI, YI, X0, IERR )

1)=I/DNV
1)=0.5D0
NUE

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV

WRI
2000 CONTI
!

TE(6,6200) I,XI(I)
NUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)

3000 CONTI

STOP
!

NUE

6000 FORMAT(1X,’*** > ,A6,° *°)

6100 FORMAT(1X,’*** INPUT *’ )

6200 FORMAT(1X,’XI(’,I2,’)=>,F10.6 )
6300 FORMAT(1X,’*** OUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,’(’,F10.6,’)=",F10.6 )

END

(¢) Output results

>

[

~
OO~ U™ WN
NA NS AN
W mwwnn

HOOOOOOOOO

* <
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* ~—

=
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=
5

.000000

*

BETA’ )
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IERR=
BETA (
BETA (
BETA(
BETA (
BETA(
BETA (
BETA (
BETA(
BETA (
BETA(

HPOOOOOOOOOO

.323087
.268653
.554443
.679094
.141593
. 774502
.505796
.299288
.134760
.000000
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2.9 ELLIPTIC FUNCTIONS AND ELLIPTIC INTEGRALS
2.9.1 WIECI1, VIECI1
Complete Elliptic Integral of the 1st Kind

(1) Function

For m = X, calculates the value of the complete elliptic integral of the 1st kind

! dt E] 1
K(m)_/o \/(1t2)(1mt2)_/0 N

(2) Usage
Double precision:
CALL WIECI1 (NV, RM, XO, IERR)
Single precision:
CALL VIECI1 (NV, RM, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 RM D NV Input | Modulus X;
R
3 X0 D NV Output | K(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) 0.0 < RM(i) < 1.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 RM(i) = 1.0 (overflow) XO(i) = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
300043 Restriction (b) was not satisfied by
RM(i).
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(6) Notes

3 1

(a) If the complete elliptic integral of the 1st kind is given as K (k) = /2 d, then input k2

0 1 — k2sin* 6
to RM(J).
IENM

(b) Evaluating both E(m) and K(m), it is more effective to use 2.9.8 w Q

VIENMQ

(7) Example

(a) Problem
Obtain K (m) for m = 0.0,0.1,0.2,---,0.9.
(b) Main program
PROGRAM EIECI1
IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)
REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC
PARAMETER( CNAME=’WIECI1’, CFNC=’ K> )
!
DNV=NV
DO 1000 I=1,NV
XI(I)=(I-1)/DNV

1000 CONTINUE
!
CALL WIECI1( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
. STOP
6000 FORMAT(1X,’*** *,A6,° *’)
6100 FORMAT(1X,’*%* INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT(1X,’*** OUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,°)=",F10.6 )
END

(¢) Output results

*%x WIECI1 *

*x% INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)= 0.900000

*xx QUTPUT *

IERR= 0
K( 0.000000)= 1.570796
K( 0.100000)= 1.612441
K( 0.200000)= 1.659624
K( 0.300000)= 1.713889
K( 0.400000)= 1.777519
K( 0.500000)= 1.854075
K( 0.600000)= 1.949568
K( 0.700000)= 2.075363
K( 0.800000)= 2.257205
K( 0.900000)= 2.578092
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2.9.2 WIECI2, VIECI2
Complete Elliptic Integral of the 2nd Kind

(1) Function
For m = X, calculates the value of the complete elliptic integral of the 2nd kind

E(m) = /01 V(1= 2)(1 — mt2)dt = /0% V1 — msin® 0d6.

(2) Usage
Double precision:
CALL WIECI2 (NV, RM, XO, IERR)
Single precision:
CALL VIECI2 (NV, RM, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 RM D NV Input | Modulus X;
R
3 XO D NV Output | E(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) 0.0 <RM(i) < 1.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
300043 Restriction (b) was not satisfied by
RM(i).
(6) Notes

z
(a) If the complete elliptic integral of the 2nd kind is given as E(k) = / V1 — k2sin? d6 then the value
0
of k% must be input for RM(i).

IENM
(b) Evaluating both E(m) and K(m), it is more effective to use 2.9.8 {W Q}.

VIENMQ
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(7) Example

(a) Problem

(b)

Obtain E(m) for m = 0.0,0.1,0.2, - - -, 0.9.

Main program

1000
!

2000
!

3000

1
6000
6100
6200
6300
6400
6500

PROGRAM EIECI2

IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC
PARAMETER( CNAME=’WIECI2’, CFNC=’

DNV=NV
DO 1000 I=1,NV

XI(I)=(I-1)/DNV
CONTINUE

CALL WIECI2( NV, XI, X0, IERR )

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
CONTINUE
STOP

FORMAT (1X, > #** ’ A6, *’)
FORMAT (1X, >*** INPUT *’ )
FORMAT(1X,°XI(’,I2,’)=",F10.6 )
FORMAT (1X, >*** QUTPUT *’ )
FORMAT (1X,’IERR=’,I5 )

FORMAT (1X, 46, (* ,F10.6,°)=",F10.6 )
END

Output results

*%x WIECI2 *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_ 0.900000

*x% QUTPUT *

IERR= 0
E( 0.000000)= 1.570796
E( 0.100000)= 1.530758
E( 0.200000)= 1.489035
E( 0.300000)= 1.445363
E( 0.400000)= 1.399392
E( 0.500000)= 1.350644
E( 0.600000)= 1.298428
E( 0.700000)= 1.241671
E( 0.800000)= 1.178490
E(C 0.900000)= 1.104775
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2.9.3 DIEII1, RIEII1
Incomplete Elliptic Integral of the 1st Kind

(1) Function
Calculates the value of the incomplete elliptic integral of the 1st kind

v 1 ¥ 1
F(xz,m) = / dt = / ——————————df (here, x = sinv)).
o (@ —3)(1—mt?) 0 V1—msin?6

(2) Usage
Double precision:
CALL DIEIIl (XI, RM, XO, IERR)
Single precision:

CALL RIEIIl (XI, RM, XO, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 XI D 1 Input | Value of variable x
R
2 RM D 1 Input | Modulus m
R
3 X0 D 1 Output | Value of F(z,m)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0.0<XI<1.0
(b) 0.L0<RM < 1.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 XI =1.0 and RM = 1.0 (overflow) X0 = (Maximum value) is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 The Gaussian arithmetic-geometric mean
method or Newton method did not
converge.
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(6) Notes

¥ 1
(a) If the incomplete elliptic integral of the 1st kind is given as F(x, k) = / ————d0, then the
0

1—k2sin?6
value of k2 must be input for RM.

(b) The incomplete elliptic integral of the 1st kind is also represented as

@ 1
F(p\a) = F(plm) = / df (here, m = sin® a).
0 V1 —sin®asin?6
DIEII3
(¢) If m < 0.0, use 2.9.5 .
RIEII3

(7) Example

(a) Problem
Obtain the value of F(xz,m) at = 0.3 and m = 0.5.

(b) Input data
XI=0.3 and RM = 0.5.
(¢) Main program

PROGRAM BIEII1
| *%x EXAMPLE OF DIEII1
IMPLICIT REAL(8) (A-H,0-2)
READ (5,%*) XI
READ (5,*) RM
WRITE(6,1000) XI,RM
CALL DIEII1(XI,RM,X0,IERR)
WRITE(8,2000) IERR,X0
1000 FORMAT(C ,/,/,BX, ’*** DIEII1 **x’,/,/,6X,’%* INPUT *%*’,&
/./,8X,’XI = F6.2,6X,RM = > ,F6.2 )

2000 FORMAT(? 2,/,7,6X, e OUTPUT**>,/,/,8X, IERR = ’,15,&
/,/ 8X, ’VALUE OF F(X,M)’,/,/,10%,°X0 = >,D18.10)
END

(d) Output results

**k*x DIEITI1 **x*

*x*% INPUT **
XI = 0.30 RM = 0.50
*x QUTPUT**
IERR = 0
VALUE OF F(X,M)
X0 =  0.3070549305D+00
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2.9.4 DIEII2, RIEII2
Incomplete Elliptic Integral of the 2nd Kind

(1) Function
Calculates the value of the incomplete elliptic integral of the 2nd kind

/1T —mit? v 3 .
E(x,m) = ——dt = V1 —msin®0df (here, x = sin).
0 1—¢ 0
(2) Usage
Double precision:
CALL DIEII2 (XI, RM, XO, IERR)
Single precision:
CALL RIEII2 (XI, RM, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex ) INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex " | INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 XI D 1 Input | Value of variable x
R
2 RM D 1 Input | Modulus m
R
3 X0 D 1 Output | Value of E(z,m)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) 0.0<XI<1.0
(b) 0.0SRM < 1.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 The Gaussian arithmetic-geometric mean
method or Newton method did not
converge.
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(6) Notes

P
(a) If the incomplete elliptic integral of the 2nd kind is given as E(z, k) = / V1 — k2sin? 0d6, then the
0
value of k? must be input for RM.
(b) The incomplete elliptic integral of the 2nd kind is also represented as

%)
E(o\a) = E(ulm) = / V1 —sin?asin?0df (here, m = sin® o, sing = snu).
0

IEJEP
Calculating the value of E(u|m) for parameter u, use 2.9.11 WIEJ .
VIEJEP
DIEII3
(¢) If m < 0.0, use 2.9.5 .
RIEII3

(7) Example

(a) Problem
Obtain the value of E(z,m) at z = 0.3 and m = 0.5.

(b) Input data
XI=0.3 and RM = 0.5.
(¢) Main program

PROGRAM BIEII2
| *%x EXAMPLE OF DIEII2 #xx
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,*) XI
READ (5,%) RM
WRITE(6,1000) XI,RM
CALL DIEII2(XI,RM,X0,IERR)
WRITE(6,2000) IERR,X0
1000 FORMAT(’ ’,/,/,5%, ’*** DIEII2 **x’,/,/,6X,’** INPUT *%*’,&

/./,8X,’XI =3 F6.2,5X, RM = ’,F6.2
2000 FORMAT(’ ’,/,/,6X, ’** OUTPUT**>,/,/,8X, IERR = ’,15,&
/,/,8X,’VALUE OF E(X,M)’,/,/,10%,X0 = *,D18.10)

END
(d) Output results

**k*x DIEII2 **x*

*% INPUT **
XI = 0.30 RM = 0.50
*x QUTPUT**
IERR = 0
VALUE OF E(X,M)
X0 = 0.3023628305D+00
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2.9.5 DIEII3, RIEII3
Incomplete Modified Elliptic Integral

(1) Function
For real numbers m > 0,a,b and = > 0, obtain the value of incomplete modified elliptic integral

T a + bt?

(2) Usage
Double precision:
CALL DIEII3 (X, DM, A, B, Y, IERR)
Single precision:
CALL RIEII3 (X, DM, A, B, Y, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 X D 1 Input | Value of variable z
R
2 DM D 1 Input | Modulus m

=

Input | Coefficient a of a + bt?

1 Input | Coefficient b of a + bt?

=

1 Output | value of f(z,m,a,b)

=

B
es]
—_—— | —— | —— | —— | ——
—

6 IERR I 1 Output | Error indicator

(4) Restrictions

(a) X >0
(b) DM > 0

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) This function is valid for m > 1 and the factor 1 + mt? is difference from the incomplete elliptic
integrals:

1—mt2

" dt
F(r,m):/ ,E(r,m):/ ——dt
0 V= 21— me) o VI
(b) The first incomplete elliptic integral fow \/(1 —asin?#)~1df is f(tanv),1 —a,1,1), here 0 < a < 1 but
this can be extended to a < 1.

. e e s P ) .
(¢) The second incomplete elliptic integral fo V1—asin®6df is f(tant,1 —a,1,1 —a), here 0 < a < 1
but this can be extended to a < 1 .

(7) Example

(a) Problem
For x = 1.0,m = 3.0,a = 4.0 and b = 2.0, obtain incomplete modified elliptic integral.

(b) Input data
X=1.0, DM=3.0, A=4.0 and B=2.0.
(¢) Main program
PROGRAM BIEII3
! %%% EXAMPLE OF DIEII3 #xx
IMPLICIT NONE
INTEGER IERR
REAL(8) X,DM,A,B,Y
DATA X/1.D0/,DM/3.D0/,A/4.D0/,B/2.D0/
WRITE(6,6000) X, DM, A, B
CALL DIEII3(X, DM, A, B, Y, IERR)
WRITE(6,6010) IERR
WRITE(6,6020) Y
STOP

6000 FORMAT(/,&
1 s

X, ’#%x DIEII3 #*x’,/, /. &
1X,? ** INPUT *x’,/,/.&
1X,? =’ F10.7, ’> DM= ’,F10.7, ’ A= ’,F10.7,&

B ol
>’ B= ’,F10.7,/)
6010 FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,”’ IERR =’,15,/)
6020 FORMAT(1X,’ = 7,F10.7)
END

(d) Output results

**x DIEII3 k*x*
*x  INPUT *x
X= 1.0000000 DM= 3.0000000 A= 4.0000000 B= 2.0000000

*x  QUTPUT  *x*
IERR = 0
Y= 2.5140399
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2.9.6 DIEII4, RIEII4
Incomplete Elliptic Integral of The Weierstrass Type

(1) Function

For positives x, y, z and real p > 0, obtain incomplete elliptic integral of the Weierstrass type

f(w,y.,z.,p) =3

(2) Usage
Double precision:
CALL DIEI4 (X,Y, Z, P, DI, IERR)
Single precision:
CALL RIEI4 (X,Y, Z, P, DI, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

1
2

1/p dt

o JEro)(t+y)t+z)

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer

I t
No. | Argument | Type Size nput/ Contents
Output
1 X D 1 Input | Variable z
R
2 Y D 1 Input | Variable y
R
3 7 D 1 Input | Variable z
R
4 P D 1 Input | Inverse number of top p (See Note (a))
R
5 DI D 1 Output | Incomplete elliptic integral f(z,y,z,p) (See
R Note (b))
6 IERR I 1 Output | Error indicator
(4) Restrictions
a) X,Y,Z> 0.0
(b) P> 0.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) If p is equal to zero, then the complete integral
1 / > dt
2Jo JEFTa)t+y)t+e2)

is output to DI.

(b) Note that the the integral defining f(z,y, z,p) is taken from zero to 1/p (See Note (a)).
(¢) f(z,y,z,p) is symmetric for z, y, z.

(d) Ifh>0,

1 1/p+h dt
f(x+h,y+h,z+h,p)*§/h ViE+a)t+y)t+2)

(7) Example

(a) Problem
For x = 1.0,y = 3.0, z = 4.0andp = 2.0, obtain incomplete elliptic integral of the Weierstrass type.

(b) Input data
X=1.0, DM=3.0, A=4.0 and B=2.0.
(¢) Main program
PROGRAM BIEII4
! s EXAMPLE OF DIEIT4
IMPLICIT NONE
INTEGER IERR
REAL(8) X,Y,Z,P,DI
DATA X/1.D0/,Y/3.D0/,Z/4.D0/,P/2.D0/
WRITE(6,6000) X, Y, Z, P
CALL DIEII4(X, Y, Z, P, DI, IERR)
WRITE(6,6010) IERR
WRITE(6,6020) DI

STOP
6000 FORMAT(/,&

1X,’**xx DIEII4 *x*x*x’,/, /. &
1X,? ** INPUT *x’,/,/.&
1X,° =’ F10.7, ’> Y= ’,F10.7, ’ Z= ’,F10.7,&
> P= ’,F10.7,/)
6010 FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/.,&
1X,° IERR =’,15,/)
6020 FORMAT(1X,’ DI= ’,F10.7)

END
(d) Output results

**x DIEII4 k%%
*% INPUT *x*
X= 1.0000000 Y= 3.0000000 Z= 4.0000000 P= 2.0000000

**x  QUTPUT  *x*
IERR = 0
DI= 0.0607049
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2.9.7 WIEJAC, VIEJAC
Elliptic Functions of Jacobi

(1) Function
For u = X;, calculates the values of the elliptic functions of Jacobi sn(u, m), en(u, m), dn(u, m).
Here these are defined as for u, setting v = F(x,m), which is incomplete elliptic integral of the 1st kind
with modulus m,

sn(u,m) = siny = x, cn(u, m) = cos1y, dn(u,m) = v/1 — msin? 1.

