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PREFACE

This manual describes general concepts, functions, and specifications for use of the Advanced
Scientific Library (ASL).

The manuals corresponding to this product consist of seven volumes, which are divided into the
chapters shown below. This manual describes the basic functions, volume 3.

Basic Functions Volume 1

Chapter Title Contents
1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.
2 Storage Mode Explanation of algorithms, method of using, and usage example
Conversion of subroutine related to storage mode conversion of array data.
3 Basic Matrix Algebra | Explanation of algorithms, method of using, and usage example
of subroutine related to basic calculations involving matrices.
4 Eigenvalues and Explanation of algorithms, method of using, and usage example
Eigenvectors of subroutine related to

the standard eigenvalue problem for real matrices, complex
matrices, real symmetric matrices, Hermitian matrices, real sym-
metric band matrices, real symmetric tridiagonal matrices, real
symmetric random sparse matrices, Hermitian random sparse
matrices and

the generalized eigenvalue problem for real matrices, real
symmetric matrices, Hermitian matrices, real symmetric band
matrices.

Basic Functions Volume 2

Chapter Title Contents
1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.
2 Simultaneous Linear Explanation of algorithms, method of using, and usage exam-
Equations ple of subroutine related to simultaneous linear equations corre-
(Direct Method) sponding to real matrices, complex matrices, positive symmetric

matrices, real symmetric matrices, Hermitian matrices, real band
matrices, positive symmetric band matrices, real tridiagonal ma-
trices, real upper triangular matrices, and real lower triangular
matrices.




Basic Functions Volume 3

Chapter

Title

Contents

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Fourier Transforms
and their applications

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to one-, two- and three-dimensional
complex Fourier transforms and real Fourier transforms, one-,
two- and three-dimensional convolutions, correlations, and power
spectrum analysis, wavelet transforms, and inverse Laplace
transforms.

Basic Functions Volume 4

Chapter

Title

Contents

1

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Differential Equations
and Their Applications

Explanation of algorithms, method of using, and usage example
of subroutine related to

ordinary differential equations initial value problems for
high-order simultaneous ordinary differential equations, implicit
simultaneous ordinary differential equations, matrix type ordi-
nary differential equations, stiff problem high-order simultane-
ous ordinary differential equations, simultaneous ordinary dif-
ferential equations, first-order simultaneous ordinary differential
equations, and high-order ordinary differential equations, and
ordinary differential equations boundary value problems
for high-order simultaneous ordinary differential equations, first-
order simultaneous ordinary differential equations, high-order or-
dinary differential equations, high-order linear ordinary differen-
tial equations, and second-order linear ordinary differential equa-
tions, and

integral equations for Fredholm’s integral equations of second
kind and Volterra’s integral equations of first kind, and

partial differential equations for two- and three-dimensional
inhomogeneous Helmholtz equation.

Numerical Differentials

Explanation of algorithms, method of using, and usage example
of subroutine related to numerical differentials of one-variable
functions and multi-variable functions.

Numerical Integration

Explanation of algorithms, method of using, and usage example
of subroutine related to numerical integration over a finite inter-
val, semi-infinite interval, fully infinite interval, two-dimensional
finite interval, and multi-dimensional finite interval.

Interpolations and
Approximations

Explanation of algorithms, method of using, and usage example
of subroutine related to interpolations, surface interpolations,
least squares approximations, least squares surface approxima-
tions, and Chebyshev’s approximations.

Spline Functions

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to interpolation, smoothing, numerical
derivatives, and numerical integrals using cubic splines, bicubic
splines and B—splines.




Basic Functions Volume 5

Chapter

Title

Contents

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Special Functions

Explanation of algorithms, method of using, and usage example
of subroutine related to Bessel functions, modified Bessel func-
tions, spherical Bessel functions, functions related to Bessel func-
tions, Gamma functions, functions related to Gamma functions,
elliptic functions, indefinite integrals of elementary functions, as-
sociated Legendre functions, orthogonal polynomials, and other
special functions.

Sorting and Ranking

Explanation and usage examples of subroutine related to sorting
and ranking.

Roots of Equations

Explanation of algorithms, method of using, and usage example
of subroutine related to roots of algebraic equations, nonlinear
equations, and simultaneous nonlinear equations.

Extremal Problems
and Optimization

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to minimization of functions with no
constraints, minimization of the sum of the squares of functions
with no constraints, minimization of one-variable functions with
constraints, minimization of multi-variable functions with con-
straints, and shortest path problem.

Basic Functions Volume 6

Chapter

Title

Contents

1

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Random Number Tests

Explanation and usage examples of subroutine related to uniform
random number tests, and distribution random number tests.

Probability
Distributions

Explanation and usage examples of subroutine related to contin-
uous distributions and discrete distributions.

Basic Statistics

Explanation and usage examples of subroutine related to basic
statistics, variance-covariance and correlation.

Tests and Estimates

Explanation and usage examples of subroutine related to interval
estimates and tests.

Analysis of Variance
and
Design of Experiments

Explanation and usage examples of subroutine related to one-way
layout, two-way layout, multiple-way layout, randomized block
design, Greco-Latin square method, cumulative Method.

Nonparametric Tests

Explanation and usage examples of subroutine related to tests
using x? distribution and tests using other distributions.

Multivariate Analysis

Explanation and usage examples of subroutine related to prin-
cipal component analysis, factor analysis, canonical correlation
analysis, discriminant analysis, cluster analysis.

Time Series Analysis

Explanation and usage examples of subroutine related to auto-
correlation, cross correlation, autocovariance, cross covariance,
smoothing and demand forecasting.

10

Regression analysis

Explanation and usage examples of subroutine related to linear
Regression and nonlinear Regression.




Shared Memory Parallel Functions

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Basic Matrix Algebra | Explanation of algorithms, method of using, and usage example
of subroutine related to obtain the product of real matrices and
complex matrices.

3 Simultaneous Linear Explanation of algorithms, method of using, and usage exam-

Equations ple of subroutine related to simultaneous linear equations cor-
(Direct Method) responding to real matrices, complex matrices, real symmetric
matrices, and Hermitian matrices.

4 Simultaneous Linear Explanation of algorithms, method of using, and usage exam-
Equations ple of subroutine related to simultaneous linear equations corre-
(Iteration Method) sponding to real positive definite symmetric sparse matrices, real

symmetric sparse matrices and real asymmetric sparse matrices.

5 Eigenvalues and Explanation of algorithms, method of using, and usage example
Eigenvectors of subroutine related to the eigenvalue problem for real symmet-

ric matrices and Hermitian matrices.

6 Fourier Transforms Explanation of algorithms, method of using, and usage example
and their applications | of subroutine related to one-, two- and three-dimensional com-

plex Fourier transforms and real Fourier transforms, two- and
three-dimensional convolutions, correlations, and power spec-
trum analysis.

7 Sorting Explanation and usage examples of subroutine related to sorting
and ranking.

Document Version 3.0.0-230301 for ASL, March 2023
Remarks

(1) This manual corresponds to ASL 1.1. All functions described in this manual are program products.

(2) Proper nouns such as product names are registered trademarks or trademarks of individual manufacturers.

(3) This library was developed by incorporating the latest numerical computational techniques. Therefore,
to keep up with the latest techniques, if a newly added or improved function includes the function of an
existing function may be removed.
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Chapter 1
INTRODUCTION

1.1 OVERVIEW

1.1.1 Introduction to The Advanced Scientific Library ASL

Table 1—1 shows correspondences among product categories, functions of ASL and supported hardware platforms.

In the same version of ASL, interfaces of subroutines of the same name are common among hardware platforms.

Table 1—1 Classification of functions included in ASL

Classification of Functions Volume

Basic functions Vol. 1-6

Shared memory parallel functions | Vol. 7

1.1.2 Distinctive Characteristics of ASL
ASL has the following distinctive characteristics.

(1) Subroutines are optimized using compiler optimization to take advantage of corresponding system hardware

features.

(2) Special-purpose subroutines for handling matrices are provided so that the optimum processing can be
performed according to the type of matrix (symmetric matrix, Hermitian matrix, or the like). Generally,
processing performance can be increased and the amount of required memory can be conserved by using

the special-purpose subroutines.

(3) Subroutines are modularized according to processing procedures to improve reliability of each component

subroutine as well as the reliability and efficiency of the entire system.

(4) Error information is easy to access after a subroutine has been used since error indicator numbers have been

systematically determined.



1.2 KINDS OF LIBRARIES

Table 1—2 Kinds of libraries providing ASL

. - Doclarati
Size of variable(byte) eclaration Kind Kind of library
of arguments
integer real
4 8 INTEGER(4) 32bit integer Double-precision
REAL(8) subroutine
32bit integer library
(link option: -lasl_sequential)
4 4 INTEGER(4) 32bit integer Single-precision
REAL(4) subroutine
8 8 INTEGER(8) 64bit integer Double-precision
REAL(8) subroutine
64bit integer library
(link option: -lasl_sequential i64)
8 4 INTEGER(8) 64bit integer Single-precision
REAL(4) subroutine

(*¥1) Functions that appear in this documentation do not always support all of the four kinds of subroutines listed
above. For those functions that do not support some of those subroutine kinds, relevant notes will appear in the

corresponding subsections.

(*¥2) The string “(4)” that specifies 32bit (4 byte) can be omitted.



1.3 ORGANIZATION

This section describes the organization of Chapters 2 and later.

1.3.1 Introduction

The first section of each chapter is a general introduction describing such information as the effective ways of

using the subroutines, techniques employed, algorithms on which the subroutines are based, and notes.

1.3.2 Organization of Subroutine Description

The second section of each chapter sequentially describes the following topics for each subroutine.
Function

Usage

Arguments

Restrictions

Error indicator

Notes

7) Example

Each item is described according to the following principles.

1.3.3 Contents of Each Item

(1) Function
Function briefly describes the purpose of the ASL subroutine.

(2) Usage
Usage describes the subroutine name and the order of its arguments. In general, arguments are arranged

as follows.
CALL subroutine-name (input-arguments, input/output-arguments, output-arguments, ISW, work, IERR)

ISW is an input argument for specifying the processing procedure. IERR is an error indicator. In some

cases, input/output arguments precede input arguments. The following general principles also apply.

e Array are placed as far to the left as possible according to their importance.

e The dimension of an array immediately follows the array name. If multiple arrays have the same
dimension, the dimension is assigned as an argument of only the first array name. It is not assigned

as an argument of subsequent array names.

(3) Arguments
Arguments are explained in the order described above in paragraph (2). The explanation format is as
follows.
Arguments Type Size Input/Output Contents

(a) (b) (9 (d) (e)




Contents of Each Item

(a)

(b)

Arguments
Arguments are explained in the order they are designated in the Usage paragraph.
Type
Type indicates the data type of the argument. Any of the following codes may appear as the type.

I : Integer type

D : Double precision real

R : Real

Z : Double precision complex

C : Complex

There are 64-bit integer and 32-bit integer for integer type arguments. In a 32-bit (64-bit) integer type

subroutine, all the integer type arguments are 32-bit (64-bit) integer. In other words, kinds of libraries

determine the sizes of integer type arguments (Refer to 1.4). In the user program, a 32-bit/64-bit
integer type argument must be declared by INTEGER/ INTEGER(8), respectively.

Size

Size indicates the required size of the specified argument. If the size is greater than 1, the required
area must be reserved in the program calling this subroutine.

1 : Indicates that argument is a variable.

N : Indicates that the argument is a vector (one-dimensional array) having N elements. The
argument N indicating the size of this vector is defined immediately after the specified vector.
However, if the size of a vector or array defined earlier, it is omitted following subsequently
defined vectors or arrays. The size may be specified by only a numeric value or in the form of a
product or sum such as 3 x N or N + M.

M, N : Indicates that the argument is a two-dimensional array having M rows and N columns. If M
and N indicating the size of this array have not been defined before this array is specified, they
are defined as arguments immediately following this array.

Input/Output

Input/Output indicates whether the explanation of argument contents applies to input time or
output time.

i. When only “Input” appears
When the control returns to the program using this subroutine, information when the argument
is input is preserved. The user must assign input-time information unless specifically instructed
otherwise.
ii. When only “Output” appears
Results calculated within the subroutine are output to the argument. No data is entered at
input time.
iii. When both “Input” and “Output” appear
Argument contents change between the time control passes to the subroutine and the time control
returns from the subroutine. The user must assign input-time information unless specifically
instructed otherwise.
iv. When “Work” appears
Work indicates that the argument is an area used when performing calculations within the
subroutine. A work area having the specified size must be reserved in the program calling this
subroutine. The contents of the work area may have to be maintained so they can be passed along
to the next calculation.



Contents of Each Item

()

Contents
Contents describes information held by the argument at input time or output time.
e A sample Argument description follows.

Example
The statement of the subroutine (DBGMLC, RBGMLC) that obtains the LU decomposition
and the condition number of a real matrix is as follows.

Double precision:

CALLDBGMLC (A, LNA, N, IPVT, COND, W1, IERR)
Single precision:

CALL RBGMLC (A, LNA, N, IPVT, COND, W1, IERR)

The explanation of the arguments is as follows.

Table 1-3 Sample Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A Note | LNA,N Input | Real matrix A(two-dimensional array)
D Output | The matrix A decomposed into the matrix LU
R where U is a unit upper triangular matrix and
L is a lower triangular matrix.
2 LNA I 1 Input | Adjustable dimension size of array A
3 N I 1 Input | Order n of matrix A
4 IPVT I N Output | Pivoting information
IPVT(i): Number of the row exchanged with
row ¢ in the i-th step.
5 COND D 1 Output | Reciprocal of the condition number
R
6 W1 D N Work | Work area
R
7 IERR I 1 Output | Error indicator

To use this subroutine, arrays A, IPVT and W1 must first be allocated in the calling program so

double-precision

they can be used as arguments. A is a }N"tc real array of size (LNA , N) , IPVT is

single-precision
double-precision
single-precision
When the 64-bit integer version is used, all integer-type arguments (LNA, N, IPVT and IERR) must
be declared by using INTEGER(8), not INTEGER.

an integer array of size N and W1 is a { }real array of size N.

Note The entries enclosed in brace { } mean that the array should be declared double precision type (code D) when
using subroutine DBGMLC and real type (code R) when using subroutine RBGMLC. Braces are used in this
manner throughout the remainder of the text unless specifically stated otherwise.



Contents of Each Item

Data must be stored in A, LNA and N before this subroutine is called. The LU decomposition and
condition number of the assigned matrix are calculated with in the subroutine, and the results are
stored in array A and variable COND. In addition, pivoting information is stored in IPVT for use by

subsequent subroutines.

IERR is an argument used to notify the user of invalid input data or an error that may occur during

processing. If processing terminates normally, IERR is set to zero.

Since W1 is a work area used only within the subroutine, its contents at input and output time have

no special meaning.

(4) Restrictions
Restrictions indicate limiting ranges for subroutine arguments.

(5) Error indicator

Each subroutine has been given an error indicator as an output argument. This error indicator, which
has uniformly been given the variable name IERR, is placed at the end of the arguments. If an error is

detected within the subroutine, a corresponding value is output to IERR. Error indicator values are divided

into five levels.

Table 1-4 Classification of Error Indicator Output Values

Level IERR value Meaning Processing result
Normal 0 Processing is terminated normally. Results are guaranteed.
Warning | 1000~2999 | Processing is terminated under cer- | Results are conditionally guaranteed.
tain conditions.
3000~3499 | Processing is aborted since an argu- | Results are not guaranteed.
ment violated its restrictions.
Fatal 3500~3999 | Obtained results did not satisfy a cer- | Obtained results are returned (the
tain condition. results are not guaranteed).
4000 or more, A fatal error was detected during | Results are not guaranteed.
processing.  Usually, processing is
aborted.
(6) Notes

Notes describes ambiguous items and points requiring special attention when using the subroutine.

(7) Example
Here gives an example of how to use the subroutine. Note that in some cases, multiple subroutines are

combined in a single example. The output results are given in the 32-bit integer version, and may differ

within the range of rounding error if the compiler or intrinsic functions are different.

The source codes of examples in this document are included in User’s Guide. Input data, if required, is

also included in it. To build up an executable files by compiling these example source codes, they should

be linked with this product library.




1.4 SUBROUTINE NAMES

The subroutines name of ASL basic functions consists of (six alphanumeric characters).

Figure 1-1 Subroutine Name Components

Characteristic function of individual subroutine

Indicates the numerical application

Indicates the calculation precision

“1” in Figure 1-1: The following eight letters are used to indicate the calculation precision.

D, W Double precision real-type calculation
R, V  Single precision real-type calculation
Z, J  Double precision complex-type calculation

C, I  Single precision complex-type calculation

However, the complex type calculations listed above do not necessarily require complex arguments.

“2” in Figure 1-1: Currently, the following letters lettererererere are used to indicate the application field
in the ASL related products.

Letter Application Field Volume

A Storage mode conversion 1
Basic matrix algebra 1,7

B Simultaneous linear equations (direct method) 2,7

C Eigenvalues and eigenvectors 1,7

F Fourier transforms and their applications 3,7
Time series analysis 6

G Spline function 4

H Numeric integration 4

I Special function 5

J Random number tests 6

K Ordinary differential equation (initial value problems) 4

L Roots of equations 5

M Extremum problems and optimization 5

N Approximation and regression analysis 4,6

(0] Ordinary differential equations (boundary value problems), integral 4
equations and partial differential equations

P Interpolation 4

Q Numerical differentials 4

S Sorting and ranking 5,7



Letter Application Field Volume

X Basic matrix algebra

Simultaneous linear equations (iterative method)
Probability distributions

Basic statics

Tests and estimates

Analysis of variance and design of experiments

Nonparametric tests

S O W N~
[e>E >N INe NN e e N B

Multivariate analysis

“3—6” in Figure 1—1 : These characters indicate the characteristic function of the individual subroutine.



1.5 NOTES

(1)

Use the subroutines of double precision version whenever possible. They not only provide higher precision
solutions but also are more stable than single precision versions, in particular, for eigenvalue and eigenvector

problems.

To suppress compiler operation exceptions, ASL subroutines are set to so that they conform to the compiler
parameter indications of a user’s main program. Therefore, the main program must suppress any operation

exceptions.

The numerical calculation programs generally deal with operations on finite numbers of digits, so the
precision of the results cannot exceed the number of operation digits being handled. For example, since
the number of operation digits (in the mantissa part) for double-precision operations is on the order of 15
decimal digits, when using these floating point modes to calculate a value that mathematically becomes 1,
an error on the order of 1071 may be introduced at any time. Of course, if multiple length arithmetic is
emulated such as when performing operations on an arbitrary number of digits, this kind of error can be
controlled. However, in this case, when constants such as 7 or function approximation constants, which are
fixed in double-precision operations, for example, are also to be subject to calculations that depend on the
length of the multiple length arithmetic operations, the calculation efficiency will be worse than for normal

operations.

A solution cannot be obtained for a problem for which no solution exists mathematically. For example,
a solution of simultaneous linear equations having a singular (or nearly singular) matrix for its coefficient
matrix theoretically cannot be obtained with good precision mathematically. Numerical calculations cannot
strictly distinguish between mathematically singular and nearly singular matrices. Of course, it is always
possible to consider a matrix to be singular if the calculation value for the condition number is greater than

or equal to an established criterion value.

Generally, if data is assigned that causes a floating point exception during calculations (such as a floating
point overflow), a normal calculation result cannot be expected. However, a floating point underflow that

occurs when adding residuals in an iterative calculation is an exception to this.

For problems that are handled using numerical calculations (specifically, problems that use iterative tech-
niques as the calculation method), there are cases in which a solution cannot be obtained with good precision

and cases in which no solution can be obtained at all, by a special-purpose subroutine.

Depending on the problem being dealt with, there may be cases when there are multiple solutions, and the
execution result differs in appearance according to the compiler used or the computer or OS under which
the program is executed. For example, when an eigenvalue problem is solved, the eigenvectors that are
obtained may differ in appearance in this way.

The mark “DEPRECATED” denotes that the subroutine will be removed in the future. Use ASL Unified

Interface, the higher performance alternative practice instead.



Chapter 2
FOURIER TRANSFORMS AND THEIR
APPLICATIONS

2.1 INTRODUCTION

This chapter describes subroutines that perform fast Fourier transforms, convolutions, correlations, power spec-
trum analysis, wavelet transforms, and inverse Laplace transform.
The following subroutines are provided for computing the discrete Fourier transform according to the data

characteristics.

(1) Complex Fourier transform

Data values are complex numbers.

(2) Real Fourier transform

Data values are only real numbers.

In addition, although the number of equal divisions n of the input data can be transformed by the fast Fourier
transforms handled in this chapter no matter what prime number is used as radix, calculation efficiency decreases
for a sequence formed from a large prime number. Therefore, the number of equal divisions n should be able to
be factored into small radices (2, 3, 5, 7).

The subroutines, which handles the following data, are provided for performing the convolutions, correlations,

power spectrum analysis.
(1) one-dimensional data
(2) two-dimensional data
(3) three-dimensional data

The following subroutines are provided for computing the inverse Laplace transform according to the image

function types.
(1) The case when image function is rational function.
(2) The case when image function is general function.

The following subroutines are provided for computing the wavelet transform according to the type of the base

functions.
(1) When the base functions are Haar functions
(2) When the base function is a Mexican hat function

(3) When the base function is a French hat function

10



Notes

2.1.1 Notes
(1) You should choose the subroutine group that best fits your input data type.

(2) In general, if your input data consists entirely of real numbers, you can use the real Fourier transform

subroutine.

(3) The sample input data n to which the transform is to be applied corresponds to a sample on a single period
[0, 27].

(4) You first must call a transform subroutine that includes initialization. This subroutine performs such tasks
as creating a trigonometric function table. If you plan to continue computing Fourier transforms for the same
number of data n, processing will be more efficient if you use the post-initialization transform subroutine

thereafter since the contents of work areas are retained.

(5) In inverse Laplace transform of general function, you prepare function subprogram that calculates the
imaginary part of image function F'(s). When F'(s) is a many valued function, care is required so that the
correct branch is calculated within the function subprogram. In addition, F'(s) should satisfy the condition

below.

lim F(s)=0

|s|—o00

11



Algorithms Used

2.1.2 Algorithms Used
2.1.2.1 One-Dimensional (Continuous) Fourier Transforms

The integral F(§) defined by the following equation is called the Fourier integral of f(z).

£) = a/_oo fla)e VT qy

Here, a is a constant, and according to the Reference Bibliography, a = 1 is sometimes taken and a = % or
a= \/% is sometimes taken. Also, although i or j is normally used to represent the imaginary unit v/—1, since
this may be confused with the integers i and j used for subscripts, we have decided to use v/—1.

If this integral exists for every value of the parameter £, F'(§) is called the (continuous) Fourier transform
of the function f(z). In this case, F(£) is denoted by F{f(x)}. For example, if time ¢ is considered as z, then
& corresponds to angular frequency w, and if a component of the space coordinate r is considered as z, then &
corresponds to a component of the wave vector k. Also, when time ¢ is considered as z, the frequency f defined
by f = 5= is often used instead of angular frequency w. To represent frequency, the symbol v is used instead
of the letter f. The quantity % in space corresponding to f is also called the spatial frequency. The inverse

transform of F'(§) is defined as follows:

1 (o]
=— [ F(&eV "4
f@) = gmo | Pl M50
A formal proof that this equation is the inverse transform is as follows.
1 o0
[ PeeTeas = / Flme"Tendy b ev=Tes g
2ra J_ 2ma

_/ {/ e¢—15<xn>d§} d

QL/ f(m2mé(x — n)dn
(z)

Here, §(x) is the Dirac ¢ function defined as distribution.
Although the last equal sign holds when f(z) is continuous, it will also hold when f(z) is discontinuous if the
value of f(x) at a point of discontinuity & = x¢ is redefined as follows:

. fleo+h)+ f(xo —h)
f(@o) = hlinio 2

Although the continuous Fourier transform may be considered to exist for most functions that actually are
encountered, care must be taken since it does not exist for every function (since it deals with an infinite integral).
For information about the existence conditions for Fourier transforms, refer to a suitable technical text.

Also, note that the definitions of the Fourier transform (also called the Fourier forward transform) and its inverse
transform (Fourier backward transform) are sometimes reversed. For example, when both time and space are
considered, although a complex plane wave is represented by eV=I(kT—wt) by using the angular frequency w and
wave vector k, in this case, it is convenient to reverse the signs of the power of the exponential functions in
the definitions of the Fourier transform for time and the Fourier transform for space. In this case, the Fourier
transform corresponds to the plane wave expansion of the function.

If f(x) is a real function, changing the sign of the power of the exponential function corresponds to changing the

sign of the imaginary part of the Fourier transform, which is obvious from the following Euler’s formula.

eV — cosx +/—1sinz

12
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The combination of f(z) and F'(£) is called the Fourier transform pair.
The following Parseval’s Theorem holds for a Fourier transform pair.

[ ls@par= o [ R

oo 2ma J_ o

This can be interpreted as assigning a correspondence between the total energy in the time (or space) domain
and the frequency domain. In particular, if we consider a real time function as f(x)(= f(t)), to prevent the

appearance of a negative frequency, this is modified as follows:
o0 1 o0 .
| _tsopa=— [TiF@Pa 1 1) e R Flew) = Pl

For example, when the current flowing through an ideal resistor R (units: Ohms [Q?]) in an electrical circuit is (t)
(units: Amperes [A]), the electrical power corresponding to |f(t)|? becomes R(i(t))? (units: Watts [W]), and the
amount of electrical power corresponding to [~ |f(t)|?dt becomes [*_R(i(t))?dt (units: Joules [J]). However,
for the frequency spectrum #(f) of the current i(t), the units should be set to [A - sec] = [A/Hz], and the size

should be normalized so that the following relationship holds:

/ "RG0y d = 2 / T RIdf

Of course, if you want to change the system of units, you should rewrite the constants according to the units used.
In many cases in a power spectrum analysis, a full width half maximum (FWHM) of the peak waveform
that appears in the power spectrum is taken for the problem. In this case, the absolute value of the spectrum
need not be specifically calculated, and a convenient arbitrary unit should be used.

If a real function f(z) is a periodic function with period Ty, that is, for an arbitrary integer j, f(z) = f(x+ jTp),
the function can be expanded as follows in a Fourier series. (However, in a similar manner as described for a
continuous Fourier transform, the function at a point of discontinuity is assumed to have as its value the average

of the limit values from the left and right of that point.)

a = _ o
flx) = 70 + Z{aj cos(jwox) + bj sin(jwox) }
j=1
=Y e (= 2T
j=—o0 ’ To

Here, the expansion coefficients a; and b; (real numbers) and ¢; (complex numbers), which are called Fourier

coefficients, are given by the following equations.
9 [
a; = _/ f(z) cos(jwoz)dx (j=0,1,2,--)
Ty /] _To
5 £
2
b, = _/ f(x)sin(jwoz)dz (j=1,2,---)
1o _%
To
¢j = z(a;—V—1b;) = _/ flx)emV=leorde (j=0,41,42,---)
2 To J -2

When f(x) is a complex-valued function (x is a real number), the Fourier coefficients a; and b; also become
complex numbers. If we consider the function g(z), which is defined by extracting only one period of f(x) and

setting it to 0 otherwise, that is g(x) is as follows:

f@) ol <

0 Otherwise

g(z) =

13
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then c; is as follows:

To
1 2 —v—=1jwox
¢ = _Ef(gc)e V=Ljwo g
) ]
2
_ = V—1jwoz
-7 /_Eg(:r) Tdx
1 )
=7 g(w)e_\/?lj“’“””dw
0
1
=T G(ﬁ)sza‘wo

Therefore, except for the constant factor, the Fourier coefficients are equal to the value at £ = jwg of the Fourier
transform G(&) of a function (g(x)) that limits the bandwidth of a periodic function (f(z)) to a single period.
Conversely, the Fourier transform (G(§)e=ju,) at discrete points of a bandwidth-limited function (g(z)) can be
calculated by expanding the function to a periodic function (f(x)) for which that bandwidth is assumed to be one
period and obtaining its Fourier coefficients (c¢;). The following sampling theorem can be used when sampling a

continuous function.

Sampling theorem: For a time function g(¢) that is bandwidth limited by the frequency f., that is, the Fourier
transform G(w) of g(t) takes nonzero values at |w| < 27 f,, if the sampling interval is taken as T' = ﬁ, then

g(t) can be reconstructed from knowledge of only a sequence of sample values {g(iT")} as follows.

bln 27 fo(t — iT)
=7 3 oun )

The frequency bandwidth 2 f, is called the Nyquist sampling rate.

Actually, when applying a discrete Fourier transform, although the sampling theorem conditions are rarely satis-
fied, sampling is performed based on the Nyquist sampling rate.
In a discrete Fourier transform, the integral in the Fourier series is square approximated as follows so that a

computer can perform the calculation:

To
1 [z o Tizng
¢ =z [, f@e TR
0
-1 L)
1 27'r kTo 2r kTp To
=g 2 e VR e TR D
O Lk==(r21-1)
n—1
1 (k n) ik
W
k=(12]+1) =0
n—1
S0 fr—}
n
k=0

Here, fi, = f(z)| _rm (k=0,%1,£2,---). Also, || represents the maximum integer that does not exceed = and
[2] represents the minimum integer greater than or equal to z. The final equation uses the fact that since f(x)
is a periodic function for which the period is Tp, then fi is a discrete periodic function for which the period is n.
From this equation, we see that c; is also a discrete periodic function for which the period is n. Therefore, in a
discrete Fourier transform, n samples in a time (or space) domain and n corresponding samples of a

frequency domain represent one period of a waveform in a time domain and frequency domain. From

14
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its periodicity, a discrete Fourier transform can also be approximated by using the trapezoidal formula

for the integral in the Fourier series.

n—1 n—1
1 —ony=TiE 1 1 ConyTiE By F{Ue))
a{zf’““ } E[Z§{f’“€2 o e 1"}]
k=0

k=0
[ fn€—27rﬁ%‘ = fol

In this manual, unless specifically stated otherwise, the term “Fourier transform” indicates a “discrete Fourier
transform.” A discrete Fourier transform can be efficiently calculated by using a Fast Fourier Transform
(FFT) algorithm. If the required number of multiplications of complex numbers in a discrete Fourier transform
calculation for n data values is considered to be according to the definition, this number will be on the order of
n?. However, with a Fast Fourier Transform, when n can be factored as n = r1ry - - - 7, the number of complex
multiplications is on the order of n(ry + ro + -+ + r,,). In particular, if n = 2™, the number of multiplications
is 2nlogyn. Therefore, even if n normally does not get larger than this, the calculation efficiency when the
calculation is performed using a Fast Fourier Transform algorithm is significantly different than when a Fast
Fourier Transform algorithm is not used.

With a continuous Fourier transform, if the original waveform has a point of discontinuity, the partial sums of
the Fourier series will not converge uniformly to the original waveform, and oscillations known as the Gibbs
phenomenon will occur. However, no Gibbs phenomenon occurs with a discrete Fourier transform. (If the inverse
transform is applied after a transform by a discrete Fourier transform, a series that matches the original series is
obtained.) However, if a finite number of terms extracted from the high-order terms among the (infinite) Fourier
coefficients corresponding to a continuous Fourier transform are given, the Gibbs phenomenon can be reproduced
by performing harmonic synthesis. Also, for the inverse transform equation to exist for a continuous Fourier
transform, the function value at a point of discontinuity must be defined as the average of the values on both sides
(in the neighborhood of) that point. However, with a discrete Fourier transform, the data need not necessarily
be selected in this way. (Normally, it is not practical to make the sampling interval sufficiently smaller to treat it

as a neighborhood in the mathematical sense.)

2.1.2.2 Multidimensional (Continuous) Fourier Transforms

A Fourier transform can be expanded to a multidimensional case. For example, for a four-dimensional time
space, it is defined as follows as a quadruple integral by using the position vector » = (x,y, z), wave vector

k = (kg, ky, k.), time ¢, and angular frequency w.
fk,w) = a/ f(r,t)e\/f_l(k'rf‘”t)drdt
The inverse transform f(k,w) is represented by:
flr,t) = #/OO flk w)ef\/f_l(k'rf“’t)dkdw
’ @2m)ta J_o"

Here, a is a constant, and according to the Reference Bibliography, a = 1 is sometimes taken and a = ﬁ
is sometimes taken. Note that the definitions sometimes also reverses the signs of the power of the exponential
functions. In a similar manner as described for the one-dimensional case, corresponding discrete Fourier transforms

can be extended to multiple dimensions.
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2.1.2.3 One-Dimensional Fourier Transform

The complex Fourier forward transform C; for one period ¢, (k = 0,---,n — 1) of complex periodic data é

satisfying ¢x = Cxtn for an arbitrary integer k is defined by the following equation.

n—1

C-:l cpe”2TVTIR j=0,---,n—1
iT 1;) k (j )
« is an arbitrary constant for which 1 or n normally is selected. At this time, the complex data after the transform
C; (j =0,---,n—1) also corresponds to one period of complex periodic data C’j satisfying C’j = AHn for an
arbitrary integer j. The corresponding backward transform is as follows:
n—1

1 ik
:_E CHhe>™V-1% (k=0,---.n—1
Ck nj:O(a J)e ( ) y )

The following shows that this expression is the backward transform.

1 n—1 1 n—1 n—1
/—1ik — /Tt V—=1ik
_§ (aCj)BQﬂ' 15 :_§ (§ cle 2m 1n)€27r 15
n - n <
7=0 7=0 1=0

1 n—1 n—1 o)
—p2iE=0)
I E o E e271'\/ 1=
n -
=0 7=0

1 n—1
E Z (&) {nék,l}
=0

Here, the term

n—1 o)

pyPAGLD)
E e271'\/ 1== — n(sk,l
=0

which is known as the orthogonal relationship for finite sums at selected points, can easily be proved by considering
. . . . . /=g (k=)
the sum of a geometric series for which the first term is 1, the common ratio is r = 2™V ! ! and the number

of terms is n. §; j, which is called the Kronecker delta, is defined as follows.

5ij={ L =) :

’ 0 (otherwise)

The discrete Fourier transform always exists if the discrete function takes values. Also, the result of applying a
backward transform immediately after a forward transform will match the values of the original discrete function
(excluding error in the numerical calculations). The orthogonal relationship for finite sums at selected points
corresponds to the square approximation (or approximation by using the trapezoidal formula) of the following

orthogonal relationship of the well known system of complex trigonometric functions {e‘/jlkt} (k: integer).

1 2m
6\/71kt6\/71ltdt _ 5k,l
27T 0
The subroutines in this manual obtain aC; and nc, except for a constant factor, from the normal Fourier
transform definition.
To correspond to the property that the domain of a function normally is symmetric to the left and right of the
origin for a continuous Fourier transform, a half period of data should be considered as follows, shifted one period

(two-sided spectrum):

{ék}k:—(n—m—2),---,—1,0,1,---,m ={Cm+1,Cms2,- -, Cn-1,C0,C1,---,Cr }

16



Algorithms Used

(Here, m = | %] and || represents the maximum integer not exceeding x.) At this time, Cp is the element
corresponding to zero frequency. Also, when a time function is specifically considered, to eliminate negative

frequencies, this may also be considered as follows (one-sided spectrum):

{Co,2C1,-+,2Cp—1,Cr}  n:Even number

Cr Vom0 1 om =
{Crbe=on,o { {Co,2C), -+, 20} n:0dd number

(1) One-dimensional complex Fourier transforms and multiple one-dimensional complex Fourier
transforms
In this manual, complex Fourier transforms are divided into one-dimensional complex Fourier trans-
forms and multiple one-dimensional complex Fourier transforms according to differences in the
storage methods of the data for which the Fourier transform is calculated. For one-dimensional complex
Fourier transforms, the data c;, and C; are stored consecutively, and for multiple one-dimensional complex
Fourier transforms, they are stored in fixed intervals. Multiple Fourier transforms can be used when cal-
culating a normal multidimensional Fourier transform or a combination of Fourier transforms and other

transforms.

(2) One-dimensional real Fourier transforms and multiple one-dimensional real Fourier transforms
When the data for which the Fourier forward transform is to be calculated is real, the following relationship

is satisfied.

n—1
* _ x omy/—1ln=ik
aCy_; 75 cpe ™
k=0
n—1
_ —q1ik _ —
:§ :cke 2my/ =12 [6 27k+/ 1:1]

k=0
= aCj

Here, z* represents the conjugate complex number of the complex number z. In particular, Cy is real and
when n is even, then Cvz_l is also real.

Also, the backward transform is as follows.

n—1 .
nck ZZ(aCj)eQ’T\/?l%
7=0
vy ik n-l i
N . R
= a(Co + (—1)760%) + Z (acj)e%rﬁ n Z (acj)e2 V=IL
J=1 Jj=1%]+1
[41-1 _ B
= a(Cot (-1 C) + Y- {00 T + (a0, eV TR
j=1
[41-1

— a(Co+ (—1)FC3) +

™

{(QCJ)B%H% + {(aCj)BQWE%}*]

jfz%llfl .
=a(Co+ (-1)FC3)+2 Y R{(aC,)e>™V 15}

f%?il . .
=a(Co + (*1)’@@%) +2 {(Oé?R{Cj}) COS(QW%) — (a{C;}) sin(%r%)}

1

<.
Il

Here, | 2| represents the maximum integer that does not exceed x, and [z] represents the minimum integer

greater than or equal to x. Also, when n is odd, C’% = 0, and when n is even, Cz = Cz. Therefore, the
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calculations for a Fourier transform can be executed using half the data for the case of general complex data

(for ¢y, only the real part, and for C;, half of its period).

For example, when a complex Fourier transform is calculated for the real data r; shown in Figure 2—1, the
results will be as shown in Figure 2—2. However, with a real Fourier transform, the half periods of the real

and imaginary parts, respectively, are calculated as shown in Figure 2—3. (Note that with a real Fourier

transform, the real and imaginary parts of the transform results are stored in the array alternately.)

L)

0.5 [

0.0 [~

i}

-0.5 4 3

12

1

16 20 24 28 32

rp=e/320 06 (i=1,2,---,32)

Figure 2—1 Data Before Fourier Transform
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S{Frit}
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4

8

12

16 20 24 28 32

Figure 2—2 Data After Fourier Transform (For a Complex Fourier Transform)
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72‘ T
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° 1.5 [~
05 . 00 [ .....ooooooo
®e0ceo0cc0ccoocce L4
-1.5 [ *
| | | | | | | | . d | | | | | | | .
00774 8 12 16 20 24 28 32 © 30 T T 19 16 20 24 28 32
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Figure 2—3 Data After Fourier Transform (For a Real Fourier Transform)

Note that when n is even, the area required for the calculations may be conserved by defining (Cop,Cz) as
a new complex number Cy. Also, In a similar manner as described for multiple one-dimensional complex
Fourier transforms, data is stored in an array in fixed intervals for multiple one-dimensional real Fourier

transforms.

2.1.2.4 Multidimensional Fourier Transforms

(1)

Two-dimensional complex Fourier transforms

The complex Fourier forward transform C; for one period ¢k, k, (ke =0,---,nz —1; ky =0,---,ny —1)

a:vjy
of complex multiperiodic data ¢, x, satisfying ¢k, x, = Ck,+n, k,+n, for arbitrary integers k, and k, is
defined by the following equation.

et Jzka | Jyky
_ —27/—1( s o o )
Jra]y - Ckm,k €
k =0 ky=0

(jm:Oa"'anm_h ijO,'-',ny—l)

o is an arbitrary constant for which 1 or n,n, normally is selected. At this time, the complex data
after the transform Cj, ;, (j. = 0,---,n, — 1; j, = 0,---,n, — 1) also corresponds to one period of
complex multiperiodic data C'jz 4, satisfying C’jz gy = C’jz+nz,jy+ny for an arbitrary integers j, and j,. The

corresponding backward transform is as follows:

Ng—1Ny—

iz ks Jyk
277\/—1(—“;; +755)
Chky,ky Cj. i
NgN y
Y G.=0 _0
Jz Jy

(kx:O,,nzfl, ky:()?vn’yi]‘)

The subroutines in this manual obtain aCj, ;, and ngnyc, r, except for a constant factor, from the normal

Fourier transform definition.

Two-dimensional real Fourier transforms

When the data for which the two-dimensional Fourier forward transform is to be calculated is real, the
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following relationship is satisfied.

ng—1ny—1

(ng—ja)ka | (My—dy)k
aCs D D T Gl e

Ng —Jz Ny —Jy
k=0 ky,=0

Np—1ny—1

Z Z —2m/=T{ dzke | Jukyy
= Ckr,,kye £ y

ka=0 ky=0
=aCj, j,

Here, z* represents the conjugate complex number of the complex number z. In particular, C ¢ is real and
when n, and n, are even, then an ny 18 also real.
Similarly, the following relatlonshlp is satlsﬁed

Ng—1Ny—1

—j jyk
27r\/j1{ (nag—ja)ke +Jy y}
* J— * 3 3
OCrmjegy = Do D Chok,® R
ke=0 ky=0

Ng—1 ny_l

—omy/—T{dzke +<"y*fy)ky}
= E E Cly by € e "
2=0 ky=0
= aij,nyij

Therefore, the calculations for a Fourier transform can be executed using half the data for the case of general

complex data (for ¢y, k,, only the real part, and for C; half of its period for either j, or j,).

y? zsJy
(3) Three-dimensional complex Fourier transforms
The complex Fourier forward transform Cj, ;, ;. for one period cx, x, k. (kz =0, ,ne—1; ky =0,---,ny—
1; k. =0,--+,n, — 1) of complex multiperiodic data Chy ky k. SALISEYING Cry k) k. = Chytng kytny,ketn. fOT

arbitrary integers k;, ky and k. is defined by the following equation.

n,—l ny—1ln,—1

_ —2my/=T(dghe 2t 4 dgha )
Ciuiigi= == E d > Crkgkae = Ty
kw=0 ky=0 k,=0
(Jm*ov"'v :Ef]-a .]y:()v?nyi]-a jzzov"'vnzil)

o is an arbitrary constant for which 1 or nynyn, normally is selected. At this time, the complex data after
the transform Cj_ j, ;. (jo = 0,---,n, — 1; j, = 0,---,ny — 1; j. = 0,---,n, — 1) also corresponds to

one period of complex multiperiodic data Cj, j, ;. satisfying Cj = Cj,+ng.jy+ny.j.+n. for an arbitrary

rajyvjz
integers jg, jy and j,. The corresponding backward transform is as follows:

Ng—1 Ny — 1nzfl

/7 Jjxk Jyky Jjzk
cC . — 627r ( :fll-m—‘r :ly + flzz)
ka,ky,j= n n Jz,ayuz
YR §o=0 jy=0 Jz—O

(kI:Oa"'v 1_17 ky_ovany_17 kZ:Oa"'an_l)

The subroutines in this manual obtain aCj, j, ;. and nynyn.ck, i, k., except for a constant factor, from the

normal Fourier transform definition.

(4) Three-dimensional real Fourier transforms
When the data for which the three-dimensional Fourier forward transform is to be calculated is real, the
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following relationship is satisfied.

ny—1ny—1n,—1
aC*

Z Z Z 27‘_\/7{(713: Jm)kr_;'_("y Jy)ky+(nz Jz)kz}
Mg —Ja,My—Jy,Mz—Jz kxakyvk
z=0 ky=0 k.=0

n,—l ’ﬂy—l n,—1

pIPIPS T e TR
Cly,ky k. € ¥ v ®

»=0 ky=0 k. =0

= CJI JJysdz

Here, z* represents the conjugate complex number of the complex number z. In particular, Cp 0 is real

and when n;, n, and n, are all even, then Cnx y ne is also real.
yT2

Similarly, the following kinds of relationships are satlsﬁed

* P . . .
an —JaxsJyrJz CJw,’ﬂy—]y,’ﬂz—jz

That is, the complex number after substitutions are made in the subscripts using the following correspon-
dence relationships for all of j;, j, and j. is mutually related as a complex conjugate to the complex number

before the substitutions are made.
Jo < Ng — Jg
Jy € ny—lJy
jz & Ny — .]z

Therefore, the calculations for a Fourier transform can be executed using half the data for the case of general

complex data (for ¢, , k., only the real part, and for Cj, ;, ;., half of its period for either j., j,, or j.).

Y

2.1.2.5 Fast Fourier transform

(1) Fast Fourier transform algorithm
The Temperton algorithm, which is fast Fourier transform algorithm for arbitrary radices, is explained
here.
The complex Fourier transform is represented by the following equation

N
Cp = Z CjW(j—l)(k—l) (k=1,---,N)

=1

where W = e=2™/N i = /=1 (N is the number of data).

This equation can be represented in the matrix form below.
X =W,C, [W,](j, k) = wU=DE=D = exp(—2mi/N)
If N =nq ny ngng -+ ng then
Wo=Tk Tk_1 Tg_o-- To 1.
If we let

ll = ].,li+1 :nlll,ml = N/li+1 (’L = 1,2,]{3)
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then

T; = (P Dy x 1) (Wa, X Inym,)

therefore,

X

w,.C
(PP DY I, ) (W, % Inny) - (PR

Example: the case of N = 24

N=2x3x4

N/nl DNI/TLI

Ty = (P4 D3, x I)(Wa x Ip)

Ty, = (P}D3 x I)

T3 = (P D} x Ig)(Wa x I5)

X

(Notes)

WaouC
T5T,Th C
(P{D1 x Is)(Wy x 1) (P D3 x I2) (W3 x Is)(Pfy D3, x I ) (W2 x I12)C

(a) x means Kronecker matrix product. Suppose,

A:

then Kronecker matrix prod

Ax B=

b
d

a

C

b
d

B =

]X

e f
g h

uct is defined as follows:

e f el ) bl
g k] Lkl Al

(b) P is a permutation matrix of order n;, m;.
m; )

(c) Dy is a diagonal matrix of order n;, m;.

(d) I is a identity matrix of order r.

This transform is following flow. (C: input data, A: output data)

22
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(2)

LA=1
[ I= 1, number of factors
IFAC + Radix(2, 3, 4, 5, 6, 7, 8 or others)
‘ compute FFTs (Radix:IFAC) ‘

M = N/IFAC
I=1
J=1

JUMP = (IFAC — 1) x LA
K=0M-LA LA

L=1LA
| A(J) = Q(K) x (W(IFAC) x C(I)) |
I=I+1
J=J+1

J=J+JUMP
(Notes) 1. W(IFAC): DFT(Discrete Fourier Transform) matrix order IFAC
2. Q(K):diag(trigs(1),trigs(K + 1), trigs(2 x K +1),---,
trigs(IFAC — 1) x K + 1))
3. trigs(K +1) = exp(2iKn/N),0 < K <N — 1,i =+/—1
LA =LA x IFAC, exchange A and C

Enhancing speed for multiple one-dimensional complex Fourier transform

The processing speed is enhanced as follows for a multiple one-dimensional complex Fourier transform that
executes a one-dimensional complex Fourier transform for each of M data sequence of length N. Since the
M data sequence are independent of one another, the ordinary one-dimensional complex Fourier transform
loop can be replaced by a loop for executing M one-dimensional complex Fourier transforms. This enables
you to achieve fast performance by easily avoiding the various types of problems that occur in ordinary
one-dimensional complex fast Fourier transforms such as bank conflicts at definition time, input data, and
rotational factor memory references. The extended function multiple one-dimensional complex Fourier
transform program uses an algorithm that automatically applies the one-dimensional scan method so that

the highest performance can be achieved even if the number of data sequence M is small.

Enhancing speed for real Fourier transforms

You can obtain a real Fourier transform by treating the real input data values {ry} to which the transform
is to be applied as complex input data values having zero as the imaginary part and computing a complex
Fourier transform for those values. The result of the complex Fourier transform has the following conjugate

symmetry relationship:
CN—j+2 :C; ]:27 Ty N

where, * indicates the complex conjugate. In addition, the following equations indicate the relationship
between the results {a;} and {b;} of the real Fourier transform and the results {C;} obtained from the

complex Fourier transform.

N
S|
2

aj = (Cjy1+Cn—jt1) j=1, -,

. . N
bj:z(cj-‘rl_CN—j-i-l) ]:17 R E_l
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Therefore, if you compute a real Fourier transform by using a complex Fourier transform, you can obtain
{a;} and {b;} by obtaining only C;(j =1, ---, & +1).
These subroutines take advantage of this to compute the optimum fast complex Fourier transform for the

Vector Engine and obtain real Fourier coefficients.

2.1.2.6 One-Dimensional (Continuous) Convolutions and One-Dimensional (Continuous) Corre-

lations

The integral p(z) defined by the following equation is called the convolution integral of f(z) and g(x).

o) = [ T H©)gle - o)

The convolution integral of f(x) and g(z) is represented by (f x ¢g)(z) or f(z) x g(x). The convolution integral is
often called simply the “convolution.” If we let the Fourier transforms of f(z) and g(x) be F{f(z)} and F{g(z)},
respectively, then (f x ¢)(x) and F{f(z)}F{g(x)} form a Fourier transform pair. That is, the following equations
are satisfied.

/- { IRGTE é)df} eV gy
A ste -9 T 0ah fee g

- {_/OOO; f(_;())e\/_lnxd:v} {/Z g(w)e\/_h’xd:v}

This relationship is called the convolution theorem. The convolution integral of F{f(z)} and F{g(x)} and
f(z)g(x) also form a Fourier transform pair (frequency convolution theorem). Normally, the convolu-
tion integral is obtained by calculating the Fourier transforms of the two functions for which the
convolution is applied and taking the inverse Fourier transform of the product of the two Fourier
transforms. In particular, when a computer is used for the calculations, this method is extremely
effective since efficient fast Fourier transform algorithms can be used. Note that the convolution integral

may be defined as a finite-interval integral as follows.
ple)= [ f(&glx—&)dE
In particular, to associate it with the Laplace transform, it is defined as follows.

o) = [ a(@hte - €1
0
The convolution has the following properties.

(1) It satisfies the commutative law.
f(@) x g(x) = g(x) x f(x)
(2) It satisfies the associative law.
f(@) x (g(x) x h(x)) = (f(z) x g(z)) x h(z)
(3) It satisfies the distributive law.
f(@) x (g(x) + h(x)) = f(z) x g(x) + f(x) x h(z)

One more important integral both theoretically and from the standpoint of actual applications is the correlation
integral, which is defined by the following equation.

o) = [ T H©)g(a + )de
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If f(x) is a real function and we let the Fourier transforms of f(z) and g(z) be F{f(z)} and F{g(z)}, respectively,
then the correlation integral of f(x) and g(x) and F{f(x)}*F{g(x)} form a Fourier transform pair (correlation
theorem). That is, the following equations are satisfied.

/{/ Ut $+€)d£}e—mmdx
-/

{/ glz +&e \/_1n(r+6)dx} f(g)eﬁnﬁdg

- {/OOOO f(gc)*e_‘/jlmd:v}* {/_Z g(w)e‘mwdw}
([ i { [ sormvan)

Here, z* represents the conjugate complex number of the complex number z. Note that the correlation
integral does not satisfy the commutative law. If f(z) is an even function, the correlation integral matches

the convolution integral.

/ F(€)glo + €)de
/ f(=mg(x —n)(—dn)

/ F gl —nydn

Also, when f(z) and g(x) are the same function, the correlation integral is called the autocorrelation function,

and when they are different, it is called the cross correlation function.

2.1.2.7 One-Dimensional Discrete Convolution and One-Dimensional Discrete Correlation

We can consider discrete convolution and discrete correlation corresponding to convolution and correlation, re-
spectively, in a similar manner as we considered discrete Fourier transforms corresponding to continuous Fourier
transforms. Discrete convolution is defined by the following equation as the approximation of continuous

convolution by a square integral.

p(k)ZACL'Zf(Z)g(k—Z) (k:O""vm_l)

Here, Az is the sampling interval. Also, f(i), g(j) and p(k) are discrete functions having values defined only for
integer values 4, 7 and k. Since a computer is to be used for the calculations, the original function f(x) or g(z) of
the real number = corresponding to f(¢) or g(j) must be a function that is nonzero only on a specific finite interval
or must be a periodic function. Also, the discrete function f(i) or g(j) is assumed to be a periodic function of

period m satisfying the following relationship for an arbitrary integer k.

f@)=fli+km),g(i)=f(i+km) (i=0,---,m—1)

More specifically, the following distinction may be made. Discrete convolution for which the periodicity described
above is not assumed is called linear convolution, and convolution for which the periodicity is assumed is
called circular convolution. In the following, unless specifically stated otherwise, circular convolution will be
considered as discrete convolution. Also, for the sake of explanation, the values that may become nonzero will be

called “effective values”. Now, if we assume the following:

f@)=0(i=ny,---,m—1); g(j)=0(=mnz,---,m—1)
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that is, only ny f(é) (¢ =0,---,n1 — 1) within one period of f(i) and only ns g(j) (j =1,---,n2 — 1) within one
period of g(j) are effective values, then if m > ny +ng—1, the ny +no—1 p(k) (k =0, --,n1 +ng —2) within one
period of p(k) will be effective values. Therefore, if we take m > nj 4+ ng — 1, the convolution can be calculated
in relation to f(i) and g(j) without overlapping the data of the next period. That is, if only one period can be
seen, the linear convolution and circular convolution results will match. If we consider circular convolution in
particular, the square approximation of the integral matches the approximation by using the trapezoidal formula
due to the periodicity, in a similar manner as described for the discrete Fourier transform.

For example, if we assume that the effective values of f(i) are the three values {f(0), f(1), f(2)} and the effective
values of ¢(j) are the two values {g(0),g(1)}, the corresponding effective values of p(k) will be the following
342 —1=4 values:

p(0) = Az( - f(0)g(0) )
p(1) = Az( f(0)g(1)+ f(1)g(0) )
p(2) = Ax( fMg(M)+ f(2)9(0) )
p(3) = Aux( f2)g(1) )

However, to consider the correspondence with continuous convolution, rather than letting m = n; +no — 1, we
should consider m = ny + ng as the function values p(n; + no — 1) = 0 added at the end. If we do this, then if
we assume, for example, that the f(i) are sample values that were sampled by dividing the interval [0, a] into n;
equal parts and the g(j) are sample values that were sampled by dividing the interval [0, b] into ng equal parts, the
p(k) can be considered to correspond to the convolution sample values when the interval [0, a + b] is divided into
n1 + ng equal parts, and the sampling intervals will all match for f(7), g(j) and p(k). If the numbers of effective
values of f(i) and g(j) are uneven or too large, sectioning is performed, and a technique is used in which the
interval is subdivided into several sections on which convolutions are obtained and then added together. There
are two sectioning methods, which are called the overlap-save method and the overlap-add method. The
subroutines in this manual provide functions that calculate the convolution by using the overlap-add method.

In a similar manner as described earlier for continuous functions, the following discrete convolution theorem
between Fourier transforms and convolution holds for discrete functions.

If we let the discrete Fourier transforms of f(i) (i =0,---,m) and g(j) (j =0,---,m) be F(i) (¢ =0,---,m) and
G(j) (j = 0,---,m), respectively, then the discrete convolution of f(i) and g(j) and the product F(5)G(j) (j =
0,---,m) form a Fourier transform pair (except for a constant factor). That is, the following relationship holds:

m—1 m—1 m—1
1 Yoy 211 1 o/ —TLE=D)
= Ax - {E - (aF;)e*™ o {E E (aG)e*™ 1w }

=0

m—1 s
= Aw% > (F;Gy)e*™ T (Z e2rV TS )
j =0
(aF;Gp)e>™ =10 (md; 1)
(aFjGj)GQﬂ\/jl%

=0

Here, 6; 5, which is called the Kronecker delta, is defined as follows.

%{ L (=)

0 (otherwise)
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Discrete correlation, which is an approximation of continuous correlation by using square integration, is defined
by the following equation.

m—1

a(k) = Az Y fi)gk+3) (=0, m ~1)
i=0
Here, Az is the sampling interval. Also, f(i), g(j) and g(k) are discrete functions having values defined only for
integer values ¢, j and k.
Note that when handling time series, a definition of correlation that differs in appearance may be used. For

example, if the two time series z; (i = 1,2,---,n) and y; (i = 1,2,---,n) are given for which the number
of samples is n, the cross correlation coefficients rxy(l) and ryz(l) are defined as functions of lag | (I =
0,1,---,m—1; m < n) as follows.
e = Cﬂﬂy(l)
Ty -
Uy (Do, (O
n—l

_ i=1
n—I n—I
(xz - ,uz(l))2 (yiH - Vy( ))2
i=1 =1
O]
1 _ C
rye = uju)vz(l)
n—I
(yi — ﬂy(l))(ziﬂ - Vz(l))
_ 1=1
n—I n—I
01 = 1O\ S (iss = a2
i=1 =1

Here, 1, v, @, uy(l) and uy(l), which are defined by the following equations, represent the means of the first

n — | data and last n — [ data for z; and y; (i =1,2,---,n), respectively.
n—I
>
(Op—— l=0.1.---.m—1
/Lac (n_l) ( ) 7m )
n—l
S
(O I1=0.1.---.m—1
Vg (TL*Z) ( y Ly ,m )

My(l)z 1—1l) (1=0,1,---,m—1)

v, ==L _ (1=0,1,---,m—1)
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czy(l) and cyz(l) which are defined by the following equations, respectively, represent the cross covariance.

3

(@5 — pa D) (wirs — vy V)

(n—=10)

~
Il
—_
—~
o~
I
Jo
—_
|
—_
~—

cw(l) —

S

(Wi — 1y ) (@i — 1)

(n—1)
TMORFIMON uy(l) and vy(l), which are defined by the following equations, represent the variance of the first n —1

data and last n — [ data for z;, y; (i = 1,2,---,n), respectively.

n—I
Z(wz _Mw(l))2
u, W = M(Tl) (1=0,1,---,m—1)

,\
=
\
-
I
o
—
=
I
=
—

co,m—1)

v, = = (1=0,1,---,m—1)

(n—1)

If we now define the standardized quantities f(i), g(¢), f(¢ +1), and §(i +1), for the first n — [ data and last n —1

data for x; and y; (i = 1,2,---,n), respectively, as follows:
@
. Ti4+1 Mo
i) = "
0= e
. . —_ .
f(Z + l) _ Ti4l41 Vg
RO
N )
. Yi+1 1%
g(i) = +7(l;4
o 0
gli+1) =
00

then the following relationships hold:

n—{—1
oy = D f(D)g(i+1)
=0
n—Il—1
=0

Therefore, the definitions of r,,) and r,,) match the definition of the discrete correlation q(k) (except for a
constant factor). If z; and y; are the same time series, then re»® is called the autocorrelation coefficient,
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and ¢, is called the autocovariance coefficient.
When considering the statistical processing of time series, the following terms are used to distinguish between

quantities and statistical estimators for samples.

Mean Sample mean

Variance Sample variance

Autocovariance

N
_>

Autocorrelation coefficient ~ — Sample autocorrelation coefficient
— Sample autocovariance
N

Cross correlation coefficient Sample cross correlation coefficient

Cross covariance — Sample cross covariance

Since a computer is to be used to calculate the discrete correlation ¢(k), the original function f(z) or g(z) of the
real number z corresponding to f(i) or g(j) must be a function that is nonzero only on a specific finite interval
or must be a periodic function. Also, the discrete function f(7) or g(j) is assumed to be a periodic function of

period m satisfying the following relationship for an arbitrary integer k.
f@)=fli+km),g(i)=gli+km) (i=0,---,m—1)

In a similar manner as described for discrete convolution, if we take m > ny + no — 1, the correlation can be
calculated in relation to f(i) and g(j) without overlapping the data of the next period. For example, if we assume
that the effective values of f(i) are the three values {f(0), (1), f(2)} and the effective values of ¢g(j) are the two
values {g(0),g(1)}, the corresponding effective values of ¢(k) will be the following 3 + 2 — 1 = 4 values:

a(=2)(=q(m —2)) = Aux( f(2)g(0) )
q(=D(=q(m—=1)) = Aux( FMg(0)+ F(2)g(1) )
q(0) = Ax( f(0)g(0)+  f(1)g(1 )
q(1) = Az( f(0)g(1) )

However, to consider the correspondence with continuous correlation, rather than letting m = n1 + ns — 1, we
should consider m = n; + ng as the function values g(—n1) = 0 added first. If we do this, then if we assume,
for example, that the f(i) are sample values that were sampled by dividing the interval [0, a] into 11 equal parts
and the g(j) are sample values that were sampled by dividing the interval [0, b] into ny equal parts, the g(k) can
be considered to correspond to the correlation sample values when the interval [—a,b] is divided into ny 4+ na
equal parts, and the sampling intervals will all match for f (), g(j) and ¢(k). If the numbers of effective values of
f(@) and g(j) are uneven or too large, the discrete correlation can be calculated in a similar manner as described
for discrete convolution, by performing sectioning and using the overlap-add method. In a similar manner as
described earlier for continuous functions, the following discrete correlation theorem between Fourier transforms
and correlation also holds for discrete functions.

If we let f(i) be a real discrete function, and let the discrete Fourier transforms of f(i) and g(j) be F(i) (i =
0,---,m) and G(j) (j = 0,---,m), respectively, then the discrete correlation of f(i) and g(j) and the product

F()*G(j) ( = 0,---,m) form a Fourier transform pair (except for a constant factor). That is, the following
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relationship holds:

qk) = Az Y fi)g(k +i)
=0

*
m—1

ji 1 L(k+i)
£\ —ZWlef—n - 27r\/le
(aF ()" + {m > (@G }

m—1 m—1 B m—1 .

= Ar Y4 LS () e T g {% 3 (aG(p)em T }
1=0 =0
@]

m—1
-\ T/ —1 /=1 =)
(aF () G()e™ T (Y ™V

= Ax 5
m
j=0 1=0 i=0
a m—1m—1 "
= Art (@F ()" GD)e™ 15 (md)
=0 1=0
m—1
« * v m/—T1ik
= Az Y (aF () G()e™
Jj=0

Here, 9; ;, which is called the Kronecker delta, is defined as follows.

s [ra=p
i, — .
0 (otherwise)

The effective values of g(k) are given by q(k) (k = 0,---,n2 — 1) and ¢(—k) = gim — k) (k =1,---,n; — 1).
However, since it is inconvenient to perform sectioning and other calculations directly in this form, the values

4(k), which are shifted by n; — 1, should be calculated as defined by the following equation.
q(k) =q(k = (n1—=1)) (k=0,"-+,m +n2—2)

To calculate G(k), we will shift g(k) instead of shifting ¢(k). Now, ¢(k) is as follows:

and, G(j) is as follows:

GG) = G(j)e 2T
—1

<

3

1 J(k+(ng —1))
= = e 2nV-l/——m—
o 2 9(ke
k=0
1 m—1 .
J
== glk—(n1—1)e 2V im
«
k=0

Therefore, if g(j) is shifted in advance so that g(j) is defined as follows, then (k) can be obtained directly.

9@ +m—1)=g@) (G=0,---,n9—1)
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2.1.2.8 Multidimensional (Continuous) Convolution and Multidimensional (Continuous) Correla-

tion

The convolution integral and correlation integral can be extended to multiple dimensions. For example, in three
dimensions, the convolution and correlation of f(x,y, z) and g(x,y, z) are defined as follows as triple integrals.

Convolution:
p(z,y,2) = / f(&n,Qglx — &y —n,2— ()dEdnd¢
Correlation:

q(z,y,2) = /_ F(&n,Qg(x + &y +n,2z+ ()dédndC

In a similar manner as described for one-dimension, the following convolution theorem and correlation theorem

hold.
F{p(z,y,2)} = F{f(2,y,2)} F{g(z,y,2)}
Fla(z,y,2)} = F{f(z,y,2)} " Flg(x,y,2)} (f(z,y,2) € R)

Here, F{f} represents the Fourier transform of f. If f(z,vy,2) is a complex function in the correlation integral,

then the negative frequency Fourier transform of f(x,y, z) should be used instead of F{f(x,y, z)}*.

2.1.2.9 Power Spectrum

The quantity defined by P(¢) = |F(&)|? for the Fourier integral F/(€) of f(x), which is shown below,

= a/ fz VoIEE gy

is called the power spectrum (density function) of f(z). Normally, the power spectrum is normalized so that

Parseval’s Theorem, which is shown below, holds.

/ T f@Pdr = [T P

oo 2ra J_ o

As a quantity corresponding to the power spectrum of the continuous function f(x), we consider the raw
periodogram p(j) for the discrete function ¢(k) (k = 0,1,---,n — 1) having period n. The discrete Fourier

transform C'(j) of ¢(¢), which is shown below:
1 ¢ Jem2rVTE
:EZ n (]:O’...7n_1)
k=0

is used to define the periodogram p(j) as follows:

p(j) = BIC ()

[ is a suitable constant determined by the method of selecting the system of units. In the subroutines of this
manual, « =1 and § = # usually are selected. At this time, according to Parseval’s Theorem, the total power

n—1 k 2
corresponding to the time (or space) domain will be M When c¢(k) is a time series, a two-sided power
spectrum and a one-sided power spectrum can be con51dered in a similar manner as described for a discrete

Fourier transform (which is also called a Fourier spectrum). With a two-sided power spectrum, to correspond
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to the property that the domain of a function normally is symmetric to the left and right of the origin for a

continuous Fourier transform, a half period of data is considered as follows, shifted one period:

{ﬁ(j)}jzf(nfmf2),---,71,0,1,---,m = {p(m + 1),p(m + 2)7 e ,p(n - 1),]9(0)7]9(1)’ T ,p(m)}

(Here, m = | %] and |x| represents the maximum integer not exceeding x.) At this time, p(0) is the element
corresponding to zero frequency. The frequency corresponding to each periodogram p(j) is nJ—T (j = —(n-—
m—2),---,—1,0,1,---,m). Here, T is the sampling interval. With a one-sided spectrum, to eliminate negative

frequencies, this may also be considered as follows:

{p(0),2p(1),---,2p(m — 1),p(m)} n:Even number

{p()}j=01,m = { {p(0),2p(1),---,2p(m)} n:0dd number

The frequency corresponding to each periodogram p(j) is nJ—T (j =0,1,---,m). The frequency interval % of
sample points in the frequency domain of the discrete Fourier transform is also called the resolution.

