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PREFACE

This manual describes general concepts, functions, and specifications for use of the Advanced
Scientific Library (ASL) C interface.

The manuals corresponding to this product consist of seven volumes, which are divided into the
chapters shown below. This manual describes the basic functions, volume 5.

Basic Functions Volume 1

Chapter Title Contents
1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.
2 Storage Mode Explanation of algorithms, method of using, and usage example
Conversion of function related to storage mode conversion of array data.
3 Basic Matrix Algebra | Explanation of algorithms, method of using, and usage example
of function related to basic calculations involving matrices.
4 Eigenvalues and Explanation of algorithms, method of using, and usage example
Eigenvectors of function related to

the standard eigenvalue problem for real matrices, complex
matrices, real symmetric matrices, Hermitian matrices, real sym-
metric band matrices, real symmetric tridiagonal matrices, real
symmetric random sparse matrices, Hermitian random sparse
matrices and

the generalized eigenvalue problem for real matrices, real
symmetric matrices, Hermitian matrices, real symmetric band
matrices.

Basic Functions Volume 2

Chapter Title Contents
1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.
2 Simultaneous Linear Explanation of algorithms, method of using, and usage example
Equations of function related to simultaneous linear equations correspond-
(Direct Method) ing to real matrices, complex matrices, positive symmetric ma-

trices, real symmetric matrices, Hermitian matrices, real band
matrices, positive symmetric band matrices, real tridiagonal ma-
trices, real upper triangular matrices, and real lower triangular
matrices.




Basic Functions Volume 3

Chapter

Title

Contents

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Fourier Transforms
and their applications

Explanation of algorithms, method of using, and usage ex-
ample of function related to one-, two- and three-dimensional
complex Fourier transforms and real Fourier transforms, one-,
two- and three-dimensional convolutions, correlations, and power
spectrum analysis, wavelet transforms, and inverse Laplace
transforms.

Basic Functions Volume 4

Chapter

Title

Contents

1

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Differential Equations
and Their Applications

Explanation of algorithms, method of using, and usage example
of function related to

ordinary differential equations initial value problems for
high-order simultaneous ordinary differential equations, implicit
simultaneous ordinary differential equations, matrix type ordi-
nary differential equations, stiff problem high-order simultane-
ous ordinary differential equations, simultaneous ordinary dif-
ferential equations, first-order simultaneous ordinary differential
equations, and high-order ordinary differential equations, and
ordinary differential equations boundary value problems
for high-order simultaneous ordinary differential equations, first-
order simultaneous ordinary differential equations, high-order or-
dinary differential equations, high-order linear ordinary differen-
tial equations, and second-order linear ordinary differential equa-
tions, and

integral equations for Fredholm’s integral equations of second
kind and Volterra’s integral equations of first kind, and

partial differential equations for two- and three-dimensional
inhomogeneous Helmholtz equation.

Numerical Differentials

Explanation of algorithms, method of using, and usage exam-
ple of function related to numerical differentials of one-variable
functions and multi-variable functions.

Numerical Integration

Explanation of algorithms, method of using, and usage example
of function related to numerical integration over a finite inter-
val, semi-infinite interval, fully infinite interval, two-dimensional
finite interval, and multi-dimensional finite interval.

Interpolations and
Approximations

Explanation of algorithms, method of using, and usage example
of function related to interpolations, surface interpolations, least
squares approximations, least squares surface approximations,
and Chebyshev’s approximations.

Spline Functions

Explanation of algorithms, method of using, and usage example
of function related to interpolation, smoothing, numerical deriva-
tives, and numerical integrals using cubic splines, bicubic splines
and B-splines.




Basic Functions Volume 5

Chapter

Title

Contents

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Special Functions

Explanation of algorithms, method of using, and usage example
of function related to Bessel functions, modified Bessel functions,
spherical Bessel functions, functions related to Bessel functions,
Gamma functions, functions related to Gamma functions, elliptic
functions, indefinite integrals of elementary functions, associated
Legendre functions, orthogonal polynomials, and other special
functions.

Sorting and Ranking

Explanation and usage examples of function related to sorting
and ranking.

Roots of Equations

Explanation of algorithms, method of using, and usage exam-
ple of function related to roots of algebraic equations, nonlinear
equations, and simultaneous nonlinear equations.

Extremal Problems
and Optimization

Explanation of algorithms, method of using, and usage example
of function related to minimization of functions with no con-
straints, minimization of the sum of the squares of functions
with no constraints, minimization of one-variable functions with
constraints, minimization of multi-variable functions with con-
straints, and shortest path problem.

Basic Functions Volume 6

Chapter

Title

Contents

1

Introduction

Explanation of the organization of this manual, how to view each
item, and usage limitations.

Random Number Tests

Explanation and usage examples of function related to uniform
random number tests, and distribution random number tests.

Probability
Distributions

Explanation and usage examples of function related to continu-
ous distributions and discrete distributions.

Basic Statistics

Explanation and usage examples of function related to basic
statistics, variance-covariance and correlation.

Tests and Estimates

Explanation and usage examples of function related to interval
estimates and tests.

Analysis of Variance
and
Design of Experiments

Explanation and usage examples of function related to one-way
layout, two-way layout, multiple-way layout, randomized block
design, Greco-Latin square method, cumulative Method.

Nonparametric Tests

Explanation and usage examples of function related to tests using
x? distribution and tests using other distributions.

Multivariate Analysis

Explanation and usage examples of function related to principal
component analysis, factor analysis, canonical correlation analy-
sis, discriminant analysis, cluster analysis.

Time Series Analysis

Explanation and usage examples of function related to auto-
correlation, cross correlation, autocovariance, cross covariance,
smoothing and demand forecasting.

10

Regression analysis

Explanation and usage examples of function related to linear
Regression and nonlinear Regression.




Shared Memory Parallel Functions

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Basic Matrix Algebra | Explanation of algorithms, method of using, and usage example
of function related to obtain the product of real matrices and
complex matrices.

3 Simultaneous Linear Explanation of algorithms, method of using, and usage example

Equations of function related to simultaneous linear equations correspond-
(Direct Method) ing to real matrices, complex matrices, real symmetric matrices,
and Hermitian matrices.

4 Simultaneous Linear Explanation of algorithms, method of using, and usage example
Equations of function related to simultaneous linear equations correspond-
(Iteration Method) ing to real positive definite symmetric sparse matrices, real sym-

metric sparse matrices and real asymmetric sparse matrices.

5 Eigenvalues and Explanation of algorithms, method of using, and usage example
Eigenvectors of function related to the eigenvalue problem for real symmetric

matrices and Hermitian matrices.

6 Fourier Transforms Explanation of algorithms, method of using, and usage exam-
and their applications | ple of function related to one-, two- and three-dimensional com-

plex Fourier transforms and real Fourier transforms, two- and
three-dimensional convolutions, correlations, and power spec-
trum analysis.

7 Sorting Explanation and usage examples of function related to sorting
and ranking.

Document Version 3.0.0-230301 for ASL, March 2023
Remarks

(1) This manual corresponds to ASL 1.1. All functions described in this manual are program products.

(2) Proper nouns such as product names are registered trademarks or trademarks of individual manufacturers.

(3) This library was developed by incorporating the latest numerical computational techniques. Therefore,
to keep up with the latest techniques, if a newly added or improved function includes the function of an
existing function may be removed.
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Chapter 1
INTRODUCTION

1.1 OVERVIEW

1.1.1 Introduction to The Advanced Scientific Library ASL C interface

Table 1—1 lists correspondences among product categories, functions of ASL and supported hardware platforms.
Interfaces of those functions that have the same name and that belong to the same version of ASL are common

among hardware platforms.

Table 1—1 Classification of functions included in ASL

Classification of Functions Volume

Basic functions Vol. 1-6

Shared memory parallel functions | Vol. 7

1.1.2 Distinctive Characteristics of ASL C interface
ASL C interface has the following distinctive characteristics.

(1) Functions are optimized using compiler optimization to take advantage of corresponding system hardware

features.

(2) Special-purpose functions for handling matrices are provided so that the optimum processing can be per-
formed according to the type of matrix (symmetric matrix, Hermitian matrix, or the like). Generally,
processing performance can be increased and the amount of required memory can be conserved by using

the special-purpose functions.

(3) Functions are modularized according to processing procedures to improve reliability of each component

function as well as the reliability and efficiency of the entire system.

(4) Error information is easy to access after a function has been used since error indicator numbers have been

systematically determined.



1.2 KINDS OF LIBRARIES

Numeric storage units of ASL C interface is 4-byte.

Table 1—2 Kinds of libraries providing ASL C interface

i iabl Declarati
Size of variable(byte) eclaration Kind Kind of library
of arguments
integer real
4 8 int 32bit integer Double-precision
double function
32bit integer library
(link option: -lasl_sequential)
4 4 int 32bit integer Single-precision
float function
8 8 lon 64bit integer Double-precision
double function
64bit integer library
(link option: -lasl_sequential i64)
8 4 long 64bit integer Single-precision
float function

(*1) Functions that appear in this documentation do not always support all of the four kinds of functions listed above.
For those functions that do not support some of those function kinds, relevant notes will appear in the corresponding

subsections.

(*¥2) For compiling the program with functions in the 64-bit integer library, the option “~DASL_LIB_INT64” must be
specified (See the Note (2) in 1.5).



1.3 ORGANIZATION

This section describes the organization of Chapters 2 and later.

1.3.1 Introduction

The first section of each chapter is a general introduction describing such information as the effective ways of

using the functions, techniques employed, algorithms on which the functions are based, and notes.

1.3.2 Organization of Function Description

The second section of each chapter sequentially describes the following topics for each function.
Function

Usage

Arguments and return value

Restrictions

Error indicator (Return Value)

Notes

7) Example

Each item is described according to the following principles.

1.3.3 Contents of Each Item

(1) Function
Function briefly describes the purpose of the ASL C interface function.

(2) Usage
Usage describes the function name and the order of its arguments. In general, arguments are arranged

as follows. When an argument is an address-passing variable, & is appended in front of the argument name.
ierr = function-name (input-arguments, input/output-arguments, output-arguments, isw, work);

isw is an input argument for specifying the processing procedure. ierr is a return value. In some cases,

input/output arguments precede input arguments. The following general principles also apply.

e Array are placed as far to the left as possible according to their importance.

e The dimension of an array immediately follows the array name. If multiple arrays have the same
dimension, the dimension is assigned as an argument of only the first array name. It is not assigned

as an argument of subsequent array names.

(3) Arguments and return value
Arguments and return value are explained in the order described above in paragraph (2). The explanation
format is as follows.
Arguments and return value Type Size Input/Output Contents

(2) (b) (o) (d) ()




Contents of Each Item

(a) Arguments and return value

Arguments and return value are explained in the order they are designated in the Usage paragraph.

(b) Type

I

D
R
Z
C

Type indicates the data type of the argument. Any of the following codes may appear as the type.
: Integer type

: Double precision real

: Real

: Double precision complex

: Complex

There are 64-bit integer and 32-bit integer for integer type arguments. In a 32-bit (64-bit) integer type

function, all the integer type arguments are 32-bit (64-bit) integer. In other words, kinds of libraries

determine the sizes of integer type arguments (Refer to 1.4). In the user program, a 32-bit/64-bit

integer type argument must be declared by int/ long, respectively.

(c) Size

Size indicates the required size of the specified argument. If the size is greater than 1, the required

area must be reserved in the program calling this function.

1

n

: Indicates that argument is a variable.

: Indicates that the argument is a vector (one-dimensional array) having n elements. The
argument n indicating the size of this vector is defined immediately after the specified vector.
However, if the size of a vector or array defined earlier, it is omitted following subsequently
defined vectors or arrays. The size may be specified by only a numeric value or in the form of a
product or sum such as 3 X n or n + m.

(d) Input/Output

Input/Output indicates whether the explanation of argument contents applies to input time or

output time.

i.

ii.

iii.

iv.

When only “Input” appears

When the control returns to the program using this function, information when the argument
is input is preserved. The user must assign input-time information unless specifically instructed
otherwise. When the argument is a variable, the variable value must be passed.
When only “Output” appears

Results calculated within the function are output to the argument. No data is entered at input
time. When the argument is a variable, the variable address must be passed.
When both “Input” and “Output” appear

Argument contents change between the time control passes to the function and the time con-
trol returns from the function. The user must assign input-time information unless specifically
instructed otherwise. When the argument is a variable, the variable address must be passed.
When “Work” appears

Work indicates that the argument is an area used when performing calculations within the
function. A work area having the specified size must be reserved in the program calling this
function. The contents of the work area may have to be maintained so they can be passed along
to the next calculation.

(e) Contents

Contents describes information held by the argument at input time or output time.



Contents of Each Item

e A sample Argument description follows.

Example
The statement of the function (ASL_dbgmlc, ASL_rbgmlc) that obtains the LU decomposition

and the condition number of a real matrix is as follows.

Double precision:
ierr = ASL_dbgmlc (a, lna, n, ipvt, &cond, wl);
Single precision:

ierr = ASL_rbgmlc (a, Ina, n, ipvt, &cond, wl);

The explanation of the arguments and return value is as follows.

Table 1-3 Sample Arguments and Return Value

D:Double precision real = Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
1 a Note | Inaxn Input | Real matrix A(two-dimensional array)
Dx Output | The matrix A decomposed into the matrix
Rx LU where U is a unit upper triangular matrix
and L is a lower triangular matrix.
2 Ina I 1 Input | Adjustable dimension size of array a
3 n I 1 Input | Order n of matrix A
4 ipvt I* n Output | Pivoting information
ipvt[i—1]: Number of the row exchanged with
row ¢ in the i-th step.
5 cond D 1 Output | Reciprocal of the condition number
R
6 wl Dx n Work | Work area
R
7 ierr I 1 Output | Error indicator (Return Value)

To use this function, arrays a, ipvt and w1 must first be allocated in the calling program so they can

double-precision

be used as arguments. a is a }NOte real array of size [lna X n] , ipvt is an integer

single-precision
double-precision

) o real array of size n.
single-precision

array of size n and wl is a {

When the 64-bit integer version is used, all integer-type arguments (Ina, n, ipvt and ierr) must be

declared by using long, not int.

Note The entries enclosed in brace { } mean that the array should be declared double precision type when using
function ASL_dbgmlc and real type when using function ASL_rbgmlc. Braces are used in this manner throughout

the remainder of the text unless specifically stated otherwise.



Contents of Each Item

Data must be stored in a, lna and n before this function is called. The LU decomposition and
condition number of the assigned matrix are calculated with in the function, and the results are stored

in array a and variable cond. In addition, pivoting information is stored in ipvt for use by subsequent

functions.

ierr is a return value used to notify the user of invalid input data or an error that may occur during

processing. If processing terminates normally, ierr is set to zero.

Since w1 is a work area used only within the function, its contents at input and output time have

no special meaning.

(4) Restrictions

Restrictions indicate limiting ranges for function arguments.

(5) Error indicator (Return Value)

Each function has been given an error indicator as a return value.
uniformly been given the variable name ierr, is placed at the end of the arguments. If an error is detected

within the function, a corresponding value is output to ierr. Error indicator values are divided into five

levels.
Table 1—-4 Classification of Return Values
Level | Return value Meaning Processing result
Normal 0 Processing is terminated normally. Results are guaranteed.
Warning 1000~2999 | Processing is terminated under cer- | Results are conditionally guaranteed.
tain conditions.
3000~3499 | Processing is aborted since an argu- | Results are not guaranteed.
ment violated its restrictions.
Fatal 3500~3999 | Obtained results did not satisfy a cer- | Obtained results are returned (the
tain condition. results are not guaranteed).
4000 or more| A fatal error was detected during | Results are not guaranteed.
processing.  Usually, processing is
aborted.
(6) Notes

Notes describes ambiguous items and points requiring special attention when using the function.

Here gives an example of how to use the function.

combined in a single example. The output results are given in the 32-bit integer version, and may differ

Example

Note that in some cases, multiple functions are

within the range of rounding error if the compiler or intrinsic functions are different.

In addition, when the 64-bit integer version library is used, the long-type conversion specification to be
given to printf or scanf must be %1d. The source codes of examples in this document are included in

User’s Guide. Input data, if required, is also included in it. To build up an executable files by compiling

these example source codes, they should be linked with this product library.

This error indicator, which has




1.4 FUNCTION NAMES

The functions name of ASL C interface basic functions consists of ten characters with a prefix “ASL.” and (six

alphanumeric characters).

Figure 1-1 Function Name Components

ASL_ | 1|2 |3 |4 |5 |6

Characteristic function of individual function

Indicates the numerical application

Indicates the calculation precision

“1” in Figure 1-1: The following eight letters are used to indicate the calculation precision.

d, w Double precision real-type calculation

r, v Single precision real-type calculation

z, j  Double precision complex-type calculation
c, i Single precision complex-type calculation

)

However, the complex type calculations listed above do not necessarily require complex arguments.

“2” in Figure 1-1: Currently, the following letters lettererererere are used to indicate the application field
in the ASL C interface related products.

Letter Application Field Volume

a Storage mode conversion 1
Basic matrix algebra 1,7

b Simultaneous linear equations (direct method) 2,7
Eigenvalues and eigenvectors 1,7
Fourier transforms and their applications 3,7
Time series analysis 6

g Spline function 4

h Numeric integration 4

i Special function 5

j Random number tests 6

k Ordinary differential equation (initial value problems) 4

1 Roots of equations 5

m Extremum problems and optimization 5

n Approximation and regression analysis 4,6

o Ordinary differential equations (boundary value problems), integral 4
equations and partial differential equations

p Interpolation

q Numerical differentials 4



Letter Application Field Volume

S Sorting and ranking 5,7
X Basic matrix algebra 1
Simultaneous linear equations (iterative method)
Probability distributions

Basic statics

Tests and estimates

Analysis of variance and design of experiments

Nonparametric tests

S O W N~
S OO OO O

Multivariate analysis

“3—6” in Figure 1—1 : These characters indicate the characteristic function of the individual function.



1.5 NOTES

(1)
(2)

(10)

To use ASL C interface, the header file asl.hmust be included.

For compiling the program with functions in ASL C interface 64-bit integer library, the compile option
“~DASL_LIB_INT64” must be specified. This option will activate the prototype declaration for 64-bit integer
functions in the header file asl.h, and without the option “-~DASL_LIB_INT64”, those for 32-bit integer
functions will be activated.

The name “(6 lowercase letters) following ASL_" is reserved by ASL C interface.

For using 64-bit integer library, you must use “long” for integer type declaration. Otherwise, use “int” for

integer type declaration.

Use the functions of double precision version whenever possible. They not only provide higher precision
solutions but also are more stable than single precision versions, in particular, for eigenvalue and eigenvector

problems.

To suppress compiler operation exceptions, ASL C interface functions are set to so that they conform to
the compiler parameter indications of a user’s main program. Therefore, the main program must suppress

any operation exceptions.

The numerical calculation programs generally deal with operations on finite numbers of digits, so the
precision of the results cannot exceed the number of operation digits being handled. For example, since
the number of operation digits (in the mantissa part) for double-precision operations is on the order of 15
decimal digits, when using these floating point modes to calculate a value that mathematically becomes 1,
an error on the order of 1071 may be introduced at any time. Of course, if multiple length arithmetic is
emulated such as when performing operations on an arbitrary number of digits, this kind of error can be
controlled. However, in this case, when constants such as 7 or function approximation constants, which are
fixed in double-precision operations, for example, are also to be subject to calculations that depend on the
length of the multiple length arithmetic operations, the calculation efficiency will be worse than for normal

operations.

A solution cannot be obtained for a problem for which no solution exists mathematically. For example,
a solution of simultaneous linear equations having a singular (or nearly singular) matrix for its coefficient
matrix theoretically cannot be obtained with good precision mathematically. Numerical calculations cannot
strictly distinguish between mathematically singular and nearly singular matrices. Of course, it is always
possible to consider a matrix to be singular if the calculation value for the condition number is greater than

or equal to an established criterion value.

Generally, if data is assigned that causes a floating point exception during calculations (such as a floating
point overflow), a normal calculation result cannot be expected. However, a floating point underflow that

occurs when adding residuals in an iterative calculation is an exception to this.

For problems that are handled using numerical calculations (specifically, problems that use iterative tech-
niques as the calculation method), there are cases in which a solution cannot be obtained with good precision

and cases in which no solution can be obtained at all, by a special-purpose function.

Depending on the problem being dealt with, there may be cases when there are multiple solutions, and the

execution result differs in appearance according to the compiler used or the computer or OS under which



the program is executed. For example, when an eigenvalue problem is solved, the eigenvectors that are

obtained may differ in appearance in this way.

(12) The mark “DEPRECATED” denotes that the subroutine will be removed in the future. Use ASL Unified

Interface, the higher performance alternative practice instead.

10



Chapter 2
SPECIAL FUNCTIONS

2.1 INTRODUCTION

This chapter describes functions which obtain values of special functions. The following methods are available to

calculate special functions.
e Taylor expansion and asymptotic expansion
e Approximation formulae
e Continued fraction
e Recursion relations

In the functions given here, the range of a variable is divided into intervals, and in each interval a special function

is calculated with the method considered to be the best for the interval.

11



Notes

2.1.1 Notes

(1) The Bessel function of the 2nd kind N, (z) and the spherical Bessel function of the 2nd kind n, (z) are same

as Y, (z) and y,(z) given here, respectively.

(2) The computation time of various Bessel functions of real number and integer orders becomes longer as the
argument z and the order v increase. Therefore it is desirable to set |v| < 1000.0 and |z| < 1000.0

(3) To calculate values of the Bessel, modified Bessel, spherical Bessel or modified spherical Bessel functions of
the 1st kind successively changing the order by one, first obtain the values for the highest two successive
orders with a function given here, and then calculate values for lower orders with recursion relations in the
direction of decreasing order.

(4) J_p(z),I_,(x),Y_,(z),i—n(x) and Y_,(z) are calculated with recursion relations. See the notes for each
function for the recursion relations.

(5) The Bessel and modified Bessel functions of half integer order can efficiently be calculated from the spherical

Bessel function using the following relations.

Jn+ (*T)

]n(l'), Yn—i—

1
2

2[R

Ty @) = T iale), Koy(@) =

12



Algorithms Used

2.1.2 Algorithms Used
2.1.2.1 Bessel Functions
(1) Bessel functions of the 1st kind (orders 0 and 1) Jo(z) and Jy(z)

@® z<0.0:
From Jy(x) = Jo(—=z) and Jy(z) = —J1(—x), following methods are applied to Jo(—x) and J;(—=x).
® 0.0<z<4.0:

The functions are calculated from the best approximation equations obtained from the following equa-

tions:
2 (—1)F a2
KONDY (k)2 (5)
k=0
LS (DE gy
Nilw) = kz::()k!(kJrl)! (5)

® 4.0<z<8.0:

The functions are calculated from the best approximation equations obtained from the following equa-

tions:
n) = YO0 gy
k=0
o 5(k)
new = Y06 ey

The method of generating the best approximation is described in Section 2.1.2.22, “Coefficient Calcu-
lation Method".

(Jék) (6) and Jl(k) (6) are k-th derivatives evaluated at « = 6.0.)
@ x> 8.0

The functions are calculated from the following equations of asymptotic expansion:
_ Pcos(¢) — @Qsin(e)
= 7 .

Jo(z) or Jy(z)

Here,

for calculating Jo(z)

m 2n
w (8
> (2)

e
S 8
n:On x
™
¢ = 95—1

for calculating J; (z)

m 82n
> (%)

_ n=0
Q - m’ ] 2n
d@ (2
n=0 ! x
¢ = x— %ﬂ'

13



Algorithms Used

See reference (2) for the coefficients a% ),a%) b(l) b(2) ( ) 0%2), d5}> and dgf).

(2) Bessel functions of the 2nd kind (orders 0 and 1) Yy(x) and Y7 (x) (x > 0.0)

@ 0.0 <z <4.0:
The functions are calculated from the best approximation equations obtained from the following equa-

tions:
k 2% F
Yo(z) = %[ (){log( )"‘7} Z{(kll))z ( ) Z%H
. e - k1
Yi(a) = %[ (@) {loa(; )+v}—5—%2{k,k+1) ) (Z—+Z )H

The Euler’s constant ~ is 0.5772 - - -
@ 4.0 <z <8.0:

The functions are calculated from the best approximation equations obtained from the following equa-

tions:
o (k)
v = 3 0 On e
k=0
00 (k)
v = > O e

The method of generating the best approximation is described in Section 2.1.2.22, “Coefficient Calcu-
lation Method”.

The k-th derivative of Y5(6) and Y7(6) are obtained from recurrence relations derived from
k
Zife) = Zea@) - S Z()
k k+1
29w = =2 @)

where Zj(z) is the Bessel function to be calculated.

® x> 8.0:
The functions are calculated from the following equations of asymptotic expansion:
P sin(¢) + () cos

N3
Here P, @ and ¢ are the same as for Jo(z) and Ji(x). The coefficients a% ), a% ), b(l) and b( ) are given
in reference (2).

(3) Bessel function of the 1st kind (integer order) J,(z)
Jn(x) is expressed as in Table 2—1 using J},,(|z|) depending on the sign of x and n. Jj,|(|z|) is calculated

Table 2—1 Expressions Equivalent to J,(x) for Different Signs of 2 and n

— n <0 n>0
x < 0.0 Jjn(|2]) (=1)" T (|])
x> 0.0 | (=1)"J),(|]) Jini(|2])

as follows (for simple notation, n and x are used instead of |n| and |z|, respectively.):

@® n=0or1: Jy(z) or Ji(z) is used.
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0.0 <22 < d'Ouble pre'ci.sion 0.1n+04
single precision 19n+7.6

The function is calculated from the power series expansion of the following equation:

A7 9 1)k (z)2k
()= (3) ;%
(b) If
2> { double precision :0.1n+ 0.4 }
~ | single precision 1.9n+ 7.6
or

"> { double precision :170 }
~ | single precision 1 34
i. For z < n:
Setting Ty4k+1 = 0.0, the parameters T; (i =n,n+1,---,n+k —1,n+ k) in the continued
fraction approximation are calculated using the recurrence relations below:

(E2

T=—2 i=n+1,-nthk—1n+k
T, (i=n+ n+ n+k)
x
Ty=—
2n—Tn+1

(T}, has a value ]Zi(f(i) )

Here, the value k is choose as in Table 2—2. It is defined that B,, = T,,, B,_1 = 1.0. Then
Table 2—2 Value of k

single precision double precision
b — L(3.0+1.5\/ﬁ)m Y 15) | k= L(3.0+2.8\/ﬁ)m 152

B is calculated from the following recurrence relation:

2
Bi_lz—zBi—BH_l (izn—l,n—2,---,2)
x

(Here B; has a value Jn]i(lz()m))

Since the precision of computation becomes low when Jy(z) =~ 0 or Ji(z) ~ 0, K is set as

follows:

K =|1.27324x + 3] (mod 4)
If K=0or3,

B- %732, T = Jo(x)
K =1or2,

B=By, J=Ji(z)

Using the values of T},, B and J, J,(z) is calculated from

T,J
Tnlo) ="

ii. For x > n:

Jn(x) is calculated from the following recurrence relation starting with Ji(z) and Jo(z):
2k
Tr1(2) = —Ji(@) = Joa(2) (k=1,2,---,n 1)

(4) Bessel function of the 2nd kind (integer order) Y, (z) (z > 0.0)

15
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@® n<O:
From Y, (z) = (—1)" - Y_,,(z), following methods are applied to Y_,,(x).
@ n=0orl:
Yo(x) or Yi(x) is used.
® n>2:
Y, (x) is calculated from the following recurrence relation starting with Y;(z) and Yp(x):

Yiti(x) = %Yk(x) —Yio1(x) (k=1,2,---,n—1)

(5) Bessel function of the 1st kind (real number order) J, ()

@ If v is an integer, the function for the Bessel function of the 1st kind (integer order) is used with n = v.
@ If n is a nonintegral real number (z > 0.0 and n > 0.0):
(a) If

9 double precision :0.1v 4+ 04
0.0<z” < . .
single precision 1.9v 4 7.6

and

double precision :170.0
{ single precision 1 34.0 }
The function is calculated from the power series expansion of
Jo(z) = (f)”zg: (=D*(5)* '
2/ = ET(v+k+1)
(b) If

% >

double precision :0.1v+04
{ single precision 1.9v 476 }
i. For
Double precision : 30.0
{ Single precision : 15.0 }
and
x> 0.5507 :

The function is calculated from the equation of asymptotic expansion of

Ju(z) = /== (P cos(6) — @sin(9))

where
- = (402 — 12)(4v% — 32) - (4v% — (4k — 1)?)
P Pl (21 (B)2
& (4% —12)(40? — 32) - (402 — (4k + 1)?)
Q - kZ:O(_l)k (2k+ 1)!(8$)2k+1
v 1
¢ = z— (5 + Z)W

(m and m' are the numbers which give the last terms such that the term does not affect the
result of calculation when included.)

ii. For = other than the above:
The function is calculated from the (backward) recursion relation given below.

Assume that § is the decimal part of v, v is the integer part of v, M is a sufficiently large

16



Algorithms Used

number, and « is the positive minimum number (namely the smallest positive constant in the
floating point mode).
The recurrence relation to be used is
200+ k)
Fsyp-1(z) = TF5+I€(:E) = Fsppa(z) (k=M,M—1,---,1)
with Fsiprp1(2) = 0 and Fsya(x) = a as initial values. Then J,(z) is obtained from the

following equation.
x
Fin(a)(5)°
L

Z (6 +2m)T'(6 + m)

m!

Ju(x)

Fsiom (517 )
n=0
The value of M is calculated from z and v using an approximation equation.

(6) Bessel function of the 2nd kind (real number order) Y, (z) (z > 0.0)

@ If v is an integer, the function for the Bessel function of the 2nd kind (integer order) is used with n = v.
(@ If v is a nonintegral real number (v > 0.0): v is divided into the integer part n and the decimal part 4.

(a) If 0.0 < z < 4.0:
The function is calculated with the method of Yoshida and Ninomiya where the power series
expansions of J,(x) and J_,(z) are inserted in
Y, () = Ju(x) cos.(wr) —J_,(x)
sin(v)
terms are grouped, and the parts which give figures at lower places are calculated with the best

approximation. The procedures are shown below.
i. 0.0<rv<0.5:

The function is calculated from the following equation

& 2\ AW + Buv)
Yl,(x)szzo ( Z) sin(vm)

Here Ay (v) is calculated from the recursion relation

1 1 cos(vm) N
{F(k R Y } A1)

. k!
Awlv) = (k+v)(k—v)
with
_ M
Ao(v) = (v —10) Y PP (v = 0.221521 - )
k=0

as the initial value. By(v) is calculated from

- B 0] ¢2 cos(v)
Bilv) = H{F(kﬁLiu) * r<2+1+y>}

with

o1 = G~ 71» P2 = 1= G

14 14

for

(—)V < 0.5 or (g)y > 2.0

61 = —f(—vlog(5))log(3), d2 = —f(vlog(3))log(5)
for

0.5 < (g)” <20

et —1
where f(¢) is calculated from the best approximation equation of

17
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ii. 0.5<r<1.5
A. §<0.5:
It is set that § = § + 1 and n = n — 1, and the function is calculated in the range 0.5 < §1.5.

B. 0.5 < 41.5:
It is set that &« = § — 1. The function is calculated from

21+« a x? bl -
el (1 — ) Jrkz_o{i (Z) (Ci(a) +Dk(a))}

sin(a)

i) = -

where C () and Dy () are calculated using best approximation equations as is done for
0.0<v<0.5.
Furthermore the function is calculated from
00 k+1
29{4(a+ 1) + 22} x2 . .
- S E I3
e 24 () B+ A

Yo <$) - k:(s)in(om)

where Ej, (o) and Fk(a) are calculated using best approximation equations as is done for
0.0<v<0.5.
iii. v > 1.5:
Y, (z) is calculated from the following recurrence relation using Ys(x) and Y541 (x) obtained in
ii.

2(k + o)

Yior1(z) = Yits(2) = Yigsa(z) (k=1,2,---,n—1)

Double precision : 30.0
Single precision : 15.0
i 0.0<v <2.0:

If § or 1 — ¢ is smaller than v/unit for determining error/4

w)H4o<xg{

The Bessel function of integer order (n or n + 1) is taken as an approximation.
First Js(x) and Js41(z) are obtained from (backward) recurrence relations. Similarly Ji(x)

and Jy11(x) are obtained by setting t = 1 — §. Then J_s(z) is calculated from
2(1 -9
75 = 22V @)~ S (e
(See (5)J,(x).)

Finally Y5(z) and Ys41(x) are calculated from:
Js(x) cos(om) — J_5(x)

Yolx) = sin(dm)
Js41(x) cos(om) — 2J-5(@) _ Ji(x)
Yon(z) = sin(dm) .

ii. v > 2.0:
Y, (z) is calculated from the following recurrence relation using Ys(x) and Y541 (x) obtained in
i

2(k + o)

Yior1(z) = Yits(2) = Yigsa(z) (k=1,2,---,n—1)

(c) It Double precision : 30.0
c
Single precision : 15.0

i. 2 <0.5502:

The function is calculated from the equation of asymptotic expansion of the following relation:

Vi) = | 2 (Pain(6) + Queos(o)

18
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where P, @ and ¢ are obtained as J,(x) in (5).
ii. > 0.550%
It is set that m = [\/5%s] — 1. Ymys(z) and Yy, 4541(x) are obtained from the equation of

asymptotic expansion given above. The Y, (z) is calculated from the recurrence relation

2(m+0+k)

Yintorkr1(z) = fym+5+k($)—ym+5+k—l($)

(k=1,2,---,n—m—1)

(7) Bessel function of the 1st kind with complex variable (integer order) .J,,(z)

The function is calculated from the following equation.
Ju(2) = (—)" (%) (i = V)
(8) Bessel function of the 2nd kind with complex variable (integer order) Y,,(z) (|z| > 0.0)
® n<O:

From Y,,(z) = (=1)"Y_,(z), following methods are applied to Y_,,(2).

@ n>0:
If the imaginary part of z is negative, Y, (z) = Y, (2) is used.

The function is calculated from

Yol2) = i1, (—i2) — 2(=i)" Kou(=i2) (i = V=)

T
2.1.2.2 Modified Bessel Functions

(1) Modified Bessel functions of the 1st kind (orders 0 and 1) Io(z) and I (z)
x < 0.0:
From Iy(x) = Iy(—x), I (z) = —I;(—z), following methods are applied to Io(—x) and I (—z).
e Single precision

® 0.0 <z <3.75:

The functions are calculated from the best approximation equations obtained from the following equa-
e = Y

2 (k1)? (9%

ad 1 2 2k+1
hi(@) = kzzok!(kﬂ)! (5)

®@ x> 3.75:
The functions are calculated from the following approximations:

i 3.75\"

ZGS) (7)
IO('I) = = e,zﬁ

28:“53) (ﬂ)"
n=0 z
e~*\/r

The coefficients a%l) and ag) are given in reference (1).

tions:

Il(x) =
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e Double precision

® 0.0 <z <8.0:
The functions are calculated from the following best approximation equations obtained from the fol-
lowing equations:

Iy(z) =

[[]e
z|-
[\v]
/
N8
N————
[~}
=

k0<

hiw) = Zk'k—i—l ()Ml

® 8.0 <z < 24.0:

The functions are calculated from the following approximations:

28
S
n=0

T - n=0
o(@) e~*\/r
28
> ot
T — n=0
1(@) e~*\/r
® x> 24.0:
The functions are calculated from the best approximation equations obtained from the following equa-
tions:
12.1%2.32... (2k — 1)?
be) = <=3 (k )
r = k!(8x)
> ((2k —1)2 — 4)
I =
@ = R

(3) (4)

The coefficients a;,’ and a,,’ are obtained with the telescoping calculation method given in reference

(7). The method of generating the best approximation is described in Section 2.1.2.22.

(2) Modified Bessel functions of the 2nd kind (order 0 and 1) Ky(x) and K;(x) (z > 0.0)
e Single precision

® 0.0<xz<20:

The functions are calculated from the best approximation equations obtained from the following equa-

tions:
1 a2 P as
Ko(z) = w;(w@ (- b tog (3 ){kZ_O (9
2 2 k kAl
R Gl NG
Ki(z) = .

+log (3 )Zk'k+1 (3 >2k+1
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®@ z>2.0:

The functions are calculated from the following approximations:
e " 6 2\"
)7¢ - oz
O(w ) \/E n;o an, T

The coefficient aE}’ and agf) are given in reference (1).

e Double precision

@ 0.0 <z < 2.0:

The functions are calculated from the best approximation equations obtained from the following equa-
tions:
9] k

Ko(z) = _7+; (k1!)2 (g)% {(Z )=} —log ;) {i (k:l!)2 (g)%}

m=1 k=0

/N

Sl=

ol 1 2 2k42 ko 1y
1+;k!(k+1)! (5) (27*2_:15 Z_:IE)
Kl(l') — =0 - m= m=
T\ 1 x\ 2k+1
105 (5) 2 e (3)

0
1
H — =0
e, =0
The Euler’s constant ~ is 0.5772 - - -.
® 20<z<5.0

The functions are calculated from the best approximation equations:

o (k)

Ko(r) = 3 KOT(!?’@(;E 3.5
k=0
o (k)

K@) = Y 1{17(!:)"5)@ 3.5k
k=0

(Kék)(3.5) and ka) (3.5) are the differential values of k-th grades for z = 3.5.)
The coefficients Kék) (3.5) and Kék) (3.5) are calculated from the following method.

to = 1,t1 :O,tgzO,uon,ul =1
Vo :0,’1}1 :O,UIQ:O,wl :O,U}Q =-1

i1 =3,2=35
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t;-:vjfuj (j=0,---,i—2)

t._,=0,t,=0

uy = wo — to

up =wj —tj—uj1 (j=1,---,i—1)
tp=1,(j=0,--,i),uj =u; (j=0,---,i—1)

Repetition i—2 i1

E§ (@) =Y tja T Ko(z) + Y uja I Ky (x)
j=0 j=0

Vi1 = —jt;(j = 1,0 —2)

w1 = —ju;(j =1,i—1)

| i=i+1

KE{(@) = —K{ (@), Kl () = Ko(z) +

® 5.0 <z < 24.0:

_x 18
€ E -n
KO (LL') = ﬁ aS’) €z
n=0

18
6—113
Ki(z) = —& Z allze"
\/E n=0
The coefficients aﬁf’) and an‘) are obtained with the telescoping calculation method given in reference

(7).

@ x> 24.0:
The functions are calculated from the best approximation equations obtained from the following equa-
tions:
[ > 12.12.32...(2k — 1)?
() 92° kZ:O( ) k!(8x)k
T 3 (=5)- (4 — (2k—1)?)
K = —e {1
1(@) 2 {1+ ; k!(8z)k }

The method of generating the best approximation is described in Section 2.1.2.22.

(3) Modified Bessel function of the 1st kind (integer order) I,,(x)

I, (x) is expressed as in Table 2—3 using I}, (|z|) depending on the signs of = and n. I}, |(|z|) is calculated

Table 2—3 Expression Equivalent to I,,(x) for Different Signs of x and n

n <0 n>0
x < 0.0 | (=1)"L () | (=1)" Iy (|])
z>0.0 I (|2]) L) ()

as follows (for simple notation, n and x are used instead of |n| and |z|, respectively.):

®On=0orl:
Iy(z) or I (z) is used.

@ n>2:
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(a) 0.0< 2% <

double precision :0.1n 4+ 0.4 dn < double precision :170
nd n
single precision 1.9n+ 7.6 single precision 0 34

The function is calculated from the power expansion of

L — (DY 5
"@)_(5) kzzok!(mk)!

double precision :0.1n+0.4 double precision :170
and n < :
single precision 190+ 7.6

(b) 0.0 < 2% < . .
single precision 1 34
1. x <n:
Setting Th,4+x+1 = 0.0, the parameters T; (i =n,n+1,---,n+k —1,n+ k) in the continued

fraction approximation are calculated using the recurrence relations below:
2

x
T— — Gi=n+l,-nthk—1n+k
T (i=n+ n+ n+k)
B x
n72n+Tn+1
I,
(T}, has a value of (z) ).
Infl(x)

Here, the value k is choose as in Table 2—4. Setting B,, = T}, and B, = 1.0, B; (i =
Table 2—4 Values of k

Single precision Double precision

b — I—(4.6+07.l5\/ﬁ)m 20| | k= |_(6.0+17.L2\/ﬁ)m 4 6.0]

1,2,---,n — 2) are calculated using the following recurrence relation.
0
B;_1= —ZBi-i-BH_l (i: 2,---.n—2,n— 1)
x
I (2)
Bj has 1 .
(B; has a value T @) )
Using the obtained values of T,,, By and I (), I,(x) is calculated from
Tnfl (l’)
I,(x) = ————
(@) = 5
ii. z>n:

The function is calculated from the following recurrence relation starting with Gas41(z) = 0.0
and Gp(r) = a, where a is the positive minimum number (namely the smallest positive
constant in the floating point mode), and M is a number sufficiently larger than n:
2k
Gr-1(2) = —Gi(2) + Grpa(2) (k=M M —1,---,1)
Then

I() = — @

Z EmGm(2)

(4) Modified Bessel function of the 2nd kind (integer order) K, (z) (z > 0.0)

(co=1,em =2 (m > 1))

® n<O:

From K, (z) = K_,(z), following methods are applied to K_,(z).
@ n=0orl:

Ky(z) and K;(z) are used.
® n>2:

K, (z) is calculated from the following recurrence relation with K (z) and Ko(z) as initial values:

2k
Kiq1(x) = ;Kk(:v) + Kp—1(z) (k=1,2,---,n—1)
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(5) Modified Bessel function of the 1st kind (real number order) I, (x)

@ If v is an integer, the function for the modified Bessel function of the 1st kind (integer order) is used
with n = v.

@ If v is a nonintegral real number(z > 0.0 and v > 0.0):
double precision 0.1v+0.4 } { double precision 170.0 }
nd v <

(a) If 0.0 < 22 < . . . .
single precision 1.9v 4+ 7.6 single precision 34.0

The function is calculated from the following equation of power expansion:
(5

9
€T v
10 =(35) X i
@ =13 kz:%) KT+ k+1)
(b) If 42 > d.ouble prefzi.sion 0.1v4+04 or y > d.ouble pref:i.sion 170.0 :
single precision 1904 7.6 single precision 34.0
i Ifz> d.ouble pref:lismn 30.0 and x > 0.5502:
single precision 15.0
The function is calculated from the following equation of asymptotic expansion:
e’ & (402 —12)(4v% — 32) -+ (4% — (2k — 1)?)
I(@) = =3 (-1)* 82)F
2rx 1= k!(8z)

where m is the number for the last term such that the term does not affect the result of
calculation up to the previous term when included.

ii. If x is a real number other than above:
The function is calculated from the following (backward) recurrence relation with G5y pr41(z) =
0.0 and G4 () = a as initial value, where ¢ is the decimal part of v, n is the integer part of
v, M a sufficiently large number and a is the positive minimum number (namely the smallest
positive constant in the floating point mode).

2(0 +k
Gsqr—1(x) = gGHk(iZ?) +Gsyppr(z) (B=M,M—-1,---,1)
Then
1,2 sI'(204+1) , Gpis(x
IV(ZU):§(§)5 ( )e +5( )

r@g+1) M
Z Wgﬂgﬁk(@
k=0

The value of M is obtained from the value of x and v.
(6) Modified Bessel function of the 2nd kind (real number order) K, (z) (z > 0.0)

@ v<0.0:
From K, (z) = K_,(z), following methods are applied to K_,(x).

@ If v is an integer, the function for the Bessel function of the 2nd kind (integer order) is used with n = v.

® v is a nonintegral real number (v > 0.0):
When z is small, the functional is calculated with the method where the power series expansions of
I,(z) and I_,(x) are inserted in
Ko(o) = 20 = L@)
2 sin(vm)
Terms are grouped, and the parts which give figures at lower places are calculated with the best
approximation.

When z is large, a method which is an extension of the 7 — method for K, (x) extended for calculating
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K,(x). In this way K,(z) is calculated for 0.0 < v < 2.5. For v > 2.5, it is calculated from the

recurrence relation
2v
Kyi(z) = ?Ky(x) + Ky-1(z)
The following shows the procedures of the calculation.

(a) 0.0<v <0.5:

i © < —0.7502 + 0.0235v + 0.778

The function is calculated from
N2k -
SHU(5) ) + B}
K (z) = k=0

g sin(v)

Here Ay (v) (k

> 2) is calculated from the recurrence relation.
v 1 1 .
— A
. k!{F(k—u)+F(k+u)}+ e-1(v)

Ax(v) = (k+v)(k—v)

) ) ) M ) M
with Ag(v) and A;(v) as the initial value, where Ag(v) = uZp,(cl)uzk, Ai(v) = qu,(cl)uzk.

k=0 k=0

By (v) is calculated from

> 1 P P2

B ——

K= <F(k+1 ) Tt 1+u))
with
¢1—(§) 1 ¢o =1 (2) for(z) <0.50r(2) > 2.0
x x T
¢1 = f(-vlog(3)) ¢2=—f(vlog(3)) for0.5<(3)" <20

where f(t) is calculated from the best approximation equation of et — 1.

ii. > —0.7502 +0.02350 4 0.778:

The function is calculated from the 7 — method for

> (%)i{iobij(vz)j}

Ky(w) = ) 2o = = <1>\P

i=0
Here W, is obtained from
i—1
. 1 .
o = 1, \m:g{ﬁ_(m_z+§)2} (i >1)

/2 — ) Dry i
and, e; = ;%pmg ' and Dpn.m—i 18 the coefficients of shifted Legendre polynomial.