(2) Usage
Double precision:
CALL WIEJAC (NV, UL RM, SN, CN, DN, IERR)
Single precision:
CALL VIEJAC (NV, UL, RM, SN, CN, DN, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real  C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size IOHE;Z . Contents
NV I 1 Input | number of input data
2 Ul D NV Input | argument X;
i
3 RM D 1 Input | Modulus m
i
4 SN D NV Output | sn(X;,m)
it
5 CN D NV Output | en(X;,m)
il
6 DN D NV Output | dn(X;,m)
i}
7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NV >1
(b) 0.0 <RM < 1.0
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3001 Restriction (b) was not satisfied.
(6) Notes

(a) Denoting u by the incomplete elliptic integral of 1st kind given as

/w do
U= —— b
0 vV1—msin6

which implies sn(u,m) = sin, this subroutine evaluates sn(u,m), cn(u,m) and dn(u,m). On the

other hand, denoting u by

/w do
u = T
0 V1-—k2sin’0

which implies sn(u, k) = sin®, and evaluating sn(u, k), cn(u, k) and dn(u, k), the value k% should be

input to RM. Generally, sn(u, m), cn(u, m) and dn(u, m) are denoted by sn(u|m), en(u|m) and dn(u|m),

respectively.

(7) Example

(a) Problem
Suppose that m=0.5. Obtain sn(u, m), cn(u, m) and dn(u, m) for v = 0.0,0.1,0.2,---,0.9.
(b) Main program

1000
!

2000
!

3000

6000
6100
6200
6300
6400
6500

PROGRAM EIEJAC

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV,3)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIEJAC’, CFNC=’S C DN’

DNV=NV
DO 1000 I=1,NV

XI(I)=(I-1)/DNV
CONTINUE

,RM=0.5D0)

CALL WIEJAC( NV, XI, RM, X0(1,1),X0(1,2),X0(1,3), IERR )

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,N

'
WRITE(6,6500) CFNC,XI(I), X0(I,1),X0(I,2),X0(I,3)

CONTINUE
STOP

FORMAT (1X, > *** ’ A6, *’)
FORMAT (1X, >*** INPUT *’ )
FORMAT(1X,°XI(’,I2,’)=",F10.6 )
FORMAT (1X, >*** QUTPUT *’ )
FORMAT (1X, >IERR=",1I5 )
FORMAT(1X,A6,°(’,F10.6,°)=",3F10.6 )
END
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(¢) Output results

*%xx WIEJAC

*xk INPUT *

.000000
.100000
.200000
.300000
.400000
.500000
.600000
.700000
.800000
.900000

XI( 1)=

OO0~ U WN
NN NSNS N2

X1(10)=

nnnnnnnntntnnnn
Qoo

*
*
*
o
(=}
[=|
g
OOOOOOOOOOOSOOOOOOOOOO

*

*

[eXeoleololololololo o]

.000000
.099751
.198022
.293413
.384672
.470750
.550831
.624340
.690935
. 750478

OCOO0OOOO0OO0OO0Or

.000000
.995012
.980198
.9556986
.923053
. 882266
.834617
.781153
. 722917
.660895

QOO0 O0OOOr

.000000
.997509
.990148
.978241
.962296
.942972
.921028
.897273
.872528
.847580
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2.9.8 WIENMQ, VIENMQ
Nome ¢ and Complete Elliptic Integrals

(1) Function
For m = X;, calculates the values of the nome ¢ = e
e~ mK(m)/K(m') (here, m' = 1 —m) and of the complete elliptic integrals of the 1st kinds K (m), K(m/)
and 2nd kinds E(m), E(m/).

—mK(m)/K(m)  and complementary nome ¢ =

(2) Usage
Double precision:
CALL WIENMQ (NV, RM, Q, QD, K, KD, E, ED, IERR)
Single precision:
CALL VIENMQ (NV, RM, Q, QD, K, KD, E, ED, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data

2 RM D NV Input | Modulus m = X;
R

3 Q D NV Output | Nome ¢
R

4 QD D NV Output | Complementary nome ¢’
R

5 K D NV Output | Value of the complete elliptic integral of the 1st
R kind K(m)

6 KD D NV Output | Value of the complete elliptic integral of the 1st
R kind K (m')

7 E D NV Output | Value of the complete elliptic integral of the 2nd
R kind E(m)

8 ED D NV Output | Value of the complete elliptic integral of the 2nd
R kind E(m')

9 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) NV >1

(b) 0.0 < RM(i) < 1.0

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

2000 RM(i) = 0.0 or 1.0 (overflow) If RM(i) = 0.0,
KD(i) = (Maximum value) is performed.
If RM(i) = 1.0,
K(i) = (Maximum value) is performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3000+ Restriction (b) was not satisfied by
RM(i).
(6) Notes

(a) If it is sufficient to obtain only value K (m) of the complete elliptic integral of the 1st kind or value

E(m) of the complete elliptic integral of the 2nd kind, it is more efficient to use 2.9.1 {

WIECI1
VIECI1

299 WIECI2 '
VIECI2

(7) Example

(a) Problem

Obtain the value of the nome ¢, complementary nome ¢’, complete elliptic integrals K (m) and E(m)
and K (m/

) and E(m') for m’ =1 —m at modulus m = 0.1,0.2,---,0.9

(b) Main program

PROGRAM EIENMQ

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=9)

REAL(8) XI(NV) , XO(NV,6)

CHARACTER*6 CNAME , CFNC

PARAMETER ( CNAME=’WIENMQ’, CFNC=> PARAM’ )

DNV=NV+1
DO 1000 I=1,NV
XI(I)=I/DNV
I1000 CONTINUE

CALL WIENMQ( NV, XI, XO(l 1),X0(1,2),X0(1,3),&

X0(1,4),X0(1,5),X0(1, 6), IERR)

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I,1),X0(I,2),X0(I,3),&

3000 CONTINUE

STOP

Xo(1,4),X0(I,5),X0(I,6)

6000 FORMAT (1X,’2**x > A6,’ x’)

6100 FORMAT (1X,’**x INPUT *2 )

6200 FORMAT(1X,’°XI(’,I2,’)=’,F10.6 )

6300 FORMAT (1X, 2 **x* DUTP *7 )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X.A6,’(’,F10.6,’)=",6F10.6 )

END
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(¢) Output results

*k% WIENMQ *

*xk INPUT *

.100000
.200000
.300000
.400000
.500000
.600000
.700000
.800000
.900000

PARAM(
PARAM(

OOOOOOOOOOSOOOOOOOOO

*

.006585
.013943
.022277
.031883
.043214
.057020
.074690
.099274
.140173

[elelelololololoto)

.140173
.099274
.074690
.057020
.043214
.031883
.022277
.013943
.006585

NN PR

.612441
.659624
.713889
.7T77519
.854075
.949568
.075363
.257205
.578092
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.578092
.257205
.075363
.949568
.854075
.777519
.713889
.659624
.612441

RRRRRE PR

.530758
.489035
.445363
.399392
.350644
.298428
.241671
.178490
.104775

il

.104775
.178490
.241671
.298428
.350644
.399392
.445363
.489035
.530758
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2.9.9 WIETHE, VIETHE
Elliptic Theta Function

(1) Function

For v = X, calculates the values of the elliptic theta functions of Jacobi ¥;(v, ¢).

9o(v,q) = V4(v,q) =1+ 2 Z(fl)"q712 cos(2nmv)

n=1

oo

01(v,q) =2¢"* D (=1)"g" " sin((2n + 1)7v)

n=0

D2(v,q) = 2¢"/* Y~ q"" cos((2n + 1)7v)

n=0

93(v,q) =142 Z " cos(2nmv)
n=1
(2) Usage
Double precision:
CALL WIETHE (NV, 1, V, Q, XO, IERR)
Single precision:
CALL VIETHE (NV, I, V, Q, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex " | INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
NV 1 Input | number of input data
I 1 Input | Order ¢
3 A% NV Input | X;

Input | Nome ¢

NV Output | ¥;(Xj,q)

B

O
— | — | —/—
—| W O| ™O| ™I|—~|~
N—— | Y—— | Y—~—

6 IERR 1 Output | Error indicator
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(4) Restrictions

0<Q<1.0
IVO)I <M

where M ={double precision: 23!, single precision: 2%}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
4000+ Restriction (d) was not satisfied by V(j).
(6) Notes

(a‘) 190(’[},(]) = 194(”7(1)'
(b) To obtain the value F(x,m) of the incomplete elliptic integral of the 1st kind corresponding to (z, m),

calculate u = F'(z,m) from 2.9.3 {

DIEII1
RIEII1

elliptic integrals of the 1st kinds from 2.9.8 {

2K7zm) '

WIENMQ
VIENMQ

}, and then apply this

}, calculate nome ¢ and the value K(m) of the complete

subroutine for v =

(¢) ¥4(v,q) can also be obtained from the following expression: (v, q) = 2Z(u)K (m)d4(v, q).

(7) Example

(a) Problem
Obtain ¥;(v, q) for i =3, v =0.0,0.1,0.2,---,0.9 and ¢ = 0.5.
(b) Main program

1000

2000

3000

PROGRAM EIETHE

IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIETHE’, CFNC=’

DNV=NV
DO 1000 I=1,NV

XI(I)=(I-1)/DNV
CONTINUE

II=3
Q = 0.5D0
CALL WIETHE( NV, II, XI, Q,

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV

WRITE(6,6500) CFNC,XI(I),

CONTINUE
STOP

'6000 FORMAT(1X,?#k% * A6,7 *°)

X0, IERR )

X0(D)

JTH3’ )
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6100 FORMAT(1X,’*%* INPUT *’ )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT(1X,’*%x OUTPUT *’ )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,’(’,F10.6,’)=",F10.6 )
END

(¢) Output results

**xx WIETHE *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_0.900000

*x% QUTPUT *

IERR= 0
JTH3( 0.000000)= 2.128937
JTH3( 0.100000)= 1.846412
JTH3( 0.200000)= 1.204739
JTH3( 0.300000)= 0.593025
JTH3( 0.400000)= 0.230793
JTH3( 0.500000)= 0.121124
JTH3( 0.600000)= 0.230793
JTH3( 0.700000)= 0.593025
JTH3( 0.800000)= 1.204739
JTH3( 0.900000)= 1.846412

208



WIEJZT, VIEJZT
Zeta Function of Jacobi

2.9.10 WIEJZT, VIEJZT
Zeta Function of Jacobi

(1) Function

For v = X;, calculates the value of the zeta function of Jacobi

(where O(u) = Y4(v, q) = J4(u/2K(m),q))

(2) Usage
Double precision:
CALL WIEJZT (NV, UL, RM, XO, IERR)
Single precision:
CALL VIEJZT (NV, UI, RM, XO, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 Ul D NV Input | X; (value of the incomplete elliptic integral of
R the 1st kind F'(z,m))
3 RM D 1 Input | Modulus m
R
4 X0 D NV Output | Z(X;)
R
5 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) 0.0<RM <1.0
(5) Error indicator
TERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3001 Restriction (b) was not satisfied.
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(6) Notes
(a) The value of u can be obtained from v and K (m) by using the expression u = 2K (m)v.
(7) Example

(a) Problem
Obtain Z(u) for v = 0.0,0.1,0.2,---,0.9 with a modulus m = 0.5.
(b) Main program

PROGRAM EIEJZT
IMPLICIT REAL(8) (A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIEJZT’, CFNC=’ z)

DNV=NV
DO 1000 I=1,NV
XI(I)=(I-1)/DNV
1000 CONTINUE
]

RM = 0.5D0
CALL WIEJZT( NV, XI, RM, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP

6000 FORMAT(1X,’*xx > A6,’ *’)

6100 FORMAT(1X,’*** INPUT *’ )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT(1X,’*** QUTPUT *’ )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*xk WIEJZT *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)= 0.900000

*xx QUTPUT *

IERR= 0
Z( 0.000000)= -0.000000
Z( 0.100000)= 0.026987
Z( 0.200000)= 0.052988
Z( 0.300000)= 0.077076
Z( 0.400000)= 0.098434
Z( 0.500000)= 0.116389
Z( 0.600000)= 0.130442
Z( 0.700000)= 0.140276
Z( 0.800000)= 0.145748
Z(  0.900000)= 0.146872
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2.9.11 WIEJEP, VIEJEP
Epsilon Function of Jacobi
(1) Function

For u = X;, calculates the value of the epsilon function of Jacobi

1 —mt? v * dt
E(ulm) = /0 ﬁdt = /o dn2(t)dt (here, u = /o \/(1 0 mt2)> .

(2) Usage
Double precision:
CALL WIEJEP (NV, UL, RM, XO, IERR)
Single precision:
CALL VIEJEP (NV, UI, RM, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 Ul D NV Input | X; (value of the incomplete elliptic integral of
R the 1st kind F'(z,m))
3 RM D 1 Input | Modulus m
R
4 X0 D NV Output | E(X;|m)
R
5 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) 0.0<RM <1.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3001 Restriction (b) was not satisfied.
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(6) Notes

(a) Epsilon function of Jacobi E(u|m) is the same as the incomplete elliptic integral of the 2nd kind E(¢\«)

and the following relation holds:
©
E(p\a) = E(ulm) = / V1 —sin? asin?0df (where m = sin® a, sing = snu)
0

WIECI2

(See 2.9.2
VIECI2

).

(7) Example

(a) Problem
Obtain F(u|m) for u =0.0,0.1,0.2,---,0.9, with modulus m = 0.5.
(b) Main program

PROGRAM EIEJEP

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIEJEP’, CFNC=’ E’ )

DNV=NV
DO 1000 I=
(I)=(I

1,N
XI -1

1000 CONTINUE
!

\
1) /DNV

RM = 0.5D0
CALL WIEJEP( NV, XI, RM, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP
1
6000 FORMAT(1X,’*%* *,A6,° *’)
6100 FORMAT(1X,’*** INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT(1X,’*#* OUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,’)=",F10.6 )
END

(¢) Output results

**xx WIEJEP *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_ 0.900000

*x% QUTPUT *

IERR= 0
E( 0.000000)= 0.000000
E( 0.100000)= 0.099834
E( 0.200000)= 0.198682
E( 0.300000)= 0.295618
E( 0.400000)= 0.389823
E( 0.500000)= 0.480625
E( 0.600000)= 0.567526
E( 0.700000)= 0.650208
E( 0.800000)= 0.728526
E(C 0.900000)= 0.802498
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2.9.12 WIEJTE, VIEJTE
Theta Function of Jacobi

(1) Function
For u = X;, calculates the value of the theta function of Jacobi

6(“) = 194(1)) q) = 194(“/2K(m)7 Q)

(2) Usage
Double precision:
CALL WIEJTE (NV, UI, RM, XO, IERR)
Single precision:
CALL VIEJTE (NV, UI, RM, XO, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 Ul D NV Input | X; (value of the incomplete elliptic integral of
R the 1st kind F'(z,m))
3 RM D 1 Input | Modulus m
R
4 X0 D NV Output | ©(X;)
R
5 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NV >1
(b) 0.L0<RM < 1.0
UI()
() Tresh <M
where, M ={double precision: 23!, single precision: 2'¥}, and K (m) denotes the complete elliptic in-

tegral of the 1st kind with m=RM.

(5) Error indicator

TERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3001 Restriction (b) was not satisfied.
4000+i Restriction (c) was not satisfied by UI(i).
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(6) Notes

(a) ©'(u) can be obtained from this subroutine with Z(u) obtained from 2.9.10

relation
O’ (u) = Z(u)O(u).
(7) Example

(a) Problem

Obtain O(u) for v = 0.0,0.1,0.2,---,0.9, with modulus m = 0.5.

(b) Main program

PROGRAM EIEJTE
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIEJTE’, CFNC=’JTHETA’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=(I-1)/DNV
1000 CONTINUE
]

RM = 0.5D0
CALL WIEJTE( NV, XI, RM, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
\ STOP
6000 FORMAT(1X,’*xx > A6,’ *’)
6100 FORMAT(1X,’*** INPUT *’ )
6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )
6300 FORMAT(1X,’*** QUTPUT *’ )
6400 FORMAT(1X,’IERR=’,I5 )
6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)= 0.900000

*xx QUTPUT *

IERR= 0

JTHETA( 0.000000)= 0.913579
JTHETA( 0.100000)= 0.914816
JTHETA( 0.200000)= 0.918493
JTHETA( 0.300000)= 0.924504
JTHETA( 0.400000)= 0.932677
JTHETA( 0.500000)= 0.942777
JTHETA( 0.600000)= 0.954517
JTHETA( 0.700000)= 0.967560
JTHETA( 0.800000)= 0.981533
JTHETA( 0.900000)= 0.996035
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2.9.13 WIEPAI, VIEPAI
Pi Function

(1) Function
For u = X, calculates the value of the pi function

“ sn? tdt
IM(u, ) = msnacnadna/
0

(2) Usage
Double precision:
CALL WIEPAI (NV, UI, ALF, RM, XO, IERR)
Single precision:
CALL VIEPAI (NV, UI, ALF, RM, XO, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex

R:Single precision real C:Single precision complex

1—msn?asn?t’

| INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 NV I 1 Input | number of input data
2 Ul D NV Input | X; (value of the incomplete elliptic integral of
R the 1st kind F'(z,m))
3 ALF D 1 Input | «
R
4 RM D 1 Input | Modulus m
R
5 X0 D NV Output | II(X;, )
R
6 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NV >1
(b) 0.0 < RM < 1.0

i)|—A
() HSRey T < M

where, M ={double precision: 23!, single precision: 2'¥}, and K (m) denotes the complete elliptic in-

tegral of the 1st kind with m=RM.