Since the discrete Fourier transform is a square approximation (an approximation by using the trapezoidal formula
may also be used) for the Fourier series, to raise the approximation precision, a larger number of data n must be
taken. On the other hand, as described earlier, since the value of the Fourier series of a periodic function matches
the continuous Fourier transform of a periodic function truncated at one of its periods, except for a constant factor,
a periodogram can be expected to give a good approximation of the power spectrum for this kind of continuous
function if the number of data n is sufficiently large. However, the original function reflected by the series used
for the power spectrum estimate usually is not a periodic function, and even if it is periodic, it is not truncated
exactly at one of its periods. A raw periodogram is treated as a discrete Fourier transform approximation of an
autocorrelation function, from its definition. Figure 2—4 shows the calculation results of a raw periodogram and
the discrete Fourier transform of the autocorrelation function for the discrete data u; = cos(0.627¢) 4 cos(0.1477)
(1 =0,1,---,n—1; n = 50). Here, when calculating the autocorrelation function, the period is assumed to be
2n, and Upy1 = -+ = ugp—1 = 0 is assumed. For reference, the figure also shows the value of the resolution A f
when the sampling interval T = At = 0.5[sec] is assumed. In this case, we can see that the power is concentrated
at the portions corresponding to the frequency 0.14[Hz| and the frequency 0.62[H z], and the expected results are
given. Now, since the resolution is smaller for the discrete Fourier transform of the autocorrelation function than
for the periodogram, it is assumed to be a more desirable form. However, note that the corresponding number
of calculation points is double. Also, note that the discrete Fourier transform of the autocorrelation function is a
real number. (The discrete Fourier transform of the more general cross correlation function is usually a complex

number.)
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Figure 2—4 Periodogram and Fourier Transform of the Autocorrelation Function
Since the effective data length of the autocorrelation function of a discrete function having effective number of
data n is 2n — 1, approximating the power spectrum of a general function by a raw periodogram corresponds to

truncating the function by a square truncation function w(k) for which one period is given as follows.
1 £=0,1,---,;n—1
w(k) = ot
0 Otherwise

When the frequency is f for the Fourier transform of the square function, a Sir}f type function form is assumed

having a sidelobe that is not small around the central frequency. Therefore, when a periodic function is sampled,
for example, by simply truncating it using a width that is not an integer multiple of one period, since the
raw periodogram will be the convolution of the Fourier transform of the periodic function for which the power
spectrum is to be obtained and the % type function in the frequency domain, an excess frequency component
called leakage occurs. To suppress this kind of leakage, simple truncation is not performed, and a truncation

function having a small sidelobe in the frequency domain is used. Along with this, the modified periodogram p,
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which modifies the periodogram definition as follows, usually is used.
() = BICG)I

Here, C(j), which is a discrete Fourier transform having as values the original series ¢(k) multiplied by the
truncation function w(k), is defined by the following equation.

I
-

w(k)e(k)e 2™V TE (j=0,---,n—1)
0

@) =

LIl
i

w(k) is also called the data window. The modified periodogram may also be defined as the convolution of the
frequency domain using the Fourier transform W (j) of w(k). In this case, W (j) may also be called the spectral
window. The w(k) corresponding to this is also called the lag window. Although the data window was originally
proposed for sidelobe suppression in the frequency domain due to truncation, mathematically, the effect of the
data window is the same as that of a smoothing expression in the frequency domain. Therefore, if the data window
is selected appropriately, smoothing of the power spectrum can also be performed. In addition, when a time-series
spectrum analysis is performed, time series data having a mean value of 0 often is considered. Since the mean
value corresponds to the zero-frequency component of the Fourier transform, if the zero-frequency component
after the transformation is cut, a similar effect can be expected. However, when the modified periodogram is
used, since the mean value varies due to the multiplication by the data window, it is meaningless to set the mean
value to zero in advance. Now, a difference of a constant factor occurs in the periodogram definition due to the
multiplication by the truncation function w(k). Originally, the total power was to be calculated in the time (or
space) domain and this was to be corrected (according to Parseval’s theorem) so that it matched the total power
in the frequency domain. However, the computational cost for this kind of correction is not small. Also, it may
be difficult to estimate the total power in the time (or space) domain. p(j), which is defined by the following
equation, may be used to correct the power according to a truncation function.

o) = =2
n > {w(k))?
k=0

In this case, since the sum of the squares can be calculated analytically according to the truncation function used,
the computational cost required to correct the power will not be as large. For the total power of the corresponding
o {el)}?

n

series, be the generalization when a square truncation is used.

Now, since the more the sidelobe of the spectral window W (3) is suppressed, the more the spectral width of W ()
increases, the estimated waveform of the power spectrum also will be blurred. Therefore, when estimating the
power spectrum, you must select a suitable truncation function according to your objectives, that is, according
to whether the spectral width or the central frequency is to be the problem, for example. Some representative
truncation functions are shown below.

sin? (mu;) (Hanning window)
1—|2uj — 1] (Bartlett window)
1—(2u; —1)? (Welch window)
w; = 16u;® 0<u; <3
b= Ouy(u; — 17 15U <3 (Parzen window)
1 — 6u;(up—jr1 — 1)* % <u; < %
16un_j+13 % <wu; <1

Here, u; = % If u; is selected in this way, wg = 0. Therefore, since the component corresponding to ¢y will be
invalid, the data windows may also be defined in a slightly modified form. The data windows are represented as
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follows as time domain functions that are nonzero only for |t| < 1.

w = cos? %t (Hanning window)
1— ¢l (Bartlett window)
w(t) =4 12 (Welch window)
{ L= 602+ 6t [t < 5 } (Parzen window)
2(1 - |])® <<t

Figure 2—5 shows graphs of these data windows (w;) and the amplitudes (|W;|) of their discrete Fourier transforms

(W;). To raise the resolution % of the discrete Fourier transform, you should increase the number of sample

w.
: W]
20.0
10.0
00 "4 s 12 16 20 24 28 32 ° 00 7078 12 16 20 24 28 32 J
Rectangular Window

W]

0.0 7

4 8 12 16 20 24 28 32 J
Hanning Window
W]
20.0
10.0
0.0 s 12 16 20 24 28 32 ° 0.0 J
Bartlett Window
W]
20.0
10.0 Te
0.0 s 12 16 20 24 28 32 ° 0.0 J
‘Welch Window
W]
20.0
10.0
0.0 ™ s 12 16 20 24 28 32 ° 00 4778 19 16 20 24 928 32 J

Parzen Window

Figure 2—5 Data Windows and Absolute Values of Their Discrete Fourier Transforms
data n or increase the sampling interval T'. However, to raise the precision of the power spectrum estimate while

35



Algorithms Used

holding the sampling interval and resolution fixed, a technique is often used of taking m groups of samples for
which the number of data is n, obtaining the modified periodogram for each of those m groups, and then taking
the average of those values. In this case, a technique is also proposed in which the m groups of sample data are
taken from the original series so that they overlap. For details, refer to the Reference Bibliography. Also, when
obtaining the power spectrum, the property related to the frequency transition of the Fourier transform, that is,
the multiplication by e2™V=1fot in the time (or space) domain, is associated with the shifting of the frequency by
fo in the frequency domain, and a technique is often used of reducing the number of data points required for the
calculation in which the central frequency of the power spectrum is shifted in advance, using the property that

the function shape does not change. This kind of operation is known as modulation.

2.1.2.10 Laplace Transform

(1) Laplace Transform

Given the function f(¢), the Laplace transforms consist of the regular transform defined by:

F(s) = / ft)e stat (2.1)
0
and the inverse transform, which is the following Bromwich integral:

1 y+ioco .
ft) = St /Yioo F(s)e*tds (2.2)

where, v > 79,0 : Abscissa of convergence,i = v/—1

f(t), which is called the original function, and F'(s), which is called the image function, can be written

as follows:
Regular transform  F(s) = L{f(¢)} (2.3)
Inverse transform  f(t) = L7H{F(s)} (2.4)

(a) The case when the following conditions hold for the image function F'(s)
(I) When R(s) > 0, F(s) is regular
(IT) When R(s) > 0, Slin;o F(s)=0
(IIT) When R(s) > 0, F(s*) = F*(s)

*

(R(s) is real part of s; * is the complex conjugate symbol)

(i) Exponential function approximation
If the exponential function e® can be approximated by a rational function having poles only for
R(s) > 0, equation (2.2) can be reduced to an integral around this pole. Therefore, consider the

following function expression as the exponential function approximation method.

ell
Eee(s,a) = ————— >0 2.5
(s,a) 2 cosh(a — s) (a>0) (25)
This expression can be rewritten in the following two ways.
P (=)™
Eec(s,a) = — , 2.6
(s,a) 2 Z s—{a+i(n—0.5)r} (2.6)

FEee(s,a) = e® — e 2035 4 e719e% — ... (2.7)

From equation (2.7), we know that F..(s,a) is a good approximation of the exponential function

when a > R(s), and from equation (2.6), we know that the poles of E..(s,a), which are all of
order 1, are equally spaced on straight line s = a, and the residue is #
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Let’s define the function f..(t,a) as follows by assigning E..(st) in place of e** in the Bromwich

integral:
1 vy+ioco
Foolt a) = —— / F(s)Eeo(st,a)ds  (0<~ < a) (2.8)
27 Sy oo
We can rewrite this by using equation (2.6) and (2.7) as follows:
Fueltoa) = (0) — e (38) + e f(51) — - (29)
_ et = e a (n—05)m
feclt,a) = = n;( D"{F (5 +i— )} (2.10)

(3(s) is imaginary part of s)

Euler’s transformation

To numerically calculate the sum of an infinite series like the one in equation (2.10), the series must
be truncated at some appropriate number of terms N. This section explains how to use Euler’s
transformation to calculate the sum efficiently. Euler’s transformation is a method of transforming

the series on the left hand side of the following equation to the series on the right hand side:

Z ay = Z 2—(p+1)ApaO
n=0 p=0 (211)

where, Aag = ag + a1, A%ag = Aag + Aaq, -+, Aag = A" Lag + A" Ly
A"ay is, which is the n-th difference, is defined by the following equation.

" n n n
A"ap, = ap — ak+1 + k42 — -+ £ Ak4n (2.12)
1 2 n

It is known that when the following conditions are satisfied for a series that has be en transformed

by Euler’s transformation, it converges faster than the original series.
oo

(A) Z an is alternating series, sequence of numbers {|a,|} monotonically approaches 0.
n=0
1 a
(B) 5 <|—==|<1
2 n
Since the effect of Euler’s transformation is larger as |*21| is closer to 1, the first & terms of

equation (2.11) are normally calculated, and if Euler’s transformation is performed for terms k+ 1

and later, we have:

p—1 D
SERCICHEPE) Spi
n=0 qg=1

(2.13)
1
where, Ay, = 1,4, g1 = Apg + ( Pt )
q
Therefore, the approximate value of f(t) is calculated from the following equations:
a k—1 p—1
e _

fEr = 7 (ZFn +2 pZquFk+q>

n=0 q=0 (214)

£y = (e 4 00T,

In the actual calculation, the right hand site of equation (2.11) is truncated at term p. The
truncation error at this time is given by:
1
R :2—p[Apa0+Apa1+Apa1+~'] (215)
However, if the following additional condition also holds:

e a, = f(n) can be written, and f(")(z), which is the differential coefficient of order po of f(z),

decreases monotonically as x increased with a fixed sign for positive values of x.
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then the following relationship is confirmed:
1
|R,(0)] < 2—p|Apv0| (2.16)
[Notes]

When F(s) has a factor like e, since F,, does not satisfy condition (1(a)iiA), precision may

drop. In this time, the image function has characteristics described below.
o f(t)=0att < to
e When t = tg, f(t)or its derivative becomes discontinuous.

When it is known that f(t) =0 at t < to, the ¢ axis should be shifted by ¢y, and the image function

of:

gty = f(t' +to) (2.17)
which is given by:

G(s) = exp(tops) - F(s) (2.18)

should be handled.
(b) When F(s) has singular point for R(s) > 0
When the abscissa of convergence « of F(s) is known, if we let G(s) be defined as:
G(s)=F(s+b),b>a (2.19)
then G(s) is regular for R(s) > 0. In addition, if we let the original functions of F'(s) and G(s) be f(¢)
and g¢(t), we have the following relationship:
F(t) = e"g(t) (2.20)
Therefore, when R(s) > 0, we can perform the calculations using the following equations.
fi2(t.a) = () L F
Fp= (1)“%<F{%+b+i@]) (2.21)

[Determining the abscissa of convergence]

e When F(s) is a rational function
Express F(s) as follows using the real coefficient polynomials Q(s) and P(s):
bis™ b m—1 . bm
Fs) = Q&) _ bas™ + bas b O (2.22)
P(s) a18™ + ags" "+ -+ apy
If we let the roots of the denominator polynomial P(s) = 0 be $1, 82, -, $p, then the abscissa of

convergence is given by the maximum value of the real part of the roots as follows:

a = max R[s] (2.23)
If the real part of all roots of P(s) = 0 are negative, then the abscissa of convergence « will satisfy
a < 0, and F(s) will be regular for R(s) > 0. Therefore, the following theorem is used to determine
the sign of the abscissa of convergence. A necessary and sufficient condition for all roots of the
polynomial P(s) to be negative is that when the ratio of the sum of the odd terms and the sum of

the even terms is expanded in a continued fraction as follows:
a1s” +azs" 24 - 1

= hys+ (2.24)
n—1 n—3 . 1
a28 + ays + has +
h -
38 + h43 + e
the coefficients hi, ho,---, are all positive numbers. A polynomial that satisfies this theorem is
called a Hurwitz polynomial. The coefficients of the continued fraction hq, ho, - - -, are calculated

by using the Euclidean algorithm. If F'(s) has singular point for R(s) > 0, create the polynomial
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P(s + b) for an appropriate positive number b and use the decision method described above to
decide whether or not it is a Hurwitz polynomial. Repeat this decision process while increasing b,
and obtain the abscissa of convergence for b so that F'(s + b) becomes regular.

When F(s) is a general function

When F(s) is a general function, such as irrational function or distribution, since there is no
effective method for determining whether or not F(s) is regular for R(s) > 0, the user must specify

the abscissa of convergence.

(¢) When F(s*) # F*(s)
Let z be real number, and let F(s) and F5(s) be defined as follows:

Fi(z) = 0.5[F(z) + F* ()] (2.25)
Fy(x) = 0.5i[F(x) — F*(x)] (2.26)

Next, rewrite x as s. Fi(s) and Fy(s) satisfy conditions (1(a)i)-(1(a)iii). Therefore, if we obtain fi(t)

and fy(t) as inverse transforms, then f(¢), which is defined as:

f(t) = fi(t) —ifa(t) (2.27)

becomes L1 F(s).

(d) Determining parameter values

(i)

Truncation term count k + p of the sum of a series
For Euler’s transformation to be effective and the truncation error evaluation expression (2.16) to

a . (n40.5)mw
T

be usable, at least | F),| must monotonically decrease. In general, |F,| = |[3(F[ ]) varies

in a complicated manner along with n. If we represent the maximum value of the imaginary part of

M > W, |Fy| monotonically decreases. Therefore,

a singular point of F(s) by wy,, then when
the number of terms k in the normal sum in equation (2.16) must be increased in proportion to ¢

so that k£ > 0.52=¢. Actually, since k also is related to the value of a, let:
k= k1 + kot (2.28)
and determine ky and kg so that the truncation error (2.16) become the desired value. When you
want to obtain f(t) in the range t; <t < t2, one method of determining k1 and ks is to first set
t = t; and determine k(¢;) for which the truncation error can be ignored, and then, in a similar
manner, set ¢ = ¢t and determine k(t2) for which the truncation error can be ignored. k; and ks
are determined from:
{ ki + kot1 = k(t1)
k1 + kot = E(t2)
Degree p of Euler’s transformation tend to nearly proportionate to exponent of calculation preci-

(2.29)

sion. Therefore, if required calculation precision is 10~%, you should input d to parameter p.

Value of parameter a for approximating the exponential function using E(s, a)

Since we can obtain:

[f(t) = fee(t,a)l = e f(3t) — e " f(5¢) + - -] (2.30)
if we calculate fe.(3t,a) and f..(5t,a) together with f..(t,a), we can evaluate:
[f(t) = fee(t,a)] = e f(3t) — e " f(5¢) + | (2.31)

—2a

Actually, if we assume f(t) and f(3t) are of the same order, e~ ?® is considered to be the relative

error, and then exponent of the relative error is nearly equal to a shown in the table below.
a 3 4 5 6
e720 | 24x1073 | 34x107% | 45x107° | 6.2x 1076
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2.1.2.11 Wavelet transform

(1) Haar functions
Let the domain of the input data that is to be subject to the Wavelet transform be [0, a]. Let the Haar
functions Hog(z) and Hop1(z) be defined as follows:

Ho(z)=1/va, 0<z<a

] 1/\/a ifx <a/2
HOl(I){ —1/va ifx>a/2

For Hyi(z), create H,,(x) as follows. Divide the interval [0, a] into 2™ intervals of equal length. Number
the divided subintervals beginning with 1, starting at lowest values, and let the number of a subinterval be

represented by n. If the subinterval is [b1, b2], then bl and b2 are as follows.

b1:2imx(n_1)

b2:i><n
2m

Let the Haar function in subinterval [b1, 2] be defined as follows.

oy VA ite < (b1402))2
A WYy R S R

Function values are selected so that the interval [0, a] is normalized. That is, they are selected so that the

following equation is satisfied.

/a Hpn(x) X Hypp (z)dz =1
0

Also, note that the following must also be satisfied for different m and m’ and n and n’.
/ Hppn(2) X Hyprprdz =0
0

In other words, these Hmn are made into a system of orthonormal functions. Also , as you can see from the

creation method described above, the numbers that can be specified as n for a given m aren =1,...,2™.
HOO H01 2m/a
L/\/a L/\/a
Hmn
a a a
0 0 0 /‘
bl b2
—1/va
—v/2m/a
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(2) Wavelet transform according to Haar functions
To perform a wavelet transform according to Haar functions means to integrate th e product of given input
data and each Haar function over the existence range of the input data. If we suppose that the input data

is a continuous function y = f(z), the wavelet transform is defined as follows.

Con :/0 f(z) X Hypn(x)dz

To perform this calculation, we need the following information for the Haar function Hmn: (1) value yg,

(2) position xg of the rising point, (3) position x; of the positive/negative reversal point, and (4) position

29 of the point where the value returns to zero. To create this information for the Haar function H,,,(x)

when the indexes (m,n) are given, this library provides the subroutines 2.18.1 DEWTHI . When the
RFWTH1

input data is a continuous function, the wavelet transform can be computed by numerical integration by

using the results of these subroutines.
T T2
Com = | $@) e~ [ f(a) x yudo
xo xr1

When the input data is discrete, the wavelet transform is computed as follows. Assume that the range of the
discrete input data values is “fixed within the range half way to the positions of the adjacent data.” That is,
if the data (z;, ;) is given, assume that the input data has y; in the range [ (z;—1+;), 5 (@; 4+ ®i41)] for this
data. Perform the integration described above for the input data that has become partially continuous in this
way. If the sampling is performed with equal spacing dx and the sampling count is 2¥ (where, k is a natural
number), then for the [b1,b2] of H;_1),, input data can be made to exist at either = bl + (b2 — b1)/4 or
x =b2 — (b2 — bl)/4. The Haar functions for this kind of input data are a complete system, and the input
data can be completely represented by a linear combination of H,,p,m = 0,1,---, (k—1),n =1,2,.-- 2k 1,

For example, when there are 2= 2! data (x1,y1) and (x2,y2), Coo, which is shown as follows,

2+ (z2—21)/2

Cm = | Hoo( + (22 — £1)/2) x yda
—(z2—21)/2

is the mean value of the two data. However, since the Haar function is outside of the transform data

existence range at both ends, the integration range is widened at both sides by (b2 — b1)/2. Furthermore,

Co1, which is shown as follows,

2+ (z2—21)/2

Co1 :/ Hoi(z + (22 — 21)/2) x ydx
—(z2—2x1)/2

represents the discrepancy from the mean value of the two data. Since there are positive and negative dif-

ferences having the same absolute value, this discrepancy can be completely represented by Hy;. Therefore,

the input data itself can be represented by using
y = Coo x Hoo(z) + Co1 x Hon

If the sampling is performed with equal spacing dx and the sampling count is 2% (where, k is a natural num-
ber), the integration calculation becomes simpler since it can be completed without having to be concerned
with the spacing at which individual input data exist. To enable this integration calculation to be completed
DFWTH?2

easily, this library provides the subroutines 2.18.4
RFWTH?2

}, which output array LR, which indicates

41



Algorithms Used

the positive, negative or zero values of H,,, in the interval [0,1], in an array of size na = 2*, which is the
same as the number of input data. When the existence range of the input data is assumed to be [bl, b2],
the integration range of the above calculation becomes [b1 — dx/2,b2 + dx /2], and with a = (b2 — bl) + dx,

Cyon 1s as follows.

2m .
Conn = 1/TZLR(1) X yi

Inverse wavelet transform according to Haar functions
The inverse transform for a Haar function wavelet transform reconstructs the original data for C,,,,. If we

let the original data be f(z), the reconstruction of f(x) is represented as follows.

fa) = Zcmn X Hypn (2)
mn
When the original data does not consist of continuous values or when the sampling spacing is not equally
spaced, the fact that f/(z) does not match f(z) can be seen from the fact that this sum does not create
frequency values of at most 1/2 of the range having values when the Haar function is the maximum value m.
When the sampling spacing is equally spaced and the sampling count is 2* (where, k is a natural number),

the original data can be regenerated by letting (maximum value m)=k.

Mexican hat function

The Mexican hat function ¢as g (2), which is used for a continuous Wavelet transform, is given as follows.
omu(z)=(1- 2172)67962

This function has values in the range [—oco, +00]. Let the parameter corresponding to the frequency be a,

let there be a shift of b in the x-axis direction, and let the base of the Wavelet transform be given as follows.

eab) = . (x —b)
(bMH( ) 7b) (C)SD ( a

)

Here, let C' be the normalization factor so that the following equation is satisfied.

+oo
/ dnm(z;a,b)?de =1

— 00

From the following equations

+oo 5
/ e dr =7

—+oo
/ 22e % dx = g

/+°° zte " dax = 3x VT
4

—0o0
the normalization factor C' is as follows.

a®  3a?
C—a(l—?-i-T)

P
2

For an arbitrary function f(x), the Wavelet transform according to this function is given as follows.
+oo

+oo
/ o (.0, b) () de (W, ) (b, 0) = / oarr (30, b) f(2)de

— 00 — 00
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(5) French hat function
The French hat function g () is defined as follows.

1 if || <1
eru(z) = —3 ifl<|z]<3
0 otherwise

In a similar manner as described for the Mexican hat function, let the parameter corresponding to the
frequency be a, let there be a shift of b in the x-axis direction, and let the base of the Wavelet transform be
given as follows.

1 (x —b)

¢ru(r;a,b) = (C)<PFH(

)

Here, let C' be the normalization factor so that the following equation is satisfied.

+oo
/ bpm(x;a,b)’dr =1

— 00

C =3a

For an arbitrary function f(x), the Wavelet transform according to this function is given as follows.
—+oo

(W ) (b, 0) = / b (x;a,b) f(z)de

— 00
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2.2

ONE-DIMENSIONAL COMPLEX FOURIER TRANSFORM
(REAL ARGUMENT TYPE)

2.2.1 [DEPRECATED|DFC1FB, RFC1FB

(1)

One-Dimensional Complex Fourier Transforms (Including Initialization)

Function

Forward transform

DFC1FB or RFC1FB computes the complex Fourier forward transform (arbitrary radix) for the complex
data cx(k=0,---,n—1).

n—1
dj = che*%\/*_l% (Gj=0,---,n—1)
k=0

Backward transform
DFC1FB or RFC1FB computes the complex Fourier backward transform (arbitrary radix) for the complex
data cx(k=0,---,n—1).

n—1

d] :che}n—ﬁ% (]:0,,71*1)
k=0

Usage
Double precision:

CALL DFC1FB (N, CR, CI, LD, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFCIFB (N, CR, CI, LD, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 N I 1 Input | Number of input data values n (See Note (a))
2 CR D LD Input | Real part of input data cj (See Note (b))
{R} Output | Real part of output results d; (See Notes (b)
and (c))
3 CI D LD Input | Imaginary part of input data ¢, (See Note (b))
{R} Output | Real part of output results d; (See Notes (b)
and (c))
4 LD I 1 Input | Size of array CR, CI
5 ISW I 1 Input | Processing switch(See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=-1:Backward transform
6 IFAX I 20 Output | Factorization results and number of factors (See
Note (d))
7 TRIGS D 2 x N Output | Work area. Trigonometric function table (See
{R} Note (d))
8 WK D 2 x N Work | Work area
it
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) N>0
(b) N <LD
(c) ISW € {0,1,—-1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input-time contents are output un-
changed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

(6) Notes

(a)

When the number of data N can be adjusted, the calculations can be performed more efficiently by
setting a number for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3,
5, etc.). For example, rather than setting N = 289(=172), it is usually more efficient to set N =
300(=2% x 3 x 52), N = 320(=2% x 5), N = 384(=27 x 3) or the like.

If we let the real and imaginary parts of the complex data ¢, (K =0,---,n—1) be R{cr} and S{cx},

respectively, the ¢, and elements of arrays CR and CI are associated as follows.

R{co} < CR(1), S{co} +  CI(1)
R{c1} < CR(2), S{ec1} + CI(2)
R{chn—1} + CR(n), S{cn-1} <« CI(n)
Similarly, for the complex data d;(j =0,---,n — 1).

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data ci(k = 0,---,n—1) be represented by é,(k =0,---,n—1),
then the following relationship holds.

ér=ncg (k=0,---,n—1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

To repeatedly compute the transform for the same number of data N, you should call this subrou-
DFC1BF
RFC1BF
processing to be performed more efficiently since initialization (factorization or the creation of trigono-

tine once, and then use the after-initialization transform 2.2.2 { }, thereafter. This enables

metric tables) is performed only once. However, in this case, you must retain the contents of arrays
DFC1BF

RFC1BF |
To perform initialization only by setting ISW=0, you need not set input data for arrays CR and CI.

IFAX and TRIGS so they can be used as input to the subroutine 2.2.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number

of samples or sampling interval must be set with this taken into account when sampling to approximate
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the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
is bandwidth limited by the frequency f., if the sampling interval is taken as T = #, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

sin 2w f.(t —iT)

h(ty=T > h(iT) T

i=—00

(f) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(g) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example
See the example in Section 2.2.2 (7).
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2.2.2 [DEPRECATED|DFC1BF, RFC1BF

(1)

One-Dimensional Complex Fourier Transforms (After Initialization)

Function

Forward transform

DFCI1BF or RFC1BF computes the complex Fourier forward transform (arbitrary radix) for the complex
data ¢ (k=0,---,n—1).

n—1
d] = ch6_2ﬂ—\/?1% (.] :O,,TL*].)
k=0

Backward transform
DFCI1BF or RFC1BF computes the complex Fourier backward transform (arbitrary radix) for the complex
data cx(k=0,---,n—1).

n—1
d; = che%\/j% (j=0,---,n—1)
k=0

Usage
Double precision:

CALL DFCIBF (N, CR, CI, LD, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFCI1BF (N, CR, CI, LD, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 N I 1 Input | Number of input data values n (See Note (a))
2 CR D LD Input | Real part of input data cj (See Note (b))
{R} Output | Real part of output results d; (See Notes (b)
and (c))
3 CI D LD Input | Imaginary part of input data ¢ (See Note (b))
{ R} Output | Imaginary part of output results d; (See Notes
(b) and (c))
4 LD I 1 Input | Size of array CR, CI
5 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=-1:Backward transform
6 IFAX I 20 Input | Factorization results and number of factors (See
Note (a))
7 TRIGS D 2 x N Input | Trigonometric function table (See Note (a))
il
8 WK D 2 x N Work | Work area
it
9 IERR I 1 Output | Error indicator

(4) Restrictions

(a) N>0
(b) N < LD

(c) ISW € {1, -1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input-time contents are output un-
changed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

(6) Notes

(a)

This subroutine can be used to repeatedly compute the transform for the same number of data N after

DFC1FB
the including-initialization subroutine 2.2.1 RFCIFB has been used. In this case, you must retain

the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.
If we let the real and imaginary parts of the complex data ¢, (k=0,---,n — 1) be R{cr} and S{cx},

respectively, the ¢, and elements of arrays CR and CI are associated as follows.

Rice} ¢ CRA), S{e} <« CI)
R{c1}  « CRE), S{a} <« CI2)

)

R{c,-1} <+ CR(n), S{cn-1} <+ CI(n)
Similarly, for the complex data d;(j =0,---,n — 1).

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data ci(k = 0,---,n—1) be represented by é,(k =0,---,n—1),
then the following relationship holds.

ér=nc; (k=0,---,n—1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries
a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
is bandwidth limited by the frequency f., if the sampling interval is taken as T = ﬁ, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

sin 2r f.(t — iT)

h(t) :le h(iT) =T

1=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.
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(f) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.
(7) Example

(a) Problem
Compute the complex Fourier forward and backward transform using the following sequence of numbers
as input data.

CR(1) =3.000 CI(1) = 0.000
CR(2) =278 CI(2)=0.725
CR(3) =2300 CI(3)=1.173
CR(4) = 1.792  CI( 4) = 1.327
CR(5)=1.381 CI(5)=1.302
CR(6) =1.080 CI( 6) = 1.197
CR(7) =0.865 CI(7)=1.065
CR(8) =0.711  CI( 8) = 0.930
CR(9) =0.600  CI( 9) = 0.800
CR(10) = 0.519  CI(10) = 0.679
CR(11) = 0.459  CI(11) = 0.566
CR(12) = 0.415  CI(12) = 0.461
CR(13) = 0.383  CI(13) = 0.361
CR(14) = 0.360  CI(14) = 0.267
CR(15) = 0.345  CI(15) = 0.176
CR(16) = 0.336  CI(16) = 0.087

(b) Input data
Arrays CR and CI, N=16, LD=16, ISW=1(Forward transform) and ISW=—1(Backward transform).
(¢) Main program

PROGRAM BFC1BF
! %% EXAMPLE OF DFC1FB AND DFC1BF sxx
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER (LD = 16)
DIMENSION CR(LD),CI(LD),TRIGS(2*LD),WK(2+LD)
DIMENSION IFAX(20)
Ikkxx TNPUT skx%kxk
READ(5,*) N
READ(5,*) (CR(I),CI(I),I=1,N)
WRITE (6, 1000) LD.N
WRITE(6,2000)
WRITE(6, 2100) (I,CR(I),I,CI(I),I=1,N)
I xxx% QUTPUT ***x*
WRITE(6,1100)
Dskokokok FgRW?RD TRANSFORM s
ISW=
CALL DFC1FB(N,CR,CI,LD,ISW,IFAX,TRIGS,WK,IERR)
Ukkkk NORMALIZATION sk
DO 20 I=1,N
CR(I) = CR(I)/DBLE(N)
CI(I) = CI(I)/DBLE(N)
20 CONTINUE
WRITE(6,1200)
WRITE(6,1400) IERR
WRITE(6,2000)
WRITE(6,2100) (I,CR(I),I,CI(I),I=1,N)
sxkk BACKWARD TRANSFORM s

I
CALL DFC1BF(N,CR,CI,LD,ISW,IFAX,TRIGS,WK,IERR)
WRITE(6,1300)
WRITE(6,1400) IERR
WRITE(6,2000)
WRITE(6,2100) (I,CR(I),I,CI(I),I=1,N)
STOP
1 sk sksk sk FDRMAT * %k k%
1000 FORMAT(1X,’#** DFC1FB AND DFCIBF #*’,/,/.&
1X,?> #x INPUT **’,/,/,&
X, LD = °,12,/,/,&
1X,’ INPUT DATA?././.,&
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1X,” N = ,12,/)
1100 FORMAT(/,/,1X,’ ** QUTPUT #x’)
1200 FORMAT(/,5X,’( FORWARD TRANSFORM )’,/)
1300 FORMAT(/,5X,’( BACKWARD TRANSFORM )’,/)
1400 FORMAT(5X,’IERR = ’,15,/,/,&
5X.,’SOLUTION’,/)
2000 FORMAT(7X,’REAL PART’,16X,’IMAGINARY PART’)
2100 FORMAT(7X,’CR(’,I2,°) = ’>,F9.5,6X,°CI(’,I2,’) = ’>,F9.5)
END

(d) Output results

*x% DFC1FB AND DFC1BF *¥x*

*% INPUT x*x*

LD = 16

INPUT DATA

N =16
REAL PART IMAGINARY PART
R( 1) = 3.00000 CI( 1) = 0.00000
CR( 2) = 2.78600 CI( 2) = 0.72500
CR( 3) = 2.30000 CI( 3) = 1.17300
CR( 4) = 1.79200 CI( 4) = 1.32700
CR( 5) = 1.38100 CI( 5) = 1.30200
CR( 6) = 1.08000 CI( 6) = 1.19700
CR( 7) = 0.86500 CI( 7) = 1.06500
CR( 8) = 0.71100 CI( 8) = 0.93000
CR( 9) = 0.60000 CI( 9) = 0.80000
CR(10) = 0.51900 CI(10) = 0.67900
CR(11) =  0.45900 CI(11) = 0.56600
CR(12) = 0.41500 CI(12) = 0.46100
CR(13) = 0.38300 CI(13) = 0.36100
CR(14) = 0.36000 CI(14) = 0.26700
CR(15) =  0.34500 CI(15) = 0.17600
CR(16) = 0.33600 CI(16) = 0.08700

*% QUTPUT *x*

( FORWARD TRANSFORM )

IERR = 0

SOLUTION
REAL PART IMAGINARY PART
CR( = 1.08325 CI( 1) = 0.69475
CR( 2) = 0.58324 CI( 2) = -0.46101
CR( 3) = 0.20845 CI( 3) = -0.32116
CR( 4) = 0.11461 CI( 4) = -0.19727
CR( 5) = 0.09112 CI( 5) = -0.12550
CR( 6) = 0.08538 CI( 6) = -0.08260
CR( 7) = 0.08389 CI( 7) = -0.05409
CR( 8) = 0.08346 CI( 8) = -0.03247
CR( = 0.08338 CI( 9) = -0.01438
CR(10) = 0.08338 CI(10) = 0.00265
CR(11) = 0.08330 CI(11) = 0.01966
CR(12) = 0.08323 CI(12) = 0.03826
CR(13) = 0.08325 CI(13) = 0.06088
CR(14) = 0.08326 CI(14) = 0.09146
CR(15) = 0.08336 CI(15) = 0.13984
CR(16) = 0.08345 CI(16) = 0.24098

( BACKWARD TRANSFORM )

IERR = 0

SOLUTION
REAL PART IMAGINARY PART
R ( = 3.00000 CI = 0.00000
CR( 2) = 2.78600 CI( 2) = 0.72500
CR( 3) = 2.30000 CI( 3) = 1.17300
CR( 4) = 1.79200 CI( 4) = 1.32700
CR( 5) = 1.38100 CI( 5) = 1.30200
CR( 6) = 1.08000 CI( 6) = 1.19700
CR( 7) = 0.86500 CI( 7) = 1.06500
CR( 8) = 0.71100 CI( 8) = 0.93000
CR( 9) = 0.60000 CI( 9) = 0.80000
CR(10) = 0.51900 CI(10) = 0.67900
CR(11) = 0.45900 CI(11) = 0.56600
CR(12) = 0.41500 CI(12) = 0.46100
CR(13) = 0.38300 CI(13) = 0.36100
CR(14) = 0.36000 CI(14) = 0.26700
CR(15) =  0.34500 CI(15) = 0.17600
CR(16) = 0.33600 CI(16) = 0.08700
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2.3.1 [DEPRECATED]ZFC1FB, CFC1FB
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(1) Function
Forward transform
ZFC1FB or CFC1FB computes the complex Fourier forward transform (arbitrary radix) for the complex
data cx(k=0,---,n—1).
n—1

d; = che_%\/jl% (j=0,---,n—1)
k=0

Backward transform
ZFC1FB or CFC1FB computes the complex Fourier backward transform (arbitrary radix) for the complex
data cx(k=0,---,n—1).

n—1
d; = che%\/j% (j=0,---,n—1)
k=0
(2) Usage
Double precision:
CALL ZFC1FB (N, C, LD, ISW, IFAX, TRIGS, WK, IERR)
Single precision:
CALL CFC1FB (N, C, LD, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Number of input data values n (See Note (a))
2 C 7 LD Input | Input data ¢, (See Note (b))
C Output | Output results d; (See Notes (b) and (c))
3 LD I 1 Input | Size of array C
4 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=—1:Backward transform
5 IFAX I 20 Output | Factorization results and number of factors (See
Note (d))
6 TRIGS D 2x N Output | Trigonometric function table (See Note (d))
R
7 WK 7 N Work | Work area
C
8 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) N<LD
(c) ISW € {0,1,—1}
(5) Error indicator
TERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input-time contents are output un-
changed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
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(6) Notes

(a)

When the number of data N can be adjusted, the calculations can be performed more efficiently by
setting a number for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3,
5, etc.). For example, rather than setting N = 289(=172), it is usually more efficient to set N =
300(=2% x 3 x 52), N = 320(=2° x 5), N = 384(=27 x 3) or the like.

The complex data ci(k =0,---,n — 1) and elements of array C are associated as follows.

Co <~ C(].)
Cc1 — 0(2)

¢n—1 ¢ C(n)
Similarly, for the complex data d;(j =0,---,n — 1).

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data ci(k = 0,---,n— 1) be represented by éx(k =0, -+, n—1),
then the following relationship holds.

ép=nc; (k=0,---,n—1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

To repeatedly compute the transform for the same number of data N, you should call this subrou-

. o ZFC1BF )

tine once, and then use the after-initialization transform 2.3.2 , thereafter. This enables
CFC1BF

processing to be performed more efficiently since initialization (factorization or the creation of trigono-

metric tables) is performed only once. However, in this case, you must retain the contents of arrays

ZFC1BF

CFCIBF |

To perform initialization only by setting ISW=0, you need not set input data for array C.

IFAX and TRIGS so they can be used as input to the subroutine 2.3.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
is bandwidth limited by the frequency f., if the sampling interval is taken as T = ﬁ, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT")} as follows.

W=7 3 ) 2D

i=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.
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(7) Example
See the example in Section 2.3.2 (7).
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2.3.2 [DEPRECATED]|ZFC1BF, CFC1BF
One-Dimensional Complex Fourier Transforms (After Initialization)

(1) Function
Forward transform
ZFCI1BF or CFC1BF computes the complex Fourier forward transform (arbitrary radix) for the complex
data cx(k=0,---,n—1).
n—1

d] = ch6_2ﬂ-\/?1% (-] = 07"'7717 1)
k=0

Backward transform
ZFC1BF or CFC1BF computes the complex Fourier backward transform (arbitrary radix) for the complex
data cx(k=0,---,n—1).

n—1
d; = che%\/j% (j=0,---,n—1)
k=0
(2) Usage
Double precision:
CALL ZFC1BF (N, C, LD, ISW, IFAX, TRIGS, WK, IERR)
Single precision:
CALL CFCI1BF (N, C, LD, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
N I 1 Input | Number of input data values n (See Note (a))
2 C 7 LD Input | Input data ¢, (See Note (b))
C Output | Output results d; (See Notes (b) and (c))
3 LD I 1 Input | Size of array C
4 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=-1:Backward transform
5 IFAX I 20 Input | Factorization results and number of factors (See
Note (a))
6 TRIGS D 2xN Input | Trigonometric function table (See Note (a))
R
7 WK 7 N Work | Work area
C
8 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) N<LD
(c) ISW € {1, -1}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input-time contents are output un-
changed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes
(a) This subroutine can be used to repeatedly compute the transform for the same number of data N after
ZFC1FB
the including-initialization subroutine 2.3.1 CFCIFB has been used. In this case, you must retain

the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.
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(b)

(e)

(f)

The complex data cx(k =0,---,n — 1) and elements of array C are associated as follows.

Co <~ C(l)
Cc1 — 0(2)

¢n—1 < C(n)
Similarly, for the complex data d;(j =0,---,n — 1).

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data ci(k = 0,---,n— 1) be represented by éx(k =0, -+, n—1),
then the following relationship holds.

ér=nc; (k=0,---,n—1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
i, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

sm 2rfe(t —iT)
=T Z i w(t —iT)

is bandwidth limited by the frequency f., if the sampling interval is taken as T =

i=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example

(a)

Problem
Compute the complex Fourier forward and backward transform using the following sequence of numbers
as input data.

C( 1) =3.000 + y/—1 x 0.000

C =2.786 ++/—1 x 0.725

C(3)=2.300++/—1x1.173
C(4)=1.792++/—1x1.327
C(5)=1.381+ +/—1 x 1.302
C(6) =1.080 + /-1 x 1.197

Q

0.865 + v/—1 x 1.065
C(8)=0.711++/—1 x 0.930
C(9) = 0.600 + /—1 x 0.800
C(10) = 0.519 + /=1 x 0.679

(2)=
(3)=
(4)=
(5)
(6)
(7)
(8)=
(9)
(
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C(11) = 0.459 + /—1 x 0.566
C(12) = 0.415 + /=1 x 0.461
C(13) = 0.383 + /—1 x 0.361
C(14) = 0.360 + /—1 x 0.267
C(15) = 0.345 +/—1 x 0.176
C(16) = 0.336 + v/—1 x 0.087

(b) Input data
Arrays CR and CI, N=16, LD=16, ISW=1(Forward transform) and ISW=—1(Backward transform).
(¢) Main program

PROGRAM AFC1BF
! x%% EXAMPLE OF ZFC1FB AND ZFC1BF *x*
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER (LD = 16)
DIMENSION IFAX(20)
COMPLEX(8) C
DIMENSION C(LD) TRIGS (2*LD) ,WK(LD)
Ikkxx TNPUT sk
READ(5,*) N
READ(5, *) (c(I),I=1,N)
WRITE(6, 1000) LD
WRITE(6,2000)
WRITE(6,2100) (I,DBLE(C(I)),I,DIMAG(C(I)),I=1,N)
I xxxx QUTPUT *k*%
WRITE(6,1100)
Dskokokok Fng%RD TRANSFORM sk
ISW=
CALL ZFC1FB(N,C,LD,ISW,IFAX,TRIGS,WK,IERR)
Dskokokok NORMALIZATION Hokokok
DO 20 I =
C(I) = C(I)/DBLE(N)
20 CONTINUE
WRITE(6,1200)
WRITE(6,1400) IERR
WRITE(6,2000)
WRITE(6,2100) (I,DBLE(C(I)),I,DIMAG(C(I)),I=1,N)
xx%% BACKWARD TRANSFORM s
ISW=-1
CALL ZFC1BF(N,C,LD,ISW,IFAX,TRIGS,WK,IERR)
WRITE(6,1300)
WRITE(6,1400) IERR
WRITE(6,2000)
gRéTE(6,2100) (I,DBLE(C(I)),I,DIMAG(C(I)),I=1,N)
TOP
Ikkxx FORMAT **%k%
1000 FORMAT(1X,’#%* ZFC1FB AND ZFC1BF *x*x’,/, /. &
1X,?> *x INPUT *x’,/,/.&

1X,? LD = °,12,/,/,&
1x ’ INPUT DATA’ o/ / &
N = °,12,/3

1100 FORMAT(/ / 1X,7  ** DUTPUT k)
1200 FORMAT(/.5X,’( FORWARD TRANSFORM )’,/)
1300 FORMAT(/.5X.’ ( BACKWARD TRANSFORM )’,/)
1400 FORMAT(5X,’IERR = °,I5,/,/,&
5X, ’SOLUTION’,/)
2000 FORMAT(7X,’REAL PART’,16X,’IMAGINARY PART’)
2100 FORMAT(7X,’ C€(’,I2,’) = ’,F9.5,6X,’ C(’,I2,’) = ’,F9.5)
END

(d) Output results

*x*%  ZFC1FB AND ZFC1BF *¥x*

*% INPUT **

LD = 16

INPUT DATA

N =16

REAL PART IMAGINARY PART

c( 1) = 3.00000 C( 1) = 0.00000
c(2) = 2.78600 c(2) = 0.72500
C( 3) = 2.30000 C(3) = 1.17300
C(4) = 1.79200 C( 4) = 1.32700
C(5) = 1.38100 C( B5) = 1.30200
C( 6) = 1.08000 C( 6) = 1.19700
c(7) = 0.86500 c(7) = 1.06500
C(8) = 0.71100 C( 8) = 0.93000
c(9) = 0.60000 c( 9) = 0.80000
C(10) = 0.51900 C(10) = 0.67900
C(11) = 0.45900 C(11) = 0.56600
C(12) = 0.41500 C(12) = 0.46100
Cc(13) = 0.38300 Cc(13) = 0.36100
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C(14) = 0.36000 C(14) = 0.26700
C(15) = 0.34500 C(15) = 0.17600
C(16) =  0.33600 Cc(16) = 0.08700
*% QUTPUT *x*

( FORWARD TRANSFORM )

IERR = 0

SOLUTION
REAL PART IMAGINARY PART
C( 1) = 1.08325 C( 1) = 0.69475
C(2) = 0.58324 c(2) = -0.46101
C( 3) = 0.20845 C( 3) = -0.32116
Cc( 4) = 0.11461 c( 4) = -0.19727
C(5) = 0.09112 C( 5) = -0.12550
C( 6) = 0.08538 c( 6) = -0.08260
c(7) = 0.08389 c( 7) = -0.05409
C( 8) = 0.08346 C( 8) = -0.03247
c(9) = 0.08338 c(9) = -0.01438
C(10) = 0.08338 C(10) = 0.00265
C(11) = 0.08330 C(11) = 0.01966
C(12) = 0.08323 C(12) = 0.03826
C(13) = 0.08325 C(13) = 0.06088
C(14) = 0.08326 C(14) = 0.09146
C(15) = 0.08336 C(15) = 0.13984
C(16) = 0.08345 C(16) = 0.24098

( BACKWARD TRANSFORM )

IERR = 0

SOLUTION
REAL PART IMAGINARY PART
c( 1) = 3.00000 = 0.00000
Cc( 2) = 2.78600 c(2) = 0.72500
C( 3) = 2.30000 C(3) = 1.17300
c(4) = 1.79200 c( 4) = 1.32700
c( 5) = 1.38100 c(5) = 1.30200
c( 6) = 1.08000 c(6) = 1.19700
c( 7) = 0.86500 c(7) = 1.06500
c(8) = 0.71100 C( 8) = 0.93000
c( 9) = 0.60000 c( 9) = 0.80000
C(10) = 0.51900 C(10) = 0.67900
C(11) = 0.45900 C(11) = 0.56600
C(12) = 0.41500 C(12) = 0.46100
C(13) = 0.38300 C(13) = 0.36100
C(14) = 0.36000 C(14) = 0.26700
C(15) = 0.34500 C(15) = 0.17600
C(16) = 0.33600 Cc(16) = 0.08700
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2.4.1 [DEPRECATED|DFR1FB, RFR1FB

One-Dimensional Real Fourier Transforms (Including Initialization)

(1) Function

Forward transform
DFRI1FB or RFR1FB obtains a half period of the Fourier forward transform (arbitrary radix) for the real
data rg(k=0,---,n—1).

n—1
Loy oTiE . n
CJZZTW VoIS (JZO,'%LED

k=0

Here, |x] represents the maximum integer that does not exceed z. The remaining half period is obtained
from the following relationship.

Here, z* represents the conjugate complex number of the complex number z.
Backward transform

*

Given the half period ¢;(j = 0,---,|5]) for n complex data c;(j = 0,---,n — 1) satisfying c;,_;
DFRI1FB or RFR1FB obtains the Fourier backward transform (arbitrary radix) defined as follows.

= Cj7

n—1
/—1ik
Tk :E cje’™
=0
[21-1

\
&
+

(*1)’“6% +2 Z [%{cj}cos@w%) - ¥{c¢)} Sil’l(2ﬂ'%)

(k:0,7n—]_)

Here, [2] represents the minimum integer greater than or equal to x, and R{z} and I{z} represent the real
and imaginary parts of the complex number z, respectively. Also, when n is odd, ¢z =0, and when n is

even, o = Cz.
2 2

Usage
Double precision:

CALL DFRIFB (N, R, LD, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFRIFB (N, R, LD, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
N I 1 Input | Number of data values n (See Note (a))
2 R D LD Input | Input data r (Forward transform) or ¢; (Back-
{R} ward transform) (See Note (b))
Output | Output results ¢; (Forward transform), or 7y
(Backward transform) (See Notes (b) and (c)).
3 LD I 1 Input | Size of array R
4 ISW I 1 Input | Processing switch(See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=—-1:Backward transform
5 IFAX I 20 Output | Factorization results and number of factors (See
Note (d))
6 TRIGS D N Output | Trigonometric function table (See Note (d))
il
7 WK D See Work | Work area
{R} Contents Size:
N+1, where N is an odd, or
N+2, where N is an even.
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) N>0
(b) N+ 1 < LD, where N is an odd, or
N+ 2 < LD, where N is an even.

(c) ISW € {0,1, -1}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input-time contents are output un-
changed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

(6) Notes

(a) When the number of data N can be adjusted, the calculations can be performed more efficiently by

setting a number for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3,
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5, etc.). For example, rather than setting N = 289(=172), it is usually more efficient to set N =
300(=22 x 3 x 52), N = 320(=2° x 5), N = 384(=2" x 3) or the like.

The real data r,(k = 0,---,n — 1) and elements of array R are associated as follows.

T0 4 R(l)
71 A d R(?)

rn—1  R(n)

When computing the backward transform, if N(=n) is odd, then R(N + 1) = 0, and when N is even,
then R(N 4+ 1) = R(N + 2) = 0. Also, when entering the real data ri(k = 0,---,n — 1) into array R,
the corresponding zeros need not be specifically stored in elements R(N+1) and following.

If we let the real and imaginary parts of the complex data ¢; (j = 0,---,[5]) be R{c;} and 3{c;},
respectively, the ¢; and elements of array R are associated as follows. Here, |x] represents the maximum

integer that does not exceed =x.

Rice}  © R(Q)

el & R(2)
%{Cl} — R(-?))
< R4

S{er}
Riczj} < Rm-1)
Q{CL%J} < R(m) (m = N+1[N:0dd] or N+2[N:Even])
However, when N is odd, m=N+1 is assumed, and when N is even, m=N+2 is assumed. From the
properties of a real Fourier transform, when N is odd, ${co} = 0, and when N is even, S{co} =
%{c%} = 0. Therefore, even if nonzero values are set for the corresponding elements of array R, they
are considered to be zero when processing is performed. Since the elements ¢; (j = |5]+1,---,n—1)
can be obtained according to the following relationship from the symmetry of the real Fourier transform,
they need not be assigned as input when computing the backward transform. Also, they are not output

when computing the forward transform.

%
Cn_j — Cj

Here, z* represents the conjugate complex number of the complex number z.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the real data ri(k = 0,---,n — 1) be represented by #x(k = 0,---,n — 1),
then the following relationship holds.

fr=mnrr (k=0,---,n—1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

To repeatedly compute the transform for the same number of data N, you should call this subrou-
DFRI1BF

, thereafter. This enables
RFR1BF

tine once, and then use the after-initialization transform 2.4.2 {
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(2)

processing to be performed more efficiently since initialization (factorization or the creation of trigono-
metric tables) is performed only once. However, in this case, you must retain the contents of arrays
DFR1BF

RFRIBF |
To perform initialization only by setting ISW=0, you need not set input data for array R.

IFAX and TRIGS so they can be used as input to the subroutine 2.4.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
is bandwidth limited by the frequency f., if the sampling interval is taken as T = i, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

hty=T Y h(iT)—Sin?(th C_(tiT)iT)

1=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example
See the example in Section 2.4.2 (7).
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2.4.2 [DEPRECATED|DFR1BF, RFR1BF

(1)

One-Dimensional Real Fourier Transforms (After Initialization)

Function

Forward transform

DFRI1BF or RFR1BF obtains a half period of the Fourier forward transform (arbitrary radix) for the real
data ri(k=0,---,n—1).

n—1
omy—TiE . n
cjzzrke2ﬁn (J:07"'7L§J)

k=0

Here, |x] represents the maximum integer that does not exceed z. The remaining half period is obtained

from the following relationship.

Here, z* represents the conjugate complex number of the complex number z.
Backward transform

Given the half period ¢;(j = 0,---,|5]) for n complex data c;(j = 0,---,n — 1) satisfying c;,_;
DFRIBF or RFR1BF obtains the Fourier backward transform (arbitrary radix) defined as follows.

= Cj7

n—1
ry = Z cje%\/j%
j=0
[51-1 .
=co+ (—DFeg +2 Y R{ce?V IR}
=1

j=
r¢1-1

=Cot (*1)%% +2 Z [m{cj}cos(mr%) — 3{¢} SiH(QW%)
(k=0,---,n—1) ”

Here, [2] represents the minimum integer greater than or equal to x, and R{z} and I{z} represent the real
and imaginary parts of the complex number z, respectively. Also, when n is odd, ¢z =0, and when n is

even, o = Cz.
2 2

Usage
Double precision:

CALL DFRIBF (N, R, LD, ISW, TFAX, TRIGS, WK, IERR)
Single precision:

CALL RFRIBF (N, R, LD, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 N I 1 Input | Number of data values n (See Note (a))
2 R D LD Input | Input data r (Forward transform) or ¢; (Back-
{R} ward transform) (See Note (b)).
Output | Output results ¢; (Forward transform), or 7y
(Backward transform) (See Notes (b) and (c)).
3 LD I 1 Input | Size of array R
4 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=-1:Backward transform
5 IFAX I 20 Input | Factorization results and number of factors (See
Note (a))
6 TRIGS D N Input | Trigonometric function table (See Note (a))
it
7 WK D See Work | Work area
{R} Contents Size:
N + 1, where N is an odd, or
N + 2, where N is an even.
8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) N>0
(b) N+ 1 < LD, where N is an odd, or

(5) Error indicator

N + 2 < LD, where N is an even.
(c) ISW € {1, -1}

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input-time contents are output un-
changed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
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(6) Notes

(a)

This subroutine can be used to repeatedly compute the transform for the same number of data N after

DFRIFB
the including-initialization subroutine 2.4.1 RFRIFB has been used. In this case, you must retain

the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

The real data r;(k = 0,---,n — 1) and elements of array R are associated as follows.

T0 <~ R(l)
1 <~ R(2)

rn—1 < R(n)

When computing the backward transform, if N(=n) is odd, then R(N + 1) = 0, and when N is even,
then R(N + 1) = R(N 4 2) = 0. Also, when entering the real data ri(k = 0,---,n — 1) into array R,
the corresponding zeros need not be specifically stored in elements R(N+1) and following.

If we let the real and imaginary parts of the complex data c; (j = 0,---,[5]) be R{c;} and I{c;},
respectively, the ¢; and elements of array R are associated as follows. Here, |x] represents the maximum

integer that does not exceed .

R{ced < R(1)

S{eo} < R(2)
R{c1} < R(3)
< R(4)

S{er}
%{CL%J} < R(m) (m = N+1[N:0dd] or N+2[N:Even])
However, when N is odd, m=N+1 is assumed, and when N is even, m=N+2 is assumed. From the
properties of a real Fourier transform, when N is odd, ${cp} = 0, and when N is even, S{co} =
S{cz} = 0. Therefore, even if nonzero values are set for the corresponding elements of array R, they
are considered to be zero when processing is performed. Since the elements ¢; (j = |3]+1,---,n—1)
can be obtained according to the following relationship from the symmetry of the real Fourier transform,
they need not be assigned as input when computing the backward transform. Also, they are not output

when computing the forward transform.

_ *
Cpn—j = Cj

Here, z* represents the conjugate complex number of the complex number z.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the real data ri(k = 0,---,n — 1) be represented by #x(k = 0,---,n — 1),
then the following relationship holds.

T = Nry (k:O,,TL—l)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.
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(d)

(f)

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
i, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

hey=T " h(iT)—Sini?tf Jti;)iT)

is bandwidth limited by the frequency f., if the sampling interval is taken as T =

i=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the
higher performance alternative implementation instead.

(7) Example

(a)

(b)

Problem
Compute the one-dimensional real Fourier forward and backward transforms using the following se-

quence of numbers as input data.

R(1) = 2.000
R(2) = 1.503
R(3) = 1.000
R(4) = 0.665
R(5) = 0.500
R(6) = 0.452
R(7) = 0478
R(8) = 0.553
R(9) = 0.667
R(10) = 0.815
R(11) = 1.000
R(12) = 1.227
R(13) = 1.500
R(14) = 1.808
R(15) = 2.094
R(16) = 2.214
Input data

Array R, N=16, LD=18, ISW=1(Forward transform) and ISW=—1 (Backward transform).
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(¢) Main program

PROGRAM BFR1BF
! x%% EXAMPLE OF DFRIFB AND DFR1BF sxx
IMPLICIT REAL(8) (A-H,0-Z)
PARAMETER (LD = 18)
DIMENSION R(LD),TRIGS(2*LD),WK(LD)
COMPLEX(8) C(*)
POINTER (CP, C)
DIMENSION IFAX(20)
CP=LOC(R)
I xxxx INPUT skkk*
READ(5,*) N
READ(5,*) (R(I),I=1,N)
WRITE(6,1000) LD,N
WRITE(6,2000)
WRITE(6,2100) (I,R(I),I=1,N)
Ikkxx QUTPUT **%k%
WRITE(6,1100)
xx%% FORWARD TRANSFORM sk
ISW=1
CALL DFR1FB(N,R,LD,ISW,IFAX,TRIGS,WK,IERR)
Vskkk NORMALIZATION ks
DO 20 I =1,(N+2)/2
C(I) = C(I)/DBLE(N)
20 CONTINUE
WRITE(6,1200)
WRITE(6,1400) IERR
WRITE(6,2200)
WRITE(6,2300) (I,DBLE(C(I)),I,DIMAG(C(I)),I=1,(N+2)/2)
sxkk BACKWARD TRANSFORM s
ISW=-
CALL DFR1BF(N,C,LD,ISW,IFAX,TRIGS,WK,IERR)
WRITE(6,1300)
WRITE(6,1400) IERR
WRITE(6,2000)
WRITE(6,2100) (I,R(I),I=1,N)
STOP

Vkxokkx FORMAT kkkxk
1000 FORMAT(1X,’*** DFR1FB AND DFR1BF *x*’,/,/.&
1X,? *x INPUT **’,/,/,&

1X,” LD = °,12,/,/,&
X, INPUT DATA’,/,/.&
1X,? N =,12,/)

3
1100 FORMAT(/,/,1X,’ #* OUTPUT *x’)
1200 FORMAT(/,5X,’ ( FORWARD TRANSFORM )’,/)
1300 FORMAT(/,5X,’( BACKWARD TRANSFORM )’,/)
1400 FORMAT(5X,’IERR = ’,15,/,/,&
5X, ’SOLUTION’, /)
2000 FORMAT(7X,’REAL PART’)

2100 FORMAT(7X,’ R(’,I2,’) = ’,F9.5)

2200 FORMAT(7X,’REAL PART’,16X,’ IMAGINARY PART’)

2300 FORMAT(7X,’ C(’,I2,’) = ’,F9.5,6X,’ C(’,I2,’) = ’,F9.5)
END

(d) Output results

*x% DFR1FB AND DFR1BF *¥x*

*x* INPUT **

LD = 18

INPUT DATA

N =16

REAL PART

R( 1) = 2.00000
R( 2) = 1.50300
R( 3) = 1.00000
R( 4) = 0.66500
R( 5) = 0.50000
R( 6) = 0.45200
R(C 7) = 0.47800
R( 8) = 0.55300
R( 9) = 0.66700
R(10) = 0.81500
R(11) = 1.00000
R(12) = 1.22700
R(13) = 1.50000
R(14) = 1.80800
R(15) = 2.09400
R(16) =  2.21400

** QUTPUT **
( FORWARD TRANSFORM )
IERR = 0
SOLUTION
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REAL PART IMAGINARY PART
c(1) = 1.15475 c( 1) = 0.00000
c(2) = 0.30936 C(2) = 0.26794
c(3) = 0.08292 c(3) = 0.07186
c( 4) = 0.02223 c( 4) = 0.01923
C( 5) = 0.00594 C( 5) = 0.00506
c( 6) = 0.00156 c( 6) = 0.00139
C( 7) = 0.00045 C( 7) = 0.00036
c(8) = 0.00010 c(8) = 0.00010
c(9) = 0.00013 c( 9) = 0.00000

( BACKWARD TRANSFORM )
IERR = 0
SOLUTION

REAL PART
R( 1) = 2.00000
R( 2) = 1.50300
R( 3) = 1.00000
R( 4) = 0.66500
R( 6) = 0.50000
R( 6) = 0.45200
R( 7) = 0.47800
R( 8) = 0.55300
R( 9) = 0.66700
R(10) = 0.81500
R(11) = 1.00000
R(12) = 1.22700
R(13) = 1.50000
R(14) = 1.80800
R(15) = 2.09400
R(16) = 2.21400
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2.5 MULTIPLE ONE-DIMENSIONAL COMPLEX FOURIER
TRANSFORM (REAL ARGUMENT TYPE)

2.5.1 [DEPRECATED|DFCMFB, RFCMFB
Multiple One-Dimensional Complex Fourier Transforms (Include Initializa-
tion)
(1) Function
Forward transform

DFCMFB or RECMFB computes the m-fold one-dimensional complex Fourier forward transform (arbitrary
radix) for the complex data ci;(k =0,---,n—1; l=1,---,m).

n—1
dj; = Z%ze‘%ﬁ% (G=0,---,n—1;1=1,---,m)
k=0

Backward transform

DFCMFB or RFCMFB computes the m-fold one-dimensional complex Fourier backward transform (arbi-
trary radix) for the complex data ¢, (k=0,---,n—1; I =1,---,m).

n—1
dj; = Zcme%‘/jl% (G=0,---,n—=11=1,---,m)
k=0
(2) Usage
Double precision:
CALL DFCMFB (N, M, CR, CI, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
Single precision:
CALL RFCMFB (N, M, CR, CI, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 N I 1 Input | Number of transformed data values n (See Note
(a))
2 M I 1 Input | Multiplicity m
CR D See Input | Real part of input data c; (See Note (b))
{R} Contents Size: INCN x (N—1)+INCM x (M —1)+1
Output | Real part of output data d;; (See Notes (b) and
(©)
4 CI D See Input | Imaginary part of input data ¢, (See Note (b))
{R} Contents Size: INCN x (N—1)+INCM x (M —1)+1
Output | Imaginary part of output data d;; (See Notes
(b) and (c))
5 INCN I 1 Input | The stride between each transformed datum in
storage (See Note (b))
6 INCM I 1 Input | The stride between the first elements of each
transformed data in storage (See Note (b))
7 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=—-1:Backward transform
8 IFAX I 20 Output | Factorization results and number of factors (See
Note (d))
9 TRIGS D 2 xN Output | Trigonometric function table (See Note (d))
i)
10 WK D 2xMxN Work | Work area
i}
11 IERR I 1 Output | Error indicator

(4) Restrictions
(a) N>0
M >0

(b) INCN > 0
INCM > 0

c) INCN > M x gem(INCN, INCM) or
g
INCM > N x gem(INCN, INCM)

(Where, gem(i, §) is the greatest common measure between ¢ and j.)

(d) ISW € {0,1, -1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

1000 N was equal to 1. Input data is output unchanged.
3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a)

When the number of transformed data N can be adjusted, the calculations can be performed more
efficiently by setting a number for which the mixed radix FFT algorithm operates effectively (multiples
of 2, 3, 5, etc.). For example, rather than setting N = 289(=172), it is usually more efficient to set N
= 300(=22 x 3 x 5?), N = 320(=2% x 5), N = 384(=27 x 3) or the like.

If we let the real and imaginary parts of the complex data c¢x; (k =0,---,n—1; I = 1,---,m) be

R{ck,} and {ck,1}, respectively, the c;; and elements of arrays CR and CI are associated as follows.

R{ck.} « CR(1+INCN xk+INCMx (1—1))
S{cry} ¢ CI(1+INCN %k + INCM  (1— 1))

For example, if we let INCN=1 and INCM=n, then the associations are as follows:
R{cri} < CR({(k+1)+nx(1-1)), S{eki} < CI{(k+1)+n=*(l-1))

and the data is stored so that it is packed consecutively for subscript k. If we let INCN=m and
INCM=1, then the associations are as follows:

%{Ck,l} > CR(ler*k), S{Ck,l} > CI(l+m*k)

and the data is stored so that it is packed consecutively for subscript I. Similarly, for the complex data
dji(j=0,---,n—1; I =1,---,m). Values in areas where the data of arrays CR and CI is not stored
do not change when this subroutine is called.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of
transformed data. For example, if we let the data obtained by computing the backward transform
immediately following the forward transform for the complex data c; (k=10,---,n—1; I =1,---,m)
be represented by é,i(k=0,---,n—1; [ =1,---,m), then the following relationship holds.

ék,l:nck,l (k:(),...,n—l; 1:17...,m)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries
a normalized result is defined.

To repeatedly compute the transform for the same number of data N, you should call this subrou-
DFCMBF

tine once, and then use the after-initialization transform 2.5.2 , thereafter. This enables
RFCMBF

processing to be performed more efficiently since initialization (factorization or the creation of trigono-

metric tables) is performed only once. However, in this case, you must retain the contents of arrays
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(2)

DFCMBF
RFCMBF |-
To perform initialization only by setting ISW=0, you need not set input data for arrays CR and CI.