(b) 0.5 < v <2.5:
v is divided into the integer part n and the decimal part §. It is set that « = § — 1. When § < 0.5,
itissetthat =d+1landn=n—1,a=a+1.
i. K is calculated in the following method A. or B. :
Az < —0.67562 +1.9735 — 0.12:
K;(x) is calculated from

21+O¢ o0

zltel(1 — ) * —
K(;(.’,E) == T
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where Cy,(a) and Dy (a) are obtained using best approximate equations as is done for v < 0.5.

B. 2> —0.6756% + 1.9736 — 0.12:
Ks(x) is calculated with the 7 — method as is done for large x with v < 0.5.

ii. Ksy1 is calculated in the following method A. or B. :

Az <—-0277(6+ 1)+ 1.817(6 + 1) — 0.94:
Ks4+1(x) is calculated from
2%(4a + 5 ~
TT(1—a) Z{ P42 (By(a) + Fr(a)}
Ksi(z) =

% sin(ar)
where E’k(a) and Fk(a) are obtained using best approximation equations as is done for
v < 0.5.
B. > —0277(0+ 1)+ 1.817(6 + 1) — 0.94 :
Ks4+1(x) is calculated with the 7 — method method as is done for large = with v < 0.5.
(c) v>2.5:
K, (x) is calculated from the following recurrence relation using Ks(z) and Ksi1(z) obtained

above:

Kiysp1(r) = 2k+9)

Kits(2) + Kpgo-1(z) (F=1,2,---,n—1)
(7) Modified Bessel function of the 1st kind with complex variable I,,(z)

@® n<O:
From I,,(z) = I_,(2), following methods are applied to I_,(z).

® n>0:
(a) Re(z) <0
From I,,(z) = (—1)" - I,(—=z), following methods are applied to I,(—z).
(b) R(z) > 0 and:
Double precision : 0.1n + 0.4

Single precision : 1.9n + 7.6
The function is calculated from the power expansion

9 z
-G S
k=0
22 > { Double precision : 0.1n + 0.4 }
~ | Single precision :1.9n+ 7.6
A. TIf R(z) > 100.0 or |3(z)| > 100.0 and n < 15:
The function is calculated from the following equation of asymptotic expansion:
L(s) = R (4n? —12)(4n? — 3%)--- (4n? — (2n — 1)?)
" \/— pn 0 k!(8z2)F

i(—=1)"e m (4n? — 12)(4n? - 32)--- (4n% — (2n — 1)?)

2mz o k!(8z)F

(m and m/ are the numbers which give the last terms such that the term does not affect the

i |z]?

+

result of calculation up to the previous term when included.)

B. Otherwise:
The function is calculated from the following (backward) recurrence relation using Gpr41(2) =
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0.0 G (z) = a as initial values, where M is a sufficient large number, and a is the positive
minimum number (namely smallest positive constant in the floating point mode).
2k

Gr-1(2) = —Gi(2) + Grya(2) (=M, M —1,---,1)

Then ()
n(2)e?

L@)= 55—

> eu

The value of M is obtained from z and n using an approximate equation.

(co=1em=2(m>1))

(8) Modified Bessel function of the 2nd kind with complex variable (integer order) K, (z) (|z| > 0.0)
® R(z) < 0: From
K,(z) = (-1)"K,(—z) + mil,(—z) - (sign of I(—2))
following methods are applied to K, (—z2).
@ R(z) >0

(a) n<O0:
From K, (z) = K_,(z), following methods are applied to K_,(z).
(b) 0 <n < 2and:

Single precision : —2.25R(z) + 4.5
Ky(z) and K;(z) are calculated from following equations:

2%k )
7w

Double precision : —4.0%(z) + 8.0 }

Ko(z) = —{v+ log VHo(2) + Z
k=1
2~ L(2)Ko(2)
IQ(Z)
Where, ~ is Euler’s constant.
Double precision : —4.0%(z) + 8.0
Single precision : —2.25%(z) + 4.5
Ky(z) and K;(z) are calculated from the following equation with the 7 — method:

m

E Cka_m

1 —
R =l

Z dkzk—m

k=0
(¢) n > 2: The function is calculated from the following recurrence relation using Ko(z) and K; as

Ki(z) =

i [3(2)]

initial values: o
Kiy1(2) = —Ki(2) + Ki-1(2) (k=1,2,---,n = 1)
2.1.2.3 Spherical Bessel Functions
(1) Spherical Bessel function of the 1st kind (integer order) j,(z) (x > 0.0)

O n<0
The function is calculated from

Jn(x) = (=1)"y-n-1(2).
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®n>0

(a) 22 < 0.1n+ 0.47 and n < 35:

The function is calculated from the power series expansion of
2

: (=)
. _.n 2
in(z) =@ k; k(20 + 2k + 1)1

(b) 22 > 0.1n 4 0.47 or n > 35:

i.n=0orl:
For z =0, jo(0) = 1 and j1(0) = 0. Otherwise the functions are calculated from

sin(z) sin(z) — x cos(x)

]0(1') = P ) .71(=T) - $2
ii. n>2:

A z<n:
Setting Ty, x+1 = 0.0, the parameters T; (i =n,n+1,---,n+k—1,n+k) in the continued

fraction approximation are calculated using the recurrence relations below:
2

T
Th= ——— (i = 1,---, k—1, k
2i—Ti+1+1(Z n+ n -+ n+ k)
T

Ty=

27’L—Tn+1+1

(T, has a value j"(x) .

]n—l(w)

Here, the value k is choose as in Table 2—5. Setting B, = T,, and B,—1 = 1.0, B; (i =
Table 2—5 Value of k

Single precision Double precision
k= L(3.0+1.5\/ﬁ)z + 1-5J b — L(3.0+2.8\/ﬁ)z + 5-2J

1,2,---,n — 2) are calculated using the following recurrence relation.
2141

Bi, = Bi—Bip1 (i=2,--,n—2,n—1)
Since the precision of computation becomes low when jo(z) ~ 0 or ji(x) ~ 0, K is set as
follows:

K = [1.27324z] (mod 4)

When K =1 or 2,

3B o
3:71,32’ J = Jo(x)

When K =0 or 3,
B = 317 ]:]1(1;)

Using the obtained values of T,,, B and j, j,(z) is calculated from

) Thj
Jn(w) = —d

B
B.z>n:
Jn(z) is calculated from the following recurrence relation using ji(x) and jo(z) as initial

values:
. 2k +1 . .
]k+1($) = T ]k(x)_]k_1<fﬂ) (k:17277n_1)

(2) Spherical Bessel function of the 2nd kind (integer order) y,(z) (x > 0.0)
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@® n<O:

The function is calculated from y,(z) = (=1)"T1j_,_1 ().
@ n>0:

(a) x <041:

The function is calculated from the power expansion of
() = _2n— D! (%)
Ui = Tt KL —2n)(3 —2n) - (2k— 1 - 2n)
(b) > 0.41:

i.n=0or1:

The function is calculated from
cos(x) cos(z) + x sin(x)

Yo(z) = — . ; yi(w) = —

. n>2:

x2

yn(x) is calculated from the following recurrence relation using y; (x) and yo () as initial values.
+1
yk<$) - yk_1<$) (k = 1’27 oo — 1)

(3) Modified spherical Bessel function of the 1st kind (integer order) i, (z) (n > 0,2 > 0.0)

Yrt1(w) =

@ 2?2 < 0.1n+ 0.47 and n < 30:

The function is calculated from the power expansion of

z2\k
(%)
£ K20+ 2k + 1)

in(x) =

@ 22> 0.1n+0.47 or n > 30

(a) n=0or 1
The function is calculated from

io(x) = sinh(z)
R
, xzcosh(x) —sinh(z) e"(x—1)+e *(z+1)
in(z) = 2 - 212

(b) n>2:

1. x <n:

Setting Th,4+x+1 = 0.0, the parameters T; (i =n,n+1,---,n+k —1,n+ k) in the continued
fraction approximation are calculated using the recurrence relations below:

72

2Z+T1+1 + 1
T

2TL + Tn+1 + ].

Z'n,1 (I) '
Here, the value k is choose as in Table 2—6. Setting B, = T,, and B,—1 = 1.0, By (k =

5 = (i=n+1,---,n+k—1n+k)

n =

(T}, has a value

Table 2—6 Value of k

Single precision Double precision
L — L(4.6+0.5\/ﬁ)m 1 20] | k= |_(6.0+1.2\/ﬁ)m 4 6.0]

1,2,---,n — 2) are calculated using the following recurrence relation.
2k +1

Br_1 = By + By41 (k—2 7’L—2,7’L—1)
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(Here Bj has a value

in—l (.T) ’
Using the obtained values of T},, By and i1(x), in(x) is calculated from
Ty
%@g:_%%ﬁ

i,z <n:
The function is calculated from the following recurrence relation using Gar4+1(z) = 0.0 and
G (x) = a as initial values, where a is the positive minimum number (namely the smallest

positive constant in the floating point mode), and M is a number sufficiently larger than n.

2k +1
Gr-1(z) = Gr(z) + Gep1(z) (k=M,M —1,---,1)
Then
) G (x)e®
io(a) = — G0
2> (m+0.5)G ()
m=0

(4) Modified spherical Bessel function of the 2nd kind (integer order) ky,(z) (x > 0.0)

® n<O:

From k,(z) = k_,(x), following methods are applied to k_,(z).
@ n>0:

(a) n=0or 1:

The function is calculated from
me " me " 1
= —— =——(1 _
k@) =1 @ =T
(b) n>2:

kn(z) is calculated from the following recurrence relation using k1 (z) and ko(z) as initial values:

214+ 1
ki—i—l(x) = s kz(,’E) +ki_1($) (Z =1,2,---,n— 1)

2.1.2.4 Functions Related To Bessel Functions

(1) Hankel functions of the 1st and 2nd kinds (integer order) Hr(Ll)(z), Hflz)(z)

The function is calculated from

Hr(Ll)(Z) = Jn(z)—i—iYn(z)
HP(2) = Ju(2) —iY(2)

(2) Kelvin functions ber, (x), beiy (z)

@® n<0orx<0.0
First ber|,(|z|) or beij,|(|z[) is calculated as described in the case @ n > 0 and x > 0.0 then ber,(z)

or bei, () is calculated from the following expressions

(a) n<0orz<O0:
ber, (z) = (=1)" ber|,,|(|z|), bei,(z) = (=1)" beij,|(|x|)
(b) n<0and z <0:
ber, (z) = ber|,,|(|z]), bei,(x) = beij,(|z|)
@ n>0andz >0.0:

30



Algorithms Used

(a) z < befn(x) :5.65 + 0.25n :
bei, (x) : 6.92 4+ 0.25n
The function is calculated from the following approximation.

" cos{$(3n + 2k)T} [ay\nt2k
bera() = > e (3)

" sin{ 2 (3n + 2k)7} sa\nt2k
bei,, ~ 4 (—)

¢ln (@) ];0 Kn+ k)l \2
However, for n = 0, both ber(x) and bei(x) are calculated from the expressions shown above by
generating best approximations. The method of generating the both approximation is described
in Section 2.1.2.22.

(b) > Pouble pre.Cl'SIOIl 1 20.0 and > 0,502

Single precision : 10.0

The function is calculated from the asymptotic expansion expressions

ber,(z) =~ %{PCOS(\P) + Qsin(¥)}
: eE
bei, () =~ M{Psm(\ll) — Qcos(¥)}
where:

- - km\ (4n? —12)(4n? — 3%) ... (4n? — (2k — 1)?)
P = 1+;(—1)k cos (I) PR

B . (km\ (4n? —1%)(4n? — 3%) ... (4n® — (2k — 1)?)
@ = 200 (T) RI(82)F

T n 1

However, for n = 0, both P and @ are calculated by generating best approximation is described
in Section 2.1.2.22.
(m is a value such that the final term will not affect values calculated before it.)

(c) Cases other than those described in (a) and (b):
The function is calculated from the Bessel function of the 1st kind with complex variable (integer

order) J,(z) where:

berp(z) = 3‘%<Jn(

beiy(z) = S (Jn(—
(3) Kelvin function ker,(z), kei,(x) (x > 0.0)

® n<O:
First, ker|,|(z) or keij, () is described in case @) n > 0. Then ker,(z) or kei,(z) is calculated from

the following expressions.
ker, (z) = (—1)" ker),,| (), kei,(z) = (—1)" keij,)(z)
ker(x) : 5.77}

kei(x) : 6.56
The function is calculated by generating best approximations from

ker(z) = - log(g) ber(z) + %bei(x) + 7; {(E;”% (Z% - ’Y) (g)%}

s=1

@ n=0and z <
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kei(z) = log( ) bei(z) — — ber )+ Z { ST 1 (Z % - ’Y) (§)4n+2}

(v: Euler’s constant: 0.57721566 - - -).
The method of generating the best approximation is described in Section 2.1.2.22.

® n>0:

(a) x>

The function is calculated from the asymptotic expansions

ker,(xz) =~ \/ge””ﬁ{Pcos(\IJ)Qsin(\Il)}
kein () =~ \/gem{zosm(\p)@cos(m)}

Doubl ision : 20.0
'ou ¢ pre.cl.smn and x > 0.5n%:
Single precision : 10.0

where:
- u kr\ (4n? —12)(4n? — 32)--- (4n? — (2k — 1)?)
P = 1+ ;COS (T) FI(S2)F
L (km\ (4n? —1%)(4n? —32) - (4n? — (2k — 1)?)
@ = Y () s

k=1

T n 1
v = ﬁ + (5 - §> s
However, for n = 0, both P and @ are calculated by generating best approximation is described
in Section 2.1.2.22.
(m is a value such that the final term will not affect values calculated before it.)
(b) Case other than those described in (a):
The function is calculated from the modified Bessel function of the 2nd kind with complex variable
(integer order) K, (z) where A is the real part of K, (% 75 f) B is the imaginary part. If the
remainder of 7
i. 0:
ker, () = A, kei,(z) =B
ii. 1:
ker,(z) = B, kei,(z) = —A
iii. 2:
ker, () = —A, kei,(z) = —B
iv. 3:

ker,(x) = =B, kei,(z)=A
(4) Struve function Ho(x), H1(x), Ho(z) — Yo(2), H1(z) — Y1(2)

® x < 0.0:
From Ho(z) = — Ho(—z) and H;(z) = Hi(—2), following methods applied to Ho(—2z) or Hi(—z).
However, the difference with the Bessel function Ho(z) — Yo(z) or Hi(x) — Yi(x) gives fatal error.
® 0.0 <z < 8.0;

The function is calculated by generating best approximations from the following expressions

k2k+1

Ho(z) = _kz 2k+1”
2 ¢ F(2k + 1)a?
Hi(z) = E; 2k+1”)
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The method of generating the best approximation is described in Section 2.1.2.22.
Ho(z) — Yo(x) or Hi(x) — Y1 () is calculated by subtracting the Bessel function of the 2nd kind Yy (z)
or Y1 (x) from the value of Ho(z) or Hi(z) obtained in this way.

® x> 8.0:
The function is calculated by using the following approximation expressions

n 2n ..
1 1 Double precision : 28
) e = 3 (5) e { G }

0 x Single precision : 6
- 1\*" Double precision : 25

Hi(2) — Yi(2) = a<2><_) n—
(@) i) kZ:O Pz Single precision : 5

The coefficients a%l) and ag) are obtained by a telescoping calculation of the approximation expressions

as described in reference (7).
Ho(z) or Hi(x) is obtained by adding Yp(x) or Yi(z) to the value of the difference with the Bessel

function obtained in this way.

(5) Airy functions and their derived functions Ai(z), Bi(z), Ai’(z), Bi'(z)

Assume ¢ = §|:17|%

—3.8315472 (for Ai(x),Bi(x)) )
< { 5.2414828 (for Ai'(z), Bi'(z)) }

i) = g{;—gg(o AR,

Bitr) =\ 2 (/30— 13O~ 1 (0)

3 3¢
I b AGERALEPAG)
Bi(2) = —a{ords(Q)—Js(Q) + 2(O)}

V33CE

® —3.8315472 (for Ai(x),Bi(z)) e 3.8315472 (for Ai(x),Bi(x))
x :
—5.2414828 (for Ai'(z),Bi'(z)) | ~ 5.2414828 (for Ai'(x),Bi'(z))
3-3%
C: =
r(3)
3735
Cy =
I'(3)
B 1, 14, 1:4:7,
f(.’L') = 1+§.’L' +F 9! X
_ E 4 ﬁ 7,258 49
e T T TR

The domain is divided into the intervals < 0 and = > 0. The function is calculated by generating

best approximations from the following expressions
Ai(z) = Cif(z) — Cag(x)
Bi(z) = V3(Cif(2)+ Cag(x))

Ai'(z) is calculated by creating an expression by differentiating the approximation of Ai(z).
Bi'(z) is calculated by creating an expression by differentiating the approximation of Bi(z).

The method of generating the best approximation is described in Section 2.1.2.22.
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_ [ 3.8315472 (for Ai(2),Bi(x)) |
@ T2\ 59414828 (for AY(x), BI(x)) [

m1l 1 k
Ai(z) = e Cx7 ag) <—)

k=0 C

m2 @ 1 k 7
Bi(z) = etz Za (C) +\/;I%(§)

k=0

m3 3) 1 k
Ai'(z) = e CxiZakg (—)

k=0 C

k

1) (4)

The coefficients a,;,’ through a,’ are new coefficients obtained as described in reference (7).

2.1.2.5 Gamma Functions
(1) Gamma function I'(z) with real variable and logarithmic Gamma function log, (I'(x)) with real variable

@ x <0.0:

From
T

) = —zsin(rz)l(—x)

log,(I(z)) = log,m —log,((—x)sin(rz)) — log, (I'(~z))
following methods are applied to I'(—z) and log,(I'(—x)). where GAMMA and ALGAMA are the

FORTRAN intrinsic functions for the Gamma function and logarithmic Gamma function.

®@ = >0.0:
Use the FORTRAN intrinsic functions GAMMA and ALGAMA.

(2) Gamma function I'(z) with complex variable and logarithmic Gamma function log,(I'(z)) with complex
variable

@ S(z) =0.0:
The function is calculated using the logarithmic Gamma function with real variable.
®@ R(z) =0.0 and |S(z)] > 12.0:

The function is calculated from the following equation of asymptotic expansion:

R(log,(L'(2))) ~ %(loge(%)*ﬂd() log, (3(2)))

S(og, (T(:)) ~ () log.(3(:)) ~ 3(:) = 47~ 3 ot

n:l

)n 1‘B2
n)(3(z))* !

where, B,, is Bernoulli numbers.

® $(z) <0.0:
From
log,(I'(2)) = log, m —log,(—2)sin(rz) —log, (I'(=2))
following methods are applied to log, (I'(—z)).
® (=) > 0.0:

The function is calculated with the following procedure.
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(a) |R(2)| < 11.0: From
log (I'(2)) = log.(I'(n + 2)) —log.((n =1+ 2)(n =2+ 2) - (2))
following methods are applied to log,(I'(n + z)). Where, n = [12.0 — R(z)]

(b) |R(2)| > 11.0: The function is calculated from the following equation of asymptotic expansion:

1 1 = Ba,
1 r ~ — — =1 2
0g.(I(2)) ~ (2= 5)log.z— 2+ 7 log( w>+;(2n,1)@n)22n4

® The Gamma function with complex variable is returned as exp(log, (I'(2))).

(3) Incomplete Gamma function of the 1st kind (v, z), (v > 0.0,z > 0.0)

® x=0.0:
~y(v,z) = 0.0
@ x<v-—-05o0rzxz<3.5:
35
For v <

(Maximum value)

1
v,x) = —
r(v2) =~
For cases other than above,

eV log(x)fxp

m k

P:1+;(u+1)(u+2)---(u+k)

(m is a value such that the final term will not affect values calculated before it.)

(® For values of x other than above:

The function is calculated from
y(v,x) =T(v) = T'(v,x)
where I'(v, z) is the incomplete Gamma function of the 2nd kind.

(4) Incomplete Gamma function of the 2nd kind I'(v, ) (v > 0.0,z > 0.0)

@VS( 1.0

Maximum value)
— Ei(—2) is calculated by using the function for the exponential integral.

® x=0.0:
Let T'(v,z) = T'(v).

® v is an integer z > 0.0150%:

F(V,:E) = e(U—l)log(m)—m{l + i (V — 1)(y — 2k) .. (u . k)}

k=1

T

(m is a value such that the final term will not affect values calculated before it or such that m < v+2.)
@ z<v-0.5:
Let I'(v,z) = T'(v) — y(v, z).
® x> D'ouble pre'ci'sion :49.0 :
Single precision : 23.0
Perform the same procedure as described in (@) for v an integer and x > 0.0152.
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® v<1.0:

(a) x < 0.36v + 0.85:
The function is calculated from

M
Zpg)yk

ulog(m)_l M’ (_1)k k
k= € v x
Fla) = (= DA —— - -3
() k k=1
doav
k=0

(o Double precision : 21 )
’ Single precision : 12

(b) = < 1.5v+ 2.1:

The function is calculated from
N/

T(,z) =T(1+v)e* Y («FA G
(v2) =T +v)e kZ:o(x k) +a T(k+1+v)
(N D.ouble pre'ci'sion 123 )
Single precision : 14
where
Ao(v) = (L+v)(Ai(r) 1)
) M
A(v) =~ Zpg)”k
k=0
and
i) = e tAa) + o)
R A
6ulog(x) -1
dra) = -
(c) For cases other than the above:
The function is calculated from
i 1 ‘ o N — V‘ n‘
Dv,z)=e’los@—2. 14 ¢ + —
[z =] 1 e

where the following values are assumed for the continued fractions:
{ Double precision : |22 4 5] }
: ‘e |25
Single precision : | =55 + 2]
(@ For cases other than those described in (1) through (6):

(a) x <5.6:
Let a = v — |v] and p = e + 1.0, the function is calculated from
M//
T -T —zq k+1 6 k+1 ¢(a, x)
(M Pouble pre'ci'sion : 20 )
Single precision : 12

where

Co(a) = Ai(a)
and

~ 1 ~ 1
Ci(a) = {Ch-1(a) + }
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Form=v—pu

The function is calculated from

Algorithms Used

m—1
—1)( (=
T(v,z) = e(V—l)log(m)—m{1+Z v 2) (v k)}
k=1

+v—-1)r—-2)-(v—

k)L (p, )
o v <20:
I(v,z) =T (, x)
(b) For cases other than (a):
The function is calculated from
= ( 2) (v — k)
F(V,.”L') — (l/ 1) log(z)— w{1+ Z }
k=1
+(V*1)(V*2) v— m)e v—m) log(z)—x

v—m)|

1‘ n
+<I)
JIENE

2.1.2.6 Functions Related To The Gamma Function
(1) Digamma function ¥(x) (if 2 < 0.0 then z #integer)
O x < —2.0:
The function is calculated from

Za@) 1733
1

U(z) =log(l —x) —

7”% \>
1 ‘x

(m is the integer part of v.)

2(1 — )

® —20<xz<0.5:

The function is calculated from

2}
Zb;”u — )
k=0

1—:10

U(z)=(1 fcfx)

— 7 cot(mx)

® 0.5<z<3.0:

The function is calculated from

3 allh

U(z) = (2 — o) o ——
Zbg)%k
k=0

@ x> 3.0

37
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The function is calculated from

al 2) —2k
1 Z
U(z) =log(x) — — 1k —

2x
Z b}(€2)x—2k
k=0

The value of ¢ is assumed to be ¢ = 1.46163214496836234126 and the coefficients a,(cl), b,(:), al(f) and

b,(f) are described in reference (4).

(2) Beta function B(p,q) (p > 0.0,¢ > 0.0)
The beta function is defined with the following formula.

1
Blopa) = [ a7 H(1= )t e = Ba.p) (.0 > 0
0
The function is calculated as follows depending on the values of p and g¢:

@ p<12.0 and ¢ < 12.0:

The function is calculated using the Gamma function according to the following expression.

_T@T'(9)
B(p,q) = m
@ p<12.0 and ¢ > 12.0:

The function is calculated using the Gamma function and the Stirling formula as follows:

B(p,q) = I'(p)elt2)loa(@+2(a)=(pt+a=3) log(p+a)+p~2(p+a)

where ®(x) is obtained by generating the best approximation of
e (*1)”71Bn
(D(I) - Z 2n—1
— (2n)(2n - 1)z

(By: Bernoulli numbers).

The method of generating the best approximation is described in Section 2.1.2.22.

® p=>12.0 and ¢ < 12.0:
The function is calculated from B(p, q) = B(q,p) using the same formula as described for p < 12.0 and
q > 12.0.

@ p>12.0and g > 12.0:

The function is calculated from the Stirling formula as follows:

B(p,q) = e(P—3) log(p)+(a—3) log(a)— (p+a—3) log(p+q) +log(v2m) + & (p) +2(q) —2(p+q)

2.1.2.7 Elliptic Functions And Elliptic Integrals
(1) Complete elliptic integrals of the 1st and 2nd kinds K (m), E(m) (0.0 < m < 1.0)

® 0.0 <m <0.25:

The functions are calculated by generating the best approximations of

K(m) = _Z<2k—1u) i
s - 1{i-2 (%) )

k=1
The method of generating the best approximation is described in Section 2.1.2.22.
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@ 0.25 <m < 1.0:

The functions are calculated from
!

Km) = 3. {a;”a - m)k} “log(1 —m) zl: {b;”a - m)k}

k=0 k=0
l 1
2 2
E(m) = Z{a;m fm)k} ~log(1 —m) {b;>(1 fm)k}
k=0 k=0
® m=1.0:
The following values are assumed.
K(m) = 4o
E(m) = 1.0

The coeflicients a,(:), b,(:), al(f) and b,(f) are described in reference (2).

(2) Incomplete elliptic integrals of the 1st and 2nd kinds F'(z,m), E(z,m) (0.0 <z < 1.0,0.0 <m < 1.0)

@ z=0.0:
The function values are as follows:

F(0.0,m) = E(0.0,m) = 0.0

rz=1.0:
® The function values are calculated from the complete elliptic integrals as follows:
F(1.0,m) = K(m)
E(1.0,m) = E(m)
(® For cases other than those in ) and (2).
(a) m =0.0:
The following values are returned.
F(2,0.0) = sin"!(2)
E(2,0.0) = sin ()

(b) 0.0 <m < 1.0:
The following values are obtained from initial values

ay, + by
Ag+1 = 5
b1 = Vagb
ap — b
Ck+1 = k2 k(k:()?]-v)

with ag = 1.0, bg = /1 — m and ¢y = /m as initial values.
The convergence criterion is assumed to be
¢n < ay - (units for determining error).

The values ¢1, -+, ¢n are obtained by using Newton method to solve for ¢xr1(> dx)
b
tan(fps1 — or) — i tan(¢x) =0 (k =0,---, N — 1)

with ¢o = sin~*(z). Then the function is calculated from

F(z,m) = 21%,2[1\,
1 N
E(z,m) = (1 - 522’%%) F(z,m)+ ch sin(¢g).
k=0 k=1
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Another method is using F(x,m) = (1 + k1) F(x1,m1) with

1—+v1—m 9 9 2 T
ki = ————, mi=ki, m=k~, x1 = .
1+vV1—-m 14+vV1—ma2l+k
Setting
% B Kﬁ X B 2 X,
n+1 (1 N 1 _K?l)gv n+1 1 n /71 —K%X% 1 +Kn+17
we have

F(z,m)= 1+ K)(1+K2) (14 Kny1)F(Xpt1, K2,4),

and F (X1, K2,,) is almost equal to sin™! X,,; 1 since small n is enough to make K, very

small.
(c) m=1.0:
The following function values are assumed.
F(x,m) = artanh(x)
E(z,m) = =z

(3) Incomplete Modified Elliptic Integral and Incomplete Elliptic Integral of the Weierstrass Type
As defined already, F(r,m) denotes the first kind incomplete elliptic integral, E(r, m) denotes the second
kind incomplete elliptic integral, which are defined as

1 — ma?

\/1—:102 1—mgc2 1-a

(A) Incomplete Modified Elliptic Integral

For real numbers m > 0,a,b and p > 0, incomplete modified elliptic integral

a+ bt? dt
/0 L+ /T + )1 + mt?)
is obtained with the following method.
When m = 0, 1 namely incomplete modified elliptic integral can be degenerated and can be expressed with
elementary functions, this is obtained by using logarithmic function or opposite tangential function.
(a) If m is not near 1 and m > 1, then the problem is reduced to the case m < 1 (b) by applying integration

by substitution.
(b) If m is not near 1 and m < 1, then by setting p = r/+/1 — r2, it holds that

P a+ bt? dt b— —b
/ ot 3 = maF(r,l—m)—l—a—E(r,l—m)
o 1+t /A+e)1+mt2) 1-m L—m

(c) If m is near 1, then by setting p = tan,0 < o < /2,

/ a + bt? dt / + (b —a)sin®u
5 du
o 1+ /A+2)(1+mt) Ji-(1-m

)sin” u
is applied since the value I, () = foa sin?" udu is obtained from the recurrence formula
(2n 4+ 2) 41 () = (2n 4+ 1)1, (a) — sin® M acosa, n >0

and since the integrated function is expanded by using the formula
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(B) Incomplete Elliptic Integral of the Weierstrass Type
When incomplete elliptic integral can be degenerated and can be expressed with elementary functions, this

can be obtained using logarithmic function or opposite tangential function. In the other cases, set

(z—2)p z—x z—y
VI =\ 2 = m =
14 2zp z z—x

for real parameters which satisfy z > y > x > 0 to obtain

1ot dt 1
2 0 \/(f+$)(t+y)(t+z) - \/Z—x(F<U2’m)_F(U1’m))

(4) Elliptic function of Jacobi sn(u, m),cn(u, m),dn(u, m) (0.0 < m < 1.0)
® uw=0.0:
sn(0.0,m) = 0.0,cn(0.0,m) = dn(0.0,m) = 1.0

® m=1.0:

sn(u,1.0) = tanh(u)

en(u,1.0) = dn(u,1.0) = sech(u)
® m=0.0

sn(u,0.0) = sin(w)

en(u,0.0) = cos(u)

dn(u,0.0) = 1.0

(@ For cases other than those in (1), 2 and (3):
The following values are obtained

ay + by
k+1 = 2
biyi = Vagbs
ar — b
Chi1 = %(k:O,l,---)

with ag = 1.0 and by = /1 — m as initial values.
The convergence criterion is assumed to be

en < an—1 - (units for determining error).

The following values are obtained

T
K = —
(m) San
an
YN =
sin(anu)
aNCN
YNn-1 = Yn+
YN
ajcq
Yo = Y+ —
Y1
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and the functions are calculated from

1
sn(u,m) = —
(u,m) "
= lu
—)2  (when mod([ —~1,4) =0 or 3)
cn(u,m) = yol
’/1— —)?  (when mod(| ¢ Rm L_|,4) =1 or 2)
dn(u,m) = 1-— m(—
Yo
If the value of the difference of LK(m)j and W is less than or equal to 0.03125, then sn(u,m) ~ 1.0.

Since many digits will be lost in the calculation of /1 — sn?(u, m), the function is calculated from the

following expressions

C T 2K(m)
sn(u,m) = (v, )
’ Vmia(v, q)
192(”7 Q) Y kTm
cen(u,m) = i 0.0
dn(u m) _ 193(U’ Q) 4\/ ( B m)
’ 7‘94(1)’ Q)

(For the value of g, see next paragraph, “Nome ¢”.)

(5) Nome ¢(0.0 <m < 1.0)
If m > 0.5, then replace m with m = 1 — m and exchange the values of ¢ and ¢’, K(m) and K(m') and
E(m) and E(m') respectively with the following procedure.

@® m=0.0:
g = 0.0
g = 10
7r
(m) = 9
K(m') = (Maximum value)
T
Em) = =
m) = 1
E(m') = 1.0

(@ For cases other than the one in ©):
If € are set as follows:
0.5m

A+ VI—-m(1+V1-m)++1—m)—m)

E =
then
q= 64813 + C3<€9 + 0255 + c1e

(Where, ¢; = 1,2 = 2,¢35 = 15,¢4 = 150 for double precision; ¢; = 1,¢0 = 2,¢5 = 0,¢4 = 0 for single

precision. )

!
= eX
1 p( log(q)
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If § is set as follows:
8 = (daq® + dsg* + dog + d1)?
(Where, dy = 1,dy = 2,d3 = 1,dy = 1 for double precision; d; = 1,ds = 2,ds = 1,ds = 0 for single

precision. ) then

K(m) = gé

K(m') = (-0.5)log(q)d

E(m) = (%)(1 +(2=m)8® — (erq" + e6q"? + e5¢™ + €aq® + e3¢’ + e2¢" + €1¢°)
Blm') = K1~ 2+ 5

(Where, e; = 24,e5 = 72,e3 = 96,e4 = 168,e5 = 144,e5 = 288,e; = 192 for double precision;

e1=24,e0="T72,e3 =96,e4 =0,e5 = 0,es = 0,e7 = 0 for single precision.)

(6) Elliptic theta function 9;(v,q) (0 <i<4,0.0 < ¢ <1.0)
If ¢ =0, then set ¢« = 4. If ¢ = 2, then set v =v 4 0.5. If i = 3, then set v =v — 0.5.

1=1or2:
v Set s = SIGN(v) and v =| v |. If v = v — INT(v) or INT(v) is an odd number, then let s = —s.
(a) ¢ =0.0 or v = 0.0, then
¥(v,q) = 0.0
(b) ¢ <0.125, then by setting sw, s3w and sbw as follows:

sw = sin(r-v)
s3w = (—4-sw?+3)-sw
sbw = ((16 - sw? — 20) - sw? +5) - sw

the function is calculated from the following expressions.
e Single precision
I(v,q) =25 ¥q- ((sbw - ¢* — s3w) - ¢* + sw)
e Double precision

By setting s7w and s9w as follows:
sTw = (((—64-sw? 4+ 112) - sw? — 56) - sw? +7) - sw
9w = ((((256 - (1 — sw?) — 448) -
(1 — sw?) +240) - (1 — sw?) —40) - (1 — sw?) + 1) - sw
the function is calculated from
Vi(v,q) =25 ¥q- ((((s9w - ¢* — sTw) - ¢° + sbw) - ¢* — s3w) - ¢* + sw)
(¢) ¢ > 0.125:

If v > 0.5, then v = 1.0 — v.
By setting PLQ, w@ and w as follows:

PLQ = *-(1/log(q))
w@® = exp(PLQ)
w = —exp(2-v-PLQ)

the function is calculated from the following expressions.
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e Single precision
Oi(v,q) = s-/m-(~1/log(q)) - exp((v* — v +0.25) - PLQ) - (wQ® - w +wQ?) - w
+1) - w+ 14 (wQ*/w + 1) - (wQ?/w))
e Double precision
9i(v,q) = s-+/m-(—1/log(q)) - exp((v? — v+ 0.25) - PLQ)
{(@Q™ - w+wQ%) - w+wQ?*) - w+1) - w+1
H(WQ®/w + wQ?) - (wQ? /w) +1) - (wQ?/w)}
® i=3or4:
Let v =| v | —INT(| v |).
(a) If ¢ = 0.0, then
%i(v,q) = 1.0
(b) If ¢ < 0.125, then by setting cw, c2w and c3w as follows:

cw = cos(2-7-v)
2w = 2-cw®—1
3w = (4-cw?—3) cw

the function is calculated from the following expressions.
e Single precision
9i(v,q) =2 ((—c3w - ¢° + 2w) - ¢* — cw) - g+ 1
e Double precision
By setting c4w as follows:
cdw = (8- cw?® —8) - cw? +1
the function is calculated from
9i(v,q) =2 (((cdw - ¢7 — c3w) - ¢° + 2w) - ¢* — cw) - ¢ + 1
(¢) ¢ > 0.125:
If v > 0.5, then let v =1.0 — v.
By setting PLQ, w@ and w as follows:

PLQ = 7*-(1/log(q))
w@ = exp(PLQ)
w = exp(2-v-PLQ)

the function is calculated from the following expressions.
e Single precision
9i(v,q) = /7 (=1/log(q)) - exp((v* — v +0.25) - PLQ) - ((wQ° - w
+wQ?) - w+1) w1+ (wQ/w +1) - (wQ?/w))
e Double precision
Vi(v,q) = /7 (=1/log(q)) - exp((v* — v +0.25) - PLQ) - (wQ" - w +wQ®) - w
FwQ?) -w+1) - w+ 1+ (wQ°/w + wQ?) - (wQ? /w) + 1) - (wQ? /w))
(7) Zeta function of Jacobi Z(u) (0.0 < m < 1.0)

K(m), K(m'), nome ¢ and complementary nome ¢’ are calculated from m.

The values v, s and w are set as follows:

v=u/(2- K(m))
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s =SIGN(w),v =|v | =INT(| v |),w =27 -v

@ ¢ <0.125:

e Single precision

- 2q sin(w) — 2¢* - sin(2w) + 3¢® - sin(3w)

K(m) 1 2q(cos(w) — ¢3 - cos(2w) + ¢ - cos(3w))

e Double precision

- 2q sin(w) — 2¢® - sin(2w) + 3¢® - sin(3w) — 4¢*° - sin(4w)
K(m) 1—2¢(cos(w) — ¢ - cos(2w) + ¢° - cos(3w) — ¢ - cos(4w))

Z(u) =

Z(u) =

® ¢ > 0.125:
Assume z = exp(—mu/K(m’)).
The function is calculated from the following expressions.

e Single precision

Z(u)

T <5q/625 —3¢224 — 23+ 224+ 3¢ 22+ 5¢'6 B 21}) s
2k(m’) q025 4+ q22 + 23+ 22+ ¢'%2 + 6

e Double precision

7 (23 — 2%) +3¢'2(22 — 25) + 5¢'¢(z — 25) + 7¢'12(1 — 27)

" 2k(m) ( (22 +24) +¢2(22 + 25) + ¢S (2 + 2°) + ¢'12(1 4 27)

Double precision : 0.8
® q> {

Z(u) —20)-s

) . and v < 0.5:
Single precision : 0.6

The function is calculated from the following expression.
Z(u) = tanh(u) — 2v
(8) Epsilon function of Jacobi E(u) (0.0 < m < 1.0)

The function is calculated from the following expression.

E(u) Z(u)+% U

(E(m) and K(m) are calculated by using the nome gq.)

(9) Theta function of Jacobi ©(u) (0.0 < m < 1.0)

The function is calculated from the following expression.
O(u) = V4(u/2- K(m),q)

(¢ and K (m) are calculated by using the nome ¢ and ¥4 is calculated by using the theta function.)
However, if m = 1.0, ©(u) = 0.0.

(10) Pi function I(u, ) (0.0 < m < 1.0)

The function is calculated from the following expression.

1 @(u—a)_’_u.Z(a)

M(u, ) = §1og®(qu )
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2.1.2.8 Indefinite Integrals Of Elementary Functions

(1) Exponential integrals Ei(z), Ei(—z) (z > 0.0)
If # < 0.0, Ei(z) is calculated; if > 0.0, Ei(z) is calculated. The calculation methods are described below.

® < —4.0:

The function is calculated from
m

1
> gl (=)
. e’ j - z

Bie) = 414 -k
r r Zb(l)(_l)k
k T
k=0
@ —4.0<zx<-1.0:

The function is calculated from
m

1
Z‘l/(f)(—g)k
Ei(z) = 761’?’71
2
Db (=)
k=0

® —-1.0<z<0.0:
The function is calculated by generating the best approximation of

Ei(z) = log(—z) + v+ Z (;;2"
n=1 :

(7 is the Euler number.)
The method of generating the best approximation is described in Section 2.1.2.22.

® 00<z<L1.0:
The function is calculated by generating the best approximation of

— > "
El(x) = log(x) +v+ E m
n=1""

The method of generating the best approximation is described in Section 2.1.2.22.

® 1.0 <z < 6.0:
The function is calculated from

S ot
k=0

)+ (2 = 20) =5

m

Z b](€3)xk

k=0
(xo = 0.37250741078136663446)

6 6.0<z<12.0:
The function is calculated from

I
Ei(w):? aé)—l— o ———

k:l‘ a](:l) + T

Fi(r) = log( -

@ 12.0 < x < 24.0:
The function is calculated from
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x> 24.0:

The function is calculated from

(s .,
Bi(z) = — {14+ (o + ¢ —2—1
x x k:1‘a§€6) +z

The coefficients al(:) ~ a,(f), b,(j) ~ b,(f) are described in references (5) and (6). al(f) and b,(f) are obtained
with telescoping the coefficients of shifted Chebyshev polynomials.

(2) Logarithmic integral Li(z) (x > 1.0)

The function is calculated using the exponential integral from
Li(z) = Ei(log(x))

(Logarithmic integral Li(z) is also denoted by li(z).)
3) Sine integral Si(z
g
@® z<0.0:

From Si(z) = — Si(—x), following methods are applied to Si(—z).
®@ = >0.0:

(a) z> Double precision : 2°° - 7
a) x :
~ | Single precision : 2.7

The function value is given as

Si(z) = g
(b) For cases other than those described in (a)

iz <5.0:
The function is calculated by generating the best approximation from
s _1V\k L 2k+1
Si(z) = kZO (2k(+11)) : (w2k + 1)
The method of ;;enerating the best approximation is described in Section 2.1.2.22.
i. x > 42.0:
The function is calculated from
Si(z) = g — f(x) - cos(z) — g(z) - sin(z)

where f(z) and g(x) are obtained by generating approximations of the following equations.

o0 o k»'
IR

k=0
oo _ k.

ooy = 5oV k)
k=0

The method of generating the best approximation is described in Section 2.1.2.22.
iii. 5.0 < x < 42.0:
Let Q = Si(x,) (where z;, is the closest integer to  and Si(z,,) is the actual value of the sine
integral at z,,) and let z =z — x,,.
A. If |2z] < (units for determining error) - x, then the function value is given as
Si(x) = Si(xp).
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B. Otherwise, the following calculations are repeated until
| QQ |< ||@Q - (units for determining error)||

P @n) = AGin(za)™Y = (7 = 1) fU7D (@)}
QQ = f(wa) 27/
Si(z) = Q
(4) Cosine integral Ci(x) (z > 0.0)

@ = <2.0:
The function is calculated by generating the best approximation from
) e (_l)k . ka
C = 1
i(z) =~v+ Og(:lc)—i—; 2% - (2h)!

where v is the Euler number (v = 0.57721566490153286061).
The method of generating the best approximation is described in Section 2.1.2.22.

® > 42.0:
The function is calculated from
Ci(z) = f(x) - sin(x) — g(x) - cos(x)
where f(z) and g(x) are the same as described in (35) for the sine integral.
® 2.0<z<42.0:

Let @ = Ci(z,)(where z,, is the closest integer to x and Ci(z,,) is the actual value of the cosine integral
at x,) and let z =z — xy,.

(a) |z| < (units for determining error) - ;, then the function value is given as
Ci(z) = Ci(zyp)
(b) Otherwise, assuming that
fD(z,) = (cos(zn)—1)/zn
Q = Q+fV(w) =
the following calculations are repeated until | QQ |<| @ - (units for determining error) |
F @) = {(cos(@a)V = (J = 1) fU 7D (0)} zn
QQ = fDan)-27/0
Q = Q+QQ (J=2,3,------ )

and then the function value is given as
x
Ci(z) =Q + log(w—)

(5) Fresnel integral S(z) and C(z)

Fresnel integrals are defined by the following equations.
T2
— - t7)dt
2 )
Clz) = / cos(Z - t2)dt
0 2

@® z<0.0:
From S(z) = —S(—z) or C(z) = —C(—x), following methods are applied to S(—z) or C(—x).
® = >0.0:
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(a) x < 1.6:
The functions are calculated by generating the best approximation from

S k T2k
(=D)F - (5)*! AR+

S() = kZ:O (2k +1)! - (4k +3)

G
Cl) = ];(2@!-(41@11)'”3“1

The method of generating the best approximation is described in Section 2.1.2.22.

(b) = >5.0:
The functions are calculated from

S(x) = %—{f(w)'cos(g-ﬁ)—i—g(:ﬂ)-sin(g. 2)}
1
2

Clx) = 5+ {f(:c) -sin<g .x2) — g(2) .COSG xz)}

where f(x) and g(z) are obtained by generating the best approximations of the following equations.

T (=D)F - 4k — )N
flx) = x-z( (7)T,x(2)2k+1)
k=0

T (=D)F - 4k + D!
glxz) = x.kzo( (i,x(z)zkt2)

The method of generating the best approximation is described in Section 2.1.2.22.

(c) 1.6 <z < 5.0:
Using the conversion Y = 7 - 22, the functions are calculated from
) .

1
S(x) = 5—{f(Y cos(Y) +g(Y) -sin(Y)}
1 .
Cl@) = 5+{f(¥) sinY)—g(Y)-cos(Y)}
where f(Y) and ¢g(Y) are as follows: Single precision:
7
_ 1 W4k
) = -3 a3
k=0
1 8 1, 4
V) = =Y (o)
o) = 23 H)
Double precision:
13 o, 4
Y) = = D)k
iite ijk ()
34
LS~y d v
Y) = =) b7 (=
o) = 23 H)
The coefficients a,(:), b,(cl), a,(f) and b,(f) are obtained with telescoping.

(6) Dawson integral F'(x)
The value of the Dawson integral is defined by the following equation.

@ z>0.0:
From F(z) = —F(—x), following methods are applied to F(—z).