(d) |gAH | < M

where, M and K (m) are the same as Restriction (c).
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3001 Restriction (b) was not satisfied.
4000 Restriction (d) was not satisfied.
4000+i Restriction (c) was not satisfied by UI(i).
(6) Notes

(a) Pi Function II(u, «) is represented as:
O(a) 1 Ou—a)
U + —1 08,
O(e) O(u+ta)’

M(u, ) =

(b) The incomplete elliptic integral of the 3rd kind F'(z) is represented as

dz

sn o«

M(u, ) +u

F(z) = /0 (1= a2z2)\/(1 —22)(1 — k222) =

with z = snu, a2 = k?sn? a.
(7) Example

(a) Problem
Obtain II(u, ) for v = 0.0,0.1,0.2, - - -

(b) Main program
PROGRAM EIEPAI
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER (NV=10)
REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC
PARAMETER( CNAME=’WIEPAI’,

DNV=NV

DO 1000
XI(I)=(I-

CONTINUE

RM = 0.5D0
ALF= 1.7D0
CALL WIEPAI( NV, XI,

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I),
CONTINUE
STOP

I=1,NV
1) /DNV
1000
!

ALF, RM, XO,

2000
1

X0(I)
3000

1
6000
6100
6200
6300
6400
6500

FORMAT (41X, 2*** 2> A6, *’)
FORMAT (1X, > *** INPUT *’ )
FORMAT(1X,°XI(’,I2,’)=",F10.6 )
FORMAT (1X, > *** QUTPUT *’ )
FORMAT(1X,’IERR=’,I5 )

FORMAT (1X,A6,’ (* ,F10.6,’)=",F10.6 )
END

(¢) Output results

*#x WIEPAT *

*%% INPUT *

XI( 1)=  0.000000
XI( 2)= 0.100000
XI( 3)= 0.200000
XI( 4)= 0.300000
XI( 5)= 0.400000

,0.9,

cnodn o

a=1.7and m =0.5.

CFNC=>JACPAI’ )

IERR )
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JACPAI(
JACPAI(

OOOOOOOOOOOEOOOOO

.500000
.600000
.700000
.800000
.900000
*

.000000
.000013
.000103
.000346
.000821
.001601
.002762
.004373
.006501
.009204
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2.10 INDEFINITE INTEGRALS OF ELEMENTARY FUNCTIONS
2.10.1 WIIEXP, VIIEXP
Exponential Integral
(1) Function

For x = X, calculates the value of the exponential integral

— x et
Ei(x):P/ —dt

— 0o

oo —t T t
EMﬂ:f/ %ﬂﬁ:/ %ﬁ

where P denotes Cauchy’s principal value.

(z >0.0)

(z <0.0)

(2) Usage
Double precision:
CALL WIIEXP (NV, XI, XO, IERR)
Single precision:
CALL VIIEXP (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | X; > 0.0: Ei(X;)
R X, < 0.0 : Bi(X;)
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 XI(i) < —M; (See Note (b)) (underflow) XO(i) = 0.0 is performed.
2000 XI(i) = 0.0 (overflow) XO(i) = (Minimum value) is performed.
2100 XI(i) > M3 (See Note (c)) (overflow) XO(i) = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

x t

(a) In the case where z = XI(i) > 0.0, Ei(z) = P/ 67dt is evaluated, and in another case z = XI(i) < 0.0

— 00

e} e—t x et
Ei(z) = —/ Tdt = / Tdt is also evaluated.

(b) When IERR becomes 1000 in this subroutine, the value of M is as follows:
M; ={double precision: 702.0, single precision: 83.0}

—Z — 00

(¢) When IERR becomes 2100 in this subroutine, the value of My is as follows:
={double precision: 709.782, single precision: 88.722}

(d) The value of the exponential integral may defined as follows:

0o Lt
Bi(z) = / St (argz] <)
In this case, F1(x) = —Ei(—z) (x> 0) holds.
(7) Example

(a) Problem
Obtain Ei(x) for z = 0.1,0.2,---,1.0.
(b) Main program

PROGRAM EIIEXP

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER ( CNAME=’WIIEXP’, CFNC=’ Ei’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=I/DNV
1000 CONTINUE

CALL WIIEXP( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100 )
DO 2000 I=1,N
WRITE(6, 6200) I,XI(I)
2000 CONTINUE
1

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP

6000 FORMAT (1X,’%%x >, A6,’ *’)

6100 FORMAT(1X,’#*%* INPUT *’ )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT (1X, > *%x% DUTPUT %)

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,°(’, F10 6,’)=",F10.6 )
END
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(¢) Output results

**k* WIIEXP
**% INPUT *
XI( 1)=

>

L

~
OCO~NONPB™WN
NN NSNS
T T T T 1

><
L
~.
[N
o
~
]

*x%x QUTP!

HOOOOOOOOOOSD—‘OOOOOOOOO

*

.100000
.200000
.300000
.400000
.500000
.600000
.700000
.800000
.900000
.000000

*

.100000)= -1.
.200000)= -0.
.300000)= -0.
.400000)= 0.
.500000) =
.600000) =
.700000)
.800000)
.900000)
.000000)

622813
821761
302669
104765

0.454220
0.769881
1.
1
1
1

064907

.347397
.622812
.895118
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2.10.2 WIILOG, VIILOG
Logarithmic Integral

(1) Function
For x = X, calculates the value of the logarithmic integral

. |
Ll(x)—/o mdt

(2) Usage
Double precision:
CALL WIILOG (NV, XI, XO, IERR)
Single precision:
CALL VIILOG (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex ) INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex " | INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | Li(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XI(i) > 1.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 XI(i) = 1.0 (overflow) XO(i) = (Minimum value) is performed.
2100 log(XI(i)) > Mz (See Note (a).) XO0(i) = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by XI(i).
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(6) Notes

(a) When IERR becomes 2100 in this subroutine, the value of Ms is as follows:
My ={double precision: 709.782, single precision: 88.722}

(7) Example

(a) Problem
Obtain Li(z) for z = 1.1,1.2,---,2.0.
(b) Main program

PROGRAM EIILOG

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIILOG’, CFNC=’ Li’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=1.DO+I/DNV
1000 CONTINUE
1

CALL WIILOG( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP

6000 FORMAT(1X,’*xx > A6,’ *’)

6100 FORMAT(1X,’*** INPUT *’ )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT (1X,’#**x QUTPUT *’ )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

¥k WITLOG *

*x%k INPUT *

XI( 1)= 1.100000

XI( 2)= 1.200000

XI( 3)= 1.300000

XI( 4)= 1.400000

XI( 5)= 1.500000

XI( 6)= 1.600000

XI( 7)= 1.700000

XI( 8)= 1.800000

XI( 9)= 1.900000

XI(10)= 2.000000

*xx QUTPUT *

IERR= 0
Li( 1.100000)= -1.675773
Li( 1.200000)= -0.933787
Li( 1.300000)= -0.480178
Li( 1.400000)= -0.144991
Li( 1.500000)= 0.125065
Li( 1.600000)= 0.353748
Li( 1.700000)= 0.553744
Li( 1.800000)= 0.732637
Li( 1.900000)= 0.895327
Li( 2.000000)= 1.045164
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2.10.3 DIISIN, RIISIN
Sine Integral

(1) Function

Calculates the value of the sine integral

Si(x) = / L
o ¢t
(2) Usage
Double precision:
CALL DIISIN (XI, XO, IERR)
Single precision:
CALL RIISIN (XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex

. { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output

1 XI D 1 Input | Value of variable x

i
2 X0 D 1 Output | Value of Si(z)

i}
3 IERR I 1 Output | Error indicator

(4) Restrictions
None

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
(6) Notes
None
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(7) Example

(a) Problem
Obtain the value of Si(z) at x = 1.0.

(b) Input data

XI=1.0.
(¢) Main program

PROGRAM BIISIN
! s%xx EXAMPLE OF DIISIN s**x*
IMPLICIT REAL(8) (A-H,0-2)
READ (5,%) XI
WRITE(6,1000) XI
CALL DIISIN(XI,XO,IERR)
WRITE(6,2000) IERR,XO
1000 FORMAT(’ ’,/,/,5X,’*%* DIISIN *x*x*’, /, / 6X,’*x INPUT *x’,&

/,/,8X,’XI =7 .F6.2

2000 FORMAT(’ *,/,/.BX,’*% QUTPUT*%’,/,/,8X,’IERR = ’,I5,&
/./,8X, VALUE OF SI(X)’,/,/,10%,°X0 = >,D18.10)
END

(d) Output results

*%% DIISIN **x*
**x INPUT **
XI = 1.00

*x QUTPUT**
IERR = 0
VALUE OF SI(X)
X0 = 0.9460830704D+00
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2.10.4 DIICOS, RIICOS
Cosine Integral

(1) Function

Calculates the value of the cosine integral

Ci(x) :f/ %Stdt.

(2) Usage
Double precision:
CALL DIICOS (XI, XO, IERR)
Single precision:
CALL RIICOS (XI, XO, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size IOnEtupté . Contents
1 XI D 1 Input | Value of variable x
i
2 X0 D 1 Output | Value of Ci(z)
i}
3 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0.0 < XI< M

where, M={double precision: 2°°7, single precision: 2!¥7}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
2000 XI = 0.0 (overflow) XO = (Minimum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
(See Note (a))
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(6) Notes

(a) For IERR=3000, if XI is sufficiently large, then the value of Ci(z) will be a value extremely close to
0.0.

(7) Example

(a) Problem
Obtain the value of Ci(z) at x = 1.0.

(b) Input data

XI=1.0.
(¢) Main program

PROGRAM BIICOS
! sxx EXAMPLE OF DIICOS **x*
IMPLICIT REAL(8) (A-H,0-2)
READ (5,%) XI
WRITE(6,1000) XI
CALL DIICOS(XI,X0,IERR)
WRITE(6,2000) IERR,XO
1000 FORMAT(’ ’,/,/,5X,’*%* DIICOS *x*x*’,/,/,6X,’*x INPUT *x’,&

/,/,8%,°XI = * .F6.2

2000 FORMAT(’ ’,/,/,6X,’** OUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8%X,’VALUE OF CI(X)’,/,/,10X,’X0 = ’,D18.10)
END

(d) Output results

*%x%x DIICOS *x**
*% INPUT **
XI = 1.00

*% QUTPUT**
IERR = 0
VALUE OF CI(X)
X0 = 0.3374039229D+00
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2.10.5 WIIFSI, VIIFSI
Fresnel Sine Integral

(1) Function
For = X, calculates the value of the Fresnel sine integral

S(z) = /0 sin(th)dt.

(2) Usage
Double precision:
CALL WIIFSI (NV, XI, XO, IERR)
Single precision:
CALL VIIFSI (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
it
3 X0 D NV Output | S(X;)
i
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NV >1

(b) IXI()| < M
where M ={double precision: 47453132.0, single precision: 724.07734}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.

3000+ Restriction (b) was not satisfied by XI(i). | Processing is aborted.
(See Note (b))

(6) Notes

1 ¥ sint 2x
a) If the Fresnel sine integral is given as S(z) = — ——dt, then XI(i) must be {/ —.
@ mal i given as S(a) = —= [ = 0 :
(b) For IERR = 3000 + 4, if |x| is sufficiently large (z = XI(i)), S(z) will be a value extremely close to 0.5

(XI(i) > 0.0), and to —0.5(XI(i) < 0.0).
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(7) Example

(a) Problem
Obtain S(x) for z = 0.0,0.1,---,0.9.

Main program

(b)

1000
!

2000
!

3000

1
6000
6100
6200
6300
6400
6500

PROGRAM EIIFSI

IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC
PARAMETER( CNAME=’WIIFSI’, CFNC=’

DNV=NV
DO 1000 I=1,NV

XI(I)=(I-1)/DNV
CONTINUE

CALL WIIFSI( NV, XI, X0, IERR )

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
CONTINUE
STOP

FORMAT (1X, >*** ’,A6,’° *’)
FORMAT (1X, ’*** INPUT *’ )
FORMAT (1X,°XI(’,I2,’)=",F10.6 )
FORMAT (1X, ’*** QUTPUT *’ )
FORMAT (1X,’IERR=",I5 )

FORMAT (1X,46,° (’,F10.6,’)=",F10.6 )
END

Output results

*%x WIIFSI =*

*xk INPUT *
XI( 1)= 0.000000
XI( 2)= 0.100000
XI( 3)= 0.200000
XI( 4)= 0.300000
XI( 5)= 0.400000
XI( 6)= 0.500000
XI( 7)= 0.600000
XI( 8)= 0.700000
XI( 9)= 0.800000
XI(10)=_ 0.900000
*x*% QUTPUT *
IERR= 0
S( 0.000000)= 0.000000
S(  0.100000)= 0.000524
S(  0.200000)= 0.004188
( 0.300000)= 0.014117
( 0.400000)= 0.033359
( 0.500000)= 0.064732
( 0.600000)= 0.110540
( 0.700000)= 0.172136
( 0.800000)= 0.249341
( 0.900000)= 0.339776
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2.10.6 WIIFCO, VIIFCO
Fresnel Cosine Integral

(1) Function
For x = X, calculates the value of the Fresnel cosine integral

Clz) = /0 ’ cos(th)dt.

(2) Usage
Double precision:
CALL WIIFCO (NV, XI, XO, IERR)
Single precision:
CALL VIIFCO (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
it
3 X0 D NV Output | C(X;)
i
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NV >1

(b) IXI()| < M
where M ={double precision: 47453132.0, single precision: 724.07734}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.

3000+ Restriction (b) was not satisfied by XI(i). | Processing is aborted.
(See Note (b))

(6) Notes

1 ¥ cost

Rz

(b) For IERR = 3000 + i, if |z| is sufficiently large (x = XI(i)), C(x) will be a value extremely close to 0.5
(XI(i) > 0.0) and to —0.5(XI(i) < 0.0).

2
(a) If the Fresnel cosine integral is given as C'(z) dt, then the value of XI(i) must be 1/ =,
T
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(7) Example

(a) Problem
Obtain C(x) for z = 0.0,0.1,---,0.9.

Main program

(b)

1000
!

2000
!

3000

1
6000
6100
6200
6300
6400
6500

PROGRAM EIIFCO

IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC
PARAMETER( CNAME=’WIIFCO’, CFNC=’

DNV=NV
DO 1000 I=1,NV

XI(I)=(I-1)/DNV
CONTINUE

CALL WIIFCO( NV, XI, X0, IERR )

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
CONTINUE
STOP

FORMAT (1X, >*** ’,A6,’° *’)
FORMAT (1X, ’*** INPUT *’ )
FORMAT (1X,°XI(’,I2,’)=",F10.6 )
FORMAT (1X, ’*** QUTPUT *’ )
FORMAT (1X,’IERR=",I5 )

FORMAT (1X,46,° (’,F10.6,’)=",F10.6 )
END

Output results

*%xx WIIFCO *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_ 0.900000

*x*% QUTPUT *

IERR= 0
C( 0.000000)= 0.000000
C( 0.100000)= 0.099998
C( 0.200000)= 0.199921
C( 0.300000)= 0.299401
C( 0.400000)= 0.397481
C( 0.500000)= 0.492344
C( 0.600000)= 0.581095
C( 0.700000)= 0.659652
C( 0.800000)= 0.722844
c( 0.900000)= 0.764823
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2.10.7 WIIDAW, VIIDAW
Dawson Integral

(1) Function
For x = X, calculates the value of the Dawson integral

_z2 z 2
e e’ dt.
0

(2) Usage
Double precision:
CALL WIIDAW (NV, XI, XO, IERR)
Single precision:
CALL VIIDAW (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
2 X1 2
3 X0 D NV Output | e~ / el dt
0
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

None
(7) Example

(a) Problem
Obtain e~ / et dt for = 0.0,0.1,---,0.9.
0
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(b) Main program

1000
!

2000
!