IFAX and TRIGS so they can be used as input to the subroutine 2.5.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
i, then h(t) can

be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

is bandwidth limited by the frequency f., if the sampling interval is taken as T =

= sin2wfo(t —iT)
h(t)=T h(iT)———————=
0=T 3 W= 5
This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example

See the example in Section 2.5.2 (7).
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2.5.2 [DEPRECATED|DFCMBF, RFCMBF

(1)

Multiple One-Dimensional Complex Fourier Transforms (After Initialization)

Function

Forward transform

DFCMBF or RFECMBF computes the m-fold one-dimensional complex Fourier forward transform (arbitrary
radix) for the complex data c; (k=0,---,n—1; I =1,---,m).

n—1
dj; = Zchlefzm/—_l% (Gj=0,---,n—1;1=1,---,m)
k=0

Backward transform
DFCMBF or RFCMBF computes the m-fold one-dimensional complex Fourier backward transform (arbi-
trary radix) for the complex data ¢, (k=0,---,n—1; I =1,---,m).

n—1
dj. :ch’lezﬂﬁ% (G=0,--n—1;1=1,---,m)
k=0
Usage

Double precision:

CALL DFCMBF (N, M, CR, CI, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFCMBF (N, M, CR, CI, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 N I 1 Input | Number of transformed data values n (See Note
(a))
2 M I 1 Input | Multiplicity m
CR D See Input | Real part of input data c; (See Note (b))
{R} Contents Size: INCN x (N—1)+INCM x (M —1)+1
Output | Real part of output data d;; (See Notes (b) and
(©)
4 CI D See Input | Imaginary part of input data ¢, (See Note (b))
{R} Contents Size: INCN x (N—1)+INCM x (M —1)+1
Output | Imaginary part of output data d;; (See Notes
(b) and (c))
5 INCN I 1 Input | The stride between each transformed datum in
storage (See Note (b))
6 INCM I 1 Input | The stride between the first elements of each
transformed data in storage (See Note (b))
7 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=—1:Backward transform
8 IFAX I 20 Input | Factorization results and number of factors (See
Note (a))
9 TRIGS D 2 xN Input | Trigonometric function table (See Note (a))
)
10 WK D 2xMxN Work | Work area
)
11 IERR I 1 Output | Error indicator

(4) Restrictions
(a) N>0
M >0

(b) INCN >0
INCM > 0

(¢c) INCN > M x gem(INCN,INCM) or
INCM > N x gem(INCN, INCM)

(Where, gem(%, §) is the greatest common measure between i and j.)

(d) ISW € {1,-1}
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(5) Error indicator

TERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input data is output unchanged.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
3030 Restriction (d) was not satisfied.
(6) Notes
(a) This subroutine can be used to repeatedly compute the transform for the same number of transformed
DFCMFB
data N after the including-initialization subroutine 2.5.1 has been used. In this case, you
RFCMFB

must retain the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

If we let the real and imaginary parts of the complex data c¢x; (k = 0,---,n—1; [ = 1,---,m) be

R{ck,} and I{ck,;}, respectively, the cx; and elements of arrays CR and CI are associated as follows.

R{ck,} « CR(1+INCN xk+INCMx (1—1))
S{cr} ¢ CI(1+INCN %k + INCM  (1— 1))

For example, if we let INCN=1 and INCM=n, then the associations are as follows:
R{cri} < CR({(k+1)+nx(1-1)), S{eki} < CI{(k+1)+n=*(l-1))

and the data is stored so that it is packed consecutively for subscript k. If we let INCN=m and

INCM=1, then the associations are as follows:
R{ck,} < CR(OA+mxk), S{ck:} < CIl+m=xk)

and the data is stored so that it is packed consecutively for subscript [. Similarly, for the complex data
dji(j=0,---,n—1; I =1,---,m). Values in areas where the data of arrays CR and CI is not stored

do not change when this subroutine is called.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of
transformed data. For example, if we let the data obtained by computing the backward transform
immediately following the forward transform for the complex data c; (k=0,---,n—1; I =1,---,m)

be represented by ¢ i(k=0,---,n—1; I =1,---,m), then the following relationship holds.
éri=mncpy (k=0,---,n—1; 1=1,---,m)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate

the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
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is bandwidth limited by the frequency f., if the sampling interval is taken as T = #, then h(t) can

be reconstructed from knowledge of only a sequence of sample values {h(iT")} as follows.

ht)=T Y p(ir) 22T 1) ?(Tf C_(tiT)iT)

(e) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(f) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the
higher performance alternative implementation instead.

(7) Example

(a) Problem
Compute the multiple one-dimensional complex Fourier transform using the following sequence of
numbers as input data.

CR( 1)=1.000 CI( 1)=4.000
CR( 2)=2.000 CI( 2)=3.000
CR( 3)=3.000 CI( 3)=2.000
CR( 4)=4.000 CI( 4)=1.000
CR( 5)=4.000 CI( 5)=1.000
CR( 6)=3.000 CI( 6)=2.000
CR( 7)=2.000 CI( 7)=3.000
CR( 8)=1.000 CI( 8)=4.000
CR(10)=1.000  CI(10)=2.000
CR(11)=1.000 CI(11)=2.000
CR(12)=2.000 CI(12)=1.000
CR(13)=2.000 CI(13)=1.000
CR(14)= 2.000 CI(14)=1.000
CR(15)=2.000 CI(15)=1.000
CR(16)=1.000 CI(16)=2.000
CR(17)=1.000 CI(17)=2.000
CR(19)=1.000 CI(19)=2.000
CR(20)=1.000  CI(20)=2.000
CR(21)=1.000 CI(21)=2.000
CR(22)=1.000 CI(22)=2.000
CR(23)=2.000 CI(23)=1.000
CR(24)= 2.000 CI(24)=1.000
CR(25)=2.000 CI(25)=1.000
CR(26)= 2.000 CI(26)=1.000
CR(28)= 1.000 CI(28)=1.000
CR(29)=1.000 CI(29)=1.000
CR(30)=1.000  CI(30)=1.000
CR(31)=1.000 CI(31)=1.000
CR(32)=1.000 CI(32)=1.000
CR(33)=1.000 CI(33)=1.000
CR(34)=1.000 CI(34)=1.000
CR(35)=1.000 CI(35)=1.000
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(b) Input data

Array CR and CI, N=8, M=4, INCN=1, INCM=9, ISW=1 (forward transform) and ISW=—

ward transform).
(¢) Main program

PROGRAM BFCMBF
! s%* EXAMPLE OF DFCMFB AND DFCMBF %
IMPLICIT REAL(8)(A-H,0-2)
PARAMETER (NN=9,MM=4)
DIMENSION CR(NN*MM) ,CI(NN*MM),TRIGS(2*NN) ,WK(2*xNN*MM)
DIMENSION IFAX(20)
I xxxx INPUT k%%
READ(5,#*) N,M,INCN,INCM
WRITE(6,1000) N,M,INCN,INCM
DO 20 J=1,M
DO 10 I=1,N
READ(5,%) CR(1+(I-1)*INCN+(J-1)*INCM),&
CI(1+(I-1)*INCN+(J-1)*INCM)
10  CONTINUE

20 CONTINUE
WRITE(6,2000) ’REAL PART’

WRITE(6,2010) ((CR(1+(I- 1)*INCN+(J 1)*INCM),I=1,N),J=1,M)
ART’

WRITE(6,2000) ’IMAGINARY P

WRITE(6,2010) ((CI(1+(I-1)*INCN+(J-1)*INCM),I=1,N),J=1,M)

30 CONTINUE

1 sksksk sk DUTPUT k% kk
WRITE(6,1010)

Uxkxk FORWARD TRANSFORM *#k
ISW = 1

CALL DFCMFB(N,M,CR,CI,INCN,INCM,ISW,IFAX,TRIGS,WK,IERR)

Lk NORMALIZATION sk
DO 50 J=1,M
DO 40 I=1
CR(1+(I 1)*INCN+(J 1) *INCM) =&
CR(1+(I-1)*INCN+(J-1)*INCM) /DBLE(N)
CI(1+(I-1)*INCN+(J-1)*INCM)=&
CI (1+(I-1)*INCN+(J- 1)*INCM)/DBLE(N)
40  CONTINUE
50 CONTINUE
WRITE(6,1020) IERR
WRITE(6,2000) ’REAL PART’

WRITE(6,2010) ((CR(1+(I-1)*INCN+(J-1)*INCM),I=1,N),J=1,M)

WRITE(6,2000) ’>IMAGINARY PART’

WRITE(6,2010) ((CI(1+(I-1)*INCN+(J-1)*INCM),I=1,N),J=1,M)

Vsokkx BACKWARD TRANSFORM sk
ISW = -1

CALL DFCMBF(N,M,CR,CI,INCN,INCM,ISW,IFAX,TRIGS,WK,IERR)

WRITE(6,1030) IERR
WRITE(6,2000) ’REAL PART’

WRITE(6,2010) ((CR(1+(I- 1)*INCN+(J 1)*INCM) ,I=1,N),J=1,M)
ART’

WRITE(6,2000) ’>IMAGINARY P

WRITE(6,2010) ((CI(1+(I-1)*INCN+(J-1)*INCM),I=1,N),J=1,M)
STOP

Vkxokkx FORMAT kkkk
1000 FORMAT(1X,’*** DFCMFB AND DFCMBF *x*x’,/,/.,&
1X,7 %k INPUT **’ /s / &
1X,’ 13, ’,13,/,&
1X,’ INCN ’,13,/)
1010 FORMAT(1X,/,&
1X,? ** QUTPUT *x’,/)
1020 FORMAT(%X > ( FORWARD TRAXSFDRM ), /,/,%
IERR =
1030 FORMAT(%X > ( BACKWARD TRAN??ORM ), /.7,
ERR =

2000 FORMAT(lX’4X,A) ’ ’
2010 FORMAT(1X,4X,8F8.4,/)
END

(d) Output results

M
’ I3 ’ INCM

*%x DFCMFB AND DFCMBF %

** INPUT *x*

N= 8 M= 4

INCN = 1 INCM = 9

REAL PART
1.0000 2.0000 3.0000 4.0000 4.0000 3.0000 2.0000
1.0000 1.0000 2.0000 2.0000 2.0000 2.0000 1.0000
1.0000 1.0000 1.0000 1.0000 2.0000 2.0000 2.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

IMAGINARY PART
4.0000 3.0000 2.0000 1.0000 1.0000 2.0000 3.0000

2.0000 2.0000 1.0000 1.0000 1.0000 1.0000 2.0000
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*k

( FORWARD TRANSFORM

~

2.0000 2.0000

1.0000 1.0000

OUTPUT **

IERR = 0

REAL PART
2.5000 -1.0303
1.5000 -0.4268

1.5000 0.1768

1.0000 0.0000
IMAGINARY PART
2.5000 0.4268

1.5000 0.1768

1.5000 0.4268

1.0000 0.0000

2
1

)

o O o o

0
0
0
0

.0000
.0000

.0000
.0000
.0000
.0000

.0000
.0000
.0000
.0000

BACKWARD TRANSFORM )

IERR = 0
REAL PART

1.0000 2.0000
1.0000 1.0000
1.0000 1.0000
1.0000 1.0000

IMAGINARY
4.0000

PART

3.0000
2.0000 2.0000
2.0000 2.0000

1.0000 1.0000

.0000
.0000
.0000
.0000

.0000
.0000
.0000
.0000

=N R e

.0000
.0000

.0732
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.0732
.0000

.0303
.0732
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.0000

.0000
.0000
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.0000
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2.6 MULTIPLE ONE-DIMENSIONAL COMPLEX FOURIER
TRANSFORM (COMPLEX ARGUMENT TYPE)

2.6.1 [DEPRECATED|ZFCMFB, CFCMFB
Multiple One-Dimensional Complex Fourier Transforms (Include Initializa-
tion)
(1) Function
Forward transform

ZFCMFB or CFCMFB computes the m-fold one-dimensional complex Fourier forward transform (arbitrary
radix) for the complex data ci;(k =0,---,n—1; l=1,---,m).

n—1
dj; = Z%ze‘%ﬁ% (G=0,---,n—1;1=1,---,m)
k=0

Backward transform

ZFCMFB or CFCMFB computes the m-fold one-dimensional complex Fourier backward transform (arbi-
trary radix) for the complex data ¢, (k=0,---,n—1; I =1,---,m).

n—1
dj; = Zcme%‘/jl% (G=0,---,n—=11=1,---,m)
k=0
(2) Usage
Double precision:
CALL ZFCMFB (N, M, C, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
Single precision:
CALL CFCMFB (N, M, C, INCN, INCM, ISW, TFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 N I 1 Input | Number of transformed data values n (See Note
(a))
2 M I 1 Input | Multiplicity m
C 7 See Input | Input data c,; (See Note (b))
{C} Contents Size: INCN x (N—1)+INCM x (M —1)+1
Output | Output data d;; (See Notes (b) and (c))
4 INCN I 1 Input | The stride between each transformed datum in
storage (See Note (b))
5 INCM I 1 Input | The stride between the first elements of each
transformed data in storage (See Note (b)
6 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=-1:Backward transform
7 IFAX I 20 Output | Factorization results and number of factors (See
Note (d))
8 TRIGS D 2x N Output | Trigonometric function table (See Note (d))
i)
9 WK 7 MxN Work | Work area
)
10 IERR I 1 Output | Error indicator

(4) Restrictions
(a) N>0
M>0

(b) INCN > 0
INCM > 0

(¢) INCN > M x gem(INCN,INCM) or
INCM > N x gem(INCN, INCM)

(Where, gem(i, j) is the greatest common measure between ¢ and j.)

(d) ISW € {0,1,—1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

1000 N was equal to 1. Input data is output unchanged.
3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a)

When the number of transformed data N can be adjusted, the calculations can be performed more

efficiently by setting a number for which the mixed radix FFT algorithm operates effectively (multiples

of 2, 3, 5, etc.). For example, rather than setting N = 289(=172), it is usually more efficient to set N

= 300(=22 x 3 x 52), N = 320(=2% x 5), N = 384(=27 x 3) or the like.

The complex data ¢ (k=0,---,n—1; [ =1,---,m) and elements of array C are associated as follows.
ck1 ¢ C(1+INCN xk 4+ INCM * (1 — 1))

For example, if we let INCN=1 and INCM=n, then the associations are as follows:

Ck,1 C((k—l—l)—i—n* (1— 1))

and the data is stored so that it is packed consecutively for subscript k. If we let INCN=m and
INCM=1, then the associations are as follows:

Ck,l <> C(l—l—m*k)

and the data is stored so that it is packed consecutively for subscript [. Similarly, for the complex data
dji(j =0,---,n—1; I =1,---,m). Values in areas where the data of array C is not stored do not

change when this subroutine is called.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of
transformed data. For example, if we let the data obtained by computing the backward transform
immediately following the forward transform for the complex data ¢x (k=0,---,n—1; I =1,---,m)

be represented by ¢, ;(k =0,---,n —1; [ = 1,---,m), then the following relationship holds.
éri=mncpy (k=0,---,n—1; 1=1,---,m)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries
a normalized result is defined.

To repeatedly compute the transform for the same number of data N, you should call this subrou-

tine once, and then use the after-initialization transform 2.6.2 ZECMBE , thereafter. This enables
CFCMBF

processing to be performed more efficiently since initialization (factorization or the creation of trigono-

metric tables) is performed only once. However, in this case, you must retain the contents of arrays

ZFCMBF

CFCMBF [

To perform initialization only by setting ISW=0, you need not set input data for array C.

IFAX and TRIGS so they can be used as input to the subroutine 2.6.2
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()

(2)

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
is bandwidth limited by the frequency f., if the sampling interval is taken as T = i, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.
= sin27fo(t —iT)
h(t)=T ) h(zT)W

i=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example

See the example in Section 2.6.2 (7).
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2.6.2 [DEPRECATED|ZFCMBF, CFCMBF

(1)

Multiple One-Dimensional Complex Fourier Transforms (After Initialization)

Function

Forward transform

ZFCMBF or CFCMBF computes the m-fold one-dimensional complex Fourier forward transform (arbitrary
radix) for the complex data cg (k=0,---,n—1; I =1,---,m).

n—1
dj; = Zchlefzm/—_l% (Gj=0,---,n—1;1=1,---,m)
k=0

Backward transform
ZFCMBF or CFCMBF computes the m-fold one-dimensional complex Fourier backward transform (arbi-
trary radix) for the complex data ¢, (k=0,---,n—1; I =1,---,m).

n—1
dj. :ch’lezﬂﬁ% (G=0,--n—1;1=1,---,m)
k=0
Usage

Double precision:

CALL ZFCMBF (N, M, C, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL CFCMBF (N, M, C, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 N I 1 Input | Number of transformed data values n (See Note
(a))
2 M I 1 Input | Multiplicity m
C 7 See Input | Input data c,; (See Note (b))
{C} Contents Size: INCN x (N—1)+INCM x (M —1)+1
Output | Output data d;; (See Notes (b) and (c))
4 INCN I 1 Input | The stride between each transformed datum in
storage (See Note (b))
5 INCM I 1 Input | The stride between the first elements of each
transformed data in storage (See Note (b))
6 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=—1:Backward transform
7 IFAX I 20 Input | Factorization results and number of factors (See
Note (a))
8 TRIGS D 2x N Input | Trigonometric function table (See Note (a))
it}
9 WK 7 MxN Work | Work area
]
10 IERR I 1 Output | Error indicator

(4) Restrictions
(a) N>0
M >0

(b) INCN > 0
INCM >0

(¢) INCN > M x gem(INCN,INCM) or
INCM > N x gem(INCN, INCM)

(Where, gem(i, j) is the greatest common measure between ¢ and j.)

(d) ISW € {1, -1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input data is output unchanged.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
3030 Restriction (d) was not satisfied.
(6) Notes
(a) This subroutine can be used to repeatedly compute the transform for the same number of transformed
ZFCMFB
data N after the including-initialization subroutine 2.6.1 has been used. In this case, you
CFCMFB

must retain the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

The complex datacg; (k=0,---,n—1; I =1,---,m) and elements of array C are associated as follows.
¢k <> C(1+INCN xk+ INCM * (1 — 1))

For example, if we let INCN=1 and INCM=n, then the associations are as follows:
k1 < C(k+1)+nx(1-1))

and the data is stored so that it is packed consecutively for subscript k. If we let INCN=m and

INCM=1, then the associations are as follows:
Ck, <> C(l—l—m*k)

and the data is stored so that it is packed consecutively for subscript [. Similarly, for the complex data
dji(j =0,---,n—1; I =1,---,m). Values in areas where the data of array C is not stored do not

change when this subroutine is called.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of
transformed data. For example, if we let the data obtained by computing the backward transform
immediately following the forward transform for the complex data ¢x (k=0,---,n—1; I =1,---,m)
be represented by é,(k=0,---,n—1; [ =1,---,m), then the following relationship holds.

éri=mncpy (k=0,---,n—1; 1=1,---,m)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
is bandwidth limited by the frequency f., if the sampling interval is taken as T = ﬁ, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

bln 2w fo(t —iT)
=T Z w(t —iT)

1=—00
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(e) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(f) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the
higher performance alternative implementation instead.

(7) Example

(a) Problem
Compute the multiple one-dimensional complex Fourier transform using the following sequence of
numbers as input data.
C( 1)= (1.000, 4.000)

C( 2)= (2.000, 3.000)
C( 3)= (3.000, 2.000)
C( 4)= (4.000, 1.000)
C( 5)= (4.000, 1.000)
C( 6)= (3.000, 2.000)
C( 7)= (2.000, 3.000)
C( 8)= (1.000, 4.000)
C(10)= (1.000, 2.000)
C(11)= (1.000, 2.000)
C(12)= (2.000, 1.000)
C(13)= (2.000, 1.000)
C(14)= (2.000, 1.000)
C(15)= (2.000, 1.000)
C(16)= (1.000, 2.000)
C(17)= (1.000, 2.000)
C(19)= (1.000, 2.000)
C(20)= (1.000, 2.000)
C(21)= (1.000, 2.000)
C(22)= (1.000, 2.000)
C(23)= (2.000, 1.000)
C(24)= (2.000, 1.000)
C(25)= (2.000, 1.000)
C(26)= (2.000, 1.000)
C(28)= (1.000, 1.000)
C(29)= (1.000, 1.000)
C(30)= (1.000, 1.000)
C(31)= (1.000, 1.000)
C(32)= (1.000, 1.000)
C(33)= (1.000, 1.000)
C(34)= (1.000, 1.000)

)

C(35)= (1.000, 1.000

(b) Input data
Array C, N=8, M=4, INCN=1, INCM=9, ISW=1 (forward transform) and ISW=-—1 (backward trans-
form).

(¢) Main program
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PROGRAM AFCMBF
! *%x EXAMPLE OF ZFCMFB AND ZFCMBF %
IMPLICIT REAL(B)(A H,0-2)
PARAMETER (NN=9,MM=4)
COMPLEX (8) C(NN*MM) WK (NN*+MM)
DIMENSION IFAX(20)
DIMENSION TRIGS(2*NN)
Vkxokkx TINPUT skkx
READ(5,#*) N,M,INCN,INCM
WRITE(6,1000) N,M,INCN,INCM
DO 20 J=1,M
DO 10 I=1,N
READ(5,%) C(1+(I-1)*INCN+(J-1)+INCM)
10 CONTINUE
20 CONTINUE
WRITE(6,2000) ’REAL PART’
WRITE(6,2010) ((DBLE(C(1+(I-1)*INCN+(J-1)*INCM)),I=1,N),J=1,M)
WRITE(6,2000) ’IMAGINARY PART’
WRITE(6,2010) ((DIMAG(C(1+(I-1)*INCN+(J-1)*INCM)),I=1,N),J=1,M)
30 CONTINUE
Vkxokkx QUTPUT kkxk
WRITE(6,1010)
Pxkkk FORWARD TRANSFORM kkx
ISW =1
CALL ZFCMFB(N,M,C,INCN,INCM,ISW,IFAX,TRIGS,WK,IERR)
Piokkk NORMALIZATION kkkk
DO 50 J=1,M
DO 40 I=1,N
C(1+(I-1)*INCN+(J-1)*INCM)=¢&
C(1+(I-1)*INCN+(J-1)*INCM)/DBLE(N)
40 CONTINUE
50 CONTINUE
WRITE(6,1020) IERR
WRITE(6,2000) ’REAL PART’
WRITE(6,2010) ((DBLE(C(1+(I 1) *INCN+(J-1)*INCM)),I=1,N),J=1,M)
WRITE(6,2000) ’IMAGINARY PART’
WRITE(6,2010) ((DIMAG(C(1+(I-1)*INCN+(J-1)*INCM)),I=1,N),J=1,M)
Pxkkk BACKWARD TRANSFORM
ISW = -
CALL ZFCMBF(N,M,C,INCN,INCM,ISW,IFAX,TRIGS,WK,IERR)
WRITE(6,1030) IERR
WRITE(6,2000) ’REAL PART’
WRITE(6,2010) ((DBLE(C(1+(I-1)*INCN+(J-1)*INCM)),I=1,N),J=1,M)
WRITE(6,2000) >IMAGINARY PART’
WRITE(6,2010) ((DIMAG(C(1+(I-1)*INCN+(J-1)*INCM)),I=1,N),J=1,M)
STOP
Ikxkxk FORMAT *kkx
1000 FORMAT(1X,’*** ZFCMFB AND ZFCMBF *x*x’,/,/.&
1X,’ **x INPUT **’,é,/,&
) I J

1X,° N ,I3, M
1X,’ INCN = °,I3,” INCM
1010 FORMAT(lX /,&
OUTPUT *%’

? k% ,/)
1020 FORMAT(lX > ( FORWARD TRANSFORM ), /,/ %

= 4 /)
1030 FORMAT(lX > ( BACKWARD " TRANSFORM ), /7%
1X, IERR = ’, I4,/)
2000 FORMAT(1X,4X,A)
2010 FORMAT(1X,4X,8F8.4,/)
END

(d) Output results

&

’ ,/,
’,13,/)

*%x ZFCMFB AND ZFCMBF %

** INPUT *x*
N= 8 M= 4
INCN = 1 INCM = 9
REAL PART
1.0000 2.0000 3.0000 4.0000 4.0000 3.0000 2.0000 1.0000
1.0000 1.0000 2.0000 2.0000 2.0000 2.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 2.0000 2.0000 2.0000 2.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
IMAGINARY PART
4.0000 3.0000 2.0000 1.0000 1.0000 2.0000 3.0000 4.0000
2.0000 2.0000 1.0000 1.0000 1.0000 1.0000 2.0000 2.0000
2.0000 2.0000 2.0000 2.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
*x QUTPUT **
( FORWARD TRANSFORM )
IERR = 0
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REAL PART
2.5000 -1.0303 0.0000 -0.0732 0.0000 0.0303 0.0000 -0.4268
1.5000 -0.4268 0.0000 0.1768 0.0000 -0.0732 0.0000 -0.1768
1.5000 0.1768 0.0000 -0.0732 0.0000 -0.1768 0.0000 -0.4268
1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

IMAGINARY PART
2.5000 0.4268 0.0000 -0.0303 0.0000 0.0732 0.0000 1.0303
1.5000 0.1768 0.0000 0.0732 0.0000 -0.1768 0.0000 0.4268
1.5000 0.4268 0.0000 0.1768 0.0000 0.0732 0.0000 -0.1768
1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

( BACKWARD TRANSFORM )

IERR = 0

REAL PART
1.0000 2.0000 3.0000 4.0000 4.0000 3.0000 2.0000 1.0000
1.0000 1.0000 2.0000 2.0000 2.0000 2.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 2.0000 2.0000 2.0000 2.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

IMAGINARY PART
4.0000 3.0000 2.0000 1.0000 1.0000 2.0000 3.0000 4.0000
2.0000 2.0000 1.0000 1.0000 1.0000 1.0000 2.0000 2.0000
2.0000 2.0000 2.0000 2.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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FORM

2.7.1 [DEPRECATED|DFRMFB, RFRMFB

(1)

Multiple One-Dimensional Real Fourier Transforms (Including Initialization)

Function

Forward transform

DFRMFB or RFRMFB obtains a half period of the m-fold one-dimensional Fourier forward transform
(arbitrary radix) for the real data r;(k=0,---,n—1; I=1,---,m).

n—1

—omy/—T12E . n
Cj,l:ZTk,IQZ\/_l" (J:077L§J;l:177m)
k=0

Here, |x] represents the maximum integer that does not exceed z. The remaining half period is obtained

from the following relationship.

szj,l =Gyl
Here, z* represents the conjugate complex number of the complex number z.
Backward transform
Given the half period c;;(j = 0,---,[%]; { = 1,---,m) for n complex data groups c;;(j = 0,---,n —
L; 1=1,---,m) satisfying ¢}, _;, = ¢;;, DFRMFB or RFRMFB obtains the m-fold one-dimensional Fourier

backward transform (arbitrary radix) defined as follows.

n—1
k
I — Z Cj7l€2ﬁﬁj7
7=0
[31-1 N
A o/ =Tk
=co1+ (71)]60% 1+ 2 Z m{Cj’ZBQ v-1& }
j=1
ik ik ik
=co; + (—1)’“5%,1 +2 {%{cj,l} COS(QW;) — 3¢} sin(2ﬂ'g)
j=1

(k=0,---,;n—1;1=1,---,m)

Here, [2] represents the minimum integer greater than or equal to x, and R{z} and I{z} represent the real
and imaginary parts of the complex number z, respectively. Also, when n is odd, ¢z =0, and when n is

even, 072_1,1 = C;—l,l-

Usage
Double precision:

CALL DFRMFB (N, M, R, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFRMFB (N, M, R, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 N I 1 Input | Number of transformed data values n (See Note
(a))
2 M I 1 Input | Multiplicity m
3 R D See Input | Input data rp; (Forward transform) or c;;
{R} Contents (Backward transform) (See Note (b)).
Size:
INCN x (N) + INCM x (M —1) 4+ 1,
where N is an odd, or
INCN x (N+1)+INCM x (M —1)+1,
where N is an even.
Output | Output results ¢;; (Forward transform), or ry
(Backward transform) (See Notes (b) and (c))
4 INCN I 1 Input | The stride between each transformed datum in
storage (See Note (b))
5 INCM I 1 Input | The stride between the first elements of each
transformed data in storage (See Note (b))
6 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=—1:Backward transform
7 IFAX I 20 Output | Factorization results and number of factors (See
Note (d))
8 TRIGS D N Output | Trigonometric function table (See Note (d))
it
9 WK D See Work | Work area
{R} Contents Size:
(N+1)xM, where N is an odd, or
(N+2)xM, where N is an even.
10 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) N>0

(b)

M>0

INCN >0
INCM >0

(¢) INCN > M x gem(INCN, INCM) or:

(d)

In the case where N is an odd:

INCM > (N 4+ 1) x gem(INCN, INCM)
or if N is an even:

INCM > (N 4 2) x gem(INCN, INCM)

(where gem(i, ) is the greatest common measure between 7 and j.)

ISW € {0,1, -1}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input-time contents are output un-
changed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a)

When the number of data N can be adjusted, the calculations can be performed more efficiently by
setting a number for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3,
5, etc.). For example, rather than setting N = 289(=172), it is usually more efficient to set N =
300(=2% x 3 x 52), N = 320(=2% x 5), N = 384(=27 x 3) or the like.

The real data ri;(k=0,---,n—1; I =1,---,m) and elements of array R are associated as follows.
T <> R(1 4+ INCN sk +INCM * (1 - 1))

For example, if we let INCN=1 and INCM=n, then the associations are as follows:
e <> R((k+1)+n=*(1—-1))

and the data is stored so that it is packed consecutively for subscript k. If we let INCN=m and

INCM=1, then the associations are as follows:
Tkl < R(l + m * k)

and the data is stored so that it is packed consecutively for subscript I. When computing the backward
transform, if N(=n) is odd, then R(1 + INCN % N + INCM * (1 — 1)) = 0, and when N is even, then
R(1+INCN N+ INCM (1 —1)) = R(1 + INCN % (N + 1) + INCM x (1 — 1)) = 0. If we let the
real and imaginary parts of the complex data c;; (j = 0,---,[%]; I = 1,---,m) be R{c;;} and
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${cj,1}, respectively, the ¢;; and elements of array R are associated as follows. Here, |x] represents

the maximum integer that does not exceed x.

R{c;;} < R(1+INCN x (2j) + INCM x (1— 1))
3¢} © R(I+INCN#(2j+ 1) + INCM « (1 — 1))

From the properties of a real Fourier transform, when N is odd, ${cp;} = 0, and when N is even,
${co,i} = S{cz, i} = 0. Therefore, even if nonzero values are set for the corresponding elements of
array R, they are considered to be zero when processing is performed. Since the elements ¢;; (j =
|5] +1,---,n—1; I = 1,---,m) can be obtained according to the following relationship from the
symmetry of the real Fourier transform, they need not be assigned as input when computing the

backward transform. Also, they are not output when computing the forward transform.

*

Cn—j,l = Cg,l

Here, z* represents the conjugate complex number of the complex number z.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of
transformed data. For example, if we let the data obtained by computing the backward transform
immediately following the forward transform for the real data ry;(k =0,---,n—1; I =1,---,m) be

represented by 74 (k =0,---,n—1; I =1,---,m), then the following relationship holds.
’fk,l = NTk,1 (k:(),...’n—l; | = 1,...,m)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

To repeatedly compute the transform for the same number of data N, you should call this subrou-

tine once, and then use the after-initialization transform 2.7.2 DFRMBF , thereafter. This enables
RFRMBF

processing to be performed more efficiently since initialization (factorization or the creation of trigono-

metric tables) is performed only once. However, in this case, you must retain the contents of arrays

DFRMBF

RFRMBEF [

To perform initialization only by setting ISW=0, you need not set input data for array R.

IFAX and TRIGS so they can be used as input to the subroutine 2.7.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
i, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

hy=7TY h(iT)—Sin?(th C_(tiT)iT)

is bandwidth limited by the frequency f., if the sampling interval is taken as T =

1=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.
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(7) Example
See the example in Section 2.7.2 (7).
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2.7.2 [DEPRECATED|DFRMBF, RFRMBF

(1)

Multiple One-Dimensional Real Fourier Transforms (After Initialization)

Function

Forward transform

DFRMBF or RFRMBF obtains a half period of the m-fold one-dimensional Fourier forward transform
(arbitrary radix) for the real data r;(k=0,---,n—1; I =1,---,m).

n—1

. '
cjl = E ’r‘k7167271'\/71]7 <]:0’7|_ J; l:L’m)
k=0

Here, |x] represents the maximum integer that does not exceed z. The remaining half period is obtained
from the following relationship.

* —_ .
Cnfj,l = G5l

Here, z* represents the conjugate complex number of the complex number z.

Backward transform

Given the half period ¢;;(j = 0,---,[5]; I = 1,---,m) for n complex data groups c;;(j = 0,---,n —
1; 1=1,---,m) satisfying Cp—ji = ¢, DFRMBF or RFRMBF obtains the m-fold one-dimensional Fourier

backward transform (arbitrary radix) defined as follows.

n—1 .
/=11
e =) ¢t

J=0

i
=co + (—l)kég,l +2 Z R{c; 2™V

ik ik
=co, + (—1)’“63,1 +2 [%{CN} cos(27r%) — ¢} sin(27r%)
(k=0,---n—1;1=1,---,m)

Here, [2] represents the minimum integer greater than or equal to x, and R{z} and I{z} represent the real
and imaginary parts of the complex number z, respectively. Also, when n is odd, ¢z ; = 0, and when n is

even, 072_1,1 = c%l.

Usage
Double precision:

CALL DFRMBF (N, M, R, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFRMBF (N, M, R, INCN, INCM, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 N I 1 Input | Number of transformed data values n (See Note
()
2 M I 1 Input | Multiplicity m
R D See Input | Input data r; (Forward transform) or c¢;,
{R} Contents (Backward transform) (See Note (b)).
Size:
INCN x (N) + INCM x (M —1) + 1,
where N is an odd, or
INCN x (N+1)+INCM x (M —1)+1,
where N is an even.
Output | Output results ¢;; (Forward transform), or 7
(Backward transform) (See Notes (b) and (c))
4 INCN I 1 Input | The stride between each transformed datum in
storage (See Note (b))
5 INCM I 1 Input | The stride between the first elements of each
transformed data in storage (See Note (b))
6 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=—1:Backward transform
7 IFAX I 20 Input | Factorization results and number of factors (See
Note (a))
8 TRIGS D N Input | Trigonometric function table (See Note (a))
it
9 WK D See Work | Work area
{R} Contents Size:
(N+1)xM, where N is an odd, or
(N+2)xM, where N is an even.
10 IERR I 1 Output | Error indicator
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(4) Restrictions

(a)

(b)

()

(d)

N>0
M>0

INCN >0
INCM >0

INCN > M x gem(INCN,INCM) or:
In the case where N is an odd:

INCM > (N 4+ 1) x gem(INCN, INCM)
or if N is an even:

INCM > (N 4 2) x gem(INCN, INCM)

(where gem(i, j) is the greatest common measure between ¢ and j.)

ISW € {1, -1}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 N was equal to 1. Input-time contents are output un-
changed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
3030 Restriction (d) was not satisfied.
(6) Notes
(a) This subroutine can be used to repeatedly compute the transform for the same number of transformed
DFRMFB
data N after the including-initialization subroutine 2.7.1 has been used. In this case, you
RFRMFB

must retain the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

The real data 1 ;(k =0,---,n—1; Il =1,---,m) and elements of array R are associated as follows.
ri1 <> R(1 +INCN xk + INCM x (1 — 1))

For example, if we let INCN=1 and INCM=n, then the associations are as follows:
el < R((k+1)+n=*(1-1))

and the data is stored so that it is packed consecutively for subscript k. If we let INCN=m and
INCM=1, then the associations are as follows:

Tk & R(l—i—m*k)

and the data is stored so that it is packed consecutively for subscript I. When computing the backward
transform, if N(=n) is odd, then R(1 + INCN %« N + INCM % (1 — 1)) = 0, and when N is even, then
R(1+INCN+«N+INCMx* (1—1)) = R(1+INCN* (N+ 1)+ INCM * (1 —1)) = 0. If we let the

real and imaginary parts of the complex data c;; (j = 0,---,[%]; I = 1,---,m) be R{c;;} and
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${cj,1}, respectively, the ¢;; and elements of array R are associated as follows. Here, |x] represents

the maximum integer that does not exceed x.

R{c;i} < R(1+INCN=x(2j)+INCM=*(1—-1))
3{cji} © R(1+INON*(2j+ 1)+ INCM  (1— 1))

From the properties of a real Fourier transform, when N is odd, ${cg;} = 0, and when N is even,
${co,i} = S{cz i} = 0. Therefore, even if nonzero values are set for the corresponding elements of
array R, they are considered to be zero when processing is performed. Since the elements ¢;; (j =
|3/ +1,---,n—=1; I = 1,---,m) can be obtained according to the following relationship from the
symmetry of the real Fourier transform, they need not be assigned as input when computing the

backward transform. Also, they are not output when computing the forward transform.

_ *
Cn—j,l = Cj

Here, z* represents the conjugate complex number of the complex number z.

(¢c) When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of
transformed data. For example, if we let the data obtained by computing the backward transform
immediately following the forward transform for the real data r;(k =0,---,n—1; [ =1,---,m) be

represented by 7y (k =0,---,n—1; [ =1,---,m), then the following relationship holds.
fk,l = Nri, (k:(),...7n71; | = 1,"',m)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

(d) Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n) as the period, the number
of samples or sampling interval must be set with this taken into account when sampling to approximate
the continuous Fourier transform. According to the sampling theorem, for a time function h(t) that
is bandwidth limited by the frequency f., if the sampling interval is taken as T = ﬁ, then h(t) can
be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

= sin27fo(t —iT)
h(t)=T Y h(zT)—w(t T

1=—00
(e) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without

OpenMP.
(f) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.
(7) Example

(a) Problem
Compute the multiple one-dimensional real Fourier forward and backward transforms using the follow-
ing sequence of numbers as input data.
R( 1)=1.000 R( 2)=2.000 R( 3)= 3.000 R( 4)= 4.000
R( 5)=5.000 R( 6)=6.000 R( 7)= 7.000 R( 8)= 8.000
R(13)=1.000 R(14)= 1.000 R(15)= 2.000 R(16)= 2.000
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R(17)= 3.000 R(18)= 3.000 R(19)= 4.000 R(20)= 4.000
R(25)= 1.000 R(26)=1.000 R(27)= 1.000 R(28)= 1.000
R(29)= 2.000 R(30)=2.000 R(31)= 2.000 R(32)= 2.000
R(37)= 1.000 R(38)=1.000 R(39)= 1.000 R(40)= 1.000
R(41)= 1.000 R(42)= 1.000 R(43)= 1.000 R(44)= 1.000

(b) Input data

Array R, N=8, M=4, INCN=1, INCM=12, ISW=1(Forward transform) and ISW=—

transform).
(¢) Main program

PROGRAM BFRMBF
! xxx EXAMPLE OF DFRMFB AND DFRMBF ***
IMPLICIT REAL(8)(A-H,0-Z)
PARAMETER (NN=12,MM=4)
DIMENSION R(NN*MM),TRIGS(NN) ,WK(NN*MM)
DIMENSION IFAX(20)
Vkxokkx TNPUT skkx
READ(5,*) N,M,INCN,INCM
WRITE(6,1000) N,M,INCN,INCM

READ(S *) R(1+(I-1)*INCN+(J-1)*INCM)
10  CONTINUI
20 CONTINUE
WRITE(6,2000) ’REAL PART’
WRITE(6,2010) ((R(1+(I-1)*INCN+(J-1)*INCM),I=1,N),J=1,M)
30 CONTINUE
Ikkxx QUTPUT *%kkx
WRITE(6,1010)
Vskkx FORWARD TRANSFORM ok
ISW = 1
CALL DFRMFB(N,M,R,INCN,INCM,ISW,IFAX,TRIGS,WK,IERR)
Vkokkk NORMALIZATION sk
DO 50 J=1,M
DO 40 I=1,N
R(1+(I- 1)*INCN+(J 1) *INCM) =&
R(1+(I-1)*INCN+(J- 1)*INCM)/DBLE(N)
40  CONTINUE
50 CONTINUE
WRITE(6,1020) IERR
WRITE(6,2000) ’REAL PART’
WRITE(6,2020) ((R(1+(2%I-2)+*INCN+(J-1)*INCM),&
I=1, (N+2)/2),J=1,M)
WRITE(6,2000) ’IMAGINARY PART’
WRITE(6,2020) ((R(1+(2%I-1)*INCN+(J-1)*INCM),&
I=1, (N+2)/2),J=1,M)
Ikkkkx BACKWARD TRANSFORM sk
ISW = -1
CALL DFRMBF(N,M,R,INCN,INCM,ISW,IFAX,TRIGS,WK,IERR)
WRITE(6,1030) IERR
WRITE(6,2000) ’REAL PART’
WRITE(6,2010) ((R(1+(I-1)*INCN+(J-1)*INCM),I=1,N),J=1,M)
STOP

Uxkkx FORMAT kkkx
1000 FORMAT(1X,’>*** DFRMFB AND DFRMBF **x*’,/,/.,&
1X,? =% INPUT ** N
1X,? N 13,° M ’,13,/,&
1X,”° INCN 13 ’ INCM ’,13,/)
1010 FORMAT(1X,/,&
1X,? *x QUTPUT #*x’,/)
1020 FORMAT(1X,’ ( FORWARD TRANSFORM )’,/,/,&
1X,° IERR = ’, I4,/)
1030 FORMAT(1X,’> ( BACKWARD TRANSFORM ), /.7,
1X,? IERR = /)

2000 FORMAT(1X,4X,A) T
2010 FORMAT(1X,4X,8F8.4,/)
2020 FORMAT(1X,4X.5F8.4./)
END

(d) Output results

*%*% DFRMFB AND DFRMBF *x**
** INPUT *x*

4
12

N M
INCN 1 INCM

EAL PART
1.0000 2.0000 3.0000 4.0000 5.0000 6.0000 7.0000 8.0000

1.0000 1.0000 2.0000 2.0000 3.0000 3.0000 4.0000 4.0000
1.0000 1.0000 1.0000 1.0000 2.0000 2.0000 2.0000 2.0000
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1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

#% QUTPUT *x
( FORWARD TRANSFORM )

IERR = 0

REAL PART
4.5000 -0.5000 -0.5000 -0.5000 -0.5000
2.5000 -0.2500 -0.2500 -0.2500 0.0000
1.5000 -0.1250 0.0000 -0.1250 0.0000
1.0000 0.0000 0.0000 0.0000 0.0000

IMAGINARY PART
0.0000 1.2071 0.5000 0.2071 0.0000
0.0000 0.6036 0.2500 0.1036 0.0000
0.0000 0.3018 0.0000 0.0518 0.0000
0.0000 -0.0000 0.0000 0.0000 0.0000

( BACKWARD TRANSFORM )

IERR = 0

REAL PART
1.0000 2.0000 3.0000 4.0000 5.0000 6.0000 7.0000 8.0000
1.0000 1.0000 2.0000 2.0000 3.0000 3.0000 4.0000 4.0000
1.0000 1.0000 1.0000 1.0000 2.0000 2.0000 2.0000 2.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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2.8 TWO-DIMENSIONAL COMPLEX FOURIER TRANSFORM

(REAL ARGUMENT TYPE)

2.8.1 [DEPRECATED|DFC2FB, RFC2FB

(1)

Two-Dimensional Complex Fourier Transform (Including Initialization)

Function
Forward transform
DFC2FB or RFC2FB computes the two-dimensional complex Fourier forward transform (arbitrary radix)

for the two-dimensional complex data cy, k, (ky =0,---,ny —1; ky=0,---,n, —1).

ng—1mny—1

o/ (dzke 4 Jyky . )
Z chz,k'ye /=1 ng +ny) (.]x:()v?nI*]-a jy:()v?nyi]‘)

dj, 3, =
kw=0 ky=0

Backward transform
DFC2FB or RFC2FB computes the two-dimensional complex Fourier backward transform (arbitrary radix)

for the two-dimensional complex data cy, k, (ky =0,---,ny —1; ky=0,---,n, —1).

ny—1ny—1 jak Jyky
2my/—1(dz e 4 U V) . L.
dja:ajy = § § Ckz,kye e "y (]I:OW"?nI*]—a jy:()v?nyi]‘)
k=0 ky,=0

Usage
Double precision:

CALL DFC2FB (NX, NY, CR, CI, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFC2FB (NX, NY, CR, CI, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 CR D LX,LY Input | Real part of input data c, r, (See Note (b))
{ R} Output | Real part of output data dj, ;, (See Notes (b)
and (c))
4 CI D LX,LY Input | Imaginary part of input data c, &, (See Note
{R} (b))
Output | Imaginary part of output results dj, ;, (See
Notes (b) and (c))
5 LX I 1 Input | Adjustable dimension of array CR and CI (See
Note (b))
6 LY I 1 Input | Second dimension of array CR and CI (See Note
(b))
7 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=—1:Backward transform
8 IFAX I 40 Output | Factorization results and number of factors (See
Note (d))
9 TRIGS D 2 x (NX +| Output | Trigonometric function table (See Note (d))
B
10 WK D 2x LX x LY| Work | Work area
it}
11 IERR I 1 Output | Error indicator

(4) Restrictions
(a) NX >1
NY >1

(b) NX < LX
NY < LY

(c) ISW € {0,1, -1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes

(a)

When the number of data NX or NY can be adjusted, the calculations can be performed more efficiently
by setting a number for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3,
5, etc.). For example, rather than setting NX = 289(=17?), it is usually more efficient to set NX =
300 (=22 x 3 x 52), NX = 320(=2°% x 5), NX = 384(=27 x 3) or the like.

If we let the real and imaginary parts of the complex data cy, &, (kz = 0,---,ny—1; ky =0,---,ny —1)
be R{cy, r,} and 3{ck, r,}, respectively, the c, r, and elements of arrays CR and CI are associated
as follows.

R{ck, k,} < CR(kg+ 1k, +1)

%{Ckz,ky} A d Cl(kx+1,ky+1)

Similarly, for the complex data dj, j, (jo =0, ,nz — 1; jy, =0,---,ny —1).

The adjustable dimensions LX and LY of arrays CR and CI should be set to odd numbers to
avoid bank conflict of main memory. Usually, when NX, for example, is even, LX=NX+1
is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data cy, r,(kz = 0,---,n,—1; ky = 0,---,n, —1) be represented
by ¢k, k, (kz =0,---,ny —1; ky =0,---,n, — 1), then the following relationship holds.

ék:»ky = NaNyCl, K, (km =0, ,ng — 1 ky =0,---,ny — 1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

To repeatedly compute the transform for the same number of data (NX, NY), you should call this
DFC2BF
subroutine once, and then use the after-initialization transform 2.8.2 , thereafter. This
RFC2BF
enables processing to be performed more efficiently since initialization (factorization or the creation of
trigonometric tables) is performed only once. However, in this case, you must retain the contents of
DFC2BF

RFC2BF |
To perform initialization only by setting ISW=0, you need not set input data for arrays CR and CI.

arrays IFAX and TRIGS so they can be used as input to the subroutine 2.8.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n,) as the period,

the number of samples or sampling interval must be set with this taken into account when sampling
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to approximate the continuous Fourier transform. According to the sampling theorem, for a time
function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' = #,

then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

hy=TY h(z’T)—Smig AZ;;T)

i=—00

(f) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(g) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example
See the example in Section 2.8.2 (7).
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2.8.2 [DEPRECATED|DFC2BF, RFC2BF

(1)

Two-Dimensional Complex Fourier Transform (After Initialization)

Function
Forward transform
DFC2BF or RFC2BF computes the two-dimensional complex Fourier forward transform (arbitrary radix)

for the two-dimensional complex data cy, k, (ky =0,---,ny —1; ky=0,---,n, —1).

Ng—1ny—1

Z —2my/—T(dzke  Jubyy )
djamjy = § : Ckumkye e "y (]LE :Oavnm_lv Jy :Oavny_l)
ke=0 ky,=0

Backward transform
DFC2BF or RFC2BF computes the two-dimensional complex Fourier backward transform (arbitrary radix)

for the two-dimensional complex data cy, &, (ke = 0,---,nz — 15 by, =0,---,ny — 1).

Ng—1ny—1

% VI 1) ,
dj(t7jy: Ckumkye v Y (]wzoavnm_lv ]y:()a?ny_l)
ke=0 ky,=0

Usage
Double precision:

CALL DFC2BF (NX, NY, CR, CI, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFC2BF (NX, NY, CR, CI, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 CR D LX,LY Input | Real part of input data c, r, (See Note (b))
{ R} Output | Real part of output data dj, ;, (See Notes (b)
and (c))
4 CI D LX,LY Input | Imaginary part of input data c, &, (See Note
{R} (b))
Output | Imaginary part of output results dj, ;, (See
Notes (b) and (c))
5 LX I 1 Input | Adjustable dimension of array CR and CI (See
Note (b))
6 LY I 1 Input | Second dimension of array CR and CI (See Note
(b))
7 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=—1:Backward transform
8 IFAX I 40 Input | Factorization results and number of factors (See
Note (a))
9 TRIGS D 2 x (NX +| Input | Trigonometric function table (See Note (a))
Bl
10 WK D 2x LX x LY| Work | Work area
)
11 IERR I 1 Output | Error indicator

(4) Restrictions
(a) NX > 1
NY >1

(b) NX < LX
NY < LY

(c) ISW € {1, -1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes

(a)

This subroutine can be used to repeatedly compute the transform for the same number of data (NX,

DFC2FB
NY) after the including-initialization subroutine 2.8.1 RFC2FB has been used. In this case, you

must retain the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

If we let the real and imaginary parts of the complex data cx, , (ky =0,---,ny—1; by =0,---,n,—1)
be R{ck, x,} and I{ck, k, }, respectively, the ck, , and elements of arrays CR and CI are associated
as follows.

R{cr, k) < CR(ke+1,ky+1)

%{Ckz,ky} A d CI(kX + ]., ky + ].)

Similarly, for the complex data dj, j, (jo =0, -+, nz — 15 jy, =0,---,ny — 1).

The adjustable dimensions LX and LY of arrays CR and CI should be set to odd numbers to
avoid bank conflict of main memory. Usually, when NX, for example, is even, LX=NX+1
is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data cy, &, (kz = 0,---,nz—1; ky =0,---,n, —1) be represented

by ¢k, k, (kz =0,---,ny —1; ky =0,---,ny — 1), then the following relationship holds.
ékx,ky = NgNyCh, k, (km =0,---,n, — 1; ky =0,-- S My — 1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries
a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling
to approximate the continuous Fourier transform. According to the sampling theorem, for a time
function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' = i,
then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT")} as follows.

M =7y h(iT)%

1=—0Q

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.
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(f) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example

(a) Problem

Compute the two-dimensional complex Fourier forward and backward transforms using

Cha by = (ko +1) + (ky +1) + gtk + Dy +1)

NNy

(ky =0, 0y —1; ky=0,---,n, — 1)
as input data.

(b) Input data

Array CR and CI, NX=5, NY=4, LX=5, LY=5, ISW=1 (forward transform) and ISW=—

transform).
(¢) Main program

PROGRAM BFC2BF

! x%% EXAMPLE OF DFC2FB AND DFC2BF s*x*
PARAMETER (NX=5,NY=4,LX=5,LY=5)
REAL(8) CR(LX,LY),CI(LX,LY)
REAL(8) TRIGS(2*(NX+NY)) ,WK(2*LX*LY)
INTEGER IFAX(40)

Ikkxx TNPUT sk
DO 20 J=1,NY

DO 10 I=1,NX
CR(I,J) DBLE(I+J)
CI(I,J)= DBLE(I*J)/(NX*NY)
10  CONTINUE
20 CONTINUE

WRITE(6,1000)
WRITE(6,1010) NX,NY,LX,LY
WRITE(6,1020)
WRITE(6,1030) ((CR(I,J),CI(I,J),J=1,NY),I=1,NX)

Vkxokkx QUTPUT kkxk
WRITE(6,1040)

sxkk INITIALIZATION + FORWARD TRANSFORM sk
I

CALL DFC2FB(NX,NY,CR,CI,LX,LY,ISW,IFAX,TRIGS,WK,IERR)

Dkkkk NORMALIZATION sk
DO 40 J=1,NY
DO 30 I=1,NX
CR(I,J)=CR(I,J)/DBLE(NX*NY)
CI(I,J)=CI(I,J)/DBLE(NX*NY)
30 CONTINUE
40 CONTINUE
WRITE(6,1050) IERR
WRITE(6,1020)
WRITE(6,1030) ((CR(I,J),CI(I,J),J=1,NY),I=1,NX)
Ikkkkx BACKWARD TRANSFORM sk
ISW=-1

CALL DFC2BF(NX,NY,CR,CI,LX,LY,ISW,IFAX,TRIGS,WK,IERR)
IERR

WRITE(6, 1060)
WRITE(6,1020)
WRITE(6, 1030) ((CR(1,J),CI(I,J),J=1,NY),I=1,NX)
STOP
1 skskk ok FORMAT k% kk
1000 FORMAT (1X,’#%* DFC2FB AND DFC2BF *x*’,/,/.&
1X,? ** INPUT *x’,/)
1010 FORMAT(lX ) NX =2,I3,° NY =,I3,/,&
LX =213, LY =.I3./3
1020 FORMAT(lX > ( CR(IX,IY) , CI(IX IY) )7
1030 FORMAT(4(ix,’ (’,F6.3,”,’ 3,70
1040 FORMAT(/,1X,> #* QUTPUT **’)
1050 FORMAT(/,1X,’ ( FORWARD TRANSFORM )’,/,&

,1X,? IERR =’,I14,/)
1060 FORMAT(/,1X,’ ( BACKWARD TRANSFORM )’,/,&
/1%, IERR =’,14,/)

END
(d) Output results

*x*% DFC2FB AND DFC2BF *x*x*

** INPUT *x*
NX = 6 DNY= 4
LX = 5 LY = 5

( CR(IX,IY) , CI(IX,IY) )
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*x

2.000, 0.050)
3.000, 0.100)
4.000, 0.150)
5.000, 0.200)
6.000, 0.250)

OUTPUT **

3.000,
4.000,

6.000,
7.000,

AAAAA

( FORWARD TRANSFORM )

(
(
(_
(_
(_
(_
(

IERR = O
CR(IX,IY) , CI(IX,IY) )

5.500, 0.375)  (~0.575, 0
0.586, 0.626) ( 0.030,-0
0.520, 0.100) ( 0.017, O.
0.480,-0.225)  ( 0.008, 0
0.414,-0.751)  (-0.005, 0

BACKWARD TRANSFORM )

IERR = O
CR(IX,IY) , CI(IX,IY) )

2.000, 0.050)  ( 3.000, 0
3.000, 0.100)  ( 4.000, 0
4.000, 0.150) ( 5.000, O
5.000, 0.200) ( 6.000, 0
6.000, 0.250) ( 7.000, O

0
0
5.000, O.
0
0

.100)
.200)

300)

.400)
.500)

.425)
.005)

008)

.017)
.030)

.100)
.200)
.300)
.400)
.500)

AAAAA
00 ~NO U

AAAAA
00 ~NO U1

.500,-0
017, 0
004, 0.

, 0
017, 0

.000,

.000,
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.150)
.300)
.450)
.600)
.750)

.075)
.013)

012)

.012)
.013)

.150)
.300)
.450)
.600)
.750)

AAAAA
oo~ O

AAAAA
WO~ O

.425,
.005,
.008,

-030,

.000,

.000,

.200)
.400)
.600)
.800)
.000)

.575)
.030)
.017)
.008)
.005)

.200)
.400)
.600)
.800)
.000)



2.9 TWO-DIMENSIONAL COMPLEX FOURIER TRANSFORM

(COMPLEX ARGUMENT TYPE)

2.9.1 [DEPRECATED]|ZFC2FB, CFC2FB

(1)

Two-Dimensional Complex Fourier Transform (Including Initialization)

Function
Forward transform
ZFC2FB or CFC2FB computes the two-dimensional complex Fourier forward transform (arbitrary radix)

for the two-dimensional complex data c, k, (ky =0,---,ny —1; ky=0,---,n, —1).

Np—1ny—1

_Qﬂ.\/jl(mkx +Jy y) . .
djzjy = E E Ckz,kye e v (]I :0,,7'Lx*1, ]y:(),,’ﬂy*].)
ky=0 ky=0

Backward transform
ZFC2FB or CFC2FB computes the two-dimensional complex Fourier backward transform (arbitrary radix)

for the two-dimensional complex data c, k, (ky =0,---,ny —1; ky=0,---,n, —1).

e —1ny 1 Jeke | Jyky
2m/—1( e ) . .
djzjy = E E Ckz,kye e "y (]z :0,,7'Lx*1, Jy:()aanyfl)
ko =0 ky=0

Usage
Double precision:

CALL ZFC2FB (NX, NY, C, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL CFC2FB (NX, NY, C, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 C 7 LX,LY Input | Input data c, , (See Note (b))
C Output | Output results d;, ;, (See Notes (b) and (c))
4 LX I 1 Input | Adjustable dimension of array C (See Note (b))
5 LY I 1 Input | Second dimension of array C (See Note (b))
6 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0:Initialization only
ISW= 1:Forward transform
ISW=-1:Backward transform
7 IFAX I 40 Output | Factorization results and number of factors (See
Note (d))
8 TRIGS D 2 x (NX +| Output | Trigonometric function table (See Note (d))
R[ | NY)
9 WK 7 LX x LY Work | Work area
C
10 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NX > 1
NY >1
(b) NX < LX
NY <LY
(c) ISW € {0,1,—1}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
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(6) Notes

(a)

When the number of data NX or NY can be adjusted, the calculations can be performed more efficiently
by setting a number for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3,
5, etc.). For example, rather than setting NX = 289(=17?), it is usually more efficient to set NX =
300 (=2% x 3 x 52), NX = 320(=2° x 5), NX = 384(=27 x 3) or the like.

The complex data c, , (ke =0,--+,n;—1; ky =0,---,n, —1) and elements of array C are associated

as follows.
Ckz,ky < C(kx+1,ky+1)

Similarly, for the complex data dj, j, (jo =0, -+, nz — 15 j, = 0,---,n, — 1).
The adjustable dimensions LX and LY of array C should be set to odd numbers to avoid

bank conflict of main memory. Usually, when NX, for example, is even, LX=NX+1 is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data cy, &, (ke = 0,--+,n;—1; ky = 0,---,n, —1) be represented

by éx, k,(kz =0,---,ny —1; ky, =0,---,n, — 1), then the following relationship holds.
ékz’ky = NgNyCk, k, (kib = 07 oy Ny — ]-7 ky = 07 ey Ny — 1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

To repeatedly compute the transform for the same number of data (NX, NY), you should call this
ZFC2BF
CFC2BF
enables processing to be performed more efficiently since initialization (factorization or the creation of

subroutine once, and then use the after-initialization transform 2.9.2 { }, thereafter. This

trigonometric tables) is performed only once. However, in this case, you must retain the contents of
ZFC2BF}

CFC2BF
To perform initialization only by setting ISW=0, you need not set input data for array C.

arrays IFAX and TRIGS so they can be used as input to the subroutine 2.9.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling

to approximate the continuous Fourier transform. According to the sampling theorem, for a time
1

m )

then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

hy=TY h(iT)—Sin?(Tg ‘:_(ZT)iT)

function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' =

1=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the
higher performance alternative implementation instead.
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(7) Example
See the example in Section 2.9.2 (7).
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2.9.2 [DEPRECATED]|ZFC2BF, CFC2BF

(1)

Two-Dimensional Complex Fourier Transform (After Initialization)

Function
Forward transform
ZFC2BF or CFC2BF computes the two-dimensional complex Fourier forward transform (arbitrary radix)

for the two-dimensional complex data c, k, (ks =0,---,ny —1; ky=0,---,n, —1).

ng—1ny—1

—2m/—1(Lzke +jyky) . .
d]r»]y = § : § : Ckumkye e "y (]wzovanm_17 ]yzovany_l)
ke=0 ky=0

Backward transform
ZFC2BF or CFC2BF computes the two-dimensional complex Fourier backward transform (arbitrary radix)

for the two-dimensional complex data cy, x, (ke = 0,---,nz — 15 by, =0,---,ny — 1).

ng—1ny—1

Z Z 2my/—I(dzke Tyt ) ,
d]r»]y = Ckumkye v Y (]wzovanm_17 ]yzovany_l)
ke=0 ky=0

Usage
Double precision:

CALL ZFC2BF (NX, NY, C, LX, LY, ISW, ITFAX, TRIGS, WK, IERR)
Single precision:

CALL CFC2BF (NX, NY, C, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 C 7 LX,LY Input | Input data c, , (See Note (b))
C Output | Output results d;, ;, (See Notes (b) and (c))
4 LX I 1 Input | Adjustable dimension of array C (See Note (b))
5 LY I 1 Input | Second dimension of array C (See Note (b))
6 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=-1:Backward transform
7 IFAX I 40 Input | Factorization results and number of factors (See
Note (a))
8 TRIGS D 2 x (NX +| Input | Trigonometric function table (See Note (a))
R[ | NY)
9 WK 7 LX x LY Work | Work area
C
10 IERR I 1 Output | Error indicator
(4) Restrictions
(a) NX > 1
NY >1
(b) NX < LX
NY <LY
(c) ISW € {1, -1}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.




[DEPRECATED|ZFC2BF, CFC2BF
Two-Dimensional Complex Fourier Transform (After Initialization)

(6) Notes

(a)

This subroutine can be used to repeatedly compute the transform for the same number of data (NX,

ZFC2FB
NY) after the including-initialization subroutine 2.9.1 CFC2FB has been used. In this case, you

must retain the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

The complex data cg, k, (ky =0,---,ny—1; ky =0,---,n,—1) and elements of array C are associated

as follows.
Chaky € C(kx + 1,ky + 1)

Similarly, for the complex data dj, j, (jo =0, ,nz — 1; jy, = 0,---,ny — 1).
The adjustable dimensions LX and LY of array C should be set to odd numbers to avoid

bank conflict of main memory. Usually, when NX, for example, is even, LX=NX+1 is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data cy, &, (ky =0,---,ny—1; k, =0,---,n,—1) be represented
by ¢k, k, (kz =0,---,n, —1; ky =0,---,n, — 1), then the following relationship holds.

Chy by = NaeMyChyk, (kz =0,---,ng —1; ky =0,---,ny — 1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling
to approximate the continuous Fourier transform. According to the sampling theorem, for a time
function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' = ﬁ,
then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT")} as follows.

= sin27nf.(t —iT)

h(t)=T Y h(zT)—w(t T

1=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.
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(7) Example

(a) Problem

Compute the two-dimensional complex Fourier forward and backward transforms using

ke + 1) (k, +1
Cho by = (Ko + 1) + (ky +1) + \/7_1%
NgNy
(kx:()’,nz*]., ky:()?,ny*]_)
as input data.

(b) Input data

Array C, NX=5, NY=4, LX=5, LY=5, ISW=1(Forward transform) and ISW=—

form).
(¢) Main program

PROGRAM AFC2BF

| %x* EXAMPLE OF ZFC2FB AND ZFC2BF %
PARAMETER (NX=5,NY=4,LX=5,LY=5)
COMPLEX (8) C(LX,LY),WK(LX*LY)
REAL(8) TRIGS (2% (NX+NY))
INTEGER IFAX(40)

Ikkxx TNPUT skkx%kxk
DO 20 J=1,NY

DO 10 I=1

,NX
C(I,J)= CMPLX(DBLE(I+J), DBLE(I*J)/DBLE(NX*NY), KIND=8)

10 CDNTINUE
20 CONTINUE
WRITE(6,1000)
WRITE(6, 1010) NX,NY,LX,LY
WRITE(6,1020)
WRITE(6, 1030) ((c(1,3),J=1,NY),I=1,NX)
Uxkkx QUTPUT *kkkx
WRITE(6,1040)
1 skskokok IgITI?LIZATION + FORWARD TRANSFORM ***x
ISW=
CALL ZFC2FB(NX,NY,C,LX,LY,ISW,IFAX,TRIGS,WK,IERR)
Viokkk NORMALIZATION xkkxk
DO 40 J=1,NY
DO 30 I=1,NX
C(I,J)=C(I,J)/DBLE(NX*NY)
30 CONTINUE
40 CONTINUE
WRITE(6,1050) IERR
WRITE(6,1020)
WRITE(6,1030) ((C(I1,J),J=1,NY),I=1,NX)
skeskskok BgCKw%RD TRANSFORM ***x
ISW=-
CALL ZFC2BF(NX,NY,C,LX,LY,ISW,IFAX,TRIGS,WK,IERR)
WRITE(6,1060) IERR
WRITE(6,1020)
WRITE(6,1030) ((Cc(I1,J),J=1,NY),I=1,NX)
STOP
]
Vkokkk FORMAT kx*
]
1000 FORMAT(1X,’#%% ZFC2FB AND ZFC2BF *x%x’,/,/.&
1X,? ** INPUT *x’,/)

3
1010 FDRMAT(lX > NX =7,I3,7  NY =,I3,/,&
LX =’ IS,’ LY =°.13./}
1020 FDRMAT(iX > C(IX, IY) )
1030 FORMAT(4(iX,> (’.,F6.3,7,7,F6.3,7)7))

1040 FORMAT(/,1X,’ *x OUTPUT *%0)
1050 FORMAT(/,1X,’ ( FORWARD TRANSFORM )’,/,&

1%, IERR =’,14,/)
1060 FORMAT(/.1X,’ ( BACKWARD TRANSFORM )’,/,&
/1%, IERR =’,14,/)

END
(d) Output results

*x% ZFC2FB AND ZFC2BF ***

*% INPUT **
NX= 5 NY= 4
IX= 5 LY= 5
C(IX,IY)
( 2.000, 0.050) ( 3.000, 0.100 ( 4.000, 0.150 ( 5.000,
( 3.000, 0.100)  ( 4.000, 0.200) ( 5.000, 0.300) ( 6.000,
( 4.000, 0.150)  ( 5.000, 0.300) ( 6.000, 0.450)  ( 7.000,
( 5.000, 0.200) ( 6.000, 0.400) ( 7.000, 0.600)  ( 8.000,
( 6.000, 0.250) ( 7.000, O ( 8.000, 0.750 ( 9.000,
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** OUTPUT *x*

( FORWARD TRANSFORM )

IERR =

C(IX,IY)
(5. 500 0.
(-0.5 0.6
(-0. 520 0.
(-0.480,-0.
(-0.414,-0.
(

BACKWARD

OO WNH
o
o
o
[eXeojeofo)Xe)

0

375)

626)
100)
225)
751)

TRANSFORM )

0

.050)
.100)
.150)
.200)
.250)

~AAAA

3.000,
4.000,
5.000,
6.000,
7.000,

.425)

0.005)

.008)
.017)
.030)

.100)
.200)
.300)
.400)
.500)

AAAAA
[eXelofole]

AAAAA
WNO U

.500,-0.
0.013)
.012)
.012)

.017, 0.013)

.000,

o

o

()
[eleleofole)

-000,
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075)

.150)
.300)
.450)
.600)
.750)

AAAAA
oo~ U

.425,

.030,

.000,

.000,

-0.

575)

0.030)

HPOOOO

.017)
.008)
-0.