® = >0.0:
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(a) x <2.5:
The function is calculated from
F(z) = xZ?:O al(gl)w%
k=0 bgcl)x%
(b) 2.5 <z <3.5:
The function is calculated from

Iy m bl(f)l ‘
Flg) = = . _ k=1 |
(x) . (ag’ + ki)l‘ al(f) n $2)

(¢) 3.5 <z <5.0:
The function is calculated from the same equation in case (b) except that the coefficients are a
and b,(:’).

(d) 5.0 < z < 1/e(e :units for determining error)

(3)
k

The function is calculated from

(4)
1 _ m bk,
Fa)= 5 -{l+a 2. (@ + P 712‘)}

(e) x> 1/e:
The function is calculated from F(z) = 5.
The coefficients aélwl) and b,(clN4) are described in reference (6).

(7) Normal distribution function and complementary normal distribution function ®(x) and ¥(x)

The function are calculated from the following equations.

d(z) = %.ERF(x/\/i)
U(r) — %.ERFC(x/\/i)

where error function ERF and complementary error function ERFC will be given later.

2.1.2.9 Associated Legendre Functions
(1) Associated Legendre function of the 1st kind P (x)

(» For normalized Functions, see paragraph of Normalized Spherical Harmonics.

@ n<O0:
From P"(z) = P™,_,(x), following methods are applied to P™, ().

—n—1 —n—1
® m<0andn>0:
First, P,Lml(x) is obtained using the methods described in (@) or (), then P™(z) is calculated from the

following expressions.

(a) |z|] < 1.0:
P @) = (1" P )
(b) |2| > L.0:
™ (o _(n_l D |m\x
B@ = o T @

@ m>n>0:

P(x) =0.0
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® m=0:
The function P (z) is equal to Legendre polynomial P, (z), its value is calculated using initial values

Py(z) =1 and Py(x) = z and the recurrence relation

2k — 1 k—1
= - Po_1(x) — T~Pk,2(a:)(k:2,~',n)

Py ()
® n>m>0:
(a) n=1and z > \/1/e:
The function is calculated from
Pl'(z) =z
(b) n=m:
The function is calculated from
Pr@) = @n— 10 (VT2 )"
(c) n=m+1:
The function is calculated from
Pr(z)=2n—1"-z-(\/]1—22 )™
(d)n>m+2:
The function is calculated using initial values
Fn=0Cm—-DWFpyn=0Cm+)l-z=F, -2m+1) -z
and the recurrence relation
2k —1 k+m-—1 .

Px) = (VI1=22 )" F,

(2) Associated Legendre function of the second kind Q7' (x) (n > 0,|z| = 1.0)

T R (h=met2en)

® m<O0:
First, Ql{n‘ is obtained using described in the case (@ or (), then Q7'(z) is calculated from following
expressions.
(a) |z| < 1.0:
Q' (x) = (=1) WQ’L ()
(b) |z| > 1.0:

@ |z| < 1.0 and m > 0:

The values Q% (x) and Q°_,(x) are obtained bye using initial values

Q) = artanh(x), Q)(x) = x- Q)(x) — 1

and the following recurrence relation

Qi (@) ={2k+1) 2 Qpx) k- QR (@)}/(k+1)  (k=1,2,-,n—1)
(If m = 0, the calculation ends here.)

next, the value QL (z) is obtained from

Qn(z) ={-n-2-Qq(2) +n-Qp_(2)}/V1-a?

If n = 0, the following equation is used

Q) = 1 VI= 2
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(If m = 1, the calculation ends here.)

The Q7*(x) is obtained by calculating the following recurrence relation

Qﬁﬁ(a@) = (k+1)-(z/V1—22)- Qk+1 (n—k)-(n—l—k—i—l)-Qﬁ(w)
(kzO,l,---,m—2)

® |z| > 1.0 and m > 0:

(a) x>+vn+2andn>m
Ln=m=0:
The function is calculated from
Q7 (z) = artanh(1/x)
ii. |z| > /(n+0.5)/e:
The function is calcula&csd_i_fz(;lgr!l 1
Q' (x) = (—1)mm$ "
iii. Otherwise:

The function is calculated from the following series expansion

m _ my. .2 E (n+m)' —n—m—1

<1+Z (n+m+1)-(n+m+2)---(n+m+2-k) L)

26N - (2n4+3)- (2n+5)---(2n+2k+1) a2k
Where the summation ¥ is calculated until the last term is sufficiently small compared with
the first term.

(b) For values other than those in (a)

First, QJ(x) is calculated from the following expression
QY (x) = artanh(1/x)

(If n = m = 0, the calculation ends here.)

Next, Q¥ (z) and Q%_, (x) are calculated using the series expansion of f as follows:
1

oo

fo= ;(k-l—l)-Pk(x)'Pk‘*‘l(x)
Qnla) = Pu@)-f
0 = z)- ;
mo1(@) = Pu_i(x) f+n.pn. (x)

where, Py (z) is solved using the algorithm shown in 2.1.2.10 (1).
(If m = 0, the calculation ends.)
Next, Q1 () is obtained from
Qu(@) ={n-2-Qyz) —n-Q (2)}/Va? -1
However, if n = 0, QL () is calculated from
Qh(x) = —1/Va2 - 1.
(If m = 1, the calculation ends here.)
Finally Q7*(x) is obtained by calculating the following recurrence relation
Q@) = =2 (k1) (@/Va? = 1) Qi (@) + (0= k) (n+k+1) - Qi(x)
(k:0,1,-~,m72)
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2.1.2.10 Orthogonal Polynomials

(1) Legendre polynomial P, (x) (n > 0)

P, (z) is obtained using initial values Py(z) = 1.0 and P;(z) = = and the following recurrence relation

%1 k—1

Py (z) ? .x.Pk,l(x)fT.pk,Q(x) (k=2,3,---,n)

(2) Laguerre polynomial L, (z) (n > 0)
L, (x) is obtained using initial values Lo(z) = 1.0 and L;(z) = 1.0 — 2 and the following recurrence relation
(2k—x—1)

Lk(:E) = T 'Lk—l(l') —

(3) Hermite polynomial H,(z) (n > 0)
H,(z) is obtained using initial values Ho(z) = 1.0 and H;(x) = 2 - = and the following recurrence relation

(k—1)
k

- Ly_a(x) (k=2,3,---,n)

Hy(z)=2-2-Hy 1(2) —2-(k—1)- Hy_o(x) (k=2,3,-,n)

(4) Chebyshev polynomial T;,(z) (n > 0)

T, (x) is obtained using initial values Ty(z) = 1.0 and T3 (x) = 2 and the following recurrence relation
Tp(z) =2 -2 -Tp1(x) = Tp2(x)(k =2,3,---,n)

(5) Chebyshev Function of the 2nd kind U, (z)(n > 0, |z| < 1.0)
U, (z) is obtained using initial values Up(x) = 0.0 and Uy (z) = V1 — 22 and the following expression

Upti1(x) =2 -2 - Uy(x) — Up—1(x)

(6) Generalized Laguerre polynomial L (z) (n>0)
L% (x) is obtained by using initial values L(()a) (z) = 1.0 and Lga) (x) = (14 ) —z and the following recurrence

relation

L (@)= (2 n+ta—z—1)- L' (2) + (1 —a—n) L!Yy(x))/n

2.1.2.11 Mathieu functions of integer orders
Consider the second order simultaneous ordinary differential equation as below
d?y

) + (@ — 2gcos2z)y = 0.

For a real parameter ¢, let a = cg, c1, - - - be the real parameters such that the solutions are 27 periodic and even
functions. Here,

o< <o < ---.
Also, let a = s1, s9, - - - be the real parameters such that the solutions are 27w periodic and odd functions. Here,
S1 < S <83 < ---.

For a = ¢, with an integer n > 0, normalize the periodic even solution ¢, (x, ¢) of the differential equation so that
the following condition is satisfied.

2m
/ cen(z,q)de =7
0
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The ce,(x,q) is referred to as Matheiu function of integer order. Similarly, for a = s, with an integer n > 1,

normalize the periodic odd solution s, (z, q) of the differential equation so that the following condition is satisfied.

2m
/ sen(z,q)de =7
0

The se,(z, q) is also referred to as Matheiu function of integer order.

It is known that ce,(x,q) and se,(x,q) can be represented by the following Fourier expansions:
(1) If s=0 (for ce,, with even n)
cen(z,q) = i X, cos(2rx).
r=0
(2) If s=1 (for se,, with odd n)
sep(x,q) = i X, sin((2r + 1)x).
r=0
(3) If s=2 (for ce, with odd n)
cen(z,q) = i X, cos((2r + 1)x).
r=0
(4) If s=3 (for se, with positive even n)
sen(z,q) = i X, sin((2r + 2)x).
r=0

These are referred to as Mathieu functions of order n. By substituting these formulas for ce, and se, into the
differential equation, the equation reduces to an eigenvalue problem of tridiagonal real symmetric matrix A;(q),

and this gives the expansions X..

I KE +dsq Ryq

Ry (24 Ky)? q 0
Ay(q) = q (4+ K)? q
0 q (6 + K)?

Here,

(1) Ro=V2,Ri =Ry =R3=1
(2) Ko=0,K, =Ky =1,K5 =2
(3) do=0,dy = —1,dy = 1,d3 = 0,

and s=0, 1, 2 or 3. The s is determined by the kind of Mathieu functions (whether it is ce, (z, ¢) or se,(x, q)), and
whether order n is odd or even. Eigenvalues [RsXq, X1, X2, X3, -]t of A4(q) are choose to become unit vectors.

Define an integer constant [ with the following conditions:

(1) For ce,
l=1+[n/2]
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(2) For se,
I=n/2 (If nis odd.)
I=(n+1)/2 (If n is even.)

The direction of the eigenvector which corresponds to [-th smallest eigenvalue is selected to satisfy X; > 0. When
g — 0, Mathieu functions ce,(x,q) and se,(x,q) which is obtained with this procedure converge to the following
functions.

(1) ceolw.q) — %

(2) cen(x,q) = cosnz(n=1,2,--+)

(3) sen(z,q) = sinnx(n=1,2,--)

2.1.2.12 Langevin function

@ z<0.0:
From L(z) = —L(—=z), following methods are applied to L(—z).

@ = >0.0:

(1) x < 1.5:
The function is calculated by generating the best approximation of the following equation.

> 2% | . p2kt2
L) =z ZH)’H{%}

k=1

The method of generating the best approximation is described in Section 2.1.2.22.

(2) 15 <2< Pouble pre'ci'sion :45.0
Single precision : 20.0

The function is calculated from

2.e727 ]
L(w)—ei—g—i—l

T 1—e 27

Double precision : 45.0 |

(3)z>1 . . :
Single precision : 20.0
The function is calculated from
1
L =1--
(0) =1-~

2.1.2.13 Gauss=Legendre integration formula

(1) Gauss=Legendre integration formula
Suppose an arbitrary Legendre polynomial F'(x) of degree 2N — 1 or less is given. The remainder of F(x)
divided by Py(z), the Legendre polynomial of degree N, can be expressed as a linear combination of
Pij(z) (j=0,1,---,N —1):

F(.’L’) = PN({E)Q(SC) + b() + Z_ Y\ 2] + 1bij(£L')
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where Q(z) is a polynomial of degree N—1 or less and by, by, - - -, biy—1 are constants. An arbitrary polynomial

Q(z) of degree N — 1 or less can be expressed as a linear combination of P;(z) (j =0,1,---, N —1). Using

the orthogonal relation
+1
—1

it holds that

+1
/ Py (z)Q(x)dz = 0.
-1
Also, by being aware of the fact:
+1
Pij(x)dz=0(j=1,2,---,N — 1),

-1

the relation below is induced from the expression formula for F(x):

+1
/ F(x)dx = 2bg.
—1

Let ax(k = 1,2,---,N) be the the N number of zero points of Py(z). Substituting z = a4 into the

expression formula for F(z), it holds that:
N-1
Flak) =bo+ Y /2j + 1b;P;(ax). (k=1,2,---,N)
j=1

For k=1,2,---,N, let take di such that:
N-1
di = (2n+1)P2(ax).
n=0

From the above expression for F'(«y) and

N
> d?Pi(or) =0 (j =1,2,---,N = 1),

k=1

it holds that:

N
bo =Y d*F(on).
k=1

Therefore, if a polynomial F'(x) is choose so that its values F(ay) at © = ag(k =1,2,--

the values of the function f(z), the integration formula of degree 2N — 1 holds:

+1 +1 N
f(z)dx ~ F(z)dx = 2by = 22 d 2 F(ay)
1

-1 k=1
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Here, the polynomial F(z) of degree 2N — 1 or less needs only to satisfy the conditions at the N number of
zero points. This means that the choice of F(x) has freedom of degree N at most. If the integrand function
f(z) can not be approximated by some polynomial F'(z) (for instance when f(z) is a vibrating function),

it is necessary to set the degree NN sufficiently large when applying this integration formula.

(2) Zero points of Legendre polynomial
We set X,, = v2n + 1P, (). If « satisfies Py(«) = 0 for a,, = n/v/4n? — 1, it holds that

a1 X1 = aXo,a2X2 + a1Xo = aX1,a3X3 + a2 X; = aXo, -,
an-1XN-1+any2XN_3=aXN 2,an 1 XN 2=aXn 1.

Therefore, since all the zero points of Legendre polynomial are single solutions, they are eigenvalues of a
real symmetric tridiagonal matrix whose diagonals are zero and whose subdiagonals are ay,as,---,an—1,
and they are obtained with root-free QR method.

For a Legendre polynomial of a large degree, all the zero points gather closely together in the open interval (-
1,1). In this case all of the N number of zero points can be calculated certainly by solving the eigenproblem
of this real symmetric tridiagonal matrix using root free QR method, instead of computing them using

Newton method.

2.1.2.14 Zero points of Bessel Functions

(1) Positive solution for the transcendency equation aJy(a) + aJi () = 0 containing the Bessel function

Positive solution « for the transcendency equation
ado(a) + aJi(a) =0

is obtained with the following method.

By using the following method, the positive solution for the transcendency equation can be calculated up
to M = 50 in rough. (If it is calculated with the single precision, set to M < 24, that is N < 192.) The
parameter a should be set to a=0 and 1071% < |a| < 10%.

1. Calculate an approximate value with the finite element method.

The differential equation

u”(r) + 4/ (r)/r + aPu(r) =0
with a boundary condition

o' (1) = au(1)

has a non-trivial solution u(r)(0 < r < 1) where u(+0) is finite, if and only if aJp(a) + aJi(a) = 0 is
satisfied. Then it holds that u(r) = CJy(ar).

Let w;(r)(j =0,1,2,---, N —1, N) be the basis function which satisfy w;(j/N) = 1,w;(k/N) = 0(k # j) at
the nodal points r = 0,1/N,2/N,---, (N —1)/N, 1. Using the w;, interpolate u(r) using the basis functions

as below.

N
u(r) =Y u(j/N)w;(r)

J=0
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Galerkin method can be applied to get

[ w0+ + a?utryrar = o

Applying integration by parts to the factor including the second differential calculus, the above relation is
reduced to the following integral relation.

1 1
/0 wi(r)u’ (r)rdr — aw;(1)u(l) = oz2/0 wj (r)u(r)rdr
Substitute the interpolated basis function
AX = a’BX, X = (u(0),u(1/N),---,u(1))".

Where A and B are

1
A= / w;(r)w;(r)Tdr — &, N0jNa,
0

1
B ; :/ w; (r)w; (r)rdr.
0

Therefore, the approximate values of solutions a (« > 0) for aJo(a)+aJi(a) = 0 are obtained by calculating
/B which are square roots of the positive eigenvalues 3 for the generalized eigenvalue problem AX = 3BX.
2. Improving the Solution by Bisection and Newton method

Set N = LM. Here L is the approximate magnification ratio, which is preferred to be 8 in rough. The square
roots of the positive eigenvalues 8 for the generalized eigenvalue problem the approximate the solutions for
the transcendental equation.

E is defined as below:

E=0(a<0)
E = a(0)*(a > 0)

Here «(0) is the positive smallest zero point of Jo(z).

Let 51,85, --, B3 be the eigenvalues greater than F in ascending order. We examine that the number of
eigenvalues that is smaller than or equal to £ does not reach 2. We also examine that 37 is not a multiple
root.

(» Bisection method
If o =, /[33-k for j > 2 satisfies

lado(a®) + o™ Ji ()] < 0.1 % (|Jo(a™)| + |J1(a™)]),

then step forward to the process to improve the approximate solution using Newton method.

This condition holds when j is 10 or less. When j is larger than 10, however, the condition is not
satisfied because of the approximation error due to Galerkin method. In the latter case, therefore,
improve o* by Bisection method.

In Bisection method, use the property that |aJo(a*) + o*Ji(a*)| becomes small as the approximate
solution * comes close to the exact solution. The interval (/B; — 4, /B +9) such that includes
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(2)

only the j-th solution is divided into two subintervals and a* is replaced with one of the edges of these
subintervals. Here, § is positive real number which has the order of the approximate error. Divisions
of intervals are repeated until o* satisfies the condition above, and then step forward to the process to

improve the approximate solution using Newton method.

(@ Newton method
The improvement using Newton method will be repeated until |aJo(z) 4+ zJ1 (x)| < e is satisfied, where
e=10"1! for double precision
or

e=10"* for single precision.

Positive zero points of the Bessel function Jy,41(x) with integer order

When m=1,2,- -, the holomorphic function F,(z) can be defined as
I (x) = 2™ Fp ()

and this satisfies
F!'(x)+ 2m + 1)F! (z)/z + Fy(z) = 0.

Furthermore, it holds that 2™ F) () = —Jm41(x). Therefore, the method of algorithm (1) can be applied
to

1
A= / ! (ryl (r)r 2 dr,
0

1
B;; :/ wj(r)wi(r)TQm”ler.
0

The threshold p for determining whether an eigenvalue for generalized eigenvalue problem is positive or not
is:

p = 1073 (for double precision),

p =101 (for single precision).

In Bisection method, the following error criterion is applied:
[ Jm1(a™)| < 0.001.

Positive zero points of each Bessel function Jy, J; of the order 0 and 1

The zero point of J; () is obtained as the positive zero point of the transcendent equation in the algorithm
(1) when setting a=0.

When a is set to a sufficiently large value, the solution of the transcendent equation aJy(a) + aJi(a) =0
becomes the approximate value of the zero point of Jy(x). Therefore the zero point of Jy(x) is obtained by
applying the algorithm (1) for a sufficiently large value a.
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2.1.2.15 Positive zero points of the second kind Bessel function

(@ Obtain Positive zero point of the second kind Bessel function Y, () in window interval [z1, z1+27] (1 > 0)

with the following procedure.

(1) Positive zero point on each window interval
Set an initial value = xo to the middle-point of the window interval. We let F'(z) = Y, (z)cosx —
Jn(z)sinz and G(z) = Y, (z)sinz + J,(z) cosz. Furthermore, let o be an argument of the vector

(F(z),G(x)).
cosa = F(z)/S
sina = G(x)/S
S =/(F(2)> + G(2)?)

Here « is choose so that it lies in the window interval. The improved value z;y; of the approximate

zero point is given as the argument of the vector (F(x), G(z)). Repeat this improvement.

(2) Decision of existing the positive zero point When repetition of this improvement does not converge, we

concluded that positive zero point does not exist in this window interval.
(@ Shifting the window interval for 2w per step, repeat the above procedures until the number of already
obtained positive zero points reaches the number to be obtained.
2.1.2.16 Zeta function of Positive definite quadratic form z? + ay?

We initially define the zeta function Z(s, a) of the positive definite quadratic form z? + ay? as:

Z(s,a) = > (m? +an?)~* (s > 1).

(m,n)eZ?,(m,n)#(0,0)

Subtracting the function to eliminate the unique pole of Z(s,a), the analytic continuation of Z(s, a) is obtained
as described below:

s,—5/2
T™a
7 -
4 T oG-
S ,—5/2 0 0 s ,—8/2
T™a ma
S > (A5, et Tt + AS ) / e Tt — ————.
PO ezt 0.0 Amn Amn Fls+1)

Each integral in the above formula is a second kind incomplete gamma integral. Therefore, we obtain

W5a75/2
7z -
5T 6
7.(.sa—s/Z 71-5@_5/2
= — s T s=lp — S
F(S) Z (Am,n (S’Am,’ﬂ) + Am,n ( SvA’mJl)) F(S + 1)

(m,n)ez2,(m,n)#(0,0)

with A, = 7(v/am? + n?/\/a).
The summation in the last expression should be taken for all those integer pairs (m,n) # (0,0) that satisfy
A < 40.
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2.1.2.17 Di-log function

The value of
* dt
Lig(x) = —/ log |t — 1|—
0 t

is given as follows:

@ Forxz=1
The functional value Liy(x) is 72/6.

@ Foraxz>1
The functional value Liz(z) is 72/3 — 3 (log z)? - Liy(2), where Lis(1) is obtained as below.

@ Foro0<z<l1

(1) If © > 3, Liz(x) is calculated by Lis(z) = 72/6 — log (1 — x)logx — Liz(1 — z). Where, Liy(1 — z) is
obtained by applying 2.

(2) If & < &, Lig(w) is

»Jkl»—‘

8
' o2k+1
Liy(z) = kg %+ 1% .

Where ao = —log (1 — ) and cgp, is Bernoulli numbers.
The functional value Lig(z) can be calculated by using this relation.
2.1.2.18 Debye function

The Debye function Fp(x) is defined as below:

3 [ et

This is transformed as:

12 [ 3z
FD(:c):—/O -

3

The value of this function is calculated by applying two kind of methods as below.

@ For 0 <z <log2 It can be obtained with

3z 1z & 32k —1) o
Fo@) = -5 +123 -3 z:: +}; ok +3

Here cof, is Bernoulli numbers. The summation of series for k is performed until the added factor becomes

is less than or equal to the unit for determining error (Note Appendix B).

@ For x > log?2
It can be obtained with
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4

F(z) = % + S1(y) + S2(y) logy + S3(y)(logy)* + y(logy)?,

Si(y) = bry*(i =1,2,3).
k=1

Here y = —log (1 — e~*). The summation of series for k is performed until the added factor becomes less
than or equal to the unit for determining error (Note Appendix B). The coefficients by ; are calculated with
the following procedure.

For F(z) = [, t*dt/(e' — 1), use the parameter y(0 < y < log2)

F(:z:)/yoo (1og(1e“))3du/ooo/0y11[2

Here,

00 7T4
11:/ = F(o0) = T,
0

y y u
I, = / = / (log( ) — logu)3du.
0 0 1—e v

Furthermore, by ; is calculated by using the series expansion of log(;=2=)

1og(1_e_u) =—+

where ¢y, is Bernoulli numbers.

2.1.2.19 Normalized Spherical Harmonics

For a real number z(—1 < z < 1), calculate the normalized spherical harmonic function (the normalized Legendre

function)

P (x) = LAn,m /W (x + i1 — 22 cos)” cos (myp)dip.

= —
47 .

Here, i = /-1,

and

_ | |
A, = 22n+ 1)(n — m)!(n + m)! (1<m<n).
’ m(n!)?

To obtain the integral factor, apply the following Fourier expansion (set 2 = cosf, 0 < 0 < ):

n

(cos @+ isinfcosy)” = Z i Chpom (0) cos (m).

m=0
If we define I, ,,, as
1 " .
Inm = 7,”/ (cos @ + isin 6 cos )™ cos (map)dip,
imsin™ g J_ .
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the coefficients C, n,(6) of the Fourier expansion can be obtained using the following recurrence formula:

™
In,n = 2,,1—_17 In,n+1 =0
I —#{—(m—l)cosﬁf —l—(m—i—n)ﬂf }
n,m—2 — m—n_2 n,m—1 2 n,m
2 — Omo)sin™ 6
Crom () = w%m

21

Using the coefficients Cy, 1, (0) of the Fourier expansion which can be obtained as procedure above, the normalized

spherical harmonic function (the normalized Legendre function) P™(cos ) of the order n can be obtained as:

1
hn,m.

P (cos0) = Cy.m ()

Here, the coefficients h,, ., are:

m—1

m
n,0 = L, Gnm = gnm—1(1 _711_ =12,
9,0 =1, gnm = gnm-1(1+ )7 —) (m )
2_6171 n,m
i 0)TGnm
’ 2n +1

2.1.2.20 Hurwitz Zeta function for a real variable

(1) Definition
For real region s > —1 and s # 1 and for a parameter a > 0, the Hurwitz zeta function ((s, a) is defined as
follows :

afs+1 afs

+

((s0) = T+ %

+/O —s(x)(z +a)”" " dx.

Here, () is a periodic function (of period 1) defined as  — [z] — 3.

(a) Definition for s > 1
The Hurwitz zeta function is expressed as follows:

((s,a) = /OOO (z +a) *dz + + /000 —stp(x)(x +a) "5 da

0 n+1 .
_nz_%{/n (z +a) dx+/

—S

a

+1
—s(x)(x +a)"* "t} +

a—S

n
n
—s
a

> n+1
Y[ L@t )dn) +

a*S

2

= Z{%(nJra)*s + %(nJr 1+a)°}+
n=0

= Z (n+a)~°.
n=0

Therefore, the Hurwitz zeta function is equal to the infinite series sum >~ (n 4+ a)~* for s > 1, which

converges to a finite value.
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(b) Definition for s > —1

An infinite integral

/Ooo —sth(z)(x +a) 5 Hda

is convergent also for s > —1. This is easy to see from the fact that the alternating series
M mi

> / —sth(z)(x +a) " Hda

m
m=0" 72

converge as M — oo. Therefore, the Hurwitz zeta function can also be defined in this region.

Now it can be said that the Hurwitz zeta function

a—s—i—l a5

+

¢(s,a) = p— 5 +/0<>0 —sp(z)(z +a) " tdx

is a function defined in the region s # 1, which is an extension of the infinite series sum Y > (n +a)~*
that is defined for s > 1. Also,

C(s,a) — i _ /0 (C(s,a) — C(s,7 + 1)}da

has an integral expression

1 —8S oo
/ x”%dx + a2 +/ —stp(x)(x 4+ a) " dx,
a 0
which can be defined for s > —1, including the case s = 1.
(2) Algorithm for Calculation

(a) Set N to a fixed natural number 10; N = 10. The Hurwitz zeta function can be expanded as the
formula below:

N-1 s

(o) = 3 (1) + Zlsve) + WEA | R(s.a),
a —s+1

Z(s,a) = %,

and
R(s,a) = /Noo —s(x +a) " 1y(2)de.

This expansion formula is obtained by applying the integral expression to the second summation term
in the right hand side of the Hurwitz zeta function

N-1

((s;a) =Y (n+a) "+ (n+a)*

n=0
(b) The value of R(s,a) is obtained from the following formula whose error is of the order 10~%( for single
precision ) 10718 ( for double precision ):

m—2

R(s,a) =Y (=s)- (=5 — j)(N +a) " hp(0).

Jj=0
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Here, ¥y (z) (k=2,3, ) are defined as periodic functions (of period 1)

—¥(@) =P5(2), —vo(z) = ¥3(2), — vs(x) = Yy(2),
satisfying

/01 Un(z)dz = 0.

Depending on whether double precision or single precision is assumed and depending on the value s,
the function R(s,a) is obtained as follows:
i. For single precision
If s > 10 then, set R(s,a) = 0.
If 0 < s < 10, then apply expansion formula with m = 10.
ii. For double precision
If s > 20, then set R(s,a) = 0.
If 10 < s < 20, then apply expansion formula with m = 10.
If 5 < s < 10, then apply expansion formula with m = 15.
If 0 < s < 5, then apply expansion formula with m = 20.

Using the Bernoulli numbers By, 1 (0) is represented as

P2j41(0) =0
and
i B
$2;(0) = (=1) ik

For arbitrary real numbers x and ¢ (|t| < 27), it holds that

te®it =
d_1 1- ;lbk(x)(*

Here, z; is fractional part of . The Bernoulli polynomials ¢y (z) are expressed using the Fourier

expansions as

— sin(2
- L Z ) (k : oddnumber)

(2mn)k

and

(2
]52 Z COS2 ) (k : evennumber).
wn)k

This implies that these absolute values are of the order (27)~*

(3) Removal of Singular point
Since the Hurwitz zeta function has a pole at the point s = 1, it is not able to obtain the value of the
function when s is equal to 1. But, as ((s,a) — 1/(s — 1) can be defined as a regular function, as far as
|s — 1] < 10~%( for single precision ) or |s — 1| < 1078 ( for double precision ), we replace Z(s,a) in the

expansion formula of the Hurwitz zeta function ((s, a) with:

1 1
—log(N 4+ a)(1 — 3 log(N +a)(s —1)(1 — 3 log(N +a)(s — 1)))
which is an approximation formula for

<N+a)—s+1_1
s—1
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whose error is less than 107%( single precision ) 1078 ( double precision ). Here

2.1.2.21 The functions related to the error function

(1) The error function for complex values e == Brfc(—iz)

The error function for complex values e —= Erfc(—iz) can be obtained from the value of definite integral

4
2 2
ez/ewdw.
0

(a) When the absolute value of J(z) is small and less than 10~%, we apply the following formula to avoid
the small denominator due to some special values of $(z) ( also including the case R(z) =0)

f(2) = fo+ fi(z — 20) + fo(2z — 20)%/2 + f3(z — 20)* /6,

where f(z) =e % + \/—D (2 )(Dw(z) is the Dawson integral) and

Jo= f(z0), 1 = =220 fo + —= ,fz —220f1 — 2fo, f3 = —2z0f2 — 4f1,20 = R(2).

\/_

(b) Assume that z is not real and set z = 8 = R+ 4I(R and I are real and I > 0). If the imaginary part
is negative, this problem is reduced to the case when the imaginary part is positive using the fact that

the relation
F(z)+ F(—2)=2e"?
holds for F(z) =e~* Erfc(—iz).

(¢) Suppose that z =38 = R+ iI(R, I are real and I > 0). Set

fz) = / e~ (¢ + B)dt = / 98¢ /(8% — £2)di(x > 0).
0
For x > 0, since
2 2

(77 f(2)) = (VEB/v/x)e?
it holds that

#50) - 50) = Vs [ S

e 1)—f(0)=+vm7 / —dx

0o VT
Therefore,
B, 1 2
dw = —=(” f(1) - £(0)).

| e m(e 7(1) - 7(0)
Furthermore, in f(0 fo 23/(8% — t?)dt, changing the integration pass [0, 00) to [0,i30cc0) and con-
sidering the res1dual that is added with this change, it follows that

_ﬂ2 /B w2d 1 (/OO _t2/(t+6)dt+ i _62)

e eV dw=—— e ie .

0 2\/E —00
Now we apply the Poisson formula. Setting
7h2(n+z)

z_: h(n+xz)+
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g(z) is a periodic function of the period 1 and can be expanded by the Fourier series. Evaluate each

coefficient as

1 jo%) —h2 2
/ ( ) —27rinmd / h € " —27rin;vd
xX)e Xr = e X
o’ o BT E B

oo 712
— / e e—27rinm/hd$
o TH P

oo —(zx+min 2
:/ e—(@+min/h) dze
o THB

here, moving the integration pass and considering the residuals if they are added, we get

2

_ —n?n? /2 & e T d h I
e /Oo—:c—l—ﬁ—m'n/h x(mn/h < I)

2

— e/ ~ Ld _ opie—(—BHmin/h)? h>1T
e (/_OO T B —min/h x — 2mie )(mn/ ).

Therefore, taking h such that m/h > 1/log(1016) and neglecting the terms of the order 10716, it is
obtained that:

h‘2 2

h Z hn—l—ﬁ / dx — 27 Z exp(2minB/h — 32).
wn/h>I
The infinite series on the both sides of this equation converge in a few terms. e Erfc(—iz) becomes:

. o g2
i e
— d
™ /700 v+ B

with z = 3.

(2) The inverse function of the co-error function

The co-error function is defined as follows:

y = Erfc(z \/_/

Here, y is a non-negative real number.
To obtain values of its inverse function y = Erfc_l(a:), calculate y satisfying

2 [ i
f(y)Z(ﬁ/y et — z)er” =0

using Newton method first. The derivative of f(y) is given by f/(y) = 2yf(y) — 2/+/m. Classifying by the
g y)1s g Yy Iy yry ying by

range of x, the initial value y;,;; for y is taken as follows:
(a) When x > Erfe(2)
Set Yinit = 0.

(b) When z < Erfc(2)
For a given x, the initial value y;,;: is calculated using the formula below:

y1 = 1/(Vmx),y2 = Vogyr, ys = 1/ (V7xyz2), Yinit = \/10g y3

The initial value y;,;; obtained by this procedure is an approximation of y which satisfies:
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(3) The error function and the co-error function

(a) For |z| <0.476563

i. Co-error function is obtained as Erfc(z) = 1 — Erf(x).

ii. The error function Erf(x) is obtained as follows:
2

e ” 2x
Erf =
r() N3 222
1= 472
3+ 62
5— 2
74
9_ ...

(b) For |z| > 0.476563

i. Co-error function Erfc(z) is obtained as follows:
For 0 < z < 8.0, using the best-fit formula.
For 8.0 < = < 26.628736,

2

e * 1.0
f =
Brfe(z) = —= o 0.5
1.0
T+ 15
T+ :
i

and if x > 26.628736 ,then Erfc(x)=0.
For negative value of z, Erfc(x) = 2 — Erfc(—2x) is applied.
Then error function is obtained as Erf(z) = 1 — Erfe(x).

2.1.2.22 Coefficient Calculation Method

The functions in this library adopt arithmetic techniques to save the amount of calculation without degrading

the accuracy.

2.1.2.23 Method of Calculating Related Special Functions

(1) Incomplete elliptic integral of the 3rd kind

® do
(p;c,m) / — —
0 (1+e¢sin“0)v/1—msin“6
/w dt (x = sinyp)
o (L+c2)/1 B _me) 4
“ dw

= S =s
o l+c-sn?2w (w=sn u)

If this integral is represented using the II function, it appears as follows:

sn o«

II(p;c,m) =u+ -(u, a)

cno-dna

(v is set so that sn? o = —£.)
(u= F(z,m) = F(sinp,m))
Another method is described below.
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o —m<c<O0:

B = 5-Flem)/Km)
v o= %~F(x,m)/K(m) (z = sin )
o = (1+c)(m+0)

. _ 1 da(v+B) 91(8)
II(p; c,m) = 01 [_§1Og194(v6) +v- 51(3)

Assume that the nome ¢ for modulus m. Then the above function can be calculated using the following

expressions.
%1 Ev+g§ = 22%-sin(2-s-v)-sin(2-s-6)
)

Vi (B

25

51(3) = cot6+4z e cos(2 ﬂ)+q4s~sin(2~ﬁ)
The summation calculation are contlnued until the last term is sufficiently small relative to the first
term.
o c< —1:

Assume N = m,pl = \/(—c -1+ m). Then the function is calculated using the following expres-
c c
sions.
1 A(p) +prtane
II(p;ec,m) = —mw(p; N,m) + F(x,m) + — log[—————
(rem) = (gt N.m) + Fam) + 5 logl 3 F—LLE
where, A(p) = /1 —msin? .
II(¢; N,m) is obtained using the calculations described above for —m < ¢ < 0.

o —l<c<—m:

_ 1+c¢

= 1—-m

B = 5 Flel—m)/K(m)

v o= g~F(x,m)/K(m)

P
(I4+¢)(m+c)

A = a-tan(tanh g - tanv +2Zl)1571.qz;-sin(2-s-v)-sinh(2-s-ﬂ)
Z sq* sinh(2 - s- )
s=1

o=

142372 ¢ cosh(2-s- )
II(p;c,m) =02 - (A—4-p-v)

e c>0.0:

N - 7m+c
1+e¢
c-(m+c

b2 = 7< )

1+c
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m - F(xz,m)

H(p;c,m) = {\/(1+N)~(1+% (g; N, m) + .

+ atan(%pg sin(2-# ))}/ 1+c)(1+ %)

Alp)
Where, A(p) = /1 —msin? ¢.
II(p; N, m) is obtained using the calculations described above for —m < ¢ < 0.0.
(Refer to bibliography reference (1).)

(2) Heuman’s lambda function
Ao(p\a) = %{K(Q)E(sﬂ\%o —a) = (K(a) = E(a)) - F(p\90° — )}

Let m = sin? @. Then lambda function is obtained from the following equations.

K(a) = K(m)

E(p\90° —a) = E(sing,1—m)
E(a) = E(m)

F(o\90° —a) = F(sinp,1—m)

(Refer to bibliography reference (1).)

(3) Legendre function

e x> 1.0:
2 2 r—1
Pfl/Z(w) I x+1K(x+1>
2 2vx? —1
Pijp(z) = =\r—vVa?-1F| ———
1/2() - (,’E+\/l'2——1>
2 2
Qo) = x+1K(I+1>
Qip(z) = =z 2 k(-2 -2+ 1)E 2z
1/2 - r+1 r+1 r+1
e £ <1.0
2 1—=z
P_ip(x) = ;K( 5 )
2 1—x 1—x
P = —<2F - K
i = 2{ee(50)-x (57)}

v - n(152) a(15)

(E and K are complete elliptic integrals)
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2.2 BESSEL FUNCTIONS

2.2.1 ASL_wibjOx, ASL_vibjOx

Bessel Function of the 1st Kind (Order 0)

(1) Function

For x = X;, calculates values of the Bessel function of the 1st kind (order 0)

Jo(z) = 1 /07r cos(z sin(t))dt

™

(2) Usage
Double precision:
ierr = ASL_wibjOx (nv, xi, x0);
Single precision:
ierr = ASL_vibjox (nv, xi, x0);

(3) Arguments and Return Value

D:Double precision real Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. SHIMCLE an Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi Dx nv Input | X;
Rx
3 X0 Dx nv Output | Jo(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv >1

(b) [xifi —1]| <M

where, M={double precision: 2°7, single precision: 287}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by xi[i —
1].
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Bessel Function of the 1st Kind (Order 0)

(6) Notes

(a) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation

d? d
sz—;erzd—lzqu(foVQ)w:O
and defined as
2\ (=™ z\2m
J(2) = (= ().
(2) (2) ;mlf(m+u+1)(2)

=0

(b) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.

(7) Example

()
(b)

Problem
Obtain Jy(z) for x = 0.0,0.1,0.2,---,0.9.

Main program

/* C interface example for ASL_wibjOx */
/% R9.0 UPDD 03/02/05 N.Y.

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == L)

printf("no enough memory for array xo\n");
return -1;

printf( " #kx ASL_wibjOx *x*\n" );

printf( "\n ** Input **\n\n" );
%or(i=0;i<nv;i++)

xt[i]=i;

xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wibjOx(nv,xt, xo);
printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of JO(x)\n\n" );

for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);
free(xo);
return O;

(¢) Output results

*kx ASL_wibjOx ***

** Input *x*

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
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Bessel Function of the 1st Kind (Order 0)

Xt
xt
xt
xt

[olefole)
©O©oo~N»

** Qutput **

ierr

0

Value of JO(x)

1
0.998
0.99
0.978
0.96
0.938
0.912
0.881
0.846
0.808
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2.2.2 ASL_wibyOx, ASL_vibyOx
Bessel Function of the 2nd Kind (Order 0)

(1) Function
For x = X, calculates values of the Bessel function of the 2nd kind (order 0)

2 o0
Yo(z) = f—/ cos(x cosh(t))dt (x > 0.0)
T Jo
(2) Usage
Double precision:
ierr = ASL_wiby0Ox (nv, xi, x0);
Single precision:

ierr = ASL_vibyOx (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. Fetment aiy Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi D+ nv Input | X;
Rx
3 X0 Dx nv Output | Yp(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(b) xi[i—1] > 0.0
(¢) xii—1] <M
where M={double precision: 2°%7, single precision: 287}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000 xi[i — 1] = 0.0 (overflow) xo[i—1] = (Minimum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) or (c) was not satisfied by
xifi — 1].
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Bessel Function of the 2nd Kind (Order 0)

(6) Notes

(a) Bessel function of the 2nd kind Y, (2) is the basic solution of Bessel’s differential equation

d? d
Z2d—;§ +zd—ff + (22 =1)w =0

and defined as

Jy(z) cosvm — J_,(2) .

sinvm

Y. (2) =

When v is equal to integer n, the following limiting value is used for definition.

Y.(z) = I}gr:l Y., (2)

(b) Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.

(¢) The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).

(7) Example

(a)

(b)

Problem
Obtain Yy (z) for z = 0.1,0.2,---,1.0.

Main program

/* C interface example for ASL_wibyOx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

xo=(double *)malloc((size_t) (sizeof(double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");

return -1;
printf( " *%% ASL_wibyOx s***\n" );
printf( "\n ** Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i+1;

xt[i]=xt[i]/nv;

printf( "\t xt = %8.3g\n", xt[i] );
}

ierr = ASL_wibyOx(av,xt, xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of YO(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);

free(xo0);
return O;
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(¢) Output results

¥k ASL_wibyOx ***

** Input *x*

Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt

[eXelolololeleleolo]
HOONOUTWN -

** Qutput **

ierr

= 0

Value of YO(x)

-1.53
-1.08
-0.807
-0.606
-0.445
-0.309
-0.191
-0.0868
0.00563
0.0883
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2.2.3 ASL_wibjlx, ASL_vibjlx
Bessel Function of the 1st Kind (Order 1)

(1) Function
For x = X, calculates values of the Bessel function of the 1st kind (order 1)

Ji(z) = 1 /07r cos(zsin(t) — t)dt.

™

(2) Usage
Double precision:
ierr = ASL_wibjlx (nv, xi, x0);
Single precision:

ierr = ASL_vibjlx (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUIMCE an Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi D+ nv Input | X;
Rx
3 X0 Dx nv Output | J1(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(b) [xi[i —1][ <M
with M={double precision: 2°07, single precision: 287}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by xi[i —
1].
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(6) Notes

(a) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation

d? d
sz—;erzd—qu(zQ — 1w =0
and defined as
(2 = (—1)™ z2\2m
Julz) = (5) Z m!I'(m +v+1) (5) '

m=0

(b) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.

(7) Example

(a)
(b)

()

Problem
Obtain Ji(z) for x = 0.0,0.1,0.2,---,0.9.

Main program

/% C interface example for ASL_wibjlx */
/* R9.0 UPDD 03/02/05 N.Y.

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;
double *xo0;
int nv;
int 1i;
int ierr;
nv=10;
xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

}
xo=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");
return -1;

printf( " #%%x ASL_wibjlx **x\n" );
printf( "\n ** Input **\n\n" );
%or(i=0;i<nv;i++)

xt[i]=1i;
xt[i]=xt [i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wibjlx(av,xt, xo0);
printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of J1(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t =xo = %8.3g\n", xol[i] );

free(xt);

free(xo);
return O;

Output results

sk ASL_wibjlx *k*

*k Input *%

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
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Bessel Function of the 1st Kind (Order 1)

Xt
xt
xt
xt

[olefole)
©O©oo~N»

** Qutput **

ierr

0

Value of J1(x)

0

0.0499
0.0995

[eleleleloloXe)

.148
.196
.242
.287
.329
.369
.406
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2.2.4 ASL_wibylx, ASL_vibylx
Bessel Function of the 2nd Kind (Order 1)

(1) Function
For x = X, calculates values of the Bessel function of the 2nd kind (order 1)

]. 4 1 o0 .
Yi(z) = _/ sin(z sin(t) — t)dt — _/ e—@sinh(t) et — e~"dt.
0 0

T T
(2) Usage
Double precision:
ierr = ASL_wibylx (nv, xi, x0);
Single precision:
ierr = ASL_vibylx (nv, xi, x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. Fetment aiy Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi D+ nv Input | X;
Rx
3 X0 Dx nv Output | Y1(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(b) xi[i—1] > 0.0
(¢) xii—1] <M
where M={double precision: 2°%7, single precision: 287}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000+ xii — 1] < 1.0/(Maximum value) xo[i—1] = (Minimum value) is performed.
(overflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) or (c) was not satisfied by
xifi — 1].
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(6) Notes

(a) Bessel function of the 2nd kind Y, (2) is the basic solution of Bessel’s differential equation

d? d
Z2d—;§ +zd—ff + (22 =1)w =0

and defined as

Jy(z) cosvm — J_,(2) .

sinvm

Y. (2) =

When v is equal to integer n, the following limiting value is used for definition.

Y.(z) = I}gr:l Y., (2)

(b) Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.

(¢) The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).

(7) Example

(a)

(b)

Problem
Obtain Y7 (z) for z = 0.1,0.2,---,1.0.

Main program

/* C interface example for ASL_wibylx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

xo=(double *)malloc((size_t) (sizeof(double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");

return -1;
printf( " *#% ASL_wibylx skk\n" );
printf( "\n ** Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i+1;

xt[i]=xt[i]/nv;

printf( "\t xt = %8.3g\n", xt[i] );
}

ierr = ASL_wibylx(av,xt, xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Yi(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);

free(xo0);
return O;
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(¢) Output results

*kx ASL_wibylx *k*
** Input *x*

Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt

[eXelolololeleleolo]
HOONOUTWN -

** Qutput **
ierr = 0

Value of Y1(x)

X0 = -6.46
X0 = -3.32
X0 = -2.29
X0 = -1.78
X0 = -1.47
X0 = -1.26
X0 = -1.1
X0 = -0.978
X0 = -0.873
X0 = -0.781
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2.2.5 ASL_dibjnx, ASL ribjnx

Bessel Function of the 1st Kind (Integer Order)

(1) Function

Calculates a value of the Bessel function of the 1st kind (integer order)

In(z) = = /07r cos(zsin(t) — nt)dt.

(2) Usage
Double precision:
ierr = ASL_dibjnx (n, xi, &xo0);
Single precision:
ierr = ASL_ribjnx (n, xi, &x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUIMCE an Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 Dx 1 Output | Value of J,(z)
R«
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) [xi| <M

where, M={double precision: 2°°7, single precision: 2¥7}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 In|(log, |%| — My1) > M, (See Note (c)) xo0 = 0.0 is performed.
(xi # 0.0 and n # 0) (underflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) The computation time of .J,(z) becomes longer as x and n increase. Generally it is desirable to set
[n|] < 1000 and |xi| < 1000.0.