3000

1
6000
6100
6200
6300
6400
6500

PROGRAM EIIDAW
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIIDAW’>, CFNC=’DAWSON’ )

DNV=NV
DO 1000 I=1,NV

XI(I)=(I-1)/DNV
CONTINUE

CALL WIIDAW( NV, XI, X0, IERR )

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,N

v
WRITE(6,6500) CFNC,XI(I), X0(I)

CONTINUE
STOP

FORMAT (1X, > *** °,A6,’> *’)
FORMAT (1X, > *#** INPUT x*’

)
FORMAT(1X,’XI(’,I2,’)=",F10.6 )

FORMAT (1X, ’>*x* QUTPUT *’ )
FORMAT (1X,’IERR=>,I5 )

FORMAT(1X,A6,’ (* ,F10.6,°)=",F10.6 )

END

(¢) Output results

*xk WITDAW *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_ 0.900000

*x% QUTPUT *

IERR= 0

DAWSON( 0.000000)= 0.000000
DAWSON( 0.100000)= 0.099336
DAWSON( 0.200000)= 0.194751
DAWSON( 0.300000)= 0.282632
DAWSON( 0.400000)= 0.359943
DAWSON( 0.500000)= 0.424436
DAWSON( 0.600000)= 0.474763
DAWSON( 0.700000)= 0.510504
DAWSON( 0.800000)= 0.532102
DAWSON( 0.900000)= 0.540724
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2.10.8 WIICND, VIICND

(1)

Normal Distribution Function

Function

For x = X, calculates the value of the normal distribution function

1 v

Usage
Double precision:

CALL WIICND (NV, XI, XO, IERR)
Single precision:

CALL VIICND (NV, XI, XO, IERR)

Arguments
D:Double precision real = Z:Double precision complex I INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | ®(X;)
R
4 IERR I 1 Output | Error indicator
Restrictions
(a) NV >1
Error indicator
TERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
Notes
None
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(7) Example

(a) Problem
Obtain ®(z) for = = 0.0,0.1,---,0.9.

Main program

(b)

1000
!

2000
!

3000

1
6000
6100
6200
6300
6400
6500

PROGRAM EIICND

IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC
PARAMETER( CNAME=’WIICND’, CFNC=’

DNV=NV
DO 1000 I=1,NV

XI(I)=(I-1)/DNV
CONTINUE

CALL WIICND( NV, XI, X0, IERR )

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
CONTINUE
STOP

FORMAT (1X, >*** ’,A6,’° *’)
FORMAT (1X, ’*** INPUT *’ )
FORMAT (1X,°XI(’,I2,’)=",F10.6 )
FORMAT (1X, ’*** QUTPUT *’ )
FORMAT (1X,’IERR=",I5 )

FORMAT (1X,46,° (’,F10.6,’)=",F10.6 )
END

Output results

*%x WIICND =*

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_ 0.900000

*x*% QUTPUT *

IERR= 0
PHI( 0.000000)= 0.000000
PHI( 0.100000)= 0.039828
PHI( 0.200000)= 0.079260
PHI( 0.300000)= 0.117911
PHI( 0.400000)= 0.155422
PHI( 0.500000)= 0.191462
PHI( 0.600000)= 0.225747
PHI( 0.700000)= 0.258036
PHI( 0.800000)= 0.288145
PHI( 0.900000)= 0.315940

PHI’ )
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2.10.9 WIICNC, VIICNC
Complementary Normal Distribution Function

(1) Function
For x = X, calculates the value of the normal distribution function

1 Rl

(2) Usage
Double precision:
CALL WIICNC (NV, XI, XO, IERR)
Single precision:
CALL VIICNC (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | ¥(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(5) Error indicator
TERR value Meaning Processing
0 Normal termination.
1000 XI(i) > M (See Note (a)) (underflow) XO(i) = 0.0 is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) When IERR becomes 1000 in this subroutine, the value of M is as follows:
M ={double precision: 38.485, single precision: 13.0}

(7) Example

(a) Problem
Obtain ®(z) for z = 0.0,0.1,0.2,---,0.9.
(b) Main program

PROGRAM EIICNC

IMPLICIT REAL(8)(A-H,0-Z)

PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)

CHARACTER*6 CNAME , CFNC

PARAMETER( CNAME=’WIICNC’, CFNC=’ PSI’ )

DNV=NV
DO 1000 I=1,NV
XI(I)=(I-1)/DNV
1000 CONTINUE
]

CALL WIICNC( NV, XI, X0, IERR )

WRITE(6,6000) CNAME
WRITE(6,6100)
DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)
2000 CONTINUE
]

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
3000 CONTINUE
STOP

6000 FORMAT(1X,’*xx > A6,’ *’)

6100 FORMAT(1X,’*** INPUT *’ )

6200 FORMAT(1X,’XI(’,I2,’)=’,F10.6 )

6300 FORMAT (1X,’#**x QUTPUT *’ )

6400 FORMAT(1X,’IERR=’,I5 )

6500 FORMAT(1X,A6,’(’,F10.6,’)=’,F10.6 )
END

(¢) Output results

*xx WIICNC *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)= 0.900000

*xx QUTPUT *

IERR= 0
PSI( 0.000000)= 0.500000
PSI( 0.100000)= 0.460172
PSI( 0.200000)= 0.420740
PSI( 0.300000)= 0.382089
PSI( 0.400000)= 0.344578
PSI( 0.500000)= 0.308538
PSI( 0.600000)= 0.274253
PSI( 0.700000)= 0.241964
PSI( 0.800000)= 0.211855
PSI( 0.900000)= 0.184060
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2.11.1 WIERRF, VIERRF
Error Function

(1) Function

For x = X, evaluate error function Erf(x).

(2) Usage
Double precision:
CALL WIERRF (NV, XV, YV, IERR)
Single precision:
CALL VIERRF (NV, XV, YV, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | Number of inputs
XV D NV Input | z;
R
3 YV D NV Output | Erf(x;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV>0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

None
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(7) Example

(a) Problem
Evaluate values of Erf(z;) with i = 1,2,---,10 where each z; is given as the functional value is 0.1°.
(b) Main program

PROGRAM EIERRF
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER NV
PARAMETER( NV = 10 )
REAL(8)  XV(NV), YV(NV)
ITER=0
DO 1000 I=1,NV
CALL DIIERF(1.D-1%xI, XV(I), ITER, IERR)
IF(IERR.GT.0) STOP
1000 CONTINUE
WRITE(6,10)
WRITE(6,20)
CALL WIERRF(NV, XV, YV, IERR)
DO 2000 I=1,NV
WRITE(6,6000) I, XV(I)
2000 CONTINUE
WRITE(6,30)
WRITE(6,40) IERR
DO 3000 I=1,NV
WRITE(6,6500) I, 1.DO - YV(I)
3000 CONTINUE

STOP
10 FORMAT(1X,’> *** WIERRF *x*x ’, /. /)
20 FORMAT(1X,’ *x* INPUT *¥x ’,/,/)
30 FORMAT(1X,/,/,’> #**x* QUTPUT *x*x ’,/,/)

40 FORMAT(1X,’IERR = ’,I14,/,/)
6000 FORMAT(1X,I2,’ TH INPUT VALUES = ’,E15.7)
6500 FORMAT(1X,I2,’ TH OUTPUT VALUES = ’,E15.7)
END

(¢) Output results

s*% WIERRF s**x

skkx INPUT sok*

1 TH INPUT VALUES = 0.1163087E+01
2 TH INPUT VALUES = 0.1821386E+01
3 TH INPUT VALUES =  0.2326754E+01
4 TH INPUT VALUES =  0.2751064E+01
5 TH INPUT VALUES = 0.3123413E+01
6 TH INPUT VALUES =  0.3458911E+01
7 TH INPUT VALUES =  0.3766563E+01
8 TH INPUT VALUES =  0.4052237E+01
9 TH INPUT VALUES =  0.4320005E+01
10 TH INPUT VALUES =  0.4572825E+01
sxk QUTPUT %%
IERR = 0

1 TH OUTPUT VALUES =  0.1000000E+00
2 TH QUTPUT VALUES = 0.1000000E-01
3 TH OUTPUT VALUES =  0.1000000E-02
4 TH QUTPUT VALUES = 0.1000000E-03
5 TH OUTPUT VALUES =  0.1000000E-04
6 TH OUTPUT VALUES =  0.1000000E-05
7 TH OQUTPUT VALUES = 0.1000000E-06
8 TH OQUTPUT VALUES =  0.1000000E-07
9 TH OUTPUT VALUES = 0.1000000E-08
10 TH OUTPUT VALUES = 0.1000000E-09
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2.11.2 WIERFC, VIERFC
Co-Error Function

(1) Function

For x = X;, evaluate co-error function Erfc(x).

(2) Usage
Double precision:
CALL WIERFC (NV, XV, YV, IERR)
Single precision:
CALL VIERFC (NV, XV, YV, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

|
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Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | Number of inputs
2 XV D NV Input | z;
R
3 YV D NV Output | Erfe(z;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV>0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes
None




WIERFC, VIERFC
Co-Error Function

(7) Example

(a) Problem
Evaluate values of Erfc(z;) for z; with i = 1,2,---,10 given as the functional value equals to 0.1°.
(b) Main program

PROGRAM EIERFC
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER NV
PARAMETER( NV = 10 )
REAL(8)  XV(NV), YV(NV)
DO 1000 I=1,NV
CALL DIIERF(1.D-1#*I, XV(I), O, IERR)
IF(IERR.GT.0) STOP
1000 CONTINUE
WRITE(6,10)
WRITE(6,20)
CALL WIERFC(NV, XV, YV, IERR)
DO 2000 I=1,NV
WRITE(6,6000) I, XV(I)
2000 CONTINUE
WRITE(6,30)
WRITE(6,40) IERR
DO 3000 I=1,N
WRITE(6,6500) I YV(I)
3000 CONTINUE
STOP
10 FORMAT (1X,’ #%% WIERFC **x °,/, /)
20 FORMAT(1X,’ s*% INPUT skx *,/,7)
30 FORMAT(1X,/,/,’ *¥x QUTPUT *x*xx*x ’,/ /)

40 FORMAT(1X, ’IERR =,14,/,/)
6000 FORMAT(1X,I2,’ TH INPUT 'VALUES = ° El .7)
6500 FDRMAT(lX,I2,’ TH OUTPUT VALUES = ’,E15.7)
END

(¢) Output results

***x WIERFC **x*

sk INPUT *%*x*

1 TH INPUT VALUES = 0.1163087E+01
2 TH INPUT VALUES = 0.1821386E+01
3 TH INPUT VALUES = 0.2326754E+01
4 TH INPUT VALUES = 0.2751064E+01
5 TH INPUT VALUES = 0.3123413E+01
6 TH INPUT VALUES = 0.3458911E+01
7 TH INPUT VALUES = 0.3766563E+01
8 TH INPUT VALUES = 0.4052237E+01
9 TH INPUT VALUES = 0.4320005E+01
10 TH INPUT VALUES = 0.4572825E+01
**x QUTPUT **%*
IERR = 0

1 TH OUTPUT VALUES = 0.1000000E+00
2 TH OUTPUT VALUES = 0.1000000E-01
3 TH OUTPUT VALUES = 0.1000000E-02
4 TH OUTPUT VALUES = 0.1000000E-03
5 TH OUTPUT VALUES = 0.1000000E-04
6 TH OUTPUT VALUES = 0.1000000E-05
7 TH OUTPUT VALUES = 0.1000000E-06
8 TH OUTPUT VALUES = 0.1000000E-07
9 TH OUTPUT VALUES = 0.1000000E-08
10 TH OUTPUT VALUES = 0.1000000E-09
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2.11.3 DIIERF, RITERF
Inverse of Co-Error Function

(1) Function

Evaluate Erfc™" i.e, for 0 < x < 1, evaluate y satisfying Erfc(y) = x.

(2) Usage

Double precision:

CALL DIIERF (X, Y, ITER, IERR)
Single precision:

CALL RIIERF (X, Y, ITER, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex

_ { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 X D 1 Input | «
R
2 Y D 1 Output | y
R
3 ITER | 1 Input | Maximum number of iterations (Normal:10)
(See Note (d))
4 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 0<X <1

(b) ITER > 1 ( Excluding the case where 0 or an negative value is input to be reset to the default value )

(5) Error indicator

TERR value Meaning Processing
0 Normal termination.
1000 X=1 Y = 0 is performed.
3000 X>1 Processing is aborted.
3500 X<0
4000 The solution did not converge within the
maximum number of iterations
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(6) Notes

(a) For 2> 2 > 1, y can be obtained by y = — Erfc (2 — z) according to the following relation:

2 [® .
— e rdt=2—-x.
N /y
(b) Erfc™'(0) = oo, Erfc™!(2) = —oo.

(¢) Inverse of Erf(z) is Erfc ' (1 — ).

(d) The maximum count of iteration is set to 10 when ITER is less than 1.
(7) Example

(a) Problem
Evaluate y satisfying ERF(y)=0.9999 and check this result.
(b) Main program

PROGRAM BIIERF

IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (ONE=1.D0)
X=0NE-0.9999D0

WRITE(6,90)

WRITE(6,91)

WRITE(6,5000) X

CALL DIIERF(X, Y, 0, IERR)
WRITE(6,92)

WRITE(6,93) IERR

CALL WIERRF(1, Y, Z, IERR)
IF(IERR.NE.O) STOP
WRITE(6,6000) ONE-X, Y, Z

STOP
90 FORMAT(1X,’ *¥x DIIERF *x*x ’,/, /)
91 FORMAT(1X,’ % INPUT *¥x ’,/,/)
92 FORMAT(1X,’ *¥*x QUTPUT **x*x ’,/ /)
93 FORMAT(1X,’ 1IERR= ’,I14,/,/)

5000 FORMAT(1X,’ X = ’,E15.7,/,/)
6000 FORMAT(1X,’ 1-X=’,E15.7,’ OUTPUT Y=’,&
E15.7,&

> TEST VALUE =’;E15.7)
END

(¢) Output results

*xx DITERF **%

*xx INPUT s**x

X = 0.1000000E-03

*x% QUTPUT %%
IERR= 0

1-X= 0.9999000E+00 OUTPUT Y= 0.2751064E+01 TEST VALUE = 0.9999000E+00
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2.11.4 JIIERF, IIIERF
Error Function for Complex Arguments

(1) Function

For z=Z;, evaluate error function with complex argument ¢==" Erfe(—iz).

(2) Usage
Double precision:

CALL JIERF (NV, Z, W, IERR)

Single precision:

CALL IIIERF (NV, Z, W, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

|

Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | Number of input values
2 Z 7 NV Input | 2
C
3 W 7 NV Output e Erfc(—iz)
C
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred. (See Note (b))
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(6) Notes

(a) If the imaginary part of z is close to 0.0, the precision becomes rather low (within an error of order

10719 in the double precision case, though).

(b) If 3(2) is negative and —R(2?) is almost log(Maximum positive), overflow occurs.
(7) Example

(a) Problem
Evaluate values in the integration pass |z — 3i| = 1.
(b) Main program

PROGRAM KIIERF
IMPLICIT COMPLEX(8) (A-H,0-Z)
PARAMETER( N=100 , Z3=(0.D0,3.D0) )
PARAMETER( Z1=(0.D0,1.D0) )
REAL(8) R1, RI1, R3, RI3
CHARACTER*10 HEAD1,HEAD2
COMPLEX(8)  ZV(N+1), WV(N+1)
HEAD1=’CAUCHY :
HEAD2="TRUE  :
PAI=AC0S(-1.DO)
$=(0.D0,0.D0)
WRITE(6,10)
WRITE(6,20)
WRITE(6,30) N+1
DO 1000 I=1,100
ZV (1)=Z3+EXP (2+¥PAI*Z1%*I1/100.D0)
1000 CONTINUE
ZV(N+1)=2Z3
WRITE(6,40)
CALL JIIERF(N+1, ZV, WV, IERR)
DO 2000 I=1,100
S=S+WV(I)/100.D0O
2000 CONTINUE
W3=WV (N+1)

RI3=W3/Z1
WRITE(6,6000) HEAD1,R1,RI1
WRITE(6,6000) HEAD2,R3,RI3
STOP
10 FORMAT(1X,’ #*xx JIIERF ***x ’,/,/)
20 FORMAT(1X,’ **x* INPUT *¥x ’>,/, /)
30 FORMAT(1X,’NV = °,I3,/,/)
40 FORMAT(1X, °’ #** QUTPUT **x °> /,/)
6000 FORMAT(1X,A10,5X,E15.7,5X,E15.7,/,/)
END

(¢) Output results

%% JITERF *xx

k% INPUT *%*x
NV = 101

*%%x QUTPUT **x*
CAUCHY : 0.1790012E+00 -0.7589415E-18

TRUE : 0.1790012E+00 0.6251103E-19
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2.12 ASSOCIATED LEGENDRE FUNCTIONS

2.12.1 DILEGI1, RILEG1
Associated Legendre Function of the 1st Kind

(1) Function
Calculates the value of the associated Legendre function of the 1st kind

Pre) = (1 - #

n

(2) Usage
Double precision:
CALL DILEGI1 (N, M, XI, XO, IERR)
Single precision:
CALL RILEG1 (N, M, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
M I 1 Input | Multiple m
3 XI D 1 Input | Value of variable x
R
4 X0 D 1 Output | Value of P (x)
R
5 IERR I 1 Output | Error indicator
(4) Restrictions
(a) When M < 0, then [M| < N (if N < 0, then [M| < —N — 1)
(b) When |M| < N (if N < 0, then rm|M| < =N — 1), then |M| < M;
where, M; ={double precision: 150, single precision: 27}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
2000 IXI| > (Maximum value)'/~ /2 and N > 2 | If XI > 0.0,
(overflow) XO = (Maximum value) is performed.
If XI < 0.0,
XO = (Maximum value) x (—1)N
is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
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(6) Notes

(a)

If || > 1.0, then the Hobson associated Legendre function

m d™ Py ()
P(x) = -1.0)2 ————
) = (% - 10)F
is calculated, and if || < 1.0, then the Ferrers associated Legendre function
m d™ P, (x)

P (x) = (1.0 — 2?)% T

is calculated.
This subroutine uses double length arithmetic internally to guarantee precision.