005)

.200)
.400)
.600)
.800)
.000)



2.10 TWO-DIMENSIONAL REAL FOURIER TRANSFORM

2.10.1 [DEPRECATED|DFR2FB, RFR2FB

(1)

Two-Dimensional Real Fourier Transform (Including Initialization)

Function
Forward transform
DFR2FB or RFR2FB obtains a half period of the two-dimensional Fourier forward transform (arbitrary

radix) for the two-dimensional real data 7y, &, (kz = 0, -, 0y — 1; ky = 0,---,ny — 1).

Ng—1ny—1

—omy/—T(dzke 4 Jubyy Ny .
Clz,jy = E : E Tk ky € me Uy (e = 0,000, 5] Jy = 0,000 ,my — 1)
ke=0 ky=0

Here, |x] represents the maximum integer that does not exceed z. The remaining half period is obtained
from the following relationships.

:fojx,nyij = cja:ajy

:Lﬂiszajy = Cjz’/n/yij
Here, z* represents the conjugate complex number of the complex number z.

Backward transform

Given the half period ¢;, j, (j= = 0,---,|[%]; j, = 0,---,ny — 1) for nyn, complex data c;, j, (jo =
0,---,ny —1; j, = 0,---,n, — 1) satisfying Chro—jormy—jy = Ciowy 80d ¢ 5 o = ¢, n,—j,, DFR2FB or

RFR2FB obtains the two-dimensional Fourier backward transform (arbitrary radix) defined as follows.

e 1ny 1 Jxk Jyky
2my/—1(Izr 4 2V U
E E Ciia iy € e
Jz=0 ijO
ny—1 ny—1[%E]-1

Jy kg jeke | Jyky
= > oy, + (- en T > R{c,, ;, eV TR

Thy ky

=2 Jy
Jy=0 Jy=0 Jo=1
(ky =0,---,ny —1; ky=0,---,n, — 1)

Here, [z] represents the minimum integer greater than or equal to x, and R{z} represents the real part of

the complex number z. Also, when n, is odd, é% ,, =0, and when n, is even, ¢nz ; =

J Ly S Gyt
Usage
Double precision:
CALL DFR2FB (NX, NY, R, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
Single precision:
CALL RFR2FB (NX, NY, R, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 R D LX,LY Input | Input data r, p, (Forward transform), or ¢;, ;,
{ R} (Backward transform) (See Note (b))
Output | Output results ¢;, ;, (Forward transform),
or 1y, x, (Backward transform) (See Notes (b)
and (c))
LX I 1 Input | Adjustable dimension of array R (See Note (b))
5 LY I 1 Input | Second dimension of array R (See Note (b))
ISW I 1 Input | Processing switch (See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=-1:Backward transform
7 IFAX I 40 Output | Factorization results and number of factors (See
Note (d))
8 TRIGS D NX+2xNY| Output | Trigonometric function table (See Note (d))
it
9 WK D LX x LY Work | Work area
il
10 IERR I 1 Output | Error indicator

(4) Restrictions
(a) NX >1
NY >1

(b) NX + 1 < LX, where NX is an odd, or
NX + 2 < LX, where NX is an even.

(¢) NY <LY
(d) ISW € {0,1, -1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) or (c) was not satisfied.
3020 Restriction (d) was not satisfied.
(6) Notes

(a)

When the number of data NX or NY can be adjusted, the calculations can be performed more efficiently
by setting a number for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3,
5, etc.). For example, rather than setting NX = 289(=172), it is usually more efficient to set NX =
300 (=22 x 3 x 52), NX = 320(=2°% x 5), NX = 384(=27 x 3) or the like.

The real data ry, &, (ke =0,---,nz —1; ky, =0,---,n, — 1) and elements of array R are associated as

follows.
Thyky < R(kx + l,ky + 1)

When computing the backward transform, if NX(=n,) is odd, then R(NX + 1,ky 4+ 1) = 0, and when
NX is even, then R(NX + 1,k, +1) = R(NX + 2,k, + 1) = 0. Also, when entering the real data
Tha ky (ky =0,---,ny —1; k, =0,---,n, — 1) into array R, the corresponding zeros mentioned above
need not be specifically stored.

If we let the real and imaginary parts of the complex data c;, j, (jz = 0,---, [ % ]; jy = 0,---,ny — 1)
be R{c;, j,} and I{c;, j, }, respectively, the ¢;, ; and elements of array R are associated as follows.

Here, |x] represents the maximum integer that does not exceed z.

Ricj.5,} ¢ RE2xjx+1Ljy+1)
3¢5, < RE2*jc+2,jy+1)
From the properties of a real Fourier transform, ${cgo} = 0, and when NX and NY are both even,
%{c%x’ ny } = 0. Therefore, even if nonzero values are set for the corresponding elements of array
R, they are considered to be zero when processing is performed. Since the elements c;, j,  (jo =
%] +1,---,n, —1; j, =0,---,ny — 1) can be obtained according to the following relationships from
the symmetry of the real Fourier transform, they need not be assigned as input when computing the
backward transform. Also, they are not output when computing the forward transform.
ne—jeiny—gy = Ciasdy
ne—ds.dy = Cjony—iy
Here, z* represents the conjugate complex number of the complex number z. The adjustable dimen-
sions of array R should be set so that LX/2 and LY are odd numbers to avoid bank conflict
of main memory. Usually, when NX, for example, is (a multiple of 4)+2, LX=NX+4 is
set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the real data ry, ,(kz = 0,---,n, —1; ky, = 0,---,n, — 1) be represented
by 7, &, (kz = 0,---,ny — 15 ky = 0,---,n, — 1), then the following relationship holds.

Pharky = NalyThy ky, (ke =0, mp =15 ky =0, ,ny — 1)
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Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

(d) To repeatedly compute the transform for the same number of data (NX, NY), you should call this
subroutine once, and then use the after-initialization transform 2.10.2 DFR2BE , thereafter. This
RFR2BF
enables processing to be performed more efficiently since initialization (factorization or the creation of
trigonometric tables) is performed only once. However, in this case, you must retain the contents of
DFR2BF
RFR2BF [

To perform initialization only by setting ISW=0, you need not set input data for array R.

arrays IFAX and TRIGS so they can be used as input to the subroutine 2.10.2

(e) Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling
to approximate the continuous Fourier transform. According to the sampling theorem, for a time
function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' = ﬁ,

then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT")} as follows.

o .sin2rf(t —iT)
h(t)=T Y h(zT)W

1=—00

(f) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(g) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example
See the example in Section 2.10.2 (7).
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2.10.2 [DEPRECATED|DFR2BF, RFR2BF

(1)

Two-Dimensional Real Fourier Transform (After Initialization)

Function

Forward transform

DFR2BF or RFR2BF obtains a half period of the two-dimensional Fourier forward transform (arbitrary
radix) for the two-dimensional real data 7y, x, (kz = 0, -, 0y — 1; ky = 0,---,ny — 1).

Ng—1ny—1

% —omy/ =TI p ) Na |
Cliz,jy = Tk ky © me Uyl (e = 0,000, 5] Jy = 0,000,y — 1)
k2=0 ky=0

Here, |x] represents the maximum integer that does not exceed z. The remaining half period is obtained

from the following relationships.

* ) =i
Ng—Jo,Ny—Jy ~  Jx:Jy
* — . .
Mo —judy  ClasMy—dy

C

Here, z* represents the conjugate complex number of the complex number z.

Backward transform

Given the half period ¢;, j, (j= = 0,---,|[%]; jy, = 0,---,ny — 1) for nyn, complex data c;, j, (jo =
0, -,ng — 15 jy =0,--,ny — 1) satistying ¢, _; . . =¢j,;, and ¢} _; . = ¢, n,—j,» DFR2BF or

RFR2BF obtains the two-dimensional Fourier backward transform (arbitrary radix) defined as follows.

nx_lny_l . ik
Z Z o omy/—l(dzte vty
CJIvJye Y
Je=0 jy=0
ny—1 rjyky ny—1 fnTI“*l T ink Jyky
ko A 2/ =1 2my/—1( 222 21
> {0, + (—1)Féng ; Ye 2y Y R, e ERT
Jy=0 Jy=0 Jjz=1
(ky =0,---,ny—1; ky=0,---,n, — 1)

L

Here, [z] represents the minimum integer greater than or equal to x, and R{z} represents the real part of

the complex number z. Also, when n, is odd, é% ;

j, =0, and when n; is even, ¢ne ; =
JY 2

ne o
sJy CTI»]y

Usage
Double precision:

CALL DFR2BF (NX, NY, R, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFR2BF (NX, NY, R, LX, LY, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 R D LX,LY Input | Input data r, p, (Forward transform), or ¢;, ;,
{ R} (Backward transform) (See Note (b))
Output | Output results ¢;, ;, (Forward transform),
or 1y, x, (Backward transform) (See Notes (b)
and (c))
LX I 1 Input | Adjustable dimension of array R (See Note (b))
5 LY I 1 Input | Second dimension of array R (See Note (b))
ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=-1:Backward transform
7 IFAX I 40 Input | Factorization results and number of factors (See
Note (a))
8 TRIGS D NX+2xNY| Input | Trigonometric function table (See Note (a))
i)
9 WK D LX x LY Work | Work area
)
10 IERR I 1 Output | Error indicator

(4) Restrictions
(a) NX > 1
NY >1

(b) NX + 1 < LX, where NX is an odd, or
NX + 2 < LX, where NX is an even.

(¢) NY <LY
(d) ISW € {1,-1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) or (c) was not satisfied.
3020 Restriction (d) was not satisfied.
(6) Notes

(a)

This subroutine can be used to repeatedly compute the transform for the same number of data (NX,
DFR2FB

NY) after the including-initialization subroutine 2.10.1 has been used. In this case, you
RFR2FB

must retain the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

The real data ry, &, (ke =0,---,nz —1; ky, =0,---,n, — 1) and elements of array R are associated as

follows.

Theky R(kx + ].,ky + 1)

When computing the backward transform, if NX(=n,) is odd, then R(NX + 1,ky 4+ 1) = 0, and when
NX is even, then R(NX + 1,ky, +1) = R(NX + 2,k, + 1) = 0. Also, when entering the real data
Tha ky (ky =0,---,ny —1; k, =0,---,n, — 1) into array R, the corresponding zeros mentioned above
need not be specifically stored.

If we let the real and imaginary parts of the complex data cj, j, (jz = 0,---, [ % ]; jy = 0,---,ny — 1)
be R{c;, j,} and I{c;, j, }, respectively, the ¢;, ; and elements of array R are associated as follows.

Here, |x] represents the maximum integer that does not exceed z.

R{cj, 5,1 < RE@x*jc+1j,+1)
3¢5, < RE2*jc+2,jy+1)
From the properties of a real Fourier transform, ${cp0} = 0, and when NX and NY are both even,
%{0%7 ny } = 0. Therefore, even if nonzero values are set for the corresponding elements of array
R, they are considered to be zero when processing is performed. Since the elements ¢;, ;,  (jz =
L"TIJ +1,---,n,—1; j, =0,---,n,y — 1) can be obtained according to the following relationships from
the symmetry of the real Fourier transform, they need not be assigned as input when computing the
backward transform. Also, they are not output when computing the forward transform.
:;z_jzﬂly gy = Ciawdy
;I—jw,jy = Cjpny—jy
Here, z* represents the conjugate complex number of the complex number z. The adjustable dimen-
sions of array R should be set so that LX/2 and LY are odd numbers to avoid bank conflict
of main memory. Usually, when NX, for example, is (a multiple of 4)42, LX=NX+4 is
set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the real data ry, ,(kz = 0,---,n, —1; ky = 0,---,n, — 1) be represented

by 7k, k, (ke =0,---,ny —1; ky =0,---,ny — 1), then the following relationship holds.

Pharky = NalyThy ky, (ke =0, ng —1; ky =0,---,ny — 1)
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(f)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries
a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling
to approximate the continuous Fourier transform. According to the sampling theorem, for a time
function h(t) that is bandwidth limited by the frequency f., if the sampling interval is taken as T' = 3 f ,
then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.
_7 Z bln 2w fo(t —iT)
= m(t —iT)

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the
higher performance alternative implementation instead.

(7) Example

(a)

Problem
Compute the two-dimensional real Fourier forward and backward transforms using

Ny + Ny
(km-l—l)-i-(ky—i—l)
(ky =0,---,ny—1; ky=0,---,n, — 1)

Tky by =

as input data.

Input data

Array R, NX=6, NY=4, LX=10, LY=5, ISW=1(Forward transform) and ISW=—1 (Backward trans-
form).

Main program

PROGRAM BFR2BF
! %%k EXAMPLE OF DFR2FB AND DFR2BF ***
PARAMETER (NX=6,NY=4,1X=10,LY=5)
REAL(8) R(LX,LY),WK(LX*LY)
REAL(8) TRIGS(NX+2xNY)
COMPLEX(8) C(LX/2,LY)
INTEGER IFAX(40)
POINTER (CP, C)
CP=LOC(R)
Vkxokkx TINPUT skkx
DO 20 J=1,NY
DO 10 I=1,NX
R(I, J)— DBLE(NX+NY)/DBLE(I+J)
10 CONTI N
20 CONTINUE
WRITE(6,1000)
WRITE(6,1010) NX,NY,LX,LY
WRITE(6,1020) °R(I,J)’
WRITE(6,1030) ((R(I,J),J=1,NY),I=1,NX)
Vkxokkx QUTPUT kkxk
WRITE(6,1040)
Pxkkk INITIALIZATION + FORWARD TRANSFORM
ISw= 1
CALL DFR2FB(NX,NY,R,LX,LY,ISW,IFAX,TRIGS,WK,IERR)
Piokkk NORMALIZATION kkkk
DO 40 J=1,NY
DO 30 I=1,(NX+2)/2
c(1,J) C(I J) /DBLE (NX*NY)
30 CDNTINUE
40 CONTINUE
WRITE(6,1050) IERR
WRITE(6,1020) °C(I,J)’

129



[DEPRECATED|DFR2BF, RFR2BF
Two-Dimensional Real Fourier Transform (After Initialization)

DO 50

WRITE(6,1060) (C(I,J),J=1,NY)

50 CONTI

I=1, (NX+2)/2
NUE

Vxkk BACKWARD TRANSFORM ¥k
I

CALL DFR2BF(NX,NY,R,LX,LY,ISW,IFAX,TRIGS,WK,IERR)

WRITE(6,1070) IERR
WRITE(6,1020) ’R(I,J)’
WRITE(6,1030) ((R(I J),J=1,NY),I=1,NX+2)
STOP
Pxokkkx FORMAT kkkx
1000 FORMAT(1X,’>*** DFR2FB AND DFR2BF **x*’,/,/.&
1X,? ** INPUT *x’,/)
1010 FDRMAT(lX ’ NX =°,I3,4X,’NY =’,13,/,&
LX =’,I3,4X,’LY =’,13,/)
1020 FDRMAT(iX 4X A)
1030 FDRMAT(4(4X F7 4))

1040 FORMAT(/

1050 FORMA

1060 FORMA
1070 FORMA

END

T ,1X,’ *% QUTPUT *x*’)

T/, X, ( FORWARD TRANSFORM )°’,/,/,&
4%, IERR =’,15,/)

T(3X,40 (’,

63;;

F6.3,%)7))
T(/,1X,’ ( BACKWARD TRANSFORM )’,/,/,&

4X,’IERR =2,1

(d) Output results

*x*% DFR2FB
*x INPUT *

NX 6
LX 10

R(I,J)
.0000
.3333
.5000
.0000
.6667
.4286

FENNWO

** QUTPUT
( FORWARD
IERR =

c(1,3)

( 1.938,
( 0.296,
( 0.229,
( 0.219,

(' BACKWARD
IERR =
R(I,J)
0000
.3333
.5000
.0000
.6667
.4286

.0000
.0000

QO FENNWO

5,/)

AND DFR2BF #*
*
NY = 4
LY = 5
3.3333 2.5000
2.5000 2.0000
2.0000 1.6667
1.6667 1.4286
1.4286 1.2500
1.2500 1.1111
k%
TRANSFORM )
0
0.000) ( 0.249,-0.155)
-0.247) ( 0.058,-0.094)
-0.093) ( 0.056,-0.053)
0.000) ( 0.064,-0.030)
TRANSFORM )
0
3.3333 2.5000
2.5000 2.0000
2.0000 1.6667
1.6667 1.4286
1.4286 1.2500
1.2500 1.1111
0.0000 0.0000
0.0000 0.0000

(
(
(
(

[olefole) [l ol ol ol O]

OORRFRFEFEFEN

.0000
.6667
.4286
.2500
L1111
.0000

.219,
.076,
.058,
.055,

.0000
.6667
.4286
.2500
L1111
.0000
.0000
.0000

0.000) ( 0.249, 0.155)
-0.045) ( 0.119,-0.009)
-0.019) ( 0.079, 0.010)

0.000) ( 0.064, 0.030)
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FORM (REAL ARGUMENT TYPE)

2.11.1 [DEPRECATED]DFC3FB, RFC3FB

(1)

Three-Dimensional Complex Fourier Transform (Including Initialization)

Function

Forward transform

DFC3FB or RFC3FB computes the three-dimensional complex Fourier forward transform (arbitrary radix)
for the three-dimensional complex data ck, k, k. (ke =0, -, ny —1; ky =0,---,ny —1; k; =0,---,n, — 1).

Y

ng—1ny—1n,—1

_ /1 (dzke  Juby | dzk
Aoy .3 E > choky ke VLSS

2=0 ky=0 k.=0
(.]Ifov , Ny ]-a _]y:O,,lef]_, .]2:077nz*1)

Backward transform
DFC3FB or RFC3FB computes the three-dimensional complex Fourier backward transform (arbitrary radix)
for the three-dimensional complex data ck, k, k. (ke =0, -, ny —1; ky =0,---,ny —1; k; =0,---,n, — 1).

Y

ng—1ny—1ln,—1

k Jyk k
J 2Jysd Z Z Z Chy ky k- 6277\/7(12130—’_ 1:lyy—wflzz)
zJy>)z

2=0 ky=0 k.=0
(.]Ifov , Ny ]-a _]y:O,,lef]_, .]2:077nz*1)

Usage
Double precision:

CALL DFC3FB (NX, NY, NZ, CR, CI, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFC3FB (NX, NY, NZ, CR, CI, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 NZ I 1 Input | Number of data values in the third dimension,
n. (See Note (a))
4 CR D LX,LY,LZ | Input | Real part of input data cg, x, r. (See Note (b))
{R} Output | Real part of output data dj, ;, ;. (See Notes (b)
and (c))
5 CI D LX,LY,LZ Input | Imaginary part of input data cg, k, r. (See Note
{R} (b))
Output | Imaginary part of output results d;, ;, ;. (See
Notes (b) and (c))
6 LX I 1 Input | Adjustable dimension of array CR and CI (See
Note (b))
7 LY I 1 Input | Second dimension of array CR and CI (See Note
(b))
8 L7 I 1 Input | Third dimension of array CR and CI (See Note
(b))
9 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=-1:Backward transform
10 IFAX I 60 Output | Factorization results and number of factors (See
Note (d))
11 TRIGS D 2 x (NX +| Output | Trigonometric function table (See Note (d))
{R} NY +NZ)
12 WK D 2 x LX x| Work | Work area
{R} LY x LZ
13 IERR I 1 Output | Error indicator
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(4) Restrictions

(a)

(b)

()

NX >1
NY > 1
NZ >1

NX <LX
NY <LY
NZ <LZ

ISW € {0,1,—1}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes

(a)

When the number of data NX, NY or NZ can be adjusted, the calculations can be performed more
efficiently by setting a number for which the mixed radix FFT algorithm operates effectively (multiples
of 2, 3, 5, etc.). For example, rather than setting NX = 289(=172), it is usually more efficient to set
NX = 300(=22 x 3 x 52), NX = 320(=25 x 5), NX = 384(=27 x 3) or the like.
If we let the real and imaginary parts of the complex data cx, k, k. (ke =0, ,nz—1; ky =0, ,ny —
1, k. =0,---,n,—1) be R{ck, r, k. } and S{cx, &, k. }, respectively, the cy, r, r. and elements of arrays
CR and CI are associated as follows.

R{cry ke, k. b < CR(ke +1,ky +1,k, +1)

S{rpky kb < Clke +1,ky +1,k, + 1)
Similarly, for the complex data dj, j, j.(jo =0, --,nz — 15 jy, =0,---,ny —1; j. =0,---,n, —1).
The adjustable dimensions LX, LY, and LZ of arrays CR and CI should be set to odd
numbers to avoid bank conflict of main memory. Also, to increase speed, calculations
are executed even for elements outside areas where data is set within arrays CR and CI.

Usually, when NX, for example, is even, LX=NX+1 is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data ck, k, k. (ke = 0,---,nz — 15 ky = 0,---,ny — 1; k. =
0,---,n. — 1) be represented by ¢, x, k. (kz = 0,---,np, —1; ky =0,---,ny —1; k; =0,---,n, — 1),
then the following relationship holds.
Chig kg ks = NaNyMzChy Ky ks
(ky=0,---,ny—1; ky=0,---,n, —1; k, =0,---,n, — 1)

Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of

the forward and backward transforms are reversed from those in this book, and in some of the entries
a normalized result is defined.
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(d)

(g)

To repeatedly compute the transform for the same number of data (NX, NY, NZ), you should call this
DFC3BF
subroutine once, and then use the after-initialization transform 2.11.2 , thereafter. This
RFC3BF
enables processing to be performed more efficiently since initialization (factorization or the creation of
trigonometric tables) is performed only once. However, in this case, you must retain the contents of
DFC3BF

RFC3BF [
To perform initialization only by setting ISW=0, you need not set input data for arrays CR and CI.

arrays IFAX and TRIGS so they can be used as input to the subroutine 2.11.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling

to approximate the continuous Fourier transform. According to the sampling theorem, for a time
1

ﬁ?

then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' =

sin 27 f.(t — iT)
w(t —iT)

ht)=T i h(iT)

i=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example
See the example in Section 2.11.2 (7).
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2.11.2 [DEPRECATED|DFC3BF, RFC3BF

(1)

Three-Dimensional Complex Fourier Transform (After Initialization)

Function

Forward transform

DFC3BF or RFC3BF computes the three-dimensional complex Fourier forward transform (arbitrary radix)
for the three-dimensional complex data ck, k, k. (ke =0, -, ny —1; ky =0,---,ny —1; k; =0,---,n, — 1).

Y

Ng—1ny—1n,—1

§ : j : k k
_gﬂr(Jzkz_,'_Jy Y | dzks izkz )
Jr»]ydz g Ckm,kz“k e ny n2

ke=0 ky=0 k.=0
(I_Oa ) I_ 5 y:O,---,ny—l;jz:O,---,nz—l)

Backward transform
DFC3BF or RFC3BF computes the three-dimensional complex Fourier backward transform (arbitrary radix)
for the three-dimensional complex data ck, k, k. (ke =0, -, ny —1; ky =0,---,ny —1; k; =0,---,n, — 1).

Y

Ng—1ny—1n,—1

k k
7.(\/7(]3:]91 +Jy y+1z izkz )
Jr»]yv]z z : z : z :ckxakyvk € e "y "E

ke=0 ky=0 k.=0
(I_Oa ) I_ 5 y:O,---,ny—l;jz:O,---,nz—l)

Usage
Double precision:

CALL DFC3BF (NX, NY, NZ, CR, CI, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFC3BF (NX, NY, NZ, CR, CI, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 NZ I 1 Input | Number of data values in the third dimension,
n. (See Note (a))
4 CR D LX,LY,LZ | Input | Real part of input data cg, x, r. (See Note (b))
{R} Output | Real part of output data dj, ;, ;. (See Notes (b)
and (c))
5 CI D LX,LY,LZ Input | Imaginary part of input data cg, k, r. (See Note
{R} (b))
Output | Imaginary part of output results d;, ;, ;. (See
Notes (b) and (c))
6 LX I 1 Input | Adjustable dimension of array CR and CI (See
Note (b))
7 LY I 1 Input | Second dimension of array CR and CI (See Note
(b))
8 L7 I 1 Input | Third dimension of array CR and CI (See Note
(b))
9 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=-1:Backward transform
10 IFAX I 60 Input | Factorization results and number of factors (See
Note (d))
11 TRIGS D 2 x (NX 4| Input | Trigonometric function table (See Note (d))
{R} NY + NZ)
12 WK D 2 x LX x| Work | Work area
{ R} LY x LZ
13 IERR I 1 Output | Error indicator
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(4) Restrictions

()

(b)

()

NX>1
NY >1
NZ>1

NX <LX
NY <LY
NZ <LZ

ISW € {1, -1}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes
(a) This subroutine can be used to repeatedly compute the transform for the same number of data (NX,
DFC3FB
NY, NZ) after the including-initialization subroutine 2.11.1 RFCSFB has been used. In this case,

you must retain the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

If we let the real and imaginary parts of the complex data cy, k, . (ks =0,---,ng—1; ky =0, ,ny—

1, k. =0,---,n,—1) be R{ck, r, k. } and S{cx, &, k. }, respectively, the cy, r, r. and elements of arrays

CR and CI are associated as follows.

m{ckz,ky,kz} > CR(kx + ]., ky + ]., k, + 1)

%{ckm,ky,kz} > Cl(kx + 1,ky +1,k, + 1)
Similarly, for the complex data dj, j, j.(jo =0, --,nz — 15 jy, =0,---,ny —1; j. =0,---,n, —1).
The adjustable dimensions LX, LY, and LZ of arrays CR and CI should be set to odd
numbers to avoid bank conflict of main memory. Also, to increase speed, calculations
are executed even for elements outside areas where data is set within arrays CR and CI.

Usually, when NX, for example, is even, LX=NX+41 is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data ck, k, k. (ke = 0,---,nz — 15 ky = 0,---,ny — 1; k. =
0,---,n. — 1) be represented by ¢, &, k. (ke =0, -, ng —1; ky =0,---,ny, —1; k. =0,---,n, — 1),
then the following relationship holds.

Chy ky ke = NaTyNzChy ky k.
(kx:O’,nzfl, ky:o,’rnyfl7 kZ:()”nzf]_)

Therefore, normalization must be performed for the result of either the forward transform or the

backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
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the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling
to approximate the continuous Fourier transform. According to the sampling theorem, for a time
function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' = ﬁ,
then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

TZh

1=—00

sm 2 fo(t —iT)

w(t —iT)

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(f)

(7) Example

(a) Problem
Compute the three-dimensional complex Fourier forward and backward transforms using
1 1 1
i \/_—l(kw + )(ky +1)(k: +1)
Ny Ty s

z _'1)

. Ng + Ny + Nz
(ke A1)+ (ky +1) +
(ke =0, np —1; ky =

Ckw7ky7kz (kz + 1)

ny —1; k, =
as input data.

(b) Input data
Array CR and CI, NX=5, NY=4, NZ=3, LX=5, LY=5, LZ=3, ISW=1 (Forward transform) and
ISW=—

(¢) Main program

1 (Backward transform).

PROGRAM BFC3BF
EXAMPLE OF DFC3FB AND DFC3BF %
PARAMETER (NX=5,NY=4,NZ=3, LX 5 LY=5,LZ=3)
REAL(8) CR(LX,LY,LZ).CI(LX,LY,LZ)
REAL(8) TRIGS (2% (NX+NY+NZ)J, WK(2*LX*LY*LZ)
INTEGER IFAX(60)
INPUT ***%
DO 30 K=1,NZ
DO 20 J=1,NY
DO 10 I=1,NX
CR(I,J,K)=DBLE(NX+NY+NZ) /DBLE (I+J+K)
CI(I,J,K)=DBLE(I*J*K)/DBLE (NX*NY*NZ)

I oskokok

kokokk

10 CONTINUE
20  CONTINUE
30 CONTINUE

100
kkokk

1skokokok

kkokk

WRITE(6,1000)
WRITE(6,1010) NX,NY,NZ,LX,LY,LZ
DO 100 K=1,NZ
WRITE(6,1020) K,K, ((CR(I,J,K),CI(I,J,K),J=1,NY),I=1,NX)
CONTINUE
QUTPUT sskskxk
WRITE(6,1030)
IgITI?LIZATION + FORWARD TRANSFORM skxx
ISW=
CALL DFC3FB(NX,NY,NZ,CR,CI,LX,LY,LZ,ISW,IFAX,TRIGS,WK,IERR)
NORMALIZATION s
DO 60 K=1,NZ
DO 50 J=1,NY
DO 40 I=1,NX
CR(I,J,K)=CR(I,J,K)/DBLE(NX*NY*NZ)
CI(I,J,K)=CI(I,J,K)/DBLE(NX*NY*NZ)

40 CONTINUE
50 CDNTINUE
60 CONTINUI

WRITE(G 1040) IERR
DO 200 K= 1,NZ
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WRITE(6,1020) K,K,((CR(I,J,K),CI(I,J,K),J=1,NY),I=1,NX)
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200 CONTINUE
Ixx*x*% BACKWARD TRANSFORM ***x
ISW=-1
CALL DFC3BF(NX,NY,NZ,CR,CI,LX,LY,LZ,ISW,IFAX,TRIGS,WK,IERR)
WRITE(6,1050) IERR
DO 300 K=1,NZ
WRITE(6,1020) K,K,((CR(I,J,XK),CI(I,J,K),J=1,NY),I=1,NX)
300 CONTINUE
STOP
Uxokkk FORMAT kkkx
1000 FORMAT(1X,’#*** DFC3FB AND DFC3BF **x*’,/,/.,&
1X,? *x INPUT *x’,/)
1010 FORMAT(lX ’ NX =’,I3,° NY =’,I3,> NZ =’,13,/,&
LY =’ I3 > LY = 13 > Lz =’,13 )
1020 FORMAT(/ 4x > ( CR(IX, IY ,12,7) , CI(IX,IV,?,12,°) )’.&
/, (4X ’(’,F6.3,° F6 3,7)7))
1030 FORMAT(/ 1X, 7 ** OUTPUT **’)
1040 FORMAT(/,1X,> ( FORWARD TRANSFORM )°’,/,/,6X,’IERR =’,16)
1050 FORMAT(/,1X,’> ( BACKWARD TRANSFORM )’././.6X,’IERR =’,I6)
END
(d) Output results
*%*x DFC3FB AND DFC3BF %
% INPUT **
NX = 5 NY= 4 NZ= 3
Ly = 5 LY= 5 LZ= 3
( CR(IX,IY, 1) , CI(IX,IY, 1) )
( 4.000, 0.017) ( 3.000, 0.033) ( 2.400, 0.050) ( 2.000,
( 3.000, 0.033) ( 2.400, 0.067) ( 2.000, 0.100) (1.714,
( 2.400, 0.050) ( 2.000, 0.100) ( 1.714, 0.150) ( 1.500,
( 2.000, 0.067) (1.714, 0.133) ( 1.500, 0.200) ( 1.333,
( 1.714, 0.083) ( 1.500, 0.167) ( 1.333, 0.250) ( 1.200,
( CR(IX,IY, 2) , CI(IX,IY, 2) )
( 3.000, 0.033) ( 2.400, 0.067) ( 2.000, 0.100) (1.714,
( 2.400, 0.067) ( 2.000, 0.133) ( 1.714, 0.200) ( 1.500,
( 2.000, 0.100) ( 1.714, 0.200) ( 1.500, 0.300) ( 1.333,
(1.714, 0.133) ( 1.500, 0.267) ( 1.333, 0.400) ( 1.200,
( 1.500, 0.167) ( 1.333, 0.333) ( 1.200, 0.500) (1.091
( CR(IX,IY, 3) , CI(IX,IY, 3) )
( 2.400, 0.050) ( 2.000, 0.100) ( 1.714, 0.150) ( 1.500
( 2.000, 0.100) ( 1.714, 0.200) ( 1.500, 0.300) ( 1.333,
( 1.714, 0.150) ( 1.500, 0.300) ( 1.333, 0.450) ( 1.200,
( 1.500, 0.200) ( 1.333, 0.400) ( 1.200, 0.600) (1.091,
( 1.333, 0.250) ( 1.200, 0.500) ( 1.091, 0.750) ( 1.000,
*% QUTPUT *x*
( FORWARD TRANSFORM )
IERR = 0
( CR(IX,IY, 1) , CI(IX,IY, 1))
( 1.737, 0.250) ( 0.102,-0.160) ( 0.137,-0.050) ( 0.202,
( 0.108,-0.189) ( 0.038,-0.047) ( 0.041,-0.012) ( 0.052,
( 0.125,-0.078) ( 0.034,-0.017) ( 0.026, 0.003) ( 0.025,
( 0.152,-0.005) ( 0.037, 0.001) ( 0.021, 0.014) ( 0.012,
( 0.223, 0.106) ( 0.046, 0.024) ( 0.018, 0.029) (-0.002,
( CR(IX,IY, 2) , CI(IX,IY, 2) )
( 0.106,-0.127) ( 0.041,-0.022) ( 0.031, 0.003) ( 0.030
( 0.042,-0.032) (-0. 002 -0.009) ( 0.002,-0.008) ( 0.009,
( 0.032,-0.007) ( 0.001,-0.007) ( 0.004,-0.005) ( 0.009,
( 0.030, 0.008) ( 0.005, -0.007) ( 0.007,-0.003) ( 0.011,
( 0.032, 0.029) ( 0.011,-0.009) ( 0.012,-0.002) ( 0.016,
( CR(IX,IY, 3) , CI(IX,IY, 3) )
( 0.178, 0.002) ( 0.040, 0.014) ( 0.017, 0.022) ( 0.001
( 0.048, 0.009) ( 0.005 -0.010) ( 0.008,-0.006) ( 0.015,
( 0.024, 0.016) ( 0.007,-0.006) ( 0.008,-0.002) ( 0.011,
( 0.013, 0.024) ( 0.010, -0.003) ( 0.008, 0.002) ( 0.008,
( 0.001, 0.036) ( 0.016, 0.001) ( 0.011, 0.007) ( 0.007,
( BACKWARD TRANSFORM )
IERR = 0
( CR(IX,IY, 1) , CI(IX,IY, 1) )
( 4.000, 0.017) ( 3.000, 0.033) ( 2.400, 0.050) ( 2.000,
( 3.000, 0.033) ( 2.400, 0.067) ( 2.000, 0.100) (1.714,
( 2.400, 0.050) ( 2.000, 0.100) ( 1.714, 0.150) ( 1.500,
( 2.000, 0.067) (1.714, 0.133) ( 1.500, 0.200) ( 1.333,
( 1.714, 0.083) ( 1.500, 0.167) ( 1.333, 0.250) ( 1.200,
( CR(IX,IY, 2) , CI(IX,IY, 2) )
( 3.000, 0.033) ( 2.400, 0.067) ( 2.000, 0.100) (1.714,
( 2.400, 0.067) ( 2.000, 0.133) ( 1.714, 0.200) ( 1.500,
( 2.000, 0.100) ( 1.714, 0.200) ( 1.500, 0.300) ( 1.333,

[eleleoloXe)

[elelelole)

.067)
.133)
.200)
.267)
.333)

.133)
.267)
.400)
.533)
.667)

.200)
.400)
.600)
.800)
.000)

.060)
.016)
.021)
.028)
.041)

.025)
.010)
.004)
.000)
.006)

.033)
.002)
.003)
.008)
.016)

.067)
.133)
.200)
.267)
.333)

.133)
.267)

0.400)
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(1.714, 0.133) ( 1.500, 0.267) ( 1.333, 0.400) ( 1.200, 0.533)
( 1.500, 0.167) (1.333, 0.333) ( 1.200, 0.500) ( 1.091, 0.667)
( CR(IX,IY, 3) , CI(IX,IY, 3) )

( 2.400, 0.050) ( 2.000, 0.100) (1.714, 0.150) ( 1.500, 0.200)
( 2.000, 0.100) ( 1.714, 0.200) ( 1.500, 0.300) ( 1.333, 0.400)
(1.714, 0.150) ( 1.500, 0.300) ( 1.333, 0.450) ( 1.200, 0.600)
( 1.500, 0.200) ( 1.333, 0.400) ( 1.200, 0.600) ( 1.091, 0.800)
(1.333, 0.250) ( 1.200, 0.500) ( 1.091, 0.750) ( 1.000, 1.000)
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2.12 THREE-DIMENSIONAL COMPLEX FOURIER TRANS-

FORM (COMPLEX ARGUMENT TYPE)

2.12.1 [DEPRECATED]ZFC3FB, CFC3FB

(1)

Three-Dimensional Complex Fourier Transform (Including Initialization)

Function

Forward transform

ZFC3FB or CFC3FB computes the three-dimensional complex Fourier forward transform (arbitrary radix)
for the three-dimensional complex data ck, k, k. (ke =0, -, ny —1; ky =0,---,ny —1; k; =0,---,n, — 1).

Y

ng—1ny—1n,—1

_ /1 (dzke  Juby | dzk
Aoy .3 E > choky ke VLSS

2=0 ky=0 k.=0
(.]Ifov , Ny ]-a _]y:O,,lef]_, .]2:077nz*1)

Backward transform
ZFC3FB or CFC3FB computes the three-dimensional complex Fourier backward transform (arbitrary radix)
for the three-dimensional complex data ck, k, k. (ke =0, -, ny —1; ky =0,---,ny —1; k; =0,---,n, — 1).

Y

ng—1ny—1ln,—1

k Jyk k
J 2Jysd Z Z Z Chy ky k- 6277\/7(12130—’_ 1:lyy—wflzz)
zJy>)z

2=0 ky=0 k.=0
(.]Ifov , Ny ]-a _]y:O,,lef]_, .]2:077nz*1)

Usage
Double precision:

CALL ZFC3FB (NX, NY, NZ, C, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL CFC3FB (NX, NY, NZ, C, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 NZ I 1 Input | Number of data values in the third dimension,
n. (See Note (a))
4 C 7 LX,LY,LZ | Input | Input data ck, ,.x. (See Note (b))
{C} Output | Output results dj, ;, ;. (See Notes (b) and (c))
5 LX I 1 Input | Adjustable dimension of array C (See Note (b))
6 LY I 1 Input | Second dimension of array C (See Note (b))
7 LZ I 1 Input | Third dimension of array C (See Note (b))
8 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0O:Initialization only
ISW= 1:Forward transform
ISW=—-1:Backward transform
9 IFAX I 60 Output | Factorization results and number of factors (See
Note (d))
10 TRIGS D 2 x (NX +| Output | Trigonometric function table (See Note (d))
{R} NY + N7Z)
11 WK 7 LXxLYxLZ| Work | Work area
]
12 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NX >1

NY > 1
NZ >1

(b) NX < LX

NY <LY
NZ <LZ

(c) ISW € {0,1,—-1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes

(a)

When the number of data NX, NY or NZ can be adjusted, the calculations can be performed more
efficiently by setting a number for which the mixed radix FFT algorithm operates effectively (multiples
of 2, 3, 5, etc.). For example, rather than setting NX = 289(=172), it is usually more efficient to set
NX = 300(=22 x 3 x 52), NX = 320(=2% x 5), NX = 384(=2" x 3) or the like.

The complex data ck, k, k. (ke =0,---,ny —1; ky =0,---,ny —1; k; =0,---,n. — 1) and elements

of array C are associated as follows.
Chig iy ke < C(kx + l,ky +1,k, + 1)

Similarly, for the complex data dj, j, j.(joe = 0,--,ne —1; jy =0,---,ny —1; 5. =0,---,n, —1).
The adjustable dimensions LX, LY, and LZ of array C should be set to odd numbers to
avoid bank conflict of main memory. Also, to increase speed, calculations are executed
even for elements outside areas where data is set within array C. Usually, when NX, for
example, is even, LX=NX+1 is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data cx, x, k. (ke = 0,---,nz — 15 ky = 0,---,ny — 15 k. =
0,---,n. — 1) be represented by ¢, &, k. (kz = 0,---,n, —1; ky =0,---,ny = 1; k; =0,---,n, — 1),
then the following relationship holds.

ékkay7kz = nmnynzckm7ky7kz
(kx :O’,nzf]_, ky:o,’rnyfl7 kz :07’771271)
Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

To repeatedly compute the transform for the same number of data (NX, NY, NZ), you should call this
. e e ZFC3BF .
subroutine once, and then use the after-initialization transform 2.12.2 , thereafter. This
CFC3BF

enables processing to be performed more efficiently since initialization (factorization or the creation of

trigonometric tables) is performed only once. However, in this case, you must retain the contents of
ZFC3BF}

CFC3BF [

To perform initialization only by setting ISW=0, you need not set input data for array C.

arrays IFAX and TRIGS so they can be used as input to the subroutine 2.12.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n, or n,) as the period,
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the number of samples or sampling interval must be set with this taken into account when sampling
to approximate the continuous Fourier transform. According to the sampling theorem, for a time
function h(t) that is bandwidth limited by the frequency f., if the sampling interval is taken as T' = i,
then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT")} as follows.

= sin27fu(t —iT)
h(t)=T h(iT) ——F———
0=T 3 W= 5
(f) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(g) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the
higher performance alternative implementation instead.

(7) Example
See the example in Section 2.12.2 (7).
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2.12.2 [DEPRECATED]|ZFC3BF, CFC3BF

(1)

Three-Dimensional Complex Fourier Transform (After Initialization)

Function

Forward transform

ZFC3BF or CFC3BF computes the three-dimensional complex Fourier forward transform (arbitrary radix)
for the three-dimensional complex data ck, k, k. (ke =0, -, ny —1; ky =0,---,ny —1; k; =0,---,n, — 1).

Y

Ng—1ny—1n,—1

§ : j : k k
_gﬂr(Jzkz_,'_Jy Y | dzks izkz )
Jr»]ydz g Ckm,kz“k e ny n2

ke=0 ky=0 k.=0
(I_Oa ) I_ 5 y:O,---,ny—l;jz:O,---,nz—l)

Backward transform
ZFC3BF or CFC3BF computes the three-dimensional complex Fourier backward transform (arbitrary radix)
for the three-dimensional complex data ck, k, k. (ke =0, -, ny —1; ky =0,---,ny —1; k; =0,---,n, — 1).

Y

Ng—1ny—1n,—1

k k
7.(\/7(]3:]91 +Jy y+1z izkz )
Jr»]yv]z z : z : z :ckxakyvk € e "y "E

ke=0 ky=0 k.=0
(I_Oa ) I_ 5 y:O,---,ny—l;jz:O,---,nz—l)

Usage
Double precision:

CALL ZFC3BF (NX, NY, NZ, C, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL CFC3BF (NX, NY, NZ, C, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 NZ I 1 Input | Number of data values in the third dimension,
n. (See Note (a))
4 C 7 LX,LY,LZ | Input | Input data ck, ,.x. (See Note (b))
{C} Output | Output results dj, ;, ;. (See Notes (b) and (c))
5 LX I 1 Input | Adjustable dimension of array C (See Note (b))
6 LY I 1 Input | Second dimension of array C (See Note (b))
7 LZ I 1 Input | Third dimension of array C (See Note (b))
8 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=-1:Backward transform
9 IFAX I 60 Input | Factorization results and number of factors (See
Note (a))
10 TRIGS D 2 x (NX +| Input | Trigonometric function table (See Note (a))
{R} NY + NZ)
11 WK 7 LXxLYxLZ| Work | Work area
)
12 IERR I 1 Output | Error indicator

(4) Restrictions

(a) NX >1
NY >1
NZ>1

(b) NX <LX
NY <LY
NZ < LZ

(c) ISW € {1, -1}
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes

(a)

This subroutine can be used to repeatedly compute the transform for the same number of data (NX,

ZFC3FB
NY, NZ) after the including-initialization subroutine 2.12.1 CFCSFB has been used. In this case,

you must retain the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

The complex data cx, g, .k, (kz =0,---,n, —1; k, =0,---,ny —1; k. = 0,---,n, — 1) and elements

of array C are associated as follows.
Chiy koy ko €7 C(kx + ]., ky + ]., k, + 1)

Similarly, for the complex data dj, j, j.(jo =0, --,nz — 15 jy, =0,---,ny —1; j. =0,---,n, —1).

The adjustable dimensions LX, LY, and LZ of array C should be set to odd numbers to
avoid bank conflict of main memory. Also, to increase speed, calculations are executed
even for elements outside areas where data is set within array C. Usually, when NX, for

example, is even, LX=NX+1 is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of data.
For example, if we let the data obtained by computing the backward transform immediately following
the forward transform for the complex data ck, k, k. (ke = 0,---,nz — 15 ky = 0,---,ny — 1; k. =
0,---,n. — 1) be represented by ¢, &, k. (ke =0, -, ng —1; ky =0,---,ny —1; k. =0,---,n, — 1),
then the following relationship holds.

Chy ky ke = NaNyNzChy Ky k.
(kLE :Oavnw_lv ky :0,,’1’Ly—1, kz :0,"',’1’Lz—1)
Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling
to approximate the continuous Fourier transform. According to the sampling theorem, for a time
function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' = ﬁ,
then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT")} as follows.

hy=TY h(iT)—Sin?(Tf C_(Z.T)ZT)

1=—00
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(e) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(f) DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.
(7) Example
(a) Problem

Compute the three-dimensional complex Fourier forward and backward transforms using

z 2 kr +1)(k, +1)(k, +1
Ny +ny+n +\/j1( + 1) (ky +1)(k: +1)
ke +1)+ (ky +1)+ (k. +1) NNy Nz

(ky =0,---,ny—1; ky=0,---,ny —1; k, =0,---,n, — 1)

Chy,ky k. = (

as input data.

(b) Input data
Array CR and CI, NX=5, NY=4, NZ=3, LX=5, LY=5, LZ=3, ISW=1 (Forward transform) and
ISW=-1 (Backward transform).

(¢) Main program

PROGRAM AFC3BF
| %x* EXAMPLE OF ZFC3FB AND ZFC3BF
PARAMETER (NX=5,NY=4,NZ=3,LX=5,LY=5,LZ=3)
COMPLEX (8) C(LX,LY,LZ),WK(LX*LY*LZ)
REAL(8) TRIGS (2* (NX+NY+NZ))
INTEGER IFAX(60)
Ikkxx TINPUT skx%kxk
DO 30 K=1,NZ
DO 20 J=1, NY
DO 10 I=1
c(1,3,K)= CMPLX( DBLE (NX+NY+NZ) /DBLE(I+J+K) ,&
DBLE (I*J*K) /DBLE (NX*NY*NZ) , &
KIND=8 )
10 CONTINUE
20  CONTINUE
30 CONTINUE
WRITE(6,1000)
WRITE(6, 1010) NX,NY,NZ,LX,LY,LZ
DO 100 K=1,N
WRITE(6, 1020) K, ((c(1,J,K),J=1,NY),I=1,NX)
100 CONTINUE
Ikkxx QUTPUT *%kkx
WRITE(6,1030)
Ixx**% INITIALIZATION + FORWARD TRANSFORM s**xx
ISW= 1
CALL ZFC3FB(NX,NY,NZ,C,LX,LY,LZ,ISW,IFAX,TRIGS,WK,IERR)
Vskkk NORMALIZATION sskxck
DO 60 K=1,NZ
DO 50 J=1,NY
DO 40 I=1,NX
¢(I,J,K3=C(I,J,K) /DBLE (NX+NY+NZ)
40 CONTINUE
50  CONTINUE
60 CONTINUE
WRITE(6, 1040) IERR
DO 200 K=1,N
WRITE(6, 1020) K, ((c(1,J,K),J=1,NY),I=1,NX)
200 CONTINUE
Ixx%% BACKWARD TRANSFORM s
I =
CALL ZFC3BF(NX,NY,NZ,C,LX,LY,LZ,ISW,IFAX,TRIGS,WK, IERR)
WRITE(6,1050) IERR
DO 300 K=1,N
WRITE(S, 1020) K, ((c(1,J,K),J=1,NY),I=1,NX)
300 CONTINUE
STOP
Ikkxx FORMAT *%k%
1000 FORMAT(1X,’#%% ZFC3FB AND ZFC3BF ***’,/,/.&
1X,’ ** INPUT *x’,/)
1010 FDRMAT(lX > NX =2,I3,° NY =’,I13,” NZ =’,I3,/,&
LX =,13,> LY =’,13,” LZ =’,I3 )
1020 FDRMAT(/ 1X > C(IX,1Y,7,12,°)°,&
/,4(1X (,F6.3,”,”,F6.3,7)))
1030 FORMAT(/,1X,’ % QUTPUT #x’)
1040 FORMAT(/,1X,’ ( FORWARD TRANSFORM )’,/,/,4X,’IERR =’,I6)
1050 FORMAT(/,1X,’ ( BACKWARD TRANSFORM )’././.4X,’IERR =’,I6)
END

(d) Output results
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*%x ZFC3FB AND ZFC3BF

** INPUT

** QUTPUT

*%

5 NY
5 LY

1

0.017)
0.033)
0.050)
0.067)
0.083)
2

)

0.033)
0.067)
0.100)
0.133)
0.167)

3)

0.050)
0.100)
0.150)
0.200)
0.250)

k%

~AA~AAA~
EFENDNDW

~AAAA

AAAAA

*%

P EERENDN

PR EeN

( FORWARD TRANSFORM )

IERR =
C(IX,IY,

IERR =

(IX,1Y,
1.600,

0

1)
0.250)

,—-0.189)

-0.078)

,—-0.005)

0.106)

2)
,-0.127)

-0.032)

»-0.007)

0.008)
0.029)

3)

0.002)
0.009)
0.016)
0.024)

, 0.036)

0

AAAAA
[eleleoloXe)

AAAAA

[eXeloloXo)

AAAAA
[eXeleolele]

~AA~AA~AA~
FENDNDW

~AAAA

AAAAA

RPEERENDN

PR EeN

.200,

.333,

*

.102,

.046,

.005,
.011,

.040,

.016,

.000,
.714,
.500,
.333,
.200,

[eXeleoleole)

[eXeleoleole)

-0.
-0.
-0.
.001)
.024)

,-0.
-0.
-0.
-0.
-0.

[eleololoto)

.033)
.067)
.100)
.133)
.167)

.067)
.133)
.200)
.267)
.333)

.100)
.200)
.300)
.400)
.500)

160)
047)
017)

022)
009)
007)
007)
009)

.014)
-0.
-0.
-0.
.001)

010)
006)
003)

.033)
.067)
.100)
.133)
.167)

.067)
.133)
.200)
.267)
.333)

.100)
.200)
.300)
.400)
.500)

AAAAA AAAAA AAAAA ~AAAAA AAAAA
[eXeleoleole)

[eleloloto)

AAAAA
QOO0 O0O

AAAAA AAAAA

AAAAA

N NN

B

.091,

018, 0

N NN

B

(o)) ~

o =

=4 >
[eleloloXe) [elelolote)

w

w

w
[eXeleoleole]

.137,-0.
.012)
.003)
.014)
.029)

(o)) ~

o =

=4 >
[efeloloXe) [elelofoXe)

[eXelele]
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.050)
.100)
.150)
.200)
.250)

.100)
.200)
.300)
.400)
.500)

.150)
.300)
.450)
.600)
.750)

050)

.003)
.008)
.005)
.003)
.012,-0.

002)

.022)
.006)
.002)
.002)
.007)

.050)
.100)
.150)
.200)
.250)

.100)
.200)
.300)
.400)
.500)

.150)
.300)
.450)
.600)
.091, 0.

750)

AAAAA AAAAA AAAAA AAAAA AAAAA
[efeleoloXe)

[eXeleoleolo]

AAAAA
[eXeleoleole]

AAAAA ~AAAAA

AAAAA

) PR REN

s

) PR REN

s

.000,

.000,

.202,

.002,

.000,

[eXeleoleole) [eXeleoleo)e)

HOOOO

[eXeleoleole)

[eXeleoleole) [eXeleoleoXe)

HOOOO

.067)
.133)
.200)
.267)
.333)

.133)
.267)
.400)
.533)
.667)

.200)
.400)
.600)
.800)
.000)

.060)
.016)
.021)
.028)
.041)

.025)
.010)
.004)
.000)
.006)

.033)
.002)
.003)
.008)
.016)

.067)
.133)
.200)
.267)
.333)

.133)
.267)
.400)
.533)
.667)

.200)
.400)
.600)
.800)
.000)



2.13 THREE-DIMENSIONAL REAL FOURIER TRANSFORM

2.13.1 [DEPRECATED]|DFR3FB, RFR3FB
Three-Dimensional Real Fourier Transform (Including Initialization)

(1) Function
Forward transform
DFR3FB or RFR3FB obtains a half period of the three-dimensional Fourier forward transform (arbitrary
radix) for the three-dimensional real data ry, x, k. (kz = 0,---,ng—1; ky = 0,--- ,ny—1; k. =0,---,n.—1).

ng—1ny—1n,—1

. ik -
j : _27-(\/_71(7152 +Jy Y 4 Jz z)
ijvjyyjz E E Tka:7k?y,k e Ny ny n

+=0 ky=0 k.=0
(m_ov 7|_ng_xJ7]y2077ny_17 jz:O,"',’l’Lz—l)

Here, |x] represents the maximum integer that does not exceed z. The remaining half period is obtained
from the following relationships.
Na—jasny—ysma—is = Closdusds

Crra iy de = Clomy—dymz—is

i —fasty—dysis = Clasiysms—iz
Here, z* represents the conjugate complex number of the complex number z.
Backward transform
Given the half period Cjz,jy,jz (Jo=0,---, L’;—’”J, Jy=0,---,ny—1; j. =0, — 1) for nynyn, complex
data cj, j, j.(Jo = 0, -1, j,=0,---,ny —1; j, =0,---,n, — 1) satlsfymg o

Cariysizt Cro—juriysis = Mo —jasmy—jyrje = Cieudymz—j.» DFR3FB or RER3FB obtains the
three-dimensional Fourier backward transform (arbitrary radix) defined as follows.

CJrvny ]yvnz Jz> and C

ng—1ny—1n,—1

k
, . o QWr(J:fLEI_;’_Jy y+]zkz)
ka,ky,kz = JarJyd=€

Ja=0 Jy—o Jj==0
n,—1ny—

- -
Z Z K A ZﬂJTl(—]i Lyizmz)
{CO»]sz - ) C_ Jy ]z} Y
Jj==0 Jy*o
nz*lnyill— / dakae | Jyky | jazke
+2 E E E %{CJ Jysd 27r SIS )}
5]y - €
J==0 jy=0 jo=1
(ko =0, ng—1; ky =0,---,ny — 1; ky =0,--,n, — 1)

Here, [z] represents the minimum integer greater than or equal to x, and R{z} represents the real part of

the complex number z. Also, when n, is odd, CnI = 0, and when n, is even, CnI

i dundz = CTGydae
(2) Usage
Double precision:
CALL DFR3FB (NX, NY, NZ, R, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
Single precision:

CALL RFR3FB (NX, NY, NZ, R, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 NZ I 1 Input | Number of data values in the third dimension,
n. (See Note (a))
4 R D LX,LY,LZ | Input | Input data 7y, x, k. (Forward transform), or
{R} Cju.jy.j. (Backward transform) (See Note (b))
Output | Output results ¢;, ;, ;. (Forward transform), or
Thy ky.k. (Backward transform) (See Notes (b)
and (c))
5 LX I 1 Input | Adjustable dimension of array R (See Note (b))
6 LY I 1 Input | Second dimension of array R (See Note (b))
7 LZ I 1 Input | Third dimension of array R (See Note (b))
8 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0:Initialization only
ISW= 1:Forward transform
ISW=-1:Backward transform
9 IFAX I 60 Output | Factorization results and number of factors (See
Note (d))
10 TRIGS D NX + 2 x| Output | Trigonometric function table (See Note (d))
{R} (NY + NZ)
11 WK D LXxLYxLZ| Work | Work area
it
12 IERR I 1 Output | Error indicator

151



[DEPRECATED|DFR3FB, RFR3FB
Three-Dimensional Real Fourier Transform (Including Initialization)

(4) Restrictions

(a)

NX >1
NY >1
NZ>1

NX + 1 < LX, where NX is an odd, or
NX + 2 < LX, where NX is an even.

NY <LY
NZ <LZ
LX should be even number.

ISW € {0,1,—1}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b), (¢) or (d) was not
satisfied.
3020 Restriction (e) was not satisfied.
3030 Restriction (f) was not satisfied.
(6) Notes

(a)

When the number of data NX, NY or NZ can be adjusted, the calculations can be performed more
efficiently by setting a number for which the mixed radix FFT algorithm operates effectively (multiples
of 2, 3, 5, etc.). For example, rather than setting NX = 289(=172), it is usually more efficient to set
NX = 300(=22 x 3 x 52), NX = 320(=2% x 5), NX = 384(=27 x 3) or the like.

The real data ry, g, &, (ke = 0,---,np —1; k, = 0,---,n, —1; k. = 0,---,n, — 1) and elements of
array R are associated as follows.

Tkahkyykz A R’(kX+1?ky+1’kZ+ 1)

When computing the backward transform, if NX(=n) is odd, then R(NX +1,k, +1,k,+ 1) =0, and
when NX is even, then R(NX + 1,ky + 1,k, + 1) = R(INX + 2,ky + 1,k, + 1) = 0. Also, when entering
the real data 7y, &, k. (kz = 0,---,ny — 1; ky = 0,---,ny — 1; k. = 0,---,n, — 1) into array R, the
corresponding zeros mentioned above need not be specifically stored.
If we let the real and imaginary parts of the complex data c;, j, j. (jz = 0, [%=]; 4y = 0,---,ny —
1; . =0,---,n, — 1) be R{cj, j,.;. } and I{cj, j,.j. }, respectively, the ¢;, ; ;. and elements of array
R are associated as follows. Here, |z | represents the maximum integer that does not exceed x.
Ricj.,0.7 ¢ RE@xjx+1Ljy+1j.+1)
(\}{cjmvjydz} A R(2*Jx+27Jy+ lvjz +1)
From the properties of a real Fourier transform, ${cp 0,0} = 0, and when NX, NY and NZ are all even,
%{cn_;’%y nTz} = 0. Therefore, even if nonzero values are set for the corresponding elements of array

R, they are considered to be zero when processing is performed. Since the elements c;, j, 5. (jo =

%=+ 1,y —1; §y, =0,---,n, —1; j. =0,---,n, — 1) can be obtained according to the following
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relationships from the symmetry of the real Fourier transform, they need not be assigned as input when
computing the backward transform. Also, they are not output when computing the forward transform.

*

nm_jm7ny_jy7nz—jz = ijvjy,jz

* — ¢ ) )

n'l?_j177jy7jz T YNy —JysNz—Jz

* — . . .
ansz’nyijajz - C]z7jy,nz_]z

Here, z* represents the conjugate complex number of the complex number z. The adjustable di-
mensions of array R should be set so that LX/2, LY, and LZ are odd numbers to avoid
bank conflict of main memory. Also, to increase speed, calculations are executed even for
elements outside areas where data is set within array R. Usually, when NX, for example,
is (a multiple of 4)42, LX=NX+4 is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of
data. For example, if we let the data obtained by computing the backward transform immediately
following the forward transform for the real data 74, k, x. (kz =0, -+, ng —1; ky =0,---,ny —1; k. =
0,---,n. — 1) be represented by 7, &, k. (ke =0, -, np —1; ky =0,---,ny —1; k. =0,---,n, — 1),
then the following relationship holds.

/f‘ka:akyvkz = nmnynz/rkmvkyakz
(kLE :Oavnw_lv ky :0,,’1’Ly—1, kz :0,"',’1’LZ—1)
Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

To repeatedly compute the transform for the same number of data (NX, NY, NZ), you should call this

subroutine once, and then use the after-initialization transform 2.13.2 DFR3BE , thereafter. This
RFR3BF

enables processing to be performed more efficiently since initialization (factorization or the creation of

trigonometric tables) is performed only once. However, in this case, you must retain the contents of

DFR3BF

RFR3BF |

To perform initialization only by setting ISW=0, you need not set input data for array R.

arrays IFAX and TRIGS so they can be used as input to the subroutine 2.13.2

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling

to approximate the continuous Fourier transform. According to the sampling theorem, for a time
1

m )

then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT")} as follows.

function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' =

sin 2 f.(t — iT)

h(t) =T > h(iT) T

1=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.
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(7) Example
See the example in Section 2.13.2 (7).

154



[DEPRECATED|DFR3BF, RFR3BF
Three-Dimensional Real Fourier Transform (After Initialization)

2.13.2 [DEPRECATED]|DFR3BF, RFR3BF
Three-Dimensional Real Fourier Transform (After Initialization)

(1) Function
Forward transform
DFR3BF or RFR3BF obtains a half period of the three-dimensional Fourier forward transform (arbitrary
radix) for the three-dimensional real data rg, g k. (ke =0,---,ny—1; k, =0,---,n,—1; k, =0,---,n,—1).

Y

ne—1ny—ln,—1 ke |y ky k
_on /7(]1 be 2Py Jyky 4 jokz FELER)
Clorjyrd= = E E E Tk ky ks €
ke=0 ky=0 k.=0
— n P O —
(]w_ov"'al_TxJ7]y_Oa"'vny_lv ]Z_Oa"'vnz_l)

Here, |x] represents the maximum integer that does not exceed z. The remaining half period is obtained

from the following relationships.

* P— . . .
Cnxfjx,nyij,nzsz - CJ:»Jy,Jz
* P— c . .
Ne—Ja,JysJ=  Jz:Ny—JysMz—"Jz
* — . . .
Crip—ja,ny—dy,dz — Cwsdymez—iz

Here, z* represents the conjugate complex number of the complex number z.

Backward transform

Given the half period ¢;, j, j. (jo = 0,---, [ % ]; jy =0,---,ny — 1; j. =0,--- — 1) for nynyn, complex
data cj, j,.j.(Je = 0,--- 0z — 15 jy = 0,---,ny — 1; j. = 0,---,n, — 1) satlsfymg oo smy—jysme—is =
Cln iy ias C:m—jm,jy,jz = Cjyny—iyns—jss and C:;z_jz7ny_jy7jz = Cjyyna—ie DFR3BF or RFR3BF obtains the

three-dimensional Fourier backward transform (arbitrary radix) defined as follows.

ng—1ny—1ln,—1 Jyky

/—1(dzk Jzk
Tk'zwk:y’kz = E E E Cja:»jy’jz o ( fl“rm-‘r ny + flzz)

J==0 jy=0 j>=0
nz—lny—l N Qﬂm(jyky+jzkz)
= E E {cog,.g. +(=1)% ez 5, ;. }e T
j==0 ]y_o
—1ny—1
e gﬂm(jka+ﬂ'yky+jzkz)
+2 E E E §R{CJI Jy»d=€ EE
J==0 jy=0 ju=1
(ky=0,---,npy—1; ky=0,---,n,—1; k, =0,---,n, — 1)

Here, [z] represents the minimum integer greater than or equal to x, and R{z} represents the real part of

the complex number z. Also, when n, is odd, C"_acj 4. = 0, and when n, is even, C”_r ; =Cnrg ; ..
z ]yv]z 5 JysJz

(2) Usage
Double precision:
CALL DFR3BF (NX, NY, NZ, R, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
Single precision:
CALL RFR3BF (NX, NY, NZ, R, LX, LY, LZ, ISW, IFAX, TRIGS, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Number of data values in the first dimension,
ng (See Note (a))
2 NY I 1 Input | Number of data values in the second dimension,
ny (See Note (a))
3 NZ I 1 Input | Number of data values in the third dimension,
n. (See Note (a))
4 R D LX,LY,LZ | Input | Input data 7y, x, . (Forward transform), or
(Backward transform) (See Note (b))
Output | Output results ¢;, ;, ;. (Forward transform), or
Tk ky ks
(Backward transform) (See Notes (b) and (c))
5 LX I 1 Input | Adjustable dimension of array R (See Note (b))
6 LY I 1 Input | Second dimension of array R (See Note (b))
7 LZ I 1 Input | Third dimension of array R (See Note (b))
8 ISW I 1 Input | Processing switch
ISW= 1:Forward transform
ISW=—-1:Backward transform
9 IFAX I 60 Input | Factorization results and number of factors (See
Note (a))
10 TRIGS D NX + 2 x| Input | Trigonometric function table (See Note (a))
{R} (NY + NZ)
11 WK D LXxLYxLZ| Work | Work area
i}
12 IERR I 1 Output | Error indicator
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(4) Restrictions

(a)

(b)

()
(d)
()
(f)

NX >1
NY > 1
NZ >1

NX + 1 < LX, where NX is an odd, or
NX + 2 < LX, where NX is an even.

NY <LY
NZ <LZ
LX should be even number.

ISW e {1,-1}

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b), (c) or (d) was not
satisfied.
3020 Restriction (e) was not satisfied.
3030 Restriction (f) was not satisfied.
(6) Notes
(a) This subroutine can be used to repeatedly compute the transform for the same number of data (NX,
DFR3FB
NY, NZ) after the including-initialization subroutine 2.13.1 RFRSFB has been used. In this case,

you must retain the contents of arrays IFAX and TRIGS so they can be used as input in this subroutine.

The real data ry, g, k., (ke =0,---,np —1; k, =0,---,ny —1; k. = 0,---,n, — 1) and elements of

array R are associated as follows.
Tka:vkgpkz A R’(kX+1?kY+ 17kZ+ 1)

When computing the backward transform, if NX(=n,) is odd, then R(NX +1,ky, +1,k,+ 1) =0, and
when NX is even, then R(INX +1,k, +1,k, +1) = R(NX +2,k, +1,k, + 1) = 0. Also, when entering
the real data ry, x, k. (kz = 0,---,ny — 1; ky, = 0,---,ny — 1; k. = 0,---,n, — 1) into array R, the
corresponding zeros mentioned above need not be specifically stored.

If we let the real and imaginary parts of the complex data c;, j, j.(Jz = 0, [%=]; 4y = 0,---,ny —
1; j. =0,---,n, — 1) be R{cj, j,.5. } and {c;, j, ;. }, respectively, the ¢;, j, ;. and elements of array

R are associated as follows. Here, |2 | represents the maximum integer that does not exceed x.

R{cj,j,4.1 ¢ RExjx+Ljy+1j.+1)

Hegoga b & RE@xixc+20y +1Lj +1)
From the properties of a real Fourier transform, 3{cg 0,0} = 0, and when NX, NY and NZ are all even,
%{chx_’nTy nTz} = 0. Therefore, even if nonzero values are set for the corresponding elements of array
R, they are considered to be zero when processing is performed. Since the elements c;, j, 5. (jo =
%] +1,-,ne—1; jy, =0,---,ny —1; j. = 0,---,n. — 1) can be obtained according to the following
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(f)

relationships from the symmetry of the real Fourier transform, they need not be assigned as input when

computing the backward transform. Also, they are not output when computing the forward transform.