(b) To calculate Jy, (), Jni1(x), Jata(x), - - at a time, it is faster to successively use the recurrence relation
below than to call this function repeatedly. The computation, however, becomes unstable if it is done
with increasing n. Therefore the recurrence relation should be used with decreasing n.

Recurrence relation:
2n
Jn—l = ?Jn(l') — Jn+1(l’)

(¢) When ierr becomes 1000 in this function, the values of M; and Ms are as follows:
M; = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}

(d) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation:

d*w dw
207w aw 2 _ 2\
Zdz2+zdz+(z rHw =20
and defined as
2\Y — (—1)™ z\2m
- (5 e ()
) =13 mZ:Om!F(m-i-V-i-l) 2

(e) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.
(7) Example

(a) Problem
Obtain the value of J,(z) at z = 1.5 for n = 5.

(b) Input data
n=>5 and xi = 1.5.
(¢) Main program

/* C interface example for ASL_dibjnx */

#include <stdio.h>
#include <asl.h>

int main()

int nt;

double xt;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibjnx.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #%% ASL_dibjnx ***\n" );
printf( "\n *x Input **\n\n" );

fscanf( fp, "%d", &nt );
fscanf( fp, "%Llf", &xt );
printf( "\tn = %6d\t\txi = %8.3g\n", nt, xt );

fclose( fp );
ierr = ASL_dibjnx(nt, xt, &xo);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Jn(x)\n\n" );
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printf( "\t xo = %8.3g\n", xo0 );

return O;

(d) Output results

#xk ASL_dibjnx *kx*
** Input **

n = 5 xi = 1.5
** Qutput **

ierr = 0

Value of Jn(x)
xo = 0.0018
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2.2.6 ASL _dibynx, ASL_ribynx
Bessel Function of the 2nd Kind (Integer Order)

(1) Function
Calculates a value of the Bessel function of the 2nd kind (integer order)

™ 1 o0 .
Y (z) = = /0 sin(xsin(t) — nt)dt — — /0 e~ @b [ent | (_1)me g,

s s

(2) Usage
Double precision:
ierr = ASL_dibynx (n, xi, &xo);
Single precision:
ierr = ASL_ribynx (n, xi, &xo0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. Fetment aiy Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 Dx 1 Output | Value of Y, ()
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions

(a) xi > 0.0

(b) xi < M
where, M={double precision: 257, single precision: 2!87}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000 xi < 2.0/(Maximum value) If n > 0, xo = (Minimum value) is per-
or |n|(log, ‘%l — M;) > M; (See Note (c)) formed.
(xi # 0.0 and n # 0) (overflow) If n < 0, xo = (Minimum value) x (—1)"
is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) The computation time of Y, (x) becomes longer as x and n increase. Generally it is desirable to set
[n|] < 1000 and xi < 1000.0.

(b) To calculate Y;,(x), Yo11(2), Ynt2(2), - - - at a time, it is faster to successively use the recurrence relation
below than to call this function repeatedly.

Recurrence relation:
2n
Yoy (z) = ?Yn(x) —Yo-1(2)
(¢) When ierr becomes 2000 in this function, the values of M; and M are as follows:

M; = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}

(d) Bessel function of the 2nd kind Y, (z) is the basic solution of Bessel’s differential equation:

d? d
Z2d—;§ + zd—z} + (22 =1H)w =0
and defined as
Jy(z) cosvm — J_,(2)

sinvm

Y.(2) =
When v is equal to integer n, the following limiting value is used for definition.
Y.(z) = I}gr:l Y., (2)
(e) Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.
(f) The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).

(7) Example

(a) Problem
Obtain the value of Y, (z) at = 1.5 for n = 5.

(b) Input data

n=>5 and xi = 1.5.
(¢) Main program

/* C interface example for ASL_dibynx */

#include <stdio.h>
#include <asl.h>

int main()
{

int nt;

double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibynx.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **% ASL_dibynx ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &nt );
fscanf( fp, "J%Lf", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", nt, xi );

fclose( fp );

ierr = ASL_dibynx(nt, xi, &xo);
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printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Yn(x)\n\n" );
printf( "\t =xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*xk ASL_dibynx ***
** Input **

n = 5 xi = 1.5
** Qutput **

ierr = 0

Value of Yn(x)
X0 = -37.2
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2.2.7 ASL_dibjmx, ASL_ribjmx
Bessel Function of the 1st Kind (Real Number Order)

(1) Function
Calculates a value of the Bessel function of the 1st kind (real number order)

Jy(x) = —/ cos(zsin(t) — vt)dt — M/ e~ msinh(®) g=vt gy
0 0

m m

(2) Usage
Double precision:
ierr = ASL_dibjmx (r, xi, &xo0);
Single precision:
ierr = ASL_ribjmx (r, xi, &x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer

R:Single precision real  C:Single precision complex long as for 64bit Integer
No. f{;fszeil/;lir;d Type Size Ig;f;gé . Contents
1 r D 1 Input | Order v
i
2 xi D 1 Input | Value of variable x
)
3 X0 D+ 1 Output | Value of J,(z)
1)
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) When r corresponds with an integer:
[r| < M,
[xi| < My
(b) When r does not correspond with an integer:
0<r<M,
0<xi< M,
where, M; ={double precision: 23!, single precision: 23!},

My={double precision: 2597, single precision: 287}
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 v(log, £ — M3) > My (See Note (e)) (xi # x0 = 0.0 is performed.

0.0 and r # 0.0) (underflow)
(Note: When v corresponds with an inte-

ger, |v| and |x| are used for judging.)

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

(6) Notes

(a) The computation time of J,(x) becomes longer as = and n increase. Generally it is desirable to set
r < 1000.0 and xi < 1000.0.

(b) If the order is half an integer (a half of an odd integer), the spherical Bessel function should be used
instead.

Jny1(@) = \/?jn(x)

(c) If v is negative and is not an integer, the Bessel function of the 1st kind cannot be calculated by using

this function. Therefore, it should be calculated by using a recurrence relation.

(d) To calculate J,(x), Jy4+1(z), Jv +2(z), -+ at a time, it is faster to successively use the recurrence
relation below than to call this function repeatedly. The computation, however, becomes unstable if it
is done with increasing v. Therefore the recurrence relation should be used with decreasing v.

Recurrence relation:
2v
Jy-1(z) = ?JV(‘T) = Ju41(2)

(e) When ierr becomes 1000 in this function, the values of M3 and My are as follows:
M = 0.3068,
M4 ={double precision: 709.7827, single precision: 88.72284}

(f) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation:

d*w dw
2 aw 2 _ 2\
Zdz2+zdz+(z riw =20
and defined as
2\Y — (—1)™ z\ 2m
- () 3 = C(zpn
() 2 mzzomlf(m—i—u—i—l) 2

(g) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.
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(7) Example

(a) Problem
Obtain the value of J,(x) at x = 1.5 for v = 3.3.

(b) Input data

r=3.3 and xi = 1.5.
(¢) Main program

/% C interface example for ASL_dibjmx */

#include <stdio.h>
#include <asl.h>

int main()

double r;
double xij;
double xo0;
int ierr;
FILE x*fp;

fp = fopen( "dibjmx.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*kx ASL_dibjmx ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "Jlf", &r );
fscanf( fp, "%1f", &xi );
printf( "\tr = %8.3g\t\txi = %8.3g\n", r, xi );

fclose( fp );
ierr = ASL_dibjmx(r, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Jm(x)\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

%% ASL_dibjmx %k
** Input **

r = 3.3 xi = 1.5
*% Qutput *x*

ierr = 0

Value of Jm(x)
X0 = 0.0383
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2.2.8 ASL_dibymx, ASL_ribymx
Bessel Function of the 2nd Kind (Real Number Order)

(1) Function
Calculates a value of the Bessel function of the 2nd kind (real number order)

T 1 oo .
Y, (z) = —/0 sin(z sin(t) — vt)dt — —/0 e ™S [Vt 4 cos(mr)e M dt.

s s

(2) Usage
Double precision:
ierr = ASL_dibymx (r, xi, &x0);
Single precision:
ierr = ASL_ribymx (r, xi, &xo0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. | e | Type | s | (P Contents
1 T D 1 Input | Order v
it
2 xi D 1 Input | Value of variable x
it
3 X0 D+ 1 Output | Value of Y, (z)
()
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions
(a) When r corresponds with an integer,
Ir| < My
(b) When r does not corresponds with an integer,
O0<r< M,
where, M;={double precision: 23!, single precision: 23!}
(¢) xi > 0.0
(d) xi < My
where, My={double precision: 2°07, single precision: 2%}
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
2000 xi < 2.0/(Maximum value) x0 = (Minimum value) is performed.
or v(log, Z — M3z) > My (See Note (e)) Note: If r < 0,
(xi # 0.0 and r # 0) (overflow) xo = (—=1)"*! x (Maximum value) is
Note: When v corresponds with an inte- performed.

ger, |v| is used for judging.

3000 Restriction (a), (b) or (c) was not Processing is aborted.

satisfied.

(6) Notes

(h)
(i)

The Bessel function of the 2nd kind N, (z) is the same as Y, ().

The computation time of Yn(x) becomes longer as = and n increase. Generally it is desirable to set
r < 1000.0 and xi < 1000.0.

If the order is half an integer (a half of an odd integer), the spherical Bessel function should be used
instead.

Vs @) = ()

If v is negative and is not an integer, the Bessel function of the 1st kind cannot be calculated by using

this function. Therefore, it should be calculated by using a recurrence relation.
2v
Yy1(x) = ?Y,,(x) =Y (x)

To calculate Y, (z),Y,41(2),Yv +2(x), -+ at a time, it is faster to successively use the recurrence
relation than to call this function repeatedly.

When ierr becomes 2000 in this function, the values of M3 and M, are as follows:
M3 = 0.3068,
M, ={double precision: 709.7827, single precision: 88.72284}

Bessel function of the 2nd kind Y, (2) is the basic solution of Bessel’s differential equation:

and defined as
Jy(2) cosvm — J_,(2)

Yl/ = .
(Z) S V7

When v is equal to integer n, the following limiting value is used for definition.

Y,(z) = lim Y, (z)

v—n

Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.

The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).

(7) Example

(a)

Problem
Obtain the value of Y, () at = 1.5 for v = 3.3.
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(b) Input data

r=3.3 and xi = 1.5.
(¢) Main program

/* C interface example for ASL_dibymx */

#include <stdio.h>
#include <asl.h>

int main()
{

double r;
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibymx.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *#x* ASL_dibymx ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%lf", &r );
fscanf( fp, "%Llf", &xi );
printf( "\tr = %8.3g\t\txi = %8.3g\n", r, xi );

fclose( fp );
ierr = ASL_dibymx(r, xi, &xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Ym(x)\n\n" );
printf( "\t =xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*ak ASL_dibymx *#*

*k Input *%

r = 3.3 xi 1.5
*% Qutput *x*

ierr = 0

Value of Ym(x)

X0 = -2.9
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2.2.9 ASL_zibjnz, ASL_cibjnz
Bessel Function of the 1st Kind with Complex Variable (Integer Order)

(1) Function

Calculates a value of the Bessel function of the 1st kind with complex variable (integer order)

In(z) = = /07T cos(zsin(t) — nt)dt.

(2) Usage
Double precision:
ierr = ASL_zibjnz (n, &zi, &zo);
Single precision:
ierr = ASL_cibjnz (n, &zi, &zo);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I int as for 32bit Integer
R:Single precision real C:Single precision complex

long as for 64bit Integer

A t and Input
No. FEUIMCE an Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 zi 7% 1 Input | Value of variable z
Cx
3 70 7k 1 Output | Value of J,(2)
Cx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) [S(zi)| < M,
where, M; ={double precision: 709.7827, single precision: 88.72284}
(b) [zi] < M;
where, My={double precision: 257, single precision: 2!87}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
1000 |n|(log, ‘%l — M3) > My (See Note (c)) zo = (0.0,0.0) is performed.
(|zi] # 0.0 and n # 0) (underflow)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) The computation time of .J,(z) becomes longer as |z| and n increase. Generally it is desirable to set
In| < 1000 and |zi| < 1000.0.

(b) To calculate Jp,(2), Jn+1(2), Jny2(2), - - at a time, it is faster to successively use the recurrence relation
below than to call this function repeatedly. The computation, however, becomes unstable if it is done
with increasing n. Therefore the recurrence relation should be used with decreasing n.

Recurrence relation:
2n
Jn1(2) = 7Jn(2) — Jny1(2)

(¢) When ierr becomes 1000 in this function, the values of M3 and My are as follows: M3 = 0.3068,
M, ={double precision: 709.7827, single precision: 88.72284}

(d) Bessel function of the 1st kind J,(z) is the basic solution of Bessel’s differential equation:

d*w dw
2 aw 2 _ 2\ _
zdz2+zdz+(z viiw=0
and defined as
2\ — (=™ z\2m
J(2) = (2 .2 — )
(2) (2) mZ:Om!F(erqul) (2)

(e) Bessel function of the 1st kind is also called cylindrical function of the 1st kind.
(7) Example

(a) Problem
Obtain the value of J,,(z) at z = 1+ 2y/—1 for n = 3.

(b) Input data
n =3 and zi = (1.0,2.0).

(¢) Main program

/* C interface example for ASL_zibjnz */

#include <stdio.h>
#include <complex.h>
#include <asl.h>

int main()
{

int n;

double _Complex zij;
double _Complex zo;
int ierr;

FILE *fp;

fp = fopen( "zibjnz.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #*kx ASL_zibjnz *x*\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );

double tmp_re, tmp_im;

fscanf ( fp, "%1lf", &tmp_re );
fscanf( fp, "%1lf", &tmp_im );

zi = tmp_re + tmp_im * _Complex_I;

printf( "\tn = %6d\t\tzi = (%8.3g,%8.3g)\n", n, creal(zi), cimag(zi) );
fclose( fp );
ierr = ASL_zibjnz(n, &zi, &zo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
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printf( "\n\tValue of Jn(z)\n\n" );
printf( "\t =zo = (%8.3g,%8.3g)\n", creal(zo), cimag(zo) );

return O;

(d) Output results

*%% ASL_zibjnz ***
*x Input **

n = 3 zi = ( 1, 2)
*% Qutput *x*

ierr = 0

Value of Jn(z)

zo = ( -0.281, 0.0172)
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2.2.10 ASL _zibynz, ASL _cibynz
Bessel Function of the 2nd Kind with Complex Variable (Integer Order)

(1) Function

Calculates a value of the Bessel function of the 2nd kind with complex variable (integer order)

Yo(z) = = / ! sin(z sin(t) — nt)dt — 1 / T e sinn(n) [e"t + (—1)"e~"]dL.
™ Jo T Jo
(2) Usage
Double precision:
ierr = ASL_zibynz (n, &zi, &zo);
Single precision:
ierr = ASL_cibynz (n, &zi, &z0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I int as for 32bit Integer
R:Single precision real C:Single precision complex

long as for 64bit Integer

A t and Input
No. Fetment aiy Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 zi 7% 1 Input | Value of variable z
Cx
3 70 7k 1 Output | Value of Y,,(2)
Cx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) |zi| > 0.0
(b) IS(z)| < M,y
where, M7 ={double precision: 709.7827, single precision: 88.72284}
(0) |l < My
where, My={double precision: 2597, single precision: 2!87}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.
4000 |zi| < 2.0/(Maximum value)
or |n|(log, % — M3) > My (See Note (d))
(|zi] # 0.0 and n # 0)
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(6) Notes

(a) The Bessel function of the 2nd kind N,,(2) is the same as Y,,(z).

(b) The computation time of Y;,(z) becomes longer as |z| and n increase. Generally it is desirable to set
In| < 1000 and |zi| < 1000.0.

(¢) To calculate Y, (2), Ynt1(2), Yoia(2), - - - at a time, it is faster to successively use the recurrence relation
than to call this function repeatedly.

Recurrence relation:
2n
Yor(z) = 7Yn(z) — Yo 1(2)

(d) When ierr becomes 4000 in this function, the values of M3 and M, are as follows:
M,y ={double precision: 709.7827, single precision: 88.72284}

(e) Bessel function of the 2nd kind Y, (2) is the basic solution of Bessel’s differential equation:

d? d
sz—;} +zd—ff + (2 =1vHw =0

and defined as

Y (2) = Ju(2) cos v — J_l,(z).
sin v
When v is equal to integer n, the following limiting value is used for definition.

Y,(z) = lim Y, (2)

v—n

(f) Bessel function of the 2nd kind is also called cylindrical function of the 2nd kind.
(g) The Neumann function N, (z) is the same as the Bessel function of the 2nd kind Y, (2).

(7) Example

(a) Problem
Obtain the value of Y, (z) at z =1+ 2y/—1 for n = 3.

(b) Input data
n =3 and zi = (1.0, 2.0).

(¢) Main program

/* C interface example for ASL_zibynz */

#include <stdio.h>
#include <complex.h>
#include <asl.h>

int main()

int nt;

double _Complex zt;
double _Complex zo;
int ierr;

FILE x*fp;

fp = fopen( "zibynz.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **% ASL_zibynz ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &nt );

double tmp_re, tmp_im;

fscanf( fp, "%lf", &tmp_re );
fscanf ( fp, "%1f", &tmp_im );

zt = tmp_re + tmp_im * _Complex_I;
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printf( "\tn = %6d\t\tzi = (%8.3g,%8.3g)\n", nt, creal(zt), cimag(zt) );
fclose( fp );
ierr = ASL_zibynz(nt, &zt, &=zo);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Yn(z)\n\n" );
printf( "\t =zo = (%8.3g,%8.3g)\n", creal(zo), cimag(zo) );

return O;

}
(d) Output results

*xx ASL_zibynz *x*
** Input **

n = 3 zi = ( 1, 2)
** Qutput **

ierr = 0

Value of Yn(z)
zo = ( 0.29, -0.212)
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2.3 ZERO POINTS OF THE BESSEL FUNCTIONS

2.3.1 ASL_dizbs0, ASL_rizbs0
Positive Zero Points of the Bessel Function of the 1st Kind (Order 0)

(1) Function

Obtain positive zero points of the Bessel function of the first kind of the order 0.

(2) Usage
Double precision:
ierr = ASL_dizbs0 (n, z);
Single precision:
ierr = ASL_rizbs0 (n, z);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex ) int as for 32bit Integer
R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
n I 1 Input | Number of zero points
2 Z D+ n Output | Zero points (stored in ascending order)
Rx
3 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) 1<n<50
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes
None
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(7) Example

(a) Problem

Set N=20 to get the positive zero points of Jo(z) to 20-th one.

(b) Main program

#include <stdio

.h>

#include <stdlib.h>
#include <math.h>
#include <asl.h>

int main()
{

double *z,y
int i,n
n=20;
z=(double *
if( z ==

H
sierr;

iga%loc((size_t)( sizeof (double)* n ));

printf( "no enough memory for array z\n" );

return

_1;

printf( "\n\t *** ASL_dizbsO \n\n" );
printf( "\n\t input \n\n" );
printf( "\n\t order of bessel function = O\n\n");
ierr = ASL_dizbsO(n, z);

printf (
printf(
printf (
printf(

"\n\t

*%x QUTPUT ***\n\n" );

"\n\tierr = %6d\n", ierr );

n \n\t
"\n\t

zero points of the bessel function of the order O\n\n");
i z[i] abs error \n\n" );

%or ( i=0 ; i<n ; i++ )

ierr=ASL_dibj0x(z[il,&y);
printf( "\nJ%6d, %13.8g,%13.8g\n " ,i,z[i],y);

free(z);
return O;

(¢) Output results

*%x ASL_dizbsO

input

order of bessel function = 0

*xx QUTPUT

ierr =

k% k

0

zero points of the bessel function of the order O

i z[i]

, 2.4
, 5.5
8.6

s 11.
14.
18.

21.
24.

, 27.
, 30.

© 0 N O O W N = O

abs error

048256,
200781,
537279,
791534,
930918,
071064,
211637,
352472,
493479,
634606,

0
-5.5511161e-17
-8.550601e-17
5.6074844e-16
3.1425706e-17
2.0607712e-17
2.3465576e-16
-2.8684606e-16
-1.6343398e-16
-4.6072464e-17

10, 33.77582,-1.7036219e-16
11, 36.917098,-4.5752467e-16

12, 40.058426,-3.7350766e-16
13, 43.199792,2.2315316e-16
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14, 46.341188,4.1065487e-16
15, 49.48261,3.5326335e-17
16, 52.624052,2.9204024e-16
17, 55.765511,-2.3113754e-16
18, 58.906984,-8.4474973e-17
19, 62.048469,-8.624523%e-17
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2.3.2 ASL_dizbsl, ASL_rizbsl
Positive Zero Points of the Bessel Function of the 1st Kind (Order 1)

(1)

(2)

Function

Evaluate positive zero points of the Bessel function of the first kind of order 1.

Usage
Double precision:

ierr = ASL_dizbsl (n, z);
Single precision:

ierr = ASL_rizbsl (n, z);

Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

as for 32bit Integer}

) nt
’ long as for 64bit Integer

A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Number of zero points
2 z D+ n Output | Positive zero points (stored in ascending
Rx order)
3 ierr I 1 Output | Error indicator (Return Value)
Restrictions
(a) 1<n <50
Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
Notes
None
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(7) Example

(a) Problem
Set N=20 to get positive zero points of Ji(x) to 20-th one.
(b) Main program

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>
%nt main()

double *z,y;

int i,n,ierr;

n=20;

z=(double * )malloc((size_t)( sizeof(double)* n ));
if( z == LL )

printf( "no enough memory for array z\n" );
return -1;

printf( "\n\t *x* ASL_dizbsl \n\n" );
printf( "\n\t input \n\n" );
printf( "\n\t order of bessel function = 1\n\n");
ierr = ASL_dizbsl(n, z);
printf( "\n\t **x OUTPUT #***\n\n" );
printf( "\n\tierr = %6d\n", ierr );
printf( "\n\t zero points of the bessel function of the order 1\n\n");
printf( "\n\t i z[i] abs error \n\n" );
%or ( i=0 ; i<n ; i++ )

ierr=ASL_dibj1x(z[il,&y);
printf( "\n%6d, %13.8g,%13.8g\n " ,i,z[il,y);

free(z);

return O;

(¢) Output results

*x*% ASL_dizbs1

input

order of bessel function = 1
sxk QUTPUT %%

ierr = 0

zero points of the bessel function of the order 1

i z[i] abs error

0, 3.831706, 0
1, 7.0155867,5.5511151e-17
2, 10.173468,8.9194811e-17
3, 13.323692,1.5873198e-16
4, 16.47063,1.8636384e-16
5, 19.615859,-2.8122313e-16
6, 22.760084,-2.4689546e-16
7, 25.903672,7.7711347e-17
8, 29.046829,-1.8668477e-16
9, 32.18968,3.5559172e-16
10, 35.332308,3.8406094e-16
11, 38.474766,3.3699954e-17
12, 41.617094,-5.1091421e-17
13, 44.759319,-1.6050153e-16
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47.901461,3.0616063e-16
51.043535,-1.9242396e-16
54.185554,1.3208823e-16
57.327525,-4.9030061e-17
60.469458,-1.2525988e-16
63.611357,-7.8518163e-17
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2.3.3 ASL_dizbsn, ASL_rizbsn
Positive Zero Points of Bessel Function of the 1st Kind (Integer Order)

(1) Function
Evaluate positive zero points of Bessel function of the first kind and integer order J,, (z).

(2) Usage

Double precision:
ierr = ASL_dizbsn (n,m,lf, z, work);

Single precision:

ierr = ASL_rizbsn (n,m,lf, z, work);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

as for 32bit Integer}

) int
’ long as for 64bit Integer

No. Argument and Type Size fnput/ Contents
Return Value ’ Output

1 n I 1 Input | Number of positive zero points

2 I 1 Input | m

3 If I 1 Input | Approximate magnification ratio

4 z D+ n Output | Positive zero points (stored in ascending
{R* } order)

5 work Dx See Work | Work area
{R*} Contents size:2 x (Iffxn+1) x (Ifxn+2)

6 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) 1 <n <50 (m=-1,0,+1), 1 <n (otherwise )
(b) 1> 1

(5) Error indicator (Return Value)

ierr value

Meaning

Processing

Normal termination.

Processing is aborted.

3000 Restriction (a) or (b) was not satisfied.
3500 The solution could not be improved.
3600 The solution of eigenvalue problem was

not obtained.
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(6) Notes

(a) n should be about 50 at most.

(b) Maximum iteration count for iterative improvement is lfxn. This value is also used as the order of

()

the eigenvalue problem which has to be solved to obtain an initial approximation value for iterative

improvement. If this value is not sufficiently large, the precision for approximation of the initial value

which is used in iterative improvement may become bad, which may cause ierr=3500,3600. On the

other hand, if this value is too large, processing time required to calculate the initial approximation

value which is used in iterative improvement becomes large. As a criterion, nxIf may be taken to be

no less than 24 if m is around 10, and may be taken to be no less than 30 if m is around 18.

For m=-1,0,+1, processing time becomes rather small because this function refers to an numerical

table.

(7) Example

(a) Problem

(b)

Set N=20 and M=10 to obtain positive zero points of Jio(x) to 20-th one.

Main program

#include
#include
#include
#include

int main(

<stdio.h>
<stdlib.h>
<math.h>
<asl.h>

double *z;

double *work;
double *b;

int i,ia,n,nn,ierr,i8;

n=20;1i8=8;
nn=2% (1+8%n) * (2+8%n) ;

z=(double * )malloc((size_t)( sizeof (double)* n ));
%f( z == NULL )

printf( "no enough memory for array z\n" );
return -1;

}
work—(double * )malloc((81ze t) ( sizeof(double)* nn ));
if ( work == NULL )

printf( "no enough memory for array work \n" );
return -1;

b=(double * )malloc((size_t)( sizeof(double)* n ));
if( b == NULL )

printf( "no enough memory for array b\n" );
return -1;

}
printf( "\n\t *** ASL_dizbsn \n\n" );
for ( ia = 10 ; ia < 11 ; ia++ )

printf( "\n\t \n\n" );

printf( "\n\t **x INPUT order = %6d\n" , ia );
ierr=ASL_dizbsn(n,ia,i8,z,work);

printf( "\n\t *** OUTPUT *++\n\n" );

printf( "\n\tierr = %6d\n", ierr );

for (i=0 ; i<mn ; i++ )

ierr=ASL_dibjnx(ia,z[i],&b[i]);

}
printf( "\n\t i z[i] abs error \n\n" );
for ( i=0 ; i<n ; i++ )
printf( "\n%6d,%13.8g,%13.8¢g\n " ,i, z[il, b[il);
}

free(z);
free(work) ;
free(b);
return O;
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(¢) Output results

%% ASL_dizbsn

*%* INPUT order = 10
*%xx QUTPUT **x*

ierr = 0

i z[i] abs error

o, 14.475501,-1.6653345e-16
1, 18.433464,1.9428903e-16
2, 22.046985,1.9428903e-16
3, 25.509451,-2.6367797e-16
4, 28.887375,1.3877788e-17
5, 32.211856,-3.1918912e-16
6, 35.499909,4.4408921e-16
7, 38.761807,1.9428903e-16
8, 42.00419,5.5511161e-17
9, 45.231574,2.4980018e-16
10, 48.447151,-5.5511151e-17
11, 51.653252,1.6653345e-16
12, 54.851619,-1.5959456e-16
13, 58.043588,-6.9388939e-17
14, 61.230198,-3.400058e-16
15, 64.412272,3.5388359e-16
16, 67.590472,-3.5388359e-16
17, 70.765334,-6.0715322e-16
18, 73.937299,4.6143644e-16
19, 77.106734,-1.6306401e-16
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2.3.4 ASL_dizbyn, ASL_rizbyn
Positive Zero Points of the Second Kind Bessel Function

(1) Function

Evaluate positive zero points of Bessel function of the second kind and integer order Y, (x).

(2) Usage
Double precision:
ierr = ASL_dizbyn (n, m, z, &nconv);
Single precision:

ierr = ASL_rizbyn (n, m, z, &nconv);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
n I 1 Input | Number of zero points
2 m I 1 Input | Degree m
3 z D« n Output | Positive zeros (from smallest one)
Rx
4 nconv I* 1 Output | Maximum number of iteration
ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n>1
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 The iterative improvement did not con-
verge within the maximum number of
iterations.

(6) Notes

(a) The double precision version should be used to get zero points for the second kind Bessel function with

the absolute value of the degree > 5.
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(7) Example

(a) Problem

For Yio(z), obtain zero points for 20-th one.

(b) Input data

n=20 and m=10.
(¢) Main program

/* C interface example for ASL_dizbyn */
#include <stdio.h>

#include <stdlib.h>

#include <asl.h>

int main()
{

int n,m,ierr,nconv,i;
double *z,derr;

printf( " *x*kx ASL_dizbyn **x*\n" );
n=20;m=10;
printf( "\n ** Input **\n\n" );

z = ( double * )malloc(sizeof (double)*n);
if ( z == NULL

printf( "no enough memory for array z\n");

return -1;
printf( "\tn = %6d\n" , n );
printf( "\tm = %6d\n" , m );

ierr = ASL_dizbyn(n,m,z,&nconv);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\tnconv = %6d\n", nconv);

printf( "\n\t Zero Point Valid"
for(i=0; i<n; i++)

printf( "\n\t" );

printf( "%64",i);

printf( "%8.3g",z[i]);

printf( "\t ");

ierr = ASL_dibynx(m, z[i], &derr);
if( ierr > 0 )

printf( "error in ASL_dibynx\n");
return -1;

printf( "%8.3g",derr);
}
printf( "\n" );
free(z);
return O;

}
(d) Output results

*xx ASL_dizbyn *x*
** Input *x*

20
10

n
m

*% Qutput *x*

ierr = 0
nconv = 29
Zero Point Valid

0 12.1 -3.35e-12
1 16.5 -4.68e-13
2 20.3 6.95e-14
3 23.8 1.45e-13
4 27.2 -1.44e-14
5 30.6 2.47e-14
6 33.9 -3.22e-15
7 37.1 1.78e-14
8 40.4 -3.57e-15
9 43.6 5.41e-16
10 46.8 7.98e-16
11 50.1 3.52e-15
12 53.3 1.25e-16
13 56.4 -1.01e-15
14 59.6 1.94e-15
15 62.8 -1.96e-15
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3.3e-15
-2.51e-14
3.51e-15
-4.1e-15
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2.3.5 ASL_dizbsl, ASL _rizbsl

Positive Zero Points of the Function aJy(a) + aJ;(«)

(1) Function

Evaluate the positive solutions a of the transcendental equation aJy(a) + aJq(a) =0

(2) Usage
Double precision:
ierr = ASL_dizbsl (n,a,lf, z, work);
Single precision:
ierr = ASL_rizbsl (n,a,lf, z, work);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUIMCIE an Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Number of positive solutions
2 a D 1 Input a
R
3 If I 1 Input | Approximate magnification ratio
4 z Dx n Output | Positive solutions « (stored in ascending
Rx order)
5 work D+ See Work | Work area
R+ Contents size:2 x (Ifxn+1) x (Ifxn+2)
6 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n>1
(b) If > 1
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
3500 The solution could not be improved.
3600 The solution of eigenvalue problem was
not obtained.
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(6) Notes
(a) The effective range for parameter a (input value a) is 1071° < |a| < 10* or a = 0.
(b

(c

(d) As a criterion, If may be taken to be about 8.

)
) n should be about 50 at most.

) Maximum iteration count for iterative improvement is lfxn.
)

(7) Example

(a) Problem

Set a = —ﬂJl(ﬂ)

Jo(B)

(b) Main program

(8 = 2.304780), n=20 and 1f=8 to obtain the positive solutions « of a.Jp(a)+aJi(a) =

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>
%nt main()

double *z;
double *work;
double a,f,d,p;
double *b0,*bl;
int i,n,nn,ierr,i8;
n=20;1i8=8;
nn=2% (1+8*n) * (2+8*n) ;
z=(double * )malloc((size_t)( sizeof(double)* n ));
%f( z == NULL )

printf( "no enough memory for array z\n" );
return -1;

}
work=(double * )malloc((size_t)( sizeof(double)* nn ));
if ( work == NULL )

printf( "no enough memory for array work \n" );
return -1;

bO=(double * )malloc((size_t) ( sizeof(double)* n ));
if( b0 == NULL )

printf( "no enough memory for array bO\n" );
return -1;

}
bi=(double * )malloc((size_t)( sizeof(double)* n ));
%f( bl == NULL )

printf( "no enough memory for array bi\n" );
return -1;

}

printf( "\n\t #*x* ASL_dizbsl \n\n" );
a=2.304780;
ierr=ASL_dibjox(a,&f);
ierr=ASL_dibjlx(a,&d) ;
a=-d*a/f;
printf( "\n\t input : a \n\n" );
printf( "\n%13.8g\n " ,a);
ierr=ASL_dizbsl(n,a,i8,z,work);
printf( "\n\t **x QUTPUT ***\n\n" );
printf( "\n\tierr = %6d\n", ierr );
for (i=0 ; i<n ; i++ )

ierr=ASL_dibjox(z[i],&b0[i]);
ierr=ASL_dibjix(z[i],&b1[i]);

}
printf( "\n\t i z[i] abs error \n\n" );
for ( i=0 ; i<n ; i++ )

p=a*b0[i]+b1[i]*z[i];
printf( "\n%6d,%13.8g,%13.8¢g\n " ,i, z[il, p);

free(z);
free(work) ;
free(b0);
free(bl);
return O;
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(¢) Output results

*%* ASL_dizbsl
input : a

-23.456847
sxk QUTPUT %%

ierr = 0

i z[i] abs error

0, 2.30478, 0
1, 5.2934884,1.3322676e-15
2, 8.3065969,-4.8849813e-15
3, 11.333025,-1.2434498¢-14
4, 14.371644,6.2172489¢-15
5, 17.421959,-5.7731597e-15
6, 20.483189,4.4408921e-15
7, 23.554295,1.3322676e-15
8, 26.634127, 0
9, 29.721552,5.7731597e-15
10, 32.815519,-3.5527137e-15
11, 35.915098,1.4210855e-14
12, 39.019482,-1.8651747e-14
13, 42.127984,1.5099033e-14
14, 45.24002,-4.4408921e-16
15, 48.355101,-6.6613381e-15
16, 51.472814,1.5543122e-14
17, 54.59281,1.7319479e-14
18, 57.714796,2.3092639e-14
19, 60.838523,1.1990409e-14
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2.4.1 ASL_wibiOx, ASL_vibiOx

Modified Bessel Function of the 1st Kind (Order 0)

(1) Function

For x = X, calculates values of the Modified Bessel function of the 1st kind (order 0)

Ip(x) = 1 /” e st gt
T Jo
(2) Usage
Double precision:
ierr = ASL_wibi0x (nv, xi, x0);
Single precision:

ierr = ASL_vibi0x (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
’ long as for 64bit Integer

A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 xi D+ nv Input | X;
Rx
3 X0 Dx nv Output | Ip(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions
(a) nv>1

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
2000 Restriction (a) was not satisfied. Processing is aborted.
2000+ [xi[i — 1]| > M (See Note (a)) xoi — 1] = (Maximum value) is
(overflow) performed.
(6) Notes

(a) When ierr = 2000 in this function, the value of M is as follows:
M ={double precision: 713.067, single precision: 90.978}
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(b) Modified Bessel function of the 1st kind I,,(z) is the particular solution of modified Bessel’s differential

equation

and defined as
Liy(2) = V12 1, (V=12).
(7) Example

(a) Problem
Obtain Iy(x) for 2 = 0.0,0.1,---,0.9.
(b) Main program

/* C interface example for ASL_wibiOx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof(double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " %% ASL_wibiOx ***\n" );
printf( "\n ** Input **\n\n" );

{or(i=0;i<nv;i++)

xt[i]=i;

xt [i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wibiOx(nv,xt, xo0);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of IO(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xol[i] );
free(xt);
free(xo);
return O;

}
(¢) Output results

sk ASL_wibiOx ***

*k Input *%

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9

118



ASL_wibi0Ox, ASL_vibiOx
Modified Bessel Function of the 1st Kind (Order 0)

** Qutput **
ierr = 0

Value of IO(x)

X0 = 1
X0 = 1
X0 = 1.01
X0 = 1.02
X0 = 1.04
X0 = 1.06
X0 = 1.09
X0 = 1.13
X0 = 1.17
X0 = 1.21
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2.4.2 ASL_wibk0x, ASL_vibk0x
Modified Bessel Function of the 2nd Kind (Order 0)

(1) Function

For x = X, calculates values of the modified Bessel function of the 2nd kind (order 0)

K()(ZC) _ / e COSh(t)dt.
0

(2) Usage
Double precision:
ierr = ASL_wibkOx (nv, xi, x0);
Single precision:
ierr = ASL_vibkOx (nv, xi, x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUIMCE an Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi D+ nv Input | X;
R«
3 X0 Dx nv Output | Ko(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(b) xi[i—1] > 0.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
1000 xifi — 1] > M (See Note (a)) xo[i — 1] = 0.0 is performed.
(underflow)
2000 xifi — 1] = 0.0 (overflow) xoi — 1] = (Maximum value) is
performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+i Restriction (b) was not satisfied by xi[i —
1].
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(6) Notes

(a)

(b)

When ierr becomes 1000 in this function, the value of M is as follows:
M ={double precision: 705.117, single precision: 85.114}

Modified Bessel function of the 2nd kind K, (z) is the particular solution of modified Bessel’s differential
equation

d*w dw
2 2 2\,

z W—i—za—(z +v)w=0

and defined as
I_,(2)—1,
k() = TG L)
2 sinvm

When v is equal to integer n, the following limiting value is used for definition.

K, (z) = lim K,(2)

v—n

(7) Example

(a)
(b)

Problem
Obtain Ky(z) for 2 =0.1,0.2,---,1.0.

Main program

/* C interface example for ASL_wibkOx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " *x*x ASL_wibkOx ***\n" );
printf( "\n *x Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i+1;

xt[i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wibkOx(nv,xt, xo0);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of KO(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t =xo = %8.3g\n", xol[i] );

free(xt);

free(xo);
return O;
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(¢) Output results

*kx ASL_wibkOx ***

** Input *x*

xt
Xt
xt
xt
Xt
xt
Xt
xt
xt
xt

[elelelololooloto)
FOONOOTPWN -

** Qutput **

ierr

= 0

Value of KO(x)

2.43
1.75
1.37
1.11
.924
778
.661
.565
.487
.421
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2.4.3 ASL_wibilx, ASL_vibilx

Modified Bessel Function of the 1st Kind (Order 1)

(1) Function

For x = X, calculates values of the modified Bessel function of the 1st kind (order 1)

I(x) = 1 / " g cos(t) cos(t)dt.
T Jo
(2) Usage
Double precision:
ierr = ASL_wibilx (nv, xi, x0);
Single precision:

ierr = ASL_vibilx (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
’ long as for 64bit Integer

A t and Input
No. Fetment aiy Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | Number of input data
2 xi D+ nv Input | X;
Rx
3 X0 Dx nv Output | I (X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions
(a) nv>1

(5) Error indicator (Return Value)

(overflow)

ierr value Meaning Processing
0 Normal termination.
2000 Restriction (a) was not satisfied. Processing is aborted.
2000+i [xi[i — 1]| > M (See Note (a)) In the case where xi[i — 1] > 0.0,

xo[i — 1] = (Maximum value) is per-
formed. In the case where xi[i — 1] < 0.0,

xo[i — 1] = —(Maximum value)

is performed.
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(6) Notes

(a) When ierr becomes 2000 in this function, the value of M is as follows:
M ={double precision: 713.067, single precision: 90.978}

(b) Modified Bessel function of the 1st kind I,,(2) is the particular solution of modified Bessel’s differential
equation

d*w dw
2 2 2\,
z dz2+2dz_(2 +v%)w =0,

and defined as
Liy(2) = ePV12 1, (V12).

(7) Example

(a) Problem
Obtain I (x), for x = 0.0,0.1,0.2,---,0.9.
(b) Main program

/* C interface example for ASL_wibilx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof(double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");
return -1;

printf( " %% ASL_wibilx **x\n" );
printf( "\n ** Input **\n\n" );
for(i=0;i<nv;i++)

xt[i]=1i;

xt[i]=xt [i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wibilx(nv,xt, xo0);

printf( "\n ** Qutput **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of I1(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", xol[i] );
free(xt);

free(xo);
return O;

(¢) Output results

*kk ASL_wibilx sk

*k Input *%

xt = 0
xt = 0.1
xt = 0.2
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xt
Xt
Xt
Xt
Xt
xt
Xt

OOO0OO0O0O0O
OO~ UIdW

** Qutput *x*

ierr

0

Value of I1(x)

0
0.0501

[eXeleoleolofofoXe)

.101
.152
.204
.258
.314
.372
.433
.497
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2.4.4 ASL_wibklx, ASL_vibklx

Modified Bessel Function of the 2nd Kind (Order 1)

(1) Function

For x = X, calculates values of the modified Bessel function of the 2nd kind (order 1)

Kﬂ@:i/ e~ =0 cogh(t)dt.
0

(2) Usage
Double precision:
ierr = ASL_wibklx (nv, xi, x0);
Single precision:
ierr = ASL_vibklx (nv, xi, x0);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

as for 32bit Integer}

) int
’ long as for 64bit Integer

A t and Input
No. FEUIMCE an Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 xi D+ nv Input | X;
Rx
3 X0 Dx nv Output | K1(X;)
R«
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv>1

(b) xi[i — 1] > 0.0

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

1000 xifi — 1] > M (See Note (a)) xo[i — 1] = 0.0 is performed.
(underflow)

2000 xii — 1] < 1.0/(Maximum value) xoi — 1] = (Maximum value) is
(overflow) performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3000+i Restriction (b) was not satisfied by xi[i —

1].
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(6) Notes

(a) When ierr becomes 1000 in this function, the value of M is as follows:
M ={double precision: 705.117, single precision: 85.114}

(b) Modified Bessel function of the 2nd kind K, (z) is the particular solution

and defined as
7l ,(2) = I,(2)
K, ()= -————=.
(2) 2 sin v
When v is equal to integer n, the following limiting value is used for definition.

K,(z) = lim K,(2)

v—n

(7) Example

(a) Problem
Obtain K, (z) for z = 0.1,0.2, - -, 1.0.
(b) Main program

/* C interface example for ASL_wibklx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

xo=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " *#x* ASL_wibklx **x\n" );
printf( "\n ** Input **\n\n" );

%or(i=0;i<nv;i++)

xt[i]=i+1;

xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wibklx(av,xt, xo0);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of K1(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", xo[i] );
free(xt);

free(xo);
return O;

(¢) Output results

*kk ASL_wibklx ***

** Input *x*
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xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9
xt = 1

** Qutput **
ierr = 0

Value of K1(x)

X0 = 9.85
X0 = 4.78
X0 = 3.06
X0 = 2.18
X0 = 1.66
X0 = 1.3
X0 = 1.05
X0 = 0.862
X0 = 0.717
X0 = 0.602
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2.4.5 ASL_dibinx, ASL_ribinx
Modified Bessel Function of the

(1) Function

1st Kind (Integer Order)

Calculates a value of the modified Bessel function of the 1st kind (integer order)

1

™

I, () / e® (1) cos(nt)dt.
0
(2) Usage
Double precision:
ierr = ASL_dibinx (n, xi, &x0);
Single precision:
ierr = ASL_ribinx (n, xi, &xo0);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

int as for 32bit Integer

| )

long as for 64bit Integer

A t and Input
No. Fetment aiy Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 Dx 1 Output | Value of I,(z)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) [xi] <M

where, M ={double precision: 713.067, single precision: 90.978}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 In|(log, |Z| — My) > My (See Note (c)) x0 = 0.0 is performed.
(xi # 0.0 and n # 0) (underflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a)

(b)

The computation time of I,,(z) becomes longer as x and n increase. Generally it is desirable to set
[n] < 1000 and |xi| < 1000.0.

To calculate I, (x), In+1(x), Iny2(x), - - - at a time, it is faster to successively use the recurrence relation
below than to call this function repeatedly. The computation, however, becomes unstable if it is done
with increasing n. Therefore the recurrence relation should be used with decreasing n.
Recurrence relation :
2n
Iy = ZIn(z) + Int1()
When ierr becomes 1000 in this function, the values of M; and M, are as follows:
M; = 0.3068,
M5 ={double precision: 709.7827, single precision: 88.72284}
Modified Bessel function of the 1st kind I,,(z) is the particular solution of modified Bessel’s differential
equation:
o d%w dw

Pog i —FEHru=0,

and defined as

Liy(2) = eFV172 1 (V=12).

(7) Example

(a)

(b)
()

Problem
Obtain the value of I,,(z) at 2 = 1.5 for n = 5.

Input data

n=>5and xi = 1.5.

Main program

/* C interface example for ASL_dibinx */

#include <stdio.h>
#include <asl.h>

int main()
{

int nt;

double xt;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibinx.dat", "r" );
if ( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x% ASL_dibinx **x\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &nt );
fscanf( fp, "AK1f", &xt );
printf( "\tn = %6d\t\txi = %8.3g\n", nt, xt );

fclose( fp );
ierr = ASL_dibinx(nt, xt, &xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of In(x)\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;
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(d) Output results

%k ASL_dibinx ¥
**x Input *x
n = 5 xi = 1.5
*% Qutput *x*
ierr = 0
Value of In(x)
xo = 0.00217
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2.4.6 ASL_dibknx, ASL_ribknx

Modified Bessel Function of the 2nd Kind (Integer Order)

(1) Function

Calculates a value of the modified Bessel function of the second kind (integer order)

Kn(z) = /0 e~ eoh(t) cosh(nt)dt.