Note that the associated Legendre function of the 1st kind may be defined as

P:ln(x) = (—1)7"(1_0 N IQ)%%ZEI)

when |z| < 1.0 or it may be defined as the associated function multiplied by (n —m)!.

WINPLG
VINPLG
The relationship between the associated Legendre function of the 1st kind P/ (x) and the normalized

To obtain these values for many XI and for a large order n, it is better to use 2.15.3

spherical harmonic function P™(z) can be expressed as below.

2 1
PO(z) = | 2P (-1 < < 1)
4
P (x) = 2 P(z) (-1<z<1lym=1,2---,n)

47 (n4+m) "

Note that the absolute value of normalized Legendre function of the 1st kind increases steeply with

the factorial order when m is large.

(7) Example

Problem
Obtain the value of P™(x) at n =4, m =2 and « = 0.8.

Input data
N=4, M=2and XI=0.8.
Main program

PROGRAM BILEG1
! %x* EXAMPLE OF DILEG1 s
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,*) N
READ (5,*) M
READ (5,%) XI
WRITE(6,1000) N,M,XI
CALL DILEG1(N,M,XI,X0,IERR)
WRITE(6,2000) IERR,XO
1000 FDRMAT(’ »,/./,5X, S¥x* DILEG1 ***’ ./ / 6X, 2*% INPUT *%’,&

/,/,8%,’N = 3 13,5X,°M =7,13,5X,°XI = ’,F6.2 )
2000 FDRMAT(’ 0 /], 6%, % OUTPUT**’ / /,8%, IERR = °,15,&
/,/,8X, VALUE OF PNM(X)’,/,/,10%,°X0 = *,D18.10)

END
Output results

sk% DILEGL %%
*% INPUT s
N = 4 M= 2 XI = 0.80

*x QUTPUT**
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IERR = 0
VALUE OF PNM(X)
X0 = 0.9396000000D+01
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2.12.2 DILEG2, RILEG2
Associated Legendre Function of the 2nd Kind

(1) Function

Calculates the value of the associated Legendre function of the 2nd kind

Q@) = (11 22 2]
(2) Usage
Double precision:
CALL DILEG2 (N, M, XI, XO, IERR)
Single precision:
CALL RILEG2 (N, M, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex ) INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Order n
M I 1 Input | Multiple m
3 XI D 1 Input | Value of variable x
R
4 X0 D 1 Output | Value of QI*(x)
R
5 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) When M < 0, then |[M| <N
(c¢) |XI|# 1.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was mnot | Processing is aborted.
satisfied.
4000 Overflow occurred during the calculation.
4100 Series expansion calculations did not
converge.
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(6) Notes

(a) If |z| > 1.0, then the Hobson associated Legendre function

QM (z) = (z* — 1,0)%%

is calculated, and if || < 1.0, then the Ferrers associated Legendre function

Q" () = (1.0 — 2?) e

is calculated.
(b) This subroutine uses double length arithmetic internally to guarantee precision.

(c) Note that the associated Legendre function of the 2nd kind may be defined as the definition given
above for Q7' (z) multiplied by (—1)™ when |2| > 1.0 or |z| < 1.0 or it may be defined as the associated
function multiplied by (n —m)!.

(7) Example

(a) Problem
Obtain the value of Q"(x) at n =4,m =2 and z = 1.8.

(b) Input data
N=4 M=2and XI=18.
(¢) Main program

PROGRAM BILEG2
! s%x EXAMPLE OF DILEG2
IMPLICIT REAL(8) (A-H,0-Z)
READ (5,*) N
READ (5,%) M
READ (5,%) X
WRITE(S6, 1000) N,M,XI
CALL DILEG2(N, M XI X0, IERR)
WRITE(68,2000) IERR,X0
1000 FORMATCG °,/, / 5X Pxxx DILEG2 *¥%°,/,/,6X, % %x %NPUT *k7 &

/,/,8%,’N = ; I3 5X ’M =’,13,5X, xI 2 ’, 6.2

2000 FORMAT(’ >,/ / 6X ik OUTPUT**’ /,/,8%,’IERR = ’>,I5,&
/,/ 8X, 'VALUE OF QNM(X)’ /57, 1OX 307 ="» ,D18.10)
END

(d) Output results

***x DILEG2 **x*

*x*% INPUT **
N= 4 M= 2 XI = 1.80
*x QUTPUT**
IERR = 0
VALUE OF QNM(X)
X0 = 0.7031257577D-01
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2.13 ORTHOGONAL POLYNOMIALS

2.13.1 DIOPLE, RIOPLE
Legendre Polynomial

(1) Function

Calculates the value of the Legendre polynomial

1 d
o 2i4) dot

Pi(x) (> = 1) (i=0,1,---,n).
(2) Usage
Double precision:
CALL DIOPLE (N, XI, XO, IERR)
Single precision:
CALL RIOPLE (N, XI, XO, IERR)

(3) Arguments
D:Double precision real Z:Double precision complex I {

R:Single precision real C:Single precision complex

INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 N I 1 Input | Highest order n
2 XI D 1 Input | Value of variable z
R
3 X0 D 0:N Output | Value of Pi(z) (¢ =0,1,---,n)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
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(6) Notes
(a) This subroutine uses double length arithmetic internally to guarantee precision.
(7) Example

(a) Problem
Obtain the value of P,(z) at n =3 and = = 0.8.

(b) Input data
N =3 and XI = 0.8.
(¢) Main program

PROGRAM BIOPLE
EXAMPLE OF DIOPLE s

IMPLICIT REAL(8) (A-H,0-Z)

DIMENSION X0(0:3)

READ (5,*) N

READ (5,%) XI

WRITE(6,1000) N,XI

CALL DIOPLE(N,XI,XO,IERR)

WRITE(6,2000) IERR,X0(3)

FORMAT(’ ’,/,/,5X,’%x* DIOPLE *%x’,/,/,6X,”%x INPUT *x’ &
/,/,8%,’N = ,13,56X,’XI = ’,F6.2

FORMAT(® ’,/,/,6X,’%x QUTPUT**’,/,/,8X,’IERR = ’,15,&
/,/,8%,’VALUE OF PN(X)’,/,/,10X,’X0 = ’,D18.10)

END

1 okkx

1000
2000

(d) Output results

***x DIOPLE **x*
**x INPUT **
0.80

N= 3 XI =

*x QUTPUT**
IERR = 0
VALUE OF PN(X)
X0 = 0.8000000000D-01
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2.13.2 DIZGLW, RIZGLW
Gauss=Legendre Formula

(1) Function

Evaluate the integration points and weights of (high degree) Gauss=Legendre formula.

(2) Usage
Double precision:
CALL DIZGLW (N, Z, W, WORK, IERR)
Single precision:
CALL RIZGLW (N, Z, W, WORK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

_ { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size put/ Contents
Output
1 N I 1 Input | Degree n
2 Z Zero points of P, (z) (stored in ascending order)

D N Output
R

3 W D N Output | Weights
it

4 WORK D N Work | Work area
i

5 IERR I 1 Output | Error indicator

(4) Restrictions

(a)

N>1

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Processing continues.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 The solution did not converge.
5000 Overflow occurred.
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(6) Notes

(a)
(b)

(d)

Zero points of P,(x) are set as output.

The original form of Gauss=Legendre formula is

/_11 f(x)de = ilef(zj)

where z; and w; are zero points and weights of P,(x) respectively. This form holds straightly only
when the interval for integration is [—1,1]. If the interval for integration is other than [—1,1], it can

be reduced to the above case by applying integration by substitution.

It is recommended to avoid applying Gauss=Legendre formula to a vibrating function. To illustrate

this, we consider the integration below:

1
/ Fe 250" cos(10Ax)dz.

-1
This integrand decreases steeply at the both end points. By mapping the interval so that the both end
points are mapped to the both infinite points, the value of the integration are calculated as ﬁe*Az.
This mapping of the interval bears an error of order 10~ '2. If Gauss=Legendre formula is applied with
N = 24, the error has the order of 0.3%x10~7 when A4 =0.3. When A =2.4, the calculated value becomes
-0.0004898, but the true value is approximately 0.005585. This indicates that even a vibration term

such as cos(24x) can become a cause of an neglectable error in integration.

This subroutine can also be applied to Gauss=Legendre formulas of high degrees.

(7) Example

(a)

(b)

Problem

1
1

Set N=24 to evaluate / 72dx = l.

g l4z+a V3

Main program

PROGRAM BIZGLW
IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (N=24)
REAL(8)&
Z(N), W(2%N)

WRITE(6,10)
WRITE(6,20)
WRITE(6,30)N
CALL DIZGLW(N, Z, W, W(N+1), IERR)
WRITE(6,40)
WRITE(6,50) IERR
WRITE(6,60) N
WRITE(6,4000)
DO 500 I=1,N
WRITE(6,5000) I, Z(I), W(I)
500 CONTINUE
D=0
DO 1000 I=1,N
X=Z(1)
F= 1.D0/(1+X+X*X)
D=D+W (I)*F
1000 CONTINUE
S=2.DO*ASIN(1.D0)/SQRT(3.D0)
WRITE(6,70) N
WRITE(6,6000) D
WRITE(6,7000) S , D-S
STOP

10 FORMAT(1X,’ %% DIZGLW *** ’>,/,/)

20 FORMAT(1X,’ *** INPUT *xx ’>,/, /)

30 FORMAT(1X,’ N = ’,I3,/,/)

40 FORMAT(1X, 2 s QUTPUT *x* >, /,/)

50 FORMAT(1X,’IERR= ’,I4,/,/)

60 FORMAT(1X,’TABLE FOR ’,I3,’ POINTS FORMULA’,/,/)

70 FORMAT(1X,/,/,’ GAUSS-LEGENDRE ’,I3,’ POINTS FORMULA’,/,/)
4000 FORMAT(1X,’ NO ’,10X,’ZERO POINT’,15X,’ WEIGHT ’,/,/)
5000 FORMAT(1X, I4, 5X, E20.10,5X,E20.10)
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6000 FORMAT(1X,’COMPUTED VALUE= ’,E20.10,/,/)
7000 FORMAT(1X,’ TRUE VALUE= ’,E20.10,’ ERR = ’,E20.10)
END

(¢) Output results

**k*x DIZGLW **x*

sk INPUT *%*x

N= 24

s*% QUTPUT **x*

IERR= 0

TABLE FOR 24 P

OINTS FORMULA

NO ZERO POINT WEIGHT
1 -0.9951872200E+00 0.1234122980E-01
2 -0.9747285560E+00 0.2853138863E-01
3 -0.9382745520E+00 0.4427743882E-01
4 -0.8864155270E+00 0.5929858492E-01
5 -0.8200019860E+00 0.7334648141E-01
6 -0.7401241916E+00 0.8619016153E-01
7 -0.6480936519E+00 0.9761865210E-01
8 -0.5454214714E+00 0.1074442701E+00
9 -0.4337935076E+00 0.1155056681E+00
10 -0.3150426797E+00 0.1216704729E+00
11 -0.1911188675E+00 0.1258374563E+00
12 -0.6405689286E-01 0.1279381953E+00
13 0.6405689286E-01 0.1279381953E+00
14 0.1911188675E+00 0.1258374563E+00
15 0.3150426797E+00 0.1216704729E+00
16 0.4337935076E+00 0.1155056681E+00
17 0.5454214714E+00 0.1074442701E+00
18 0.6480936519E+00 0.9761865210E-01
19 0.7401241916E+00 0.8619016153E-01
20 0.8200019860E+00 0.7334648141E-01
21 0.8864155270E+00 0.5929858492E-01
22 0.9382745520E+00 0.4427743882E-01
23 0.9747285560E+00 0.2853138863E-01
24 0.9951872200E+00 0.1234122980E-01

GAUSS-LEGENDRE 24 POINTS FORMULA

COMPUTED VALUE= 0.1813799364E+01

TRUE VALUE= 0.1813799364E+01 ERR = -0.3774758284E-14
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2.13.3 DIOPLA, RIOPLA
Laguerre Polynomial

(1) Function
Calculates the value of the Laguerre polynomial

e* dt

Li(x) = T (e7®z") (i=0,1,---,n).

(2) Usage
Double precision:
CALL DIOPLA (N, XI, XO, IERR)
Single precision:
CALL RIOPLA (N, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Highest order n
2 XI D 1 Input | Value of variable x
R
3 X0 D 0:N Output | Value of L;(z) (i =0,1,---,n)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
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(6) Notes
(a) This subroutine uses double length arithmetic internally to guarantee precision.
(7) Example

(a) Problem
Obtain the value of L, (z) at n =3 and = = 0.8.

(b) Input data

N =3 and XI = 0.8.
(¢) Main program

PROGRAM BIOPLA
| %x* EXAMPLE OF DIOPLA s
IMPLICIT REAL(8) (A-H,0-Z)
DIMENSION X0(0:3)
READ (5,*) N
READ (5,%) XI
WRITE(6,1000) N
CALL DIOPLA(N, XI xo IERR)
WRITE(6,2000) IERR,X0(3)
1000 FORMAT(} *,/,/,5X, '#x* DIOPLA %x%’,/,/,6X, %% INPUT #x’,&

/,/,8%,’N =2,13,5%,’XI = ?,F6.2

2000 FDRMAT(’ v,/ /6%, %x OUTPUT*%,/,/,8X, IERR = ’,15,&
/./,8X, VALUE OF LN(X)’,/,/,10X,°%0 = >,D18.10)
END

(d) Output results

*%%x DIOPLA **x*

*x*% INPUT **
N= 3 XI = 0.80
*x QUTPUT**
IERR = 0
VALUE OF LN(X)
X0 = -0.5253333333D+00
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2.13.4 DIOPHE, RIOPHE
Hermite Polynomial

(1) Function
Calculates the value of the Hermite polynomial

4
2d

Hi(z) = (—1)% o (e7®) (i1=0,1,---,n).

(2) Usage
Double precision:
CALL DIOPHE (N, XI, XO, IERR)
Single precision:
CALL RIOPHE (N, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Highest order n
2 XI D 1 Input | Value of variable x
R
3 X0 D 0:N Output | Value of H;(x) (i =0,1,---,n)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
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(6) Notes
(a) This subroutine uses double length arithmetic internally to guarantee precision.
(7) Example

(a) Problem
Obtain the value of H,,(z) at n =3 and = = 0.8.

(b) Input data

N =3 and XI = 0.8.
(¢) Main program

PROGRAM BIOPHE
! %x% EXAMPLE OF DIOPHE s
IMPLICIT REAL(8) (A-H,0-Z)
DIMENSION X0(0:3)
READ (5,*) N
READ (5,%) XI
WRITE(6,1000) N
CALL DIOPHE(N, XI xo IERR)
WRITE(6,2000) IERR,X0(3)
1000 FORMAT(’ *,/,/,5X, '#x* DIOPHE %x%’,/,/,6X, %% INPUT %%’ ,&

/,/,8%,’N =2,13,5%,’XI = ?,F6.2

2000 FDRMAT(’ v,/ 1/ ,6X, %% OUTPUT*%,/,/,8X, IERR = ’,15,&
/./,8X, VALUE OF HN(X)’,/,/,10X,°%0 = >,D18.10)
END

(d) Output results

***x DIOPHE **x*

*x*% INPUT **
N= 3 XI = 0.80
*x QUTPUT**
IERR = 0
VALUE OF HN(X)
X0 = -0.5504000000D+01
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2.13.5 DIOPCH, RIOPCH

(1)

Input
No. | Argument | Type Size nput/ Contents
Output
1 N I Input | Highest order n
2 XI D Input | Value of variable x
R
3 X0 D :N Output | Value of T;(z) (i =0,1,---,n)
R
4 IERR I Output | Error indicator
(4) Restrictions
(a) N>0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.