*

nm_jm7ny_jy7nz—jz = ijvjy,jz

* — ¢ ) ]

nw_jwvijz T YNy —JysNz—Jz

* — . . .
ansz,nyij,jz - CJway»nz—]z

Here, z* represents the conjugate complex number of the complex number z. The adjustable di-
mensions of array R should be set so that LX/2, LY, and LZ are odd numbers to avoid
bank conflict of main memory. Also, to increase speed, calculations are executed even for
elements outside areas where data is set within array R. Usually, when NX, for example,
is (a multiple of 4)42, LX=NX+4 is set.

When this subroutine is used to compute the backward transform immediately following the forward
transform, the values of the data obtained will be the original data multiplied by the number of
data. For example, if we let the data obtained by computing the backward transform immediately
following the forward transform for the real data 74, k, k. (kz =0, -+, nge —1; ky =0,---,ny —1; k, =
0,---,n. — 1) be represented by 7, &, k. (ke =0, -, np —1; ky =0,---,ny —1; k. =0,---,n, — 1),
then the following relationship holds.

TAkkay»kz = nmnynz/rkmvkyakz
(kLE :Oavnw_lv ky :Ovany_lv kz :07"'7nz_1)
Therefore, normalization must be performed for the result of either the forward transform or the
backward transform. Note that in some of the entries in the Reference Bibliography, the definitions of
the forward and backward transforms are reversed from those in this book, and in some of the entries

a normalized result is defined.

Since a discrete Fourier transform is assumed to be a periodic function for which the data sequences
before and after the transform are assumed to have the number of data (n, or n, or n,) as the period,
the number of samples or sampling interval must be set with this taken into account when sampling
to approximate the continuous Fourier transform. According to the sampling theorem, for a time
function h(t) that is bandwidth limited by the frequency f,, if the sampling interval is taken as T' = ﬁ,

then h(t) can be reconstructed from knowledge of only a sequence of sample values {h(iT)} as follows.

W =1 3 ) 2D

i=—00

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

DEPRECATED This subroutine will be removed in the future. Use ASL Unified Interface, the

higher performance alternative implementation instead.

(7) Example

(a)

Problem
Compute the three-dimensional real Fourier forward and backward transforms using
(ky + 1)(ky +1)(k, + 1)

NgNyN,

(ky =0,---,ny—1; ky=0,---,ny —1; k, =0,---,n, — 1)

The kyk: =

as input data.
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(b) Input data
Array R, NX=6, NY=4, NZ=3, LX=10, LY=5, LZ=3, ISW=1 (Forward transform) and ISW=—
(Backward transform).

(¢) Main program

PROGRAM BFR3BF
! x%*% EXAMPLE OF DFR3FB AND DFR3BF *x*
PARAMETER (NX=6,NY=4,NZ=3,LX=10,LY=5,LZ=3)
REAL(8) R(LX,LY,LZ)
REAL(8) TRIGS (NX+2*(NY+NZ)) ,WK(LX*LY*LZ)
COMPLEX(8) C(LX/2,LY,LZ)
INTEGER IFAX(60)
POINTER (CP, C)
CP=LOC(R)
I xxxx INPUT sk%*%
DO 30 K=1,NZ
DO 20 J=1,NY
DO 10 I=1,NX
R(I,J,K)=DBLE(I*J*K)/DBLE (NX*NY*NZ)
10 CONTINUE
20  CONTINUE
30 CONTINUE
WRITE(6,1000)
WRITE(G 1010) NX,NY,NZ,LX,LY,LZ
DO 100 K=1,N
WRITE(6, 1020) K, ((R(1,J,K),J=1,NY),I=1,NX)
100 CONTINUE
Ikkxx QUTPUT **%k%
WRITE(6,1030)
ki INITIALIZATION + FORWARD TRANSFORM sk
ISW= 1
CALL DFR3FB(NX,NY,NZ,R,LX,LY,LZ,ISW,IFAX,TRIGS,WK,IERR)
Vsokkk NORMALIZATION ks
DO 60 K=1,NZ
DO 50 J=1,NY
DO 40 I=1,(NX+2)/2
C(I,J,K3=C(I,7,K) /DBLE (NX+NY+NZ)

40 CONTINUE
50  CONTINUE
60 CONTINUE

WRITE(6,1040) IERR
DO 220 K=1,NZ
WRITE(6,1050) K
DO 210 I=1,(NX+2)/2
WRITE(6,1060) (C(I,J,K),J=1,NY)
210  CONTINUE
220 CONTINUE
skokokok BgCKw?RD TRANSFORM sk
ISW=-
CALL DFR3BF(NX,NY,NZ,R,LX,LY,LZ,ISW,IFAX,TRIGS,WK,IERR)
WRITE(G 1070) IERR
DO 300 K=1,N
WRITE(6, 1020) K, ((R(I,J,K),J=1,NY),I=1,NX+2)
300 CONTINUE
STOP
Ikkxx FORMAT **%%
1000 FORMAT (1X,’*** DFR3FB AND DFR3BF *xx’,/,/.&
1X,? %k INPUT *x’,/)
1010 FORMAT(1X,’ NX =°,I3,’ NY =’,I3,’> NZ =’,13,/,&
1X,» 1X =’,13,’ LY =*,13,’ LZ =?,13)
1020 FORMAT(; ,3X, ’R($X4§¥ ,12,7) L&
s s
1030 FORMAT(/,1X,’ ** QUTPUT *x’)
1040 FORMAT(/,1X,’> ( FORWARD TRANSFDRM )’,/,/,4X,’IERR =’,16)
1050 FORMAT(/,3X,’C(IX,IY,’,I2,’) ’)
1060 FORMAT(3X,4(> (*,F6.3,7,7.F6.3,°)"))
1070 FORMAT(/,1X,’ ( BACKWARD TRANSFORM )’,/,/,4X,’IERR =’,I6)
END

(d) Output results

*%x DFR3FB AND DFR3BF *x*x*

x% INPUT %

NK= 6 NY= 4 NZ= 3

IX=10 LY= 5 LZ= 3

R(IX,IY, 1)
0.0139 0.0278 0.0417 0.0556
0.0278 0.0556 0.0833 0.1111
0.0417 0.0833 0.1250 0.1667
0.0556 0.1111 0.1667 0.2222
0.0694 0.1389 0.2083 0.2778
0.0833 0.1667 0.2500 0.3333

R(IX,IY, 2)
0.027 0.0556 0.0833 0.1111
0.0556 0.1111 0.1667 0.2222
0.0833 0.1667 0.2500 0.3333
0.1111 0.2222 0.3333 0.4444
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0.1389 0.2778 0.4167 0.5556
0.1667 0.3333 0.5000 0.6667
R(IX,IY, 3)
0.0417 0.0833 0.1250 0.1667
0.0833 0.1667 0.2500 0.3333
0.1250 0.2500 0.3750 0.5000
0.1667 0.3333 0.5000 0.6667
0.2083 0.4167 0.6250 0.8333
0.2500 0.5000 0.7500 1.0000
#% QUTPUT *x
( FORWARD TRANSFORM )
IERR = 0
C(IX,IY, 1)
( 0.243, 0.000) (-0.049, 0.049) (-0.049, 0.000) (-0.049,-0.049)
(-0.035, 0.060) (-0.005,-0.019) ( 0.007,-0.012) ( 0.019,-0.005)
(-0.035, 0.020) ( 0.003,-0.011) ( 0.007.,-0.004) ( 0.011, 0.003)
(-0.035, 0.000) ( 0.007,-0.007) ( 0.007, 0.000) ( 0.007, 0.007)
C(IX,IY, 2)
(-0.061, 0.035) ( 0.005,-0.019) ( 0.012,-0.007) ( 0.019, 0.005)
( 0.000,-0.020) ( 0.004, 0.004) (-0.000, 0.004) (-0.004, 0.004)
( 0.006,-0.010) ( 0.001, 0.003) (-0.001, 0.002) (-0.003, 0.001)
( 0.009,-0.005) (-0.001, 0.003) (-0.002, 0.001) (-0.003,-0.001)
C(IX,IY, 3)
(-0.061,-0.035) ( 0.019,-0.005) ( 0.012, 0.007) ( 0.005, 0.019)
( 0.017,-0.010) (-0.001, 0.005) (-0.003, 0.002) (-0.005,-0.001)
( 0.012, 0.000) (-0.002, 0.002) (-0.002, 0.000) (-0.002,-0.002)
( 0.009, 0.005) (-0.003, 0.001) (-0.002,-0.001) (-0.001,-0.003)
( BACKWARD TRANSFORM )
IERR = 0
R(IX,IY, 1)
0.0139 0.0278 0.0417 0.0556
0.0278 0.0556 0.0833 0.1111
0.0417 0.0833 0.1250 0.1667
0.0556 0.1111 0.1667 0.2222
0.0694 0.1389 0.2083 0.2778
0.0833 0.1667 0.2500 0.3333
0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000
R(IX,IY, 2)
0.0278 0.0556 0.0833 0.1111
0.0556 0.1111 0.1667 0.2222
0.0833 0.1667 0.2500 0.3333
0.1111 0.2222 0.3333 0.4444
0.1389 0.2778 0.4167 0.5556
0.1667 0.3333 0.5000 0.6667
0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000
R(IX,IY, 3)
0.0417 0.0833 0.1250 0.1667
0.0833 0.1667 0.2500 0.3333
0.1250 0.2500 0.3750 0.5000
0.1667 0.3333 0.5000 0.6667
0.2083 0.4167 0.6250 0.8333
0.2500 0.5000 0.7500 1.0000
0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000
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2.14.1 DFCN1D, RFCN1D

(1)

One-Dimensional Convolutions

Function

Given the two discrete functions f(i) and g(j) of period m satisfying:
f@)=f(i+km),gt@) =gl +km) (i=0,---,m—1)

for an arbitrary integer k, where:
f(@)=0(@G=mn1,---,m=1); g(j)=0( =n2, - ,m—1)

DFCN1D or RFCN1D calculates the discrete convolution p(k) (k= 0,---,m — 1) defined as follows:

P = 3 F@glk— )= Y gk ~i) (=0, m 1)

Here, m = min(n; +n2 — 1, M) and M is an arbitrary integer satisfying M > max(n1, n2). The real Fourier
transform of p(k) can also be obtained.

Usage
Double precision:

CALL DFCN1D (N1, N2, R1, LD1, R2, LD2, M, ISW, IWK, WK, IERR)
Single precision:

CALL RFCN1D (N1, N2, R1, LD1, R2, LD2, M, ISW, IWK, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No.

Argument

Type

Size

Input/
Output

Contents

1

N1

I

Input

Number of effective data n; for discrete func-

tion f(7)

N2

Input

Number of effective data no for discrete func-
tion g(j)

R1

LD1

Input

Values of discrete function f(i) (See Notes (a)
and (b))

Output

When ISW > 1, result of real Fourier transform
of discrete function f(i) (period M)

LD1

Input

Size of array R1

R2

LD2

Input

Values of discrete function g(j) (See Notes (a)
and (b))

Output

Value of discrete function p(k) or its real Fourier

transform (See Notes (a) and (c))

LD2

Input

Size of array R2

Input

Parameter M corresponding to the period m of
discrete functions f (i), g(j), and p(k) (See Note

(d)

ISW

Input

Processing switch (See Notes (a) and (e))
ISW= 0: Calculate the convolution according
to the definition.

ISW= 1: Calculate the convolution according
to the FFT method.

ISW= 2: Calculate the real Fourier transform
of the convolution.

ISW= 3: Calculate the convolution according
to the sectioning FFT method.

IWK

See

Contents

‘Work

Work area

Size:

0 (When ISW= 0)
20 (When ISW > 1)
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Input
No. | Argument | Type Size nput/ Contents
Output
10 WK D See Work | Work area
R Contents Size:
N2 (When ISW= 0)
2x M+ 1 (When ISW= 1 or 2 and M is odd)
2 x M+ 2 (When ISW= 1 or 2 and M is even)
2 x M+ N1 (When ISW= 3 and M is odd)
2xM+N1+1 (When ISW= 3 and M is even)
11 IERR I 1 Output | Error indicator
(4) Restrictions
(a) ISW € {0,1,2,3}
(b) N1>1
(¢) N2>1
(d) M > max(N1,N2)
(e) When ISW =0 :
LD1 > N1
When ISW > 0 and M is odd:
LD1>M+1
When ISW > 0 and M is even:
LD1>M+2
(f) When ISW =0:
LD2 >M
When ISW > 0 and M is odd:
LD2>M+1
When ISW > 0 and M is even:
LD2>M+2
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 M < N1+ N2-1. Overlapping occurred during the convolu-
tion calculation.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
3030 Restriction (d) was not satisfied.
3040 Restriction (e) was not satisfied.
3050 Restriction (f) was not satisfied.
(6) Notes

(a) If the number of effective data for one of the functions for which the convolution is to be calculated is

extremely large compared to the number of effective data for the other, then sectioning should be used
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to divide the larger number of data into equal parts (by adding zeros at the end if necessary) and this
subroutine should be applied repeatedly to calculate the discrete convolution efficiently. In addition,
the required amount of memory will be smaller.

For example, to calculate the discrete convolution of the two series {u1, ug, -, ur} (number of effective
data k) and {vi,---,vpe} (number of effective data pg (pg > k)), first set ISW=1, N1=k, N2=g,
M > N1 + N2 —1, Rl={us,us, -, ug}, and R2={v, v, --,v4} and apply this subroutine. As a
result, the first g values of the convolution to be calculated are obtained as the first ¢ elements at the
beginning of array R2.

Next, change ISW and R2 to ISW=3 and R2={vg11, -, v2¢} and apply this subroutine with the
contents of the other arguments unchanged. As a result, the next ¢ values of the convolution to be
calculated are obtained as the first ¢ elements at the beginning of array R2. Then, continue to perform
the calculations in a similar manner while sequentially shifting the values set in R2. The convolution
calculated for the last repetition, that is, the convolution calculated when R2={v(,_1)q41, ", Vpq} 18
set, gives the last 2¢ — 1 elements of the convolution to be calculated. (However, when the series {v;}

is not a finite waveform, the last ¢ — 1 elements are indeterminate).

The values of the discrete functions f(i) and g(j) are stored in arrays R1 and R2, respectively, as
follows. However, when ISW = 3 is set, values are only stored in R2, and the contents of R1 are used
directly (See Note (a)).

f(0) — RI(1)

f) — RI1(2)

fni—1) — RI(NI)

J

R2(1)
R2(2)

9(0)
g(1)

i

glng—1) — R2(N2)

No values need be entered in elements R1(N1+1) and after of array R1 and in elements R2(N2+1) and
after of array R2. Also, in particular, when ISW = 3 is set, the elements in R2(N2+1) and after must

not be changed because they are used in the calculation.

The values of the discrete convolution p(k) are obtained in array R2 as follows.

p(0) - R2(1)
p(1) - R2(2)
p(M—-1) — R2(M)
When M is odd, R2(M+1) is 0.0, and when M is even, R2(M+1) and R2(M+2) are each 0.0. Also,
when sectioning is performed, the first N2 data usually are meaningful as convolution data (See Note
(a).
When ISW=2 is set to obtain the real Fourier transform P(j) of the discrete convolution p(k), which
is defined as follows (|| represents the maximum integer that does not exceed x):
| M-l

P() = 37 > pR)e ™I (G=0, - [5))
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the following associations are made:

R{P(0)}  « R2(1)
3{PO0)} < R2(2)
R{P(1)} < R2(3)
3{P1)}  © R2(4)

R{P(LF])} < R2(1-1)
S{P(|4])} « R2(1) (1=M-+1[M: Odd] or M+2[M: Even])

In this case, note that the Fourier transform that is obtained is normalized. The remaining half period

of the Fourier transform can be obtained from the symmetry of the real Fourier transform as follows:
P(M —j) = P(j)"
(Here, z* represents the conjugate complex number of the complex number z.)

If M > N1+ N2 — 1 is set, the convolution can be calculated without causing an overlap with the
convolution of the next period. When M > N1 4 N2 — 1, values that match 0.0 within the error
range are stored in element N1 + N2 and following. When ISW=0, M = N1 4+ N2 — 1 should be set.
When ISW > 1, the calculations can be performed more efficiently by setting a value for M for which
the mixed radix FFT algorithm operates effectively (multiples of 2, 3, 5, etc., which are the mixed
radix values of FFT). For example, if N1=N2=145, then when ISW=0, M = 289(=172) should be set.
However, when ISW > 1, it is usually more efficient to set M = 300(=2% x 3 x 52), M = 320(=2% x 5),
M = 384(=2" x 3) or the like.

Usually, the calculations can be performed more efficiently by setting ISW=1 to calculate
the FFT convolution. However, to conserve work area or if there is a restriction on the method of

selecting the parameter M, the calculations should be performed by setting ISW=0.

To calculate the convolution of discrete functions for which the starting position of the nonzero portions
are separated from the origin, first perform the calculations by shifting the functions so that the starting
positions are at the origin, and then shift the calculation results again to obtain the final results more
efficiently. For example, when the nonzero portions of the discrete functions f(i) and g¢(j) are the

intervals [io,io + n1 — 1] and [jo, jo + n2 — 1], respectively, let f(i) and §(j) be defined as follows:

F) = fli—i0), 9(j) = 9(j — jo)
and apply this subroutine to f(i) and §(j). Let p(k) represent the result that was obtained, and the

convolution p(k) of the original functions f(i) and g(j) is given as follows:
p(k) = p(k + (io + jo))

That is, the desired results are obtained if you shift f(i) and g(j) in the negative direction by iy and
Jo, respectively, before calculating the discrete convolution, and then shift the calculated value of the

convolution after applying this subroutine by ¢ + jo in the positive direction.

The sampling interval multiplied by the discrete convolution calculated by this subroutine is the square
approximation (or approximation by using the trapezoidal formula) of the continuous convolution
integral of a bandwidth-limited function. Therefore, to raise the approximation precision, you must
take a smaller sampling interval and a larger number of sample data. To associate these results
with a continuous convolution, it is easiest to let p(ny +n2 — 1) = 0 and consider n; + ny data of
p(k) (k=0,1,---,n1 +ny — 1). In this case, the coordinate 0 element usually is associated with p(0).
However,
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(h)

When ISW=0, then LD1=N1, LD2=M and NWK=N2

When ISW=1 or 2, if M is odd, then LD1=LD2=M+1 and NWK =2 x M + 1,
and if M is even, then LD1=LD2=M+2 and NWK =2 x M + 2.

When ISW=3, if M is odd, then LD1=LD2=M+1 and NWK = 2 x M + N1,
and if M is even, then LD1=LD2=M+2 and NWK =2 x M + N1 + 1.

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(7) Example

()

Problem
Use the sampling interval Ax to discretize the two finite waveforms defined by the following equations
and calculate the discrete convolution.

z 0<z<a
f@) = { 0 Otherwise

(2) b—x 0<zx<b
xTr) =
g 0 Otherwise

Remarks:

The continuous convolution p(z) = (f x g)(z) of f(z) and g(z) is as follows:

G(0,z,x) 0<z<a
e G(0,a,x) a<z<b
= — d —
e = [ r@ee-gae=q G000 BTSN
0 Otherwise

Here, G(a, §, ) is as follows:

Glws.e) = [Sia0-a) 20|

(e

¢=p —a

When a = 2 and b = 3 are set, the values f(iAx), g(iAx) and p(iAx) obtained by sampling f(z), g(x),
and p(z) = (f x g)(z) with Az = 0.1 are graphed as follows. The values p(i) Az, which are the discrete
convolution calculated by this subroutine multiplied by Az are also shown for reference. They match

the continuous convolution pretty well for a small number of samples.

166



fliAz) g(iAzx)

3.0 1 3.0 %
....
...
20 [ & 2.0 [ .o.
.. ..
(J [ ]
... ...
1.0 [ .o.. 1.0 [ ..o.
.. ..
.... ....
10 20 30 40 50 10 20 30 40 50
Figure 2—6
p(iAz) p(i)Ax
[ ]
° [ ]
hd .. ...
4.0 [ o o 4.0 [ o %
[ ] .. ° ..
° % °
3.0 [ R * 3.0 [ * K
[ ] .. N ..
° ° ® .
20 e K 20 [ o .
° % ° %
° [) ° '.
— d e — []
10 [ o %, L0 & .,
° () .. ()
()
0.0 o | | | \L, i 00 | | | |\|
10 20 30 40 50 ’ 10 20 30 40 50
Figure 2—-7
The program also calculates the continuous convolution for reference.
Input data

Sampling data
R1(i) =f(i—1)Ax) (i=1,2,---,N1) and
RQ(J) = g((J - 1)AX) (J =12, '7N2)'

Here, Az = 0.1.
a b
N1 =— N2 =— M and ISW.
s Ay Man SW
Main program

PROGRAM BFCN1D
| *%x EXAMPLE OF DFCN1D s
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER I
INTEGER N1,N2,LD1,LD2,M,ISW,IERR,IWK(20)
INTEGER MO
PARAMETER (MO = 100)
PARAMETER (LD1 = M0+2)
PARAMETER (LD2 = MO0+2)
REAL(8) R1(LD1),R2(LD2),WK(2*M0+2)
REAL(8) CR(LD2),T,DT
REAL(8) A,B,F

ISW=1
DT=0.1D0
A=2.0D0
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B=3.0D0
N1=(A+0.5D0*DT) /DT
N2=(B+0.5D0*DT) /DT

WRITE (6,1000) ISW,N1,N2,M
DO 100 I=1,N1
T=DBLE(I-1)=*DT
R1(I)=T
100 CONTINUE
DO 200 I=1,N2
T=DBLE (I-1)*DT
R2(I)=B-T
200 CONTINUE
Ixxx*xx ASSUME N2.GT.N1
WRITE (6,1100) (I-1,R1(I),R2(I),I=1,N1),(I-1,R2(I),I=N1+1,N2)
CALL DFCNiD(N1,N2,R1,LD1,R2,LD2,M,ISW,IWK,WK,IERR)
WRITE (6,1300)
WRITE (6,1400) IERR
DO 500 I=1,N1
T=DBLE(I-1)*DT
CR(I)=F(T,T,B)
500 CONTINUE
DO 300 I=N1+1,N2
T=DBLE(I-1)=*DT
CR(I)=F(A,T,B)
300 CONTINUE
DO 400 I=N2+1,N2+N1
T=DBLE (I-1)*DT
CR(I)=F(A,T,B)-F(T-B,T,B)
400 CONTINUE
WRITE (6,1200) (I-1,R2(I),R2(I)*DT,CR(I),I=1,N1+N2)

1000 FORMAT(’ °,/,/,&

? xkk  DFCN1D *x¥x’ /. &
2X,’** INPUT *x’,/.&
6X,’ISW =’,13,/,&
6X,’N1 =’,I3,/,&

6X,’N2 =,13,/,&

6X,’M =’,I3)

1100 FORMAT(12X,’DATA(R1,R2)’,/.,&
7X,’I-1°,4X,°R1(I)’,4X,’R2(1)’,/ &
20(8X,I12,2F9.4,/),10(8X,12,9X,F9.4,/))

1300 FORMAT(2X,’** QUTPUT *x’)

1400 FORMAT(6X,’IERR =’,I5)

1200 FORMAT(17X,’CONVOLUTION’,/,&

7X,’I-1°,4X,’R2(I)’,3X, ’R2(I)*DT’,2X,’CR(I)’,/,&
50(8X,I12,3F9.4,/))

END

REAL(8) FUNCTION F(TAU,T,B)
REAL(8) TAU,T,B
F=TAU*TAU* (0.5D0* (B-T)+TAU/3.0D0)
RETURN

END

(d) Output results

*%*% DFCN1D k%%
*x INPUT *x*

ISW = 1
N1 = 20
N2 = 30
M=5
DATA(R1,R2)
I-1 Ri(I) R2(I)
0 0.0000 3.0000
1 0.1000 2.9000
2 0.2000 2.8000
3 0.3000 2.7000
4 0.4000 2.6000
5  0.5000 2.5000
6 0.6000 2.4000
7 0.7000  2.3000
8 0.8000 2.2000
9 0.9000 2.1000
10 1.0000  2.0000
11 1.1000  1.9000
12 1.2000 1.8000
13 1.3000 1.7000
14 1.4000 1.6000
15  1.5000 1.5000
16  1.6000  1.4000
17 1.7000  1.3000
18 1.8000  1.2000
19  1.9000 1.1000
20 1.0000
21 0.9000
22 0.8000
23 0.7000
24 0.6000
25 0.5000
26 0.4000
27 0.3000
28 0.2000
29 0.1000
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** QUTPUT
IERR =

Lo
|
-

OCONONPWNRO

O~NOPNROOO

OOOFRFENWPON0

*%

CONVOLUTION
R2(I) R2(I)*DT
.0000  0.0000
.3000  0.0300
.8900 0.0890
.7600 0.1760
.9000  0.2900
.3000  0.4300
.9500  0.5950
.8400 0.7840
.9600  0.9960
.3000 1.2300
.8500 1.4850
.6000 1.7600
.5400  2.0540
.6600  2.3660
.9500 2.6950
.4000  3.0400
.0000  3.4000
.7400  3.7740
.6100 4.1610
.6000 4.5600
.7000  4.3700
.8000  4.1800
.9000  3.9900
.0000  3.8000
.1000  3.6100
.2000  3.4200
.3000  3.2300
.4000  3.0400
.5000  2.8500
.6000 2.6600
.7000  2.4700
.8000  2.2800
.9100  2.0910
.0400 1.9040
.2000 1.7200
.4000 1.5400
.6500 1.3650
.9600 1.1960
.3400 1.0340
.8000  0.8800
.3500  0.7350
.0000 0.6000
.7600  0.4760
.6400  0.3640
.6500 0.2650
.8000  0.1800
.1000 0.1100
.5600 0.0560
.1900  0.0190
.0000  0.0000

OCOOO0OO0OO0OO0OOOCOOORREEFENNNNNWWWWWHRIRERPRPRWWWNNNRLRERRRPOOOOOOOOO

CR(I)
.0000
.0148
.0587
.1305
.2293
.3542
.5040
.6778
.8747
.0935
.3333
.5932
.8720
.1688
.4827
.8125
.1573
.5162
.8880
.2718
.6667
.4667
.2667
.0667
.8667
.6667
.4667
.2667
.0667
.8667
.6667
.4668
.2680
.0712
.8773
.6875
.5027
.3238
.1520
.9882
.8333
.6885
.5547
.4328
.3240
.2292
.1493
.0855
.0387
.0098
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2.14.2 DFCN2D, RFCN2D

(1)

(3)

Two-Dimensional Convolutions

Function
Assume that the two multiperiodic discrete functions f(ig,iy) and g(jz, jy) of period (mg,m,) satisfying:

flizyiy) = f(iz + Lama, iy + Lymy),
9(zsJy) = 9(Jz + Lama, jy + Lymy),
(imajm =0,--,mz — 1; Z'yajy :Oa"'vmy _1>

for arbitrary integers L, and L, take nonzero values within their basic periods only for (is,4,) € [0, ngf ) _
1] x [O,nz(,f) — 1] and (Jz, Jy) € [o,n%’) —1] x [O,ng(,g) — 1]. Here, [0,a] x [0, 5] is the direct product region
(region contained in the square for which the point (0, 0) and the point (a,b) are diagonal points) on the
plane in which the plane coordinates (i, j) lie. At this time, DFCN2D or RFCN2D calculates the discrete

convolution p(ks, ky) defined as follows:

mey—1my—1
p(kx, ky) = Z Z f(ZzaZy)g(kx — g, ky - Zy)
i2=0 iy=0
My —1Mmy—1
Z Z g(]ma]y)f(km - jm»ky - ]y)
Jz=0 ijO
(kIZO,---,mI—l; ky =O,---,my—1)

Here, m, = min(n{) + n{¥ —1,M,) and m, = min(n{”) +n{? — 1,M,) and M, and M, are arbitrary
integers satisfying M, > max(ng ), nég)) and M, > max(ng(,f ), ng(,g)), respectively. The two-dimensional real

Fourier transform of p(k,, k,) can also be obtained.

Usage
Double precision:
CALL DFCN2D (NX1, NY1, NX2, NY2, R1, LX1, LY1, R2, LX2, LY2, MX, MY, ISW, IWK,
WK, IERR)
Single precision:
CALL RFCN2D (NX1, NY1, NX2, NY2, R1, LX1, LY1, R2, LX2, LY2, MX, MY, ISW, IWK,
WK, IERR)

Arguments

D:Double precision real Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output

1 NX1 I 1 Input | Number of effective data in i, direction ng ) for
discrete function f(iz,%,)

2 NY1 I 1 Input | Number of effective data in 7, direction ngf ) for
discrete function f(iz,1%,)

3 NX2 I 1 Input | Number of effective data in j, direction ng]) for
discrete function ¢(jz, jy)
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No. | Argument | Type Size Input/ Contents
Output
4 NY2 I 1 Input | Number of effective data in j, direction nég ) for
discrete function ¢(jg, jy)
5 R1 D LX1,LY1 Input | Values of discrete function f(is,i,) (See Note
{R} (a))
Output | When ISW > 1, result of two-dimensional real
Fourier transform of discrete function f(is,dy)
(period (M, M,))
LX1 I 1 Input | Adjustable dimension of array R1
LY1 I 1 Input | Second dimension of array R1
R2 D LX2,LY2 Input | Values of discrete function g(jz,jy) (See Note
{R} ()
Output | Value of discrete function p(ks, k,) or its two-
dimensional real Fourier transform (See Note
(b))
9 LX2 I 1 Input | Adjustable dimension of array R2
10 LY2 I 1 Input | Second dimension of array R2
11 MX I 1 Input | Parameter M, corresponding to the pe-
riod (mg, my) of discrete functions f(iz,%y),
9(ja, Jy), and p(ky, ky) (See Note (c))
12 MY I 1 Input | Parameter M, corresponding to the pe-
riod (mg, my) of discrete functions f(iz,%y),
9(ja, Jy), and p(ky, ky) (See Note (c))
13 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0: Calculate the convolution according
to the definition.
ISW= 1: Calculate the convolution according
to the FFT method.
ISW= 2: Calculate the real Fourier transform
of the convolution.
14 IWK I See Work | Work area
Contents Size:
0 (When ISW= 0)
40 (When ISW > 1)
15 WK D See Work | Work area
{R} Contents Size:
NX2 x NY2 ((When ISW= 0 and NX2 is odd)
(NX2 +1) x NY2 (When ISW= 0 and NX2 is
even)
MX +2x MY + MAX(LX1 x LY1,LX2 x LY2)
(When ISW > 1)
16 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) ISW € {0,1,2}

(b) NX1 > 1
NYI > 1

(c) NX2>1
NY2 > 1

(d) MX > max(NX1,NX2)
MY > max(NY1,NY2)

(e) When ISW =0 :
LX1 > NX1
LY1 > NY1
When ISW > 0 and MX is odd:
LX1>MX+1
LY1 > MY
When ISW > 0 and MX is even:
LX1>MX+2
LY1 > MY

(f) When ISW =0:
LX2 > MX
LY2 > MY
When ISW > 0 and MX is odd:
LX2 > MX +1
LY2 > MY
When ISW > 0 and MX is even:
LX2 > MX +2
LY2 > MY

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 MX < NX1+ NX2 -1 or Overlapping occurred during the convolu-
MY < NY1+NY2-1 tion calculation.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

3050 Restriction (f) was not satisfied.
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(6) Notes

(a)

The values of the discrete functions f(is,4,) and ¢(jz, jy) and the elements of arrays R1 and R2 are
associated as follows.

fliz,iy) < Rl(ix+1,iy +1)

9(Ua,Jy) ¢ R2(x+1,jy+1)

Here, iy = 0,---,nt) —1; i, = 0,---.n{) =1 and j, = 0,---,n{ — 1; j, = 0,---,n{¥ — 1, and

no values need be entered in other elements. The adjustable dimensions of arrays R1 and R2
should be set so that 1L.X1/2, LY1, LX2/2, and LY2 are odd numbers to avoid bank conflict
of main memory. Usually, when MX, for example, is a multiple of 4, LX1=MX+43 is set.

The values of the discrete convolution p(k, k) and the elements of array R2 are associated as follows.
plke,ky) < R2(ke+1,ky+1)
Here, ky =0,---, M, —1; k, =0,---,M, — 1. When ISW=2 is set to obtain the two-dimensional

real Fourier transform P(j,,j,) of the discrete convolution p(ks, k), which is defined as follows (|z]

represents the maximum integer that does not exceed z):

M,—1My—1

. 1 —omy/—T(Lzke 4 Juky )
P(jz, = k. k M My,
s =y 5 5

. . My
(o =0, [ 22 )5 dy = 00, [ 22])
the following associations are made:

In this case, note that the Fourier transform that is obtained is normalized. The remaining half period

of the Fourier transform can be obtained from the symmetry of the real Fourier transform as follows:

P(Mw _jacaMy _]y)* = P(]w»]y)
P(Mx*jzajy)* :P(jvay*jy)

(Here, z* represents the conjugate complex number of the complex number z.)

If MX > NX1 + NX2 — 1 and MY > NY1 + NY2 — 1 are set, the convolution can be calculated
without causing an overlap with the convolution of the next period. When MX > NX1 + NX2 — 1 or
MY > NY1+ NY2 — 1, the following correspondences are made:

plke,ky) < R2(ke+1,ky+1)

and values that match 0.0 within the error range are stored in elements corresponding to k, =
NX1+NX2-1,---, MX -1; &, =0,---, MY —1or k; =0,--- MX —-1; kb, = NYI+NY2 —
1,---,MY — 1. When ISW=0, MX = NX1 + NX2 — 1 and MY = NY1 4+ NY2 — 1 should be set.
When ISW > 1, the calculations can be performed more efficiently by setting a value for MX or MY
for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3, 5, etc., which are the
mixed radix values of FFT). For example, if NX1=NX2=145, then when ISW=0, MX = 289(=172)
should be set. However, when ISW > 1, it is usually more efficient to set MX = 300(=22 x 3 x 52),
MX = 320(=26 x 5), MX = 384(=27 x 3) or the like.

Usually, the calculations can be performed more efficiently by setting ISW=1 to calculate
the FFT convolution. However, to conserve work area or if there is a restriction on the method of

selecting the parameter MX or MY, the calculations should be performed by setting ISW=0.
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()

(2)

To calculate the convolution of discrete functions for which the starting position of the nonzero portions
are separated from the origin, first perform the calculations by shifting the functions so that the starting
positions are at the origin, and then shift the calculation results again to obtain the final results more
efficiently. For example, when the nonzero portions of the discrete functions f(iz,%,) and g(jz,jy) are
the intervals [ig, 7o +ni) - 1] and [jo, jo +n9 - 1] for 4, and j,, respectively, let f(zz, iy) and §(Jz, Jy)
be defined as follows:

fliwsiy) = f(iz —d0,0y), §(Jusdy) = 9(Jz — Jo, Jy)
and apply this subroutine to f(zz, iy) and §(Jz, jy). Let p(ks, ky) represent the result that was obtained,

and the convolution p(kg, k) of the original functions f(i,%,) and g(jz,jy) is given as follows:
p(ka, ky) = p(ke + (io + Jo), ky)-

That is, the desired results are obtained if you shift f(is,4,) and g(jz,j,) in the negative directions
of i, and j, by ig and jo, respectively, before calculating the discrete convolution, and then shift the
calculated value of the convolution after applying this subroutine by ig + jg in the positive direction
of k.

This procedure is available for iy, j,, and k, as well.

The sampling interval squared multiplied by the discrete convolution calculated by this subroutine
is the square approximation (or approximation by using the trapezoidal formula) of the continuous
convolution integral of a bandwidth-limited function. Therefore, to raise the approximation precision,
you must take a smaller sampling interval and a larger number of sample data. To associate these results
with a continuous convolution, it is easiest to let p(nt”) +n'” —1,k,) = 0 and p(k,,ni” +n{? —1) =0
and consider (n;f)+n§9))(n§,f)+n§,9)) data of p(ks, ky) (ks = 0,1,---, n$ +nl —1; k,=0,1,---, nz(,f)—i—

nz(,g) —1). In this case, the coordinate (0, 0) element is usually associated with p(0,0), and:

e when ISW=0,
then LX1 = NX1,LY1 =NY1,LX2 = MX,LY2 = MY, and
NWK = NX2 x NY2 (when NX2 is odd) or
NWK = (NX2 + 1) x NY2 (when NX2 is even)

e when ISW > 1,
then LX1=LX2=MX+1 (when MX is odd) or
LX1=LX2=MX+2 (when MX is even),
LY1=LY2=MY, and NWK = MX + (LX1 + 2) x MY.

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.
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(7) Example

(a) Problem
Use the sampling interval A to discretize the two finite waveforms defined by the following equations

and calculate the discrete convolution.

_ )z (=) €[0,27] x[0,y5])
@) = 0 (Otherwise)
zg =z ((z,y) € [0, 2] < [0,y,])

9(@y) = 0 (Otherwise)

(b) Input data
Sampling data

Ri(ix + 1,iy + 1) = f(ixA,iyA) (ix =0,1,---,NX1 — 1; iy = 0,1,

.-,NY1—1) and

R2(jx + 1,jy + 1) = g(jxA,jyA) (jx=0,1,--- ,NX2—-1; j, =0,1,---,NY2 - 1)

Here,
NX1,

A=05.
NY1, NX2, NY2, MX, MY and ISW.

(¢) Main program

1ok

101
100

201
200

1000

1100

PROGRAM BFCN2D

EXAMPLE OF DFCN2D **x
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER I,J

INTEGER ISW,IERR,IWK(40)
INTEGER NX1,NX2,LX1,LX2,MX
INTEGER NY1,NY2,LY1,LY2,MY
INTEGER MO

PARAMETER (MO = 8)

PARAMETER (LX1 = MO+2)
PARAMETER (LY1 = MO)
PARAMETER (LX2 = M0+2)

PARAMETER (LY2 = MO)

REAL(8) R1(LX1,LY1),R2(LX2,LY2),WK(3*MO+LX2%MO)
REAL(8) T

REAL(8) XF,YF,XG,YG,DT

PARAMETER (DT = 0.5D0)

PARAMETER (XF = 2.0D0,YF=2.0D0)

PARAMETER (XG = 2.0DO,YG=2.0D0)

ISW=1
NX1=XF/DT
NY1=YF/DT
NX2=XG/DT
NY2=YG/DT
MX=MO
MY=MO
WRITE (6,1000) ISW,NX1,NY1,NX2,NY2,MX,MY
DO 100 J=1,NY1
DO 101 I=1,NX1
T=DBLE(I-1)*DT

DO 200 J=1,NY2
DO 201 I=1,NX2
T=DBLE (I-1)*DT
R2(I,J)=XG-T
CONTINUE
CONTINUE
WRITE (6,1100) (I,(R1(I,J),J=1,NY1),I=1,NX1)
WRITE (6,1150) (I, (R2(I,J),J=1,NY2),I=1,NX2)
CALL DFCN2D(NX1,NY1,NX2,NY2,R1,LX1,LY1,&
R2,LX2,LY2,MX,MY,ISW,IWK,WK,IERR)
WRITE (6,1300)
WRITE (6,1400) IERR
WRITE (6,1200)&
(I,(R2(1,3),J=1,MY),I=1,MX)
FORMAT(C’ °,/,/,&
> *%x DFCN2D **x’ /. &
2X,’*x INPUT =*x’,/.&
6X,’ISW =’,13,/,&

6X,’ (NX1,NY1) =(,I3,7,°,13,°)°,/,&
6X,’ (NX2,NY2) =(’,13,7,°,13,7)’,/,&
6X,’ (MX, MY ) =(’,I13,7,7,I3,’)’)
FORMAT (12X, DATA R1(I,J)’,/,&
10X,°1/J 1 2 3 4,/,&

10X,
6(8X,13,4F9.4,/))

175



DFCN2D, RFCN2D
Two-Dimensional Convolutions

(d) Output results

k% k
*k

*x

1150 FORMAT (12X, ’°DATA R2(I,J)’,/,&
10X, I/J 1 2 3 4,/,&
10X - /&
6(8X 13,4F9.4,/))
1300 FORMAT(2X, ? % DUTPUT *%7)
1400 FORMAT(6X,’IERR =’,I5)
1200 FORMAT(17X,’CONVOLUTION R2(I 3> /,&
10X,°I/3 1 4 57,&
6 7 8’,/,&
10X, )&
> /&
8(8X,I13,8F7.2,/))
END
DFCN2D %
INPUT *x
ISW = 1
(NX1,NY1) =( 4, 4)
(NX2,NY2) =( 4, 4)
MX, MY ) =( 8, 8)
DATA R1(I,J)
/7 1 2 3 4
1 0.0000 0.0000 0.0000 0.0000
2 0.5000 0.5000 0.5000 0.5000
3 1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000 1.5000
DATA R2(I,J)
/7 1 2 3 4
1 2.0000 2.0000 2.0000 2.0000
2 1.5000 1.5000 1.5000  1.5000
3 1.0000 1.0000 1.0000  1.0000
4 0.5000 0.5000 0.5000 0.5000
OQUTPUT  *x*
IERR = 0
CONVOLUTION R2(I,J)
/3 1 2 3 4 5 6 7
1 0.00 0.00 0.00 0.00 0.00 0.00 -0.00
2 1.00 2.00 3.00 4.00 3.00 2.00 1.00
3 2.75 5.50 8.25 11.00 8.25 5.50 2.75
4 5.00 10.00 15.00 20.00 15.00 10.00 5.00
5 3.50 7.00 10.50 14.00 10.50 7.00 3.50
6 2.00 4.00 6.00 8.00 6.00 4.00 2.00
7 0.75 1.50 2.25 3.00 2.25 1.50 0.75
8 -0.00 0.00 0.00 0.00 -0.00 -0.00 -0.00
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2.14.3 DFCN3D, RFCN3D

(1)

Three-Dimensional Convolutions

Function
Assume that the two multiperiodic discrete functions f(iz,y,4,) and g(jz, jy,j-) of period (mg,my, m;)

satisfying:

f(ixviyviZ) = f(loc + Lxmxviy + Lymyviz + Lsz)v
9(zs JyrJ=) = 9(Jz + Lama, jy + Lymy, j. + L.m.),
(zmvjw :Oaamw_lv Zyv]yzovamy_lv Zzajzzoavmz_l)

for arbitrary integers L,, L,, and L, take nonzero values within their basic periods only for (iy,iy,%,) €
0,7 — 1] x [0,n5” — 1] x [0,nY) — 1] and (ja, jy, 42) € [0,n5 — 1] x [0,n$? — 1] x [0,n? — 1]. Here,
[0,a] x [0,b] x [0, ¢] is the direct product region (region contained in the cube for which the point (0, 0, 0)
and the point (a, b, ¢) are diagonal points) in the space in which the space coordinates (i, j, k) lie. At this
time, DFCN3D or RFCN3D calculates the discrete convolution p(ks, ky, k,) defined as follows:

Mme—1My—1m, —1

plka by kz) = Z Z Z fliasiy,i2)g(ke — o, ky — iy, ke — i)

ia=0 iy=0 i,=0
Mmg—1My—1m, —1

= Z Z Z g(jzvjyvjz)f(kxfjkay*jyakz*jz)

Je=0 jy=0 j>=0
(ke =0, mg —1; ky =0,---,my —1; ks =0,---,m, — 1)

Here, m, = min(ngf) + n&’” -1, M), my = min(nz(,f) + nz(,g) —-1,M,), and m, = min(n(zf) + n(zg) —-1,M,)
and M,, M,, and M, are arbitrary integers satisfying M, > max(ngf),ngcg)), M, > max(ng(,f),nég)), and
M, > max(ngf ),ngg)), respectively. The three-dimensional real Fourier transform of p(kg, ky, k.) can also
be obtained.

Usage
Double precision:
CALL DFCN3D (NX1, NY1, NZ1, NX2, NY2, NZ2, R1, LX1, LY1, LZ1, R2, LX2, LY2, LZ2,
MX, MY, MZ, ISW, IWK, WK, IERR)
Single precision:
CALL RFCN3D (NX1, NY1, NZ1, NX2, NY2, NZ2, R1, LX1, LY1, LZ1, R2, LX2, LY2, LZ2,
MX, MY, MZ, ISW, IWK, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 NX1 I 1 Input Number of effective data in i, direction n&f ) for
discrete function f(iz,%y,12)
2 NY1 I 1 Input | Number of effective data in i, direction ng(,f ) for
discrete function f(iz,%y,12)
3 NZ1 1 1 Input Number of effective data in 7, direction ngf ) for
discrete function f(iz,iy,1.)
4 NX2 I 1 Input | Number of effective data in j, direction ng]) for
discrete function g(jz, Jy, j=)
5 NY2 I 1 Input | Number of effective data in j, direction ng(,g ) for
discrete function g(jz, Jy, j=)
6 NZ2 I 1 Input | Number of effective data in j, direction ngg ) for
discrete function ¢(jz, jy, j-)
7 R1 D LX1,LY1, Input | Values of discrete function f(iz,4y,4.) (See
{R} LZ1 Note (a))
Output | When ISW > 1, result of three-dimensional
real Fourier transform of discrete function
[ iz, iy, 1) (period (Mg, My, M.))
8 LX1 I 1 Input | Adjustable dimension of array R1
9 LY1 I 1 Input | Second dimension of array R1
10 L71 I 1 Input | Third dimension of array R1
11 R2 D LX2,LY2, Input | Values of discrete function ¢(jz,Jjy,J.) (See
{R} LZ2 Note (a))
Output | Value of discrete function p(kg,k,,k.) or its
three-dimensional real Fourier transform (See
Note (b))
12 LX2 I 1 Input | Adjustable dimension of array R2
13 LY2 I 1 Input | Second dimension of array R2
14 LZ2 I 1 Input | Third dimension of array R2
15 MX I 1 Input | Parameter M, corresponding to the period
(Mg, my, m;) of discrete functions f(iz,4y,15),
9(Ja» Jys J=), and p(ke, ky, k) (See Note (c))
16 MY I 1 Input | Parameter M, corresponding to the period
(mg, my, m;) of discrete functions f(iz,4y,1.),
9(Jas Jys j=), and p(ke, ky, k) (See Note (c))
17 MZ I 1 Input | Parameter M, corresponding to the period
(Mg, my, m;) of discrete functions f(iz,%y,15),
9(Ja» Jys j=), and p(ke, ky, k) (See Note (c))
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Input/
Output
18 ISW I 1 Input | Processing switch (See Note (d))

ISW= 0: Calculate the convolution according
to the definition.

ISW= 1: Calculate the convolution according
to the FFT method.

ISW= 2: Calculate the real Fourier transform

No. | Argument | Type Size Contents

of the convolution.
19 IWK I See Work | Work area
Contents Size:

0 (When ISW= 0)
60 (When ISW > 1)
20 WK {D} See Work | Work area

Contents Size:

(NX2 + 1) x (NY2 + 1) x NZ2 (When ISW= 0,
NX2 is even and NY?2 is even)

NX2 x (NY2 + 1) x NZ2 (When ISW= 0, NX2
is odd and NY?2 is even)

(NX2+41) x NY2 x NZ2 (When ISW= 0, NX2
is even and NY2 is odd)

NX2 x NY2 x NZ2 (When ISW= 0, NX2 is odd
and NY?2 is odd)

MX 4+ 2 x (MY + MZ) + MAX(LX1 x LY1 x
LZ1,LX2 x LY2 x LZ2) (When ISW > 1)

21 IERR I 1 Output | Error indicator

(4) Restrictions

(a) ISW € {0,1,2}

(b) NX1>1
NY1>1
NZ1>1

(¢) NX2>1
NY2>1
N7Z2 > 1

(d) MX > max(NX1,NX2)
MY > max(NY1,NY2)
MZ > max(NZ1, NZ2)

(e) When ISW =0 :
LX1 > NX1
LY1 > NY1
LZ1 > NZ1
When ISW > 0 and MX is odd:
LX1 > MX + 1 and LX1 is even
LY1 > MY
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LZ1 > MZ

When ISW > 0 and MX is even:
LX1 > MX + 2 and LX1 is even
LY1 > MY
LZ1 > MZ

(f) When ISW =0:

LX2 > MX
LY2 > NY2
LZ2 > NZ2

When ISW > 0 and MX is odd :
LX2 > MX + 1 and LX2 is even
LY2 > MY
LZ2 > MZ

When ISW > 0 and MX is even :
LX2 > MX + 2 and LX2 is even
LY2 > MY
LZ2 > MZ

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

1000 MX < NX1 + NX2 -1, Overlapping occurred during the convolu-
MY < NY1+NY2—-1or tion calculation.
MZ < NZ1+4NZ72 -1

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

3050 Restriction (f) was not satisfied.
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(6) Notes

(a)

The values of the discrete functions f(iz,iy,%.) and ¢(Jjz, jy, j-) and the elements of arrays R1 and R2
are associated as follows.

fliz,iy,i2) < Rl(ix+1,iy +1,i, +1)

9w, Jy-J=) < R2(x+Ljy+1,j,+1)
Here, i = 0,---,n8) —1; iy = 0,---,n{) = 1; i = 0,---,nY) — 1 and jo = 0,---,n{? — 1; j, =
0,--- ,ng(,g) —1;7.=0,---, n&’” — 1, and no values need be entered in other elements. The adjustable
dimensions of arrays R1 and R2 should be set so that LX1/2, LY1, LZ1, LX2/2, LY2, and
LZ2 are odd numbers to avoid bank conflict of main memory. Also, to increase speed,

calculations are executed even for elements outside areas where data is set within arrays
R1 and R2. Usually, when MX, for example, is (a multiple of 4)+2, LX1=MX+4 is set.

The values of the discrete convolution p(ks, ky, k.) and the elements of array R2 are associated as

follows.
p(kz,ky,kz) > R2(kx+1,ky+1,kz+1)
Here, k., =0, - —-1; ky=0,- —1; k,=0,- — 1. When ISW=2 is set to obtain the

three—dlmensmnal real Fourier tranbform P( Jas Jys J=) Of the dlbcrete convolution p(kg, ky, k), which is

defined as follows (|2 | represents the maximum integer that does not exceed x):

My—1My—1M,—-1

—on Jzkz
P(]wa]y»]z) M M M. kz_o kgo kzo km,ky,k 2 \/_1( y7 o))

. M. .
(]I:()a 7|_1\ng7 y:07 7|_Tyj7‘7z:077|_]\gzj)
the following associations are made:
R{P(jz, Jy. J=)} ¢ R22#jx+Ljy +1j,+1)
S{P(Ju:Jy, =)t ¢ R2(2xjx+2,jy +1,j. +1)

In this case, note that the Fourier transform that is obtained is normalized. The remaining half period

of the Fourier transform can be obtained from the symmetry of the real Fourier transform as follows:
P<Mw_jwaMy_jyaMz_jz)* :P<jmajy7jz)
P<Mw_jmajy7jz)* :P<jmaMy_jy7Mz_jz)
P(Mac*jzaMyijvjz)* :P(jzajvazsz)

(Here, z* represents the conjugate complex number of the complex number z.)

If MX > NX1 + NX2 — 1 and MY > NY1 + NY2 — 1 and MZ > NZ1 + NZ2 — 1 are set, the
convolution can be calculated without causing an overlap with the convolution of the next period.
When MX > NX1 + NX2 -1 or MY > NY1 + NY2 — 1 or MZ > NZ1 + NZ2 — 1, the following

correspondences are made:
plke, ky k) < R2(ke+1,ky+1,k, +1)

and values that match 0.0 within the error range are stored in elements corresponding to k, =
NX1+NX2-1,--- MX—-1; k,=0,---, MY —-1; k., =0,---,MZ—-1ork, =0,--- MX—-1; k, =
NY1+NY2-1,--- MY —-1; k,=0,---, MZ—-1ork, =0,--- , MX—-1; k, =0,--- MY - 1; k, =
NZ1+NZ2 —1,--- ,MZ — 1. When ISW=0, MX = NX1 + NX2 — 1, MY = NY1 + NY2 — 1, and
MZ = NZ1+ NZ2—1 should be set. When ISW > 1, the calculations can be performed more efficiently
by setting a value for MX, MY or MZ for which the mixed radix FFT algorithm operates effectively
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(2)

(multiples of 2, 3, 5, etc., which are the mixed radix values of FFT). For example, if NX1=NX2=145,
then when ISW=0, MX = 289(=172) should be set. However, when ISW > 1, it is usually more
efficient to set MX = 300(=22 x 3 x 52), MX = 320(=2% x 5), MX = 384(=2" x 3) or the like.

Usually, the calculations can be performed more efficiently by setting ISW=1 to calculate
the FFT convolution. However, to conserve work area or if there is a restriction on the method of
selecting the parameter MX, MY or MZ, the calculations should be performed by setting ISW=0.

To calculate the convolution of discrete functions for which the starting position of the nonzero portions
are separated from the origin, first perform the calculations by shifting the functions so that the starting
positions are at the origin, and then shift the calculation results again to obtain the final results more
efficiently. For example, when the nonzero portions of the discrete functions f(is, iy, ) and g(jz, jy, jz)
are the intervals [ig, io + n$ — 1] and [jo, jo + n'® — 1] for i, and j,, respectively, let f(zz, iy, 1) and
§(Jz, Jy, J=) be defined as follows:

f(iwaiyviZ) = f(lw - iO’iyviZ)» g(]ma]y»h) = g(]m _jO»jyajz)
and apply this subroutine to f(iz,iy,iz) and §(jz, jy,j=). Let p(ks, ky, k.) represent the result that
was obtained, and the convolution p(ky, ky, k.) of the original functions f(is, iy,%.) and g(jz, jy, =) is
given as follows:

p(kxv ky» kz) = ﬁ(kx + (iO JFjO)v kya kz)~

That is, the desired results are obtained if you shift f(i,,%y,¢,) and g(jz, jy, j-) in the negative directions
of i, and j, by ig and jo, respectively, before calculating the discrete convolution, and then shift the
calculated value of the convolution after applying this subroutine by ig + jg in the positive direction
of k.

This procedure is available for iy, j,, and ky, and i., j., and &, as well.

The sampling interval cubed multiplied by the discrete convolution calculated by this subroutine is the
square approximation (or approximation by using the trapezoidal formula) of the continuous convolu-
tion integral of a bandwidth-limited function. Therefore, to raise the approximation precision, you must
take a smaller sampling interval and a larger number of sample data. To associate these results with a
continuous convolution, it is easiest to let p(ngf) +n§cg) —1,ky, k) =0, p(ky, nz(,f) +nz(,g) —1,k,) =0, and
(ks by, nt) 4l —1) = 0 and consider (ngcf) —l—ng))(néf) —i—n?(j]))(ngf) +n§”) data of p(ky, ky, kz) (ky =
0,1, 0 +nl —1; k=01, 0l + 0 —1; k. = 0,1, 0P + 0 —1). In this case, the

coordinate (0, 0, 0) element usually is associated with p(0,0,0), and

e when ISW=0,
then LX1 = NX1,LY1 = NY1,LZ1 = NZ1,LX2 = MX, LY2 = MY, LZ2 = MZ, and
NWK = (NX2 +1) x (NY2 + 1) x NZ2 (when NX2 is even and NY2 is even) or
NWK = NX2 x (NY2 + 1) x NZ2 (when NX2 is odd and NY2 is even) or
NWK = (NX2 + 1) x NY2 x NZ2 (when NX2 is even and NY2 is odd) or
NWK = NX2 x NY2 x NZ2 (when NX2 is odd and NY?2 is odd)
e when ISW > 1
LX1=LX2=MX+1 (when MX is odd) or
LX1=LX2=MX+2 (when MX is even),
LY1=LY2=MY, LZ1=LZ2=MZ, and NWK = MX + 2 x (MY + MZ) 4+ LX1 x MY x MZ.

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.
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(7) Example

(a) Problem
Use the sampling interval A to discretize the two finite waveforms defined by the following equations
and calculate the discrete convolution.

x z,y,2) € 0,z¢] X [0,yf] x |0, 2

gy | T (@02 €] x 0.0 x 0.2)

0 (Otherwise)

g -z ((2,9,2) €[0,24] x [0,y4] x [0, 24])

9(@y,2) = 0 (Otherwise)

(b) Input data
Sampling data
Ri(ix + Liy + Li, + 1) = f(ixA,iyA,i,A) (ix = 0,1,--,NX1 —1; iy = 0,1,---,NYL — 1; i,
0,1,---,NZ1 —1) and
R2(x + Ly + Lz + 1) = g(xAjyAj,A) Gx = 0,1,---,NX2 — 1; j, = 0,1,---,NY2 — 1; j, =
0,1,---,NZ2 — 1).
Here, A = 0.5.
NX1, NY1, NZ1, NX2, NY2, NZ2, MX, MY, MZ and ISW.
(¢) Main program

PROGRAM BFCN3D

| %% EXAMPLE OF DFCN3D **x
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER I,J,K
INTEGER ISW,IERR,IWK(60)
INTEGER NX1,NX2,LX1,LX2,MX
INTEGER NY1,NY2,LY1,LY2,MY
INTEGER NZ1,NZ2,LZ1,LZ2,MZ
INTEGER MO

PARAMETER (MO = 8)
PARAMETER (LX1 = (MO+2)/2%2)
PARAMETER (LY1 = M0)
PARAMETER (LZ1 = MO)
PARAMETER (LX2 = LX1)
PARAMETER (LY2 = LY1)
PARAMETER (LZ2 = LZ1)

REAL(8) R1(LX1,LY1,LZ1),R2(LX2,LY2,LZ2)
REAL(8) WK (5*MO+LX1%MO*MO)

REAL(8) T
REAL(8) XF,YF,ZF,XG,YG,ZG,DT
PARAMETER (DT = 0.5DO
PARAMETER (XF
PARAMETER (XG

2.0D0, YF=2.0D0, ZF=2.0D0)
2.0D0,YG=2.0D0,ZG=2 . 0D0)

ISW=1

NX1=XF/DT
NY1=YF/DT
NZ1=ZF/DT
NX2=XG/DT
NY2=YG/DT
NZ2=2G/DT

MZ=MO
WRITE (6,1000) ISW,NX1,NY1,NZ1,NX2,NY2,NZ2,MX,MY,MZ
DO 100 K=1,NZ1
DO 101 J=1,NY1
DO 102 I=1,NX1
T=DBLE(I-1)*DT
R1(I,J,K)=T
102 CONTINUE
101 CONTINUE
100 CONTINUE
DO 200 K=1,NZ2
DO 201 J=1,NY2
DO 202 I=1,NX2
T=DBLE(I-1)*DT
R2(I,J,K)=XG-T
202 CONTINUE
201 CONTINUE
200 CONTINUE
DO 300 K=1,NZ1
WRITE (6,1100) K, (I, (R1(I,J,K),J=1,NY1),I=1,NX1)
300 CONTINUE
DO 400 K=1,NZ2
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400

500

1000

1100

1150

1300
1400
1200

WRITE (6,1150) K, (I, (R2(I,J,K),J=1,NY2),I=1,NX2)

CONTI

CALL DFCN3D(NX1,NY1,NZ1,NX2,NY2,NZ2,R1,LX1,LY1,LZ1,&

NUE

R2,LX2,LY2,LZ2,MX,MY,MZ, ISW, IWK,WK, IERR)
WRITE (6,1300)
WRITE (6,1400) IERR
DO 500 K=1,MZ
WRITE (6,1200) K, (I,(R2(I,J,K),J=1,MY),I=1,MX)
CONTINUE
FORMATC® °,/,/,&

> xkk DFCN3D **x’ /. &
2X,’** INPUT *x’,/.&
6X,’ISW =’,13,/,&
6X,’ (NX1,NY1,NZ1) =(’,13,’,7,13,’,°,13,%)°,/,&
6X,’ (NX2,NY2,Nz2) =(’,I3,’,’,I3,’,”,I3, ’)’,/,
6%, (MX MY MZ ) =(’,13,’,’ 13,7,7,13,%)?)
FDRMAT(12X ’DATA R1(I J,’,13,°)°,/,&
10 I/ 1 2 3 4°,/.&
)
6(8X,I3,4F9.4,/))
FORMAT (12X, °DATA R2(I,J,’,I3,°)’,/,&
10X,°I/J 1 2 3 4°,/,&
10X, -— ,
6(8X,13,4F9.4,/))
OUTPUT  *x*?)

FORMAT (2X, ?

FORMAT(6X, IERR =’,I5)

FDRMAT(l?X > CONVOLUTION R2(I J,’”,13,7)7, / &
1 3

(d) Output results

k% k
*x

10X,°1/J 57,
’ 6 7 8,/,&
10X, -
> /&
8(8X,I13,8F7.2,/))
END
DFCN3D  *xx
INPUT *x
ISW = 1
(NX1,NY1,NZ1) =( 4, 4, 4)
(NX2, NY2 Nz2) =( 4, 4, 4)
MX M Z)=( 8, 8, 8)
DATA R1(I,J, 1)
/3 1 3 4
1 0.0000 0.0000 0.0000 0.0000
2 0.5000 0.5000 0.5000 0.5000
3 1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000 1.5000
DATA R1(I,J, 2)
/3 1 2 3 4
1 0.0000 0.0000 0.0000 0.0000
2 0.5000 0.5000 0.5000 0.5000
3 1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000  1.5000
DATA R1(I,J, 3)
/3 1 2 3 4
1 0.0000 0.0000 0.0000 0.0000
2 0.5000 0.5000 0.5000 0.5000
3  1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000 1.5000
DATA R1(I,J, 4)
/7 1 2 3 4
1 0.0000 0.0000 0.0000 0.0000
2 0.5000 0.5000 0.5000 0.5000
3 1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000 1.5000
DATA R2(I,J, 1)
/7 1 2 3 4
1 2.0000 2.0000 2.0000 2.0000
2  1.5000 1.5000 1.5000  1.5000
3 1.0000 1.0000 1.0000  1.0000
4 0.5000 0.5000 0.5000 0.5000
DATA R2(I,J, 2)
/3 1 2 3 4
1 2.0000 2.0000 2.0000 2.0000
2  1.5000 1.5000 1.5000  1.5000
3 1.0000 1.0000 1.0000  1.0000
4 0.5000 0.5000 0.5000 0.5000
DATA R2(I,J, 3)
/7 1 2 3 4
1 2.0000 2.0000 2.0000 2.0000
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*k

2 1.5000 1.5000 1.5000  1.5000
3 1.0000 1.0000 1.0000  1.0000
4 0.5000 0.5000 0.5000 0.5000
DATA R2(I,J, 4)
/] 1 2 3 4
1 2.0000 2.0000 2.0000 2.0000
2 1.5000 1.5000 1.5000  1.5000
3 1.0000 1.0000 1.0000  1.0000
4 0.5000 0.5000 0.5000 0.5000
OUTPUT  **
IERR = 0
CONVOLUTION R2(I,J, 1)
/7 1 2 3 4 5 6 7 8
1 0.00 0.00 0.00 0.00 0.00 -0.00 -0.00 0.00
2 1.00 2.00 3.00 4.00 3.00 2.00 1.00 0.00
3 2.75 5.50 8.25 11.00 8.25 5.50 2.75 0.00
4 5.00 10.00 15.00 20.00 15.00 10.00 5.00 0.00
5 3.50 7.00 10.50 14.00 10.50 7.00 3.50 0.00
6 2.00 4.00 6.00 8.00 6.00 4.00 2.00 0.00
7 0.75 1.50 2.25 3.00 2.25 1.50 0.75 -0.00
8 0.00 0.00 0.00 0.00 -0.00 =-0.00 -0.00 0.00
CONVOLUTION R2(I,J, 2)
1/3 2 3 4 5 6 7 8
1 0.00 0.00 0.00 0.00 0.00 0.00 -0.00 =-0.00
2 2.00 4.00 6.00 8.00 6.00 4.00 2.00 -0.00
3 5.50 11.00 16.50 22.00 16.50 11.00 5.50 =-0.00
4 10.00 20.00 30.00 40.00 30.00 20.00 10.00 -0.00
5 7.00 14.00 21.00 28.00 21.00 14.00 7.00 =-0.00
6 4.00 8.00 12.00 16.00 12.00 8.00 4.00 -0.00
7 1.50 3.00 4.50 6.00 4.50 3.00 1.50 -0.00
8 0.00 -0.00 -0.00 0.00 -0.00 -0.00 =-0.00 -0.00
CONVOLUTION R2(I,J, 3)
1/3 2 3 4 5 6 7 8
1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 =-0.00
2 3.00 6.00 9.00 12.00 9.00 6.00 3.00 -0.00
3 8.25 16.50 24.75 33.00 24.75 16.50 8.25 =-0.00
4 15.00 30.00 45.00 60.00 45.00 30.00 15.00 -0.00
5 10.50 21.00 31.50 42.00 31.50 21.00 10.50 =-0.00
6 6.00 12.00 18.00 24.00 18.00 12.00 6.00 =-0.00
7 2.25 4.50 6.75 9.00 6.75 4.50 2.25 -0.00
8 0.00 -0.00 0.00 =-0.00 0.00 0.00 =-0.00 -0.00
CONVOLUTION R2(I,J, 4)
1/3 2 3 4 5 6 7 8
1 0.00 0.00 0.00 0.00 0.00 0.00 -0.00 0.00
2 4.00 8.00 12.00 16.00 12.00 8.00 4.00 0.00
3 11.00 22.00 33.00 44.00 33.00 22.00 11.00 =-0.00
4 20.00 40.00 60.00 80.00 60.00 40.00 20.00 -0.00
5 14.00 28.00 42.00 56.00 42.00 28.00 14.00 =-0.00
6 8.00 16.00 24.00 32.00 24.00 16.00 8.00 =-0.00
7 3.00 6.00 9.00 12.00 9.00 6.00 3.00 -0.00
8 -0.00 -0.00 0.00 =-0.00 -0.00 0.00 =-0.00 0.00
CONVOLUTION R2(I,J, 5)
1/3 2 3 4 5 6 7 8
1 0.00 -0.00 0.00 0.00 0.00 0.00 -0.00 =-0.00
2 3.00 6.00 9.00 12.00 9.00 6.00 3.00 -0.00
3 8.25 16.50 24.75 33.00 24.75 16.50 8.25 =-0.00
4 15.00 30.00 45.00 60.00 45.00 30.00 15.00 -0.00
5 10.50 21.00 31.50 42.00 31.50 21.00 10.50 0.00
6 6.00 12.00 18.00 24.00 18.00 12.00 6.00 0.00
7 2.25 4.50 6.75 9.00 6.75 4.50 2.25 -0.00
8 -0.00 -0.00 0.00 0.00 0.00 =-0.00 -0.00 =-0.00
CONVOLUTION R2(I,J, 6)
1/3 2 3 4 5 6 7 8
1 0.00 0.00 0.00 0.00 0.00 0.00 -0.00 0.00
2 2.00 4.00 6.00 8.00 6.00 4.00 2.00 0.00
3 5.50 11.00 16.50 22.00 16.50 11.00 5.50 =-0.00
4 10.00 20.00 30.00 40.00 30.00 20.00 10.00 -0.00
5 7.00 14.00 21.00 28.00 21.00 14.00 7.00 =-0.00
6 4.00 8.00 12.00 16.00 12.00 8.00 4.00 -0.00
7 1.50 3.00 4.50 6.00 4.50 3.00 1.50 -0.00
8 0.00 -0.00 0.00 -0.00 -0.00 =-0.00 -0.00 0.00
CONVOLUTION R2(I,J, 7)
1/3 2 3 4 5 6 7 8
1 -0.00 0.00 -0.00 -0.00 -0.00 =-0.00 -0.00 =-0.00
2 1.00 2.00 3.00 4.00 3.00 2.00 1.00 -0.00
3 2.75 5.50 8.25 11.00 8.25 5.50 2.75 =-0.00
4 5.00 10.00 15.00 20.00 15.00 10.00 5.00 -0.00
5 3.50 7.00 10.50 14.00 10.50 7.00 3.50 =-0.00
6 2.00 4.00 6.00 8.00 6.00 4.00 2.00 -0.00
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2.15 CORRELATIONS

2.15.1 DFCRI1D, RFCR1D

One-Dimensional Correlations

(1) Function

Given the two discrete functions f(i) and g(j) of period m satisfying:
f@)=f(i+km),gt@) =gl +km) (i=0,---,m—1)

for an arbitrary integer k, where:
f(@)=0(@G=mn1,---,m=1); g(j)=0( =n2, - ,m—1)

DFCRID or RFCRI1D calculates the quantity ¢(k) (k = 0,---,m — 1) obtained by shifting the discrete
correlation ¢(k) (k=0,---,m — 1), which is defined as follows:

i

m—

q(k) =Y f(i)g(k+i) (k=0,---,m~1)

=0

by n1 — 1 in the positive direction. ¢(k) is defined as follows:
q(k) = qk —(n1—1)) (k=0,---,m—1)

Here, m = min(n; +ne — 1, M) and M is an arbitrary integer satisfying M > max(n1, n2). The real Fourier

transform of the discrete correlation ¢(k) can also be obtained.