(2) Usage
Double precision:
ierr = ASL_dibknx (n, xi, &xo0);
Single precision:
ierr = ASL_ribknx (n, xi, &xo0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) int
’ long as for 64bit Integer

A t and Input
No. FEUIMCE an Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 Dx 1 Output | Value of K, ()
R«
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) xi > 0.0
(b) xi< M

where, M ={double precision: 705.117, single precision: 85.114}

(5) Error indicator (Return Value)

ierr value Meaning Processing
Normal termination.
2000 xi < 2.0/(Maximum value) x0 = (Maximum value) is performed.
or |n|(log, In| _ M) > My (See Note (c))
(xi # 0.0 and n # 0) (overflow)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a)

(b)

The computation time of K, (x) becomes longer as « and n increase. Generally it is desirable to set

In| < 1000 and xi < 1000.0.

To calculate K, (z), Kpt1(x), Kny2(x), -+ at a time, it is faster to successively use the recurrence

relation below than to call this function repeatedly.

Recurrence relation:

Koia(r) = 2 K@) + K1 ()

When ierr becomes 2000 in this function, the values of M7 and M, are as follows:

M, = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}

Modified Bessel function of the 2nd kind K, (2) is the particular solution of modified Bessel’s differential

equation:

and defined as
mly(2) — L(2)

2 sin vm

K, (z) =
When v is equal to integer n, the following limiting value is used for definition.

(7) Example

(a)

(b)
()

Problem
Obtain the value of K, (z) at z = 1.5 for n = 5.

Input data

n=>5 and xi = 1.5.
Main program

/* C interface example for ASL_dibknx */

#include <stdio.h>
#include <asl.h>

int main()
{

int nt;

double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibknx.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *#x* ASL_dibknx ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &nt );
fscanf( fp, "%Llf", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", nt, xi );

fclose( fp );
ierr = ASL_dibknx(nt, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
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printf( "\n\tValue of Kn(x)\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

(d) Output results

%k ASL_dibknx ***
**x Input *x

n = 5 xi = 1.5
*% Qutput *x*

ierr = 0

Value of Kn(x)
X0 = 44 .1
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2.4.7 ASL_dibimx, ASL _ribimx
Modified Bessel Function of the 1st Kind (Real Number Order)

(1) Function

Calculates a value of the modified Bessel function of the 1st kind (real number order)

L,(ac) - - /ﬂ— P cos(t) COS(Vt)dt _ Sin(ﬂy) /oo e 7 cosh(t)—utdt.
0 0

m s

(2) Usage
Double precision:
ierr = ASL_dibimx (r, xi, &xo0);
Single precision:
ierr = ASL_ribimx (r, xi, &x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real  C:Single precision complex long as for 64bit Integer
No. ?{Z%E;zeé;ir;d Type Size Ig;f;gé . Contents
1 r D 1 Input | Order v
it
2 xi D 1 Input | Value of variable x
)
3 X0 D« 1 Output | Value of I, (x)
e
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) When r corresponds with an integer:
[r| < M,
[xi| < Ms
(b) When r does not correspond with an integer:
O0<r< M
0<xi< M,
where, M; ={double precision: 23!, single precision: 23!},
My ={double precision: 713.067, single precision: 90.978}
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 v(log, £ — M3z) > My (See Note (e)) (xi # x0 = 0.0 is performed.

0.0 and r # 0.0) (underflow)
(Note: When v corresponds with an inte-

ger, |v| and |z| are used for judging.)

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

(6) Notes

(a)

(b)

The computation time of I, (z) becomes longer as x and n increase. Generally it is desirable to set
r < 1000.0 and xi < 1000.0.

If the order is half an integer (a half of an odd integer), the spherical Bessel function should be used
instead.

@) =y Zinte)

If v is negative and is not an integer, the Bessel function of the 1st kind cannot be calculated by using

this function. Therefore, it should be calculated by using a recurrence relation.

To calculate I, (z), Iv + 1(x), I, +2(x), - - - at a time, it is faster to successively use the recurrence relation
below than to call this function repeatedly. The computation, however, becomes unstable if it is done
with increasing v. Therefore the recurrence relation should be used with decreasing v.

Recurrence relation:

2v
Iy (x) = ?L,(x) + Iy41(2)

When ierr becomes 1000 in this function, the values of M3 and M, are as follows:
M3 = 0.3068,
M4 ={double precision: 709.7827, single precision: 88.72284}
Modified Bessel function of the 1st kind I,,(z) is the particular solution of modified Bessel’s differential
equation:

o d*w dw

z quzEf(zerVZ)w:O,

and defined as

Iiy(2) = eFV1T2 1 (V=12).
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(7) Example

(a) Problem
Obtain the value of I, (z) at x = 1.5 for v = 3.3.

(b) Input data

r=3.3 and xi = 1.5.
(¢) Main program

/* C interface example for ASL_dibimx */

#include <stdio.h>
#include <asl.h>

int main()

double r;
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibimx.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *#x* ASL_dibimx ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%lf", &r );
fscanf( fp, "%Lf", &xi );
printf( "\tr = %8.3g\t\txi = %8.3g\n", r, xi );

fclose( fp );
ierr = ASL_dibimx(r, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Im(x)\n\n" );
printf( "\t =xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*x% ASL_dibimx %k
** Input **

r = 3.3 xi = 1.5
*% Qutput *x*

ierr = 0

Value of Im(x)
X0 = 0.0497
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2.4.8 ASL_dibkmx, ASL_ribkmx
Modified Bessel Function of the 2nd Kind (Real Number Order)

(1) Function
Calculates a value of the modified Bessel function of the 2nd kind (real number order)

K, (z) = /0 e~ 70 cosh(vt)dt.

(2) Usage
Double precision:
ierr = ASL_dibkmx (r, xi, &xo0);
Single precision:
ierr = ASL_ribkmx (r, xi, &xo);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. | e | Type | s | (P Contents
1 r D 1 Input | Order v
)
2 xi D 1 Input | Value of variable x
)
3 X0 D+ 1 Output | Value of K, (x)
1
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) |r[ < M
where, M;={double precision: 23!, single precision: 23!}
(b) xi > 0.0
(c) xi < Mo

where, My ={double precision: 705.117, single precision: 85.114}
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(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000 xi < 2.0/(Maximum value) x0 = (Maximum value) is performed.

or v(log, Z — M3) > My (See Note (d))
(xi # 0.0 and r # 0.0) (overflow)

3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.

(6) Notes

(a)

(b)

The computation time of K, (x) becomes longer as x and n increase. Generally it is desirable to set
r < 1000.0 and xi < 1000.0.

If the order is half an integer (a half of an odd integer), the spherical Bessel function should be used

instead.

Ko@) =\ k(o)

(¢) To calculate K, (x), Ky11(x), Ky 42(x), -+ at a time, it is faster to successively use the recurrence

relation below than to call this function repeatedly.

Recurrence relation:

Ko (@) = 22K, () + Ky ()

(d) When ierr becomes 2000 in this function, the values of M3 and M, are as follows:

M3 = 0.3068,
M4 ={double precision: 709.7827, single precision: 88.72284}

(e) Modified Bessel function of the 2nd kind K, (z) is the particular solution of modified Bessel’s differential

equation:

d*w dw
2 2 2y, _

z w—i—zg—(z +v%)w =0,

and defined as
7l ,(2)—1,(2)
K ()= ——————~.
(2) 2 sin v

When v is equal to integer n, the following limiting value is used for definition.

K,(z) = lim K,(2)

v—n
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(7) Example

(a) Problem
Obtain the value of K, (x) at x = 1.5 for v = 3.3.

(b) Input data

r=3.3 and xi = 1.5.
(¢) Main program

/* C interface example for ASL_dibkmx */

#include <stdio.h>
#include <asl.h>

int main()

double r;
double xij;
double xo0;
int ierr;
FILE x*fp;

fp = fopen( "dibkmx.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **x* ASL_dibkmx ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "Jlf", &r );
fscanf( fp, "%1f", &xi );
printf( "\tr = %8.3g\t\txi = %8.3g\n", r, xi );

fclose( fp );
ierr = ASL_dibkmx(r, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Km(x)\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*xx ASL_dibkmx %k
** Input *x*

r = 3.3 xi = 1.5
*% Qutput *x*

ierr = 0

Value of Km(x)
X0 = 2.76
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2.4.9 ASL_zibinz, ASL_cibinz
Modified Bessel Function of the 1st Kind with Complex Variable (Integer
Order)

(1) Function

Calculates a value of the modified Bessel function of the 1st kind with complex variable (integer order)
I, (2) = —/ e*°3(®) cos(nt)dt.
0

(2) Usage
Double precision:
ierr = ASL _zibinz (n, &zi, &zo);
Single precision:
ierr = ASL _cibinz (n, &zi, &zo);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex ] int as for 32bit Integer
R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUHent at Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 zi 7% 1 Input | Value of variable z
Cx
3 z0 7% 1 Output | Value of I,,(z)
Cx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) |zi] <M,
where, M;={double precision: 2°07, single precision: 2!¥7}
(b) [R(zi)| < M
where, My ={double precision: 709.7827, single precision: 88.72284}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
1000 In|(log, % — M3) > My (See Note (c)) zo = (0.0,0.0) is performed.
(|zi] # 0.0 and n # 0) (underflow)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a)

(b)

The computation time of I,,(z) becomes longer as |z| and n increase. Generally it is desirable to set
[n|] < 1000 and |zi| < 1000.0.

To calculate I, (z), In11(2), Int2(2), - - - at a time, it is faster to successively use the recurrence relation
below than to call this function repeatedly. The computation, however, becomes unstable if it is done
with increasing n. Therefore the recurrence relation should be used with decreasing n.
Recurrence relation:
2n

In-1(2) = 7171(2) + Int1(2)
When ierr becomes 1000 in this function, the values of M3 and M, are as follows:
M3 = 0.3068,
M,y ={double precision: 709.7827, single precision: 88.72284}
Modified Bessel function of the 1st kind I,,(2) is the particular solution of modified Bessel’s differential
equation:

d*w dw
2 2 2\,

z W—’—ZE_(Z +v%)w =0,

and defined as

Liy(2) = ePV12 1, (V12).

(7) Example

(a)

(b)
()

Problem
Obtain the value of I,,(z) at z = 1+ 2¢/—1 for n = 3.

Input data
n = 3 and zi = (1.0,2.0).

Main program

/* C interface example for ASL_zibinz */

#include <stdio.h>
#include <complex.h>
#include <asl.h>

int main()
{

int nt;

double _Complex zt;
double _Complex zo;
int ierr;

FILE *fp;

fp = fopen( "zibinz.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **x* ASL_zibinz ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &nt );

double tmp_re, tmp_im;

fscanf( fp, "%lf", &tmp_re );

fscanf( fp, "%1f", &tmp_im );

zt = tmp_re + tmp_im * _Complex_I;

printf( "\tn = %6d\t\tzi = (%8.3g,%8.3g)\n", nt, creal(zt), cimag(zt) );

fclose( fp );
ierr = ASL_zibinz(nt, &zt, &=zo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
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printf( "\n\tValue of In(z)\n\n" );
printf( "\t zo = (%8.3g,%8.3g)\n", creal(zo), cimag(zo) );

return O;

(d) Output results

*xx ASL_zibinz ***
*x Input **

n = 3 zi = ( 1, 2)
*% Qutput *x*

ierr = 0

Value of In(z)

zo = ( -0.175, -0.0824)
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2.4.10 ASL_zibknz, ASL_cibknz
Modified Bessel Function of the 2nd Kind with Complex Variable (Integer
Order)

(1) Function
Calculates a value of the modified Bessel function of the second kind with complex variable (integer order)

K, (2) :/ e~ o801t cosh(nt)dt.
0

(2) Usage
Double precision:
ierr = ASL_zibknz (n, &zi, &z0);
Single precision:
ierr = ASL_cibknz (n, &zi, &zo);

(3) Arguments and Return Value

D:Double precision real Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEIHent aty Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 zi 7% 1 Input | Value of variable z
Cx
3 z0 7% 1 Output | Value of K,(z)
Cx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) |zi] > 0.0

(b) |zi| < My
where, M;={double precision: 257, single precision: 2'87}

(c) [R(zi)| < My
where, My ={double precision: 709.7827, single precision: 88.72284}
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.
4000 |zi| < 2.0/(Maximum value)
or |n|(log, % — Ms) > My (See Note (c))
(|zi] # 0.0 and n # 0)

(6) Notes

(a)

(b)

The computation time of K, (z) becomes longer as |z| and n increase. Generally it is desirable to set
In| < 1000 and |zi| < 1000.0.

To calculate K, (2), Knt1(2), Knta(z), -+ at a time, it is faster to successively use the recurrence
relation given below than to call this function repeatedly.

Recurrence relation:
2n
Knt1(2) = 7Kn(z) + Kn-1(2)

When ierr becomes 4000 in this function, the values of M3 and M, are as follows:
M3 = 0.3068,
M4 ={double precision: 709.7827, single precision: 88.72284}

Modified Bessel function of the 2nd kind K, (2) is the particular solution of modified Bessel’s differential

equation:

d*w dw
2 2 2V,
and defined as
7l ,(2) = I,(2)
K, ()= - —————=.
(2) 2 sin v
When v is equal to integer n, the following limiting value is used for definition.

(7) Example

(a)

(b)
()

Problem
Obtain the value of K, (z) at z =1+ 2y/—1 for n = 3.

Input data
n =3 and zi = (1.0, 2.0).

Main program

/* C interface example for ASL_zibknz */

#include <stdio.h>
#include <complex.h>
#include <asl.h>

int main()

int nt;

double _Complex zt;
double _Complex zo;
int ierr;

FILE *fp;
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fp = fopen( "zibknz.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **x* ASL_zibknz ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &nt );

double tmp_re, tmp_im;

fscanf ( fp, "%1lf", &tmp_re );

fscanf( fp, "%1f", &tmp_im );

zt = tmp_re + tmp_im * _Complex_I;

printf( "\tn = %6d\t\tzi = (%8.3g,%8.3g)\n", nt, creal(zt), cimag(zt) );
fclose( fp );

ierr = ASL_zibknz(nt, &zt, &=zo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Kn(z)\n\n" );
printf( "\t =zo = (%8.3g,%8.3g)\n", creal(zo), cimag(zo) );

return O;

}
(d) Output results

*xx ASL_zibknz ***
** Input **

n = 3 zi = ( 1, 2)
** Qutput **

ierr = 0

Value of Kn(z)
zo = ( -0.681, 0.625)
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2.5.1 ASL_dibsjn, ASL _ribsjn
Spherical Bessel Function of the 1st Kind (Integer Order)

(1) Function

Calculates a value of the spherical Bessel function of the 1st kind (integer order)

™

Jn(x) = %Jn—i-%(x)
(2) Usage
Double precision:
ierr = ASL_dibsjn (n, xi, &x0);
Single precision:
ierr = ASL_ribsjn (n, xi, &xo0);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

int as for 32bit Integer

A )

long as for 64bit Integer

A t and Input
No. FEUHent at Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 D« 1 Output | Value of j,(z)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) xi > 0.0
(b) xi<M
where, M={double precision: 2°7, single precision: 2'87}
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

1000 [n|(log, ‘%l — My) > Ms (See Note (c)) If n > 0, xo = 0.0 is performed.
(xi # 0.0 and n # 0) (underflow or Ifn<O,
overflow) xo = (—1)*! x (Maximum value)

is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

()

(b)

The computation time of j,(z) becomes longer as x and n increase. Generally it is desirable to set
[n| < 1000 and xi < 1000.0.

To calculate jy, (), jnt+1 (), jny2(x) - - - at a time, it is faster to successively use the recurrence relation
bellow than to call this function repeatedly.

The computation, however, becomes unstable if it is done with increasing n. Therefore the recurrence
relation should be used with decreasing n.

Recurrence relation:

i@ = T @)~ fua (0)

When ierr becomes 1000 in this function, the values of M7 and Ms are as follows:
M; = 0.3068,
M5 ={double precision: 709.7827, single precision: 88.72284}

Spherical Bessel function of the 1st kind j,(z) is the particular solution of differential equation:

9 d?w dw

z w+2za+{zzfn(n+l)}w:0 (n=0,£1,4£2,--)
and defined as

, ﬂ'

3n(2) =\ s ()
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(7) Example

(a) Problem
Obtain the value of j,(x) at x = 1.5 for n = 5.

(b)
(©)

Input data

n=>5 and xi = 1.5.
Main program

/%

C interface example for ASL_dibsjn */

#include <stdio.h>
#include <asl.h>

int main()

}

int n;

double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibsjn.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #*kx ASL_dibsjn ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%Llf", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );

fclose( fp );
ierr = ASL_dibsjn(n, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Spherical Jn(x)\n\n" );
printf( "\t =xo = %8.3g\n", xo0 );

return O;

(d) Output results

***x ASL_dibsjn ***

** Input **

n = 5 xi = 1.5
*% Qutput *x*

ierr = 0

Value of Spherical Jn(x)
xo = 0.00067

149



ASL_dibsyn, ASL_ribsyn

Spherical Bessel Function of the 2nd Kind (Integer Order)

2.5.2 ASL_dibsyn, ASL_ribsyn

Spherical Bessel Function of the 2nd Kind (Integer Order)

(1) Function

Calculate a value of the spherical Bessel function of the 2nd kind (integer Order)

(2) Usage
Double precision:
ierr = ASL_dibsyn (n, xi, &xo0);
Single precision:
ierr = ASL_ribsyn (n, xi, &x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

|

int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUHent aty Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 D+ 1 Output | Value of y,(x)
R«
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) xi > 0.0
(b) xi< M

where, M={double precision: 2°7, single precision: 2'87}

(5) Error indicator (Return Value)

x

(xi # 0.0 and n # 0)
(overflow or underflow)

or |n|(log, ™l — My) > My (See Note (c))

ierr value Meaning Processing
0 Normal termination.
2000 xi < 2.0/(Maximum value) If n > 0, xo = (Minimum value) is per-

formed.

If n < 0, xo = 0.0 is performed.

3000 Restriction (a) or (b) was not satisfied.

Processing is aborted.

150




ASL_dibsyn, ASL_ribsyn
Spherical Bessel Function of the 2nd Kind (Integer Order)

(6) Notes

(a) The computation time of y,(x) becomes longer as x and n increase. Generally it is desirable to set
[n| < 1000 and xi < 1000.0.

(b) To calculate y, (), Yyn+1(2), ynt2(x) - - - at a time, it is faster to successively use the recurrence relation
below than to call this function repeatedly.

Recurrence relation:
2n+1
x
(¢) When ierr becomes 2000 in this function, the values of M; and Ms are as follows:

M; = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}
(d) Spherical Bessel function of the 2nd kind y,(z) is the particular solution of differential equation:

d? dw

Ynt1(z) = Yn(®) = Yyn—1(z)

sz—;} +2: 0+ {7 —n(n+ Do =0 (n=0,£1,%2,-)
and defined as
77
In() = oY (2.
(e) The spherical Neumann function n,(z) is the same as the spherical Bessel function of the 2nd kind

(7) Example

(a) Problem
Obtain the value of y,(x) at x = 1.5 for n = 5.

(b) Input data
n=>5 and xi = 1.5.
(¢) Main program
/% C interface example for ASL_dibsyn */

#include <stdio.h>
#include <asl.h>

int main()
{
int n;
double xij;
double xo0;
int ierr;
FILE *fp;
fp = fopen( "dibsyn.dat", "r" );
if( fp == NULL )
printf( "file open error\n" );
return -1;

printf( " #*kx ASL_dibsyn *x*\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%Lf", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );

fclose( fp );
ierr = ASL_dibsyn(n, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Spherical Yn(x)\n\n" );
printf( "\t =xo = %8.3g\n", xo0 );

return O;
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(d) Output results

***x ASL_dibsyn ***

** Input *x*

n = 5 xi = 1.5
*% Qutput *x*

ierr = 0

Value of Spherical Yn(x)
X0 = -94.2
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2.5.3 ASL_dibsin, ASL _ribsin
Modified Spherical Bessel Function of the 1st Kind (Integer Order)

(1) Function
Obtain the value of the modified spherical Bessel function of the 1st kind (integer Order)

zn(x) = —1T 1 (x)

(2) Usage
Double precision:
ierr = ASL_dibsin (n, xi, &xo0);
Single precision:
ierr = ASL _ribsin (n, xi, &xo0);
(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FetHent at Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 D« 1 Output | Value of iy ()
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions

(a) n>0
(b) xi > 0.0

(¢) xi< M

where, M ={double precision: 709.7827, single precision: 88.72284}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
1000 n(log, % —My) > M (See Note (d)) (xi # x0 = 0.0 is performed.
0.0 and n # 0) (underflow)
3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.
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(6) Notes

(a)

(b)

()

The computation time of i, (x) becomes longer as x and n increase. Generally it is desirable to set
n < 1000 and xi < 1000.0.

If n is negative and is not an integer, the Bessel function of the 1st kind cannot be calculated by using

this function. Therefore, it should be calculated by using a recurrence relation.

To calculate i, (), int1(x), inpr2(x) - - - at a time, it is faster to successively use the recurrence relation

than to call this function repeatedly.

The computation, however, becomes unstable if it is done with increasing n. Therefore the recurrence

relation should be used with decreasing n.

Recurrence relation:
2n+1

"

Zn(w) + in-‘rl(x)

in_l(x)

When ierr becomes 1000 in this function, the values of M7 and M> are as follows:
M; = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}

Modified spherical Bessel function of the 1st kind i, (2) is the particular solution of differential equation:

d*w dw
27 - 22 1 = = 1
S + 2z = {z°+nn+1)}w=0 (n=0,%£1,%+2,--)

and defined as

(7) Example

(a)

(b)
(©)

Problem
Obtain the value of i, () at © = 1.5 for n = 5.

Input data

n=>5and xi = 1.5.
Main program

/* C interface example for ASL_dibsin */

#include <stdio.h>
#include <asl.h>

%nt main()
int n;
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibsin.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );
return -1;
printf( " *x* ASL_dibsin **x\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "J%Lf", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );

fclose( fp );
ierr = ASL_dibsin(n, xi, &x0);

printf( "\n ** Output **\n\n" );
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printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Spherical In(x)\n\n" );
printf( "\t =xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

#kx ASL_dibsin ***
** Input *x*

n = 5 xi = 1.5
** Qutput **

ierr = 0

Value of Spherical In(x)
xo = 0.000796
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2.5.4 ASL_dibskn, ASL_ribskn
Modified Spherical Bessel Function of the 2nd Kind (Integer Order)

(1) Function
Calculate a value of the modified spherical Bessel function of the 2nd kind (integer order)

kn(z) = | 5= Ky (2).

(2) Usage
Double precision:
ierr = ASL_dibskn (n, xi, &x0);
Single precision:
ierr = ASL_ribskn (n, xi, &xo0);

(3) Arguments and Return Value

long as for 64bit Integer

D:Double precision real Z:Double precision complex I int as for 32bit Integer
R:Single precision real C:Single precision complex '

A t and Input
No. retment at Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 D+ 1 Output | Value of &, (z)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) xi > 0.0
(b) xi< M
where, M ={double precision: 702.293, single precision: 83.364}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000 xi < 2.0/(Maximum value) x0 = (Maximum value) is performed.
or |n|(log, % — Mi) > M; (See Note (c))
(xi # 0.0 and n # 0) (overflow)
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) The computation time of k,(z) becomes longer as z and n increase. Generally it is desirable to set
[n| < 1000 and xi < 1000.0.

(b) To calculate ky, (z), knt1(z), knto(x) - - - at a time, it is faster to successively use the recurrence relation

given bellow than to call this function repeatedly.

Recurrence relation:

2n+1

kn+1($):: kn(x)*’knfl(z)

(¢) When ierr becomes 2000 in this function, the values of M; and Ms are as follows:
M; = 0.3068,

My ={double precision: 709.7827, single precision: 88.72284}

(d) Modified spherical Bessel function of the 2nd kind k&, (z) is the particular solution of differential equa-

tion:

o d*w dw

Pt 22— — {2+ nn+1)Iw=0 (n=0,%1,+2,--)

dz? dz

and defined as

s

(7) Example

(a) Problem
Obtain the value of k,(x) at x = 1.5 for n = 5.

(b) Input data

n=>5 and xi = 1.5.
(¢) Main program

/*

C interface example for ASL_dibskn */

#include <stdio.h>
#include <asl.h>

int main()
{

int n;

double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibskn.dat", "r" );
if ( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*x ASL_dibskn ***\n" );
printf( "\n *x Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%Llf", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", n,xi );

fclose( fp );
ierr = ASL_dibskn(n, xi, &xo0);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Spherical Kn(x)\n\n" );

printf( "\t =xo = %8.3g\n", xo0 );

return O;
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(d) Output results

k% ASL_dibskn *xx
** Input *x*
n = 5 xi = 1.5
*% Qutput *x*
ierr = 0
Value of Spherical Kn(x)
X0 = 115
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2.6 FUNCTIONS RELATED TO BESSEL FUNCTIONS

2.6.1 ASL_zibhln, ASL _cibhln
Hankel Function of the 1st Kind

(1) Function
Calculates the value of the Hankel function of the 1st kind

72 \4 _16—\/—7177,7'(/2

™

HW(z) = / eV=1zeosh(®) cosh(nt)dt (0 < argz < 7).
0

(2) Usage
Double precision:
ierr = ASL_zibhln (n, &zi, &z0);
Single precision:
ierr = ASL_cibhln (n, &zi, &zo);
(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 zi 7% 1 Input | Value of variable z
Cx
3 z0 7% 1 Output | Value of H,(Il)(z)
Cx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) |zi| > 0.0
(b) [S(2i)] < My
where, M; ={double precision: 709.7827, single precision: 88.72284}

(c) |zi| < Ms
where, My={double precision: 2°°7, single precision: 2!¥7}
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.
4000 |zi| < 2.0/(Maximum value)
or |n|(log, % — M3) > My (See Note (a))

(6) Notes

(a) When ierr becomes 4000 in this function, the values of M3 and My are as follows:
M5 = 0.3068,
M, ={double precision: 709.7827, single precision: 88.72284}

(b) Hankel function of the 1st kind H, l(,l)(z) is the particular solution of Bessel’s differential equation:

d? d
sz—; + zd—j + (22 = vHw = 0,

and defined as
H,El)(z) _ 7l/ 67\/7_12$in7'+\/7_11/'rd7_
™ L

where the path of integration L, is taken as (0, —o0) — (0,0) — (—m,0) = (—m, 00).

(c¢) Hankel functions of the 1st kind and of the 2nd kind are also called Bessel function of the 3rd kind or
cylindrical function of the 3rd kind.

(7) Example

(a) Problem
Obtain the value of H,(Il)(z) at z =1+ 2v/—1 for n = 3.

(b) Input data
n =3 and zi = (1.0, 2.0).

(¢) Main program

/* C interface example for ASL_zibhin */

#include <stdio.h>
#include <complex.h>
#include <asl.h>

int main()
{

int n;

double _Complex zi;
double _Complex zo;
int ierr;

FILE *fp;

fp = fopen( "zibhln.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **%* ASL_zibhln ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );

double tmp_re, tmp_im;

fscanf( fp, "%lf", &tmp_re );

fscanf( fp, "%1f", &tmp_im );

zi = tmp_re + tmp_im * _Complex_I;

printf( "\tn = %6d\t\tzi = (¥8.3g,%8.3g)\n", n, creal(zi), cimag(zi) );
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fclose( fp );
ierr = ASL_zibhin(n, &zi, &zo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Hin(z)\n\n" );
printf( "\t zo =(%8.3g,%8.3g)\n", creal(zo), cimag(zo) );

return O;

}
(d) Output results

%% ASL_zibhln ¥

** Input **

n = 3 zi = ( 1, 2)
*% Qutput *x*

ierr = 0

Value of Hin(z)
zo =( -0.0689, 0.307)
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2.6.2 ASL_zibh2n, ASL_cibh2n
Hankel Function of the 2nd Kind

(1) Function
Calculates the value of the Hankel function of the 2nd kind

_ 2y _16\/—7177,7'(/2

™

H? () / e~ V=1zeosh®) cosh(nt)dt (0 < arg z < m).
0
(2) Usage
Double precision:
ierr = ASL_zibh2n (n, &zi, &z0);
Single precision:
ierr = ASL_cibh2n (n, &zi, &z0);

(3) Arguments and Return Value

R:Single precision real C:Single precision complex

D:Double precision real Z:Double precision complex I int as for 32bit Integer
’ long as for 64bit Integer

A t and Input
No. FEUIMCIE an Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 zi 7% 1 Input | Value of variable z
Cx
3 z0 7% 1 Output | Value of Hy(f)(z)
Cx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) |zi| > 0.0
(b) [S()] < My
where, M; ={double precision: 709.7827, single precision: 88.72284}
(¢) [zi] < Ma
where, My={double precision: 2°07, single precision: 2!¥7}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.
4000 |zi| < 2.0/(Maximum value)
or |n|(log, ‘Izlll — M3) > My (See Note (a))
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(6) Notes

(a) When ierr becomes 4000 in this function, the values of M3 and My are as follows:
M; = 0.3068,
M4 ={double precision: 709.7827, single precision: 88.72284}

(b) Hankel function of the 2nd kind H,EQ)(Z) is the particular solution of Bessel’s differential equation:

d? d
z2d—;§ + zd—z;} + (22 = v®)w =0,
and defined as
Hz(/2) (Z) _ 71 67\/7_1z sin T+\/7_1UTdT
™ Lo
where the path of integration L is taken as (7, 00) — (7,0) — (0,0) — (0, —c0).

(c¢) Hankel functions of the 1st kind and of the 2nd kind are also called Bessel function of the 3rd kind or
cylindrical function of the 3rd kind.

(7) Example

(a) Problem
Obtain the value of Hr(f)(z) at z=1+2y/—1forn =3.

(b) Input data
n =3 and zi = (1.0,2.0).

(¢) Main program

/* C interface example for ASL_zibh2n */

#include <stdio.h>
#include <complex.h>
#include <asl.h>

int main()
{

int n;

double _Complex zij;
double _Complex zo;
int ierr;

FILE *fp;

fp = fopen( "zibh2n.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *#x* ASL_zibh2n ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );

double tmp_re, tmp_im;

fscanf( fp, "%1lf", &tmp_re );

fscanf ( fp, "%1lf", &tmp_im );

zi = tmp_re + tmp_im * _Complex_I;

printf( "\tn = %6d\t\tzi = (%8.3g,%8.3g)\n", n, creal(zi), cimag(zi) );

fclose( fp );
ierr = ASL_zibh2n(n, &zi, &=zo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of H2n(z)\n\n" );
printf( "\t =zo = (%8.3g,%8.3g)\n", creal(zo), cimag(zo) );

return O;
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(d) Output results

%% ASL_zibh2n **x*
** Input *x*
n = 3 zi = ( 1,
*% Qutput *x*
ierr = 0
Value of H2n(z)
zo = ( -0.493, -0.273)

2)
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2.6.3 ASL_dibber, ASL ribber
Kelvin Function ber, (z)

(1) Function

Calculates the Kelvin function
bery, (z) = R{J, (ze®V 17/},

(2) Usage
Double precision:
ierr = ASL_dibber (n, xi, &xo);
Single precision:
ierr = ASL_ribber (n, xi, &xo);

(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. FEUmEnt Al Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 D« 1 Output | Value of ber, (x)
Rx*
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) [xi] <M

where, M ={double precision: 1003.784, single precision: 125.473}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 [n|(log, % — M) > My (See Note (a)) x0 = 0.0 is performed.
(underflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) When ierr becomes 1000 in this function, the values of M; and M are as follows:

My = 0.3068
Mo 709.7827
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(b) w = ber,(x) + v/—1bei, (), ber_,(z) + vV/—1bei_,(z), ker, (z) + v/—1kei, (x), and
ker_, (z) + v/—1kei_,(x) are the solutions of the differential equation:
d*w dw
207W O T 4 2w = 0.
S +:vdx (V=1zc+v5)w=0

(7) Example

(a) Problem
Obtain the value of ber, (z) at © = 1.0 for n = 3.

(b) Input data
n =3 and xi = 1.0.

(¢) Main program

/* C interface example for ASL_dibber */

#include <stdio.h>
#include <asl.h>

int main()
{

int n;

double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibber.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **x* ASL_dibber ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%K1f", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );

fclose( fp );
ierr = ASL_dibber(n, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Bernx\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*xx ASL_dibber x**
** Input **

n = 3 xi = 1
*% Qutput *x*

ierr = 0

Value of Bernx

X0 = 0.0138
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2.6.4 ASL_dibbei, ASL ribbei
Kelvin Function bei,(z)

(1) Function

Calculates the Kelvin function
beip () = S{J, (xe®Y 1™/},

(2) Usage
Double precision:
ierr = ASL_dibbei (n, xi, &xo0);
Single precision:
ierr = ASL_ribbei (n, xi, &xo0);

(3) Arguments and Return Value

R:Single precision real C:Single precision complex

D:Double precision real  Z:Double precision complex I int as for 32bit Integer
’ long as for 64bit Integer

A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 Dx 1 Output | Value of bei, (x)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) Jxil < M
where, M ={double precision: 1003.784, single precision: 125.473}
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
1000 [n|(log, % — Mj) > Mj (See Note (a)) x0 = 0.0 is performed.
(underflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) When ierr becomes 1000 in this function, the values of M; and My are as follows:
M; = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}
(b) w = ber,(r) + v/—1bei,(z), ber_,(z) + v/—1bei_,(z), ker, (z) + v/—1kei, (), and
ker_,(x) + v/—1kei_,(x) are the solutions of the differential equation:
o d?w

dw 2 9
x W—l—wa—(\/—lx +v9)w = 0.
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(7) Example

(a) Problem
Obtain the value of bei, (x) at 2 = 1.0 for n = 3.

(b) Input data

n =3 and xi = 1.0.
(¢) Main program

/* C interface example for ASL_dibbei */

#include <stdio.h>
#include <asl.h>

int main()

int n;

double xij;
double xo0;
int ierr;
FILE x*fp;

fp = fopen( "dibbei.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **x* ASL_dibbei ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%K1f", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );

fclose( fp );
ierr = ASL_dibbei(n, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Beinx\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*x% ASL_dibbei *x**
** Input *x*

n = 3 xi = 1
*% Qutput *x*

ierr = 0

Value of Beinx

X0 = 0.0156
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2.6.5 ASL_dibker, ASL ribker
Kelvin Function ker, (z)

(1) Function

Calculates the Kelvin function
ker, (z) = R{e V12K, (zeV 174},

(2) Usage
Double precision:
ierr = ASL_dibker (n, xi, &xo);
Single precision:
ierr = ASL_ribker (n, xi, &xo0);

(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
’ long as for 64bit Integer

A t and Input
No. FEUmEnt Al Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 Dx 1 Output | Value of ker, (z)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions
(a) 0.0 <xi<M

1 ision : 1003.784
where, M _{doub e precision : 1003.78 }

single precision : 125.473

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 xi < 2.0/(Maximum value)
or |n|(log, %‘ — M) > My (See Note (a))
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(6) Notes

(a) When ierr becomes 4000 in this function, the values of M; and My are as follows:
M; = 0.3068,
) double precision : 709.7827
| single precision : 88.72284

(b) w = ber,(z) +/—1bei,(x), ber_,(x) + v/—1bei_,(x), ker, (z) + v/—1kei, (z), and
ker_, () + v/—1kei_,(x) are solutions of the differential equation:
d? d
:172% + x% — (V—-12* + v*)w = 0.

(7) Example

(a) Problem
Obtain the value of ker, () at z = 1.0 for n = 3.

(b) Input data

n =3 and xi = 1.0.
(¢) Main program

/* C interface example for ASL_dibker */

#include <stdio.h>
#include <asl.h>

int main()

int n;

double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibker.dat", "r" );
if ( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x* ASL_dibker **x\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "JLlf", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );

fclose( fp );
ierr = ASL_dibker(n, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Kernx\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*xx ASL_dibker xx**
** Input *x*

n = 3 xi = 1
** Qutput **

ierr = 0

Value of Kernx

X0 = 4.89
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2.6.6 ASL_dibkei, ASL ribkei
Kelvin Function kei,(z)

(1) Function

Calculates the Kelvin function
keip (2) = S{e V12K, (zeV 174,

(2) Usage
Double precision:
ierr = ASL_dibkei (n, xi, &xo);
Single precision:
ierr = ASL_ribkei (n, xi, &xo);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

int as for 32bit Integer

| )

long as for 64bit Integer

A t and Input
No. FEUmEnt Al Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Order n
2 xi D 1 Input | Value of variable x
R
3 X0 D« 1 Output | Value of kei, ()
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) 0.0 <xi <M

where, M ={double precision: 1003.784, single precision: 125.473}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 xi < 2.0/(Maximum value)
or |n|(log, % — M) > My (See Note (a))
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(6) Notes

(a) When ierr becomes 4000 in this function, the values of M; and My are as follows:
M, = 0.3068,
My ={double precision: 709.7827, single precision: 88.72284}

(b) w = ber,(x) + v/—1bei, (), ber_,(z) + v/—1bei_,(z), ker, (z) + v/—1kei, (x), and
ker_, (z) + v/—1kei_,(x) are solutions of the differential equation:
d*w dw
207W O T 4 2w = 0.
S +:vdx (V=1zc+v5)w=0

(7) Example

(a) Problem
Obtain the value of kei,(x) at x = 1.0 for n = 3.

(b) Input data

n =3 and xi = 1.0.
(¢) Main program

/* C interface example for ASL_dibkei */

#include <stdio.h>
#include <asl.h>

int main()
{

int n;

double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibkei.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **x* ASL_dibkei ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%K1f", &xi );
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );

fclose( fp );
ierr = ASL_dibkei(n, xi, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Keinx\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*x% ASL_dibkei *x**

** Input *x*

n = 3 xi = 1
*% Qutput *x*

ierr = 0

Value of Keinx

X0 = -6.27
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2.6.7 ASL_wibhOx, ASL_vibhOx
Struve Function (Order 0)

(1) Function
For x = X, calculates the Struve function (order 0)

Ho(z) = 2 /05 sin(z cos(t))dt.

™

(2) Usage
Double precision:
ierr = ASL_wibhOx (nv, xi, x0);
Single precision:
ierr = ASL_vibhOx (nv, xi, xX0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
nv I 1 Input | number of input data

2 xi D nv Input | Value of variable X;
it

3 X0 D nv Output | Ho(X;)
il

4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv >1

(b) xi[i — 1] < M

where, M={double precision: 2°°7, single precision: 2!¥7}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by xi[i —
1].
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(6) Notes
(a) For struve Function of order vH, (z), the following recurrence relation holds:
2v (5)°
HV—l(Z) + HV—‘rl(Z) - > Hu(z) + \/7_TF(U T %) .

(b) The general solution of differential equation

d*w dw 4(£)U+1
27 " e 2 .2 — _~\2)
S T TE e V(v + 1)

w = aJ,(z) +bY,(2) + H,(2),

where J,(z) and Y, (z) are Bessel function of the 1st kind and of the 2nd kind respectively, and a and
b are constants.

(7) Example

(a) Problem
Obtain Ho(z) for x = 0.0,0.1,0.2,---,0.9.
(b) Main program

/* C interface example for ASL_wibhOx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof(double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");
return -1;

printf( " *x% ASL_wibhOx **x\n" );
printf( "\n ** Input **\n\n" );
for(i=0;i<nv;i++)

xt[i]=1i;

xt[i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wibhOx(nv,xt, xo0);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of HO(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xol[i] );
free(xt);

free(xo0);
return O;
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(¢) Output results

***x ASL_wibhOx ***

** Input *x*

Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt

[eXeleololololo o]
OCONONPWNHO

** Qutput **

ierr

= 0

Value of HO(x)

0
0.0636
0.127
0.189
0.25
0.31
0.367
0.422
0.474
0.523
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2.6.8 ASL_wibhlx, ASL_vibhlx
Struve Function (Order 1)

(1) Function
For x = X;, calculates the Struve function (order 1)

Hi(z) = 2 /07 sin(z cos(t)) sin®(t)dt.

™

(2) Usage
Double precision:
ierr = ASL_wibhlx (nv, xi, x0);
Single precision:
ierr = ASL_vibhlx (nv, xi, X0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
nv I 1 Input | Number of input data
2 xi D nv Input | X;
R«
3 X0 D+ nv Output | Hi(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv>1

(b) xi[i— 1] < M

where, M={double precision: 2°°7, single precision: 2¥7}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by xi[i —
1].
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(6) Notes

(a) For struve Function of order v H,(2), the following recurrence relation holds

(b)

W (3)"
H,-1(2) + Hut1(2) = - Hy(2) + m

The general solution of differential equation

d*w dw 4 (E)U—H
27 hatad 2 .2 — _~\2)
S T tE e V(v + 1)

is

w = aJ,(z) +bY,(2) + Ho(2),

where J,(z) and Y, (z) are Bessel functions of the 1st kind and of the 2nd kind respectively, and ¢ and

b are constants.

(7) Example

()
(b)

Problem
Obtain Hj(z) for x = 0.0,0.1,0.2,---,0.9.

Main program

/* C interface example for ASL_wibhlx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == LL )

printf("no enough memory for array xo\n");
return -1;

printf( " *x*x ASL_wibhlx =**\n" );
printf( "\n *x Input **\n\n" );
for(i=0;i<nv;i++)

xt[i]=1i;

xt[i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wibhlx(av,xt, xo0);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of H1(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t =xo = %8.3g\n", xol[i] );

free(xt);
free(xo);
return O;
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(¢) Output results

***x ASL_wibhlx *k*

** Input *x*

xt
Xt
xt
xt
Xt
xt
Xt
xt
xt
xt

[elelolololofoXo o]
OCONOPWNFO

** Qutput **

ierr

= 0

Value of H1(x)

0
0.00212
0.00847

0.019
0.0336
0.0522
0.0746

0.101

0.13
0.163
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2.6.9 ASL_wibhy0, ASL_vibhy0
Difference of Struve Function (Order 0) and Bessel Function of the 2nd Kind
(Order 0)

(1) Function
For = X, calculates the difference of the Struve function (order 0) and Bessel function of the 2nd kind

(order 0)
2 > —xt 2\—1
Ho(z) — Yo(x) = - e (1 4t%)"2dt.
0
(2) Usage

Double precision:

ierr = ASL_wibhy0 (nv, xi, x0);
Single precision:

ierr = ASL_vibhy0 (nv, xi, x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. retument an Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
xi Dx nv Input | X;
R
3 X0 Dx nv Output | Ho(X;) — Yo(X))
R«
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(b) xi[i—1] > 0.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000 xifi — 1] = 0.0 (overflow) xoi — 1] = (Maximum value) is
performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by xi[i —
1].
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(6) Notes

(a) The following relation holds:

H:) V(e = =) / Tet e ey tar (Jarsz] < D)

Val(v + 3)
(7) Example

(a) Problem
Obtain Ho(z) — Yy(z) for z = 0.1,0.2,---,1.0.
(b) Main program

/* C interface example for ASL_wibhyO */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof(double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " *x*x ASL_wibhyO ***\n" );
printf( "\n ** Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i+1;

xt[i]=xt[i]/nv;

printf( "\t xt = %8.3g\n", xt[i] );
}

ierr = ASL_wibhyO(nv,xt, xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of HYO(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);
free(xo0);
return O;

}
(¢) Output results

***x ASL_wibhyO ***
*k Input *%

xt
Xt
xt
Xt
xt
xt
xt
xt
Xt
xt

[elelolololololo Yo
HOONOOIPWN -

*% Qutput *x*

ierr = 0
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Value of HYO(x)

1.6
1.21
0.996
0.856
0.754
0.675
0.613
0.561
0.517
0.48
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2.6.10 ASL_wibhyl, ASL_vibhyl
Difference of Struve Function (Order 1) and Bessel Function of the 2nd Kind
(Order 1)

(1) Function
For = X, calculates the difference of the Struve function (order 1) and Bessel function of the 2nd kind
(order 1)

™

2 > 1
Hi(2) — Vi (2) = 2 / et (1 4 ¢2) b at.
0

(2) Usage
Double precision:
ierr = ASL_wibhyl (nv, xi, x0);
Single precision:
ierr = ASL_vibhyl (nv, xi, x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. FEtment ai Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
xi D nv Input | X;
Rx
3 X0 D+ nv Output | H1(X;) — Y1(X))
R«
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(b) xi[i —1] > 0.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000 xii — 1] < 1.0/(Maximum value) xoi — 1] = (Maximum value) is
(overflow) performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by xi[i —
1].
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(6) Notes

(a) The following relation holds:

HV(Z) — Yu(z) = i AOO efzt<1 +t2)y7%dt (

Val(v + 3)

(7) Example

(a) Problem
Obtain Hy(z) — Y1 (z) for z = 0.1,0.2,---,1.0.