Chebyshev Polynomial

Function
Calculates the value of the Chebyshev polynomial
ll (1 - x2)i—1/2

(_1)i 2 d
o

Tilw) = (26 — N dzt

Usage
Double precision:

CALL DIOPCH (N, XI, XO, IERR)
Single precision:

CALL RIOPCH (N, XI, XO, IERR)

Arguments

(i=0,1, -

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer
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(6) Notes
(a) This subroutine uses double length arithmetic internally to guarantee precision.
(7) Example

(a) Problem
Obtain the value of T, (z) at n = 3 and x = 0.8.

(b) Input data

N =3 and XI = 0.8.
(¢) Main program

PROGRAM BIOPCH
| %x% EXAMPLE OF DIOPCH s
IMPLICIT REAL(8) (A-H,0-Z)
DIMENSION X0(0:3)
READ (5,*) N
READ (5,%) XI
WRITE(6,1000) N
CALL DIOPCH(N, XI xo IERR)
WRITE(6,2000) IERR,X0(3)
1000 FORMAT(’ *,/,/,5X, '#x* DIOPCH %x%’,/,/,6X, %% INPUT %x’,&

/,/,8%,’N =2,13,5%,’XI = ?,F6.2

2000 FDRMAT(’ ),/ 1/ ,6X, 3%x OUTPUT*%,/,/,8X, IERR = ’,15,&
/./,8X, VALUE QF TN(X)’,/,/,10X,°%0 = >,D18.10)
END

(d) Output results

*%*x DIOPCH **x*

*x*% INPUT **
N= 3 XI = 0.80
*x QUTPUT**
IERR = 0
VALUE OF TN(X)
X0 = -0.3520000000D+00
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2.13.6 DIOPC2, RIOPC2

(1)

Chebyshev Function of the 2nd Kind

Function
Calculates the value of the Chebyshev function of the 2nd kind
V1 — a2 dT;(z)
(z) = YV i =0,1,---,n).
U;(z) ; T (i=0,1,---,n)
Usage

Double precision:

CALL DIOPC2 (N, XI, XO, IERR)
Single precision:

CALL RIOPC2 (N, XI, XO, IERR)

Arguments
D:Double precision real  Z:Double precision complex I INTEGER(4) as for 32bit Integer
R:Single precision real C:Single precision complex ’ INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 N I 1 Input | Highest order n
2 XI D 1 Input | Value of variable x
R
3 X0 D 0:N Output | Value of U;(z) (i =0,1,---,n)
R
4 IERR I 1 Output | Error indicator
Restrictions
(a) N>0, |XI| <1.0
Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
Notes
None
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(7) Example

(a) Problem
Obtain the value of Us(0.8).

(b) Input data

N =3 and XI = 0.8.
(¢) Main program

PROGRAM BIOPC2
! %x* EXAMPLE OF DIOPC2 s
IMPLICIT REAL(8) (A-H,0-Z)
DIMENSION X0(0:3)
READ (5,*) N
READ (5,%) XI
WRITE(6,1000) N,XI
CALL DIOPC2(N,XI,X0,IERR)
WRITE(6,2000) IERR,X0(3)
1000 FORMAT(’ °,/,/,5X, *%% DIOPC2 *%%’,/,/,6X, *x INPUT **’,&

/,/,8%,°N =2 ,I3,6X,’XI = ’,F6.2

2000 FORMAT(’ ’,/,/,6X,’** QUTPUT**’,/,/,8X,’IERR = ’,I5,&
/,/,8X,’VALUE OF UN(X)’,/,/,10X,’X0 = ’,D18.10)
END

(d) Output results

***x DIOPC2 **x*

*x* INPUT **
N= 3 XI = 0.80
*x QUTPUT**
IERR = 0
VALUE OF UN(X)
X0 = 0.9360000000D+00
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2.13.7 DIOPGL, RIOPGL
Generalized Laguerre Polynomial
(1) Function

Calculates the value of the generalized Laguerre polynomial

T —Q di .
(e (i=0,1,00m)

L @) = =
(2) Usage
Double precision:
CALL DIOPGL (N, ALF, XI, XO, IERR)
Single precision:

CALL RIOPGL (N, ALF, XI, XO, IERR)

(3) Arguments

R:Single precision real

C:Single precision complex

D:Double precision real =~ Z:Double precision complex I { INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

|

Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Highest order n
2 ALF 1

Input | Value of variable «

)

3 XI D 1 Input
R

Value of variable z

4 X0 D 0:N Output | Value of L) (z) (i =0,1,---,n)
R
5 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
(6) Notes
None
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(7) Example

(a) Problem
Obtain the value of L' (z) for n =3, a = 0.5 and x = 0.8.

(b) Input data
N =3, ALF = 0.5 and XI =0.8.

(¢) Main program

PROGRAM BIOPGL

| %x* EXAMPLE OF DIOPGL s
IMPLICIT REAL(8) (A-H,0-Z)
DIMENSION X0(0:3)
READ (5,*) N
READ (5,%*) ALF
READ (5,*) XI
WRITE(6,1000) N,ALF,XI
CALL DIOPGL(N,ALF,XI,X0

IERR)
WRITE(6,2000) IERR,X0(3)

1000 FORMAT(’ ’,/,/,5X,’*%* DIOPGL *x*x*’,/, / 6X,’*x INPUT *x’,&
/,/,8X,’N =?,13,5X,’ALF = > F6.2,5X,’XI = ’,F6.2
2000 FORMAT(’ ’,/,/,6X,’*x OUTPUT**’,/,/,8X,’IERR = ’,I5,&
,/,8X,’VALUE OF LNA(X)’,/,/,10X,’X0 = ’,D18.10)

END
(d) Output results
sx% DIOPGL %%
% INPUT **
N= 3 ALF = 0.50 XI = 0.80
*% QUTPUT**
IERR = 0

VALUE OF LNA(X)
X0 = -0.2778333333D+00
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2.14.1

DIMTCE, RIMTCE

Mathieu Functions of Integer Orders ce,(z, q)

(1) Function

Evaluate the value of ce,(z, ).

(2) Usage

Double precision:
CALL DIMTCE (NORD, N, Q, X, CE, ISW, WORK, IERR)
Single precision:
CALL RIMTCE (NORD, N, Q, X, CE, ISW, WORK, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 NORD I 1 Input | term number for expansion—1 (See Note (a))
2 N I 1 Input | order n
3 Q D 1 Input | parameter g
R
4 X D 1 Input | variable x
R
5 CE D 1 Output | the function ce,(z, q)
R
6 ISW I 1 Input | switch
ISW =0 : after initial setting, evaluate CE
ISW =1 : only evaluate CE
Output | if initial setting was done
return 1
7 WORK D See Input/ | coefficient table (See Note (b))
R( | Contents | Output | Size: 2 x NORD? 4 6 x NORD + 108
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 2 < NORD < 50

(b) 0 <N <2xNORD +1

(¢) ISW=0 or ISW=1
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
2000 It became impossible to calculate in suffi- | Processing is aborted.
cient accuracy.
3000 Restriction (a) or (b) was not satisfied.
(6) Notes

(a)

(e)

If NORD is small, the precision for CE is not sufficient. Therefore the NORD is prefer to the large
value. The value of NORD for the parameter Q and N must be set to the following range:

min(50.0,0.5 x N + 10 + |Q|) < NORD < 50.

To obtain multiple values of Mathieu functions ce,(x,q) where the parameter q is fixed, call this
subroutine once with ISW=0 and then call this subroutine again after changing only the contents of
X and N. Here, the value of NORD must be set to the following range:

min(50.0,0.5 X Nypax + 10+ |Q[) < NORD < 50

where Npax is the largest order. This enables you to eliminate unnecessary calculations by performing
the initial setting only once.

When processing ends with IERR=2000, the accuracy of a calculation result cannot be guaranteed.

Mathieu functions ce,(z,q) can be represented by Fourier series expansion (with cosine terms only).
In this subroutine, they are calculated by series sum up to the (NORD+1)-th term. Therefore, the
calculation time and accuracy depend on the value of NORD.

As |Q] or N is larger, the calculation time ce,(x,q) trend to increase. It is prefer to set N < 90 and
Q| < 70.0.

(7) Example

(a)

(b)

Problem

Obtain the values of cer(z,5.0) on the approximation condition that the number of the expression
terms is 21 for =1.0, 2.0,---,10.0.

Main program

PROGRAM BIMTCE

IMPLICIT REAL(8)(A-H, 0-Z)

PARAMETER( NORD = 20 )

PARAMETER( NSIZE= 2%NORD*NORD+6%NORD+108 )
REAL(8) WORK(NSIZE)

N7= 7
Q = 5.0D0
X = 1.D0
ISW=0
ISWO=ISW
CALL DIMTCE(NORD, N7, Q, X, CE, ISW, WORK, IERR)
WRITE(6,4000)
WRITE(6,4500)
WRITE(6,5000) N7, Q , NORD
WRITE(6,5300)
WRITE(6,5500)
WRITE(6,6000) X, CE, IERR, ISWO
DO 2000 I= 2, 10
X= I
ISWO=ISW
CALL DIMTCE(NORD, N7, Q, X, CE, ISW, WORK, IERR)
WRITE(6,6000) X, CE, IERR, ISWO
2000 CONTINUE
S

TOP
4000 FORMAT(1X ,’**x DIMTCEx’)
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4500 FORMAT (1X

, 7kkx INPUT *’)
5000 FORMAT(1X ,’MATHIEU FUNCTION :N=’,I4,°

5300 FORMAT (1X,’#*** OUTPUT *’ )

5500 FORMAT(1X,7X,’X’,7X,5X,6X, ’CEN’,5X,6X,’
6000 FORMAT(1X,F15.6,5X,F15.6,5X,16,5X,16)
END

(¢) Output results

*%x DIMTCEx*
*%xx INPUT =*
MATHIEU FUNCTION :N= 7
*%x QUTPUT =*

e

QUOUONOUTPWN M

.000000
.000000
.000000
.000000
.000000
.000000
.000000
.000000
.000000
.000000

Q=

CEN
0.902463

-0.
-0.
-0.
-0.
-0.
-0.
.858668
.931020
.869127

128610
666293
796419
769659
217824
057805

Q=’,F15.6,’ NORD=’,I4)
CODE’,5X,’

5.000000 NORD=
CODE

[eleolololololololo o}
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2.14.2 DIMTSE, RIMTSE

Mathieu Functions of Integer Orders se,(z, q)

(1) Function

Evaluate the value of se,(z, q).

(2) Usage
Double precision:

CALL DIMTSE (NORD, N, Q, X, SE, ISW, WORK, IERR)

Single precision:

CALL RIMTSE (NORD, N, Q, X, SE, ISW, WORK, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
NORD I 1 Input | term number for expansion—1 (See Note (a))
N I 1 Input | order n
3 Q D 1 Input | parameter ¢
R
4 X D 1 Input | variable x
R
5 SE D 1 Output | the function se,(z,q)
R
6 ISW I 1 Input | switch
ISW =0 : after initial setting, evaluate SE
ISW =1 : only evaluate SE
Output | if initial setting was done
return 1
7 WORK D See Input/ | coefficient table (See Note (b))
R( | Contents | Output | Size: 2 x NORD? 4 6 x NORD + 108
8 IERR I 1 Output | Error indicator

(4) Restrictions
(a) 2 < NORD < 50
(b) 1 <N <2xNORD +2
(¢) ISW=0 or ISW=1
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
2000 It became impossible to calculate in suffi- | Processing is aborted.
cient accuracy.
3000 Restriction (a) or (b) was not satisfied.
(6) Notes

(a) If NORD is small, the precision for SE is not sufficient. Therefore the NORD is prefer to the large
value. The value of NORD for the parameter Q and N must be set to the following range:

min(50.0,0.5 x N + 10 + |Q|) < NORD < 50.

(b) To obtain multiple values of Mathieu functions se,(x,q) where the parameter q is fixed, call this
subroutine once with ISW=0 and then call this subroutine again after changing only the contents of
X and N. Here, the value of NORD must be set to the following range:

min(50.0, 0.5 X Nyax + 10 + |Q[) < NORD < 50

where Npax is the largest order. This enables you to eliminate unnecessary calculations by performing
the initial setting only once.

(¢) When processing ends with IERR=2000, the accuracy of a calculation result cannot be guaranteed.

(d) Mathieu functions se,(x,q) can be represented by Fourier series expansion (with sine terms only).
In this subroutine, they are calculated by series sum up to the (NORD+1)-th term. Therefore, the
calculation time and accuracy depend on the value of NORD.

(e) As |Q| or N is larger, the calculation time se,(x,q) trend to increase. It is prefer to set N < 90 and
Q| < 70.0.

(7) Example

(a) Problem
Obtain the values of sez(x,5.0) on the approximation condition that the number of the expression
terms is 21 for z=1.0, 2.0,---,10.0.

(b) Main program

PROGRAM BIMTSE

IMPLICIT REAL(8)(A-H, 0-Z)

PARAMETER( NORD = 20 )

PARAMETER( NSIZE= 2%NORD*NORD+6*NORD+108 )
REAL(8) WORK(NSIZE)

5.0D0
X = 1.D0
ISW=0
ISWO=ISW
CALL DIMTSE(NORD, N7, Q, X, SE, ISW, WORK, IERR)
WRITE(6,4000)
WRITE(6,4500)
WRITE(6,5000) N7, Q , NORD
WRITE(6,5300)
WRITE(6,5500)
WRITE(6,6000) X, SE, IERR, ISWO
DO 2000 I= 2, 10
X= I
ISWO=ISW
CALL DIMTSE(NORD, N7, Q, X, SE, ISW, WORK, IERR)
WRITE(6,6000) X, SE, IERR, ISWO
2000 CONTINUE
S

TOP
4000 FORMAT(1X ,’#** DIMTSEx’)
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4500 FORMAT(1X ,’*** INPUT *’)
5000 FORMAT(1X ,’MATHIEU FUNCTION :N=’,I4,’ Q=’,F15.6,’ NORD=’,I4)
5300 FORMAT (1X,’**x OUTPUT *’ )

5500 FORMAT(1X,7X,’X’,7X,5X,6X,’SEN’,5X,6X,’ CODE’,5X,’>  ISW’)
6000 FORMAT(1X,F15.6,5X,F15.6,5X,16,5X,16)
END

(¢) Output results

*%x DIMTSE*

*xk INPUT *

MATHIEU FUNCTION :N= 7 Q= 5.000000 NORD= 20

*x% QUTPUT =*
X SEN CODE ISw
1.000000 0.370085 0 0
2.000000 0.956161 0 1
3.000000 0.815456 0 1
4.000000 0.585207 0 1
5.000000 -0.568524 0 1
6.000000 -1.022084 0 1
7.000000 -1.001135 0 1
8.000000 -0.411058 0 1
9.000000 0.447748 0 1

10.000000 0.529804 0 1

270



2.15 OTHER SPECIAL FUNCTIONS
2.15.1 WIXSPS, VIXSPS
Di-Log Function
(1) Function

For real numbers X; (>0, i =1,---, N), obtain values of di-log function defined as

X,
i dt
0

(2) Usage
Double precision:
CALL WIXSPS (NV,XV,YV, IERR)
Single precision:
CALL VIXSPS (NV XV.YV, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | Number N of X;
2 XV D NV Input | X; (¢=1,---,NV)
R
3 YV D NV Output | Lia(X;) (i =1,--- ,NV)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XV(i) >0 (i=1,--NV)
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) Lix(XV(i)) (i=1,---,NV) are stored in YV(i).
(b) Lia(x) increases monotonically in 0 < z < 2, reaches the peak of 72/4 at the point z = 2. In z > 2,

Lis(x) decreases as the asymptotic formula

2

1
Liz(w) = ~5(log ) + % +0(z ).
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(¢) The zero point of Lis(x) is the vicinity of x = 12.59517037.
(7) Example

(a) Problem
Obtain the values of Lig(x;) for z; =02 (i = 1,2,---,10).