(2) Usage
Double precision:
CALL DFCR1D (N1, N2, R1, LD1, R2, LD2, M, ISW, IWK, WK, IERR)
Single precision:
CALL RFCR1D (N1, N2, R1, LD1, R2, LD2, M, ISW, IWK, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No.

Argument

Type

Size

Input/
Output

Contents

1

N1

I

Input

Number of effective data n; for discrete func-

tion f(7)

N2

Input

Number of effective data no for discrete func-

tion g(j)

R1

LD1

Input

Values of discrete function f(i) (See Notes (a)
and (b))

Output

When ISW > 1, result of real Fourier transform
of discrete function f(i) (period M)

LD1

Input

Size of array R1

R2

LD2

Input

Values of discrete function g(j) (See Notes (a)
and (b))

Output

Value of discrete function G(k) or its real Fourier
transform (See Notes (a) and (c))

LD2

Input

Size of array R2

Input

Parameter M corresponding to the period m of
discrete functions f (i), g(j), and (k) (See Note

(d)

ISW

Input

Processing switch (See Notes (a) and (e))
ISW= 0: Calculate the correlation according to
the definition.

ISW= 1: Calculate the correlation according to
the FFT method.

ISW= 2: Calculate the real Fourier transform
of the correlation.

ISW= 3: Calculate the correlation according to
the sectioning FFT method.

IWK

See

Contents

‘Work

Work area

Size:

0 (When ISW= 0)
20 (When ISW > 1)
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Input
No. | Argument | Type Size nput/ Contents
Output
10 WK D See Work | Work area
R Contents Size:
N2 (When ISW= 0)
2x M+ 1 (When ISW= 1 or 2 and M is odd)
2 x M+ 2 (When ISW= 1 or 2 and M is even)
2 x M+ N1 (When ISW= 3 and M is odd)
2xM+N1+1 (When ISW= 3 and M is even)
11 IERR I 1 Output | Error indicator
(4) Restrictions
(a) ISW € {0,1,2,3}
(b) N1>1
(¢) N2>1
(d) M > max(N1,N2)
(e) When ISW =0 :
LD1 > N1
When ISW > 0 and M is odd:
LD1>M+1
When ISW > 0 and M is even:
LD1>M+2
(f) When ISW =0:
LD2 >M
When ISW > 0 and M is odd:
LD2>M+1
When ISW > 0 and M is even:
LD2>M+2
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 M < N1+ N2-1. Overlapping occurred during the convolu-
tion calculation.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
3030 Restriction (d) was not satisfied.
3040 Restriction (e) was not satisfied.
3050 Restriction (f) was not satisfied.
(6) Notes

(a) If the number of effective data for one of the functions for which the correlation is to be calculated is

extremely large compared to the number of effective data for the other, then sectioning should be used
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to divide the larger number of data into equal parts (by adding zeros at the end if necessary) and this
subroutine should be applied repeatedly to calculate the discrete correlation efficiently. In addition,
the required amount of memory will be smaller.

For example, to calculate the discrete correlation of the two series {u1,uz, -, ur} (number of effective
data k) and {vi,---,vpe} (number of effective data pg (pg > k)), first set ISW=1, N1=Fk, N2=g,
M > N1 + N2 —1, Rl={us,us, -, ug}, and R2={v, v, --,v4} and apply this subroutine. As a
result, the first ¢ values of the correlation to be calculated are obtained as the first ¢ elements at the
beginning of array R2.

Next, change ISW and R2 to ISW=3 and R2={vg11, -, v2¢} and apply this subroutine with the
contents of the other arguments unchanged. As a result, the next ¢ values of the correlation to be
calculated are obtained as the first ¢ elements at the beginning of array R2. Then, continue to perform
the calculations in a similar manner while sequentially shifting the values set in R2. The correlation
calculated for the last repetition, that is, the correlation calculated when R2={v(,_1)q41, ", VUpq} 18
set, gives the last 2¢ — 1 elements of the correlation to be calculated. (However, when the series {v;}

is not a finite waveform, the last ¢ — 1 elements are indeterminate).

The values of the discrete functions f(i) and g(j) are stored in arrays R1 and R2, respectively, as
follows. However, when ISW = 3 is set, values are only stored in R2, and the contents of R1 are used
directly (See Note (a)).

f(0) — RI(1)

f) — RI1(2)

fni—1) — RI(N1)

J

R2(1)
R2(2)

9(0)
g(1)

i

glng—1) — R2(N2)

No values need be entered in elements R1(N1+1) and after of array R1 and in elements R2(N2+1) and
after of array R2. Also, in particular, when ISW = 3 is set, the elements in R2(N2+1) and after must

not be changed because they are used in the calculation.

The values of the discrete correlation ¢(k) are obtained in array R2 as follows.

q(0) - R2(1)

q(1) — R2(2)

GgM-1) — R2(M)
When M is odd, R2(M+1) is 0.0, and when M is even, R2(M+1) and R2(M+2) are each 0.0. Also,
when sectioning is performed, the first N2 data usually are meaningful as correlation data (See Note
(a).
When ISW=2 is set to obtain the real Fourier transform Q(j) of the discrete correlation ¢(k), which
is defined as follows (|| represents the maximum integer that does not exceed x):

] M-l

Q) = 37 > ake ™ (=0, |5 )
k=0

190



DFCRI1D, RFCRI1D
One-Dimensional Correlations

the following associations are made:

R{Q(0)} < R2(1)
3{Q(0)} < R2(2)
R{QM)} < R2(3)
s{e)} < R2(4)

(5 < R21-1)
S{QUE)}Y « R2(1) (I=M+1[M: Odd] or M+2[M: Even])
In this case, note that the Fourier transform that is obtained is normalized. The remaining half period

of the Fourier transform can be obtained from the symmetry of the real Fourier transform as follows:
QM —j)=Q3)"

(Here, z* represents the conjugate complex number of the complex number z.) Now, Q(j) can be

thought of as the estimate of the cross spectrum of the original two functions for which the correlation

is to be calculated. In this case, M should be thought of as M = n; + nq. In particular, if the original

two functions for which the correlation is to be calculated are the same function, Q(j) corresponds to

the raw Fourier periodogram (estimate of the power spectrum), and Q(j) is a real number.

If M > N1 4 N2 — 1 is set, the correlation can be calculated without causing an overlap with the
correlation of the next period. When M > N1 + N2 — 1, values that match 0.0 within the error
range are stored in element N1 + N2 and following. When ISW=0, M = N1 4+ N2 — 1 should be set.
When ISW > 1, the calculations can be performed more efficiently by setting a value for M for which
the mixed radix FFT algorithm operates effectively (multiples of 2, 3, 5, etc., which are the mixed
radix values of FFT). For example, if N1=N2=145, then when ISW=0, M = 289(=172) should be set.
However, when ISW > 1, it is usually more efficient to set M = 300(=22 x 3 x 52), M = 320(=2% x 5),
M = 384(=2" x 3) or the like.

Usually, the calculations can be performed more efficiently by setting ISW=1 to calculate
the FFT correlation. However, to conserve work area or if there is a restriction on the method of

selecting the parameter M, the calculations should be performed by setting ISW=0.

To calculate the correlation of discrete functions for which the starting position of the nonzero portions
are separated from the origin, first perform the calculations by shifting the functions so that the starting
positions are at the origin, and then shift the calculation results again to obtain the final results more
efficiently. For example, when the nonzero portions of the discrete functions f(i) and g¢(j) are the

intervals [ig, 70 +n1 — 1] and [jo, jo + na — 1], respectively, let f(z) and g(j) be defined as follows:

F) = fli—i0), 9(j) = 9(j — jo)
and apply this subroutine to f (i) and g(j). Let q(k) represent the result that was obtained, and the

correlation (k) of the original functions f (i) and g(j) is given as follows:
q(k) = q(k — (jo —io) + (n1 — 1))

Therefore, even when ig = jo = 0, to consider the correlation ¢(k) that conforms to the normal
definition, you must consider shifting the result by n; — 1 in the negative direction after applying this
subroutine, or if you shift f(i) and g(j) in the negative direction by ig and jo, respectively, before
calculating the discrete correlation, you must then shift the calculation result again by jo — ig in the

positive direction.
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(g) The sampling interval multiplied by the discrete correlation calculated by this subroutine is the square
approximation (or approximation by using the trapezoidal formula) of the continuous correlation in-
tegral of a bandwidth-limited function. Therefore, to raise the approximation precision, you must
take a smaller sampling interval and a larger number of sample data. To associate these results
with a continuous correlation, it is easiest to let ¢(—n1) = ¢(—1) = 0 and consider ny + ng data of
q(k) (k=—-nq1,---,—1,0,1,--- ,na — 1). Of course, this is the same as letting g(n1 + na2) = ¢(n2) =0
and considering ¢(k) (k = —(n1—1),---,—1,0,1,---,n3). In this case, the coordinate 0 element usually

is associated with ¢(0) and
e when ISW=0, LD1=N1, LD2=M and NWK=N2

e when ISW=1 or 2,
LD1=LD2=M+1 and NWK =2 x M + 1 (when M is odd), or
LD1=LD2=M+2 and NWK = 2 x M + 2 (when M is even).

e when ISW=3,
LD1=LD2=M+1 and NWK = 2 x M + N1 (when M is odd), or
LD1=LD2=M+2 and NWK =2 x M + N1 + 1 (when M is even).

(h) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(7) Example

(a) Problem
Use the sampling interval Ax to discretize the two finite waveforms defined by the following equations
and calculate the discrete correlation.

r 0<zx<a
f@) = { 0 Otherwise

(2) b—x 0<zx<b
xTr) =
g 0 Otherwise

Remarks:

The continuous correlation g(z) of f(z) and g(x) is as follows:

G(-z,a,x) —a<z<0
[~ ) G(0,a,x) 0<z<b-—a
o) = [ f@arga= conn ==
0 Otherwise
Here, G(a, §, ) is as follows:
52 B
Glaug.o) = |30 -0~ 2)]
£ te
- Se0-0-20| - See-0-2
fzﬁ =«

When a = 2 and b = 3 are set, the values f(iAz), g(iAx) and ¢(iAx) obtained by sampling f(z), g(x)
and ¢(x) with Az = 0.1 are graphed as follows. The values ¢(i)Axz which are the discrete correlation
calculated by this subroutine multiplied by Ax are also shown for reference. They match the continuous
correlation pretty well for a small number of samples. The program also calculates the continuous
correlation for reference.
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(b)

f(iAx)

g(iAz)

3.0 1 3.0 %
....
...
2.0 [ & 20 [~ .o.
.. ..
... ...
(] [ ]
1.0 [ .o.. 1.0 [ ..o.
(J [ ]
.... ....
0.0 "—I—*L y 0.0 | | .'J.-J-—-L» y
10 20 30 40 50 ° 10 20 30 40 50 °
Figure 2—8
q(iAx) q(i)Ax
A
.A._AL.O .h. 4.0
) [ ] ‘%
° b/ ° [
®
S 3.0 [% ®* 30 [%
[ ] )
° e o
° L4 °
* o0 % * 20 [ %
° [} [ )
) L] °
° .0 ° .0
1.0 [~ % 1.0 [~ LA
° ® ° ()
| | | ‘\\!-.-J_ i | | | Q\NE...J_ i
20 -10 0 10 20 30 20 -10 O 10 20 30
Figure 2—9
Input data

Sampling data
R1(i) =f(i—1)Ax) (i=1,2,---,N1) and
Here, Az = 0.1.

a b
N1 =— N2 =— M and ISW.
Aa Ay Man SW
Main program

PROGRAM BFCR1D

EXAMPLE OF DFCRID s

IMPLICIT REAL(8) (A-H,0-Z)

INTEGER I

INTEGER N1,N2,LD1,LD2,M,ISW,IERR,IWK(20)
INTEGER MO

PARAMETER (MO = 100)

PARAMETER (LD1 = M0+2)

PARAMETER (LD2 = M0+2)

REAL(8) R1(LD1),R2(LD2),WK(2*M0+2)
REAL(8) CR(LD2),T,DT

REAL(8) A,B,F

1ok

ISW=1
DT=0.1D0
A=2.0D0
B=3.0D0
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N1=(A+0.5D0*DT) /DT
N2=(B+0.5D0*DT) /DT
M=50
WRITE (6,1000) ISW,N1,N2,M
DO 100 I=1,N1
T=DBLE(I-1)*DT
R1(I)=T
100 CONTINUE
DO 200 I=1,N2
T=DBLE(I-1)*DT
R2(I)=B-T
200 CONTINUE
xxkkkx ASSUME N2.GT.N1
WRITE (6,1100) (I-1, R1(I) R2(I),I=1,N1),&
(1-1,R2(I),I=N1+1,N2)
CALL DFCR1D(N1,N2,R1,LD1,R2,1D2,M,ISW,IWK,WK, IERR)
WRITE (6,1300)
WRITE (6,1400) IERR
DO 500 I=1,N1
T=DBLE(I-N1)*DT
CR(I)=F(A,T,B)-F(-T,T,B)
500 CONTINUE
DO 300 I=N1+1,N2
T=DBLE(I-N1J*DT
CR(I)=F(A,T,B)
300 CONTINUE
DO 400 I=N2+1,N2+N1
T=DBLE(I-N1)*DT
CR(I)=F(B-T,T,B)
400 CONTINUE
WRITE (6,1200) (I-N1,R2(I),R2(I)*DT,CR(I),I=1,N1+N2)
1000 FORMAT(® °,/,/,&
> xkk DFCRID *¥x’ /. &
2X, %% INPUT *x’,/,&
6X,’ISW =2,13,/,&
6X,’N1 =°,13,/,&
6X,’N2 =’,13,/,&

)

6X,’M =2,13)
1100 FORMAT (12X, ’DATA(R1,R2)

2, /5%
7X,°I-17,4X,°R1(I)”,4X,’R2(1)’*,/,&
20(7X,13,2F9.4,/),10(7X,13,9X,F9.4,/))

1300 FORMAT(2X,’%** QUTPUT *%’)

1400 FORMAT(6X,’IERR =’,I5)
1200 FDRMAT(l?X ’CDRRELATIDN’ /,&
6X,’I- Nl’ 4X,’R2(I)’, 3X ’R2(I)*DT’,2X,’CR(I)’,/,&
50(7X, IS 1X 3F9.4, /))

END

REAL(8) FUNCTION F(TAU,T,B)
REAL(8) TAU,T

F= TAU*TAU*(O 5DO*(B T)-TAU/3.0D0)
RETURN

END

(d) Output results

*%*% DFCR1D %%
*x INPUT *x*

ISW = 1
N1 = 20
N2 = 30
M = 50

DATA(R1,R2)

I-1 Ri(I) R2(I)

0 0.0000 3.0000

1 0.1000 2.9000

2 0.2000 2.8000

3 0.3000 2.7000

4 0.4000 2.6000

5  0.5000 2.5000

6 0.6000 2.4000

7 0.7000  2.3000

8 0.8000 2.2000

9 0.9000 2.1000

10 1.0000  2.0000

11 1.1000  1.9000

12 1.2000 1.8000

13 1.3000 1.7000

14 1.4000 1.6000

15  1.5000 1.5000

16  1.6000  1.4000

17 1.7000  1.3000

18 1.8000  1.2000

19  1.9000 1.1000

20 1.0000

21 0.9000

22 0.8000

23 0.7000

24 0.6000

25 0.5000

26 0.4000

27 0.3000

28 0.2000

29 0.1000
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0
CORRELATION
R2(I) R2(I)*DT
5.7000  0.5700
10.9100 1.0910
15.6400 1.5640
19.9000 1.9900
23.7000  2.3700
27.0500  2.7050
29.9600  2.9960
32.4400  3.2440
34.5000  3.4500
36.1500  3.6150
37.4000  3.7400
38.2600  3.8260
38.7400  3.8740
38.8500  3.8850
38.6000  3.8600
38.0000  3.8000
37.0600 3.7060
35.7900  3.5790
34.2000  3.4200
32.3000  3.2300
30.4000  3.0400
28.5000  2.8500
26.6000  2.6600
24.7000  2.4700
22.8000  2.2800
20.9000  2.0900
19.0000 1.9000
17.1000 1.7100
15.2000 1.5200
13.3000 1.3300
11.4000 1.1400
9.6900  0.9690
8.1600  0.8160
6.8000  0.6800
5.6000  0.5600
4.5500  0.4550
3.6400  0.3640
2.8600  0.2860
2.2000  0.2200
1.6500 0.1650
1.2000 0.1200
0.8400  0.0840
0.5600  0.0560
0.3500 0.0350
0.2000  0.0200
0.1000  0.0100
0.0400  0.0040
0.0100  0.0010
0.0000  0.0000
0.0000  0.0000

CR(I)
0.5752

OO0 O0OO0OO0OO0OO0OO0OO0OOOO0OOOCOOOORRFFEFEENNNNNWWWWWWWWWWWWWWWNNINF -

.1013
.5795
.0107
.3958
.7360
.0322
.2853
.4965
.6667
.7968
.8880
.9412
.9573
.9375
.8827
.7938
.6720
.5182
.3333
.1333
.9333
.7333
.5333
.3333
.1333
.9333
.7333
.5333
.3333
.1432
.9720
.8188
.6827
.5625
.4573
.3662
.2880
.2218
.1667
.1215
.0853
.0572
.0360
.0208
.0107
.0045
.0013
.0002
.0000
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2.15.2 DFCR2D, RFCR2D

(1)

(3)

Two-Dimensional Correlations

Function

Assume that the two multiperiodic discrete functions f(ig,iy) and g(jz, jy) of period (mg,m,) satisfying:

flizyiy) = f(iz + Lama, iy + Lymy),
9(zsJy) = 9(Jz + Lama, jy + Lymy),
(imajm =0,--,mz — 1; Z'yajy :Oa"'vmy _1>

for arbitrary integers L, and L, take nonzero values within their basic periods only for (is,4,) € [0, ngf ) _
1] x [O,nz(,f) — 1] and (Jz, Jy) € [o,n%’) —1] x [O,ng(,g) — 1]. Here, [0,a] x [0, 5] is the direct product region
(region contained in the square for which the point (0, 0) and the point (a,b) are diagonal points) on the
plane in which the plane coordinates (i, j) lie. At this time, DFCR2D or RFCR2D calculates the quantity
G(kz, ky) obtained by shifting the discrete correlation g(ks, k), which is defined as follows:

mg—1my—1

Q(kkay) = Z Z f(izviy)g(karixakeriy)

ip=0 iy=0

(ke =0, ,mg —1; ky =0,---,my — 1)
by (néf) -1, ngf) — 1) in the positive direction for (kg, k), respectively. G(ks, ky) is defined as follows:

Qkssky) = qlks — (n” = 1)k, — (n) — 1))
(kx :O7~..7mzf].; ky:07...7my71)

Here, m, = min(ngf) +nl — 1,M;) and m, = min(nz(,f) + nz(,g) —1,M,) and M, and M, are arbitrary
integers satisfying M, > max(ng ), ni‘q)) and My > max(néf ), ny(f])), respectively. The two-dimensional real

Fourier transform of g(k,, k) can also be obtained.

Usage
Double precision:
CALL DFCR2D (NX1,NY1, NX2, NY2, R1, LX1, LY1, R2, LX2, LY2, MX, MY, ISW, IWK,
WK, IERR)
Single precision:
CALL RFCR2D (NX1,NY1, NX2, NY2, R1, LX1, LY1, R2, LX2, LY2, MX, MY, ISW, IWK,
WK, IERR)

Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 NX1 I 1 Input Number of effective data in i, direction ngf ) for
discrete function f(is,%,)
2 NY1 I 1 Input | Number of effective data in 7, direction ng(,f ) for
discrete function f (i, iy)
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No. | Argument | Type Size Input/ Contents
Output
3 NX2 I 1 Input | Number of effective data in j, direction nig ) for
discrete function ¢(jg, jy)
4 NY2 I 1 Input | Number of effective data in j, direction ny(j]) for
discrete function ¢(jg, jy)
5 R1 D LX1,LY1 Input | Values of discrete function f(is,i,) (See Note
{R} (2)
Output | When ISW > 1, result of two-dimensional real
Fourier transform of discrete function f(ig, i)
(period (M, M,))
LX1 I 1 Input | Adjustable dimension of array R1
LY1 I 1 Input | Second dimension of array R1
R2 D LX2,LY2 Input | Values of discrete function g(jg,jy) (See Note
{R} (a))
Output | Value of discrete function §(ks, k) or the two-
dimensional real Fourier transform of q(ks, ky)
(See Note (b))
9 LX2 I 1 Input | Adjustable dimension of array R2
10 LY2 I 1 Input | Second dimension of array R2
11 MX I 1 Input | Parameter M, corresponding to the pe-
riod (mg, my) of discrete functions f(iz,%y),
9(jz, Jy), and §(ky, ky) (See Note (c))
12 MY I 1 Input | Parameter M, corresponding to the pe-
riod (mg, my) of discrete functions f(iz,%y),
9(jz, Jy), and §(ky, ky) (See Note (c))
13 ISW I 1 Input | Processing switch (See Note (d))
ISW= 0: Calculate the correlation according to
the definition.
ISW= 1: Calculate the correlation according to
the FFT method.
ISW= 2: Calculate the real Fourier transform
of the correlation.
14 IWK I See Work | Work area
Contents Size:

0 (When ISW= 0)
40 (When ISW > 1)
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Input/
Output

No. | Argument | Type Size

Contents

See ‘Work

Contents

15 WK D
R

Work area

Size:

NX2 x NY2 ((When ISW= 0 and NX2 is odd)
(NX2 + 1) x NY2 (When ISW= 0 and NX2 is
even)

MX 42 x MY + MAX(LX1 x LY1,LX2 x LY2)
(When ISW > 1)

16 IERR I 1 Output

Error indicator

(4) Restrictions

(a) ISW € {0,1,2}

(b) NX1>1
NY1>1

(c) NX2>1
NY2 > 1

(d) MX > max(NX1, NX2)
MY > max(NY1,NY2)

() When ISW =0 :
LX1 > NX1
LY1 > NY1
When ISW > 0 and MX is odd:
LX1>MX+1
LY1 > MY
When ISW > 0 and MX is even:
LX1 > MX +2
LY1 > MY

(f) When ISW =0:
LX2 > MX
LY2 > MY
When ISW > 0 and MX is odd:
LX2 > MX +1
LY2 > MY
When ISW > 0 and MX is even:
LX2 > MX +2
LY2 > MY
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
1000 MX < NX1+4+ NX2—1or Overlapping occurred during the correla-
MY <NY1+NY2-1 tion calculation.

3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

3050 Restriction (f) was not satisfied.

(6) Notes

(a)

The values of the discrete functions f(is,4y) and ¢(jz, jy) and the elements of arrays R1 and R2 are
associated as follows.

fliz,iy) < R1(ix+1,i, +1)

9(Ua,Jy) ¢ R2(x+1,jy+1)

Here, iy = 0,---,n% — 1 iy = 0,'~,n§f) ~1land j, = 0,---,nt — 1; Jy = O,~~~,n7(j]) — 1, and
no values need be entered in other elements. The adjustable dimensions of arrays R1 and R2
should be set so that 1L.X1/2, LY1, LX2/2, and LY2 are odd numbers to avoid bank conflict
of main memory. Usually, when MX, for example, is a multiple of 4, LX1=MX+3 is set.

The values of the discrete correlation §(k, k) and the elements of array R2 are associated as follows.
G(kz,ky) < R2(ke+1,ky+1)
Here, ky = 0,---, M, —1; ky, =0,---, M, —1. When ISW=2 is set to obtain the two-dimensional

real Fourier transform Q(j,j,) of the discrete correlation g(k,, k,), which is defined as follows (|z]
represents the maximum integer that does not exceed x):

1 My —1My—1 J=T(dgke 4 duku
X . _ — 2/ —1 Jx mz_;'_ Yy
Qjz,Jy) = m Z Z q(kz, ky)e .+,
kz=0 ky=0
. ) M
(]m :07"'3L%J; Jy :OvﬁtTyJ)

the following associations are made:

R{Q(jz.Jy)} < R2(2xjx+1,j,+1)

SH{QUazrJy)} < R2(2xjx+2,jy+1)

In this case, note that the Fourier transform that is obtained is normalized. The remaining half period

of the Fourier transform can be obtained from the symmetry of the real Fourier transform as follows:

Q(Mz *jzv]\/[y - jy)* = Q(]’z,jy)

QM — ju, jy)” = Q(jz, My — jy)
(Here, z* represents the conjugate complex number of the complex number z.) Now, Q(jz,jy) can be
thought of as an estimate of the cross spectrum of the original two functions for which the correlation is
to be calculated. In this case, M, and M, should be thought of as M, = ngf)Jrn;(Eg) and M, = nz(,f)Jrnz(,g).
In particular, if the original two functions for which the correlation is to be calculated are the same
function, Q(jz, jy) corresponds to the raw Fourier periodogram (estimate of the power spectrum), and

Q(jz, jy) is a real number.
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()

If MX > NX1 4+ NX2 —1 and MY > NY1 4+ NY2 — 1 are set, the correlation can be calculated
without causing an overlap with the correlation of the next period. When MX > NX1 4+ NX2 — 1 or
MY > NY1 + NY2 — 1, the following correspondences are made:

G(ka,ky) < R2(ke+1,ky+1)

and values that match 0.0 within the error range are stored in elements corresponding to k, =
NX1+NX2-1,.-- MX—-1; k, =0,---, MY —1or k, =0,--- MX —-1; kb, = NYI+NY2 —
1,---,MY — 1. When ISW=0, MX = NX1 4+ NX2 — 1 and MY = NY1 4+ NY2 — 1 should be set.
When ISW > 1, the calculations can be performed more efficiently by setting a value for MX or MY
for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3, 5, etc., which are the
mixed radix values of FFT). For example, if NX1=NX2=145, then when ISW=0, MX = 289(=172)
should be set. However, when ISW > 1, it is usually more efficient to set MX = 300(=22 x 3 x 52),
MX = 320(=25 x 5), MX = 384(=27 x 3) or the like.

Usually, the calculations can be performed more efficiently by setting ISW=1 to calculate
the FFT correlation. However, to conserve work area or if there is a restriction on the method of
selecting the parameter MX or MY, the calculations should be performed by setting ISW=0.

To calculate the correlation of discrete functions for which the starting position of the nonzero portions
are separated from the origin, first perform the calculations by shifting the functions so that the starting
positions are at the origin, and then shift the calculation results again to obtain the final results more
efficiently. For example, when the nonzero portions of the discrete functions f(iy,4,) and g(jz, jy) are
the intervals [ig, 1o +ni) - 1] and [jo, jo 1l - 1] for i, and j,, respectively, let f(iz, iy) and §(Jz, Jy)

be defined as follows:

fliwsiy) = fiz —d0,0y), §(Jusdy) = 9(Jz — Jo, Jy)
and apply this subroutine to f(zx, iy) and §(Jz, jy). Let §(kz, ky) represent the result that was obtained,

and the correlation q(k, ky) of the original functions f(iy,y,) and ¢(ju, jy) is given as follows:
q(kasky) = d(ke = (o — d0) + (i) — 1), k)

Therefore, even when iy = jo = 0, to consider the correlation ¢(k,, k,) that conforms to the normal
definition, you must consider shifting the result by n(zf ) —1in the negative direction of k, after applying
this subroutine or if you shift f(iy,i,) and g(jz,jy) in the negative directions of i, and j, by g and
jo, respectively, before calculating the discrete correlation, you must then shift the calculation result
again by jo — i in the positive direction of k.

This procedure is available for iy, j,, and k, as well.

The sampling interval squared multiplied by the discrete correlation calculated by this subroutine
is the square approximation (or approximation by using the trapezoidal formula) of the continuous
correlation integral of a bandwidth-limited function. Therefore, to raise the approximation precision,

you must take a smaller sampling interval and a larger number of sample data. To associate these

results with a continuous correlation, it is easiest to let q(—ngcf), ky) = q(—1,k,) = 0 and q(ks, —ng(,f )=
G(kz, —1) = 0 and consider (n(zf)an&Q))(néf)an?s‘J)) data of q(ky, ky) (ks = —n$, . -1,0,1, -, 09—
1; ky = fnéf), -, —1,0, 1,'~',n7(j]) —1). Of course, this is the same as letting q(néf) + ng),ky) =
q( ég),ky) = 0 and q(km,ngf) + ng(,g)) = (j(km,nég)) = 0 and considering q(ky, ky) (kb = —(néﬂ -
1),---,-1,0,1,-- -,nég); k, = —(nz(,f) -1),---,-1,0,1,-- -,nz(,g)). In this case, the coordinate (0, 0)
element usually is associated with ¢(0,0), and

e when ISW=0,

LX1 = NX1,LY1 = NY1,LX2 = MX,LY2 = MY, and
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NWK = NX2 x NY2 (when NX2 is odd) or

NWK = (NX2 + 1) x NY2 (when NX2 is even)
e when ISW > 1,

LX1=LX2=MX+1 (when MX is odd) or

LX1=LX2=MX+2 (when MX is even),

LY1=LY2=MY, and NWK = MX + (LX1 + 2) x MY.

(g) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without

OpenMP.

(7) Example

(a)

Problem

Use the sampling interval A to discretize the two finite waveforms defined by the following equations

and calculate the discrete correlation.

_ ) r ((@y) €[0,25) x [0, y5])
fay) = { 0 (Otherwise)

_ ) mg—x () € [0, 2] X [0, y,))
9(@y) = { 0 (Otherwise)

Input data
Sampling data

Rl(ix + 1,iy + 1) = f(ixA,iyA) (ix = 0,1,---,NX1 = 1; iy = 0,1, --,
R2(jx + 1,jy + 1) = g(ixA, jyA) (x = 0,1,---,NX2—1; jy = 0,1,---,

Here, A = 0.5.
NX1, NY1, NX2, NY2, MX, MY and ISW.

Main program

PROGRAM BFCR2D

| %% EXAMPLE OF DFCR2D ***
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER I,J
INTEGER ISW,IERR,IWK(40)
INTEGER NX1,NX2,LX1,LX2,MX
INTEGER NY1,NY2,LY1,LY2,MY
INTEGER MO
PARAMETER (MO = 8)

PARAMETER (LX1 = MO0+2)
PARAMETER (LY1 = MO)
PARAMETER (LX2 = MO+2)

PARAMETER (LY2 = MO)

REAL(8) R1(LX1,LY1),R2(LX2,LY2),WK(3*MO+LX2%MO)
REAL(8) T

REAL(8) XF,YF,XG,YG,DT

PARAMETER (DT = 0.5D0)

PARAMETER (XF = 2.0D0,YF=2.0D0)

PARAMETER (XG = 2.0DO,YG=2.0D0)

ISW=1
NX1=XF/DT
NY1=YF/DT
NX2=XG/DT
NY2=YG/DT
MX=MO
MY=MO
WRITE (6,1000) ISW,NX1,NY1,NX2,NY2,MX,MY
DO 100 J=1,NY1
DO 101 I=1,NX1
T=DBLE(I-1)*DT
R1(I,J)=T
101 CONTINUE
100 CONTINUE
DO 200 J=1,NY2
DO 201 I=1,NX2
T=DBLE(I-1)*DT
R2(I,J)=XG-T
201 CONTINUE
200 CONTINUE

201

NY1—1) and
NY2 - 1).



DFCR2D, RFCR2D
Two-Dimensional Correlations

1000

1100

1150

1300
1400
1200

WRITE (6,1100) (I, (R1(I,J),J=1,NY1),I=1,NX1)
WRITE (6,1150) (I, (R2(I,J),J=1,NY2),I=1,NX2)
CALL DFCR2D(NX1,NY1,NX2,NY2,R1,LX1,LY1,&

R2,LX2,LY2,MX,MY,ISW,IWK,WK,IERR)

WRITE (6,1300)

WRITE (6,1400) IERR

WRITE (6,1200)&
(1, (R2(I,J),J=1,MY),I=1,MX)

FORMAT(C’ °,/,/,&

DFCR2D

) kKK
2X, 7 **

INPUT

6X,°Isw =’,13,/,&

6X,’ (NX1,NY1) =(’,I3,’,

kAT, /8
**7, /.8

7,13,7)7,/,&

6X,’ (NX2,NY2) =(’,I3,’,’, I3 ), /5%

13,0030

(d) Output results

k% k
*x

*k

6X,’ (MX, MY ) =(’,I3,,
FORMAT (12X, °DATA R1(I,3)’), / &
10X,°I/3 1 3 4,/,8
10X -— VAN
6(8X,13,4F9.4,/))
FDRMAT(12X ‘pata R2(I,3)7, / &
10X,°1/3 1 3 4,/
10X, -— VAN
6(8x,13,4F9.4,/))
FORMAT (2X, >#* OUTPUT ~#%°)
FORMAT (6X, *IERR =’,I5)
FORMAT (17X, > CORRELATION R2(I J)° /,&
10X,°1/3 1 4 57,&
6 7 8,/,&
10X, -— L&
> /&
8(8X,13,8F7.2,/))
END
DFCR2D  ***
INPUT **
IsW = 1
(NX1,NY1) =( 4, 4)
(NX2,NY2) =( 4, 4)
Mx, My ) =( 8, 8)
DATA R1(I,J)
/7 1 2 3 4
1 0.0000 0.0000 0.0000 0.0000
2 0.5000 0.5000 0.5000 0.5000
3 1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000 1.5000
DATA R2(I,J)
/7 1 2 3 4
1 2.0000 2.0000 2.0000 2.0000
2 1.5000 1.5000 1.5000 1.5000
3 1.0000 1.0000 1.0000 1.0000
4 0.5000 0.5000 0.5000 0.5000
OUTPUT  **
IERR = 0
CORRELATION R2(I,J)
/7 1 2 3 4 5 6 7
1 3.00 6.00 9.00 12.00 9.00 6.00 3.00
2 4.25 8.50 12.75 17.00 12.75 8.50 4.25
3 4.00 8.00 12.00 16.00 12.00 8.00 4.00
4 2.50 5.00 7.50 10.00 7.50 5.00 2.50
5 1.00 2.00 3.00 4.00 3.00 2.00 1.00
6 0.25 0.50 0.75 1.00 0.75 0.50 0.25
7 0.00 0.00 0.00 -0.00 0.00 0.00 0.00
8 0.00 0.00 -0.00 -0.00 0.00 0.00 0.00
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2.15.3 DFCR3D, RFCR3D

(1)

Three-Dimensional Correlations

Function
Assume that the two multiperiodic discrete functions f(iz,y,4,) and g(jz, jy,j-) of period (mg,my, m;)

satisfying:

f(ixviyviZ) = f(loc + Lxmxviy + Lymyviz + Lsz)v
9(zs JyrJ=) = 9(Jz + Lama, jy + Lymy, j. + L.m.),
(zmvjw :Oaamw_lv Zyv]yzovamy_lv Zzajzzoavmz_l)

for arbitrary integers L,, L,, and L, take nonzero values within their basic periods only for (iy,iy,%,) €
0,7 — 1] x [0,n5” — 1] x [0,nY) — 1] and (ja, jy, 42) € [0,n5 — 1] x [0,n$? — 1] x [0,n? — 1]. Here,
[0,a] x [0,b] x [0, ¢] is the direct product region (region contained in the cube for which the point (0, 0, 0)
and the point (a, b, ¢) are diagonal points) in the space in which the space coordinates (i, j, k) lie. At this
time, DFCR3D or RFCR3D calculates the quantity §(k, ky, k,) obtained by shifting the discrete correlation
q(ks, ky, k), which is defined as follows:

Mmg—1My—1m, —1

Qo by k) = > > Y fliay iy i2)g(ke + ia, by + iy, ke + i2)

=0 iy=0 i,=0

kI:Oaamw_lv k :Oa"'am _17 kzzov"'amz_l
Yy Yy

by (néf) -1, nz(,f) -1, n(zf) — 1) in the positive direction for (k., ky, k.), respectively. §(kz,ky,k.) is defined
as follows:

Ak iy ke) = alke — (0 = 1)y — (0 = 1), k. — () — 1))
(kg =0,---,mg—1; ky=0,---,my —1; k, =0,---,m, — 1)
Here, m, = min(n$” + n{¥ — 1, M,), m, = min(n{” + n{¥ — 1, M,), and m. = min(n) + n'¥ — 1, M)
and M,, M,, and M, are arbitrary integers satisfying M, > max(ngf),nc(pg)), M, > max(nglf),nz(,g)), and
M, > max(ng ),n§9>), respectively. The three-dimensional real Fourier transform of ¢(k,, ky, k.) can also
be obtained.

Usage
Double precision:
CALL DFCR3D (NX1, NY1, NZ1, NX2, NY2, NZ2, R1, LX1, LY1, LZ1, R2, LX2, LY2, LZ2,
MX, MY, MZ, ISW, IWK, WK, IERR)
Single precision:
CALL RFCR3D (NX1, NY1, NZ1, NX2, NY2, NZ2, R1, LX1, LY1, LZ1, R2, LX2, LY2, LZ2,
MX, MY, MZ, ISW, IWK, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
1 NX1 I 1 Input Number of effective data in i, direction n&f ) for
discrete function f(iz,%y,12)
2 NY1 I 1 Input | Number of effective data in i, direction ng(,f ) for
discrete function f(iz,%y,12)
3 NZ1 1 1 Input Number of effective data in 7, direction ngf ) for
discrete function f(iz,iy,1.)
4 NX2 I 1 Input | Number of effective data in j, direction ng]) for
discrete function g(jz, Jy, j=)
5 NY2 I 1 Input | Number of effective data in j, direction ng(,g ) for
discrete function g(jz, Jy, j=)
6 NZ2 I 1 Input | Number of effective data in j, direction ngg ) for
discrete function ¢(jz, jy, j-)
7 R1 D LX1,LY1, Input | Values of discrete function f(iz,4y,4.) (See
{R} LZ1 Note (a))
Output | When ISW > 1, result of three-dimensional
real Fourier transform of discrete function
[ iz, iy, 1) (period (Mg, My, M.))
8 LX1 I 1 Input | Adjustable dimension of array R1
9 LY1 I 1 Input | Second dimension of array R1
10 L71 I 1 Input | Third dimension of array R1
11 R2 D LX2,LY2, Input | Values of discrete function ¢(jz,Jjy,J.) (See
{R} LZ2 Note (a))
Output | Value of discrete function §(ks,ky,k.) or the
three-dimensional real Fourier transform of
q(kz, ky, k) (See Note (b))
12 LX2 I 1 Input | Adjustable dimension of array R2
13 LY2 I 1 Input | Second dimension of array R2
14 LZ2 I 1 Input | Third dimension of array R2
15 MX I 1 Input | Parameter M, corresponding to the period
(Mg, my, m;) of discrete functions f(iz,4y,15),
9(izs jyr3-), and (k. ky, k=) (See Note (c))
16 MY I 1 Input | Parameter M, corresponding to the period
(mg, my, m;) of discrete functions f(iz,4y,1.),
9(izs jyr3-), and (k. ky, k=) (See Note (c))
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Input
No. | Argument | Type Size nput/ Contents
Output
17 MZ I 1 Input | Parameter M, corresponding to the period

(mg, my, m;) of discrete functions f(iz,iy,1z),
9(jz, Iy, Jz), and q(ky, ky, k2) (See Note (c))

18 ISW I 1 Input | Processing switch (See Note (d))

ISW= 0: Calculate the correlation according to
the definition.

ISW= 1: Calculate the correlation according to
the FFT method.

ISW= 2: Calculate the real Fourier transform

of the correlation.
19 IWK I See Work | Work area
Contents Size:

0 (When ISW= 0)
60 (When ISW > 1)

20 WK D See Work | Work area
{R} Contents Size:

(NX2 + 1) x (NY2 + 1) x NZ2 (When ISW= 0,
NX2 is even and NY2 is even)
NX2 x (NY2 + 1) x NZ2 (When ISW= 0, NX2
is odd and NY?2 is even)
(NX2+41) x NY2 x NZ2 (When ISW= 0, NX2
is even and NY2 is odd)
NX2 x NY2 x NZ2 (When ISW= 0, NX2 is odd
and NY?2 is odd)
MX + 2 x (MY + MZ) + MAX(LX1 x LY1 x
LZ1,LX2 x LY2 x LZ2) (When ISW > 1)

21 IERR I 1 Output | Error indicator

(4) Restrictions

(a) ISW € {0,1,2}
(b) NX1>1

NY1l>1
N7Z1>1

(c) NX2 > 1
NY2>1
NZ2>1

(d) MX > max(NX1, NX2)
MY > max(NY1,NY2)
MZ > max(NZ1,NZ2)

() When ISW =0 :
LX1 > NX1
LY1 > NY1
L71 > NZ1
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When ISW > 0 and MX is odd:
LX1 > MX + 1, LX1 is even
LY1 > MY
LZ1 > MZ

When ISW > 0 and MX is even:
LX1 > MX + 2, LX1 is even
LY1 > MY
LZ1 > MZ

(f) When ISW = 0)

LX2 > MX
LY2 > NY2
LZ2 > NZ2

When ISW > 0 and MX is odd)
LX2 > MX + 1, LX2 is even
LY2 > MY
LZ2 > MZ

When ISW > 0 and MX is even:
LX2 > MX + 2, LX2 is even
LY2 > MY
LZ2 > MZ

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.

1000 MX < NX1 + NX2 -1, Overlapping occurred during the correla-
MY < NY1+NY2—-1or tion calculation.
MZ < NZ1+4NZ72 -1

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

3050 Restriction (f) was not satisfied.

(6) Notes

a) The values of the discrete functions f(is,%,,%,) and g(jz, Jy,j-) and the elements of arrays R1 and R2
y 9Uzs JysJ y

are associated as follows.
fliz,iy,iz) < Rl(ix+1,iy +1,i,+1)
9(Jz> Jy>J=) < R20x + Ljy +1,j. +1)
Here, i, = 0,~',n§cf) —1; 4y = O,~~,néf) —1; 4, = 0,~',n;(zf) —1 and j, = 0,~',n§5q) -1 gy =

0,---, ny(j]) —1; j, =0,---,n — 1, and no values need be entered in other elements. The adjustable
dimensions of arrays R1 and R2 should be set so that LX1/2, LY1, LZ1, LX2/2, LY2, and
LZ2 are odd numbers to avoid bank conflict of main memory. Also, to increase speed,
calculations are executed even for elements outside areas where data is set within arrays
R1 and R2. Usually, when MX, for example, is (a multiple of 4)+2, LX1=MX+4 is set.
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(b)

The values of the discrete convolution ¢(ks,ky, k.) and the elements of array R2 are associated as

follows.
q(kz,ky,kz) > R2(kx+1,ky+1,kz+1)
Here, k., =0, - —-1; ky=0,- —1; k,=0,- — 1. When ISW=2 is set to obtain the

three—dlmensmnal real Fourier tranbform Q( Jxs Jys =) of the dlscrete correlation g(kz, ky, k- ), which is

defined as follows (|2 | represents the maximum integer that does not exceed x):

—1My—1M,—-1

. . . 27T\/j(j1k1 Jyky+]zkz)
Q(]I?]yajz) Z Z Z kmaky’k Mg My M.
M M M, ke=0 ky=0 k.=0

. . My R B
(.71207 7|_]V2[xJ7 y:()a 7|_TJ7]Z_077|_]\/2[ J)
the following associations are made:
Qs Jy,3=)} < R22xjx+Ljy +1,j,+1)
%{Q(]w]y»]z)} A R2(2*Jx+27Jy+17Jz+1)

In this case, note that the Fourier transform that is obtained is normalized. The remaining half period

of the Fourier transform can be obtained from the symmetry of the real Fourier transform as follows:

Q(Mac — Jor My — jy, M _]'z)>k = Q(]ma]yv]z)

Q(My — jao, Jy: =) = QUa, My — jy, M — j2)

Q(Mr*jrvMyijij)* :Q(]zvjvaz*JZ)
(Here, z* represents the conjugate complex number of the complex number z.) Now, Q(jz,Jjy,Jz)
can be thought of as an estimate of the cross spectrum of the original two functions for which the
correlation is to be calculated. In this case, M, M,, and M, should be thought of as M, = néf) +n;(Eg),
M, = ng(,f ) + n§,9>, and M, = n(zf ) + n&”. In particular, if the original two functions for which the
correlation is to be calculated are the same function, Q(jz,jy,j-) corresponds to the raw Fourier

periodogram (estimate of the power spectrum), and Q(jz, jy, j-) is a real number.

If MX > NX1 + NX2 — 1 and MY > NY1 + NY2 — 1 and MZ > NZ1 + NZ2 — 1 are set, the
correlation can be calculated without causing an overlap with the correlation of the next period. When
MX > NX1+NX2—1or MY > NY1+NY2—1 or MZ > NZ1+NZ2—1, the following correspondences
are made:

(ks ky) < R2(kye+1ky +1,k, +1)

and values that match 0.0 within the error range are stored in elements corresponding to k, =
NX1+NX2-1,--- MX—-1; k,=0,---, MY —-1; k., =0,---,MZ—-1ork, =0,--- MX—-1; k, =
NY1+NY2-1,--- MY —-1; k,=0,--- MZ—-1ork, =0,--- , MX—-1; k, =0,--- MY - 1; k, =
NZ1+NZ2 —-1,---,MZ — 1. When ISW=0, MX = NX1 + NX2 — 1, MY = NY1 + NY2 — 1, and
MZ = NZ1+ NZ2—1 should be set. When ISW > 1, the calculations can be performed more efficiently
by setting a value for MX, MY or MZ for which the mixed radix FFT algorithm operates effectively
(multiples of 2, 3, 5, etc., which are the mixed radix values of FFT). For example, if NX1=NX2=145,
then when ISW=0, MX = 289(=172) should be set. However, when ISW > 1, it is usually more
efficient to set MX = 300(=22 x 3 x 52), MX = 320(=25 x 5), MX = 384(=2" x 3) or the like.

Usually, the calculations can be performed more efficiently by setting ISW=1 to calculate
the FFT correlation. However, to conserve work area or if there is a restriction on the method of
selecting the parameter MX, MY or MZ, the calculations should be performed by setting ISW=0.
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()

o calculate the correlation of discrete functions the starting position of the nonzero portions are sep-
arated from the origin, first perform the calculations by shifting the functions so that the starting
positions are at the origin, and then shift the calculation results again to obtain the final results more
efficiently. For example, when the nonzero portions of the discrete functions f(is, iy, ) and g(jz, jy, jz)
are the intervals [ig, ig + n$ — 1] and [jo, jo + n'® — 1] for i, and j,, respectively, let f(zz,zy,zz) and
§(Jz, Jy, j-) be defined as follows:

f(iwaiyviZ) = f(lw - iO’iyviZ)» g(]ma]y»h) = g(]m _jO»jyajz)
and apply this subroutine to f(zz,zy,zz) and §(jz, jy, ). Let §(ks,ky, k.) represent the result that
was obtained, and the correlation g(ks, ky, k-) of the original functions f(is,%y,4,) and ¢(jz, jy, j=) is

given as follows:
Q<kw7 ky» kz) = (,7<k$ - (]0 - io) + (ngcf) - 1)’ ky’ kz)

Therefore, even when ig = jo = 0, to consider the correlation g(k,, ky, k.) that conforms to the normal
definition, you must consider shifting the result by n&f ) —1in the negative direction of k, after applying
this subroutine or if you shift f(iy,4y,%.) and g(js, jy,j-) in the negative directions of i, and j, by
19 and jo, respectively, before calculating the discrete correlation, you must then shift the calculation
result again by jg — 7¢ in the positive direction of k,.

This procedure is available for iy, j,, and ky, and i., j., and &, as well.

The sampling interval cubed multiplied by the discrete correlation calculated by this subroutine is the
square approximation (or approximation by using the trapezoidal formula) of the continuous correlation
integral of a bandwidth-limited function. Therefore, to raise the approximation precision, you must
take a smaller sampling interval and a larger number of sample data. To associate these results with

a continuous correlation it is easiest to let
a(=n) ky k) = (-1 kg k) =0
q(ke, —nff) k) = G(ka,~1 k) =0
q(ka ky,—ntD) = Gka,ky, 1) =0

and consider (n§” +n{) (n{" +n) (0 +n'9) data of q(ks, ky, k2) (ke = —n& -+, =1,0,1,- -, 0l —
L oky=-n{" =10, 0l —1; k=0 o —1,0,1,--- 0 — 1),

Of course, this is the same as letting
an) +n@ ky k) = i ky k) =0
qlka,nl) + 0 k) = Gk, 0 k) =0
Q(kam ky» nif) =+ nig)) = (j(kzv kyv n.7(4q>) =0

=)
=)

and considering q(ky, ky, k.) (ks = —(néf) -1),---,-1,0,1,-- -,nég); ky = —(nz(,f) —-1),---,-1,0,1,
7n:(yg)7 kz = _<ngf) - 1)3"'7_170’17"'7’”/29))-
In this case, the coordinate (0, 0, 0) element is usually associated with ¢(0,0,0), and

e when ISW=0,

LX1 = NX1,LY1 =NY1,LZ1 = NZ1,LX2 = MX,LY2 = MY, LZ2 = MZ, and
NWK = (NX2 + 1) x (NY2 + 1) x NZ2 (when NX2 is even and NY?2 is even) or
NWK = NX2 x (NY2 + 1) x NZ2 (when NX2 is odd and NY2 is even) or
NWK = (NX2 + 1) x NY2 x NZ2 (when NX2 is even and NY2 is odd) or
NWK = NX2 x NY2 x NZ2 (when NX2 is odd and NY2 is odd)
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(2)

e when ISW > 1
LX1=LX2=MX+1 (when MX is odd) or
LX1=LX2=MX+2 (when MX is even),
LY1=LY2=MY, LZ1=LZ2=MZ, and NWK = MX 4 2 x (MY + MZ) + LX1 x MY x MZ.

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(7) Example

(a)

Problem
Use the sampling interval A to discretize the two finite waveforms defined by the following equations
and calculate the discrete correlation.

_ ) v ((@y,2) € [0,25] x [0,y5] x [0, 2¢])
f@y,2) = { 0 (Otherwise)

_ Lg —T ((‘T’yvz) € [vaf]] X [Ovy!]] X [0729])
9(@,9,2) = { 0 (Otherwise)

Input data
Sampling data
Rl(ix + 1,iy + 1,1, + 1) = f(ixA, iy A, i,A)
(i =0,1,---,NX1-1; ¢, =0,1,---,NY1 —1; i, =0,1,---,NZ1 — 1) and
R2(jx + Lijy+1j.+ 1) = g(jXAaij’jZA)
(J-=0,1,---,NX2-1; 4,=0,1,---,NY2—-1; j,=0,1,---,NZ2 - 1).
Here, A = 0.5.
NX1, NY1, NZ1, NX2, NY2, NZ2, MX, MY, MZ and ISW.
Main program

PROGRAM BFCR3D

| %% EXAMPLE OF DFCR3D ***
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER I,J,K
INTEGER ISW,IERR,IWK(60)
INTEGER NX1,NX2,LX1,LX2,MX
INTEGER NY1,NY2,LY1,LY2,MY
INTEGER NZ1,NZ2,LZ1,LZ2,MZ
INTEGER MO

PARAMETER (MO = 8)
PARAMETER (LX1 = (MO+2)/2%2)
PARAMETER (LY1 = MO)
PARAMETER (LZ1 = MO)
PARAMETER (LX2 = LX1)
PARAMETER (LY2 = LY1)
PARAMETER (LZ2 = LZ1)

REAL(8) R1(LX1,LY1,LZ1),R2(LX2,LY2,LZ2)
REAL(8) WK (5*MO+LX1%MO*MO)
REAL(8) T
REAL(8) XF,YF,ZF,XG,YG,ZG,DT
= 0.5D0)

PARAMETER (DT .
PARAMETER (XF = 2.0DO,YF=2.0D0,ZF=2.0D0)
PARAMETER (XG = 2.0DO0,YG=2.0D0,ZG=2.0D0)
ISwW=1
NX1=XF/DT
NY1=YF/DT
NZ1=ZF/DT
NX2=XG/DT
NY2=YG/DT
NZ2=ZG/DT
MX=MO
MY=MO
MZ=MO
WRITE (6,1000) ISW,NX1,NY1,NZ1,NX2,NY2,NZ2,MX,MY,MZ
DO 100 K=1,NZ1
DO 101 J=1,NY1
DO 102 I=1,NX1
T=DBLE(I-1)*DT
R1(I,J,K)=T
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102 CONTINUE
101 CONTINUE
100 CONTINUE
DO 200 K=1,NZ2
DO 201 J=1,NY2
DO 202 I=1,NX2
T=DBLE(I-1)*DT
R2(I,J,K)=XG-T
202 CONTINUE
201 CONTINUE
200 CONTINUE
DO 300 K=1,NZ1
WRITE (6,1100) K, (I,(R1(I,J,K),J=1,NY1),I=1,NX1)
300 CONTINUE
DO 400 K=1,NZ2
WRITE (6,1150) K, (I, (R2(I,J,K),J=1,NY2),I=1,NX2)
400 CONTINUE
CALL DFCR3D(NX1,NY1,NZ1,NX2,NY2,NZ2,R1,LX1,LY1,LZ1,&
R2,LX2,LY2,LZ2,MX,MY,MZ, ISW, IWK,WK, IERR)
WRITE (6,1300)
WRITE (6,1400) IERR
DO 500 K=1,MZ
WRITE (6,1200) K, (I,(R2(I,J,K),J=1,MY),I=1,MX)
500 CONTINUE
1000 FORMAT(’ ’,/,/,&

> xkk DFCR3D **x’,/.&
2X,’** INPUT *x’,/.&
6X,’ISW =’,13,/,&
6X,’ (NX1,NY1,NZ1) =(’,13,’,7,13,’,°,13,%)°,/,&
6X,’ (NX2,NY2,Nz2) =(’,I3,’,’,I3,’,”,I3, ’)’,/,&
6x,’(Mx ,my ,Mz ) =(’,I13,’,’,13,’,’,13,%)’)
1100 FORMAT(12X,’°DATA R1(I,J,’,I3,’)’,/,&
10X,°I/J 1 2 3 4°,/.&
)

10X, ’ o/

6(8X,13,4F9.4,/))

1150 FORMAT(12X,’°DATA R2(I,J,’,I3,°)°,/,&
10X,°I/J 1 2 3

4,/,&
10X, . ? s/s&
6(8X,13,4F9.4,/))
1300 FORMAT(2X, ** _QUTPUT = *x’)
1400 FORMAT(6X,’IERR =’,I5)
1200 FORMAT (17X, CORRELATION R2(1,3,°,13,7)",/ &
10X,°1/7 1 3 5,4
' 6 7 8,/,&
10X, -—- "
’ VAN
8(8X,I3,8F7.2,/))
END
(d) Output results
wxk% DFCR3D *%x
#x INPUT %
ISW = 1
(NX1,NY1,NZ1) =( 4, 4, 4)
(NK2,NY2, NZ2) =( 4, 4, 4)
MX M z)=(_8, 8, 8
DAt RI(I,J, 1)
/7 1 2 3 4
1 0.0000 0.0000 0.0000  0.0000
2 0.5000 0.5000 0.5000 0.5000
3 1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000 1.5000
DATA R1(I,J, 2)
/7 1 2 3 4
1 0.0000 0.0000 0.0000  0.0000
2 0.5000 0.5000 0.5000  0.5000
3 1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000 1.5000
DATA R1(I,J, 3)
/31 2 3 4
1 0.0000 0.0000 0.0000  0.0000
2 0.5000 0.5000 0.5000 0.5000
3 1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000 1.5000
DATA R1(I,J, 4)
/31 2 3 4
1 0.0000 0.0000 0.0000  0.0000
2 0.5000 0.5000 0.5000 0.5000
3 1.0000 1.0000 1.0000  1.0000
4 1.5000 1.5000 1.5000 1.5000

DATA R2(I,J, 1)
/7 1

1 2.0000 2.0000 2.0000 2.0000
2 1.5000 1.5000 1.5000 1.5000
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*k

3 1.0000 1.0000 1.0000 1.0000
4 0.5000 0.5000 0.5000 0.5000
DATA R2(I,J, 2)
/31 2 3 4
1 2.0000 2.0000 2.0000 2.0000
2 1.5000 1.5000 1.5000 1.5000
3 1.0000 1.0000 1.0000 1.0000
4 0.5000 0.5000 0.5000 0.5000
DATA R2(I,J, 3)
/7 1 2 3 4
1 2.0000 2.0000 2.0000 2.0000
2  1.5000 1.5000 1.5000 1.5000
3 1.0000 1.0000 1.0000 1.0000
4 0.5000 0.5000 0.5000 0.5000
DATA R2(I,J, 4)
/7 1 2 3 4
1 2.0000 2.0000 2.0000 2.0000
2 1.5000 1.5000 1.5000  1.5000
3 1.0000 1.0000 1.0000 1.0000
4 0.5000 0.5000 0.5000 0.5000
OUTPUT  **
IERR = 0
CORRELATION R2(I,J, 1)
/7 1 2 3 4 5 6 7 8
1 3.00 6.00 9.00 12.00 9.00 6.00 3.00 -0.00
2 4.25 8.50 12.75 17.00 12.75 8.50 4.25 -0.00
3 4.00 8.00 12.00 16.00 12.00 8.00 4.00 -0.00
4 2.50 5.00 7.50 10.00 7.50 5.00 2.50 =-0.00
5 1.00 2.00 3.00 4.00 3.00 2.00 1.00 -0.00
6 0.25 0.50 0.75 1.00 0.75 0.50 0.25 0.00
7 0.00 0.00 -0.00 -0.00 0.00 0.00 0.00 0.00
8 0.00 0.00 -0.00 -0.00 -0.00 0.00 0.00 0.00
CORRELATION R2(I,J, 2)
1/3 2 3 4 5 6 7 8
1 6.00 12.00 18.00 24.00 18.00 12.00 6.00 -0.00
2 8.50 17.00 25.50 34.00 25.50 17.00 8.50 -0.00
3 8.00 16.00 24.00 32.00 24.00 16.00 8.00 -0.00
4 5.00 10.00 15.00 20.00 15.00 10.00 5.00 =-0.00
5 2.00 4.00 6.00 8.00 6.00 4.00 2.00 -0.00
6 0.50 1.00 1.50 2.00 1.50 1.00 0.50 =-0.00
7 0.00 0.00 0.00 -0.00 0.00 0.00 0.00 0.00
8 0.00 0.00 -0.00 -0.00 0.00 0.00 0.00 0.00
CORRELATION R2(I,J, 3)
1/3 2 3 4 5 6 7 8
1 9.00 18.00 27.00 36.00 27.00 18.00 9.00 -0.00
2 12.75 25.50 38.25 51.00 38.25 25.50 12.75 -0.00
3 12.00 24.00 36.00 48.00 36.00 24.00 12.00 -0.00
4 7.50 15.00 22.50 30.00 22.50 15.00 7.50 =-0.00
5 3.00 6.00 9.00 12.00 9.00 6.00 3.00 -0.00
6 0.75 1.50 2.25 3.00 2.25 1.50 0.75 -0.00
7 0.00 0.00 -0.00 -0.00 -0.00 -0.00 -0.00 =-0.00
8 0.00 -0.00 0.00 -0.00 0.00 0.00 -0.00 0.00
CORRELATION R2(I,J, 4)
1/3 2 3 4 5 6 7 8
1 12.00 24.00 36.00 48.00 36.00 24.00 12.00 -0.00
2 17.00 34.00 51.00 68.00 51.00 34.00 17.00 =-0.00
3 16.00 32.00 48.00 64.00 48.00 32.00 16.00 -0.00
4 10.00 20.00 30.00 40.00 30.00 20.00 10.00 -0.00
5 4.00 8.00 12.00 16.00 12.00 8.00 4.00 0.00
6 1.00 2.00 3.00 4.00 3.00 2.00 1.00 0.00
7 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 0.00
8 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00
CORRELATION R2(I,J, 5)
1/3 2 3 4 5 6 7 8
1 9.00 18.00 27.00 36.00 27.00 18.00 9.00 -0.00
2 12.75 25.50 38.25 51.00 38.25 25.50 12.75 -0.00
3 12.00 24.00 36.00 48.00 36.00 24.00 12.00 =-0.00
4 '7.50 15.00 22.50 30.00 22.50 15.00 7.50 -0.00
5 3.00 6.00 9.00 12.00 9.00 6.00 3.00 -0.00
6 0.75 1.50 2.25 3.00 2.25 1.50 0.75 0.00
7 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
8 0.00 0.00 0.00 -0.00 0.00 -0.00 0.00 0.00
CORRELATION R2(I,J, 6)
/7 1 2 3 4 5 6 7 8
1 6.00 12.00 18.00 24.00 18.00 12.00 6.00 -0.00
2 8.50 17.00 25.50 34.00 25.50 17.00 8.50 -0.00
3 8.00 16.00 24.00 32.00 24.00 16.00 8.00 -0.00
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4 5.00 10.00 15.00 20.00 15.00 10.00 5.00
5 2.00 4.00 6.00 8.00 6.00 4.00 2.00
6 0.50 1.00 1.50 2.00 1.50 1.00 0.50
7 0.00 0.00 0.00 -0.00 0.00 0.00 0.00
8 0.00 0.00 -0.00 -0.00 0.00 0.00 0.00
CORRELATION R2(I,J, 7)

/3 1 2 3 4 5 6 7

1 3.00 6.00 9.00 12.00 9.00 6.00 3.00
2 4.25 8.50 12.75 17.00 12.75 8.50 4.25
3 4.00 8.00 12.00 16.00 12.00 8.00 4.00
4 2,60 5.00 7.50 10.00 7.50 5.00 2.50
5 1.00 2.00 3.00 4.00 3.00 2.00 1.00
6 0.25 0.50 0.75 1.00 0.75 0.50 0.25
7 0.00 -0.00 -0.00 0.00 0.00 0.00 0.00
8 0.00 -0.00 -0.00 -0.00 0.00 0.00 0.00

CORRELATION R2(I,J, 8)

1/J 2 3 4 5 6 7

1 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 0.00
2 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00
3 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00
4 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00
5 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00
6 -0.00 -0.00 0.00 0.00 0.00 0.00 -0.00
7 -0.00 -0.00 0.00 0.00 0.00 0.00 0.00
8 -0.00 0.00 -0.00 0.00 0.00 0.00 0.00
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2.16 POWER SPECTRUM ANALYSIS

2.16.1 DFPS1D, RFPS1D

(1)

One-Dimensional Fourier Periodograms

Function
DFPS1D or RFPS1D obtains the (modified) Fourier periodogram of the series uw; (j = 0,---,n — 1). The

Fourier periodogram pj is defined by the following equation.

2
n—1
_ —qik
E wjuje 2my/ =157
j=0

Pk = Y
Here, |z] represents the maximum integer that does not exceed z. w; is the truncation function (data
window). For a raw Fourier periodogram, w; =1 (j =0,---,n — 1) and 8 = n are set, and for a modified
periodogram S is set as follows:

n—1

Z w;*  (when a power modification expression according to a data window is used)
7=0

n (Otherwise)

The periodogram pj, corresponds to a half period (period n) of a two-sided power spectrum, and the
remainder is obtained from the relationship p_j = pg. Also, the total power of the corresponding series is
as follows.

n—1
> {uw;}?
j=0
n
Usage
Double precision:
CALL DFPS1D (N, R, LD, ISW, IWK, WK, IERR)
Single precision:
CALL RFPS1ID (N, R, LD, ISW, IWK, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input/
Output

No. | Argument | Type Size

Contents

N 1 1 Input

Length n of series u; (See Note (d))

Input

Values of series u; (See Note (a))

1
2 R p) | LD
R

Output

Values of Fourier periodogram pj, of series u;
(See Notes (b) and (c))

Input

Size of array R

4 ISW I 1 Input

Processing switch (See Note (¢))
ISW= 0:
odogram

Calculate the raw Fourier peri-

ISW=41: Calculate the periodogram using a
user-defined data window

ISW=42: Calculate the periodogram using the
Hanning window

ISW=43: Calculate the periodogram using the
Bartlett window

ISW==4: Calculate the periodogram using the
Welch window

ISW=45: Calculate the periodogram using the
Parzen window

To use a power modification expression accord-
ing to a data window, set ISW > 0; otherwise,
set ISW < 0.