Main program

(b)

/*
/%

C interface example for ASL_wibhyl */

R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

}

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");
return -1;

printf( " #*%x ASL_wibhyl *x*\n" );

printf( "\n ** Input **\n\n" );
for(i=0;i<nv;i++)

xt[i]=i+1;

xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wibhyl(nv,xt, xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of HY1(x)\n\n" );

for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);
free(xo0);
return O;

(¢) Output results

***x ASL_wibhyl sk
*k Input *%

Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt

[eXeleleolololele o]
HOO~NOOIPWN -

*% Qutput *x*

ierr = 0
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Value of HY1(x)
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2.6.11 ASL_dibaix, ASL_ribaix
Airy Function Ai(x)

(1) Function
Calculates the Airy function

o[ VER Gl
e { 5VIall 5 (51l %) + Ty (3lal*)]

3

—~~
8 8
~—

(2) Usage
Double precision:
ierr = ASL_dibaix (xi, &xo);
Single precision:
ierr = ASL_ribaix (xi, &x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer

No. ?{Zfsze?/;lir;d Type Size gli);té ; Contents
1 xi D 1 Input | Value of variable x
it}
2 X0 D« 1 Output | Value of Ai(x)
()
3 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) xi>—-M
where,

M={double precision: (3 x 2497)2/3 single precision: (3 x 2'77)%/3}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 xi > M; (See Note (a)) xo = 0.0 is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) When ierr becomes 1000 in this function, the value of M is as follows:

M; ={double precision: 103.8, single precision: 25.3}

(b) Pairs of linearly independent solution of differential equation:

ave {Ai(2), Bi(2)}, {Ai(2), Ai(ze™77)}, and {Ai(2), Aize =5},

185



ASL_dibaix, ASL_ribaix
Airy Function Ai(x)

(7) Example

(a) Problem
Obtain the value of Ai(z) at z = —5.3.

(b) Input data
xi = —95.3.
(¢) Main program

/* C interface example for ASL_dibaix */

#include <stdio.h>
#include <asl.h>

int main()
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibaix.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " %+ ASL_dibaix ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "J%Lf", &xi );
printf( "\tValue of Variable x = %8.3g\n", xi );

fclose( fp );
ierr = ASL_dibaix(xi, &xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Airy Function Ai(x) = %8.3g\n", xo );

return O;

}
(d) Output results

**%k ASL_dibaix ***

** Input *x*

Value of Variable x = -5.3
*% Qutput *x*

ierr = 0

Value of Airy Function Ai(x) = 0.183
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2.6.12 ASL _dibbix, ASL ribbix
Airy Function Bi(z)

(1) Function
Calculates the Airy function

Bi(z) = \/%EEI—%(§|QI|51+I%(§|QI|§)§]
BTy Glel?) - 7y (Blaf})]
(2) Usage

Double precision:

ierr = ASL_dibbix (xi, &xo0);
Single precision:

ierr = ASL _ribbix (xi, &xo);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

] int as for 32bit Integer
" | long as for 64bit Integer

No. ?{fsie?;lir;d Type Size IOHE;Z . Contents
1 xi D 1 Input | Value of variable x
it}
2 X0 Dx 1 Output | Value of Bi(z)
()
3 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) xi>—M

where, M={double precision: (3 x 2497)2/3, single precision: (3 x 2177)?/3}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
2000 xi > M; (See Note (a)) (overflow) x0 = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) When ierr becomes 2000 in this function, the value of M is as follows:

M, ={double precision: 104.266, single precision: 20.066}
(b) Pairs of linearly independent solution of differential equation:
d*w
w —zw =20

—24/—17

are {Ai(2), Bi(2)}, {Ai(2), Ai(ze )}, and {Ai(2), Ai(ze—5)}.

(7) Example

(a) Problem
Obtain the value of Bi(z) at 2 = —5.3.

(b) Input data
xi = —5.3.
(¢) Main program

/* C interface example for ASL_dibbix */

#include <stdio.h>
#include <asl.h>

%nt main()
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibbix.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );
return -1;
printf( " **%* ASL_dibbix ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "J%Lf", &xi );
printf( "\tValue of Variable x = %8.3g\n", xi );

fclose( fp );
ierr = ASL_dibbix(xi, &xo);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Airy Function Bi(x) = %8.3g\n", xo0 );

return O;

}
(d) Output results

*xx ASL_dibbix %k
** Input **
Value of Variable x = -5.3
*% Qutput *x*
ierr = 0

Value of Airy Function Bi(x) = -0.324
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2.6.13 ASL_dibaid, ASL ribaid
Derived Airy Function Ai'(z)

(1) Function

Calculates the derived Airy function

Ai’(:c)z{ _\/%WKQ%(%W%) o (z >0.0)
513 Glel) = 73 Glal)] (@ < 0.0)

2
3

(2) Usage
Double precision:
ierr = ASL_dibaid (xi, &xo0);
Single precision:
ierr = ASL_ribaid (xi, &xo);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. FEUmEnt aiy Type Size nput/ Contents
Return Value Output
1 xi D 1 Input | Value of variable x
R
2 X0 D« 1 Output | Value of Ai'(x)
Rx
3 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) xi > —M
where, M={double precision: (3 x 2497)2/3, single precision: (3 x 2177)?/3}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 xi > M; (See Note (a)) (underflow) x0 = 0.0 is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) When ierr becomes 1000 in this function, the value of M is as follows:

M; ={double precision: 104.1, single precision: 25.7}
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(7) Example

(a) Problem
Obtain the value of the derived function Ai’(x) of the Airy function Ai(z) at x = —5.3.

(b) Input data
xi = —5.3.
(¢) Main program

/* C interface example for ASL_dibaid */

#include <stdio.h>
#include <asl.h>

int main()
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibaid.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " %+ ASL_dibaid ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "J%Lf", &xi );
printf( "\tValue of Variable x = %8.3g\n", xi );

fclose( fp );
ierr = ASL_dibaid(xi, &xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Derived Airy Function Ai’(x) = %8.3g\n", xo0 );

return O;

}
(d) Output results

*xx ASL_dibaid *x**

** Input *x*

Value of Variable x = -5.3
*% Qutput *x*

ierr = 0

Value of Derived Airy Function Ai’(x) = 0.755
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2.6.14 ASL_dibbid, ASL ribbid
Derived Airy Function Bi'(z)

(1) Function

Calculates the derived Airy function

T 2 % 9 2 %
B (a) %y,%(g@ );Ig(glil N @
—Z [Tz (§l2l2) + T2 (Blal?)] (

(2) Usage
Double precision:
ierr = ASL_dibbid (xi, &xo);
Single precision:
ierr = ASL_ribbid (xi, &xo0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
’ long as for 64bit Integer

A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
1 xi D 1 Input | Value of variable x
R
2 X0 D 1 Output | Value of Bi'(z)
R«
3 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) xi>—-M
where, M={double precision: (3 x 2497)2/3, single precision: (3 x 2177)?/3}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
2000 xi > M; (See Note (a)) (overflow) xo0 = (Maximum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) When ierr becomes 2000 in this function, the value of M is as follows:
My ={double precision: 104.266, single precision: 20.066}

(7) Example

(a) Problem
Obtain the value of the derived function Bi'(x) of the Airy function Bi(z) at x = —5.3.

(b) Input data
xi = —5.3.
(¢) Main program

/* C interface example for ASL_dibbid */

#include <stdio.h>
#include <asl.h>

int main()
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dibbid.dat", "r" );
if( £p == NULL )

printf( "file open error\n" );

return -1;
printf( "  ##kx ASL_dibbid ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%KL1f", &xi );
printf( "\tValue of Variable x = ¥8.3g\n", xi );

fclose( fp );
ierr = ASL_dibbid(xi, &xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Derived Airy Function Bi’(x) = %8.3g\n", xo0 );

return O;

(d) Output results

*xx ASL_dibbid *x*x*

** Input *x*

Value of Variable x = -5.3
** Qutput *x*

ierr = 0

Value of Derived Airy Function Bi’(x) = 0.406
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2.7 GAMMA FUNCTIONS

2.7.1 ASL_wigamx, ASL_vigamx
Gamma Function with Real Variable

(1) Function

For x = X;, calculates the value of the Gamma function with real variable

I'(z) :/ et dt.
0

(2) Usage
Double precision:
ierr = ASL_wigamx (nv, xi, X0);
Single precision:

ierr = ASL_vigamx (nv, xi, X0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi Dx nv Input | X;
Rx
3 X0 D« nv Output | I'(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv >1
(b) xi[i — 1] is not any negative integer or 0.0.

(¢) xifi— 1] > —M

where M ={double precision: 170.4, single precision: 34.0}
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

2000 [xi[i — 1]] < 1.0/(Maximum value) xoi — 1] = (Maximum value) is
or xi[i—1] > M; (See Note (c)) (overflow) performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3000+ Restriction (b) or (c) was not satisfied by
xifi — 1].
(6) Notes

(a) If ierr = 3000 + ¢ and restriction (b) is not satisfied, furthermore xi[i — 1] is not a value close to a

negative integer, I'(X;) is a value close to 0.0.

(b) 2 =-n (n=0,1,2,---) are simple poles of the Gamma function I'(x), i.e.
im — = =0.1.2.---).
Jim T(z) 0 (n=0,12-)
Therefore, high precision result cannot be expected for a calculated value of gamma function at a point
close to zero or at a negative integer.

(¢) The value to return ierr=2000 of M is as follows:

M; ={double precision: 171.4, single precision: 35.0}

(d) Gamma Function I'(z) is called Euler’s integral of the 2nd kind. This function is also called factorial
function because I'(z 4+ 1) = 2I'(2) = z! holds.

(7) Example

(a) Problem
Obtain T'(z) for z = 0.1,0.2,---,0.9,1.0.
(b) Main program

/% C interface example for ASL_wigamx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");
return -1;

printf( " *xkx ASL_wigamx ***\n" );
printf( "\n ** Input **\n\n" );
%or(i=0;i<nv;i++)

xt[i]=i+1;
xt[i]=xt[i]/nv;
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printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wigamx(nv,xt, xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of gamx(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);
free(xo);
return O;

}
(¢) Output results

*xk ASL_wigamx %k
*k Input *%

Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
xt
Xt

[eXelelololole ool
HOONOOIWN -

*% Output *x*
ierr = 0

Value of gamx(x)

X0 = 9.51
X0 = 4.59
X0 = 2.99
X0 = 2.22
X0 = 1.77
X0 = 1.49
X0 = 1.3
X0 = 1.16
X0 = 1.07
X0 = 1
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2.7.2 ASL_wiglgx, ASL_viglgx

Logarithmic Gamma Function with Real Variable

(1) Function

For x = X;, calculates the value of the logarithmic Gamma function with real variable log, (I'(x)).

(2) Usage
Double precision:
ierr = ASL_wiglgx (nv, xi, x0);
Single precision:

ierr = ASL_viglgx (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

|

int as for 32bit Integer

|

long as for 64bit Integer

A t and Input
No. FEUIMCIE an Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 xi D+ nv Input | X;
Rx
3 X0 D« nv Output | log,(I'(X;))
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions
(a) nv>1

(b) xi[i — 1] must not be any non-positive integer.

(¢) xifi—1] > —M

where M ={double precision: 2°°, single precision:

(5) Error indicator (Return Value)

218}

ierr value Meaning Processing
0 Normal termination.

1000 I'(xi[i — 1]) is negative. The natural logarithm of |T'(xi[i — 1])] is
performed.

2000 xifi — 1] > M; (See Note (b)) (overflow) xoi — 1] = (Maximum value) is
performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3000+ Restriction (b) or (c) was not satisfied by
xili — 1].
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(6) Notes

(a) When ierr = 1000, the Gamma function value is obtained as — exp(xo[i — 1]) for a certain i, while it is

obtained as exp(xo[i — 1]) in other cases.

(b) When ierr becomes 2000 in this function, the value of M; is as follows:
M; ={double precision: 2.545 x 103°®, single precision: 4.08 x 103¢}

(7) Example

(a) Problem
Obtain log, (I'(z)) for = 0.1,0.2,---,0.9,1.0.
(b) Main program

/* C interface example for ASL_wiglgx */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " *kx ASL_wiglgx *x*\n" );
printf( "\n ** Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i+1;

xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiglgx(nv,xt, xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of glgx(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);
free(xo0);
return O;

(¢) Output results

sk ASL_wiglgx *k*
*k Input *%

Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt

[eXeleleolololelo o]
HOO~NOOIPWN -

*% Qutput *x*
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ierr = 0

Value of glgx(x)

X0 = 2.25
X0 = 1.52
X0 = 1.1
X0 = 0.797
X0 = 0.572
X0 = 0.398
X0 = 0.261
X0 = 0.152
X0 = 0.0664
X0 = 0
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2.7.3 ASL_digigl, ASL rigigl
Incomplete Gamma Function of the 1st Kind

(1) Function

Calculates the value of the incomplete Gamma function of the 1st kind

’V(U,.’L')Z/ et lat.
0

(2) Usage
Double precision:
ierr = ASL_digigl (v, xi, &xo0);
Single precision:
ierr = ASL_rigigl (v, xi, &xo);

(3) Arguments and Return Value

long as for 64bit Integer

D:Double precision real = Z:Double precision complex I int as for 32bit Integer
R:Single precision real C:Single precision complex '

No. ;:Zilieg;lir;d Type Size ICr)lstlgé . Contents
1 v D 1 Input | Value of variable v
it
2 xi D 1 Input | Value of variable x
i
3 X0 D« 1 Output | Value of y(v, x)
()
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) xi > 0.0
(b) v>0.0
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 vlog (xz) < —M; (See Note (b)) x0 = 0.0 is performed.
(underflow)
2000 v < 1.0/(Maximum value) (overflow) x0 = (Maximum value) is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 For xi > 1.0, Processing is aborted.
o v > (M +x)/log,(x) or (See Note (a))
e x> ux, and v > v,
was satisfied (See Note (c)).
(6) Notes

(a) If ierr=4000, the value of (v, x) is practically the (maximum value).

(b) When ierr becomes 1000 in this function, the value of Mj is as follows:
M, ={double precision: 708.396, single precision: 87.336}

(¢) When ierr becomes 4000 in this function, the values of x,, vy, and My are as follows:

Zm ={double precision: 171.0, single precision: 35.0},
vy ={double precision: 171.4, single precision: 35.0},

M5 ={double precision: 709.782, single precision: 88.722}

(7) Example

(a) Problem

Obtain the value of (v, z) at z = 3.0 for v = 4.0.

(b) Input data

v = 4.0 and xi = 3.0.
(¢) Main program

/%

C interface example for ASL_digigl */

#include <stdio.h>
#include <asl.h>

int

main()

double v;
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "digigl.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*kx ASL_digigl ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%KLlf", &v );
fscanf( fp, "J%Llf", &xi );
printf( "\tv = %8.3g\t\txi = %8.3g\n", v, xi );

fclose( fp );
ierr = ASL_digigi(v, xi, &xo0);
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printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Incomplete Gamma Function of The First Kind\n\n" );
printf( "\t =xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*xk ASL_digigl *kx
** Input *x*
v = 4 xi = 3
*% Qutput *x*
ierr = 0
Value of Incomplete Gamma Function of The First Kind

X0 = 2.12
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2.7.4 ASL _digig2, ASL rigig2
Incomplete Gamma Function of the 2nd Kind

(1) Function

Calculates the value of the incomplete Gamma function of the 2nd kind

D(v,z) = / ettt = e_””/ e Ha 4 t)at.
T 0

(2) Usage
Double precision:
ierr = ASL_digig2 (v, xi, &xo);
Single precision:
ierr = ASL_rigig2 (v, xi, &x0);

(3) Arguments and Return Value

long as for 64bit Integer

D:Double precision real  Z:Double precision complex I int as for 32bit Integer
R:Single precision real C:Single precision complex '

No. ?{Zf;lieé;ir;d Type Size ICr)li)tli:é . Contents
1 v D 1 Input | Value of variable v
it
2 xi D 1 Input | Value of variable x
it}
3 X0 Dx 1 Output | Value of I'(v, z)
(v
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) xi > 0.0

(b) 0.0<v<M
where, M ={double precision: 171.4, single precision: 35.0}
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 For xi > v, xo = 0.0 is performed.

(v—1)log,(z) —x < —M;
(See Note (b)) (underflow)

2000 v = 0.0 and xi = 0.0 (overflow) x0 = (Maximum value) is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted. (See Note (a))
4000 For xi < v —0.5, Processing is aborted.

viog,(z) > (M2 + ) or > xy,
was satisfied (See Note (c)).

(6) Notes

(a) If v is a large value when ierr = 3000, the value of I'(v, x) is practically the (maximum value).

(b) When ierr becomes 1000 in this function, the value of M; is as follows:
M; ={double precision: 708.396, single precision: 87.336}

(¢) When ierr becomes 4000 in this function, the values of z,, and My are as follows:
Zm ={double precision: 171.0, single precision: 35.0},
My ={double precision: 709.7827, single precision: 88.72284}

(7) Example

(a) Problem
Obtain the value of T'(v, ) at 2 = 3.0 for v = 4.0.

(b) Input data

v =4.0 and xi = 3.0.
(¢) Main program

/* C interface example for ASL_digig2 */

#include <stdio.h>
#include <asl.h>

int main()
{

double v;
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "digig2.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #%%x ASL_digig2 **x\n" );
printf( "\n *x Input **\n\n" );

fscanf( fp, "%lf", &v );
fscanf( fp, "%Llf", &xi );
printf( "\tv = %8.3g\t\txi = %8.3g\n", v,xi );

fclose( fp );
ierr = ASL_digig2(v, xi, &xo0);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
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printf( "\n\tValue of Incomplete Gamma Function of The Second Kind\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

(d) Output results

*xk ASL_digig2 *kx
** Input *x*
v = 4 xi = 3
*% Qutput *x*
ierr = 0
Value of Incomplete Gamma Function of The Second Kind

X0 = 3.88
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2.7.5 ASL_zigamz, ASL_cigamz
Gamma Function with Complex Variable

(1) Function

Calculates the value of the Gamma function with complex variable

I'(z) = /000 e~ "t* 7t (R{z} > 0).

(2) Usage
Double precision:
ierr = ASL zigamz ( &zi, &zo);
Single precision:
ierr = ASL_cigamz ( &zi, &z0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer

A t and I t
No. FEUmEnt aiy Type Size nput/ Contents
Return Value Output
1 zi 7% 1 Input | Value of variable z
Cx
2 70 7% 1 Output | Value of T'(2)
Cx
3 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) zi must not be a negative integer and 0.0, and |zi| > 1.0/(Maximum value).
(b) —M; < R(zi) < M,

where, M7 ={double precision: 170.4, single precision: 34.0},

Ms ={double precision: 171.4, single precision: 35.0}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted. (See Note (a))
(6) Notes

(a) When R(zi) < —M; (aborted with ierr = 3000; see Restriction(b)), the value of I'(z) will be almost
0.0 except the case zi is close to a negative integer.

(b) z=—-n (n=0,1,2,--+) is a singular point for gamma function I'(z) such that

. 1

So, high precision result cannot be expected for a calculated value of gamma function at a point close
to zero or at a negative integer.
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(¢) Gamma Function I'(z) is called Euler’s integral of the 2nd kind. This function is also called a factorial
function because I'(z + 1) = 2I'(z) = 2! holds.

(7) Example

(a) Problem
Obtain the value of I'(z) at z = 1+ 2y/—1.

(b) Input data
zi = (1.0,2.0).

(¢) Main program

/* C interface example for ASL_zigamz */

#include <stdio.h>
#include <complex.h>
#include <asl.h>

%nt main()
double _Complex zi;
double _Complex zo;
int ierr;
FILE *fp;

fp = fopen( "zigamz.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*kx ASL_zigamz ***\n" );
printf( "\n ** Input **\n\n" );

double tmp_re, tmp_im;

fscanf ( fp, "%1f", &tmp_re );

fscanf( fp, "%Llf", &tmp_im );

zi = tmp_re + tmp_im * _Complex_I;

printf( "\tzi = (%8.3g,%8.3g)\n", creal(zi), cimag(zi));
fclose( fp );

ierr = ASL_zigamz(&zi, &zo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Gamma Function of Complex Variable\n\n" );
printf( "\t zo = (%8.3g,%8.3g)\n", creal(zo), cimag(zo) );

return O;

}
(d) Output results

*xk ASL_zigamz *k*
** Input *x*
zi = ( 1, 2)
** Qutput **
ierr = 0
Value of Gamma Function of Complex Variable

zo = ( 0.152, 0.0198)
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2.7.6 ASL_ziglgz, ASL _ciglgz

Logarithmic Gamma Function with Complex Variable

(1) Function

Calculates the value of the logarithmic Gamma function with complex variable log, (I'(z)).

(2) Usage
Double precision:
ierr = ASL ziglgz ( &uzi, &zo);
Single precision:
ierr = ASL_ciglgz ( &zi, &zo);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

) int as for 32bit Integer
’ long as for 64bit Integer

A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
1 zi 7% 1 Input | Value of variable z
Cx
2 z0 7% 1 Output | Value of log, (I'(2))
Cx
3 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) zi must not be a negative integer or 0.0.

(b) R(zi) > —M;

where M; ={double precision: 2°°, single precision:

(c) |S(zl)], R(zi) < My

218}

where M, ={double precision: 2.545 x 103%5 single precision: 4.08 x 103¢}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 I'(z) <0 zo = log, (|T'(2)]) + m/—1 is performed.
3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.
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(6) Notes

(a) When ierr = 1000, the Gamma function value is obtained as exp(#(zo)), while it is obtained as exp(zo)
in general.

(b) Logarithmic gamma function with complex variable log,(I'(z)) is many-valued function (with infinite
number of values) and the difference between their values is integer times of 2my/—1. This function

calculates the principal value determined so that —7w < ${log,(I'(z))} < 7 hold.
(7) Example

(a) Problem
Obtain the value of log,(T'(2)) at z = 1 + 2v/—1.

(b) Input data
zi = (1.0,2.0).

(¢) Main program

/% C interface example for ASL_ziglgz */

#include <stdio.h>
#include <complex.h>
#include <asl.h>

int main()
double _Complex zi;
double _Complex zo;
int ierr;
FILE *fp;

fp = fopen( "ziglgz.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*kx ASL_ziglgz ***\n" );
printf( "\n ** Input **\n\n" );

double tmp_re, tmp_im;

fscanf( fp, "%1lf", &tmp_re );

fscanf( fp, "%Llf", &tmp_im );

zi = tmp_re + tmp_im * _Complex_I;

printf( "\tzi = (%8.3g,%8.3g)\n", creal(zi), cimag(zi) );
fclose( fp );

ierr = ASL_ziglgz(&zi, &zo);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Logarithmic Gamma Function of Complex Variable\n\n" );
printf( "\t zo = (%8.3g,%8.3g)\n", creal(zo), cimag(zo) );

return O;

}
(d) Output results

*kx ASL_ziglgz ***
** Input **
zi = ( 1, 2)
** Qutput **
ierr = 0
Value of Logarithmic Gamma Function of Complex Variable

zo = ( -1.88, 0.13)
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2.8 FUNCTIONS RELATED TO THE GAMMA FUNCTION

2.8.1 ASL_wigdig, ASL_vigdig
Digamma Function

(1) Function

For x = X, calculates the value of the digamma function (psi function)

L Jog, (0 (x).

()

(2) Usage
Double precision:
ierr = ASL_wigdig (nv, xi, x0);
Single precision:

ierr = ASL_vigdig (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
" | long as for 64bit Integer

A t and Input
No. retument an Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 xi Dx nv Input | X;
Rx
3 X0 Dx nv Output | ¢¥(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions
(a) nv >1

(b) xi[i — 1] is not negative integer or 0.0

(c) xii—1] > —M

where M ={double precision: 2°°

(5) Error indicator (Return Value)

, single precision: 2%}

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) or (c) was not satisfied by
xifi — 1].
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Digamma Function

(6) Notes

(a) Digamma function () is a solution of the following equations

1 .
Yo+ 1) =) = -, $(1) =y, lim (Yo +n) —g(1+n)} =0
where, v is Euler’s constant:
. 1 1
v = lim <1+—+~'+—logen)
2 n

n—oo

(b) Derived functions of digamma function ¢ (x): ¢'(z), ¥" (), and ¥ (z), are called as trigamma function,
tetragamma function, pentagamma function, respectively. In general, derived functions of digamma
function are called polygamma function.

(7) Example

(a) Problem
Obtain t(z) for z = 0.1,0.2, - -, 0.9, 1.0.
(b) Main program

/% C interface example for ASL_wigdig */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

}
xo=(double *)malloc((size_t) (sizeof(double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");

return -1;
printf( " *#x ASL_wigdig ***\n" );
printf( "\n ** Input **\n\n" );

%or(i=0;i<nv;i++)

xt[i]=i+1;

xt[i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wigdig(nv,xt, xo0);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of gdig(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", xol[i] );
free(xt);

free(xo);
return O;

(¢) Output results

*xx ASL_wigdig *x*
** Input *x*

xt

0.1
xt 0.2
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Digamma Function

xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9
xt = 1

*% Output *x*
ierr = 0

Value of gdig(x)

X0 = -10.4
X0 = -5.29
X0 = -3.5
X0 = -2.56
X0 = -1.96
X0 = -1.54
X0 = -1.22
X0 = -0.965
X0 = -0.755
X0 = -0.577
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ASL_wigbet, ASL_vigbet
Beta Function

2.8.2 ASL_wigbet, ASL_vigbet
Beta Function

(1) Function

For p = X; and g = Y;, calculates the value of the beta function

1
Bl = [ -0
0

(2) Usage
Double precision:
ierr = ASL_wigbet (nv, p, q, x0);
Single precision:
ierr = ASL_vigbet (nv, p, q, x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

) { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUIMEIE an Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 p D+ nv Input | X;
R«
3 q D nv Input | Y;
R«
4 X0 D+ nv Output | B(X;,Y;)
Rx
5 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions
(a) nv>1
(b) 2.0/(maximum)< p[i—1] < M

(¢) 2.0/(maximum)< qfi — 1] < M

where M ={double precision: 1.2 x 103
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ASL_wigbet, ASL_vigbet
Beta Function

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
2000 p[i — 1] > 1000.0 and q[i — 1] > 1000.0 The solution is obtained but the precision
could not be guaranteed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) or (c) was not satisfied by
p[i — 1] and qfi — 1].

(6) Notes

(a) Beta Function B

(
(b) Beta Function B(p

(7) Example

(a) Problem

p,q) is called Euler’s integral of the 1st kind.

p,q) is represented using gamma function I'(z) as

_ (I
Tp+aq)

Obtain B(p,q) for p =0.1,0.2,---,0.9,1.0 and ¢ = 0.5.

(b) Main program

/* C interface example for ASL_wigbet */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>

#include <stdlib.h>

#include <asl.h>
int main()
{

double *xt;
double *yt;
double *xo;
int nv;

int 1i;

int ierr;
nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));

if ( xt == NULL )

printf("no enough memory for array xt\n");

return -1;

yt=(double *)malloc((size_t) (sizeof (double) * nv));
if( yt == NULL )

printf("no enough memory for array yt\n");
return -1;

xo (double *)ma%loc((51ze _t) (sizeof (double) * nv));
LL

if( xo0 ==

printf("no enough memory for array xo\n");

return -1;

printf( " %% ASL_wigbet ***\n" );
printf( "\n *x Input **\n\n" );
%or(i=0'i<nv;i++)

xt[i]=i+

xt[l]—xt[l]/nv,

yt[i]=0.5;

printf( "\t xt
printf( "\t yt
}

%8.3g\n", xt[i] )
%8.3g\n", yt[i] )

ierr = ASL_wigbet(av,xt,yt, xo0);

printf( "\n
printf( "\tierr

** Qutput **\n\n" );
= %6d\n", ierr );
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printf( "\n\tValue of gbet(x) \n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );
free(xt);
free(yt);
free(xo0);
return O;

}
(¢) Output results

***x ASL_wigbet x***

** Input *x*

xt = 0.1
t = 0.5
it = 0.2
yt = 0.5
Xt = 0.3
yt = 0.5
Xt = 0.4
yt = 0.5
xt = 0.5
t = 0.5
it = 0.6
yt = 0.5
xt = 0.7
yt = 0.5
Xt = 0.8
yt = 0.5
Xt = 0.9
yt = 0.5
Xt = 1
yt = 0.5

** Qutput **
ierr = 0

Value of gbet(x)

X0 = 11.3
X0 = 6.27
X0 = 4.55
X0 = 3.68
X0 = 3.14
X0 = 2.77
X0 = 2.51
X0 = 2.3
X0 = 2.13
X0 = 2
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2.9 ELLIPTIC FUNCTIONS AND ELLIPTIC INTEGRALS

2.9.1 ASL_wiecil, ASL_viecil

Complete Elliptic Integral of the 1st Kind

(1) Function

For m = X, calculates the value of the complete elliptic integral of the 1st kind

1 dt % ]_
K(m) / V-2 —m) / S e

(2) Usage
Double precision:
ierr = ASL_wiecil (nv, rm, x0);
Single precision:

ierr = ASL_viecil (nv, rm, x0);

(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. retument an Type nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 rm Dx nv Input | Modulus X;
Rx
3 X0 D+ nv Output | K(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(b) 0.0<rm[i—1]<1.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000 rmfi — 1] = 1.0 (overflow) xoi — 1] = (Maximum value) is
performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by rm[i—
1].
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(6) Notes

(a) If the complete elliptic integral of the 1st kind is given as K (k) = /

(b) Evaluating both E(m) and K(m), it is more effective to use 2.9.8

to rm[i — 1].

(7) Example

()
(b)

()

Problem
Obtain K(m) for m = 0.0,0.1,0.2,---,0.9.

Main program

/* C interface example for ASL_wiecil */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

}
xo=(double *)malloc((size_t) (sizeof(double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");
return -1;

printf( " *x* ASL_wiecil **x\n" );
printf( "\n ** Input **\n\n" );
for(i=0;i<nv;i++)

xt[i]=1i;

xt[i]=xt [i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiecil(av,xt, xo0);

printf( "\n ** Qutput **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of ecil(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = ¥8.3g\n", xol[i] );
free(xt);

free(xo0);
return O;

Output results

*kk ASL_wiecil s***

** Input *x*

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9
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Complete Elliptic Integral of the 1st Kind

** Qutput **
ierr = 0

Value of ecil(x)

X0 = 1.57
X0 = 1.61
X0 = 1.66
X0 = 1.71
X0 = 1.78
X0 = 1.85
X0 = 1.95
X0 = 2.08
X0 = 2.26
X0 = 2.58
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2.9.2 ASL_wieci2, ASL_vieci2

Complete Elliptic Integral of the 2nd Kind

(1) Function

For m = X, calculates the value of the complete elliptic integral of the 2nd kind

E(m) = /01 V(1= 2)(1 — mt2)dt = /0% V1 — msin® 0d6.

(2) Usage
Double precision:
ierr = ASL_wieci2 (nv, rm, x0);
Single precision:
ierr = ASL_vieci2 (nv, rm, xo);

(3) Arguments and Return Value

D:Double precision real Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. SHIMCLE an Type nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 rm Dx nv Input | Modulus X;
Rx
3 X0 Dx nv Output | E(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

1

(a) nv >
(b) 0.0 < rmfi — 1] < 1.0

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.

1.

3000+ Restriction (b) was not satisfied by rm[i—
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(6) Notes

%
(a) If the complete elliptic integral of the 2nd kind is given as E(k) = / V1 — k2sin? 0df then the value
0
of k? must be input for rm[i — 1].

ASL_wi
(b) Evaluating both E(m) and K (m), it is more effective to use 2.9.8 SL-wienmq

ASL _vienmq
(7) Example

(a) Problem
Obtain F(m) for m = 0.0,0.1,0.2,---,0.9.
(b) Main program

/* C interface example for ASL_wieci2 */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");

return -1;
printf( " *#x* ASL_wieci2 **x\n" );
printf( "\n ** Input **\n\n" );

{or(i=0;i<nv;i++)

xt[i]=i;

xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wieci2(nv,xt, xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of eci2(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );
free(xt);
free(xo);
return O;

}
(¢) Output results

*kk ASL_wieci2 *¥*

*k Input *%

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9
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** Qutput **

ierr

Value of eci2(x)

0

1.57
1.53
1.49
1.45

1.4
1.35

1.3
1.24
1.18

1.1
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Incomplete Elliptic Integral of the 1st Kind

2.9.3 ASL_dieiil, ASL_rieiil
Incomplete Elliptic Integral of the 1st Kind

(1) Function
Calculates the value of the incomplete elliptic integral of the 1st kind

1

T ]_ ¥
F(:c,m)Z/O \/(1_t2)(1_mt2)dt=/0 m

(2) Usage
Double precision:
ierr = ASL_dieiil (xi, rm, &xo0);
Single precision:

df (here, x = sinv)).

ierr = ASL rieiil (xi, rm, &xo0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. retument an Type Size nput/ Contents
Return Value Output
1 xi D 1 Input | Value of variable x
R
2 rm D 1 Input | Modulus m
R
3 X0 D« 1 Output | Value of F(z,m)
Rx*
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) 0.0<xi<1.0
(b) 0.0<rm < 1.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000 xi = 1.0 and rm = 1.0 (overflow) x0 = (Maximum value) is performed.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 The Gaussian arithmetic-geometric mean
method or Newton method did not
converge.
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(6) Notes

v 1
(a) If the incomplete elliptic integral of the 1st kind is given as F(x, k) = / ————d0, then the
01— k2sin*6
value of k? must be input for rm.

(b) The incomplete elliptic integral of the 1st kind is also represented as

F(p\a) = here, m = sin? ).

v 1

Felm) = | R
0 v1—sin“«asin®@

ASL_dieiig}

(¢) If m < 0.0, use 2.9.5 .
ASL _rieii3

(7) Example

(a) Problem
Obtain the value of F(x,m) at = 0.3 and m = 0.5.

(b) Input data

xi = 0.3 and rm = 0.5.
(¢) Main program

/* C interface example for ASL_dieiil */

#include <stdio.h>
#include <asl.h>

int main()
{

double xij;
double rm;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dieiil.dat", "r" );
if ( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x% ASL_dieiil **x\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "J%Lf", &xi );
fscanf( fp, "%1f", &rm );
printf( "\txi = %8.3g\t\trm = %8.3g\n", xi, rm );

fclose( fp );
ierr = ASL_dieiil(xi, rm, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of F(x,m)\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*kk ASL_dieiil **x

** Input *x*

]
o
a

xi = 0.3 rm
** Qutput **

ierr = 0

Value of F(x,m)
X0 = 0.307
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2.9.4 ASL_dieii2, ASL _rieii2
Incomplete Elliptic Integral of the 2nd Kind

(1) Function
Calculates the value of the incomplete elliptic integral of the 2nd kind

LI E) ¥
E(z,m) = / 7mtdt = / V1 —msin®60df (here, x = sin1)).
0 0

1—1t2

(2) Usage
Double precision:
ierr = ASL_dieii2 (xi, rm, &xo0);
Single precision:
ierr = ASL rieii2 (xi, rm, &xo);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FetHent at Type Size nput/ Contents
Return Value Output
1 xi D 1 Input | Value of variable x
R
2 rm D 1 Input | Modulus m
R
3 X0 Dx 1 Output | Value of E(x,m)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) 0.0<xi<1.0
(b) 0.0<rm <1.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 The Gaussian arithmetic-geometric mean
method or Newton method did not
converge.
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(6) Notes

P
(a) If the incomplete elliptic integral of the 2nd kind is given as E(z, k) = / V1 — k2sin? 0d6, then the
0
value of k? must be input for rm.

(b) The incomplete elliptic integral of the 2nd kind is also represented as

]
E(p\a) = E(ulm) = / V1 —sin? asin?0df (here, m = sin?, sinp = snu).
0
ASL_wiej
Calculating the value of E(u|m) for parameter u, use 2.9.11 W}e?ep .
ASL _viejep

ASL dieii
(c) If m < 0.0, use 2.9.5 { 5 1e113}.

ASL _rieii3
(7) Example

(a) Problem
Obtain the value of E(z,m) at z = 0.3 and m = 0.5.

(b) Input data

xi = 0.3 and rm = 0.5.
(¢) Main program

/* C interface example for ASL_dieii2 */

#include <stdio.h>
#include <asl.h>

int main()

double xij;
double rm;
double xo0;
int ierr;
FILE x*fp;

fp = fopen( "dieii2.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*x ASL_dieii2 ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "J%Llf", &xi );
fscanf( fp, "%1f", &rm );
printf( "\txi = 78.3g\t\trm = %8.3g\n", xi, rm );

fclose( fp );
ierr = ASL_dieii2(xi, rm, &xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of E(x,m)\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*xx ASL_dieiil2 *xx*

*k Input *%

[
o
[¢)]

xi = 0.3 rm
*% Qutput *x*

ierr = 0
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Value of E(x,m)
X0 = 0.302
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2.9.5 ASL dieii3, ASL rieii3
Incomplete Modified Elliptic Integral

(1) Function

For real numbers m > 0,a,b and = > 0, obtain the value of incomplete modified elliptic integral

a + bt?

f(z,m,a,b) =
\/1+t2 (1 +mt?)

(2) Usage
Double precision:
ierr = ASL_dieii3 (x, dm, a, b, &y);
Single precision:
ierr = ASL rieii3 (x, dm, a, b, &y);
(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUIMCIE an Type Size nput/ Contents
Return Value Output
1 X D 1 Input | Value of variable x
R
2 dm D 1 Input | Modulus m
R
3 a D 1 Input | Coefficient a of a + bt?
R
4 b D 1 Input | Coefficient b of a + bt?
R
5 y D+ 1 Output | value of f(x,m,a,bd)
Rx
6 ierr 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) x>0
(b) dm >0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) This function is valid for m > 1 and the factor 1 + mt? is difference from the incomplete elliptic
integrals:

1 — mt?

T dt T
F(r,m) :/0 \/(1—t2)(1—mt2)7E<r7m) :/0 T dt

(b) The first incomplete elliptic integral fodj \/(1 —asin?#)~1df is f(tanv,1 —a,1,1), here 0 < a < 1 but
this can be extended to a < 1.

(¢) The second incomplete elliptic integral fow V1 —asin?6df is f(tanv,1 —a,1,1 —a), here 0 < a < 1
but this can be extended to a < 1 .

(7) Example

(a) Problem
For z = 1.0,m = 3.0,a = 4.0 and b = 2.0, obtain incomplete modified elliptic integral.

(b) Input data
x=1.0, dm=3.0, a=4.0 and b=2.0.

(¢) Main program

/* C interface example for ASL_dieii3 */
#include <stdio.h>

#include <stdlib.h>

#include <asl.h>

int main()

int ierr;

double x,dm,a,b,y;
x=1.0,dm=3.0,a=4.0,b=2.0;

printf( " *#x* ASL_dieii3 **x\n" );
printf( "\n *#x Input **\n\n" );
printf( "\n\tx = %8.3g\n",x );
printf( "\n\tdm= %8.3g\n",dm);
printf( "\n\ta = %8.3g\n",a );
printf( "\n\tb = %8.3g\n",b );

ierr = ASL_dieii3(x, dm, a, b,&y);
printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\ty= %8.3g\n",y );

return 0;

}
(d) Output results

**kk ASL_dieii3 **x

** Input *x*

x = 1
dm= 3
a = 4
b = 2

** Qutput **
ierr = 0

y= 2.51
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2.9.6 ASL _dieii4, ASL rieii4

Incomplete Elliptic Integral of The Weierstrass Type

(1) Function

For positives x, y, z and real p > 0, obtain incomplete elliptic integral of the Weierstrass type

1 1/17 dt
2Jo JE+)(t+y)(t+2)

f(x7y7z7p) =

(2) Usage
Double precision:
ierr = ASL_dieiid (x,y, z, p, &di);
Single precision:
ierr = ASLrieiid (x,y, z, p, &di);

(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) int
’ long as for 64bit Integer

A t and Input
No. FEUIMCIE an Type Size nput/ Contents
Return Value Output
1 X D 1 Input | Variable z
R
2 y D 1 Input | Variable y
R
3 z D 1 Input | Variable z
R
4 p D 1 Input | Inverse number of top p (See Note (a))
R
5 di D+ 1 Output | Incomplete elliptic integral f(z,y,z,p) (See
R Note (b))
6 ierr 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) x,y,2z> 0.0
(b) p>0.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) If p is equal to zero, then the complete integral
1 /Oo dt
2Jo JEFa)E+o)(t+2)

is output to di.

(b) Note that the the integral defining f(z,y, z,p) is taken from zero to 1/p (See Note (a)).
(¢) f(z,y,z,p) is symmetric for z, y, z.
(d) Ifh>0,

1 1/p+h dt
f(x+h,y+h,z+h,p)*§/h ViE+a)t+y)t+2)

(7) Example

(a) Problem
For x = 1.0,y = 3.0, 2z = 4.0andp = 2.0, obtain incomplete elliptic integral of the Weierstrass type.

(b) Input data
x=1.0, dm=3.0, a=4.0 and b=2.0.
(¢) Main program
/* C interface example for ASL_dieiid */
#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

int ierr;

double x, g, z, 8, di;
x=1.0;y=3.0;z=4.0;p=2.0;

printf( " *#x* ASL_dieiid **x\n" );
printf( "\n ** Input **\n\n" );
printf( "\n\tx = %8.3g\n",x );
printf( "\n\ty = %8.3g\n",y );
printf( "\n\tz = %8.3g\n",z );
printf( "\n\tp = %8.3g\n",p );

ierr = ASL_dieii4(x, y, z, p,&di);
printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tdi %8.3g\n",di );
return 0;

}
(d) Output results

*xx ASL_dieiid *xx*

*k Input *k

x = 1
= 3
= 4
p = 2
*% Qutput *x*
ierr = 0
di = 0.0607
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2.9.7 ASL_wiejac, ASL_viejac
Elliptic Functions of Jacobi

(1) Function
For u = X;, calculates the values of the elliptic functions of Jacobi sn(u, m), cn(u, m), dn(u, m).
Here these are defined as for u, setting u = F(z,m), which is incomplete elliptic integral of the 1st kind
with modulus m,

sn(u,m) = siny = z, cn(u, m) = cos, dn(u,m) = v/1 — msin® 1.

(2) Usage
Double precision:
ierr = ASL_wiejac (nv, ui, rm, sn, cn, dn);
Single precision:

ierr = ASL_viejac (nv, ui, rm, sn, cn, dn);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real  C:Single precision complex long as for 64bit Integer
No. gz%z:leé;ir;d Type Size gf;té ; Contents
nv I 1 Input | number of input data
2 ui Dx nv Input | argument X;
()
3 rm D 1 Input | Modulus m
it}
4 sn Dx nv Output | sn(X;,m)
(v
5 cn D« nv Output | en(X;,m)
()
6 dn D+ nv Output | dn(X;,m)
(v
7 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv>1

(b) 0.0 <rm < 1.0
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(5) Error indicator (Return Value)

ierr value Meaning Processing
Normal termination.
Restriction (a) was not satisfied. Processing is aborted.
Restriction (b) was not satisfied.

(6) Notes

(a) Denoting u by the incomplete elliptic integral of 1st kind given as

/w do
u = T
0 vV1—msin’0

/w do
U = —_——
0 V1—k2sin?0

(7) Example

(a) Problem

(b)

C interface example for ASL_wiejac */
R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;
double *sn;
double *cn;
double *dn;
double rm;

int nv;

int 1i;

int ierr;

nv=10;

rm=0.5;
xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

sn=(double *)malloc((size_t) (sizeof (double) * nv));
%f( sn == L)

printf("no enough memory for array \n");
return -1;

cn=(double *)malloc((size_t) (sizeof(double) * nv));
%f( cn == L)

printf("no enough memory for array \n");
return -1;

¥
dn=(double *)malloc((size_t) (sizeof(double) * nv));
if( dn == NULL )

printf("no enough memory for array \n");
return -1;
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which implies sn(u, m) = sin, this function evaluates sn(u, m), cn(u, m) and dn(u,m). On the other
hand, denoting u by

which implies sn(u, k) = sin®, and evaluating sn(u, k), cn(u, k) and dn(u, k), the value k2 should be
input to rm. Generally, sn(u,m), cn(u, m) and dn(u, m) are denoted by sn(u|m), cn(u|m) and dn(u|m),
respectively.

Suppose that m=0.5. Obtain sn(u,m), en(u, m) and dn(u, m) for v = 0.0,0.1,0.2,---,0.9.
Main program
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printf( " *x*kx ASL_wiejac **x*\n" );
printf( "\n ** Input **\n\n" );
{or(i=0;i<nv;i++)

xt[i]=1i;

xt[i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wiejac(nv,xt, rm, sn, cn, dn);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of sn \n\n" );

for(i=0;i<nv;i++)

printf( "\t sn = %8.3g\n", sn[i] );
printf( "\n\tValue of cn \n\n" );
for(i=0;i<nv;i++)
printf( "\t cn = %8.3g\n", cn[i] );
printf( "\n\tValue of dn \n\n" );
for(i=0;i<nv;i++)
printf( "\t dn = %8.3g\n", dn[i] );

free(xt);
free(sn);
free(cn);
free(dn);
return O;
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(¢) Output results

***x ASL_wiejac ***

** Input *x*

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = .9

** Qutput **
ierr = 0

Value of sn

sn = -3.79e-16
sn = 0.0998
sn = 0.198
sn = 0.293
sn = 0.385
sn = 0.471
sn = 0.5561
sn = 0.624
sn = 0.691
sn = 0.75

Value of cn

cn = 1
cn = 0.995
cn = 0.98
cn = 0.956
cn = 0.923
cn = 0.882
cn = 0.835
cn = 0.781
cn = 0.723
cn = 0.661
Value of dn
dn = 1
dn = 0.998
dn = 0.99
dn = 0.978
dn = 0.962
dn = 0.943
dn = 0.921
dn = 0.897
dn = 0.873
dn = 0.848
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2.9.8 ASL_wienmq, ASL_vienmq

Nome ¢ and Complete Elliptic Integrals

(1) Function

For m = X, calculates the values of the nome ¢ = ¢

e—TrK(m)/K(m/) (

and 2nd kinds E(m), E(m’).