(b) Input data
NV=10 and array XV.
(¢) Main program

PROGRAM EIXSPS
! sk EXAMPLE OF WIXSPS %
IMPLICIT NONE

INTEGER NV

PARAMETER( NV 10 )
INTEGER I

REAL(8) XV(NV) YV(NV)
REAL(8) FIVE

PARAMETER( FIVE = 5.DO )

DO 100 I=1,NV
XV(I) DBLE(I)/FIVE
100 CONTINUE

WRITE(6,6000) NV
DO 110 I=1 NV
WRITE(6, 6010) I,Xv(I)
110 CONTINUE

CALL WIXSPS( NV, XV, YV, IERR )

WRITE(6,6020) IERR
DO 120 I=1,NV
WRITE(6,6030) I, YV(I)
120 CONTINUE

STOP
6000 FORMAT(/,&
1X, 2%%x  WIXSPS **x’,/ /. &
1X,? =% INPUT *x’,/,/,&
1X,° N = 2,14,/))
6010 FORMAT (1X,’ XV(’,13,°3=> F10.6)
6020 FORMAT(/,&
1X,? #* QUTPUT *x°,/,/,&
1X,° IERR =’,15,/)
6030 FORMAT (1X,°’ LI2( XV(’,I12,’) )=’,F10.6)
END

(d) Output results

%+ WIXSPS okk
*% INPUT *x*

NV = 10

XV( 1)= 0.200000

XV( 2)=0.400000

XV( 3)= 0.600000

XV( 4)= 0.800000

XV( 5)= 1.000000

XV( 6)= 1.200000

XV( 7)=1.400000

XV( 8)= 1.600000

XV( 9)= 1.800000
XV(10)= 2.000000

*% QUTPUT *x

IERR = 0

LI2( XV( 1) )= 0.211004
LI2C XV( 2) )= 0.449283
LI2( XV( 3) )= 0.727586
LI2( XV( 4) )= 1.074795
LI2( XV( 5) )= 1.644934
LI2C XV( 6) )= 2.129169
LI2¢ Xv( 7) )= 2.319073
LI2( XV( 8) )= 2.413131
LI2( XV( 9) )= 2.455876
LI2( XV(10) )= 2.467401
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2.15.2 WIDBEY, VIDBEY
Debye Function

(1) Function

For real values X; (> 0,i=1,---,N), obtain each value of the Debye function

Fp(X;) =

(2) Usage

3 Xi etid
LR AN
X?Jo (er=1)2

Double precision:

CALL WIDBEY (NV,XV,YV, IERR)

Single precision:

CALL VIDBEY (NV,XV,YV, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

(a) Fp(XV() (=1,

,NV) are stored in YV(i).

Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | Number N of X;
2 XV D NV Input | X;(i=1,--- ,NV)
R
3 YV D NV Output | Fp(X;)(t=1,---,NV)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(b) XV(i) >0 (i=1,--NV)
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(b) Debye function Fp(y) decreases monotonically with y.

(¢) Fp(0) means lim,_, 1o Fp(y).
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(7) Example

(a)

(b)
(©)

Problem

Obtain the value of Fp(z;) for ; = 0.2 (i

Input data

NV=10 and array XV.

Main program

PROGRAM EI

DBEY

! %% EXAMPLE OF WIDBEY %%

IMPLICIT N
INTEGER NV

ONE

PARAMETER( NV = 10 )

INTEGER IE
REAL(8) XV
REAL(8) FI

RR,
VE

I
(NV) , YV (NV)

PARAMETER( FIVE = 5.DO )

DO 100 I=1

NV

XV(I)=DBLE(I) /FIVE

100 CONTINUE

WRITE(6,6000) NV
DO 110 I=1,NV
WRITE(6,6010) I,XV(I)

110 CONTINUE

CALL WIDBEY( NV, XV, YV, IERR )
WRITE(6,6020) IERR

DO 120 I=1

NV

WRITE(6,6030) I, YV(I)

120 CONTINUE

STOP
6000 FORMAT(/,&
1X,
1X,
1X,

6010 FORMAT (1X,
6020 FORMAT(/,&
1X,
1X,
6030 FORMAT (1X,
END

Output results

*%x*%x WIDBEY k%%
*x INPUT *x*

>

<

~
OO~ NP WN -
N2 NSNS

** QUTPUT *x*

FD( XV(10)

2 kokok
> kk
)
H

) kk
)
)

.200000
.400000
.600000
.800000
.000000
.200000
.400000
.600000
.800000
.000000

(A NN N NN
LI L (1 1 O 1 1}

[efelelolololololote)

WIDBEY *x**’,/,/.,&
INPUT *x°,/,/.,&
Ny = ,14,/)
Xv(,12,’)=",F10.6)

OUTPUT *x°,/,/,&
IERR =’,I5,/)

FD( XV(’,I2,%) )=’,F10.6)

.998003
.992045
.982229
.968717
.951732
.931545
.908467
. 882842
.855031
.825408
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2.15.3 WINPLG, VINPLG
Spherical Harmonic Function

(1) Function
For given real numbers X;(|X;| < 1;¢ = 1,---, N), this program obtains spherical harmonic functional

systems ( order m = 0,---,n ) of the degree n which are normalized and defined as

1
- 71471 m
) 471'\/?71 ' -7

where normalize coefficients A,, ,, are

Ao = /Qn: 1 Ay = \/2(2n+ 1)(:(n';721)'(n +m)! (m=1n)

(2) Usage
Double precision:
CALL WINPLG (NV XV,N,PLG,NVL,WORK, IERR)
Single precision:
CALL VINPLG (NV,XV,N,PLG,NVL,WORK, IERR)

Pm™(X; (X; +V=14/1 — X2 cos ¢)™ cos (mep)de,

n

(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | Number N of X;
2 XV D NV Input | X;(i=1,---NV)
R
3 N I 1 Input | Degree n
4 PLG D See Output | Spherical harmonic P™(X;)
R Contents (i=1,---NV;m=0,---,N)
(See Note (a))
Size: NVL,N +1
5 NVL I 1 Input | Adjustable dimension of array PLG
WORK D See work | Work area
R Contents Size: 3 XNV +N+1
7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) 1 <NV < NVL
(b) N> 1
(C) |XV(1)| <1 (i=1,--NV)
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
3100 Restriction (c) was not satisfied.
(6) Notes

(a) P¥™(XV(i)) are stored in PLG(i,m + 1) for i=1,-- - NV; m=0,- - -,N.

DILEG1
(b) When m = 0,---,n for a fixed n, it is better to use this subroutine than to use 2.12.1 { }

RILEG1

(¢) If two integers ny and ng satisfy ni,n2 > m for a non-negative integer m, the following integration
relation is satisfied.

! * m * M 5n1.n2
P (x)Pn2 (z)dx = ’

-1 (1 +bo,m)m
If the normalized spherical harmonic functions P (cos ) cos (m¢) (m = 0,---,n) and P (cos 6) sin (m¢)
(m = 1,---,n) are obtained for n = 1,2, -, then these functions consist the orthonormal basis for
surface integration on a unit spherical surface _Lﬂ<¢<ﬂ.0<0<ﬂ sin 0dOd¢ .
(d) The following relation holds:
2n+1 - o o
S Py + T D)~ ) cosd) = D Py ()P (y) cos(md) (-1 < w <1, -1 <y <1)
T

m=0

(7) Example

(a) Problem
Obtain spherical harmonic functional values P*™(z;) (m = 0,---,n) for 1 = 0.57735026919 and
x2 = —0.57735026919 of the degree n = 10.

(b) Input data
NV=2, NVL= 2, array XV and N=10.
(¢) Main program

PROGRAM EINPLG
! sk* EXAMPLE OF WINPLG %%
IMPLICIT NONE

INTEGER NV,N,NVL

PARAMETER( NV = 2, N = 10, NVL = 2 )
INTEGER IERR,I

REAL(8) XV(NV),PLG(NVL,N+1) ,WORK (3*NV+N+1)

XV (1)=0.57735026919D0
XV(2)=-XV(1)

WRITE(6,6000) NV,N,NVL
WRITE(6,6010) XV(1), XV(2)

CALL WINPLG( NV, XV, N, PLG, NVL, WORK, IERR )

WRITE(6,6020) IERR
DO 100 I=0,N
WRITE(6,6030) N, I, PLG(1,I+1), PLG(2,I+1)
| 100 CONTINUE

STOP
6000 FORMAT(/,&

1X, 2 *%*%*x  WINPLG *x*x*’,/ /. &

1X,? *x INPUT *x’,/,/,&

1X,° NV = ,I4,° N =,I4,> NVL = ’,I4,/)
6010 FORMAT(1X,’ Xv= ’,F10.6 , ° ’,F10.6,/)

6020 FORMAT(/,&
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6030 FORMAT(1X,7X,I2
I )

1X,7 *x*

1X,”
1X,”
)

s

END

(d) Output results

k% k

*k

*x

WINPLG  kx
INPUT *x*

NV = 2 N
Xv= 0.577350
OUTPUT  *x*

IERR = 0

OUTPUT
IERR =’,I5,/,/,&
TABLE OF SPHE

= 10

**’)/)/)&

NVL =

-0.577350

TABLE OF SPHERICAL HARMONICS FOR

10 TH DEGREE
10 TH DEGREE
10 TH DEGREE
10 TH DEGREE
10 TH DEGREE
10 TH DEGREE
10 TH DEGREE
10 TH DEGREE
10 TH DEGREE
10 TH DEGREE
10 TH DEGREE

HARMONIC
HARMONIC
HARMONIC
HARMONIC
HARMONIC
HARMONIC
HARMONIC
HARMONIC
HARMONIC
HARMONIC
HARMONIC

ORDER
ORDER
ORDER
ORDER
ORDER
ORDER
ORDER
ORDER
ORDER
ORDER
ORDER 1

0
1
2
3
4
5
6
7
8
9
0

[eXeoXololoJolofolo oY o]

Xv(1)

.345789
.076718
.503967
.061596
.492768
.358105
.239552
.634916
.586511
.319568
.101056
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RICAL HARMONICS FOR

Xv(2)’,/)
,’ TH DEGREE HARMONIC ORDER ’,&
= ’,F10.6,3X,F10.6)

-0.
-0.
.503967
-0.
-0.
.358105
.2395562
-0.
.586511
-0.
.101056

Xv(1)’,&

Xv(2)

345789
076718

061596
492768
634916
319568
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2.15.4 WIXSLA, VIXSLA

Langevin Function

(1) Function
For = X, calculates the value of the Langevin function

L(z) = coth(z) — 1
x
(2) Usage
Double precision:
CALL WIXSLA (NV, XI, XO, IERR)
Single precision:
CALL VIXSLA (NV, XI, XO, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

(a) If L(x) is calculated directly according to its definition, precision will be bad at « ~ 0. Therefore, this

subroutine should be used.

278

Input
No. | Argument | Type Size nput/ Contents
Output
NV I 1 Input | number of input data
2 XI D NV Input | X;
R
3 X0 D NV Output | L(X;)
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NV >1
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes
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(7) Example

(a) Problem
Obtain L(z) for z = 0.0,0.1, - -, 0.9.

Main program

(b)

1000
!

2000
!

3000

1
6000
6100
6200
6300
6400
6500

PROGRAM EIXSLA

IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (NV=10)

REAL(8) XI(NV) , XO(NV)
CHARACTER*6 CNAME , CFNC
PARAMETER( CNAME=’WIXSLA’, CFNC=’

DNV=NV
DO 1000 I=1,NV

XI(I)=(I-1)/DNV
CONTINUE

CALL WIXSLA( NV, XI, X0, IERR )

WRITE(6,6000) CNAME

WRITE(6,6100)

DO 2000 I=1,NV
WRITE(6,6200) I,XI(I)

CONTINUE

WRITE(6,6300)
WRITE(6,6400) IERR
DO 3000 I=1,NV
WRITE(6,6500) CFNC,XI(I), X0(I)
CONTINUE
STOP

FORMAT (1X, > #** ’ A6, *’)
FORMAT (1X, >*** INPUT *’ )
FORMAT(1X,°XI(’,I2,’)=",F10.6 )
FORMAT (1X, >*** QUTPUT *’ )
FORMAT (1X,’IERR=’,I5 )

FORMAT (1X, 46, (* ,F10.6,°)=",F10.6 )
END

Output results

*%x WIXSLA *

*xk INPUT *

XI( 1)= 0.000000

XI( 2)= 0.100000

XI( 3)= 0.200000

XI( 4)= 0.300000

XI( 5)= 0.400000

XI( 6)= 0.500000

XI( 7)= 0.600000

XI( 8)= 0.700000

XI( 9)= 0.800000

XI(10)=_ 0.900000

*x% QUTPUT *

IERR= 0
L( 0.000000)= 0.000000
L( 0.100000)= 0.033311
L( 0.200000)= 0.066490
L( 0.300000)= 0.099405
L( 0.400000)= 0.131932
L( 0.500000)= 0.163953
L( 0.600000)= 0.195359
L( 0.700000)= 0.226050
L( 0.800000)= 0.255941
L( 0.900000)= 0.284956
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2.15.5 WIXZTA, VIXZTA
Hurwitz Zeta Function

(1) Function
For a > Oands = X; > 0, obtain the value of Hurwitz zeta function subtracted by (s —1)~!

o)== = ([ st [ (s - e =)~ - )

where the right-hand side is an example of the analytical continuation of

oo

Yta)yt—(s-1)7"

n=0
(R(s) > 1) to the region R(s) > 0.
(2) Usage
Double precision:
CALL WIXZTA (NV, X, A, Y, [ERR)

Single precision:
CALL VIXZTA (NV, X, A, Y, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size IODE;Z . Contents
NV I 1 Input | Number of inputs

2 X D NV Input | Value of variable s
)

3 A D 1 Input | Parameter a
it

4 Y D NV Output | Value of Hurwitz zeta function {(s,a)—1/(s—1)
i

5 IERR I 1 Output | Error indicator

(4) Restrictions

(a) A>0.0
(b) X(i) > 0.0
(c) NV >0
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c¢) was not | Processing is aborted.
satisfied.
(6) Notes

(a) ¢(s,a) can be continued analytically to a rational function of the complex argument s, and has only

pole s = 1. This subroutine does not calculates values of this function itself, but it calculates values of

this function subtracted by the function 1/(s — 1). Therefore, when X(i) = 1, =Y (i) equals di-gamma-
function ¥(a).

(b) Poly-gamma-function can be given as the values Y(i) for X(i) = 2, 3, - - - multiplied by a certain constant.

(7) Example

(a) Problem
Evaluate ((z,a) — (z — 1)~ for 2=0.5i(i=1,- - -,10) and a=1.
(b) Main program

1000

2000

3000

1
5900
5950
6000
6050
6060
6100
6200

6300

PROGRAM EIXZTA
REAL(8) X(10)
INTEGER NV,IERR,I

NV=10

DO 1000 I=1,

10

, Y(10)

X(I) = 0.5D0*I

CONTINUE

WRITE(6,6000) X(1), A

DO 2000 I=2,NV

WRITE(6,6050) X(I)
UE

CONTIN

WRITE(6,6060)

WRITE(6,6100) IERR

DO 3000 I=1,NV
IF(X(I).EQ.1.D0) THEN

WRITE(6,6200) X(I), X(I), Y(I)

ELS

ENDI
CONTINUE
STOP

, A

.DO

CALL WIXZTA(NV, X, A, Y, IERR)
WRITE(6,5900)

WRITE(6,5950)

FORMAT (1X, > *** WIXZTA **x’, /. /)
FORMAT (1X, > **% INPUT *x*x’ /, /)

FORMAT (1X
FORMAT (1X
FORMAT (1X

END

(¢) Output results

*kk WIXZTA ***

sxk INPUT %%

H
s

)
s

)

2/ s/, 1X, 2 kkx QUTPUT #%%°,/,7)
FORMAT (1X, >OUTPUT VALUES :
FORMAT(1X,’ZETA(’ ,F10.7,°,1)

EULER CONSTANT_’
FORMAT (1X,’ZETA(’,F10.7,°,1) —1/(’,F10.§,’
)
7

ZETA(’ ,F10.7,7,1)= 7 ,F10

BWWON R RO

.5000000
.0000000
.5000000
.0000000
.5000000
.0000000
.5000000
.0000000

A= 1.0000000

E
WEITE(G,GSOO) (D, XD, YD, XD,

IERR= °,I5,/,/)
-1/(.F10.7,°
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sxk QUTPUT %%

OUTPUT VALUES :

ZETA(
ZETA(
ZETA(
ZETA(
ZETA(
ZETA(
ZETA(
ZETA(
ZETA(
ZETA(

X=4.5000000
X= 5.0000000
IERR= 0
.5000000,1) -1/( 0.5000000 -1)
.0000000,1) -1/( 1.0000000 -1)
.5000000,1) -1/( 1.5000000 -1)
.0000000,1) -1/( 2.0000000 -1)
.5000000,1) -1/( 2.5000000 -
.0000000,1) -1/( 3.0000000 -1)
.5000000,1) -1/( 3.5000000 -1)
.0000000,1) -1/( 4.0000000 -1)
.5000000,1) -1/( 4.5000000 -1)
.0000000,1) -1/( 5.0000000 -1)

.5396455
.5772157
.6123753
.6449341
.6748206
.7020569
. 7267339
. 7489899
. 7689932
. 7869278
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ZETA(
EULER
ZETA(
ZETA(
ZETA(
ZETA(
ZETA(
ZETA(
ZETA(
ZETA(

0.5000000,1)= -1.