5 IWK I 20 Work

Work area

N+LD ‘Work

Work area
When ISW==1, enter the values of the user-
defined data window. (See Note (e))

7 IERR I 1 Output

Error indicator

(4) Restrictions

(a) ISW € {0, £1, 42, £3, +4, +5}
(b) N>1

(¢) When N is an odd:
ILD>N+1

When N is an even:
LD>N+2
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3030 Restriction (c) was not satisfied.
4000 When ISW = 1, the user-defined data
window was w; =0 (j=0,---,n—1).

(6) Notes

(a) The values of the series u; are stored in array R as follows.

() — R(l)
U1 — R(2)

Up—1 — R(N)
No values need be entered in elements R(N+1) and after of array R.
The values of the Fourier periodogram py, are obtained in array R as follows.

Do - R(1)
p1 - R(2)

Plngryy = R([%5]))
| ] represents the maximum integer that does not exceed z.

The Fourier periodogram py, that is obtained corresponds to a half period of a two-sided power spectrum
(when the negative frequencies are considered), and the corresponding frequencies & are given by
& = nﬁﬂ (where Axis the sampling interval). At this time, the components corresponding to —&
will be pi. The Fourier periodogram py corresponding to a one-sided power spectrum is obtained by
setting po = po; Pr = 2px (K = 1,2,---,m — 1). However, when n is even, m = % and p,, = p,, are
set, and when n is odd, m = ”T“ is set.

The calculations can be performed more efficiently by setting the length N of the series u; to a value
for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3, 5, etc., which are
the mixed radix values of FFT). For example, rather than setting N = 289(=172), it is usually more
efficient to set N = 300(=22 x 3 x 52), N = 320(=2° x 5), N = 384(=27 x 3) or the like. When the
number of data cannot be increased, adjust N by supplying the required number of zeros at the end of
the data to perform the calculations.

The truncation function (data window) can be changed as follows according to the value of the pro-
cessing switch ISW.

sin? (1v;) ISW= 42 (Hanning window)

1—|2v; — 1] ISW= +3 (Bartlett window)

1—(20; —1)? ISW= +4 (Welch window)
wj = 1603 v}

1-— 61)j(’Uj - 1)2
1-— 61)j(’0n7j+1 - ].)2
16vn,j+13

ISW= +5 (Parzen window)

Bl = = O
INIA A IA
S & &

AN IN A
=R b= B

<7
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Here, v; = % Therefore, when the data windows shown above are used, the first element ug of the
series u; does not affect the calculation of the modified periodogram. To avoid this situation, you
should specify a value for N that is larger by 1 than the length of the series for which you actually
want to calculate the periodogram and set the effective data so that it starts at u;. The data windows

are represented as follows as time (or space) domain functions that are nonzero only for |z| < 1.

m% = cos’ 71-2—17 Hanning window
1— || Bartlett window
w(x) =19 122 Welch window
{ L— 62+ 6lzf® Ja] < % } Parzen window
A1-fa) <l <1

Also, to use user-defined data window values wj, set ISW = =£1, set the values in work array WK as

follows:
and then call this subroutine.

From its definition, the raw periodogram should be regarded as an approximation of a discrete Fourier
transform of the autocorrelation function. Since the effective data length of the autocorrelation function
of a discrete function having effective number of data n is 2n — 1, approximating the power spectrum
of a general function by a raw periodogram corresponds to truncating the function by using a square

truncation function w(k) for which one period is given as follows.
1 k=0,1,---,n—1
w(k) — ) '7 7”
0 Otherwise

sin

When the frequency is f for the Fourier transform of the square function, a ff type function form is

assumed having a sidelobe that is not small around the central frequency. Therefore, when a periodic
function is sampled, for example, by simply truncating it using a width that is not an integer multiple of
one period, since the raw periodogram will be the convolution of the Fourier transform of the periodic
function for which the power spectrum is to be obtained and the % type function in the frequency
domain, an excess frequency component called leakage occurs. To suppress this kind of leakage, simple
truncation is not performed, and a truncation function having a small sidelobe in the frequency domain,
such as the Hanning window, is used. However, in general, the more the leakage is suppressed, the
more the result of the discrete Fourier transform widens and blurs. Therefore, when estimating the
power spectrum, you must select a suitable truncation function according to your objectives, that is,

according to whether the spectral width or the central frequency is to be the problem, for example.

To raise the resolution (sampling interval in the frequency domain) % of the discrete Fourier transform,
you should increase the number of sample data n or increase the sampling interval 7. However, to
raise the precision of the power spectrum estimate while holding the sampling interval and resolution
fixed, a technique is often used of taking m groups of samples for which the number of samples is n,
obtaining the modified periodogram for each of those m groups, and then taking the average of those
values. In this case, a technique is also proposed in which the m groups of sample data are taken from

the series so that they overlap. For details, refer to the Reference Bibliography.

When obtaining the power spectrum, the property related to the frequency transition of the Fourier
transform, that is, the multiplication by ¢*™V~1/o? in the time (or space) domain, is associated with

the shifting of the frequency by fy in the frequency domain, and a technique is often used of reducing

216



DFPS1D, RFPS1D
One-Dimensional Fourier Periodograms

the number of data points required for the calculation in which the central frequency of the power
spectrum is shifted in advance, using the property that the function shape does not change. This
kind of operation is known as modulation. However, when N is odd LD=N+1, and when N is even,
LD=N+2.

(i) This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(7) Example

(a) Problem
Use the sampling interval Az to discretize the waveform defined by the following equation and estimate

the power spectrum by calculating the Fourier periodogram.
f(z) = cos 27 fix + cos 27 fox

Remarks:

If f1 = 0.62 and fo = 0.14 are set and f(z) is sampled on the interval [0,25) with Az = 0.5, the
values are graphed as follows. Although, according the to sampling theorem, sampling should be done
in more detail depending on the objective, even this degree of sampling enables you to see tendencies

concerning differences due to the selection of the data window.

/(@)

3.0 [

15 [ - N

0.0 [7® * o... ° ...o .. ° .° ® 0o o o. * .o

A5 0% . . .« ¢

3.0 | | | | | T
5.0 10.0 15.0 20.0 25.0

Also, the corresponding Fourier periodogram is graphed as follows (the upward pointing arrows are
the signal frequency). Since a frequency for which the discontinuity increases due to truncation is

deliberately used as the signal frequency, the leakage increases in the raw periodogram.

p(a:) (Raw Periodogram)

0.3
0.2
0.1

X

0 02 04 06 08 1.0
p(SU ) (Use Hanning Window) p(x ) (Use Bartlett Window)

0 0.2 04 0.6 0.8 1.0 0 0.2 04 0.6 0.8 1.0
(b) Input data

Sampling data
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p(x) (Use Welch Window) p(x) (Use Parzen Window)
0.3 [ o .o 0.3
0.2 I I 0.2 T I
0-1 ‘ 4 I\ | { | T 0-1 ot | ¢ deoetll ®oel |
0 02 04 06 08 1.0 0 02 04 06 08 1.0
Here, Az = 0.5.
N and ISW.

(¢) Main program

I oskokok

100

200

1 skokokok

300

500
400

1000

1100

1150
1160
1200
1300
1400

PROGRAM BFPS1D

EXAMPLE OF DFPS1D s
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER N,LD,ISW,IERR,IWK(20)
INTEGER I,M,ND2,IS

INTEGER NO,ISWO

PARAMETER (NO =50)

PARAMETER (ISWO=4)

PARAMETER (LD = NO+2)

REAL(8) R(LD,-1:ISWO),WK(NO+LD)
REAL(8) P(-1:ISWO0)

REAL(8) T,DT

REAL(8) PAI,FO,F1,F2
PARAMETER (PAI=3.141592D0)

N=NO
WRITE (6,1000) ISWO+1,N
DT=0.5D0
F0=1.0D0/ (2.0%*DT)
F1=0.62D0*FO0
F2=0.14D0*FO
ND2=(N+1) /2
P(-1)=0.0DO
DO 100 I=1,N
T=DBLE(I-1)*DT
R(I,-1)=C0S(2*PAI*F1%T)+C0OS (2*PAI*F2*T)
P(-1)=P(-1)+R(I,-1)*R(I,-1)
CONTINUE
P(-1)=P(-1)/DBLE(N)
WRITE (6,1100) (I,DBLE(I-1)*DT,R(I,-1),I=1,N)
WRITE (6,1150) P(-1)
WRITE (6,1160) F1,F2
IS=0
DO 400 ISw= O ISWO
DO 200 I=1
R(I,ISW) R(I -1)
CDNTINUE
IF (ISW.NE.O) IS=ISW+1
CALL DFPS1D(N,R(1,ISW),LD,IS,IWK,WK,IERR)
FOR ONE-SIDED POWER SPECTRAL DENSITIES
IF (MOD(N,2).EQ.0) THEN
M=ND2-1
ELSE
M=ND2
ENDIF
DO 300 I=2,M
R(I,ISW)=2.0DO*R(I,ISW)
CDNTINUE
P(ISW)=0. ODO
DO 500 I=1,N
P(ISW) P(ISW)+R(I ISW)
CONTINUE
CONTINUE
WRITE (6,1200)
WRITE (6,1300) IERR
WRITE (6,1400)&
(1,(1-1)/(DT*N), (R(I,ISW),ISW=0,ISW0),I=1,ND2)
WRITE (6,1500) (P(ISW),ISW=0,ISW0)
FORMAT(C’ °,/,/.&
> *%x DFPS1D **x’ /. &
2X,’**x INPUT **’,/ &
6X >ISW =0, 2 TO ? I3 /&
,’N =2 IS)
FDRMAT(12X ’ TIME SERIES DATA’,/,&
9X, ’I’ 4X,’ TIME °’,4X, ’R(I)’ /&
50(8X,12,%F9.4,/))
FORMAT (6X,’TIME DOMAIN POWER =’,F10.4)
FORMAT (6X, > SIGNAL FREQUENCY =’,2F10.4)
FORMAT (2X,’** QUTPUT *x*’)
FORMAT(6X,’IERR =’,I5)
FORMAT (10X, &
> (MODIFIED) PERIODOGRAM/ONE-SIDED POWER SPECTRUM ESTIMATION’,/,&
6X,’I1’,3X,> FREQ. ’,&
1X,> RAW  ’,1X,’ HANNING ’,&
1X,’BARTLETT ’,1X,’ WELCH ’,1X,’ PARZEN ’,/,&
25(5X,12,6F10.4,/))
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1500 FORMAT (17X, ’FREQUENCY DOMAIN POWER’,/,&
20X, ’

(d) Output results

k% k

*x

RAW

’,1X,’ HANNING ’,&

1X, ’BARTLETT ’,1X,’
(17X,5F10.4))
END
DFPS1D  **x
INPUT **
ISW =0, 2 TO 5
N = 50
TIME SERIES DATA
1 TIME R(I)
1 0.0000 2.0000
2 0.5000 0.5367
3 1.0000 -0.0915
4 1.5000 1.1535
5 2.0000 -0.1246
6 2.5000 -1.5388
7  3.0000 -0.2389
8 3.5000 -0.5163
9  4.0000 -1.9219
10  4.5000 -0.4359
11 5.0000  0.5000
12 5.5000 =-0.7190
13 6.0000 0.3484
14  6.5000 1.8266
156 7.0000 0.4563
16 7.5000 0.3633
17 8.0000 1.6976
18  8.5000  0.2428
19  9.0000 -0.9391
20 9.5000 0.2888
21 10.0000 -0.5000
22 10.5000 -1.9803
23 11.0000 -0.5428
24 11.5000 -0.0860
25 12.0000 -1.3556
26 12.5000 -0.0000
27 13.0000 1.3556
28 13.5000 0.0860
29 14.0000 0.5428
30 14.5000 1.9803
31 15.0000 0.5000
32 15.5000 -0.2888
33 16.0000 0.9391
34 16.5000 -0.2428
35 17.0000 -1.6976
36 17.5000 -0.3633
37 18.0000 -0.4563
38 18.5000 -1.8266
39 19.0000 -0.3485
40 19.5000 0.7190
41 20.0000 -0.5000
42 20.5000 0.4358
43 21.0000 1.9219
44 21.5000 0.5163
45 22.0000 0.2389
46 22.5000 1.5388
47 23.0000 0.1246
48 23.5000 -1.1535
49 24.0000 0.0915
50 24.5000 -0.5367
TIME DOMAIN POWER = 1.0
SIGNAL FREQUENCY = 0.62

(MODIFIED) PERIODOGRAI
FREQ. RAW
.0016
.0051
.0166
.1841
.2211
.0286
.0117
.0068
.0047
.0036
.0032
.0033
.0042
.0072
.0197
.1906
2177
.0285
.0122
.0075

OUTPUT  *x*
IERR = 0
I
1 0.0000
2 0.0400
3 0.0800
4 0.1200
5 0.1600
6 0.2000
7 0.2400
8 0.2800
9 0.3200
10 0.3600
11 0.4000
12 0.4400
13 0.4800
14 0.5200
15 0.5600
16 0.6000
17 0.6400
18 0.6800
19 0.7200
20 0.7600
21 0.8000

[eXeleolololololololololoololololofolo ot ol

.0054

[elelelolololelelolololelelofololo oo lo]

WELCH

000
00

»,1X,’ PARZEN

0.1400

[eXeleololololololoJololoololololofo oot ol

/5%

WELCH
0000 0.0000
0002 0.0000
0026 0.0003
2437 0.2494
2446 0.2498
0029 0.0003
0004 0.0000
0001 0.0000
0000 0.0000
0000 0.0000
0000 0.0000
0001 0.0000
0001 0.0000
0004 0.0000
0031 0.0003
2463 0.2496
2462 0.2497
0030 0.0003
0004 0.0000
0001 0.0000
0000 0.0000
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HANNING BARTLETT RZEN
0. .0000
.0006
.0369
.2116
L2121
.0373
.0006
.0000
.0000
.0000
.0000
.0000
.0000
.0006
.0373
L2121
L2121
.0373
.0006
.0000
.0000
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22 0.8400 0.0044 0.0000 0.0000 0.0000 0.0000
23 0.8800 0.0038 0.0000 0.0000 0.0000 0.0000
24 0.9200 0.0034 0.0000 0.0000 0.0000 0.0000
25 0.9600 0.0016 0.0000 0.0000 0.0000 0.0000

FREQUENCY DOMAIN POWER
RAW

HANNING BARTLETT WELCH PARZEN
0.9968 1.0000 0.9943 0.9999 0.9991
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2.16.2 DFPS2D, RFPS2D

(1)

Two-Dimensional Fourier Periodograms

Function
DFPS2D or RFPS2D obtains the (modified) Fourier periodogram of the series u;, j, (jo = 0, -, n.—1; j, =
0,---,ny —1). The Fourier periodogram py, x, is defined by the following equation.

2
ne 1yl 2 \/_1 Joke | Jyky
g g T
Ja Jy T JxsJy
Je=0 jy=0 Ny
pkx,ky: (kI:()al??L_J7ky:07177ny_1)

NgNy B 2

and wg) are the truncation functions

Here, | z] represents the maximum integer that does not exceed z. wg)

(data windows). For a raw Fourier periodogram, w§f) = wg) =10s=0,---,ny—1; 4, =0,---,ny — 1)

and 8 = n;n, are set, and for a modified periodogram 3 is set as follows:

ngy—1 Ny —1

( Z (wj(:))Q)( Z (wj(i’))Q) (when a power modification expression according
B= J==0 Jy=0 to a data window is used)

Ng My (Otherwise)

The periodogram pg, x, corresponds to a half period (period (ns,n,)) and the remainder is obtained from

the relationship as follows.

Prg—keny—ky, = Pky.ky
Prg—ke ky = Pky,ny—ky

Also, the total power of the corresponding series is as follows.

ng—1ny—1

S0 ¥

Jz=0 jy=0

NgNy

Usage
Double precision:

CALL DFPS2D (NX, NY, R, LX, LY, ISW, IWK, WK, IERR)
Single precision:

CALL RFPS2D (NX, NY, R, LX, LY, ISW, IWK, WK, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No.

Argument

Type

Size

Input/
Output

Contents

1

NX

I

Input

Length n, in the j, direction of series uj, ;,
(See Note (d))

NY

Input

Length n, in the j, direction of series wj, ;,
(See Note (d))

R

Input

Values of series u;, j, (See Note (a))

Output

Values of Fourier periodogram py, r, of series
uj, 5, (See Notes (b) and (c))

LX

Input

Adjustable dimension of array R

LY

Input

Second dimension of array R

ISW

Input

Processing switch (See Note (e))

ISW= 0: Calculate the raw Fourier peri-
odogram

ISW=#1: Calculate the periodogram using a
user-defined data window

ISW=42: Calculate the periodogram using the
Hanning window

ISW=43: Calculate the periodogram using the
Bartlett window

ISW==4: Calculate the periodogram using the
Welch window

ISW=45: Calculate the periodogram using the
Parzen window

To use a power modification expression accord-
ing to a data window, set ISW > 0; otherwise,
set ISW < 0.

IWK

40

‘Work

Work area

WK

Sk

Contents

‘Work

Work area

When ISW==+1, enter the values of the user-
defined data window. (See Note (e))

Size: NX +2 x NY +LX x LY

IERR

Output

Error indicator
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(4) Restrictions

(a) ISW € {0, £1, +2, +3, +4, +5}

(b) NX > 1
NY > 1

(¢) When NX is an odd:
LX>NX+1
LY > NY
When NX is an even:
LX > NX +2
LY > NY

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3030 Restriction (c) was not satisfied.
4000 When ISW = 1, the user-defined data
window was w](:) =0 (Ju=0,- 04—
1).
4010 When ISW = 1, the user-defined data

window was wj(-y) =0
Yy

1).

(Gy =0, ,my —

(6) Notes
(a) The elements of array R and the values of the series u;, ;, are associated as follows.
ujmvjy < R‘(JX + 17jy + 1)

Here, j, =0,---,n, — 1; j, = 0,---,n, — 1, and no values need be entered in other elements. The
adjustable dimensions of array R should be set so that LX/2 and LY are odd numbers to
avoid bank conflict of main memory. Usually, when NX, for example, is (a multiple of
4)+2, LX=NX+4 is set.

(b) The values of the Fourier periodogram py, x, are associated as follows with the elements of array R.
p(kzaky) A R(kX+]—aky+1) (kX:Oa"'aL%J;kyzoa"'vnyil)

| ] represents the maximum integer that does not exceed z.

(c) The frequencies (&, ,nk,) corresponding to obtained Fourier periodogram py, r, (kz =0,1,---,n; —
1; ky=0,1,---,n, — 1) are given as follows:
ks N
= k;ﬂ = 07 17 : y Lo
= =)
Yy ny
k —=0.1.---.|-%
N R Ul
v ) ky —ny n
ko=|-2]+1 -1
N (ky = | 9 J+1my )

where A is the sampling interval.
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(d) The calculations can be performed more efficiently by setting the length NX and NY of the series

u;, 5, to a value for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3, 5,
etc., which are the mixed radix values of FFT). For example, rather than setting NX = 289(=172), it
is usually more efficient to set NX = 300(=22 x 3 x 52), NX = 320(=2°¢ x 5), NX = 384(=2" x 3) or
the like. When the number of data cannot be increased, adjust NX by supplying the required number
of zeros at the end of the data to perform the calculations.

The truncation function (data window) can be changed as follows according to the value of the pro-
cessing switch ISW.

sin?(7v;) ISW= +2 (Hanning window)
1—|2v; — 1] ISW= +3 (Bartlett window)
1—(2v; —1)? ISW= +4 (Welch window)
w; = 16v;3 0<wv; <1
1 —6v;(v; — 1)2 Loy, <d
v (v = 1) s 1 Y= : ISW= =45 (Parzen window)
1-— 6vj(vn,j+1 - ].) 5 S Uj S Py
16Un,j+13 % < v < 1
Here, v; = L, and j = j, and n = n, are set for wx) and j = j, and n = n, are set for w®

Jy
Therefore, when the data windows shown above are used, the elements uo j, and uj, o of the series

uj, 4, do not affect the calculation of the modified periodogram. To avoid this situation, you should
specify values for NX and NY that are larger by 1 than the lengths of the series for which you actually
want to calculate the periodogram and set the effective data in elements corresponding to 1 and after

for j, and j,. The data windows are represented as follows as time (or space) domain functions that
are nonzero only for |z| < 1.

w = cos? 7;—;6 Hanning window
1— |z Bartlett window
w(x) =19 1 - g2 Welch window
{ L= 62"+ 6lzf® ] < % } Parzen window
A1-fa) <l <1

Also, to use user-defined data window values w](:) and wg), set ISW = +£1, set the values in work
array WK as follows:

WK +1) = Wi (jx =

0, my — 1), WK(ny +jy +1) = wi¥ (jy =0, ,ny — 1)
and then call this subroutine.

From its definition, the raw periodogram should be regarded as an approximation of a discrete Fourier
transform of the autocorrelation function. Since the effective data length of the autocorrelation function
of a discrete function having effective number of data n is 2n — 1, approximating the power spectrum
of a general function by a raw periodogram corresponds to truncating the function by using a square
truncation function w(k) for which one period is given as follows.

1 k=0,1,---,n—1
w(k) = Ol
0 Otherwise

When the frequency is f for the Fourier transform of the square function, a Si?f type function form is
assumed having a sidelobe that is not small around the central frequency. Therefore, when a periodic
function is sampled, for example, by simply truncating it using a width that is not an integer multiple of

one period, since the raw periodogram will be the convolution of the Fourier transform of the periodic
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(i)

function for which the power spectrum is to be obtained and the % type function in the frequency

domain, an excess frequency component called leakage occurs. To suppress this kind of leakage, simple
truncation is not performed, and a truncation function having a small sidelobe in the frequency domain,
such as the Hanning window, is used. However, in general, the more the leakage is suppressed, the
more the result of the discrete Fourier transform widens and blurs. Therefore, when estimating the
power spectrum, you must select a suitable truncation function according to your objectives, that is,

according to whether the spectral width or the central frequency is to be the problem, for example.

To raise the resolution (sampling interval in the frequency domain) % of the discrete Fourier transform,
you should increase the number of sample data n or increase the sampling interval T'. However, to
raise the precision of the power spectrum estimate while holding the sampling interval and resolution
fixed, a technique is often used of taking m groups of samples for which the number of samples is n,
obtaining the modified periodogram for each of those m groups, and then taking the average of those
values. In this case, a technique is also proposed in which the m groups of sample data are taken from

the series so that they overlap. For details, refer to the Reference Bibliography.

When obtaining the power spectrum, the property related to the frequency transition of the Fourier
transform, that is, the multiplication by e2™V=1fot in the time (or space) domain, is associated with
the shifting of the frequency by fy in the frequency domain, and a technique is often used of reducing
the number of data points required for the calculation in which the central frequency of the power
spectrum is shifted in advance, using the property that the function shape does not change. This kind
of operation is known as modulation. However, LX=NX+1 (when NX is odd) or

LX=NX+2 (when NX is even)

and LY=NY.

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(7) Example

(a)

Problem
Use the sampling interval A to discretize the waveform defined by the following equation and estimate

the power spectrum by calculating the Fourier periodogram.
fx,y) = cos 27 f1x + cos 27 fay

Input data

Sampling data

R(jx + 1,jy + 1) = f(jxA,jyA) (jx =0,1,--- , NX —1; j, =0,1,--- ,NY — 1).
Here, A = 0.5.

NX, NY and ISW.

Main program

PROGRAM BFPS2D
| %% EXAMPLE OF DFPS2D *x**
IMPLICIT REAL(8) (A-H,0-Z)
INTEGER NX,NY,LX,LY,ISW,IERR,IWK(40)
INTEGER I,J,M,ND2,IS
INTEGER NO,ISWO
PARAMETER (NO =8)
PARAMETER (ISW0=4)
PARAMETER (LX = NO+2, LY=NO)
REAL(8) R(LX,LY,-1:ISWO),WK(3*NO+LX*LY)
REAL(8) P(-1:ISW0)
REAL(8) TX,TY,DT,DFX,DFY
REAL(8) PAI,FO,F1,F2
PARAMETER (PAI=3.141592D0)

NX=NO
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101
100

201
200

501
500

300

601
600

700
400

NY=NO
WRIgE (6,1000) ISWO+1,NX,NY
DT=
FO=1. 0D0/(2 0%DT)
F1=0.62D0*F0
F2=0.14D0*F0
ND2=(NX+1) /2
DFX=1.0D0/ (DT*NX)
DFY=1.0D0/ (DT*NY)
P(-1)=0.0DO0
DO 100 J=1,NY
TY=DBLE(J-1)*DT
DO 101 I=1,NX
TX=DBLE(I-1)*DT
R(I,J,-1)=C0S(2*PAI*F1%TX)+C0S (2*PAI*F2*TY)
P(-1)=P(-1)+R(I,J,-1)*R(I,J,-1)
CONTINUE
CONTINUE
P(-1)=P(-1)/(DBLE(NX)*DBLE(NY))
WRITE (6,1100) (I,(R(I,J,-1),J=1,NY),I=1,NX)
WRITE (6,1150) P(-1)
WRITE (6,1160) F1,F2
1S=0
DO 400 ISW=0,ISWO
DO 200 J=1,NY
DO 201 I=1,NX
R(I,J,ISW)=R(I,J,-1)
CONTINUE
CONTINUE
IF (ISW.NE.0) IS=ISW+1
CALL DFPS2D(NX,NY,R(1,1,ISW),LX,LY,IS,IWK,WK,IERR)
P(ISW)=0.0D0
IF (MOD(NX,2).EQ.0) THEN
M=ND2-1
DO 500 J= 1 NY

DO 501 I=
P(Isw) P(Isw)+2 ODO*R(I,J,ISW)
CONTINUE
CDNTINUE
DO 300 J=1,N
P(ISW) P(ISW)+R(1 J,ISW)+R(ND2,J,ISW)
CONTINUE
ELSE
M=ND2
DO 600 J=1,NY
DO 601 I=2,M
P(ISW)=P(ISW)+2.0DO*R(I,J,ISW)
CONTINUE
CONTINUE
DO 700 J=1,NY
P(ISW)=P(ISW)+R(1,J,ISW)
CONTINUE
ENDIF
CONTINUE
WRITE (6,1200)
WRITE (6,1300) IERR

ISW=0
WRITE (6,1410) °RAW’,P(ISW),&
((J-(NY+1))*DFY,J=(NY+1) /2+1,NY) ,&
((J-1)*DFY,J=1, (NY+1)/2)
WRITE (6,1420)&
((I-1)*DFX, (R(I,J,ISW),J=(NY+1) /2+1,NY),&
(R(I,J,1SW3,J=1, (NY*1)/2) ,1%1,ND2)

ISW=1
WRITE (6,1410) ’>HANNING’,P(ISW),&
((J-(NY+1))*DFY, J=(NY+1)/2+1 ,NY) ,&
((J-1)*DFY, J=1, (NY+1) /2)
WRITE (6,1420)&
((I-1)*DFX, (R(I,J,ISW),J=(NY+1) /2+1,NY) ,&
(R(I,3,1sW),J=1, (NY+1)/2) ,I=1,ND2)

ISW=2
WRITE (6,1410) ’BARTLETT’,P(ISW),&
((J-(NY+1))*DFY, J=(NY+1) /2+1,NY) ,&
((J-1)*DFY,J=1, (NY+1)/2)
WRITE (6,1420)&
((I-1)*DFX, (R(I,J, Isw) J=(NY+1) /2+1,NY) ,&
(R(I,3,1sW),J=1, (NY+1)/2) ,I=1,ND2)

ISW=3
WRITE (6,1410) ’WELCH’,P(ISW),&
((J-(NY+1))*DFY, J=(NY+1) /2+1,NY) ,&
((J-1)*DFY,J=1, (NY+1)/2)
WRITE (6,1420)&
((I-1)*DFX, (R(I,J,ISW),J=(NY+1)/2+1,NY),&
(R(I,J,ISW),J=1, (NY+1)/2),I=1,ND2)

ISW=4

WRITE (6,1410) ’PARZEN’,P(ISW),&
((J-(NY+1))*#DFY, J=(NY+1) /2+1,NY) ,&
((J-1)*DFY, J=1, (NY+1) /2)

WRITE (6,1420)&
((I-1)*DFX, (R(I,J,ISW),J=(NY+1)/2+1,NY),&
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1000 FORMAT(’

6X, ’NY 13)
1100 FORMAT(12X ’DATA R(I J)°

(R(I,J,ISW),J=1, (NY+1)/2),I=1,ND2)

AL
? kx DFPS2D  ***’,/,&
2X,’#* INPUT **’,/.&

6X,’ISW =0, 2 TO *.I3,/,&
6X, ’NX -’,13,/,&

R,
4X,°1/J 2 3 4’ ,&
’ 5 6 7 87,/,&
4x,’ -,k
> --- /&
8(2X,13,8F9.4,/))
1150 FORMAT(6X,’TIME DOMAIN POWER =’,F10.4)
1160 FORMAT(6X,’SIGNAL FREQUENCY =(’,F10.4,’,°,F10.4,%)’)
1200 FORMAT(2X,’#*% QUTPUT *%’)
1300 FORMAT(6X,’IERR =’,I5)
1410 FORMAT(6X,’ (MODIFIED) PERIODOGRAM(’,A,’)’,/,&
X, ’FREQUENCY DOMAIN POWER=’,F8.4,/,&
2X,’X/Y-FRQ’,8F8.2,/,&
2X,’ -,k
b —_— 7)
1420 FORMAT(8(2X,F7.2,8F8.4,/))
END
(d) Output results
*%% DFPS2D *%x
*% INPUT *x*
ISW =0, 2 TO 5
NX = 8
NY = 8
DATA R(I,J)
/3 1 2 3 4 5 6 7 8
1 2.0000 1.9048 1.6374 1.2487 0.8126 0.4122 0.1237  0.0020
2 0.6319 0.5367 0.2693 -0.1194 -0.5555 -0.9559 -1.2444 -1.3662
3  0.2710 0.1759 -0.0915 -0.4803 -0.9164 -1.3168 -1.6053 -1.7270
4 1.9048 1.8097 1.5423 1.1535 0.7174 0.3170 0.0285 -0.0932
5 1.0628 0.9676 0.7002 0.3115 -0.1246 -0.5250 -0.8135 -0.9352
6 0.0489 -0.0462 -0.3136 -0.7024 -1.1384 -1.5388 -1.8274 -1.9491
7 1.6374 1.5422 1.2748 0.8861 0.4500 0.0496 -0.2389 -0.3606
8 1.4818 1.3866 1.1192 0.7304 0.2944 -0.1060 -0.3946 -0.5163
TIME DOMAIN POWER = 1.0626
SIGNAL FREQUENCY =( 0.6200, 0.1400)
#%  QUTPUT
IERR = 0
(MODIFIED) PERIODOGRAM(RAW)
FREQUENCY DOMAIN POWER= 0.9717
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75
0.00 0.0158 0.0188 0.0350 0.2150 0.0218 0.2150 0.0350 0.0188
0.25 0.0000 0.0000 0.0000 0.0000 0.0239 0.0000 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.1352 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0781 0.0000 0.0000 0.0000
(MODIFIED) PERIODOGRAM(HANNING)
FREQUENCY DOMAIN POWER= 0.5980
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0001 0.0054 0.0632 0.0105 0.0632 0.0054 0.0001
0.25 0.0000 0.0000 0.0013 0.0095 0.0056 0.0236 0.0013 0.0000
0.50 0.0000 0.0000 0.0000 0.0204 0.0814 0.0204 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0205 0.0820 0.0205 0.0000 0.0000
(MODIFIED) PERIODOGRAM(BARTLETT)
FREQUENCY DOMAIN POWER= 0.5835
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0009 0.0820 0.0109 0.0820 0.0009 0.0000
0.25 0.0000 0.0000 0.0002 0.0122 0.0025 0.0178 0.0002 0.0000
0.50 0.0000 0.0005 0.0000 0.0156 0.0855 0.0156 0.0000 0.0005
0.75 0.0000 0.0004 0.0000 0.0095 0.0762 0.0191 0.0000 0.0004
(MODIFIED) PERIODOGRAM (WELCH)
FREQUENCY DOMAIN POWER= 0.7072
X/Y-FRQ -1.00 -0.75 =-0.50 -0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0001 0.1263 0.0124 0.1263 0.0001 0.0000
0.25 0.0000 0.0000 0.0000 0.0140 0.0014 0.0127 0.0000 0.0000
0.50 0.0002 0.0003 0.0010 0.0195 0.1065 0.0054 0.0009 0.0003
0.75 0.0002 0.0003 0.0008 0.0064 0.0941 0.0142 0.0009 0.0003
(MODIFIED) PERIODOGRAM(PARZEN)
FREQUENCY DOMAIN POWER= 0.4909
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0002 0.0093 0.0253 0.0070 0.0253 0.0093 0.0002
0.25 0.0000 0.0001 0.0022 0.0022 0.0127 0.0279 0.0064 0.0001
0.50 0.0000 0.0000 0.0006 0.0171 0.0558 0.0323 0.0030 0.0000
0.75 0.0000 0.0000 0.0013 0.0206 0.0485 0.0214 0.0014 0.0000
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2.16.3 DFPS3D, RFPS3D

(1)

Three-Dimensional Fourier Periodograms

Function
DFPS3D or RFPS3D obtains the (modified) Fourier periodogram of the series uj, j, j. (jo = 0, , Nz —
L; jy =0,---,ny —1; j. = 0,---,n, — 1). The Fourier periodogram p, x, . is defined by the following

equation.
2
nzilnyilnzil Jzk Jyky izk
(=), (), (2) —2my/—I(H e+t I20s)
Z Z: E:wjz Wy "W " Ujg 5,5 € me My ons
Jz=0 ijO 72=0
Ply ky k. =

NgNyN [
(kz =0,1,--- [ % ]; ky =0,1,---,ny — L;k, =0,1,---,n, — 1)

Here, |x] represents the maximum integer that does not exceed z. wg), w](i’) and w](j

(@) _ ) = () = 1

) are the truncation

functions (data windows). For a raw Fourier periodogram, w (Jo=0,---,np—1; j, =

Ja Jy
0,---,ny—1; 4, =0,---,n,—1) and 8 = nynyn, are set, and for a modified periodogram [ is set as follows:
ng—1 Mgy —1 n,—1
B ( Z (w§f))2)( Z (wj(z))2)( Z (w](f))2) (when a power modification expression according
B = Jo=0 Jy=0 J==0 to a data window is used)
NgNyN (Otherwise)

The periodogram py, &, k. corresponds to a half period (period (ns,ny,7n.)) and the remainder is obtained

from the relationship as follows.

p’ﬂx_km»ny_ky»nz_kz = pkm,ky7kz
Prg—ke ky ks = Pkyyny—ky,n.—k.
Prg—keny—ky k. = Pka,ky,n:—ks

Also, the total power of the corresponding series is as follows.

Ng—1ny—1n,—1

ST gy s ¥

Jz=0 jy=0 j>=0

NNy,

Usage
Double precision:

CALL DFPS3D (NX, NY, NZ, R, LX, LY, LZ, ISW, IWK, WK, IERR)
Single precision:

CALL RFPS3D (NX, NY, NZ, R, LX, LY, LZ, ISW, IWK, WK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 NX I 1 Input | Length n, in the j, direction of series u;, j, j.
(See Note (d))
2 NY I 1 Input | Length n, in the j, direction of series u;, j, j.
(See Note (d))
3 N7Z I 1 Input | Length n, in the j, direction of series u;, j, j.
(See Note (d))
4 R D LX,LY, Input | Values of series uj, j, ;. (See Note (a))
BlE
Output | Values of Fourier periodogram p, k, k. of series
uj,.4,.5. (See Notes (b) and (c))
5 LX I 1 Input | Adjustable dimension of array R
6 LY I 1 Input | Second dimension of array R
7 LZ I 1 Input | Third dimension of array R
8 ISW I 1 Input | Processing switch (See Note (e))
ISW= 0: Calculate the raw Fourier peri-
odogram
ISW=41: Calculate the periodogram using a
user-defined data window
ISW=42: Calculate the periodogram using the
Hanning window
ISW=43: Calculate the periodogram using the
Bartlett window
ISW=44: Calculate the periodogram using the
Welch window
ISW==£5: Calculate the periodogram using the
Parzen window
To use a power modification expression accord-
ing to a data window, set ISW > 0; otherwise,
set ISW < 0.
9 IWK I 60 Work | Work area
10 WK D See Work | Work area
{R} Contents When ISW==+1, enter the values of the user-
defined data window. (See Note (e))
Size: NX +2 x (NY + NZ) + LX x LY x LZ
11 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) ISW € {0, £1, +2, +3, +4, +5}

(b) NX > 1
NY >1
NZ>1

(¢) When NX is an odd:
LX > NX+1, LX is even
LY > NY
LZ > N7Z
When NX is an even:
LX > NX + 2, LX is even
LY > NY
LZ > N7Z

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3030 Restriction (c) was not satisfied.

4000 When ISW 1, the user-defined data
window was wj(:) =0 (Juo=0,---,ny —
1).

4010 When ISW = 1, the user-defined data

window was wj(z) =0 (y=0,---,ny —
1).

4020 When ISW = 1, the user-defined data
window was wg) =0 (4.=0,---,n, —
1).

(6) Notes
(a) The elements of array R and the values of the series uj, j, ;. are associated as follows.
ujz’jy-,jz A R(JX+]‘7J)’+ ]'7JZ+1)

Here, j, =0,---,n, —1; j, =0,---,ny —1; j, =0,---,n, —1 and no values need be entered in other
elements. The adjustable dimensions of array R should be set so that LX/2, LY, and LZ are
odd numbers to avoid bank conflict of main memory. Also, to increase speed, calculations
are executed even for elements outside areas where data is set within array R. Usually,
when NX, for example, is (a multiple of 4)42, LX=NX+4 is set.

(b) The values of the Fourier periodogram py, ,.x. are associated as follows with the elements of array R.

p(kzakyakz) A R(kx+1aky+1akz+1)
(ke =0, 5] by =0,--,my =15 k2 =0,---,n; — 1)

|| represents the maximum integer that does not exceed x.
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(c) The frequencies (&, , Mk, ,Ck.) corresponding to obtained Fourier periodogram pg, k., .
kr,=0,1,---,|2]|; k,=0,1,---,ny, — 1k, =0,---,n, — 1) are given as follows:
2 y y

ke Ng

S = X (ks =0,1,---, [5])
Fy hy = 0,1, [ 22

=1 S, " n e
X (k= Ly - )
k. n.

o= B8, ST
— (k=[] + 1L n—1)

n, A
where A is the sampling interval.

(d) The calculations can be performed more efficiently by setting the length NX, NY and NZ of the series
uj, i, .. to a value for which the mixed radix FFT algorithm operates effectively (multiples of 2, 3, 5,
etc., which are the mixed radix values of FFT). For example, rather than setting NX = 289(=17?), it
is usually more efficient to set NX = 300(=22 x 3 x 52), NX = 320(=2° x 5), NX = 384(=2" x 3) or
the like. When the number of data cannot be increased, adjust NX by supplying the required number
of zeros at the end of the data to perform the calculations.

(e) The truncation function (data window) can be changed as follows according to the value of the pro-
cessing switch ISW.

sin’(7v;) ISW= +2 (Hanning window)
1—|2v; — 1] ISW= +3 (Bartlett window)
1—(20; —1)? ISW= +4 (Welch window)
w; = 16v;3 0<wvj<1i
1—6v;(v; — 1)2 Loy, <t
v (v = 1) 1- Y= 3 ISW= +5 (Parzen window)
1-— 6vj(vn,j+1 - 1)2 5 S Uj S 1
16V, j11° 3 <<
Here, v; = %, and j = j, and n = n, are set for w§f), J = jy and n = n, are set for w](-Z), and

()
Jz "
elements uo_j, j., Uj,,0,j. and u;, j, o of the series u;, j ;. do not affect the calculation of the modified
periodogram. To avoid this situation, you should specify values for NX, NY and NZ that are larger

by 1 than the lengths of the series for which you actually want to calculate the periodogram and set

Jj = j, and n = n, are set for w Therefore, when the data windows shown above are used, the

the effective data in elements corresponding to 1 and after for j., j, and j.. The data windows are

represented as follows as time (or space) domain functions that are nonzero only for |z| < 1.

w = cos? % Hanning window
1— |z Bartlett window
w(z) = 1—a? Welch window
{ L= 62+ 6lzf Jaf < % } Parzen window
20-fe)*  L<el <t

(v)

Also, to use user-defined data window values w(:), w;

) and w'?, set ISW = =1, set the values in work

jZ

array WK as follows:
WK(JX + 1) = W_](::) (JX = Oa sy Ny — 1)7WK(nx +JV + 1) = W_](j,) (Jy = 07' : '7ny - 1)7
WK(ny + 1y +j, +1) =w” (j,=0,---,n, — 1)

and then call this subroutine.
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(f)

(1)

From its definition, the raw periodogram should be regarded as an approximation of a discrete Fourier
transform of the autocorrelation function. Since the effective data length of the autocorrelation function
of a discrete function having effective number of data n is 2n — 1, approximating the power spectrum
of a general function by a raw periodogram corresponds to truncating the function by using a square

truncation function w(k) for which one period is given as follows.
1 k=0,1,---,n—1
w(k) = oL
0 Otherwise

When the frequency is f for the Fourier transform of the square function, a Sir}f type function form is

assumed having a sidelobe that is not small around the central frequency. Therefore, when a periodic
function is sampled, for example, by simply truncating it using a width that is not an integer multiple of
one period, since the raw periodogram will be the convolution of the Fourier transform of the periodic
function for which the power spectrum is to be obtained and the % type function in the frequency
domain, an excess frequency component called leakage occurs. To suppress this kind of leakage, simple
truncation is not performed, and a truncation function having a small sidelobe in the frequency domain,
such as the Hanning window, is used. However, in general, the more the leakage is suppressed, the
more the result of the discrete Fourier transform widens and blurs. Therefore, when estimating the
power spectrum, you must select a suitable truncation function according to your objectives, that is,

according to whether the spectral width or the central frequency is to be the problem, for example.

To raise the resolution (sampling interval in the frequency domain) % of the discrete Fourier transform,
you should increase the number of sample data n or increase the sampling interval 7. However, to
raise the precision of the power spectrum estimate while holding the sampling interval and resolution
fixed, a technique is often used of taking m groups of samples for which the number of samples is n,
obtaining the modified periodogram for each of those m groups, and then taking the average of those
values. In this case, a technique is also proposed in which the m groups of sample data are taken from

the series so that they overlap. For details, refer to the Reference Bibliography.

When obtaining the power spectrum, the property related to the frequency transition of the Fourier
transform, that is, the multiplication by e2™V=1fot in the time (or space) domain, is associated with
the shifting of the frequency by fo in the frequency domain, and a technique is often used of reducing
the number of data points required for the calculation in which the central frequency of the power
spectrum is shifted in advance, using the property that the function shape does not change. This kind
of operation is known as modulation. However, LX=NX+1 (when NX is odd) or

LX=NX+2 (when NX is even)

LY=NY and LZ=NZ.

This subroutine is not thread-safe in the sequential version and the MPI version of the libraries without
OpenMP.

(7) Example

(a)

(b)

Problem
Use the sampling interval A to discretize the waveform defined by the following equation and estimate

the power spectrum by calculating the Fourier periodogram.
f(z,y, z) = cos 27 fix + cos 27 foy + cos 27 f3z

Input data
Sampling data
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Rijx + Ljy + 1,j, + 1) = f(ix A, jy A, j,A)
(jo =0,1,---,.NX - 1; j, =0,1,---,NY = 1; j, =0,1,---,NZ — 1).
Here, A = 0.5.
NX, NY, NZ and ISW.
(¢) Main program

PROGRAM BFPS3D
! x%*% EXAMPLE OF DFPS3D s**x
! IMPLICIT REAL(8) (A-H,0-Z)
IMPLICIT NONE
INTEGER NX, NY NZ,LX,LY,LZ,ISW,IERR,IWK(60)
INTEGER I,J,K.M,ND2,IS
INTEGER NO,ISWO
PARAMETER (NO =8)
PARAMETER (ISWO0=4)
PARAMETER (LX = (NO+2)/2%2,LY=NO,LZ=N0O)
REAL(8) R(LX,LY,LZ,-1:ISWO),WK(5*xNO+LX*LY*LZ)
REAL(8) P(-1:ISWO)
REAL(8) TX,TY,TZ,DT,DFX,DFY,DFZ
REAL(8) PAI,FO,F1,F2,F3
PARAMETER (PAI=3.141592D0)

NX=NO

WRISE (6,1000) ISWO+1,NX,NY,NZ
DT=
FO=1. 0D0/(2 0%DT)
F1=0.62D0*F0
F2=0.14D0*F0
F3=0.55D0*F0
ND2=(NX+1) /2
DFX=1.0D0/ (DT*NX)
DFY=1.0D0/ (DT*NY)
DFZ=1.0D0/ (DT*NZ)
P(-1)=0.0DO0
DO 100 K=1,NZ
TZ=DBLE (K-1)*DT
DO 101 J=1,NY
TY= DBLE(J 1) *DT
DO 102 I=1,NX
TX=DBLE (I-1) *DT
R(I,J,K,-1)=C0S (2*PAI*F1%TX)+COS (2*¥PAI*F2*TY) +C0S (2¥PAI*F3*TZ)
P(-1)=P(-1)+R(I,J,K,-1)*R(T,J,K,-1)
102 CONTINUE
101 CONTINUE
100 CONTINUE
P(-1)=P(-1)/(DBLE(NX)*DBLE (NY) *DBLE(NZ) )
DO 110 K=1,NZ
WRITE (6,1100) X, (I,(R(I,J,K,-1),J=1,NY),I=1,NX)
110 CONTINUE
WRITE (6,1150) P(-1)
nggE (6,1160) F1,F2,F3
IS=
DO 400 ISW=0,ISWO
DO 200 K=1,NZ
DO 201 J=1,NY
DO 202 I=1,NX
R(I,J,K,ISW)=R(I,J,K,-1)
202 CONTINUE
201 CONTINUE
200 CONTINUE
IF (ISW.NE.Q) IS=ISW+1
CALL DFPS3D(NX,NY,NZ,R(1,1,1,ISW),LX,LY,LZ,IS,IWK,WK,IERR)
P(ISW)=0.0DO
IF (MDD(NX 2) .EQ.0) THEN
M=ND2-
DO 500 K=1,NZ
DO 501 J=1,NY
DO 502 I=2,M
P(ISW)=P(ISW)+2.0DO*R(I,J,K,ISW)
502  CONTINUE
501  CONTINUE
500  CONTINUE
DO 300 K=1,NZ
DO 301 J=1,NY
P(ISW)=P(ISW)+R(1,J,K,ISW)+R(ND2,J,K,ISW)
301  CONTINUE
300 CONTINUE
ELSE
M=ND2
DO 600 K=1,NZ
DO 601 J=1,NY
DO 602 I=2,M
P(ISW)=P(ISW)+2.0DO*R(I,J,K,ISW)
602  CONTINUE
601  CONTINUE
600  CONTINUE
DO 700 K=1,NZ
DO 701 J=1,NY
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701
700

400

800

805

810

815

820

825

830

835

840

P(ISW)=P(ISW)+R(1,J,K,ISW)
CONTINUE
CONTINUE
ENDIF
CONTINUE
WRITE (6,1200)
WRITE (6,1300) IERR

ISW=0

WRITE (6,1410) ’RAW’,P(ISW)

DO 800 K=(NZ+1)/2+1,NZ

WRITE (6,1430) (K-(NZ+1))+DFZ,&
((J-(NY+1))*DFY, J=(NY+1) /2+1,NY) ,&
((J-1)*DFY,J=1, (NY+1)/2)

WRITE (6,1420)&
((1-1)*DFX, (R(I,J,K,ISW),J=(NY+1)/2+1,NY)

(R(I,J,K,ISW),J=1,(NY+1)/2),
CONTINUE

DO 805 K=1, (NZ+1)/2

WRITE (6,1430) (K-1)*DFZ,&
((J-Y+1) ) *DFY, J=(NV+1) /2+1,NY) ,&
((J-1)*DFY, J=1, (NY+1) /2)

WRITE (6,1420)&
((I-1)*DFX, (R(I,J, K Isw) J=(NY+1)/2+1,NY),

y&
I=1,ND2)

&

(R(I ISW) J=1, (NY+1)/2) I=1,ND2)

CONTINUE

ISW=1

WRITE (6,1410) ’HANNING’,P(ISW)

DO 810 K=(NZ+1)/2+1,NZ

WRITE (6,1430) (K-(NZ+1))*DFZ,&
((J-(NY+1)) *DFY, J=(NY+1) /2+1,NY) ,&
((J-1)*DFY,J=1, (NY+1)/2)

WRITE (6,1420)&
((I-1)*DFX, (R(I,J, K Isw) J=(NY+1)/2+1,NY),

&

(R(I ISW) J=1, (NY+1)/2) I=1,ND2)

CONTINUE
DO 815 K=1,(NZ+1)/2
WRITE (6,1430) (K-1)+DFZ,&
((J-(NY+1))*DFY, J=(NY+1) /2+1,NY) ,&
((J-1)*DFY, J=1, (NY+1) /2)
WRITE (6,1420)&
((I-1)*DFX, (R(I,J,K,ISW) ,J=(NY+1)/2+1,NY)
(R(I,J,K,ISW),J=1,(NY+1)/2),
CONTINUE

ISW=2

WRITE (6,1410) ’BARTLETT’,P(ISW)

DO 820 K=(NZ+1)/2+1,NZ

WRITE (6,1430) (K-(NZ+1))*DFZ,&
((J-(NY+1))*DFY,J=(NY+1) /2+1,NY) ,&
((J-1)*DFY, J=1, (NY+1)/2)

WRITE (6,1420)&
((I-1)*DFX, (R(I,J, K Isw) J=(NY+1)/2+1,NY),

N
I21,ND2)

&

(R(I ISW) J=1, (NY+1)/2) I=1,ND2)

CONTINUE

DO 825 K=1, (NZ+1)/2

WRITE (6,1430) (K-1)+DFZ,&
((J-(NY+1)) *DFY, J=(NY+1) /2+1,NY) ,&
((J-1)*DFY,J=1, (NY+1) /2)

WRITE (6,1420)&
((I-1)*DFX,(%(I,J,K,ISW),J=(NY+1)/2+1,NY)

&

R(I,J,K,ISW),J=1,(NY+1)/2),I=1,ND2)

CONTINUE

ISW=3

WRITE (6,1410) ’WELCH’,P(ISW)

DO 830 K=(NZ+1)/2+1,NZ

WRITE (6,1430) (K-(NZ+1))*DFZ,&
((J-(NY+1))*DFY, J=(NY+1) /2+1,NY) ,&
((J-1)*DFY, J=1, (NY+1) /2)

WRITE (6,1420)&

((I-1)*DFX, (R(I,J,K,ISW),J=(NY+1)/2+1,NY),&
(R(I,J,K,ISW),J=1,(NY+1)/2),I=1,ND2)
CONTINUE
DO 835 K=1, (NZ+1)/2
WRITE (6,1430) (K-1)+DFZ,&
((J-{Y+1) ) *DFY, J=(NV+1) /2+1,NY) ,&
((J-1)*DFY, J=1, (NY+1) /2)
WRITE (6,1420)&
((I-1)*DFX, (R(I,J,K,ISW),J=(NY+1)/2+1,NY),&
(R(I,J,K,ISW),J=1, (NY+1)/2),I=1,ND2)
CONTINUE

ISW=4

WRITE (6,1410) ’PARZEN’,P(ISW)

DO 840 K=(NZ+1)/2+1,NZ

WRITE (6,1430) (K-(NZ+1))*DFZ,&
((J-(NY+1))*DFY,J=(NY+1) /2+1,NY) ,&
((J-1)*DFY,J=1, (NY+1)/2)

WRITE (6,1420)&
((I-1)*DFX, (R(I,J,K,ISW),J=(NY+1)/2+1,NY)

&

(R(I,J,K,ISW),J=1, (NY+1)/2),I=1,ND2)

CONTINUE
DO 845 K=1, (NZ+1)/2
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WRITE (6,1430) (K-1)*DFZ,&
((I-(NY+1))+DFY, J=(NY+1) /2+1,NY) ,&
((J-1)*DFY,J=1, (NY+1)/2)
WRITE (6,1420)&
((I-1)+DFX, (R(I,J, K Isw) J=(NY+1)/2+1,NY) ,&

(R(I ISW) J=1, (NY+1)/2) I=1,ND2)
\ 845 CONTINUE
1000 FORMAT(’ °,/,/,&
> s*x*x DFPS3D *¥x’,/ &
2X,’*x INPUT **’,/ &
6X,’ISW =0, 2 TO °’ 13 /,&
6X,’NX =’ 13 ./ &
6X,’NY =’ 13 /,&
6X,’NZ =’ 13)
1100 FORMAT(12X ’DATA R(I J,”,13,°)°,/,&
4xX, ’I/J 1 2 3 4’ &
’ 5 6 7 8’,/,&
4x,”’ -—= -,&
: - R
8(2X,I13,8F9.4,/))
1150 FORMAT(6X,’TIME DOMAIN POWER =’,F10.4)
1160 FORMAT(6X,’SIGNAL FREQUENCY =(’,F10.4,’,’,F10.4,’,’,F10.4,°)°)
1200 FORMAT(2X,’#** QUTPUT *x’)
1300 FORMAT(6X,’IERR =’,I5)
1410 FORMAT(6X,’ (MODIFIED) PERIODOGRAM(’,A,’)’,/,&
3X, ’FREQUENCY DOMAIN POWER=’, F8.4 4)
1430 FORMAT(l?X > Z-FRQ=’,F8.2,/,&
2X,’X/Y—FRQ’,8F8.2,/,&
2X,° -—= -2,&
) —_ 7)
1420 FORMAT(8(2X,F7.2,8F8.4,/))
END
(d) Output results
***x DFPS3D k*x*
** INPUT *%
ISW O8 2 TO 5
NY = 8
NZ = 8
DATA R(I,J, 1)
I/J 1 2 3 4 5 6 7 8
1 3.0000 2.9048 2.6374 2.2487 1.8126 1.4122 1.1237 1.0020
2 1.6319 1.5367 1.2693 0.8806 0.4445 0.0441 -0.2444 -0.3662
3 1.2710 1.1759 0.9085 0.5197 0.0836 -0.3168 -0.6053 -0.7270
4 2.9048 2.8097 2.5423 2.1535 1.7174 1.3170 1.0285 0.9068
5 2.0628 1.9676 1.7002 1.3115 0.8754 0.4750 0.1865 0.0648
6 1.0489 0.9538 0.6864 0.2976 -0.1384 -0.5388 -0.8274 -0.9491
7 2.6374 2.5422 2.2748 1.8861 1.4500 1.0496 0.7611 0.6394
8 2.4818 2.3866 2.1192 1.7304 1.2944 0.8940 0.6054 0.4837
DATA R(I,J, 2)
I/J 1 2 3 4 5 6 7 8
1 1.8436 1.7484 1.4810 1.0923 0.6562 0.25568 -0.0327 -0.1545
2 0.4754 0.3803 0.1129 -0.2759 -0.7119 1.1123 -1.4009 -1.5226
3 0.1146 0.0194 -0.2480 -0.6367 -1.0728 -1.4732 -1.7617 -1.8834
4 1.7484 1.6532 1.3858 0.9971 0.5610 0.1606 -0.1279 -0.2496
5 0.9064 0.8112 0.5438 0.1550 -0.2810 -0.6814 -0.9699 -1.0917
6 -0.1075 -0.2027 -0.4701 -0.8588 -1.2949 -1.6953 -1.9838 -2.1055
7 1.4810 1.3858 1.1184 0.7297 0.2936 -0.1068 -0.3953 -0.5170
8 1.32563 1.2301 0.9627 0.5740 0.1379 -0.2625 -0.5510 -0.6727
DATA R(I,J, 3)
I/J 1 2 3 4 5 6 7 8
1 1.0489 0.9538 0.6864 0.2976 -0.1384 -0.5388 -0.8274 -0.9491
2 -0.3192 -0.4144 -0.6818 -1.0705 -1.5066 -1.9070 -2.19556 -2.3172
3 -0.6800 -0.7752 -1.0426 -1.4313 -1.8674 -2.2678 -2.55663 -2.6781
4 0.9538 0.8586 0.5912 0.20256 -0.2336 -0.6340 -0.9225 -1.0443
5 0.1117 0.0166 -0.2508 -0.6396 -1.0756 -1.4760 -1.7646 -1.8863
6 -0.9021 -0.9973 -1.2647 -1.6534 -2.0895 -2.4899 -2.7784 -2.9001
7 0.6864 0.5912 0.3238 -0.0649 -0.5010 -0.9014 -1.1899 -1.3117
8 0.5307 0.4355 0.1681 -0.2206 -0.6567 -1.0571 -1.3456 -1.4673
DATA R(I,J, 4)
1/J 1 2 3 4 5 6 7 8
1 2.4540 2.3588 2.0914 1.7027 1.2666 0.8662 0.5777 0.4560
2 1.0859 0.9907 0.7233 0.3346 -0.1015 -0.5019 -0.7904 -0.9122
3 0.7250 0.6298 0.3624 -0.0263 -0.4624 -0.8628 -1.1513 -1.2730
4 2.3588 2.2636 1.9962 1.6075 1.1714 0.7710 0.4825 0.3608
5 1.5168 1.4216 1.1542 0.7655 0.3294 -0.0710 -0.3595 -0.4812
6 0.5029 0.4078 0.1404 -0.2484 -0.6844 -1.0849 -1.3734 -1.4951
7 2.0914 1.9962 1.7288 1.3401 0.9040 0.5036 0.2151 0.0934
8 1.9357 1.8406 1.5732 1.1844 0.7484 0.3480 0.0594 -0.0623
DATA R(I,J, 5)
1/J 1 2 3 4 5 6 7 8
1 2.8090 2.7138 2.4464 2.0577 1.6216 1.2212 0.9327 0.8110
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2 1.4409 1.3457 1.0783 0.6896 0.2535 -0.1469 -0.4354 -0.5571
3 1.0800 0.9849 0.7175 0.3287 -0.1073 -0.5077 -0.7963 -0.9180
4 2.7138 2.6187 2.3513 1.9625 1.5265 1.1261 0.8375 0.7158
5 1.8718 1.7766 1.5092 1.1205 0.6844 0.2840 -0.0045 -0.1262
6 0.8580 0.7628 0.4954 0.1067 -0.3294 -0.7298 -1.0183 -1.1401
7 2.4464 2.3513 2.0839 1.6951 1.2591 0.8587 0.5701 0.4484
8 2.2908 2.1956 1.9282 1.5395 1.1034 0.7030 0.4145 0.2927
DATA R(I,J, 6)
/3 1 2 3 4 5 6 7 8
1 1.2929 1.1977 0.9303 0.5416 0.1055 -0.2949 -0.5834 -0.7051
2 -0.0752 -0.1704 -0.4378 -0.8265 -1.2626 -1.6630 -1.9515 -2.0733
3 -0.4361 -0.5312 -0.7987 -1.1874 -1.6235 -2.0239 -2.3124 -2.4341
4 1.1977 1.1025 0.8351 0.4464 0.0103 -0.3901 -0.6786 -0.8003
5 0.3557 0.2605 -0.0069 -0.3956 -0.8317 -1.2321 -1.5206 -1.6423
6 -0.6582 -0.7533 -1.0207 -1.4095 -1.8455 -2.2459 -2.5345 -2.6562
7 0.9303 0.8351 0.5677 0.1790 -0.2571 -0.6575 -0.9460 -1.0677
8 0.7747 0.6795 0.4121 0.0233 -0.4127 -0.8131 -1.1017 -1.2234
DATA R(I,J, T7)
/3 1 2 3 4 5 6 7 8
1 1.4122 1.3170 1.0496 0.6609 0.2248 -0.1756 -0.4641 -0.5858
2 0.0441 -0.0511 -0.3185 -0.7072 -1.1433 -1.5437 -1.8322 -1.9539
3 -0.3168 -0.4119 -0.6793 -1.0681 -1.5041 -1.9045 -2.1931 -2.3148
4 1.3170 1.2219 0.9545 0.5657 0.1297 -0.2707 -0.5593 -0.6810
5 0.4750 0.3798 0.1124 -0.2763 -0.7124 -1.1128 -1.4013 -1.5230
6 -0.5388 -0.6340 -0.9014 -1.2902 -1.7262 -2.1266 -2.4152 -2.5369
7 1.0496 0.9545 0.6871 0.2083 -0.1377 -0.5381 -0.8267 -0.9484
8 0.8940 0.7988 0.5314 0.1427 -0.2934 -0.6938 -0.9823 -1.1041
DATA R(I,J, 8)
/3 1 2 3 4 5 6 7 8
1 2.8910 2.7958 2.5284 2.1397 1.7036 1.3032 1.0147  0.8930
2 1.5229 1.4277 1.1603 0.7716 0.3355 -0.0649 -0.3534 -0.4751
3 1.1620 1.0669 0.7995 0.4107 -0.0253 -0.4257 -0.7143 -0.8360
4 2.7958 2.7007 2.4333 2.0445 1.6085 1.2080 0.9195 0.7978
5 1.9538 1.8586 1.5912 1.2025 0.7664 0.3660 0.0775 -0.0442
6 0.9399 0.8448 0.5774 0.1886 -0.2474 -0.6478 -0.9364 -1.0581
7 2.5284 2.4333 2.1659 1.7771 1.3410 0.9406 0.6521  0.5304
8 2.3728 2.2776 2.0102 1.6215 1.1854 0.7850 0.4965 0.3747
TIME DOMAIN POWER =  1.6439
SIGNAL FREQUENCY =(  0.6200, 0.1400, 0.5500)
*% QUTPUT **
IERR = 0
(MODIFIED) PERIODOGRAM(RAW)
FREQUENCY DOMAIN POWER= 1.5531
Z-FRQ= -1.00
X/Y-FRQ -1.00 -0.75 -0.50 -0.25  0.00  0.25  0.50  0.75
0.00 0.0000 0.0000 0.0000 0.0000 0.0007 0.0000 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Z-FRQ= -0.75
X/Y-FRQ -1.00 -0.75 -0.50 -0.25  0.00  0.25  0.50  0.75
0.00 0.0000 0.0000 0.0000 0.0000 0.0071 0.0000 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.0000
Z-FRQ=  -0.50
X/Y-FRQ -1.00 -0.75 -0.50 -0.25  0.00  0.25  0.50  0.75
0.00 0.0000 0.0000 0.0000 0.0000 0.2513 0.0000 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.0000
Z-FRQ= -0.25
X/Y-FRQ -1.00 -0.75 -0.50 -0.25  0.00  0.25  0.50  0.75
0.00 0.0000 0.0000 0.0000 0.0000 0.0136 0.0000 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Z-FRQ=  0.00
X/Y-FRQ -1.00 -0.75 -0.50 -0.25  0.00 0.25  0.50  0.75
0.00 0.0158 0.0188 0.0350 0.2150 0.0583 0.2150 0.0350 0.0188
0.25 0.0000 0.0000 0.0000 0.0000 0.0239 0.0000 0.0000 O0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.1352 0.0000 0.0000 O.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0781 0.0000 0.0000 0.0000
Z-FRQ=  0.25
X/Y-FRQ -1.00 -0.75 -0.50 -0.25  0.00  0.25  0.50  0.75
0.00 0.0000 0.0000 0.0000 0.0000 0.0136 0.0000 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.0000
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0.50 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000

.0000
.0000

.0000 0.0000
.0000 0.0000

oo
oo

Z-FRQ= 0.50
-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

X/Y-FRQ  -1.00

0.00 0.0000 0.0000 0.0000 0.0000 0.2513 0.0000 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Z-FRQ= 0.75
-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

X/Y-FRQ  -1.00

0.00 0.0000 0.0000 0.0000 0.0000 0.0071 0.0000 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

(MODIFIED) PERIODOGRAM(HANNING)
FREQUENCY DOMAIN POWER= 1.0699
Z-FRQ= -1.00
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.00 0.0000 0.0000 0.0000 0.0001 0.0004 0.0001 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Z-FRQ= -0.75
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0000 0.0078 0.0310 0.0078 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0019 0.0078 0.0019 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Z-FRQ= -0.50
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0000 0.0176 0.0704 0.0176 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0044 0.0176 0.0044 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Z-FRQ=_  -0.25
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.00 0.0000 0.0000 0.0009 0.0164 0.0045 0.0053 0.0009 0.0000
0.25 0.0000 0.0000 0.0002 0.0027 0.0004 0.0023 0.0002 0.0000
0.50 0.0000 0.0000 0.0000 0.0034 0.0136 0.0034 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0034 0.0137 0.0034 0.0000 0.0000

Z-FRQ= 0.00
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.00 0.0000 0.0001 0.0036 0.0427 0.0087 0.0427 0.0036 0.0001
0.25 0.0000 0.0000 0.0009 0.0064 0.0041 0.0158 0.0009 0.0000
0.50 0.0000 0.0000 0.0000 0.0136 0.0543 0.0136 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0137 0.0547 0.0137 0.0000 0.0000
Z-FRQ= 0.25
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0009 0.0053 0.0045 0.0164 0.0009 0.0000
0.25 0.0000 0.0000 0.0002 0.0006 0.0031 0.0058 0.0002 0.0000
0.50 0.0000 0.0000 0.0000 0.0034 0.0136 0.0034 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0034 0.0137 0.0034 0.0000 0.0000
Z-FRQ= 0.50
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0000 0.0176 0.0704 0.0176 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0044 0.0176 0.0044 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Z-FRQ= 0.75
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0000 0.0078 0.0310 0.0078 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0019 0.0078 0.0019 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

(MODIFIED) PERIODOGRAM(BARTLETT)
FREQUENCY DOMAIN POWER= 1.0593
Z-FRQ= -1.00
X/Y-FRQ -1.00 -0.75 -0.50 -0.25  0.00  0.25  0.50  0.75