(2) Usage
Double precision:

ierr = ASL_wienmq (nv, rm, q, qd, k, kd, e, ed);

Single precision:

ierr = ASL_vienmq (nv, rm, q, qd, k, kd, e, ed);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

—mK(m')/K(m)  and complementary nome ¢’

as for 32bit Integer}

) int
" | long as for 64bit Integer

A t and I t
No. retment at Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 rm D nv Input | Modulus m = X;
R«
3 q Dx nv Output | Nome ¢
Rx
4 qd D+ nv Output | Complementary nome ¢’
Rx
5 k D+ nv Output | Value of the complete elliptic integral of the
R 1st kind K (m)
6 kd D nv Output | Value of the complete elliptic integral of the
R 1st kind K(m/)
7 e Dx nv Output | Value of the complete elliptic integral of the
R 2nd kind E(m)
8 ed D+ nv Output | Value of the complete elliptic integral of the
R 2nd kind E(m/)
9 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

(a) n
(b) 0.

1

<
v

o
IA

rm|

,_
\
—

i—1<1.0

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

2000 rmfi — 1] = 0.0 or 1.0 (overflow) If rm[i — 1) = 0.0,
kd[i — 1] = (Maximum value) is per-
formed.
If rm[i — 1] = 1.0,
k[i—1] = (Maximum value) is performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3000+ Restriction (b) was not satisfied by rm[i—
1].
(6) Notes

(a) If it is sufficient to obtain only value K (m) of the complete elliptic integral of the 1st kind or value

E(m) of the complete elliptic integral of the 2nd kind, it is more efficient to use 2.9.1 {

and 2.9.2

(7) Example

(a) Problem

ASL _wieci2
ASL_vieci2 [

ASL_wiecil
ASL _viecil

}

Obtain the value of the nome ¢, complementary nome ¢’, complete elliptic integrals K (m) and E(m)
and K(m') and E(m') for m' =1 — m at modulus m = 0.1,0.2,---,0.9
(b) Main program

/* c

/* R9.0

interface example for ASL_wienmq */
UPDD 03/02/05 N.Y.

#include <stdio.h>

#include <

stdlib.h>

#include <asl.h>

int main()

double
double
double
double
double
double
double
int nv
int i

’
s

int ierr;

nv=9;
xt=(double *)malloc((size_t) (sizeof (double) * nv));

if ( xt

== NULL )

printf("no enough memory for array xt\n");
return -1;

}
q =(double *)malloc((size_t) (sizeof(double) * nv));

if( q

== NULL )

printf("no enough memory for array q \n");
return -1;
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}
qd =(double *)malloc((size_t) (sizeof(double) * nv));
if( qd == NULL )
printf("no enough memory for array qd \n");
) return -1;
k =(double *)malloc((size_t) (sizeof (double) * nv));
%f( k == NULL )
printf("no enough memory for array k \n");
) return -1;
kd =(double *)malloc((size_t) (sizeof(double) * nv));
%f( kd == NULL )
printf("no enough memory for array kd \n");
) return -1;
e =(double *)malloc((size_t) (sizeof(double) * nv));
if( e == NULL )
printf("no enough memory for array e \n");
) return -1;
ed =(double *)malloc((size_t) (sizeof(double) * nv));
%f( ed == NULL )
printf("no enough memory for array ed \n");
return -1;
}
printf( " ***x ASL_wienmq ***\n" );
printf( "\n ** Input **\n\n" );
for(i=0;i<nv;i++)
xt[i]=i+1;
xt[i]=xt[1]/(nv+1);

printf( "\t =xt = %8.3g\n", xt[i] );

}

ierr = ASL_wienmq(nv,xt, q,qd,k,kd,e,ed);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of q \n\n" );

for(

i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", qlil );

printf( "\n\tValue of gd \n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", qd[i] );

printf( "\n\tValue of k \n\n" );
for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", k[i] );
printf( "\n\tValue of kd \n\n" );
for(i=0;i<nv;i++)

printf( "\t =xo = %8.3g\n", kd[i] );

printf( "\n\tValue of e \n\n" );
for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", el[i] );
printf( "\n\tValue of ed \n\n" );
for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", ed[i] );

free(xt);
free(q);
free(qd);
free(k);
free(kd);
free(e);
free(ed);
return O;
(¢) Output results
***x ASL_wienmq ***
*% Input *%
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
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xt = 0.9

*% Output *x*

ierr = 0
Value of q
xo = 0.00658
X0 = 0.0139
X0 = 0.0223
X0 = 0.0319
X0 = 0.0432
X0 = 0.057
X0 = 0.0747
X0 = 0.0993
X0 = 0.14
Value of qd
X0 = 0.14
X0 = 0.0993
X0 = 0.0747
X0 = 0.057
X0 = 0.0432
X0 = 0.0319
X0 = 0.0223
X0 = 0.0139
xo = 0.00658
Value of k
X0 = 1.61
X0 = 1.66
X0 = 1.71
X0 = 1.78
X0 = 1.85
X0 = 1.95
X0 = 2.08
X0 = 2.26
X0 = 2.58
Value of kd
X0 = 2.58
X0 = 2.26
X0 = 2.08
X0 = 1.95
X0 = 1.85
X0 = 1.78
X0 = 1.71
X0 = 1.66
X0 = 1.61

X0 = 1.53
X0 = 1.49
X0 = 1.45
X0 = 1.4
X0 = 1.35
X0 = 1.3
X0 = 1.24
X0 = 1.18
X0 = 1.1
Value of ed
X0 = 1.1
X0 = 1.18
X0 = 1.24
X0 = 1.3
X0 = 1.35
X0 = 1.4
X0 = 1.45
X0 = 1.49
X0 = 1.53
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2.9.9 ASL_wiethe, ASL_viethe
Elliptic Theta Function

(1) Function

For v = X, calculates the values of the elliptic theta functions of Jacobi ¥;(v, ¢).

9o(v,q) = V4(v,q) =1+ 2 Z(fl)"q”2 cos(2nmv)

oo

n=1

91(v,q) = 2¢1* D (=1)"g" "D sin((2n + 1)7v)

n=0

Ja(v,q) = 204" "D cos((2n + 1)v)

n=0

I3(v,q) =1+ 2 Z i cos(2nmv)

(2) Usage

Double precision:

ierr = ASL_wiethe (nv, i, v, q, x0);

Single precision:

n=1

ierr = ASL_viethe (nv, i, v, q, x0);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I { int as for 32bit Integer}

long as for 64bit Integer

A t and Input
No. FEIHent aty Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 i I 1 Input | Order ¢
3 v Dx nv Input | X;
Rx
4 q D 1 Input | Nome ¢
R
5 X0 D« nv Output | 9;(X;,q)
R«
6 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

vi-1f <M

where M ={double precision: 23!, single precision: 2%}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.
4000+ Restriction (d) was not satisfied by v[j —
1].
(6) Notes

(a‘) 190(’[},(]) = 194(”7(1)'
(b) To obtain the value F(x,m) of the incomplete elliptic integral of the 1st kind corresponding to (z,m),

calculate u = F(z,m) from 2.9.3 {

elliptic integrals of the 1st kinds from 2.9.8 {

2K7Zm) :

ASL _dieiil
ASL _rieiil

ASL_wienmq
ASL_vienmq

}, calculate nome ¢ and the value K (m) of the complete

}, and then apply this function for v =

(¢) ¥ (v,q) can also be obtained from the following expression: (v, q) = 2Z(u)K (m)d4(v, q).

(7) Example

(a) Problem

Obtain ¥;(v,q) for i =3, v =0.0,0.1,0.2,---,0.9 and ¢ = 0.5.
(b) Main program

/* C interface example for ASL_wiethe */

/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;
double *xo;

double

q;

int nv;
int 1i;
int ii;
int ierr;

nv=10;
ii=3;
q=0.5;

xt=(double

if( xt

printf("no enough memory for array xt\n");
return -1;

xo=(double *

if ( xo

== NULL )
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*)malloc((size_t) (sizeof (double) * nv));
ULL )

)Jmalloc((size_t) (sizeof (double) * nv));
L

*/
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printf("no enough memory for array xo\n");

return -1;
printf( " **x* ASL_wiethe ***\n" );
printf( "\n ** Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i;

xt[i]=xt[i]/nv;

printf( "\t xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiethe(nv,ii,xt, q, xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of ethe(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );
free(xt);
free(xo);
return O;

}
(¢) Output results

**%*k ASL_wiethe ***

*k Input *%

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9

*% Qutput *x*
ierr = 0

Value of ethe(x)

X0 = 2.13
X0 = 1.85
X0 = 1.2
X0 = 0.593
X0 = 0.231
X0 = 0.121
X0 = 0.231
X0 = 0.593
X0 = 1.2
X0 = 1.85
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2.9.10 ASL_wiejzt, ASL_viejzt
Zeta Function of Jacobi

(1) Function
For u = X, calculates the value of the zeta function of Jacobi

Z(u) = (where ©(u) = Y4(v,q) = Va(u/2K(m), q))

(2) Usage
Double precision:
ierr = ASL_wiejzt (nv, ui, rm, x0);
Single precision:

ierr = ASL_viejzt (nv, ui, rm, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEHIMEnt atl Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 ui Dx nv Input | X; (value of the incomplete elliptic integral
R of the 1st kind F(z,m))
3 rm D 1 Input | Modulus m
R
4 X0 D« nv Output | Z(X;)
Rx
5 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(b) 0.0<rm <1.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3001 Restriction (b) was not satisfied.
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(6) Notes
(a) The value of u can be obtained from v and K (m) by using the expression u = 2K (m)v.
(7) Example

(a) Problem
Obtain Z(u) for ©v=10.0,0.1,0.2,---,0.9 with a modulus m = 0.5.
(b) Main program

/* C interface example for ASL_wiejzt */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;

double *xo;

double rm;

int nv;

int 1i;

int ierr;

nv=10;

rm=0.5;

xt=(double *)malloc((size_t) (sizeof(double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");
return -1;

printf( " *+x ASL_wiejzt **kk\n" );
printf( "\n ** Input **\n\n" );
{or(i=0;i<nv;i++)

xt[i]=1i;

xt[i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wiejzt(nv,xt, rm, xo0);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of ejzt(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = ¥8.3g\n", xol[i] );
free(xt);

free(xo);
return O;

(¢) Output results

**k*x ASL_wiejzt ***

*k Input *%

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9

** Qutput *x*
ierr = 0

Value of ejzt(x)
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0.027
0.053
0.0771
0.0984
0.116
0.13
0.14
0.146
0.147
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2.9.11 ASL_wiejep, ASL_viejep
Epsilon Function of Jacobi

(1) Function

For u = X, calculates the value of the epsilon function of Jacobi

T 1= mi? ¢y _ [ di
E(ulm) = /0 ﬁdt = /0 dn®(¢)dt <here, u= /0 NS mt2)> .

(2) Usage

Double precision:

ierr = ASL_wiejep (nv, ui, rm, x0);

Single precision:

ierr = ASL_viejep (nv, ui, rm, x0);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I { int as for 32bit Integer}

long as for 64bit Integer

A t and I t
No. retment at Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 ui D nv Input | X; (value of the incomplete elliptic integral
R of the 1st kind F(xz,m))
3 rm D 1 Input | Modulus m
R
4 X0 D+ nv Output | E(X;|m)
Rx
5 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv>1

(b) 0.0<r

m<1.0

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3001 Restriction (b) was not satisfied.
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(6) Notes

(a) Epsilon function of Jacobi E(u|m) is the same as the incomplete elliptic integral of the 2nd kind F(p\«)
and the following relation holds:

©
E(o\a) = E(ulm) = / V1 —sin? asin?0df (where m = sin®, sing = snu)
0

ASL_wieci2

(See 2.9.2 o
ASL _vieci2

(7) Example

(a) Problem
Obtain E(u|m) for v =0.0,0.1,0.2,--+,0.9, with modulus m = 0.5.
(b) Main program

/* C interface example for ASL_wiejep */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

double 1rm;

int nv;

int 1i;

int ierr;

nv=10;

rm=0.5;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

xo=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");
return -1;

printf( " **kx ASL_wiejep *x*\n" );
printf( "\n ** Input **\n\n" );
%or(i=0;i<nv;i++)

xt[i]=1i;

xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiejep(uv,xt, rm, xo0);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of ejep(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", xo[i] );
free(xt);

free(xo);
return O;

(¢) Output results

*xx ASL_wiejep *x*

** Input *x*

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
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Xt
xt
xt
xt

[olefole)
©O©oo~N»

** Qutput **
ierr = 0

Value of ejep(x)

X0 = 0
X0 = 0.0998
X0 = 0.199
X0 = 0.296
X0 = 0.39
X0 = 0.481
X0 = 0.568
X0 = 0.65
X0 = 0.729
X0 = 0.802
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2.9.12 ASL_wiejte, ASL_viejte
Theta Function of Jacobi

(1) Function

For u = X, calculates the value of the theta function of Jacobi
O(u) = Ja(v, Q) = 194(”/2K(m)’ q)-

(2) Usage
Double precision:
ierr = ASL_wiejte (nv, ui, rm, x0);
Single precision:

ierr = ASL_viejte (nv, ui, rm, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. FEUmEnt Al Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 ui D+ nv Input | X; (value of the incomplete elliptic integral
R of the 1st kind F(z,m))
3 rm D 1 Input | Modulus m
R
4 X0 D« nv Output | O(X;)
Rx*
5 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv>1
(b) 0.0<rm < 1.0

uifli—1
o B <
where, M ={double precision: 23!, single precision: 2'8}, and K (m) denotes the complete elliptic in-

tegral of the 1st kind with m=rm.

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3001 Restriction (b) was not satisfied.
4000+i Restriction (c¢) was not satisfied by uifi —
1].
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(6) Notes

(a) ©'(u) can be obtained from this function with Z(u) obtained from 2.9.10

relation

O'(u) = Z(u)O(u).

(7) Example

()
(b)

()

Problem
Obtain ©(u) for v =0.0,0.1,0.2,---,0.9, with modulus m = 0.5.

Main program

/* C interface example for ASL_wiejte */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;
double *xo;
double rm;
int nv;

int 1i;

int ierr;
nv=10;

rm=0.5;
xt=(double *)malloc((size_t)(sizeof(double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

}
xo=(double *)malloc((size_t) (sizeof(double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");
return -1;

printf( " *+x ASL_wiejte **x\n" );
printf( "\n ** Input **\n\n" );
for(i=0;i<nv;i++)

xt[i]=1i;

xt[i]=xt [i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiejte(uv,xt, rm, xo0);

printf( "\n ** Qutput **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of ejte(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", xol[i] );
free(xt);

free(xo);
return O;

Output results

***x ASL_wiejte ***

*k Input *%

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9
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** Qutput **

ierr

Value of ejte(x)
0.

0

914

0.915

[eXeleofeololole o]

.918
.925
.933
.943
.955
.968
.982
.996
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2.9.13 ASL_wiepai, ASL_viepai
Pi Function

(1) Function
For u = X, calculates the value of the pi function

sn? tdt

u
II(u, ) = msnacnadna —
o 1 —msn?asn?t

(2) Usage
Double precision:
ierr = ASL_wiepai (nv, ui, alf, rm, xo);
Single precision:
ierr = ASL_viepai (nv, ui, alf, rm, xo0);

(3) Arguments and Return Value

D:Double precision real Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEIHent aty Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 ui D+ nv Input | X; (value of the incomplete elliptic integral
R+ of the 1st kind F(z,m))
3 alf D 1 Input | «
R
4 rm D 1 Input | Modulus m
R
5 X0 D+ nv Output | II(X;, @)
Rx
6 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv>1
(b) 0.0 < rm < 1.0

uili—1]|—alf
(c) | WE=alt]
where, M ={double precision: 23!, single precision: 2'8}, and K (m) denotes the complete elliptic in-
tegral of the 1st kind with m=rm.
alf
(@) |zl <M
where, M and K(m) are the same as Restriction (c).
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3001 Restriction (b) was not satisfied.
4000 Restriction (d) was not satisfied.
4000+i Restriction (c) was not satisfied by uifi —
1].

(6) Notes

(a) Pi Function II(u, a) is represented as:

O'(a) 1 O(u — a)

() ) log, Ou+a)

M(u, o) =u

(b) The incomplete elliptic integral of the 3rd kind F'(2) is represented as

dz

sn o

F(z) =

with z = snu, a® = k?sn? a.
(7) Example

(a) Problem

/0 (1 —a222)\/(1 — 22)(1 — k222)

= II
cnodn o (u, ) +u

Obtain II(u, ) for v =0.0,0.1,0.2,---,0.9, a = 1.7 and m = 0.5.

(b) Main program

/* C interface example for ASL_wiepai */

/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;
double *xo0;
double 1rm;
double alf;
int nv;

int 1i;

int ierr;
nv=10;
rm=0.5;
alf=1.7;

xt=(double *)malloc((size_t) (sizeof(double) * nv));

if ( xt == NULL )

printf("no enough memory for array xt\n");

return -1;

x0=(double *)ma%loc((size_t)(sizeof(double) * nv));
L

if ( xo ==

printf("no enough memory for array xo\n");

return -1;
printf( " *x* ASL_wiepai ***\n" );
printf( "\n ** Input **\n\n" );

for(i=0;i<nv;i++)

xt[il=i;

xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiepai(nv,xt, alf, rm, xo);
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printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of epai(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );
free(xt);
free(xo);
return O;

}
(¢) Output results

k% ASL_wiepai ***

*k Input *%

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9

*% Qutput *x*
ierr = 0

Value of epai(x)

X0 = 0
xo = 1.28e-05
xo = 0.000103
xo = 0.000346
xo = 0.000821
X0 = 0.0016
xo = 0.00276
xo = 0.00437
X0 = 0.0065
X0 = 0.0092
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2.10.1 ASL_wiiexp, ASL_viiexp
Exponential Integral

(1) Function
For x = X;, calculates the value of the exponential integral

Ei(z) = P/m et—tdt (x > 0.0)

00 e—t x et
where P denotes Cauchy’s principal value.

(2) Usage
Double precision:
ierr = ASL_wiiexp (nv, xi, x0);
Single precision:

ierr = ASL_viiexp (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi Dx nv Input | X;
Rx
3 X0 D« nv Output | X; > 0.0: Ei(X;)
Rx X; <0.0: EI(XZ)
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
1000 xi[i—1] < —M; (See Note (b)) (underflow) xo[i — 1] = 0.0 is performed.
2000 xifi — 1] = 0.0 (overflow) xo[i—1] = (Minimum value) is performed.
2100 xifi — 1] > My (See Note (c)) (overflow) xoi — 1] = (Maximum value) is
performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a)

In the case where z = xi[i — 1] > 0.0, Ei(z) = P/

0 —t

xi[i — 1] < 0.0 Ei(z) = f/

—Z

t

— 00

x

— 0o

t
e ) .
—dt is evaluated, and in another case x

e roet
—dt = / 7dt is also evaluated.

When ierr becomes 1000 in this function, the value of M is as follows:

M; ={double precision: 702.0, single precision: 83.0}

When ierr becomes 2100 in this function, the value of My is as follows:
My ={double precision: 709.782, single precision: 88.722}

The value of the exponential integral may defined as follows:

(larg z| < 7).

oot
B (2) :/ %dt

In this case, F(r) = — Ei(—z) (x > 0) holds.

(7) Example

(a)
(b)

Problem
Obtain Ei(x) for =

Main program

0.1,0.2,---,1.0.

/*
/*
#include <stdio.h>

#include <stdlib.h>
#include <asl.h>

C interface example for ASL_wiiexp */
R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof(double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");
return -1;

printf( " *#%x ASL_wiiexp ***\n" );
printf( "\n ** Input **\n\n" );
for(i=0;i<nv;i++)

xt[i]=i+1;

xt[i]=xt [i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiiexp(nv,xt, xo0);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of iexp(x)\n\n" );

for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xol[i] );
free(xt);
free(xo);
return O;
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(¢) Output results

¥k ASL_wiiexp ***

** Input *x*

Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt

[eXelolololeleleolo]
HOONOUTWN -

** Qutput **

ierr

Value of iexp(x)

= 0

-1.62
-0.822
-0.303

0.105

0.454

0.77
1.06
1.35
1.62

1.9
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2.10.2 ASL_wiilog, ASL viilog
Logarithmic Integral

(1) Function

For x = X;, calculates the value of the logarithmic integral

. |
Li(z) = /0 —1oge(t) dt

(2) Usage
Double precision:
ierr = ASL_wiilog (nv, xi, x0);
Single precision:
ierr = ASL_viilog (nv, xi, x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) int
" | long as for 64bit Integer

A t and Input
No. retment at Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 xi D+ nv Input | X;
Rx
3 X0 D+ nv Output | Li(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(b) xi[i—1] > 1.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
2000 xifi — 1] = 1.0 (overflow) xo[i—1] = (Minimum value) is performed.
2100 log(xi[i — 1]) > M (See Note (a).) xo[i — 1] = (Maximum value) is
performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
3000+ Restriction (b) was not satisfied by xi[i —
1].
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(6) Notes

(a) When ierr becomes 2100 in this function, the value of M, is as follows:

M5 ={double precision: 709.782, single precision: 88.722}

(7) Example

()
(b)

()

Problem
Obtain Li(z) for x = 1.1,1.2,---,2.0.

Main program

/% C interface example for ASL_wiilog */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

double *xt;

double *xo0;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

xo=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");
return -1;

printf( " *kx ASL_wiilog *x*\n" );
printf( "\n ** Input **\n\n" );
for(i=0;i<nv;i++)

xt[i]=i+1+nv;

xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiilog(nv,xt, xo0);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of ilog(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", xo[i] );
free(xt);

free(xo0);
return O;

Output results

*xx ASL_wiilog *k*

** Input *x*

RRRPRRRERE
NOONONPWN -

*% Qutput *x*
ierr = 0

Value of ilog(x)
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X0 = -1.68
X0 = -0.934
X0 = -0.48
X0 = -0.145
X0 = 0.125
X0 = 0.354
X0 = 0.554
X0 = 0.733
X0 = 0.895
X0 = 1.05
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Sine Integral

2.10.3 ASL _diisin, ASL riisin

(1)

Sine Integral

Function
Calculates the value of the sine integral

Si(z) = / sty
0 t

Usage
Double precision:

ierr = ASL_diisin (xi, &xo0);
Single precision:

ierr = ASL_riisin (xi, &xo);
Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
1 xi D 1 Input | Value of variable x
R
2 X0 D« 1 Output | Value of Si(x)
Rx
3 ierr I 1 Output | Error indicator (Return Value)
Restrictions
None
Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
Notes
None
Example
(a) Problem
Obtain the value of Si(z) at x = 1.0.
(b) Input data
xi = 1.0.
(¢) Main program
/* C interface example for ASL_diisin */

#include <stdio.h>
#include <asl.h>

int main()
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{

double xij;
double xo0;
int ierr;
FILE *fp;
fp = fopen( "diisin.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x% ASL_diisin **x\n" );
printf( "\n ** Input **\n\n" );
fscanf( fp, "J%Llf", &xi );
printf( "\txi = ¥8.3g\n", xi );
fclose( fp );
ierr = ASL_diisin(xi, &=xo);
printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of Si(x)\n\n" );
printf( "\t xo = %8.3g\n", xo0 );
return O;

}

(d) Output results

*xx ASL_diisin *x**
** Input *x*
xi = 1
** Qutput **
ierr = 0
Value of Si(x)
X0 = 0.946
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2.10.4 ASL_diicos, ASL_riicos
Cosine Integral

(1) Function

Calculates the value of the cosine integral

Ci(z) = — /OO %Stdt.
(2) Usage
Double precision:
ierr = ASL_diicos (xi, &xo0);
Single precision:
ierr = ASL _riicos (xi, &x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
" | long as for 64bit Integer

A t and Input
No. FetHent at Type Size nput/ Contents
Return Value Output
1 xi D 1 Input | Value of variable x
R
2 X0 D« 1 Output | Value of Ci(z)
Rx
3 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) 0.0<xi<M
where, M={double precision: 257, single precision: 2!87}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
2000 xi = 0.0 (overflow) x0 = (Minimum value) is performed.
3000 Restriction (a) was not satisfied. Processing is aborted.
(See Note (a))
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(6) Notes
(a) For ierr=3000, if xi is sufficiently large, then the value of Ci(x) will be a value extremely close to 0.0.
(7) Example

(a) Problem
Obtain the value of Ci(z) at x = 1.0.

(b) Input data
xi = 1.0.
(¢) Main program

/* C interface example for ASL_diicos */

#include <stdio.h>
#include <asl.h>

%nt main()
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "diicos.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x% ASL_diicos *¥x\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%KL1f", &xi );
printf( "\txi = 8.3g\n", xi );

fclose( fp );
ierr = ASL_diicos(xi, &=xo);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Ci(x)\n\n" );
printf( "\t xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

***x ASL_diicos ***
** Input *x*
xi = 1
*% Qutput *x*
ierr = 0
Value of Ci(x)
X0 = 0.337
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2.10.5 ASL wiifsi, ASL viifsi
Fresnel Sine Integral

(1) Function

For x = X;, calculates the value of the Fresnel sine integral

S(z) = /0 sin(gt2)dt.

(2) Usage
Double precision:
ierr = ASL_wiifsi (nv, xi, x0);
Single precision:
ierr = ASL_viifsi (nv, xi, x0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
" | long as for 64bit Integer

A t and Input
No. retument an Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 xi Dx nv Input | X;
Rx
3 X0 D« nv Output | S(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv >1
(b) |xii—1]| <M

where M={double precision: 47453132.0, single precision: 724.07734}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
300043 Restriction (b) was not satisfied by xi[i — Processing is aborted.
1]. (See Note (b))
(6) Notes

(a) If the Fresnel sine integral is given as S(z) = —
Nor
(b) For ierr = 3000 + ¢, if |z| is sufficiently large (z =
(xi[i — 1] > 0.0), and to —0.5(xi[i — 1] < 0.0).
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(7) Example

()
(b)

()

Problem
Obtain S(x) for z = 0.0,0.1,---,0.9.
Main program

/* C interface example for ASL_wiifsi */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof(double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " %% ASL_wiifsi ***\n" );
printf( "\n ** Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i;

xt [i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wiifsi(nv,xt, xo0);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of ifsi(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", xo[i] );
free(xt);

free(xo);
return O;

Output results

*kk ASL_wiifsi ***

** Input *x*

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9

*% Qutput *x*
ierr = 0

Value of ifsi(x)

X0 = 0
xo = 0.000524
xo = 0.00419
X0 = 0.0141
X0 = 0.0334
X0 = 0.0647
X0 = 0.111
X0 = 0.172
X0 = 0.249
X0 = 0.34
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2.10.6 ASL_wiifco, ASL_viifco
Fresnel Cosine Integral

(1) Function

For x = X;, calculates the value of the Fresnel cosine integral

Clx) = /I cos(th)dt.
0 2
(2) Usage
Double precision:
ierr = ASL_wiifco (nv, xi, x0);
Single precision:

ierr = ASL_viifco (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
" | long as for 64bit Integer

A t and Input
No. retument an Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 xi Dx nv Input | X;
Rx
3 X0 D« nv Output | C(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv >1

(b) |xifi —1]| < M

where M={double precision: 47453132.0, single precision: 724.07734}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
300043 Restriction (b) was not satisfied by xi[i — Processing is aborted.
1]. (See Note (b))
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(6) Notes

1 * cost

T Verde VB

(a) If the Fresnel cosine integral is given as C(x)

|2
—

(b) For ierr = 3000+ 4, if |z| is sufficiently large (x = xi[i — 1]), C(x) will be a value extremely close to 0.5
(xifi — 1] > 0.0) and to —0.5(xi[i — 1] < 0.0).

dt, then the value of xi[i — 1] must be

(7) Example

(a) Problem
Obtain C(x) for x =0.0,0.1,---,0.9.
(b) Main program

/* C interface example for ASL_wiifco */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002  */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof(double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " *x* ASL_wiifco **x\n" );
printf( "\n ** Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i;

xt[i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wiifco(nv,xt, xo0);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of ifco(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", xol[i] );
free(xt);

free(xo);
return O;

(¢) Output results

*%kk ASL_wiifco ¥

*k Input *%

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9
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*% Output *x*

ierr

Value of ifco(x)

0

0

0.1
0.2
0.299
0.397
0.492
0.581
0.66
0.723
0.765

267



ASL_wiidaw, ASL_viidaw
Dawson Integral

2.10.7 ASL_wiidaw, ASL_viidaw
Dawson Integral

(1) Function
For x = X, calculates the value of the Dawson integral

_$2 x t2
e e’ dt.
0

(2) Usage
Double precision:
ierr = ASL_wiidaw (nv, xi, x0);
Single precision:

ierr = ASL_viidaw (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi D nv Input | X;
Rx
X2 Xi t2
3 X0 Dx nv Output | e / e’ dt
0
Rx

4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions
(a) nv>1
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes
None

(7) Example

(a) Problem
Obtain e~ / et dt for x = 0.0,0.1,---,0.9.
0
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(b) Main program

/*
/%

C interface example for ASL_wiidaw */
R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

}

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " *x* ASL_wiidaw ***\n" );
printf( "\n ** Input **\n\n" );

{or(i=0;i<nv;i++)

xt[il=i;

xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiidaw(nv,xt, xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of idaw(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);
free(xo);
return O;

(¢) Output results

sk ASL_wiidaw ***
*% Input *%

Xt
Xt

LT T T (I 1 T 1}
[elelololololeolofo]
QCONONPBWNRO

*% Output *x*
ierr = 0

Value of idaw(x)

X0 = 0
X0 = 0.0993
X0 = 0.195
X0 = 0.283
X0 = 0.36
X0 = 0.424
X0 = 0.475
X0 = 0.511
X0 = 0.532
X0 = 0.541
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2.10.8 ASL_wiicnd, ASL_viicnd

(1)

Normal Distribution Function

Function

For x = X, calculates the value of the normal distribution function

1 T

Usage
Double precision:

ierr = ASL_wiicnd (nv, xi, x0);
Single precision:

ierr = ASL_viiend (nv, xi, x0);
Arguments and Return Value

D:Double precision real Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi D nv Input | X;
R«
3 X0 D+ nv Output | ®(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
Restrictions
(a) nv>1

Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
Notes
None
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(7) Example

()
(b)

()

Problem
Obtain ®(z) for x = 0.0,0.1,---,0.9.
Main program

/* C interface example for ASL_wiicnd */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " #x*% ASL_wiicnd ***\n" );
printf( "\n *x Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i;

xt [i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wiicnd(nv,xt, xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of icnd(x)\n\n" );
for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);
free(xo);
return O;

Output results

*xk ASL_wiicnd *x*
** Input *x*

Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt
Xt

LT T (T T 1 1}
[eXelololololeleolo]
OCO~NONPWNRO

*% Output *x*
ierr = 0

Value of icnd(x)

X0 = 0
X0 = 0.0398
X0 = 0.0793
X0 = 0.118
X0 = 0.155
X0 = 0.191
X0 = 0.226
X0 = 0.258
X0 = 0.288
X0 = 0.316
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2.10.9 ASL_wiicnc, ASL_viicnc

Complementary Normal Distribution Function

(1) Function

For x = X, calculates the value of the normal distribution function

1 <

(2) Usage
Double precision:
ierr = ASL_wiicnc (nv, xi, X0);
Single precision:

ierr = ASL_viicne (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) int
" | long as for 64bit Integer

A t and I t
No. retment at Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | number of input data
2 xi D nv Input | X;
Rx
3 X0 D+ nv Output | ¥(X;)
R«
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
1000 xifi — 1] > M (See Note (a)) xo[i — 1] = 0.0 is performed.
(underflow)
3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) When ierr becomes 1000 in this function, the value of M is as follows:

M ={double precision: 38.485, single precision: 13.0}

(7) Example

()
(b)

()

Problem
Obtain ®(z) for x = 0.0,0.1,0.2,---,0.9.

Main program

/* C interface example for ASL_wiicnc */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo0;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

xo=(double *)malloc((size_t) (sizeof (double) * nv));
if( xo == NULL )

printf("no enough memory for array xo\n");
return -1;

printf( " *#x* ASL_wiicnc ***\n" );
printf( "\n ** Input **\n\n" );
for(i=0;i<nv;i++)

xt[i]=1i;
xt[i]=xt[i]/nv;

printf( "\t =xt = %8.3g\n", xt[i] );
}

ierr = ASL_wiicnc(av,xt, xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tValue of icnc(x)\n\n" );

for(i=0;i<nv;i++)
printf( "\t xo = %8.3g\n", xo[i] );

free(xt);

free(xo0);
return O;

Output results

**%k ASL_wiicnc ***

** Input *x*

L T T I T 1}
[efelolololeleleolo]
CO~NONPBWNRO

*% Qutput *x*
ierr = 0

Value of icnc(x)
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X0 = 0.5
X0 = 0.46
X0 = 0.421
X0 = 0.382
X0 = 0.345
X0 = 0.309
X0 = 0.274
X0 = 0.242
X0 = 0.212
X0 = 0.184
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2.11 THE FUNCTIONS RELATED TO THE ERROR FUNCTIONS

2.11.1 ASL_wierrf, ASL_vierrf
Error Function

(1) Function
For x = Xj;, evaluate error function Erf(x).

(2) Usage
Double precision:
ierr = ASL_wierrf (nv, xv, yv);
Single precision:

ierr = ASL_vierrf (nv, xv, yv);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
nv I 1 Input | Number of inputs
2 XV D+ nv Input | z;
Rx
3 yv D« nv Output | Erf(z;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

None
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(7) Example

(a) Problem
Evaluate values of Erf(z;) with i = 1,2,---,10 where each z; is given as the functional value is 0.1°.
(b) Main program
#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>
int main()
{ . .
int nv,1i;
double *xv,*yv;
int ierr;
double o1l,x;
01=0.1;nv=10;x=1.0;
xv=(double * )malloc((size_t) ( sizeof (double)* nv ));
if( xv == NULL )

printf( "no enough memory for array xv\n" );
return -1;

yv=(double * )malloc((size_t)( sizeof (double)* nv ));
if( yv == NULL )

printf( "no enough memory for array yv\n" );
return -1;

{or ( i=0 ; i<nv ; i++ )
x=x%*01;
ierr=ASL_diierf (x,&xv[i], 0);
if( ierr > 0 )

printf( "error in ASL_diierf\n" );

}

printf( "\n\t *** ASL_wierrf \n\n" );
printf( "\n\t *** input \n\n" );

for ( i=0 ; i<nv ; i++ )

printf( "\n%13.8g\n " ,xv[i] );

ierr=ASL_wierrf(nv, xv, yv);
printf( "\n\t **x output \n\n" );
printf( "\n\tierr = %6d\n", ierr );
for ( i=0 ; i<nv ; i++ )
printf( "\n%6d,%13.8g\n " ,i,1.0-yv[i] );
free(xv);
free(yv);
return O;

}
(¢) Output results

%k ASL_wierrf
*¥x input

.1630872
.8213864
.3267538
.7510639
.1234133
.4589107
. 7665626
.0522372

SO Ww W W NN R e

.3200054
4.572825

**x output

ierr = 0
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>

O o W N = O

>

7,

0.1
0.01
0.001
0.0001
le-05
1e-06
1e-07
1e-08

8,9.9999997e-10

9,1.0000001e-10
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2.11.2 ASL_wierfc, ASL_vierfc

(1)

(2)

Co-Error Function

Function

For x = X, evaluate co-error function Erfc(z).

Usage
Double precision:

ierr = ASL_wierfc (nv, xv, yv);
Single precision:

ierr = ASL_vierfc (nv, xv, yv);

Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
nv I 1 Input | Number of inputs
2 XV D+ nv Input | z;
Rx
3 yv D+ nv Output | Erfe(z;)
R«
4 ierr I 1 Output | Error indicator (Return Value)
Restrictions
(a) nv>0

Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
Notes
None
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(7) Example

(a) Problem
Evaluate values of Erfc(z;) for o; with i = 1,2,---,10 given as the functional value equals to 0.1%.
(b) Main program
#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>
int main()
int nv,i;
double *xv,*yv;
int ierr;
double o1l,x;
01=0.1;nv=10;x=1.0;
xv=(double * )malloc((size_t)( sizeof (double)* nv ));
if( xv == NULL )

printf( "no enough memory for array xv\n" );
return -1;

yv=(double * )malloc((size_t)( sizeof (double)* nv ));
if( yv == NULL )

printf( "no enough memory for array yv\n" );
return -1;

{or ( i=0 ; i<nv ; i++ )
x=x%*01;
ierr=ASL_diierf (x,&xv[i], 0);
if( ierr > 0 )

printf( "error in ASL_diierf\n" );

}

printf( "\n\t *** ASL_wierfc \n\n" );
printf( "\n\t *** input \n\n" );

for ( i=0 ; i<nv ; i++ )

printf( "\n%13.8g\n " ,xv[i] );

ierr=ASL_wierfc(anv, xv, yv);
printf( "\n\t **x output \n\n" );
printf( "\n\tierr = %6d\n", ierr );
for ( i=0 ; i<nv ; i++ )
printf( "\n%6d,%13.8¢g\n " ,i,yv[i] );
free(xv);
free(yv);
return O;

}
(¢) Output results

*%*k ASL_wierfc
**x input

.1630872
.8213864
.3267538
.7510639
.1234133
.4589107
. 7665626
.0522372

SO W W W NN R e

.3200054
4.572825

**x output

ierr = 0
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2.11.3 ASL_diierf, ASL_riierf
Inverse of Co-Error Function

(1) Function

Evaluate Erfc™! i.e, for 0 < z < 1, evaluate y satisfying Erfc(y) = x.

(2) Usage
Double precision:
ierr = ASL_diierf (x, &y, iter);
Single precision:
ierr = ASL_riierf (x, &y, iter);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
’ long as for 64bit Integer

A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
1 X D 1 Input |
R
2 y Dx 1 Output | y
Rx
3 iter I 1 Input | Maximum number of iterations (Normal:10)
(See Note (d))
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) 0<x <1

(b) iter > 1 ( Excluding the case where 0 or an negative value is input to be reset to the default value )

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 x=1 y = 0 is performed.
3000 x>1 Processing is aborted.
3500 x<0
4000 The solution did not converge within the
maximum number of iterations
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(6) Notes

(a) For 2 >z > 1, y can be obtained by y = — Erfc™*(2 — z) according to the following relation:
9 oo

=1

(b) Erfc™(0) = oo, Erfc™!(2) = —o0.
(¢) Inverse of Erf(x) is Erfc ' (1 — z).

e_tht =2— .

(d) The maximum count of iteration is set to 10 when iter is less than 1.
(7) Example

(a) Problem
Evaluate y satisfying ERF(y)=0.9999 and check this result.
(b) Main program

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>
%nt main()

double x,y,z,x1;

int m,ierr;

x=0.9999;

x1=1.0-x;

m=0;

printf( "\n\t **x ASL_diierf \n\n" );
printf( "\n\t *** input ***x \n\n" );
printf( "\n%13.8g\n",x1);
ierr=ASL_diierf(x1,&y,m);

printf( "\n\t *** QUTPUT *#**\n\n" );
printf( "\n\tierr = %6d\n", ierr );
ierr=ASL_wierrf (1,&y,&z);

printf( "\n\ttestv output testv\n\n");
printf( "\n%13.8g , %13.8g ,%13.8g\n", x,y,z);
return O;

}
(¢) Output results

**x ASL_diierf
Kk k input oKk

0.0001
sxk QUTPUT %%

ierr = 0
testv output testv
0.9999 , 2.7510639 , 0.9999
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2.11.4 ASL jiierf, ASL_iiierf
Error Function for Complex Arguments

(1) Function

For z=Z;, evaluate error function with complex argument ==’ Erfe(—iz).

(2) Usage

Double precision:

ierr = ASL jiierf (nv, z, w);

Single precision:

ierr = ASL.iierf (uv, z, w);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
1 nv I 1 Input | Number of input values
2 z 7% nv Input | 2
Cx
3 w 7% nv Output | e=* Erfc(—iz)
Cx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nv > 0

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred. (See Note (b))
(6) Notes

(a) If the imaginary part of z is close to 0.0, the precision becomes rather low (within an error of order

10~1% in the double precision case, though).

(b) If 3(z) is negative and —R(2?) is almost log(Maximum positive), overflow occurs.

(7) Example

(a) Problem

Evaluate values in the integration pass |z — 3i| = 1.
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(b) Main program

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <complex.h>
#include <asl.h>

%nt main()

double _Complex s,z,z3,w,w3,paii,zerr;

double _Complex *zinp,*wout;

int n;

int i;

int ierr;

n=100;

zinp = ( double _Complex * )malloc((size_t)( sizeof (double _Complex) * (n+1l) ));
if( zinp == NULL )

printf( "no enough memory for array zinp\n" );
return -1;

}
wout = ( double _Complex * )malloc((size_t)( sizeof(double _Complex) * (n+1) ));
if( wout == NULL )

printf( "no enough memory for array wout\n" );

return -1;
}
s=0.0;
z3=3.0*_Complex_I;
paii=-1.0;

paii=clog(paii);
printf( "\n\t *** ASL_jiierf \n\n" );
{or ( i=0 ; i<n ; i++ )

z=(i+1)*cimag(paii)*2.0/(double)n * _Complex_I;
z=cexp(z) ;
zinp[i]=2z3+z;

zinp[n]=2z3;

n=n+1;

ierr=ASL_jiierf(n,zinp,wout);
printf ( "\n\t **x OUTPUT ***\n\n" );
printf( "\n\tierr = %6d\n", ierr );
printf( "\n\t output value \n\n" );
w3=wout [n-1];

for ( i=0 ; i<n-1 ; i++ )

w=wout [1]/ (double) (n-1) ;
S=s+W;

%rintf( "\n%8.3g , %8.3g\n", creal(w3), cimag(w3));
printf( "\n\t value obtained by Cauchy’s theorem \n\n" );
printf( "\n%8.3g , %8.3g\n", creal(s), cimag(s));
zerr=w3-s;
printf( "\n\t *** abs error \n\n" );
printf( "\n%8.3g , %8.3g\n", creal(zerr) , cimag(zerr));
free(zinp);
free(wout) ;

return 0;

}
(¢) Output results

*xk ASL_jiierf
***x QUTPUT **x*

ierr = 0

output value

0.179 , 6.25e-20

value obtained by Cauchy’s theorem

0.179 , -1.3e-18

***x abs error

5.55e-17 , 1.36e-18
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2.12.1 ASL _dilegl, ASL rilegl

Associated Legendre Function of the 1st Kind

(1) Function

Calculates the value of the associated Legendre function of the 1st kind

wd™ P, (z)

dz™

P (@) = (|1 - 2?)

n

(2) Usage
Double precision:
ierr = ASL_dilegl (n, m, xi, &xo);
Single precision:

ierr = ASL_rilegl (n, m, xi, &x0);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I { int as for 32bit Integer}

long as for 64bit Integer

A t and I t
No. FEUmEnt aiy Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 m I 1 Input | Multiple m
3 xi D 1 Input | Value of variable x
R
4 X0 Dx 1 Output | Value of P (x)
Rx
5 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) When m < 0, then |m| < n (if n < 0, then |m| < —n—1)

(b) When |m| <n (if n < 0, then rm|m| < —n — 1), then |m| < M,
where, M7 ={double precision: 150, single precision: 27}

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
2000 |xi| > (Maximum value)'’ /2 and n > 2 If xi > 0.0,
(overflow) x0 = (Maximum value) is performed.

If xi < 0.0,
x0 = (Maximum value) x (—1)"
is performed.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

4000 Overflow occurred during the calculation.
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(6) Notes

(a)

If || > 1.0, then the Hobson associated Legendre function

P (x) = (2% — 1.0)%w

xm
is calculated, and if || < 1.0, then the Ferrers associated Legendre function
m d™ P, (2)
_ 2\ n
is calculated.
This function uses double length arithmetic internally to guarantee precision.
Note that the associated Legendre function of the 1st kind may be defined as

m d™P,(x)
:Em

PP (@) = (~1)™(1.0 - 2?)

when |z| < 1.0 or it may be defined as the associated function multiplied by (n —m)!.

ASL_winpl
To obtain these values for many xi and for a large order n, it is better to use 2.15.3 { WD g}'

ASL _vinplg
The relationship between the associated Legendre function of the 1st kind P/ (x) and the normalized

spherical harmonic function P™(z) can be expressed as below.

P0(e) = | 2P ) (1w <)

2n+1 2(nfm)!
47 (n4+m)!

B (@) =

Pl'z)(-1<z<1lym=1,2---,n)

Note that the absolute value of normalized Legendre function of the 1st kind increases steeply with
the factorial order when m is large.

(7) Example

(a)

(b)

Problem
Obtain the value of P"(z) at n =4, m =2 and « = 0.8.