CONSTANT

1.

2
2
3.
3.
4
4
5

5000000,1)

4603545

2.6123753
1.6449341
1.3414873
1.
1
1
1
1

2020569

.1267339
.0823232
.0547075
.0369278
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2.15.6 DIXEPS, RIXEPS
Zeta Function of the Positive Definite Quadratic Form 22 + ay?

(1) Function
For s > —1, obtain an analytical continuation of the zeta function subtracted by the function to cancel its

pole for a positive quadratic form 22 + ay?
7.‘,safs/Q

f(sia) = > (m? + an)™* = FeS e

(m,n)eZ?,(m,n)#(0,0)

(s >1).

(2) Usage
Double precision:
CALL DIXEPS (S, A, Y, IERR)
Single precision:
CALL RIXEPS (S, A, Y, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 S D 1 Input | Value of s
R
2 A D 1 Input | Coefficient a of the form
R
3 Y D 1 Output | Value of zeta function f(s;a)(See Note (a))
R
4 IERR I 1 Output | Error indicator
(4) Restrictions
(a) S> -1
(b) A>0
(5) Error indicator
TERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) The zeta function for positive quadratic form 22 + ay? is a rational function which has only single pole
at the point s = 1. This subroutine does not calculates values of this function itself, but it calculates

values of this function subtracted by the function ’ES) (;/i)

(b) All integer pairs (m,n) without m =n = 0.
(7) Example

(a) Problem
Obtain value of zeta-function of the form 22 + ay? for s = 3.0,a = 1.0 and check this value by another

method using Hurwitz zeta function.

(b) Input data
S5=3.0 and A=1.0.
(¢) Main program

PROGRAM BIXEPS
! s%x EXAMPLE OF DIXEPS x*%*
IMPLICIT NONE

REAL(8) S,Y,A,Z,PAI3,Z1,22,23,F1,F2
PARAMETER( PAI3 = 31.006276680299820175476315067101D0/4.D0 )
INTEGER IERR

S = 3.D0
A =1.D0
F1 = 0.25D0
F2 = 0.75D0

WRITE(6,6000) S, A
CALL DIXEPS(S, A, Y, IERR)

WRITE(6,6010) IERR
WRITE(6,6020) Y

Z = Y + PAI3

CALL DIXZTA(S, A, Z1, IERR)
IF(IERR.NE.O) WRITE(6, 6030)
CALL DIXZTA(S, F1i, Z2, IERR)
IF (IERR.NE.0) WRITE(6,6030)
CALL DIXZTA(S, F2, Z3, IERR)
IF (IERR.NE.0) WRITE(6,6030)
72 = (Z2 - Z3)*F1%S

Z1 = Z1%Z2/F1

WRITE(6,6040) Z, Z1

STOP
6000 FORMAT(/,&
X

Yxkk  DIXEPS *xx’ / /. &
1X > %% INPUT **’,/,/,&
S= ’,F10.7, ’ A= ’,F10.7,/)
6010 FDRMAT(/ &
*x  QUTPUT =xx’,/,/.,&
IERR =’,I5,/)
6020 FDRMAT(lX,’ Y = ’,F10.7,/)
6030 FORMAT(1X,’ **x ERROR IN DIXZTA *x*’,/)
6040 FORMAT(1X,’ %ETA FUNCTION FOR M*M+N*N = Y + POLER = ’,&
F10.7,/,&
1X,? ANOTHER OBTAINING 4xZETA(S)*L(S,KAI4) =&
F10.7,/)

END
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(d) Output results

k% k

*x

*x

DIXEPS **x
INPUT *x*
S= 3.0000000 A= 1.0000000

OUTPUT  **
IERR = 0
Y = -3.0926556

ZETA FUNCTION FOR M*M+N*N = Y + POLER
ANOTHER OBTAINING 4+*ZETA(S)*L(S,KAI4)
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Chapter 3

SORTING AND RANKING

3.1 INTRODUCTION

This chapter describes the subroutines for sorting, ranking, and merging data.

This library provides subroutines having the following functions.
(1) Sorting a list of data

(2) Sorting a list of pairwise data

(3) Ranking of a list of data

(4) Top-N extraction

(5) Merging two sorted lists of data

)

(6) Merging two sorted lists of pairwise data
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3.1.1 Algorithms Used
3.1.1.1 Sorting

The algorithms for sorting in ascending order are below. The algorithms for sorting in descending order, which

differ only in terms of the relative magnitudes, are similar.

(1) Shell sort
(1) Set the spacing h.
(2) Take all subsequences of spacing h from the data sequence.
(3) Compare adjacent pairs within each subsequence to arrange them in ascending order. If they are in the
reverse order, exchange their positions and confirm again the relative order with the preceding data. If they
are again in the reverse order, exchange the positions and work back toward the beginning.
(4) Decrease the spacing h and repeat steps (2) and (3). When the processing for h = 1 ends, sorting is
completed.

(2) Heap sort
(1) Organize the assigned data into a heap tree (well-ordered binary tree in which parents have value greater
than or equal to those of children).
(2) Exchange the root and the data at the very end of the tree.
(3) Let the portion excluding the very last data be A.
(4) Consider A to be a new tree, and organize this into a heap tree again.
(5)

5) Repeat steps (2) to (4). When the remaining data is only the root, sorting is completed.

(3) Quick sort
(1
(2

Count the number of data values within the sort interval.

~— ~—

Do the following depending on the number of data values.

e if the number of data values is less than or equal to one:
Do nothing.

e if the number of data values is 2:

if they are in ascending order, exchange their positions.

e if the number of data values is greater than or equal to three:
(D Select one pivot value from within the sort interval.
(@ Divide the data within the interval into two intervals consisting of values greater than the pivot

value and values less than the pivot value.

(3) Repeat steps (1) and (2). When the number of data values in all data intervals is less than or equal to
two, sorting is completed.

erge sort

(4) Merg
(1) Count the number of data values within the sort interval.
(2) Do the following depending on the number of data values.

e If the number of data values is one:

Do nothing.

o If the number of data values is two :

if they are in ascending order, exchange their positions.
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e If the number of data values is greater than or equal to three:
() Divide the data within the interval in half into the top half and bottom half.
(2 Recursively merge sort the top half. Recursively merge sort the bottom half.
(® Merge the sorted top half and bottom half.
3.1.1.2 Ranking of a list of data

Given n data values, this function returns the ascending rank number corresponding to each data value and the

number of data values having the same rank.

3.1.1.3 Top-N extraction

Given n data values a;(i = 1,2, - - -,n), this function obtains the first m data values a;(j = j1, 2, -, Jm) (M < n)

of the data sequence consisting of the original data values rearranged in descending or ascending order.

3.1.1.4 Merging two sorted lists of data

This function merges two data sequences a; (¢ = 1,2,---,n) and b; (j = 1,2,---,m), which had each been
sorted into ascending order, to obtain the data sequence ¢, (k = 1,2,---,¢), where, ¢ satisfies the following
relationship.

c1 << <y

3.1.1.5 Merging two sorted list of pairwise data

This function merges the set of data (a;,b;) (i =1,2,---,n), which had been sorted into ascending order of a;,
and the set of data (¢;,d;) (j =1,2,---,m), which had been sorted into ascending order of ¢;, to obtain the set
of data (ex, fr) (k=1,2,---,£), where, ey satisfies the following relationship.

e <ex < <ey

If a second order sort was specified, the function determines k = 1,2, --- ¢ so that fi < fry1 for any k for which

er = ex41 is satisfied.

288



Reference Bibliography

3.1.2 Reference Bibliography
(1) Niklaus Wirth, “ALGORITHMS + DATA STRUCTURES = PROGRAMS”, Prentice-Hall Inc. (1976).
(2) Hiroto Namihira, “Sorting and Searching”, CQ Publishing Co. Ltd.

(3) Yoshiyuki Kondo,“Algorithms and Data Structures”, Softbank Publishing Inc.

289



3.2 SORTING

3.2.1 DSSTA1l, RSSTA1
Sorting a List of Data
(1) Function
Given n data values a;, (kK = 1,2,---,n), the DSSTA1 or RSSTA1 subroutine obtain the data sequence

a;,(k =1,2,---,n) consisting of the original data values a; rearranged in ascending or descending order.
Here,a; satisfies the following relationship.

For ascending order : a;, < aj, <--- < ay,
For descending order : a;, > aj, > --- > a;,

(2) Usage
Double precision:
CALL DSSTA1 (AN,ISW ,WK,IWK, IERR)
Single precision:
CALL RSSTA1 (AN,ISW,WK,IWK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D N Input | Data to be sorted a;
{R} Output | Sorted data a;
2 N I 1 Input | Size of array A
ISW I 1 Input | Sort method selection switch (See Note (a))
4 WK D See Work | Work area
{R} Contents Size:
N (When ISW=4,—-4)
1 (Otherwise)
5 IWK I See Work | Work area
Contents Size:
2xN  (When ISW=3,-3)
1 (Otherwise)
6 IERR I 1 Output | Error indicator

(4) Restrictions

(a) N>1
(b) ISW=1,2,3,4,~1,~2,~3,—4
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.
(6) Notes
(a) The sort methods to be selected by ISW are as follows.
ISW  Sort Method ISW  Sort Method
1 Shell sort (ascending order) —1  Shell sort (descending order)
2 Heap sort (ascending order) —2 Heap sort (descending order)
3 Quick sort (ascending order) —3  Quick sort (descending order)
4  Merge sort (ascending order) —4  Merge sort (descending order)

The user should select an appropriate sort method according to the properties of the input data. The
features of each sort method are shown below.

- Shell sort

The average of the amount of calculation is on the order of 0(n!®) . A fast, stable sort is performed
for any kind of data. Sorting is faster if part of the data sequence has been sorted.

Retention of the ordinal relationships among data having the same value is not guaranteed between
before and after sorting.

No work area is necessary.

- Heap sort

Although the amount of calculation is on the order of O(nlogn), the constant term portion is large.
The sort time does not change much according to the properties of the input data.

Retention of the ordinal relationships among data having the same value is not guaranteed between
before and after sorting.

No work area is necessary.

- Quick sort

Although the average of the amount of calculation is on the order of O(nlogn), this is an extremely
inefficient sort for data having certain types of regularities such as data that has been partially sorted
to begin with. This is the fastest sort method for random data.

Retention of the ordinal relationships among data having the same value is not guaranteed between
before and after sorting.

- Merge sort

Although the amount of calculation is on the order of O(nlogn), the constant term portion is large.
The sort time does not change much according to the properties of the input data.

The ordinal relationships before sorting among data having the same value is retained after sorting.

(7) Example

(a) Problem

Sort the following data in ascending order by using a shell sort.

A(1) = 5.0
A(2) =40
A(3) =90
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A(4) = 6.0
A(5) = 2.0
A(6) = 5.0

(b) Input data
Array A, N=6 and ISW=1.
(¢) Main program
PROGRAM BSSTA1
! sk EXAMPLE OF DSSTA1 ok
IMPLICIT NONE
INTEGER NA
PARAMETER( NA = 100 )
INTEGER N,ISW, IWK(?*NA) IERR, I
REAL(8) A(NA) ,WK(NA)

! DATA SET
DATA (A(I) I=1,6) /5.0D0,4.0D0,9.0D0,6.0D0,2.0D0,5.0D0/
N

1

ISw

! WRITE INPUT DATA
WRITE(6,6000) ISW,N
DO 110 I=1,N
WRITE(6,6010) I,A(I)
110 CONTINUE

SORT
CALL DSSTA1(A,N,ISW,WK,IWK,IERR)

! WRITE OUTPUT DATA
WRITE(6,6020) IERR
IF( IERR .LT. 3000 ) THEN
DO 120 I=1,N
WRITE(6,6010) I,A(I)
120 CONTINUE
ENDIF

STOP
6000 FORMAT(/,&
1X,2%%x DSSTA1 **x’ / /. &
1X,’ ** INPUT =*x’,/,/.&

1X,’ ISW =’,16,/,&
1X,’ N =’,I8,
6010 FORMAT(1X,’ AC,12,°)=7 F5.1)

6020 FORMAT(/,&
1X,’ ** QUTPUT =*x’,/,/,&
1X,° IERR =’,I5,/)
END

(d) Output results

ISW = 1
N = 6
AC 1)= 5.0
AC 2)= 4.0
AC 3)= 9.0
A(C 4)= 6.0
A(C 5)= 2.0
AC 6)= 5.0
**x  QUTPUT  *x*
IERR = 0
AC 1)= 2.0
AC 2)= 4.0
A(C 3)= 5.0
A(C 4)= 5.0
A( 5)= 6.0
AC 6)= 9.0

292



DSSTA2, RSSTA2
Sorting a List of Pairwise Data

3.2.2 DSSTA2, RSSTA2
Sorting a List of Pairwise Data

(1) Function

Given two sets of n data values a;, (k = 1,2,---,n),b;, (k = 1,2,---,n), this subroutine obtains the data
sequence aj, (k =1,2,---,n) consisting of the original a; data values rearranged in ascending or ascending
order and the data sequence bj, (k = 1,2,---,n) corresponding to it.

Here, a; satisfies the following relationship.
For ascending order : a;, <aj, <---<aj,
For descending order : a;, > aj, > --- > aj,

If a second order sort is specified, the subroutine determines j = ji, j2,- - -, jn so that the following relation-

ship is satisfied for any k for which a;, = a;, ., is satisfied.

For ascending order : b;, < bj, .,

For descending order : bj, > by, .,

(2) Usage
Double precision:
CALL DSSTA2 (AN,BJISW1,ISW2, WK IWK, IERR)
Single precision:
CALL RSSTA2 (AN,B,ISW1,ISW2,WK,IWK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
" | INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 A D N Input | Data to be sorted a;
{R} Output | Sorted data a;
2 N I 1 Input | Size of array A
3 B D N Input | Data b; corresponding to a;
{R} Output | Data b; corresponding to sorted a;
4 ISW1 I 1 Input | Sort method selection switch (See Note (a))
ISW2 I 1 Input | Second order sort switch
ISW2=0 : Do not perform second order sort
ISW2=1 : Perform second order sort
6 WK D See Work | Work area
{R} Contents Size:
2xN  (When ISW1=4, —4)
1 (Otherwise)
7 IWK I See Work | Work area
Contents Size:
2xN  (When ISW1=3,-3)
1 (Otherwise)
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) N>1
(b) ISW1=1,2,3,4,~1,~2,~3,—4
(¢) ISW2=0or 1

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.
3200 Restriction (c) was not satisfied.
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(6) Notes
(a) The sort methods to be selected by ISW1 are as follows.
ISW1  Sort Method ISW1  Sort Method
1 Shell sort (ascending order) —1  Shell sort (descending order)
2 Heap sort (ascending order) —2 Heap sort (descending order)
3 Quick sort (ascending order) —3  Quick sort (descending order)
4  Merge sort (ascending order) —4  Merge sort (descending order)

The user should select an appropriate sort method according to the properties of the input data. The
features of each sort method are shown below.

- Shell sort

The average of the amount of calculation is on the order of O(n'®). A fast, stable sort is performed
for any kind of data. Sorting is faster if part of the data sequence has been sorted.

It is not guaranteed that ordinal relations among plural values of the second set having the same value
of the first set keep unchanged between before and after sorting.

No work area is necessary.

- Heap sort

Although the amount of calculation is on the order of O(nlogn), the constant term portion is large.
The sort time does not change much according to the properties of the input data.

It is not guaranteed that ordinal relations among plural values of the second set having the same value
of the first set keep unchanged between before and after sorting.

No work area is necessary.

- Quick sort

Although the average of the amount of calculation is on the order of O(nlogn), this is an extremely
inefficient sort for data having certain types of regularities such as data that has been partially sorted
to begin with. This is the fastest sort method for random data.

It is not guaranteed that ordinal relations among plural values of the second set having the same value
of the first set keep unchanged between before and after sorting.

- Merge sort

Although the 