0.00 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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Z-FRQ= -0.75
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0002 0.0000 0.0079 0.0346 0.0050 0.0000 0.0002
0.25 0.0000 0.0000 0.0000 0.0014 0.0062 0.0009 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0001 0.0003 0.0001 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0003 0.0001 0.0000 0.0000
Z-FRQ= -0.50
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0005 0.0000 0.0165 0.0907 0.0165 0.0000 0.0005
0.25 0.0000 0.0001 0.0000 0.0030 0.0165 0.0030 0.0000 0.0001
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0001 0.0005 0.0001 0.0000 0.0000
Z-FRQ= -0.25
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0001 0.0141 0.0037 0.0074 0.0001 0.0000
0.25 0.0000 0.0000 0.0000 0.0022 0.0005 0.0017 0.0000 0.0000
0.50 0.0000 0.0001 0.0000 0.0021 0.0113 0.0021 0.0000 0.0001
0.75 0.0000 0.0001 0.0000 0.0012 0.0096 0.0024 0.0000 0.0001
Z-FRQ= 0.00
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0007 0.0594 0.0070 0.0594 0.0007 0.0000
0.25 0.0000 0.0000 0.0001 0.0089 0.0017 0.0129 0.0001 0.0000
0.50 0.0000 0.0003 0.0000 0.0113 0.0622 0.0113 0.0000 0.0003
0.75 0.0000 0.0003 0.0000 0.0069 0.0554 0.0139 0.0000 0.0003
Z-FRQ= 0.25
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0001 0.0074 0.0037 0.0141 0.0001 0.0000
0.25 0.0000 0.0000 0.0000 0.0011 0.0011 0.0030 0.0000 0.0000
0.50 0.0000 0.0001 0.0000 0.0021 0.0113 0.0021 0.0000 0.0001
0.75 0.0000 0.0001 0.0000 0.0014 0.0108 0.0027 0.0000 0.0001
Z-FRQ= 0.50
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0005 0.0000 0.0165 0.0907 0.0165 0.0000 0.0005
0.25 0.0000 0.0001 0.0000 0.0030 0.0165 0.0030 0.0000 0.0001
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0001 0.0005 0.0001 0.0000 0.0000
Z-FRQ= 0.75
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0002 0.0000 0.0050 0.0346 0.0079 0.0000 0.0002
0.25 0.0000 0.0000 0.0000 0.0009 0.0065 0.0015 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0001 0.0003 0.0001 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0001 0.0008 0.0002 0.0000 0.0000
(MODIFIED) PERIODOGRAM(WELCH)
FREQUENCY DOMAIN POWER= 1.2154
Z-FRQ= -1.00
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0000 0.0005 0.0030 0.0005 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0001 0.0003 0.0001 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0002 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0002 0.0000 0.0000 0.0000
Z-FRQ= -0.75
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0001 0.0001 0.0004 0.0051 0.0357 0.0028 0.0003 0.0001
0.25 0.0000 0.0000 0.0000 0.0005 0.0038 0.0003 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0001 0.0009 0.0001 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0002 0.0000 0.0000 0.0000
Z-FRQ= -0.50
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0003 0.0004 0.0011 0.0103 0.1247 0.0186 0.0011 0.0004
0.25 0.0000 0.0000 0.0001 0.0011 0.0131 0.0020 0.0001 0.0000
0.50 0.0000 0.0000 0.0000 0.0001 0.0009 0.0001 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0001 0.0017 0.0002 0.0000 0.0000
Z-FRQ= -0.25
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0001 0.0122 0.0012 0.0090 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0013 0.0002 0.0009 0.0000 0.0000
0.50 0.0000 0.0000 0.0001 0.0017 0.0095 0.0005 0.0001 0.0000
0.75 0.0000 0.0000 0.0001 0.0005 0.0078 0.0012 0.0001 0.0000
Z-FRQ= 0.00
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0000 0.1034 0.0186 0.1034 0.0000 0.0000
0.25 0.0000 0.0000 0.0000 0.0115 0.0021 0.0104 0.0000 0.0000
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0.50 0.0002 0.0003 0.0008 0.0158 0.0862
0.75 0.0002 0.0002 0.0007 0.0052 0.0760

.0044
.0115

.0007 0.0003
.0007 0.0002

oo
oo

Z-FRQ= 0.25
-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

X/Y-FRQ  -1.00

0.00 0.0000 0.0000 0.0000 0.0090 0.0012 0.0122 0.0001 0.0000
0.25 0.0000 0.0000 0.0000 0.0010 0.0001 0.0012 0.0000 0.0000
0.50 0.0000 0.0000 0.0001 0.0016 0.0086 0.0004 0.0001 0.0000
0.75 0.0000 0.0000 0.0001 0.0006 0.0083 0.0012 0.0001 0.0000

Z-FRQ= 0.50
-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

X/Y-FRQ  -1.00

0.00 0.0003 0.0004 0.0011 0.0186 0.1247 0.0103 0.0011 0.0004
0.25 0.0000 0.0000 0.0001 0.0020 0.0133 0.0011 0.0001 0.0000
0.50 0.0000 0.0000 0.0000 0.0004 0.0031 0.0003 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0004 0.0001 0.0000 0.0000
Z-FRQ= 0.75
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75
0.00 0.0001 0.0001 0.0003 0.0028 0.0357 0.0051 0.0004 0.0001
0.25 0.0000 0.0000 0.0000 0.0003 0.0037 0.0005 0.0000 0.0000
0.50 0.0000 0.0000 0.0000 0.0000 0.0003 0.0000 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0005 0.0001 0.0000 0.0000
(MODIFIED) PERIODOGRAM(PARZEN)
FREQUENCY DOMAIN POWER= 0.9132
Z-FRQ= -1.00
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0001 0.0023 0.0053 0.0023 0.0001 0.0000
0.25 0.0000 0.0000 0.0001 0.0010 0.0023 0.0010 0.0001 0.0000
0.50 0.0000 0.0000 0.0000 0.0001 0.0001 0.0001 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Z-FRQ= -0.75
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0006 0.0092 0.0209 0.0089 0.0006 0.0000
0.25 0.0000 0.0000 0.0003 0.0039 0.0090 0.0038 0.0002 0.0000
0.50 0.0000 0.0000 0.0000 0.0002 0.0005 0.0002 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Z-FRQ=_ -0.50
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.00 0.0000 0.0000 0.0014 0.0162 0.0313 0.0112 0.0005 0.0000
0.25 0.0000 0.0000 0.0005 0.0062 0.0120 0.0044 0.0002 0.0000
0.50 0.0000 0.0000 0.0000 0.0003 0.0007 0.0004 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0003 0.0007 0.0003 0.0000 0.0000

Z-FRQ= -0.25
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.00 0.0000 0.0001 0.0030 0.0125 0.0054 0.0016 0.0012 0.0000
0.25 0.0000 0.0000 0.0008 0.0019 0.0010 0.0030 0.0010 0.0000
0.50 0.0000 0.0000 0.0001 0.0032 0.0106 0.0063 0.0006 0.0000
0.75 0.0000 0.0000 0.0003 0.0046 0.0108 0.0048 0.0003 0.0000

Z-FRQ= 0.00
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.00 0.0000 0.0001 0.0047 0.0117 0.0007 0.0117 0.0047 0.0001
0.25 0.0000 0.0000 0.0011 0.0006 0.0055 0.0140 0.0033 0.0001
0.50 0.0000 0.0000 0.0003 0.0089 0.0291 0.0168 0.0016 0.0000
0.75 0.0000 0.0000 0.0007 0.0107 0.0253 0.0111 0.0007 0.0000
Z-FRQ= 0.25
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0012 0.0016 0.0054 0.0125 0.0030 0.0001
0.25 0.0000 0.0000 0.0002 0.0005 0.0086 0.0110 0.0019 0.0000
0.50 0.0000 0.0000 0.0002 0.0048 0.0151 0.0085 0.0008 0.0000
0.75 0.0000 0.0000 0.0003 0.0047 0.0110 0.0049 0.0003 0.0000
Z-FRQ= 0.50
X/Y-FRQ -1.00 -0.75 -0.50 =-0.25 0.00 0.25 0.50 0.75
0.00 0.0000 0.0000 0.0005 0.0112 0.0313 0.0162 0.0014 0.0000
0.25 0.0000 0.0000 0.0003 0.0055 0.0155 0.0081 0.0007 0.0000
0.50 0.0000 0.0000 0.0001 0.0010 0.0028 0.0014 0.0001 0.0000
0.75 0.0000 0.0000 0.0000 0.0003 0.0008 0.0003 0.0000 0.0000

Z-FRQ= 0.75
X/Y-FRQ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.00 0.0000 0.0000 0.0006 0.0089 0.0209 0.0092 0.0006 0.0000
0.25 0.0000 0.0000 0.0002 0.0039 0.0091 0.0040 0.0003 0.0000
0.50 0.0000 0.0000 0.0000 0.0003 0.0006 0.0003 0.0000 0.0000
0.75 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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2.17 LAPLACE TRANSFORM

2.17.1 DFLARA, RFLARA
Inverse Laplace Transform (Rational Function)

(1) Function
DFLARA or RFLARA obtains the inverse Laplace transform:

y+ioco
ft) = L/ F(s)e*tds (0 <t <o)

2% )y _ioo

of the rational function:

Q(S) o q18"? + Q2S”q_1 + o+ QngS T Qng+1

F(s) = =
( ) P(S) p15np+p25np71+"'+pnp5 + Pnp+1
(np < NG P, Prptqr 41, dng+1 - real number)
(2) Usage

Double precision:

CALL DFLARA (P, NP, Q,NQ, T, N, A, IP, K1, K2, R, F, ER, ISW, W1, IERR)
Single precision:

CALL RFLARA (P, NP, Q,NQ, T, N, A, IP, K1, K2, R, F, ER, ISW, W1, IERR)
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(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output
1 P D NP+1 Input | Coefficients of denominator polynomial P(s)
R
2 NP I 1 Input | Degree of denominator polynomial P(s)
3 Q D NQ+1 Input | Coefficients of numerator polynomial Q(s)
R
4 NQ I 1 Input | Degree of numerator polynomial Q(s)
5 T D N Input | Calculation points of original function f(t)
R
N I 1 Input | Dimension of array T
A D 1 Input | Value of a for determining approximation error
R (See 2.1.2(1) (d))
8 Ip I 1 Input | Degree p of Euler’s transformation (See 2.1.2(1)
()
9 K1 D 1 Input Parameter k7 for determining truncation term
R count (See 2.1.2(1) (d))
10 K2 D 1 Input | Parameter ko for determining truncation term
R count (See 2.1.2(1) (d))
11 R D 1 Input | ISW=1: 0.0 is output to R.
R Output | ISW=2: Input Abscissa of convergence which
is known.
ISW=3: Output Abscissa of convergence which
is calculated.
(See Note (b))
12 F D N Output | Value of original functionf(¢) for each T(I)
R (I=1, ---, N)
13 ER {D} N Output | Truncation errors calculating each F(I) (I=1,
R e N)
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Input
No. | Argument | Type Size nput/ Contents
Output
14 ISW I 1 Input | ISW=1: When function F(s) is regular for
R(s) > 0.
ISW=2: Input abscissa of convergence to R.
(when F(s) is irregular for %(s) > 0 and ab-
scissa of convergence is known.)
ISW=3: Output Abscissa of convergence to R.
(when Abscissa of convergence is unknown.)
15 W1 D 2 x (IP +| Work | Work area
R NP + 1)
16 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) T() > 0.0 (i=1,--,N)
(c) P(1) > 0.0
(d) 0 <NQ<NP
(e) A>00
(f) IP>0
(g) K1>0.0
K2 > 0.0
(h) R > 0.0
(i) ISW € {1,2,3}
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 T(i) was equal to 0.0. See Notes (a) and (b).
(i =1,---, N)
1100 T(i) was less than 0.0. Processing of T(i) is aborted and process-
(i=1,---,N) ing continues of T(i+ 1) and later.
2000 R was less than 0.0. Set 0.0 to R and processing continues.
(If ISW = 2.)
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (c) was not satisfied.
3020 Restriction (d) was not satisfied.
3030 Restriction (e) was not satisfied.
3040 Restriction (f) was not satisfied.
3050 Restriction (g) was not satisfied.
3060 Restriction (i) was not satisfied.
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(6) Notes

(a) You can easily control error by changing the values of A, IP, K1 and K2.

(b) If ISW is equal to 1, R«-0.0 is performed.
If ISW is equal to 2, when F'(s) is regular for R(s) > «, input 7 to R, where v is greater than or equal
to a. If R is less than or equal to 0.0, then 0.0 is used as the value of R.

If ISW is equal to 3, abscissa of convergence 7y is calculated and is used as the value of R.

(¢c) When NP is equal to NQ, F(s) can be decomposed as follows:

Q(s) q1
F(s) = = —+4+G(s
np—1 np—2 4 ..
where, G(s) = 028 T 035 ot Onpa

p15™P + P23"p_1 + 4+ Pnp+1

If we let g(t) represent the inverse transform of G(s), then:

£ = L5(t) + g(t)

b1
Here, 6(t) is the Dirac d-function.
Therefore,
Maximum value (¢ =0
(1) = =y
g(t) (t>0)
(d) When T(I)=0.0 is assigned, the value of f(0) is calculated from the formula f(0) = [sF(s)]s=0o-

Maximum value (np = nq)
joy={ = (np = ng+1)
0 (np>ng+1)

(7) Example

(a) Problem
Obtain the Laplace transform f(t) of the following rational function that is regular for R(s) > 0:
1
F =
(8) =7
for t =1.0, 2.0, 3.0, 4.0 and 5.0.

(b) Input data
P={1, 1}, NP=1, Q=1, NQ=0, N=5, T={1.0, 2.0, 3.0, 4.0, 5.0}, K1=10.0, K2=0.0, IP=10, A=10.0
and ISW=1.

(¢) Main program

PROGRAM BFLARA
INTEGER NP,NQ,N,IP,
REAL(8) P(20) Q(?O) T(20) A R,F(20),E(20),K1,K2&

W1(2,21)
READ (*,*)NP
READ (*,*) (P(I),I=1,NP+1)
READ (*,*)NQ
READ (*,*) (Q(I),I=1,NQ+1)
READ (*,*)N
READ (*,*) (T(I),I=1,N)
READ(*,*)IP
READ (*,*)A
READ (*,*)K1,K2
READ (*,*) ISW
WRITE(*,1000)
WRITE(*, 1100)NP
DO 100 I—
WRITE(* 1110)I P(I)
100 CONTINUE
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WRITE(*,1200)NQ
DO 110 I=1,NP
WRITE(*,1210)I,Q(I)
110 CONTINUE
WRITE (%, 1300)N
DO 120 I=1
WRITE (%, 1310)1 T(I)
120 CONTINUE
WRITE(*,1400)IP
WRITE(*,1500)A
WRITE(*,1600)K1,K2
CALL DFLARA(P,NP,Q,NQ,T,N,A,IP,K1,K2,R,F,E,ISW,W1,IERR)
WRITE (%, 2000) IERR
DO I=1
WRITE(*, 2100)I T(I),F(I),E(D)
ENDDO
1000 FORMAT (4X,’ %% DFLARA *¥x ’,/ / 4X,’ %% INPUT *x )
1100 FORMAT (6X, ’NP =7,13)
1110 FORMAT(6X,’P(’, 13 1J=7 F8.3)

1200 FORMAT(’ ,/, ’NQ =2 ,13)

1210 FORMAT(6X,’Q(’, 13 7=’ JF8. ’3)

1300 FORMAT(’ *,/,6X, 13)

1310 FORMAT(6X, TU’, 13 ’,F8.3)

1400 FORMAT(> 7,/,6X,’ IP =7,13)

1500 FORMAT(6X,’A =’ ,F8.3)

1600 FORMAT(6X, K1 =7.F8.3,5X, ’K2 =’,F8.3)

2000 FORMAT(4X,’ #* OUTPUT *x °,/,/,6X,’ IERR = *,14,/,/,&

6X,’> I’,10X,’T(I)’, 7X ’F(T(I))’ 2X, > TRUNCATION ERROR’)
2100 FORMAT(6X,I2, Fia. 6,F14.6, D18, '8)
END

(d) Output results

*%% DFLARA *k*x*
**% INPUT **
= 1

NP =

P( 1)= 1.000

NQ =0

QC 1)= 1.000

N = 5

T( 1)= 1.000

T( 2)= 2.000

T( 3)= 3.000

T( 4)= 4.000

T( 5)= 5.000

IP =10

A = 10.000

K1 = 10.000 K2 = 0.000

#% QUTPUT *x
IERR = 0
I T(I) F(T(I)) TRUNCATION ERROR
1 1.000000 0.367881  -0.15402395D-05
2 2.000000 0.135336  -0.16370386D-05
3 3.000000 0.049788  -0.16358601D-05
4 4.000000 0.018317  -0.15500555D-05
5 5.000000 0.006739  -0.13969849D-05
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2.17.2 DFLAGE, RFLAGE

Inverse Laplace Transform (General Function)

(1) Function

DFLAGE or RFLAGE obtains the inverse Laplace transform:

1 y+ioco
f®) = —/ F(s)e®tds (0 <t <o)
270 )y oo

of the general function F(s).

(2) Usage

Double precision:

CALL DFLAGE (FIL T, N, A, IP, K1, K2, R, F, ER, W1, IERR)

Single precision:

CALL RFLAGE (FL T, N, A, IP, K1, K2, R, F, ER, W1, IERR)

(3) Arguments

D:Double precision real = Z:Double precision complex

R:Single precision real C:Single precision complex

| INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents
Output

1 FI D — Input | Name of function subprogram that calculates
R the imaginary part of image function F(s)

2 T D N Input | Calculation points of original function f(t)
R

3 N I 1 Input | Dimension of array T

4 A D 1 Input | Value of a for determining approximation error
R (See 2.1.2(1)(d))

5 P I 1 Input | Degree p of Euler’s transformation (See

2.1.2(1)(d))

6 K1 D 1 Input Parameter k7 for determining truncation term
R count (See 2.1.2(1)(d))

7 K2 D 1 Input | Parameter ko for determining truncation term
R count (See 2.1.2(1)(d))

8 R D 1 Input | Abscissa of convergence
R

9 F D N Output | Value of original functionf(¢) for each T(I)
R (I=1, ---, N)
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Input
No. | Argument | Type Size nput/ Contents
Output
10 ER D N Output | Truncation errors calculating each F(I) (I=1,
R . N)
11 W1 D 2x (IP+2) Work | Work area
R
12 IERR I 1 Output | Error indicator
(4) Restrictions
(a) N>0
(b) T3 >0.0 (:=1,---,N)
(¢c) A>00
(d) IP >0
(e) K1 >0.0
K2 > 0.0
(f) R>0.0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
1000 T(i) was less than or equal to 0.0. Processing of T(i) is aborted and process-
(i=1,---,N) ing continues of T\(i+ 1) and later.
2000 R was less than 0.0. Set 0.0 to R and processing continues.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (c) was not satisfied.
3020 Restriction (d) was not satisfied.
3030 Restriction (e) was not satisfied.
(6) Notes

(a) The actual names in the first argument FI must be declared by using an EXTERNAL statement in
the user program, and a function subprogram having that name must be created.

This function subprogram (in double-precision) should be created as follows.

REAL(8) FUNCTION FI(S)
COMPLEX(8) S

Fl=r~

RETURN

END

In addition, this subroutine evaluates the value of imaginary part of function F'(s) in the range:
R(s) > 0.0,3(s) > 0.0

When F(s) is a many valued function, care is required so that the correct branch is calculated within

the function subprogram FI.
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(b) You can easily control error by changing the values of A, IP, K1 and K2.

(¢) When F(s) is regular for $(s) > «, input v to R, where + is greater than or equal toa. If R is less

than of equal to 0.0, then 0.0 is used as the value of R.

(7) Example

(a) Problem

Obtain the Laplace transform f(¢) of the following function that is regular for R(s)

F(s)=eV®
for t =1.0, 2.0, 3.0, 4.0 and 5.0.

(b) Input data
Subroutine subprogram name: FI.

> 0:

T={1.0, 2.0, 3.0, 4.0, 5.0}, N=5, K1=10.0, K2=0.0, IP=10, A=10 and R=0.0.

(¢) Main program

PROGRAM BFLAGE

EXAMPLE OF DFLAGE %xx

INTEGER N,IP,IERR

REAL(8) T(20),A,R,F(20),E(20),K1,K2&
,W1(44) ,DWCNST

REAL(8) FI

EXTERNAL FI,DWCNST
! PI=DWCNST(1)
READ (*,*)N
READ (*,%*) (T(I),I=1,N)
READ (*,*) IP
READ(* *)A
READ (*,*)K1,K2
READ (*,*)R
WRITE(* 1000)
WRITE(*,1300)N
DO 120 I 1,N

WRITE(*,1310)I,T(I)

CONTINUE
WRITE(*,1400)IP
WRITE(*,1500)A
WRITE(*,1600)K1,K2
WRITE(*,1700)R
CALL DFLAGE(FI,T,N,A,IP,K1,K2,R,F,E,W1,IERR)
WRITE(*,2000) IERR
DO I=1,N

WRITE (%,2100)I,T(I),F(I),E(I)
ENDDO

1ok

120

1000 FORMAT(4X T kK DFLARA **kx 2/ /[ AX,’ *k*k INPUT **
1300 FORMAT(’ ’,/,6X =7,13)

1310 FORMAT(6X, ’T(’ 13 ’)—’ F8. 3)

1400 FORMAT(’ 5 ./ 6X ’IP =2 ,13)

1500 FORMAT(6X, ’A =’,F8.3

1600 FORMAT(6X, K1 =’ ,F8.3,5X, K2 =’,F8.3)

1700 FORMAT(6X,’R =’ ,F8.3,/)

2000 FORMAT(4X,’> =* QUTPUT ** ’,/,/,6X,’ IERR = ’,I4,/,/,6

> I’,10X,°T(I)’,7X, ’F(T(I))’ 2X, > TRUNGATTON

2100 FORMAT(GX 12 Fi4d. 6,F14.6, D18. 8)
END

REAL(8) FUNCTION FI(S)

COMPLEX(8) S,SQ

SQ=SQRT(S)

IF(DBLE(SQ) .LT.0.0D0) THEN
SQ=-sQ

ENDIF

FI=AIMAG(EXP(-SQ))

RETURN

END

(d) Output results

*%% DFLARA *%%*

** INPUT *x*
N = 5
T( 1)= 1.000
T( 2)= 2.000
T( 3)= 3.000
T( 4)= 4.000
T( B)= 5.000
IP =10
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A
K1
R

10.000
10.000
0.000

*x QUTPUT **

IERR =

P WN = H

0

T(I)
1.000000
2.000000
3.000000
4.000000
5.000000

K2

F(T(I))
0.219698
0.088017
0.049949
0.033126
0.024001

0.000

TRUNCATION ERROR
-0.40345965D-05
-0.15425310D-05
-0.75899467D-06
-0.45183668D-06
-0.30215943D-06
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2.18 WAVELET TRANSFORM

2.18.1 DFWTH1, RFWTH1
Haar Function Generation

(1) Function
The DFWTHI1 or REWTHI1 generates the following Haar function, which is required for a one-dimensional
Wavelet transform, on the interval [0, a](a > 0.0).

277” gw(n—1) <z < 55 (n—1/2)
Hpn () = —,/27"1 r(n—1/2) <z < en
0 Otherwise

(2) Usage
Double precision:
CALL DFWTH1 (A, M, N, C, BL, BM, BR, IERR)
Single precision:
CALL RFWTH1 (A, M, N, C, BL, BM, BR, IERR)
(3) Arguments

D:Double precision real = Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer

Input
No. | Argument | Type Size nput/ Contents

Output

1 A D 1 Input | Upper bound a of interval [0, a] on which Haar

R function H,,,(x) is to be generated.
M I 1 Input | Generation m of Haar function Hi,,(x).
3 N I 1 Input | Index n of Haar function H,,,(z) (See Note
(a)).
4 C D 1 Output | Absolute value /2~ of Haar function Hypy,(2)

on interval [ (n — 1), 5% n].

tion Hyp,p () rises.

1 Output | Position =% (n — 1/2) at which value of Haar

2’7?1
function H,,,(z) changes from positive to

negative.

1 Output | Larger position 57n at which Haar function

H,,,(x) rises.

5 BL {D} 1 Output | Smaller position 5% (n —1) at which Haar func-

8 IERR I 1 Output | Error indicator

(4) Restrictions

(a) A>0
(b) M >0
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(c) N<2M

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes

(a) This subroutine does not assign a constant term. The fixed value 1//a required on the interval [0, a] in
addition to the values assigned by this subroutine for the Haar function used as the base. If the input
data is continuous or the sampled intervals are irregular, this subroutine is used in a Wavelet transform.
If the spacing with which the transformed data was sampled is fixed and there are 2¥ sampled data

(where k is a natural number), the Haar function for the Wavelet transform can be generated by using
DFWTH?2 }

the simpler subroutine 2.18.4
RFWTH2

(7) Example

(a) Problem
When a = 2, compute the Haar function Hsq(z).

(b) Input data

A =2 M = 3andN = 4.
(¢) Main program

PROGRAM BFWTH1

| #** EXAMPLE OF DFWTH1 ***
REAL(8) A,C,BL,BM,BR
INTEGER M,N,IERR

READ(5,*) A

READ(5,*) M

READ(5,*) N

WRITE(6,1000) ’ *** DFWTH1 ***x
WRITE(6,1000) °’> ** INPUT *x* °
WRITE(6,1100) ’A=’,A,’> M=’,M,’ N=’,N

CALL DFWTH1(A,M,N,C,BL,BM,BR,IERR)

WRITE(6,1000) > *% OUTPUT *x °
WRITE(6,1200) ’IERR=’,IERR
WRITE(6,1300) ’C=’,C
WRITE(6,1400) ’BL=’,BL,’ BM=’,BM,’ BR=’,BR
1000 FORMAT(2X,A14)
1100 FORMAT(2X,A4,D15.8,A4,15,A4,15)
1200 FORMAT (2X,A5,15)
1300 FORMAT(2X,A3,D15.8)
1400 FORMAT(2X,A5,D15.8,A5,D15.8,A5,D15.8)
STOP
END

(d) Output results

*%*x DFWTH1 *x
*x* INPUT *x*
A= 0.10000000D+01 M= 2 N= 2
** QUTPUT *x*
IERR= 0
C= 0.20000000D+01
BL= 0.25000000D+00 BM= 0.37500000D+00 BR= 0.50000000D+00
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2.18.2 DFWTHR, RFWTHR
Wavelet Transform According to Haar Functions

(1) Function

When the spacing at which the input data {(x;, f(x;))} is sampled is not equally spaced or when the number
of sampled data is not 2¥ (where k is a natural number), the DFWTHR or REFEWTHR computes the following

Wavelet transform according to Haar functions.

Cmn:/O f(@)Hpn(z)dz

(2) Usage

Double precision:
CALL DFWTHR (XD, YD, ND, MR, NR, DR, IMR, INR, IERR)
Single precision:
CALL RFWTHR (XD, YD, ND, MR, NR, DR, IMR, INR, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

I t
No. | Argument | Type Size nput/ Contents
Output
1 XD D ND Input | Set of input data x-coordinates {x;}.
R
2 YD D ND Input | Set of input data function values {f(z;)}.
R
3 ND I 1 Input | Number of input data N.
4 MR I 1 Input | Maximum value of index m of Haar functions
H,,»(x) used for Wavelet transform
5 NR I 1 Input | Maximum value of index n of Haar functions
H,,(x) used for Wavelet transform. Haar func-
tions up to index N in generation m are used
for Wavelet transform.
6 DR D 0 : 2MR 4| Output | Wavelet transform C,,,. (See Notes (a) and
R | NR-1 (b))
7 IMR I MR NR—1| Output | Index m information of Wavelet transform
Cinn, which is stored in DR (See Note (b))
8 INR I MR NR—1| Output | Index n information of Wavelet transform Cj, .,
which is stored in DR. (See Note (b))
9 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) MR >0
(b) NR < 2MR
(¢) ND < 100000

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes

(a) The mean value of the input data {f(z;)} is stored in DR(0).
(b) The Wavelet transform C,,,, values are stored in DR(i)(i = 1,2, ---,2MR4+NR —1). The corresponding

index m values are stored in IMR(4) and the corresponding index n values are stored in INR(%).
(7) Example

(a) Problem
Compute the Wavelet transform up to m = 4 and n = 2 using the input data which is obtained by the
equally spaced sampling in the interval [0, 1] for the function

f(z) = sin(27z) + ésin(ﬁﬂ':z:) + %

(b) Input data

Input data {(x;, f(x;))},ND = 10, MR = 4andNR = 2.
(¢) Main program

PROGRAM BFWTHR

! %% EXAMPLE OF DFWTHR x***
INTEGER ND
PARAMETER( ND = 10 )
REAL(8) XD(1:ND),YD(1:ND)
INTEGER MR,NR
PARAMETER( MR = 3, NR = 8 )
REAL(8) DR(O:2%*MR-1+NR)
INTEGER IMR(2%*MR-1+NR),INR(2**MR-1+NR)
INTEGER IERR
INTEGER NUMRESULT

NUMRESULT = 2#*MR-1+NR
WRITE(6,1000) ’*** DFWTHR *#x’
WRITE(6,1000) ° #* INPUT ** °
WRITE(6,1500) ’ND=’,ND, ’ MR=’,MR,’ NR=’,NR
WRITE(6,1100) > I XD YD’
DO 100 I=1,ND

READ(5,*) XD(I),YD(I)

WRITE(6,1200) I, XD(I) , YD(I)

100 CONTINUE

CALL DFWTHR(XD,YD,ND,MR,NR,DR,IMR,INR,IERR)

WRITE(6,1000) ’ #* OQUTPUT #* °
WRITE(6,1300) ’IERR=’,IERR
WRITE(6,1400) ’ DR IMR INR’
DO 110 I=1,NUMRESULT
WRITE(6,1600) DR(I),IMR(I),INR(I)
110 CONTINUE

11000 FORMAT (2X,A14)

1100 FORMAT(2X,A25)
1200 FORMAT(2X,I5,D15.8,D15.8)
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1300

1400

1500

1600
1

STOP
END

(d) Output results

*%x% DFWTHR *x**

FORMAT (2X, A5, I5)

FORMAT (2X,A25)

FORMAT (2X,A5,15,A5,15,A5,15)
FORMAT (2X,D15.8,15,15)

*x*% INPUT **
ND= 10 MR= 3 NR= 8
I XD YD
1 0.10000000D+00 0.12779900D+01
2 0.20000000D+00 0.13335000D+01
3 0.30000000D+00 0.13335000D+01
4 0.40000000D+00 0.12779966D+01
5 0.50000000D+00 0.50000000D+00
6 0.60000000D+00-0.27799660D+00
7 0.70000000D+00-0.33350000D+00
8 0.80000000D+00-0.33350000D+00
9 0.90000000D+00-0.27799660D+00
10 0.10000000D+01 0.50000000D+00
*x QUTPUT *x
IERR= 0
DR IMR INR
0.63846226D+00 0 1
0.12838733D+00 1 1
-0.62125422D-01 1 2
-0.58512678D-02 2 1
0.16694137D+00 2 2
0.11701144D-01 2 3
-0.90783900D-01 2 4
-0.82749422D-02 3 1
0.41375569D-16 3 2
0.41369792D-02 3 3
0.28994221D-01 3 4
0.20684896D-02 3 5
0.51719462D-17 3 6
-0.62054688D-02 3 7
-0.11597689D+00 3 8
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2.18.3 DFWTHS, RFWTHS
Inverse Wavelet Transform According to Haar Functions

(1) Function
When the spacing at which the input data {(z;, f(x;))} is sampled is not equally spaced or when the
number of sampled data is not 2¥ (where k is a natural number), the DFWTHS or RFWTHS computes the
approximation of f(x) according to the following inverse Wavelet transform for the Wavelet transform Ci,,,,

according to Haar functions.

(2) Usage
Double precision:
CALL DFWTHS (A, DR, MR, NR, MR2, NR2, IMR, INR, FR, XR, IERR)
Single precision:
CALL RFWTHS (A, DR, MR, NR, MR2, NR2, IMR, INR, FR, XR, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D 1 Input | Difference of maximum and minimum values of
{ R} input data z-coordinates. Data is regenerated
on interval [0, a].
2 DR D 0 : 2MR 4| Tnput | Wavelet transform C,,,. (See Note (a))
{R} NR -1

3 MR I 1 Input | Maximum value of m of Haar functions H,,, ()
that were used for Wavelet transform.

4 NR I 1 Input | Maximum value of n of Haar functions H,,, ()
that were used for Wavelet transform.

5 MR2 I 1 Input | Maximum value of index m of Haar func-
tions Hppn(z) to be used for inverse Wavelet
transform.

6 NR2 I 1 Input | Maximum value of index m of Haar func-
tions Hppn(z) to be used for inverse Wavelet
transform.

7 IMR I MR Y NR—1| Input | Index m information of Wavelet transform
Cimn- (See Note (a))

8 INR I MR I NR—1| Input | Index n information of Wavelet transform C,,.
(See Note (a))

9 FR D oMR2+1 Output | Values of f(x) that were regenerated from

{R} Wavelet transform Ci,,,. (See Note (b))
10 XR D QMR2+1 Output | Values of z-coordinates of f(x) that were regen-
{R} erated from Wavelet transform C,,,,,. (See Note
(b))
11 IERR I 1 Output | Error indicator

(4) Restrictions
(a) MR >0
(b) NR < 2MR
(¢) MR2 < MR
(d) NR2 < 2MR2
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
3030 Restriction (d) was not satisfied.
(6) Notes

(a) The Wavelet transform C,,,, values are stored in DR(i)(i = 1,2,---,2MR 4+ NR —1). The corresponding

index m values are stored in IMR(4) and the corresponding index n values are stored in INR(%).

(b) The values stored in FR are approximations of the original data, and the corresponding z-coordinate

values, which are stored in XR, are equally spaced.
(7) Example

(a) Problem
Compute the inverse Wavelet transform up to m = 4 and n = 2 using the Wavelet transform computed
DFWTHR

in the Example of 2.18.2
RFWTHR

} as the input data.

(b) Input data
Wavelet transform {Cy,,}, A =1, MR = 3,NR = 8, MR2 = 3andNR2 = 8.

(¢) Main program

PROGRAM BFWTHS
| #%% EXAMPLE OF DFWTHS #%x*
INTEGER  MR,NR
PARAMETER( MR = 3, NR = 8 )
INTEGER MR2,NR2
PARAMETER( MR2 = 3, NR2 = 8 )
INTEGER IMR(2#*MR—1+NR),INR (2%*MR-1+NR)
REAL(8) A
REAL(8) DR(0O : 2%*MR-1+NR)
REAL(8) FR(2%*(MR2+1)), XR(2%*(MR2+1))
INTEGER IERR

INTEGER NUMDATA,NUMRESULT

NUMDATA
NUMRESULT

= 2xxMR-1+NR

= 2%*(MR2+1)

WRITE(6,1000) ’*%* DFWTHS #%x*°

WRITE(6,1000) ’> % INPUT ** ’

READ(5,%) A

WRITE(6,1100) ’A=’,A

WRITE(6,1200) ’MR=’,MR,’ NR=’,NR,’ MR2=’,MR2,’ NR2=’,NR2

DR(0)=0.0D0
WRITE(6,1300) ’DR(0)=’,DR(0)
WRITE(6,1400) > DR IMR INR’

DO 100 I=1,NUMDATA
READ(5,*) DR(I),IMR(I),INR(I)
WRITE(6,1500) DR(I),IMR(I),INR(I)
100 CONTINUE

CALL DFWTHS(A,DR,MR,NR,MR2,NR2,IMR,INR,FR,XR,IERR)

WRITE(6,1000) > %% OUTPUT ** °
WRITE(6,1600) ’IERR = ’,IERR
WRITE(6,1700) > XR FR’
DO 200 I=1,NUMRESULT
WRITE(6,1800) XR(I),FR(I)
200 CONTINUE

]

1000 FORMAT (2X,A14)

1100 FORMAT(2X,A3,D15.8)

1200 FORMAT(2X,A3,I5,A4,15,A5,15,A5,15)

1300 FORMAT(2X,A6,D15.8)
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1400 FORMAT (2X,A25)
1500 FORMAT(2X,D15.8,15,I5)
1600 FORMAT (2X,A7,15)
1700 FORMAT (2X,A20)
I1800 FORMAT(2X,D15.8,D15.8)
STOP
END
(d) Output results
*%*x DFWTHS **x*
**x INPUT %
A= 0.10000000D+01
MR= 3 NR= 8 MR2= 3 NR2=
DR(0)= 0.00000000D+00
DR IMR INR
0.63846226D+00 0 1
0.12838733D+00 1 1
-0.62125422D-01 1 2
-0.58512678D-02 2 1
0.16694137D+00 2 2
0.11701144D-01 2 3
-0.90783900D-01 2 4
-0.82749422D-02 3 1
0.41375569D-16 3 2
0.41369792D-02 3 3
0.28994221D-01 3 4
0.20684896D-02 3 5
0.00000000D+00 3 6
-0.62054688D-02 3 7
-0.11597689D+00 3 8
*% QUTPUT *x*
IERR = 0
XR FR
0.31250000D-01 0.78492176D+00
0.93750000D-01 0.83173190D+00
0.15625000D+00 0.83173190D+00
0.21875000D+00 0.83173190D+00
0.28125000D+00 0.80247904D+00
0.34375000D+00 0.77907675D+00
0.40625000D+00 0.20502046D+00
0.46875000D+00 0.41004376D-01
0.53125000D+00-0.69706801D+00
0.59375000D+00-0.70876916D+00
0.65625000D+00-0.74972316D+00
0.71875000D+00-0.74972316D+00
0.78125000D+00-0.74972316D+00
0.84375000D+00-0.71461973D+00
0.90625000D+00-0.69706803D+00
0.96875000D+00-0.41003664D-01

8
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2.18.4 DFWTH2, RFWTH2

Haar Function Generation (Equally Spaced Sampling Data)

(1) Function

When the spacing with which the data to be subject to the Wavelet transform was sampled is fixed and
there are N = 2* sampled data (where k is a natural number), the DFWTH2 or RFWTH2 subroutine

generates the following Haar function, which is required for a one-dimensional Wavelet transform, on the

interval [0, 1].

2 -1 <2< (n—1/2)
Hyn (x) = —/E Znh-1/2)<z<%n
Otherwise

(2) Usage
Double precision:

CALL DFWTH2 (NA, M, N, C, LR, IERR)

Single precision:

CALL RFWTH2 (NA, M, N, C, LR, IERR)

(3) Arguments

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I INTEGER(4) as for 32bit Integer
INTEGER(8) as for 64bit Integer

No. | Argument | Type Size fnput/ Contents
Output
NA I 1 Input | Number of input data N.
2 M I 1 Input | Generation m of Haar function H,,,(z).
N I 1 Input | Index n of Haar function Hp,,(z). (See Note
(a)
4 C D 1 Output | Value of Haar function H,p, ().
)
5 LR I NA Output | Sign of value of Haar function H,,,(z). When
the Haar function is positive, 1 is stored as the
value. When the Haar function is negative, —1
is stored as the value. When the Haar function
is zero, 0 is stored as the value.
6 IERR I 1 Output | Error indicator

(4) Restrictions
(a) NA =2F
b) 0<M<k
(c) N<2M

(k must be a natural number less than or equal to 20.)
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes

(a) This subroutine does not assign a constant term. The fixed value 1 is required on the interval [0, 1] in
addition to the values assigned by this subroutine for the Haar function used as the base.

(b) If the data to be transformed is continuous or the sampled intervals are irregular, the subroutine 2.18.1
{DFWTHl

must be used to generate the Haar functions.
RFWTHI1

(7) Example

(a) Problem

For 16 a-coordinates that are equally spaced in the interval [0, 1], compute the Haar function Hs4(z).

(b) Input data

NA =16,M = 3andN = 4.
(¢) Main program

PROGRAM BFWTH2

! % EXAMPLE OF DFWTH2 x***
INTEGER NA, M,N
PARAMETER( NA = 16)

REAL(8) C

INTEGER LR (NA)

INTEGER IERR

READ(5,%) M

READ(5,*) N

WRITE(6,1000) > #*¥x DFWTH2 **** °’
WRITE(6,1000) > #** INPUT #**
WRITE(6,1100) °NA=’,NA,’> M=’,M,’ N=’,N

CALL DFWTH2(NA,M,N,C,LR,IERR)

WRITE(6,1000) ’ ** OUTPUT ** °*
WRITE(6,1200) ’IERR=’,IERR
WRITE(6,1300) ’C=’,C
WRITE(6,1400) °I LR )
DO 10 I=1,NA
WRITE(6,1500) I, LR(I)
10 CONTINUE

1000 FORMAT(2X,A14)

1100 FORMAT(2X,A4,I5,A4,15,A4,15)
1200 FORMAT(2X,A6,15)

1300 FORMAT(2X,A4,E15.8)

1400 FORMAT (2X,A15)

1500 FORMAT(2X,15,15)

STOP
END
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(d) Output results

*k% DFWTH2 *x*

*% INPUT *x*

NA= 16 M= 3 N= 8
** QUTPUT *x*

IERR= 0

C= 0.28284271E+01

O~ WN - H

D—*HOOOOOOOOOOOOOO§
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2.18.5 DFWTHT, REWTHT
Wavelet Transform According to Haar Functions (Equally Spaced Sampling
Data)

(1) Function
When the spacing at which the input data {(x;, f(x;))} is sampled is equally spaced and the number of
sampled data is 2¥ (where k is a natural number), the DEFEWTHT or RFWTHT computes the following

Wavelet transform according to Haar functions.
Con = / f(@)Hpp (z)dx
0

(2) Usage
Double precision:
CALL DFWTHT (XD, YD, ND, MR, NR, A, DR, IMR, INR, IWK, IERR)
Single precision:
CALL RFWTHT (XD, YD, ND, MR, NR, A, DR, IMR, INR, IWK, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
I t
No. | Argument | Type Size nput/ Contents
Output
1 XD D ND Input | Set of input data a-coordinates {x;}.
R
2 YD D ND Input | Set of input data function values {f(z;)}.
R
3 ND I 1 Input | Number of input data N.
4 MR I 1 Input | Maximum value of index m of Haar functions
H,,, used for Wavelet transform.
5 NR I 1 Input | Maximum value of index n of Haar functions
H,,, used for Wavelet transform.
6 A D 1 Output | Upper bound a of integration interval [0, a] used
R for Wavelet transform.
7 DR D 0 : 2MR 4| Output | Wavelet transform C,,,. (See Notes (a) and
R | NR-1 (b))
8 IMR I MR NR—1| Output | Index m information of Wavelet transform
Cynn, which is stored in DR. (See Note (b))
9 INR I MR NR—1| Output | Index n information of Wavelet transform Cj, .,
which is stored in DR. (See Note (b))
10 IWK I ND Work | Work area
11 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) ND = 2k

() 0SMR<k—1
(c) NR < 2MR

(5) Error indicator

(k must be a natural number less than or equal to 20.)

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
(6) Notes

(a) The mean value of the input data {f(z;)} is stored in DR(0).

(b) The Wavelet transform Ci,,, values are stored in DR(7)(i = 1,2, - --

,2MR 4 NR —1). The corresponding

index m values are stored in IMR(4) and the corresponding index n values are stored in INR(%).

(7) Example

(a) Problem
Compute the Wavelet transform up to m = 4 and n = 2 using the input data which is obtained by the

equally spaced sampling for the function

L1
=

f(z) = sin(27zx) + ésin(ﬁﬂ':r)

(b) Input data

Input data {(x;, f(x;))},ND = 16, MR = 3andNR =

(¢) Main program

1ok

100

110
!
1000

PROGRAM BFWTHT
EXAMPLE OF DFWTHT x***

INTEGER ND

PARAMETER( ND = 16 )

REAL(8) XD(1:ND),YD(1:ND)

REAL(8) A

INTEGER MR,NR

PARAMETER( MR = 3, NR = 8 )

REAL(8) DR(0:2%*MR-1+NR)

INTEGER IMR(2%*MR-1+NR),INR(2**MR-1+NR)
INTEGER IWK(ND)

INTEGER IERR

NUMRESULT 2%*MR-1+NR
WRITE(6,1000) ’*** DFWTHT x**x’
WRITE(6,1000) °’> ** INPUT **
WRITE(6,1100) °ND=’,ND,’ MR=’,MR,’ NR=’,NR
WRITE(6,1200) ° XD YD’
DO 100 I 1,ND

READ(S,*) XD(I),YD(I)

WRITE(6,1300) XD(I),YD(I)
CONTINUE

CALL DFWTHT(XD,YD,ND,MR,NR,A,DR,IMR,INR,IWK,IERR)
WRITE(6,1000) ° #* QUTPUT #x °

WRITE(6,1400) ’IERR=’,IERR
WRITE(6,1500) ’A=’,A

WRITE(6,1600) ° DR IMR INR’
DO 110 1= 1,NUMRESU.

WRITE(6, 1700) DR(I) IMR(I),INR(I)
CONTINUE

FORMAT (2X,A14)
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11
12
13
14
15
16
17

00 FORMAT (2X,A4,I5,A4,15,A4,15)

00 FORMAT(2X,A20)

00 FORMAT (2X,D15.8,D15.8)
00 FORMAT(2X,A6,I5)

00 FORMAT(2X,A4,D15.8)

00 FORMAT(2X,A

25)

00 FORMAT(2X,D15.8,15,15)

STOP
END

(d) Output results

k%
*
N

0.

* DFWTHT **x*
* INPUT *x*
D= 16 MR=
XD

3 NR= 8
YD

62500000D-01 0.10674593D+01

0.12500000D+00 0.13485281D+01
.18750000D+00 0.13473428D+01
.25000000D+00 0.13000000D+01
.31250000D+00 0.13473428D+01
.37500000D+00 0.13485281D+01
.43750000D+00 0.10674593D+01
.50000000D+00 0.50000000D+00
.56250000D+00-0.67459339D-01
.62500000D+00-0.34852814D+00
.68750000D+00-0.34734285D+00
.75000000D+00-0.30000000D+00
.81250000D+00 0.00000000D+00
.87500000D+00 0.00000000D+00
.93750000D+00 0.00000000D+00
.10000000D+01 0.49994516D+00

[elelelelololololololololoXo)

*
I

-0.
-0.

-0.
-0.

-0.

-0.
-0.

* QUTPUT **
ERR= 0

A= 0.10000000D+01
DR IM

.61812785D+00
.70710678D-01
13817534D+00
28919425D-01
.14105145D+00
.28919421D-01
62493145D-01
49686414D-01
.83691037D-02
20953342D-03
.10031358D+00
.49686414D-01
83691126D-02
.00000000D+00
88378653D-01

INR

WWWWWWWWNNNNNRFP,OX
O~NOUPWNFEPRWNEN -
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2.18.6 DFWTHI, RFWTHI
Inverse Wavelet Transform According to Haar Functions (Equally Spaced
Sampling Data)
(1) Function
When the spacing at which the input data {(x;, f(x;))} is sampled is equally spaced and the number of
sampled data is 2¢ (where k is a natural number), the DFWTHI or REWTHI computes f(x) according to

the following inverse Wavelet transform for the Wavelet transform C,,, according to Haar functions.

(2) Usage
Double precision:
CALL DFWTHI (A, DR, MR, NR, MR2, NR2, IMR, INR, FR, XR, IWK, IERR)
Single precision:
CALL RFWTHI (A, DR, MR, NR, MR2, NR2, IMR, INR, FR, XR, IWK, IERR)
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(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(S8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D 1 Input | Value obtained when data sampling spacing is
{R} added to difference of maximum and minimum
values of input data z-coordinates. Data is re-
generated on interval [0, A].
2 DR D 0 : 2MR 4| Tnput | Wavelet transform C,,,. (See Note (a))
{R} NR -1

3 MR I 1 Input Maximum value of m of Haar functions H,,,
that were used for Wavelet transform

4 NR I 1 Input Maximum value of n of Haar functions H,,,
that were used for Wavelet transform

5 MR2 I 1 Input | Maximum value of index m of Haar func-
tions Hppn(z) to be used for inverse Wavelet
transform.

6 NR2 I 1 Input | Maximum value of index n of Haar func-
tions Hppn(z) to be used for inverse Wavelet
transform.

7 IMR I 2MR Y NR—1| Input | Index m information of Wavelet transform
Cimn- (See Note (a))

8 INR I MR I NR—1| Input | Index n information of Wavelet transform C,,.
(See Note (a))

9 FR D QMR2+1 Output | Values of f(z) that were regenerated from

{ R} Wavelet transform Ci,,,. (See Note (b))
10 XR D QMR2+1 Output | Values of z-coordinates of f(x) that were regen-
{R} erated from Wavelet transform C,,,,,. (See Note
(b))
11 IWK I QMR2+1 Work | Work area.
12 IERR I 1 Output | Error indicator

(4) Restrictions

(a) MR >0
(b) NR < 2MR
(¢) MR2 < MR
(d) NR2 < 2MR2

a

265



DFWTHI, RFWTHI
Inverse Wavelet Transform According to Haar Functions (Equally Spaced Sampling Data)

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
3030 Restriction (d) was not satisfied.
(6) Notes

(a) The Wavelet transform C,,,, values are stored in DR(i)(i = 1,2,---,2MR 4+ NR —1). The corresponding

index m values are stored in IMR(4) and the corresponding index n values are stored in INR(%).

(b) The values stored in FR are approximations of the original data, and the corresponding z-coordinate

values, which are stored in XR, are equally spaced.

(7) Example

(a) Problem

Compute the inverse Wavelet transform up to m = 4 and n = 2 using the Wavelet transform computed

in the Example of 2.18.5 {

DFWTHT
RFWTHT

(b) Input data

I oskokok

100

200

1000
1100
1200
1300
1400

} as the input data.

Wavelet transform {Cy,,}, A = 1,MR = 3,NR = 8, MR2 = 3andNR2 = 8.

(¢) Main program

PROGRAM BFWTHI

EXAMPLE OF DFWTHI %

INTEGER MR,NR,MR2,NR2

PARAMETER (MR=3,NR=8,MR2=3,NR2=8)
INTEGER IMR(2%*MR-1+NR) ,INR(2**MR-1+NR)
REAL(8) A

REAL(8) DR(O : 2**MR-1+NR)

REAL(8) FR(2#*(MR2+1)), XR(2**(MR2+1))
INTEGER IWK(2%*(MR2+1))

INTEGER I,IERR

INTEGER NUMDATA,NUMRESULT

NUMDATA = 2%*MR-1+NR
NUMRESULT = 2#%*(MR2+1)

WRITE(6,1000) > #%* DFWTHI #** ’
WRITE(6,1000) °> % INPUT s** °
READ(5,%) A

WRITE(6,1100) ’A=’,A

WRITE(6,1200) ’MR=’>,MR,’ NR=’,NR,’ MR2=’,MR2,’ NR2=’,NR2

DR.(0)=0.0D0
WRITE(6,1300) ’DR(0)=’,DR(0)
WRITE(6,1400) ’ DR IMR INR’
DO 100 I = 1,NUMDATA
READ(5,*) DR(I),IMR(I),INR(I)
WRITE(6,1500) DR(I),IMR(I),INR(I)
CONTINUE

CALL DFWTHI(A,DR,MR,NR,MR2,NR2,IMR,INR,FR,XR,IWK,IERR)

WRITE(6,1000) ° #* QUTPUT #x °
WRITE(6,1600) ’IERR = ’,IERR
WRITE(6,1700) ’ XR FR’
DO 200 I=1,NUMRESULT

WRITE(6,1800) XR(I),FR(I)
CONTINUE

FORMAT (2X,A14)

FORMAT (2X,A3,D15.8)
FORMAT(2X,A3,15,A4,15,A5,I5,A5,15)
FORMAT (2X,A6,D15.8)

FORMAT (2X, A25)
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1500 FORMAT(2X,D15.8,15,15)
1600 FORMAT(2X,A7,I5)
1700 FORMAT(2X,A20)
1800 FORMAT(2X,D15.8,D15.8)
]
STOP
END
(d) Output results
sk DFWTHI
% INPUT #x
A= 0.10000000D+01
MR= 3 NR= 8 MR2= 3 NR2=
DR(0)= 0.00000000D+00
DR IMR INR
0.58649342D+02 0 1
0.70710674D-01 1 1
0.81930354D+02 1 2
-0.28919414D-01 2 1
0.14105146D+00 2 2
0.289194220-01 2 3
-0.38177975D+02 2 4
-0.49686414D-01 3 1
0.83691208D-02 3 2
-0.20953306D-03 3 3
0.10031359D+00 3 4
0.49686415D-01 3 5
-0.836911020-02 3 6
-0.12247321D+01 3 7
-0.55205192D+02 3 8
*% QUTPUT #x
IERR = 0
XR FR
0.31250000D-01 0.58550969D+02
0.93750000D-01 0.58832038D+02
0.15625000D+00 0.58830852D+02
0.21875000D+00 0.58783509D+02
0.28125000D+00 0.58830852D+02
0.34375000D+00 0.58832038D+02
0.40625000D+00 0 .58550969D+02
0.46875000D+00 0.57983509D+02
0.53125000D+00 0.57416049D+02
0.59375000D+00 0.57134980D+02
0.65625000D+00 0.57136166D+02
0.71875000D+00 0.57183508D+02
0.78125000D+00-0 . 25433638D+03
0.84375000D+00-0 . 24740824D+03
0.90625000D+00-0 . 25430427D+03
0.96875000D+00 0.57983453D+02

8
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2.18.7 DFWTMF, RFWTMF
Mexican Hut Function Computation

(1) Function
The DFWTMF or REWTMEF uses the following Mexican hat function to compute the Wavelet transform

base shown below.

2
omm(x)=(1- 2$2)€_m

x—b
a
Here,

a®>  3a* s
C=af1-L4+22) /T
a( 7 T 4) 2

¢MH(w7a7b) =

al-

is the normalization factor.

(2) Usage
Double precision:
CALL DFWTMF (A, B, X, V, IERR)
Single precision:
CALL RFWTMF (A, B, X, V, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 A D 1 Input | Frequency parameter a of base ¢ns g (;a, b) for
{R} Wavelet transform according to Mexican hat
function.
2 B D 1 Input | Shift parameter b of base ¢prm(x;a,b) for

Wavelet transform according to Mexican hat

function.

Input | Variable value z.

1 Output | Value of base ¢yrm(x;a,b) for Wavelet trans-

w0

>
/—/H/E’? —N
—— | —~——| Y~

form according to Mexican hat function

5 IERR I 1 Output | Error indicator
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(4) Restrictions

(a) A>0

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes
None

(7) Example

(a) Problem

Compute the base ¢rri(4;2,3) for a Wavelet transform according to a Mexican hat function.

(b) Input data
A =4.0,B = 2.0andX = 3.0.

(¢) Main program

1ok

1
1000
1100
1200
1300

1

PROGRAM BFWTMF
EXAMPLE OF DFWTMF s*x
REAL(8) A, B, X, V
INTEGER IERR

READ(5,%*) A

READ(5,%) B

READ(5,%*) X

WRITE(6,1000) ’*** DFWTMF %’
WRITE(6,1000) > #*x INPUT #** °
WRITE(6,1100) °A=’,A,’ B=’,B, ’ X=’,X

CALL DFWTMF(A,B,X,V,IERR)

WRITE(6,1000) °> %% OUTPUT ** °’
WRITE(6,1200) ’IERR=’,IERR
WRITE(6,1300) *> V = *,V

FORMAT (2X,A14)

FORMAT (2X,A5,D15.8,A4,D15.8,A4,D15.8)
FORMAT (2X, A5, I5)

FORMAT (2X,A5,D15.8)

STOP
END

(d) Output results

*%x% DFWTMF *x%%*

*k

INPUT *x*

A= 0.40000000D+01 B= 0.20000000D+01 X= 0.30000000D+01
*x QUTPUT **

IERR=

vV =

0
0.28605127D+02
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2.18.8 DFWTMT, REWTMT
Wavelet Transform According to Mexican Hut Functions

(1) Function
For the set {(z;, f(z:))} (¢ =1,2,---,n) of n x-coordinates and function values f(z) that were given as
input data, the DFWTMT or REWTMT computes the following Wavelet transform according to a Mexican
hat function.

WosnD)(0r0) = [ " burn (i, b) f(x)da

(2) Usage
Double precision:
CALL DFWTMT (XD, YD, ND, A, B, C, IERR)
Single precision:
CALL RFWTMT (XD, YD, ND, A, B, C, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size fnput/ Contents
Output
1 XD D ND Input | Set of input data x-coordinates {z;}.
R
2 YD D ND Input | Set of input data function values {f(x;)}.

=

Input | Number of input data n.

1 Input | Wavelet transform frequency parameter a

1 Input | Wavelet transform shift parameter b

o

= )
—— | —— | Y—— | Y—— | Y—— | Y—~—
—

=

1 Output | Wavelet transform value (Wy,,,. f)(b, a).

=

.
=
/—/H/—/HE’?/—’H/—/H/—/H

7 IERR I 1 Output | Error indicator

(4) Restrictions

(a) A>0
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(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes
None

(7) Example

(a) Problem
Compute the Wavelet transform according to a Mexican hat function (Wy,,, f)(2,3) using the input

data which is obtained by the equally spaced sampling for the function

f(z) =sin(2mz) + ésin(ﬁﬂ':z:) + %

(b) Input data

Input data {(x;, f(2;))}, A = 3andB = 2.

(¢) Main program

1 okkx

100

1000
1100
1200
1300
1400
1500

PROGRAM BFWTMT
EXAMPLE OF DFWTMT s
REAL(8) A, B, C
INTEGER ND

PARAMETER( ND = 10 )
REAL(8) XD(ND), YD(ND)
INTEGER IERR

WRITE(6,1000) ’*%* DFWTMT s*#x’
WRITE(6,1000) ’> *% INPUT ** °
READ(5,*) A,B
WRITE(6,1100) ’A=’,A,’ B=’,B
WRITE(6,1200) > XD
DO 100 I=1,ND
READ(5,*) XD(I),YD(I)
WRITE(6,1300) XD(I),YD(I)
CONTINUE

CALL DFWTMT(XD,YD,ND,A,B,C,IERR)

YD’

WRITE(6,1000) ° % QUTPUT %% °
WRITE(6,1400) ’IERR=’,IERR
WRITE(6,1500) ’C=,C

FORMAT (2X,A14)
FORMAT(2X,A4,D15.8,A4,D15.8)
FORMAT (2X, A20)

FORMAT (2X,D15.8,D15.8)
FORMAT (2X, A6, 15)

FORMAT (2X,A4,D15.8)

STOP
END

(d) Output results

*x*k DFWTMT **%*

*x

A=
XD

[elelololololelota)

INPUT **
0.30000000D+01 B= 0.20000000D+01
YD

.10000000D+00 0.12779900D+01
.20000000D+00 0.13335000D+01
.30000000D+00 0.13335000D+01
.40000000D+00 0.12779966D+01
.50000000D+00 0.50000000D+00
.60000000D+00-0.27799660D+00
.70000000D+00-0.33350000D+00
.80000000D+00-0.33350000D+00
.90000000D+00-0.27799660D+00

0.10000000D+01 0.50000000D+00
** QUTPUT **

IERR:
C=

= 0
0.42057113D+01
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2.18.9 DFWTFF, RFWTFF
French Hut Function Computation

(1) Function
The DFWTFF or REWTFF uses the following French hat function to compute the Wavelet transform base
shown below.

1 -1<x<1
pr(r) = —%—3§x<—10r1§x<3
0 Otherwise

sentaiat) = < (220

(2) Usage
Double precision:
CALL DFWTFF (A, B, X, V, IERR)
Single precision:
CALL RFWTFF (A, B, X, V, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
Input
No. | Argument | Type Size nput/ Contents
Output
1 A D 1 Input | Frequency parameter a of base ¢pp(z;a,b)
R for Wavelet transform according to French hat
function.
2 B D 1 Input | Shift parameter b of base ¢pp(x;a,b) for
R Wavelet transform according to French hat
function.
3 X D 1 Input | Variable value z
R
4 \Y D 1 Output | Value of base ¢pp(x;a,b) for Wavelet trans-
R form according to French hat function.
5 IERR I 1 Output | Error indicator

(4) Restrictions
(a) A>0

(5) Error indicator

IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes
None

(7) Example

Problem

Compute the base ¢pp(1.5;2,1) for a Wavelet transform according to a French hat function.

Input data
X =1.5A=2andB = 1.

Main program

PROGRAM BFWTFF

| %% EXAMPLE OF DFWFF ***
REAL(8) A,B,X,V
INTEGER IERR

READ(5,%*) A

READ(5,*) B

READ(5.%) X

WRITE(6,1000) ’##* DFWTFF ##x’
WRITE(6,1000) ’ % INPUT #x *
WRITE(6,1100) ’A=’,A,’ B=’,B,’ X=’,X

CALL DFWTFF(A,B,X,V,IERR)

WRITE(6,1000) > ** OUTPUT *x* °’
WRITE(6,1200) ’IERR=’,IERR
WRITE(6,1300) > V = °,V

1000 FORMAT(2X,A14)

1100 FORMAT(2X,A3,D15.8,A4,D15.8,A4,D15.8)
1200 FORMAT(2X,A5,1I5)

1300 FORMAT(2X,A5,D15.8)

STOP
END

Output results

*x*k DFWTFF **%*
** INPUT **
A= 0.20000000D+01 B= 0.10000000D+01 X= 0.15000000D+01
*% QUTPUT *x*
IERR= 0
V = 0.00000000D+00

273



DFWTFT, REWTFET
Wavelet Transform According to French Hut Function

2.18.10 DFWTFT, RFWTFT
Wavelet Transform According to French Hut Function

(1) Function
For the set {(z;, f(z:))} (i =1,2,---,n) of n z-coordinates and function values f(x) that were given as
input data, the DFWTFT or REWTFT computes the following Wavelet transform according to a French
hat function.

Wor b0) = [ " (a0 0)f(2)de

(2) Usage
Double precision:
CALL DFWTFT (XD, YD, ND, A, B, C, IERR)
Single precision:
CALL RFWTFT (XD, YD, ND, A, B, C, IERR)

(3) Arguments

D:Double precision real  Z:Double precision complex I { INTEGER(4) as for 32bit Integer}

R:Single precision real C:Single precision complex INTEGER(8) as for 64bit Integer
No. | Argument | Type Size IOHE;Z . Contents
1 XD D ND Input | Set of input data z-coordinates {z;}.
it
2 YD D ND Input | Set of input data function values {f(x;)}.
it
3 ND D 1 Input | Number of input data n
i
4 A D 1 Input | Wavelet transform frequency parameter a
i
5 B D 1 Input | Wavelet transform shift parameter a
it
6 C D 1 Output | Wavelet transform value (Wy ., f)(b, a).
i
7 IERR I 1 Output | Error indicator
(4) Restrictions
(a) A>0
(5) Error indicator
IERR value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes
None

(7) Example

(a) Problem

Compute the Wavelet transform according to a French hat function (W4, f)(2,3) using the input

data which is obtained by the equally spaced sampling for the function

f(x) =sin(27zx) + éSiH(Gﬂ'J?)

(b) Input data

1
+ ;.

2

Input data {(x;, f(2;))}, A = 2andB = 1.

(¢) Main program

PROGRAM BFWTFT

! %% EXAMPLE OF DFWTFT x***

INTEGER NN,ND

PARAMETER(NN=%O)

REAL(8) XD (NN
REAL(8) A,B,C
INTEGER IERR

INTEGER I
READ(5,*) ND

READ(5,*) A
READ(5,*) B

WRITE(6,1000) ’>#*% DFWTFT *xx’

WRITE(6,1000) °> ** INPUT ** °

WRITE(6,1100) ’A=’,A,’ B=’,B,’ ND=’,ND
XD

WRITE(6,1200) °
DO 100 I=1,ND

YD (NN)

YD’

100

READ(5, %) XD(I),YD(I)
WRITE(6,1300) XD(I),YD(I)
CONTINUE

CALL DFWTFT(XD,YD,ND,A,B,C,IERR)

WRITE(6,1000) > #** QUTPUT ** °

WRITE(6,1400) °
WRITE(6,1500) ’

1000 FORMAT(2X,A14)

IERR=’, IERR
c=’,C

1100 FORMAT(2X,A4,D15.8,A4,D15.8,A4,15)

1200 FORMAT(2X,A22)
1300 FORMAT(2X,D15.8

,2X,D15.8)

1400 FORMAT(2X,A6,15)
1500 FORMAT(2X,A4,D15.8)

STOP
END

(d) Output results

*xx*kx DFWTFT **%*

** INPUT *x*
A= 0.20000000D+01 B= 0.10000000D+01 ND= 10
XD YD

0.10000000D+00 0.12779900D+01
0.20000000D+00 0.13335000D+01
0.30000000D+00 0.13335000D+01
0.40000000D+00 0.12779966D+01
0.50000000D+00 0.50000000D+00
0.60000000D+00 -0.27799660D+00
0.70000000D+00 -0.33350000D+00
0.80000000D+00 -0.33350000D+00
0.90000000D+00 -0.27799660D+00
0.10000000D+01 0.50000000D+00

*x QUTPUT **
IERR= 0
C=-0.12500000D-01
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A.1 Units for Determining Error

The table below shows values in ASL as units for determining error in floating point calculations. The units
shown in the table are numeric values determined by the internal representation of floating point data. ASL uses

these units for determining convergence and zeros.

Table A—1 Units for Determining Error

Single-precision Double-precision
272(~1.19 x 1077) 2752(~ 2.22 x 10716)

Remark: The unit for determining error €, which is also called the machine ¢, is usually defined as the smallest positive
constant for which the calculation result of 1+ ¢ differs from 1 in the corresponding floating point mode. Therefore, seeing
the unit for determining error enables you to know the maximum number of significant digits of an operation (on the

mantissa) in that floating point mode.

A.2 Maximum and Minimum Values of Floating Point Data

The table below shows maximum and minimum values of floating point data defined within ASL. Note that the
maximum and minimum values shown below may differ from the maximum and minimum values that are actually

used by the hardware for each floating point mode.

Table A—2 Maximum and Minimum Values of Floating Point Data

Single-precision Double-precision

Maximum value 2127(2 — 2723) (~ 3.40 x 10%®) 21023(2 — 2752) (~ 1.80 x 103%8)
Positive 9126 (~ 1.17 x 10~%) 21022 (v .93 x 10-308)
minimum value
Negati

caanve 97126 (~ 1,17 x 107%9) _9-1022 (993 x 10-308)
maximum value
Minimum value —2127(2 —2723) (~ —3.40 x 10%%) | —21023(2 — 2752) (~ —1.80 x 10°%%)
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