Input data
n=4,m=2and xi =0.8.
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(¢) Main program

/* C interface example for ASL_dilegl */

#include <stdio.h>
#include <asl.h>

%nt main()
int ni;
int mi;
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dilegl.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #kx ASL_dilegl *x*\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &ni );
fscanf( fp, "%d", &mi );
fscanf( fp, "%Llf", &xi );
printf( "\tn = %6d m = %6d xi = ¥8.3g\n", ni, mi, xi );

fclose( fp );
ierr = ASL_dilegi(ni, mi, xi, &xo0);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Pnm(x)\n\n" );
printf( "\t =xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

*xx ASL_dilegl *kx*

** Input *x*

n = 4 m = 2 xi 0.8
** Qutput **

ierr = 0

Value of Pnm(x)

X0 = 9.4
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2.12.2 ASL_dileg2, ASL rileg2
Associated Legendre Function of the 2nd Kind

(1) Function

Calculates the value of the associated Legendre function of the 2nd kind

Q) = (1 — a2y Ln(e).

dx™

(2) Usage
Double precision:
ierr = ASL_dileg2 (n, m, xi, &xo0);
Single precision:
ierr = ASL_rileg2 (n, m, xi, &x0);

(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUHent aty Type Size nput/ Contents
Return Value Output
n I 1 Input | Order n
2 m I 1 Input | Multiple m
3 xi D 1 Input | Value of variable x
R
4 X0 Dx 1 Output | Value of Q7" (z)
Rx
5 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n>0
(b) When m < 0, then |m| <n
(c) |xi| # 1.0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.
4000 Overflow occurred during the calculation.
4100 Series expansion calculations did not
converge.
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(6) Notes

(a) If |z| > 1.0, then the Hobson associated Legendre function

™) = (22— 1,012 9n(@)
Q" (z) = (z* — 1.0) T

is calculated, and if || < 1.0, then the Ferrers associated Legendre function

m d™Qn(x)
d

xm

Q' (z) = (1.0 — 2%
is calculated.
(b) This function uses double length arithmetic internally to guarantee precision.

(¢) Note that the associated Legendre function of the 2nd kind may be defined as the definition given
above for Q7' (z) multiplied by (—1)™ when |z| > 1.0 or |z| < 1.0 or it may be defined as the associated
function multiplied by (n —m)!.

(7) Example

(a) Problem
Obtain the value of Q7"(x) at n =4,m =2 and = 1.8.

(b) Input data
n=4,m=2and xi =1.8.

(¢) Main program

/% C interface example for ASL_dileg2 */

#include <stdio.h>
#include <asl.h>

int main()
{

int n;
int mi;
double xij;
double xo0;
int ierr;
FILE *fp;

fp = fopen( "dileg2.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #%%x ASL_dileg2 ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );

fscanf( fp, "%d", &mi );

fscanf( fp, "%Lf", &xi );

printf( "\tn = %6d m = %6d xi = ¥8.3g\n", n, mi, xi );

fclose( fp );
ierr = ASL_dileg2(n, mi, xi, &xo0);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Qmnm(x)\n\n" );
printf( "\t =xo = %8.3g\n", xo0 );

return O;

}
(d) Output results

sk ASL_dileg2 ***

** Input *x*

n = 4 m = 2 xi 1.8
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*% Output *x*
ierr = 0
Value of Qnm(x)

X0 = 0.0703
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2.13 ORTHOGONAL POLYNOMIALS

2.13.1 ASL_diople, ASL_riople
Legendre Polynomial

(1) Function

Calculates the value of the Legendre polynomial

1 &

P 27 1 ) — ...
- ﬁdiﬂz(x 1) (2*07]-; ,TL).

(2) Usage
Double precision:
ierr = ASL_diople (n, xi, x0);
Single precision:

ierr = ASL_riople (n, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
’ long as for 64bit Integer

A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Highest order n
2 xi D 1 Input | Value of variable x
R
3 X0 Dx n+1 Output | Value of P;i(z) (¢ =0,1,---,n)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n>0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
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(6) Notes
(a) This function uses double length arithmetic internally to guarantee precision.
(7) Example

(a) Problem
Obtain the value of P,(z) at n =3 and z = 0.8.

(b) Input data

n =3 and xi = 0.8.
(¢) Main program

/* C interface example for ASL_diople */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

int n;
double xij;
double *xo0;
int ierr;
FILE *fp;

fp = fopen( "diople.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **% ASL_diople ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "J%Lf", &xi );

x0 = ( double * )malloc((size_t) ( sizeof(double) * (n+1) ));
if( xo == NULL )

printf( "no enough memory for array xo\n" );
return -1;
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );
fclose( fp );
ierr = ASL_diople(n, xi, x0);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Pn(x)\n\n" );
printf( "\t xo = %8.3g\n", xo[n] );

free( xo0 );

return O;

}
(d) Output results

**% ASL_diople ***
** Input **

n = 3 xi = 0.8
** Qutput **

ierr = 0

Value of Pn(x)
X0 = 0.08
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2.13.2 ASL_dizglw, ASL _rizglw
Gauss=Legendre Formula

(1) Function
Evaluate the integration points and weights of (high degree) Gauss=Legendre formula.

(2) Usage
Double precision:
ierr = ASL_dizglw (n, z, w, work);
Single precision:

ierr = ASL_rizglw (n, z, w, work);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. retument an Type Size nput/ Contents
Return Value Output
n I 1 Input | Degree n
2 z D« n Output | Zero points of P,(z) (stored in ascending
R+ order)
3 w Dx n Output | Weights
R
4 work Dx n Work | Work area
R
5 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n>1
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
1000 n was equal to 1. Processing continues.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 The solution did not converge.
5000 Overflow occurred.
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(6) Notes

(a)
(b)

(d)

Zero points of P, (x) are set as output.

The original form of Gauss=Legendre formula is

[ swe = iwmzj)

where z; and w; are zero points and weights of P, (x) respectively. This form holds straightly only
when the interval for integration is [—1,1]. If the interval for integration is other than [—1,1], it can

be reduced to the above case by applying integration by substitution.

It is recommended to avoid applying Gauss=Legendre formula to a vibrating function. To illustrate

this, we consider the integration below:

1
/ 5e25e" cos(10Az)dz.

-1
This integrand decreases steeply at the both end points. By mapping the interval so that the both end
points are mapped to the both infinite points, the value of the integration are calculated as \/Ee*Az.
This mapping of the interval bears an error of order 10712, If Gauss=Legendre formula is applied with
N = 24, the error has the order of 0.3%«10~7 when A =0.3. When A =2.4, the calculated value becomes
-0.0004898, but the true value is approximately 0.005585. This indicates that even a vibration term

such as cos(24x) can become a cause of an neglectable error in integration.

This function can also be applied to Gauss=Legendre formulas of high degrees.

(7) Example

(a)

(b)

Problem

1
1
Set N=24 to evaluate / 72dx = l.
4 l4+z+z V3

Main program

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>
%nt main()

double *z,*w,d,trued,three;

int n;

int i,ierr;

n=24;

three=3.0;

z=( double * )malloc((size_t)( sizeof(double) * n ));
if( z == NULL )

printf( "no enough memory for array z\n" );
return -1;

}
w=( double * )malloc((size_t) ( sizeof (double) * (2*n) ));
if( w == NULL )

printf( "no enough memory for array w\n" );
return -1;

printf( "\n\t *x* ASL_dizglw \n\n" );

ierr = ASL_dizglw(n, z, w, &wlnl);

printf ( "\n\t **x OUTPUT ***\n\n" );

printf( "\n\tierr = %6d\n", ierr );

printf( "\n\t *#** Gauss points and weights \n\n" );
for ( i=0 ; i<n ; i++ )

printf( "\n%6d, %13.8g , %13.8g\n", i , z[i] , wlil);

}
d=0.0;
for ( i=0 ; i<n ; i++ )

d=d+w[il/(1.0+z[i]+z[i]*z[i]);
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}
trued=M_PI/sqrt(three);

printf( "\n\t *** value(Gauss-Legendre) and true value
printf("\n%13.8g, %13.8g \n", d, trued );

free(z);
free(w);
return O;

}

(¢) Output results

**xx ASL_dizglw

**x QUTPUT **%*

ierr

0

*%x Gauss points

© 0 N O O W N = O

[
(=}

11,
12,
13,
14,
15,
16,
17,
18,
19,
20,
21,
22,
23,

*** value(Gauss-Legendre) and true value

1.8137994,

-0

-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.

.99518722
97472856
93827455
88641553
82000199
74012419
64809365
54542147
43379351
31504268
19111887

-0.064056893

0.064056893

0
0
0
0
0
0
0
0
0
0

0.

.19111887
.31504268
.43379351
.54542147
.64809365
.74012419
.82000199
.88641553
.93827455
.97472856
99518722

and weights

s

s

s

0.01234123
.028531389
.044277439
.059298585
.073346481
.086190162

o O O O o o

.097618652
0.10744427
0.11550567
0.12167047
0.12583746

0.1279382

0.1279382
0.12583746
0.12167047
0.11550567
0.10744427
.097618652
.086190162
.073346481
.059298585
.044277439

o O O o o o

.028531389
0.01234123

1.8137994
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2.13.3 ASL_diopla, ASL_riopla

(1)

Laguerre Polynomial

Function
Calculates the value of the Laguerre polynomial

et d*

Li(z) = T (e7z") (i=0,1,---,n).

Usage
Double precision:

ierr = ASL_diopla (n, xi, x0);
Single precision:

ierr = ASL_riopla (n, xi, x0);
Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEHIMCIE an Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Highest order n
2 xi D 1 Input | Value of variable x
R
3 X0 Dx n—+1 Output | Value of L;(x) (i =0,1,---,n)
R«
4 ierr I 1 Output | Error indicator (Return Value)
Restrictions
(a) n>0
Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
Notes

(a) This function uses double length arithmetic internally to guarantee precision.

Example

(a) Problem
Obtain the value of L, (z) at n =3 and = = 0.8.

(b) Input data
n =3 and xi = 0.8.
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(¢) Main program

/* C interface example for ASL_diopla */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

int n;
double xij;
double *xo;
int ierr;
FILE *fp;

fp = fopen( "diopla.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x* ASL_diopla ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "JLf", &xi );

xo = ( double * )malloc((size_t)( sizeof(double) * (n+1) ));
if( xo == NULL )

printf( "no enough memory for array xo\n" );
return -1;
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );
fclose( fp );
ierr = ASL_diopla(n, xi, x0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Ln(x)\n\n" );
printf( "\t xo = %8.3g\n", xo[n] );

free( xo0 );

return O;

(d) Output results

***x ASL_diopla ***
** Input *x*

n = 3 xi = 0.8
*% Qutput *x*

ierr = 0

Value of Ln(x)
X0 = -0.525
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2.13.4 ASL_diophe, ASL_riophe

(1)

Hermite Polynomial

Function

Calculates the value of the Hermite polynomial

22 d* 2

Hi(a) e

(—1)'e

(i=0,1,-

,n).

Usage
Double precision:

ierr = ASL _diophe (n, xi, x0);
Single precision:

ierr = ASL_riophe (n, xi, x0);

Arguments and Return Value

D:Double precision real  Z:Double precision complex

R:Single precision real C:Single precision complex

as for 32bit Integer}

) nt
’ long as for 64bit Integer

A t and Input
No. FEHIMCIE an Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Highest order n
2 xi D 1 Input | Value of variable x
R
3 X0 Dx n+1 Output | Value of H;(z) (i =0,1,---,n)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
Restrictions
(a) n>0
Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
Notes

(a) This function uses double length arithmetic internally to guarantee precision.

Example

(a) Problem
Obtain the value of H,(z) at n =3 and = 0.8.

(b) Input data
n =3 and xi = 0.8.
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(¢) Main program

/* C interface example for ASL_diophe */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

int n;
double xij;
double *xo;
int ierr;
FILE *fp;

fp = fopen( "diophe.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x* ASL_diophe ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "JLf", &xi );

xo = ( double * )malloc((size_t)( sizeof(double) * (n+1) ));
if( xo == NULL )

printf( "no enough memory for array xo\n" );
return -1;
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );
fclose( fp );
ierr = ASL_diophe(n, xi, x0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Hn(x)\n\n" );
printf( "\t xo = %8.3g\n", xo[n] );

free( xo0 );

return O;

(d) Output results

*** ASL_diophe x***
** Input *x*

n = 3 xi = 0.8
*% Qutput *x*

ierr = 0

Value of Hn(x)

X0 = -5.5
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2.13.5 ASL_diopch, ASL_riopch
Chebyshev Polynomial

(1) Function
Calculates the value of the Chebyshev polynomial

I

(20 — 1) da’

(2) Usage
Double precision:
ierr = ASL_diopch (n, xi, x0);
Single precision:

ierr = ASL _riopch (n, xi, x0);
(3) Arguments and Return Value

D:Double precision real Z:Double precision complex

_(1—2%)"Y2 (i=0,1,---,n).

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. retment at Type Size nput/ Contents
Return Value Output
1 n I 1 Input | Highest order n
2 xi D 1 Input | Value of variable x
R
3 X0 D+ n+1 Output | Value of T3(x) (i =0,1,---,n)
R«
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n>0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
(6) Notes

(a) This function uses double length arithmetic internally to guarantee precision.

(7) Example
(a) Problem
Obtain the value of T, (z) at n =3 and = = 0.8.

(b) Input data
n =3 and xi = 0.8.
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(¢) Main program

/* C interface example for ASL_diopch */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

int n;
double xij;
double *xo;
int ierr;
FILE *fp;

fp = fopen( "diopch.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x* ASL_diopch ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "JLf", &xi );

xo = ( double * )malloc((size_t)( sizeof(double) * (n+1) ));
if( xo == NULL )

printf( "no enough memory for array xo\n" );
return -1;
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );
fclose( fp );
ierr = ASL_diopch(n, xi, xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Tn(x)\n\n" );
printf( "\t xo = %8.3g\n", xo[n] );

free( xo0 );

return O;

(d) Output results

***x ASL_diopch x***
** Input *x*

n = 3 xi = 0.8
*% Qutput *x*

ierr = 0

Value of Tn(x)
X0 = -0.352
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2.13.6 ASL_diopc2, ASL_riopc2

Chebyshev Function of the 2nd Kind

(1) Function

Calculates the value of the Chebyshev function of the 2nd kind

Ul(x) i

(2) Usage
Double precision:

V122

dx

(Z:()a]-v?n)

ierr = ASL_diopc2 (n, xi, x0);

Single precision:

ierr = ASL _riope2 (n, xi, x0);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I { int as for 32bit Integer}

long as for 64bit Integer

A t and I t
No. retment at Type Size nput/ Contents
Return Value Output
n I 1 Input | Highest order n
2 xi D 1 Input | Value of variable x
R
3 X0 D+ n+1 Output | Value of U;(x) (i =0,1,---,n)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) n >0, |xi| < 1.0

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes
None
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(7) Example

(a) Problem
Obtain the value of U3(0.8).

(b) Input data

n =3 and xi = 0.8.
(¢) Main program

/* C interface example for ASL_diopc2 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

int n;
double xij;
double *xo0;
int ierr;
FILE *fp;

fp = fopen( "diopc2.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #%% ASL_diopc2 ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%Llf", &xi );

xo = ( double * )malloc((size_t)( sizeof(double) * (n+1) ));
if( xo == NULL )

printf( "no enough memory for array xo\n" );
return -1;
printf( "\tn = %6d\t\txi = %8.3g\n", n, xi );
fclose( fp );
ierr = ASL_diopc2(n, xi, x0);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Un(x)\n\n" );
printf( "\t xo = %8.3g\n", xo[n] );

free( xo );

return O;

}
(d) Output results

*k% ASL_diopc2 ***
** Input **

n = 3 xi = 0.8
** Qutput **

ierr = 0

Value of Un(x)
X0 = 0.936
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2.13.7 ASL_diopgl, ASL _riopgl
Generalized Laguerre Polynomial

(1) Function

Calculates the value of the generalized Laguerre polynomial

eTr— d

(@)
L = —
i @ il dzt

(eizxijLa) (Z = 0,1,"',71)

(2) Usage
Double precision:
ierr = ASL_diopgl (n, alf, xi, x0);
Single precision:
ierr = ASL_riopgl (n, alf, xi, xo0);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEHIMCIE an Type Size nput/ Contents
Return Value Output
n I 1 Input | Highest order n
2 alf D 1 Input | Value of variable «
R
3 xi D 1 Input | Value of variable x
R
4 X0 Dx n+1 Output | Value of LZ(-O‘)(x) (i=0,1,---,n)
Rx
5 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n>0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 Overflow occurred during the calculation.
(6) Notes
None
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(7) Example

(a) Problem
Obtain the value of L£?>(x) forn=3,a=0.5and z =0.8.

(b) Input data
n =3, alf =0.5 and xi = 0.8.

(¢) Main program

/* C interface example for ASL_diopgl */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

int n;
double alf;
double xij;
double *xo0;
int ierr;
FILE *fp;

fp = fopen( "diopgl.dat", "r" );
if ( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #%% ASL_diopgl ***\n" );
printf( "\n *x Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "}lf", &alf );
fscanf( fp, "%Llf", &xi );

xo = ( double * )malloc((size_t)( sizeof(double) * (n+1) ));
if( xo == NULL )

printf( "no enough memory for array xo\n" );

return -1;
printf( "\tn = %6d alf = 8.3g xi = %8.3g\n", n, alf, xi );
fclose( fp );
ierr = ASL_diopgl(n, alf, xi, xo0);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of Lna(x)\n\n" );
printf( "\t xo = %8.3g\n", xo[n] );

free( xo0 );

return O;

}
(d) Output results

***x ASL_diopgl x***
*k Input *k

n = 3 alf = 0.5 xi

[}
o
(o]

*% Qutput *x*
ierr = 0
Value of Lna(x)

X0 = -0.278
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2.14.1 ASL_dimtce, ASL_rimtce
Mathieu Functions of Integer Orders ce,(z, q)

(1) Function

Evaluate the value of ce,(z, q).

(2) Usage

Double precision:

ierr = ASL_dimtce (nord, n, q, x, &ce, &isw, work);

Single precision:

ierr = ASL_rimtce (nord, n, q, x, &ce, &isw, work);

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I int as for 32bit Integer
’ long as for 64bit Integer

A t and Input
No. FEHIMCIE an Type Size nput/ Contents
Return Value Output
1 nord I 1 Input | term number for expansion—1 (See Note (a))
2 n I 1 Input | order n
3 q D 1 Input | parameter ¢
R
4 X D 1 Input | variable z
R
5 ce D+ 1 Output | the function ce,(z, q)
Rx
6 isw I* 1 Input | switch
isw =0 : after initial setting, evaluate ce
isw =1 : only evaluate ce
Output | if initial setting was done
return 1
7 work D« See Input/ | coefficient table (See Note (b))
R Contents | Output | Size: 2 x nord® + 6 x nord + 108
8 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) 2 <nord <50

(b) 0 <n<2xnord+1

(c) isw=0 or isw=1
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
2000 It became impossible to calculate in suffi- Processing is aborted.
cient accuracy.
3000 Restriction (a) or (b) was not satisfied.
(6) Notes

(a)

(b)

If nord is small, the precision for ce is not sufficient. Therefore the nord is prefer to the large value.

The value of nord for the parameter q and n must be set to the following range:
min(50.0,0.5 X n+ 10 + |q]) < nord < 50.

To obtain multiple values of Mathieu functions ce,(x,q) where the parameter q is fixed, call this
function once with isw=0 and then call this function again after changing only the contents of x and
n. Here, the value of nord must be set to the following range:

min(50.0,0.5 X npmax + 10 + |q|) < nord < 50

where Ny, is the largest order. This enables you to eliminate unnecessary calculations by performing
the initial setting only once.

When processing ends with ierr=2000, the accuracy of a calculation result cannot be guaranteed.

Mathieu functions ce, (z, ¢) can be represented by Fourier series expansion (with cosine terms only). In
this function, they are calculated by series sum up to the (nord+1)-th term. Therefore, the calculation
time and accuracy depend on the value of nord.

As |q| or n is larger, the calculation time ce,,(z, q) trend to increase. It is prefer to set n < 90 and |q]
< 70.0.

(7) Example

(a)

(b)

Problem

Obtain the values of cer(x,5.0) on the approximation condition that the number of the expression
terms is 21 for z=1.0, 2.0,---,10.0.

Main program

/* C interface example for ASL_dimtce */

/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */
#include <stdio.h>

#include <stdlib.h>

#include <asl.h>

int main()

double *work;

double q;
double *x;
double *ce;
int n;
int i;
int isw;
int ierr;
int ierrl;
int nord;
int size;
int nv;
nv=10;
nord=20;
n =7;

=5;

size=2*nord*nord+6*nord+108;
work=(double *)malloc((size_t) (sizeof (double) * size));
if ( work == NULL )
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printf("no enough memory for work\n");
return -1;

x=(double *)malloc((size_t) (sizeof (double) * nv));
if( x == NULL )

printf("no enough memory for x\n");
return -1;

ce=(double *)malloc((size_t) (sizeof(double) * nv));
if( ce == NULL )

printf("no enough memory for ce\n");

return -1;
printf( " *x* ASL_dimtce ***\n" );
printf( "\n ** Input **\n\n" );
isw=0;

ierr1=0;

{or(i=0;i<nv;i++)
x[i]=1+i;
printf( "\t =xi = %8.3g\n", x[i] );
ierr=ASL_dimtce(nord, n, q, x[i], &cel[il, &isw, work);
%f( ierr > 0 )

ierri=ierr;
printf( "\tierr = %6d\n", ierr );
}

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierrl );
for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", ce[i] );
free(work) ;
free(x);
free(ce);
return O;

}
(¢) Output results

*%k ASL_dimtce ***

** Input *x*

QUOUONOUTPWN -

e

** Qutput *x*

ierr = 0
X0 = 0.902
X0 = -0.129
X0 = -0.666
X0 = -0.796
X0 = -0.77
X0 = -0.218
xo = -0.0578
X0 = 0.859
X0 = 0.931
X0 = 0.869
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2.14.2 ASL_dimtse, ASL_rimtse
Mathieu Functions of Integer Orders se,(z, q)
(1) Function

Evaluate the value of se,(z, q).

(2) Usage
Double precision:
ierr = ASL_dimtse (nord, n, q, x, &se, &isw, work);
Single precision:

ierr = ASL_rimtse (nord, n, q, x, &se, &isw, work);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEtment aiy Type Size nput/ Contents
Return Value Output
nord I 1 Input | term number for expansion—1 (See Note (a))
2 n I 1 Input | order n
3 q D 1 Input | parameter g
R
4 X D 1 Input | variable z
R
5 se D« 1 Output | the function se,(z,q)
Rx
6 isw I* 1 Input | switch
isw =0 : after initial setting, evaluate se
isw =1 : only evaluate se
Output | if initial setting was done
return 1
7 work D« See Input/ | coefficient table (See Note (b))
R Contents | Output | Size: 2 x nord® + 6 x nord + 108
8 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) 2 < nord <50
(b) 1 <n<2xnord+ 2

(¢) isw=0 or isw=1
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
2000 It became impossible to calculate in suffi- Processing is aborted.
cient accuracy.
3000 Restriction (a) or (b) was not satisfied.
(6) Notes

(a)

(b)

If nord is small, the precision for se is not sufficient. Therefore the nord is prefer to the large value.

The value of nord for the parameter q and n must be set to the following range:
min(50.0,0.5 x n + 10 + |q|) < nord < 50.

To obtain multiple values of Mathieu functions se,(x,q) where the parameter q is fixed, call this
function once with isw=0 and then call this function again after changing only the contents of x and
n. Here, the value of nord must be set to the following range:

min(50.0,0.5 X nyax + 10 + |q|) < nord < 50

where Ny, is the largest order. This enables you to eliminate unnecessary calculations by performing
the initial setting only once.

When processing ends with ierr=2000, the accuracy of a calculation result cannot be guaranteed.

Mathieu functions se,(x,q) can be represented by Fourier series expansion (with sine terms only). In
this function, they are calculated by series sum up to the (nord+1)-th term. Therefore, the calculation
time and accuracy depend on the value of nord.

As |q| or n is larger, the calculation time se,(x,q) trend to increase. It is prefer to set n < 90 and |q]
< 70.0.

(7) Example

()

(b)

Problem

Obtain the values of sez(x,5.0) on the approximation condition that the number of the expression
terms is 21 for z=1.0, 2.0,---,10.0.

Main program

/* C interface example for ASL_dimtse */

/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002 */
#include <stdio.h>

#include <stdlib.h>

#include <asl.h>

int main()

double *work;

double q;
double *x;
double *se;
int n;
int i;
int isw;
int ierr;
int ierrl;
int nord;
int size;
int nv;
nv=10;
nord=20;
n =7;

=5;

size=2*nord*nord+6*nord+108;
work=(double *)malloc((size_t) (sizeof (double) * size));
if ( work == NULL )
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printf("no enough memory for work\n");
return -1;

x=(double *)malloc((size_t) (sizeof (double) * nv));
if( x == L)

printf("no enough memory for x\n");
return -1;

se=(double *)malloc((size_t) (sizeof (double) * nv));
if( se == NULL )

printf("no enough memory for se\n");

return -1;
printf( " *x* ASL_dimtse ***\n" );
printf( "\n ** Input **\n\n" );
isw=0;
ierr1=0;

{or(i=0;i<nv;i++)
x[i]=1+i;
printf( "\t =xi = %8.3g\n", x[i] );
ierr=ASL_dimtse(nord, n, q, x[i], &sel[il], &isw, work);
%f( ierr > 0 )
ierri=ierr;
printf( "\tierr = %6d\n", ierr );

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierrl );
for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", se[i] );
free(work) ;
free(x);
free(se);
return O;

}
(¢) Output results

*%k ASL_dimtse *¥*

** Input *x*

QUOUONOUTPWN -

e

** Qutput *x*

ierr = 0
X0 = 0.37
X0 = 0.956
X0 = 0.815
X0 = 0.585
X0 = -0.569
X0 = -1.02
X0 = -1
X0 = -0.411
X0 = 0.448
X0 = 0.53
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2.15 OTHER SPECIAL FUNCTIONS
2.15.1 ASL_wixsps, ASL_vixsps
Di-Log Function

(1) Function
For real numbers X; (>0, i=1,---,N), obtain values of di-log function defined as

X
: dt
0

(2) Usage
Double precision:
ierr = ASL_wixsps (nv,xv,yv);
Single precision:

ierr = ASL _vixsps (nv,xv,yv);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. FEHIMELE an Type Size nput/ Contents
Return Value Output
nv I 1 Input | Number N of X;
2 XV Dx nv Input | X; (¢ =1,---,nv)
R«
3 yv Dx nv Output | Lio(X;) (i =1,---,0v)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv > 1
(b) xv[i—1] >0 (i=1, --,nv)
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) Lia(xv[i—1]) (i=1, --,nv) are stored in yv[i — 1].
(b) Lia(x) increases monotonically in 0 < z < 2, reaches the peak of 72/4 at the point = 2. In z > 2,
Lis(x) decreases as the asymptotic formula

1 2
—§(logac)2 + 4 Oz~ ).

L22(x) = 3
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(¢) The zero point of Lis(x) is the vicinity of x = 12.59517037.
(7) Example

(a) Problem
Obtain the values of Lis(x;) for z; =0.2xi (i = 1,2,---,10).

(b) Input data

nv=10 and array xv.
(¢) Main program
/* C interface example for ASL_wixsps */
#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

int nv,ierr,i;
double *xv, *yv;

printf( " #%% ASL_wixsps **x\n" );
nv=10;
printf( "\n *x Input **\n\n" );

xv = ( double * )malloc(sizeof (double)*nv);
if ( xv == NULL

printf( "no enough memory for array xv\n");
return -1;

yv = ( double * )malloc(sizeof (double)*nv) ;
if( yv == NULL )

printf( "no enough memory for array yv\n");
return -1;

}
printf( "\tnv = %6d\n" , nv);
for(i=0;i<nv;i++)

xv[i]=0.2%(i+1);

ierr = ASL_wixsps(av, xv, yv);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\t XV yv\n\n" );

%or(i=0; i<nv; i++)

printf( "\n\t" );
printf( "%6d",i);
printf( "%8.3g",xv[il);
printf( "\t ")
printf( "%8.3g",yv[il);
%rintf( "\n" );
free(xv);
free(yv);
return O;

}
(d) Output results

*kk ASL_wixsps *k*
** Input *x*

nv = 10
** Qutput **

ierr = 0

HPRRE OO0O0O

CRO~NDOTBWN - O
N 00 O3 1S RO = 00 O3 1 1O
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2.15.2 ASL_widbey, ASL_vidbey
Debye Function

(1) Function

For real values X; (> 0,i=1,---, N), obtain each value of the Debye function

3 X ettt
Fp(X;) = X—ZS/O mdt.

(2) Usage

Double precision:

ierr = ASL_widbey (nv,xv,yv);

Single precision:

ierr = ASL_vidbey (nv,xv,yv);

(3) Arguments and Return Value

D:Double precision real Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. SHIMCLE an Type Size nput/ Contents
Return Value Output
1 nv I 1 Input | Number N of X;
2 XV D« nv Input | X;(i=1,---nv)
Rx
3 yv D+ nv Output | Fp(X;)(i=1,---,nv)
Rx
4 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

v>1

(a) n

(b) xv[i—1] >0 (i=1, --,nv)

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) Fp(xv[i—1]) (i=1, --,nv) are stored in yv[i — 1].

(b) Debye function Fp(y) decreases monotonically with y.

(¢) Fp(0) means lim,_,1o Fp(y).
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(7) Example

(a)

(b)
(©)

(d)

Problem
Obtain the value of Fp(x;) for z; =0.2x¢ (i =1,2,---,10).
Input data
nv=10 and array xv.
Main program
/% C interface example for ASL_widbey */
#include <stdio.h>
#include <stdlib.h>
#include <asl.h>
int main()
int nv,ierr,i;
double *xv, *yv;
printf( " *x* ASL_widbey ***\n" );
nv=10;
printf( "\n ** Input **\n\n" );
xv = ( double * )malloc(sizeof (double)*nv);
if ( xv == NULL )
printf( "no enough memory for array xv\n");
return -1;
yv = ( double * )malloc(sizeof (double)*nv) ;
if ( yv == NULL )
printf( "no enough memory for array yv\n");
) return -1;
printf( "\tnv = %6d\n" , nv);
for(i=0;i<nv;i++)
xv[i]=0.2%(i+1);
ierr = ASL_widbey(uv, xv, yv);
printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\t XV yv\n\n" );

for(i=0; i<nv; i++)

printf( "\n\t" );

printf( "%6d4",i);

printf( "%8.3g",xv[il);
printf( "\t ");
printf( "%8.3g",yv[il);

}

printf( "\n" );
free(xv);
free(yv);
return O;

}
Output results

***x ASL_widbey x***
** Input *x*

nv = 10
** Qutput **

ierr = 0

.998
.992
.982
.969
.952
.932
.908
.883
.855
.825

O©ONONPWN O

RPRERE OO0O0O
N OO DN 00O N
QOOOOOOOOO
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2.15.3 ASL_winplg, ASL_vinplg
Spherical Harmonic Function

(1) Function
For given real numbers X;(|X;| < 1;4 = 1,---,N), this program obtains spherical harmonic functional

systems ( order m = 0,---,n ) of the degree n which are normalized and defined as

1
B 474/ -1

where normalize coefficients A,, ,, are

om /2n7:—1;Anm:\/2(271—1—1)(:(7—1!;1;)!(71—1—771)! (=1 .m)

(2) Usage
Double precision:

P(X5) Apm i (X; +V—=14/1 — X7 cos )™ cos (m¢)dg,

ierr = ASL_winplg (nv,xv,n,plg,nvlwork);
Single precision:

ierr = ASL_vinplg (nv,xv,n,plg,nvl,work);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value ’ Output
nv I 1 Input | Number N of X;
2 XV Dx nv Input | X;(i=1,---nv)
()
3 n I 1 Input | Degree n
4 plg D+ See Output | Spherical harmonic P™(X;)
{R*} Contents (i=1,---nv; m=0,---,n)
(See Note (a))
Size: nvlxn + 1
5 nvl I 1 Input | Adjustable dimension of array plg
work D See work | Work area
{R*} Contents Size: 3xnv+n+1
7 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) 1 <nv <nvl
(by n>1
(¢) xv[i—1]] <1 (i=1,--nv)
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
3100 Restriction (c) was not satisfied.
(6) Notes

(a) Pr™(xv[i — 1]) are stored in plg[i + nvl x m — 1] for i=1,-- - nv; m=0,- - - ,n.

ASL _dilegl
(b) When m =0,---,n for a fixed n, it is better to use this function than to use 2.12.1 l & .
ASL rilegl
(c) If two integers ny and no satisfy ni,m2 > m for a non-negative integer m, the following integration

relation is satisfied.

! * M * m 6711 n2
Py " (x)Pr " (x)de = :

g™ 2 (14 do.m)m
If the normalized spherical harmonic functions P (cos 6) cos (m¢) (m = 0,---,n) and P (cos 6) sin (me)
(m = 1,---,n) are obtained for n = 1,2,---, then these functions consist the orthonormal basis for

surface integration on a unit spherical surface f7 sin 0dfd¢ .

T<PST0<O<T
(d) The following relation holds:

211 p (a4 =T Plcosd) = 3 P )P () cos(me) (-1 S v < 1,—1 < y < 1),

m=0

(7) Example

(a) Problem
Obtain spherical harmonic functional values P™(z;) (m = 0,---,n) for x; = 0.57735026919 and
xo = —0.57735026919 of the degree n = 10.

(b) Input data
nv=2, nvl= 2, array xv and n=10.
(¢) Main program
/* C interface example for ASL_winplg */
#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

int nv,n,nvl,ierr,i;
double xv[2], *plg, *work;

printf( " **%x ASL_winplg ***\n" );
nv=2;n=10,nv1=2;
printf( "\n ** Input **\n\n" );

plg = ( double * )malloc(sizeof(double)*nvl*(n+1));
if( plg == NULL )

printf( "no enough memory for array plg\n");
return -1;

work = ( double * )malloc(sizeof (double)*(3*nv+n+1));
if ( work == NULL )

printf( "no enough memory for array work\n");
return -1;

}

printf( "\tn %6d\n" , n );
printf( "\tnv %6d\n" , nv);
printf( "\tnvl %6d\n" , nvl);

xv[0]=0.57735026919;xv[1]=-0.57735026919;
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printf( "\txv

= %8.3g",xv[0]);printf( "\t

%8.3g",xv[1]);

ierr = ASL_winplg( nv, xv, n, plg, nvl, work );

printf( "\n

printf( "\t

printf( "\n\t

** Output **\n\n" );
ierr = %6d\n", ierr );
value[0]

{or(i=0; i<n+1l; i++)

printf(
printf(
printf (

"\n\t" );
"%6d",1);

printf( "\t

"%8.3g",plglnvl*il);
v|) .

printf ( "%8.3g",p1g[nv1*i+i]);

}

printf( "\n" );
free(plg);

free (work) ;
return O;

}
(d) Output results

***x ASL_winplg ***
** Input *x*

10
2

2
0.577
utput **

s}
<
Qunnun

ierr = 0

value[0]

-0.346
0.0767
0.504
0.0616
-0.493
-0.358
0.24
0.635
0.587
0.32
0.101

QUOUONOUITPWN O

e

-0.577

value[1]

-0.346
-0.0767
0.504
-0.0616
-0.493
0.358
0.24
-0.635

value[1]\n\n" );
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2.15.4 ASL_wixsla, ASL_vixsla
Langevin Function

(1) Function
For x = X;, calculates the value of the Langevin function

L(z) = coth(z) — 1

T

(2) Usage
Double precision:
ierr = ASL_wixsla (nv, xi, x0);
Single precision:

ierr = ASL_vixsla (nv, xi, x0);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
nv I 1 Input | number of input data
2 xi Dx nv Input | X;
Rx
3 X0 D+ nv Output | L(X;)
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) nv>1
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
(6) Notes

(a) If L(z) is calculated directly according to its definition, precision will be bad at 2 ~ 0. Therefore, this

function should be used.
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(7) Example

()
(b)

()

Problem
Obtain L(z) for x = 0.0,0.1,---,0.9.
Main program

/* C interface example for ASL_wixsla */
/* R9.0 UPDD 03/02/05 N.Y. CINT-SRC-02-0002

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *xt;

double *xo;

int nv;

int 1i;

int ierr;

nv=10;

xt=(double *)malloc((size_t) (sizeof(double) * nv));
if ( xt == NULL )

printf("no enough memory for array xt\n");
return -1;

x0=(double *)malloc((size_t) (sizeof (double) * nv));
if ( xo == L)

printf("no enough memory for array xo\n");

return -1;
printf( " *x* ASL_wixsla ***\n" );
printf( "\n ** Input **\n\n" );

for(i=0;i<nv;i++)

xt[i]=i;

xt [i]=xt[i]/nv;

printf( "\t =xt = ¥8.3g\n", xt[i] );
}

ierr = ASL_wixsla(nv,xt, xo0);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tValue of xsla(x)\n\n" );

for(i=0;i<nv;i++)

printf( "\t xo = %8.3g\n", xo[i] );
free(xt);

free(xo);
return O;

Output results

*kk ASL_wixsla ***

** Input *x*

xt = 0
xt = 0.1
xt = 0.2
xt = 0.3
xt = 0.4
xt = 0.5
xt = 0.6
xt = 0.7
xt = 0.8
xt = 0.9

*% Qutput *x*
ierr = 0

Value of xsla(x)

X0 = 0
X0 = 0.0333
X0 = 0.0665
X0 = 0.0994
X0 = 0.132
X0 = 0.164
X0 = 0.195
X0 = 0.226
X0 = 0.256
X0 = 0.285
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2.15.5 ASL_wixzta, ASL_vixzta
Hurwitz Zeta Function

(1) Function
For a > Oands = X; > 0, obtain the value of Hurwitz zeta function subtracted by (s —1)7!

((s,a) —(s—1)"1 = F(ls) (/1OO 16_72_ttsfldt Jr/o (16_724 - %)tsﬁldt +(s-DH (-1

where the right-hand side is an example of the analytical continuation of

oo

S ta)y - (s—1)"

n=0
(R(s) > 1) to the region R(s) > 0.
(2) Usage
Double precision:
ierr = ASL_wixzta (nv, x, a, y);
Single precision:

ierr = ASL_vixzta (nv, X, a, y);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. FEHment ai Type Size nput/ Contents
Return Value Output
nv I 1 Input | Number of inputs
2 X Dx nv Input | Value of variable s
Rx
3 a D 1 Input | Parameter a
R
4 y D« nv Output | Value of Hurwitz zeta function ((s,a)—1/(s—
Rx* 1)
5 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) a>0.0
(b) x[i—1] > 0.0

(¢c) nv >0
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a), (b) or (c) was not Processing is aborted.
satisfied.
(6) Notes

(a) ¢(s,a) can be continued analytically to a rational function of the complex argument s, and has only
pole s = 1. This function does not calculates values of this function itself, but it calculates values
of this function subtracted by the function 1/(s — 1). Therefore, when x[i — 1] = 1, —y[i — 1] equals

di-gamma-function ¥ (a).

(b) Poly-gamma-function can be given as the values y[i — 1] for x[i — 1] = 2,3, - - - multiplied by a certain

constant.
(7) Example

(a) Problem

Evaluate ((z,a) — (z — 1)~ for 2=0.5i(i=1,- - -,10) and a=1.

(b) Main program

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>
int main(

int nv,i,ierr;
double *x,*y,a;
nv=10;

x=(double * )mal%oc((size_t)( sizeof (double)* nv

if( x == NULL

printf( "no enough memory for array x\n" );

return -1;

}
y=(double * )malloc((size_t)( sizeof(double)* nv

printf( "no enough memory for array y\n" );

if( y == NULL )
return -1;

}

a=1.0;

;
{or ( i=0 ; i<nv ; i++

x[i]=i+1;
x[i]=x[i]*0.5;

printf( "\n\t **x ASL_wixzta \n\n" );

)

printf( "\n\t **x input a \n\n" );

printf( "\n%13.8g\n " ,
ierr=ASL_wixzta(av, x,

a);
a, y);

printf( "\n\t *** output \n\n" );
printf( "\n\tierr = %6d\n", ierr );

printf( "\n\t x y
for ( i=0 ; i<nv ; i++

\n\n" );
)

printf( "\n%13.8g,%13.8g\n ",x[i],y[i]);

free(x);
free(y);
return O;

}
(¢) Output results

*%k ASL_wixzta

**x input a
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1

*x* output

ierr = 0

0.53964549

0.57721566

0.61237535

0.64493407

0.67482059

0.7020569
0.72673387

0.7489899

0.76899323

o b 0w 0N = ;g

0.78692776
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2.15.6 ASL_dixeps, ASL_rixeps
Zeta Function of the Positive Definite Quadratic Form z? + ay?

(1) Function
For s > —1, obtain an analytical continuation of the zeta function subtracted by the function to cancel its

pole for a positive quadratic form 22 4 ay?
7.‘_sa/—s/Q

f(s;a) = > (m? +an®)~ =z

(m,n)ez2,(m,n)#(0,0)

s>1).

(2) Usage
Double precision:
ierr = ASL_dixeps (s, a, &y);
Single precision:
ierr = ASL _rixeps (s, a, &y);

(3) Arguments and Return Value

D:Double precision real Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEIHent aty Type Size nput/ Contents
Return Value Output
1 S D 1 Input | Value of s
R
2 a D 1 Input | Coefficient a of the form
R
3 y Dx 1 Output | Value of zeta function f(s;a)(See Note (a))
Rx
4 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) s > -1
(b) a>0
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) The zeta function for positive quadratic form 22 + ay? is a rational function which has only single pole
at the point s = 1. This function does not calculates values of this function itself, but it calculates

values of this function subtracted by the function %

(b) All integer pairs (m,n) without m =n = 0.
(7) Example

(a) Problem
Obtain value of zeta-function of the form 2 4+ ay? for s = 3.0,a = 1.0 and check this value by another

method using Hurwitz zeta function.

(b) Input data

s=3.0 and a=1.0.
(¢) Main program

/* C interface example for ASL_dixeps */
#include <stdio.h>

#include <stdlib.h>

#include <asl.h>

int main()
{

int ierr;

double s,a,fl,f2,y,z,z1,22,z3,pai3,fls;
pai3=31.006276680299820175476315067101/4.0;
f1s5=0.25%0.25%0.25;

printf( " *#x* ASL_dixeps ***\n" );
s=3.0;a=1.0;£f1=0.25;£2=0.75;
printf( "\n *#x Input **\n\n" );

printf( "\n\ts= %8.3g",s );

printf( "\n\ta= 78.3g\n",a );

ierr = ASL_dixeps(s,a,&y);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\ty= %8.3g\n",y );

printf( "\n *x Test values **\n\n" );
z=y+pai3;

ierr = ASL_dixzta(s, a, &zl);

if( ierr > 0 )

printf( "\n\t dixzta_ierr = %6d\n", ierr );

}
ierr = ASL_dixzta(s,fl, &z2);
if( ierr > 0

printf( "\n\t dixzta_ierr = %6d\n", ierr );

}
ierr = ASL_dixzta(s,f2, &z3);
if( ierr > 0 )

printf( "\n\t dixzta_ierr = %6d\n", ierr );

}

z2=(z2 - z3)*fls;

z1=z1*z2/f1;

printf( "\n\ttestl= %8.3g\n",z );
printf( "\n\ttest2= %8.3g\n",z1);
printf( "\n\tdist = %8.3g\n",z1-2);
return O;
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(d) Output results

*k% ASL_dixeps ***
** Input *x*

s= 3

a= 1

*% Qutput *x*

ierr = 0

y= -3.09

** Test values **

testl= 4.66
test2= 4.66
dist = -2.66e-15
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Chapter 3

SORTING AND RANKING

3.1 INTRODUCTION

This chapter describes the functions for sorting, ranking, and merging data.

This library provides functions having the following operations.
(1) Sorting a list of data
(2) Sorting a list of pairwise data
(3) Ranking of a list of data
(4) Top-N extraction
(5) Merging two sorted lists of data

(6) Merging two sorted lists of pairwise data
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3.1.1 Algorithms Used
3.1.1.1 Sorting

The algorithms for sorting in ascending order are below. The algorithms for sorting in descending order, which

differ only in terms of the relative magnitudes, are similar.

(1) Shell sort
(1) Set the spacing h.
(2) Take all subsequences of spacing h from the data sequence.
(3) Compare adjacent pairs within each subsequence to arrange them in ascending order. If they are in the
reverse order, exchange their positions and confirm again the relative order with the preceding data. If they
are again in the reverse order, exchange the positions and work back toward the beginning.
(4) Decrease the spacing h and repeat steps (2) and (3). When the processing for h = 1 ends, sorting is
completed.

(2) Heap sort
(1) Organize the assigned data into a heap tree (well-ordered binary tree in which parents have value greater
than or equal to those of children).
(2) Exchange the root and the data at the very end of the tree.
(3) Let the portion excluding the very last data be A.
(4) Consider A to be a new tree, and organize this into a heap tree again.
(5) Repeat steps (2) to (4). When the remaining data is only the root, sorting is completed.

(3) Quick sort
(1
(2

Count the number of data values within the sort interval.

~— —

Do the following depending on the number of data values.

e if the number of data values is less than or equal to one:
Do nothing.

e if the number of data values is 2:

if they are in ascending order, exchange their positions.

e if the number of data values is greater than or equal to three:
(0 Select one pivot value from within the sort interval.
(@ Divide the data within the interval into two intervals consisting of values greater than the pivot
value and values less than the pivot value.

(3) Repeat steps (1) and (2). When the number of data values in all data intervals is less than or equal to
two, sorting is completed.

4) Merge sort
( g
(1) Count the number of data values within the sort interval.

(2) Do the following depending on the number of data values.

e If the number of data values is one:

Do nothing.

e If the number of data values is two :

if they are in ascending order, exchange their positions.
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o If the number of data values is greater than or equal to three:
() Divide the data within the interval in half into the top half and bottom half.
@ Recursively merge sort the top half. Recursively merge sort the bottom half.
(® Merge the sorted top half and bottom half.
3.1.1.2 Ranking of a list of data

Given n data values, this function returns the ascending rank number corresponding to each data value and the

number of data values having the same rank.

3.1.1.3 Top-N extraction

Given n data values a;(i = 1,2, ---,n), this function obtains the first m data values a;(j = ji, j2, - -, jm) (M < n)

of the data sequence consisting of the original data values rearranged in descending or ascending order.

3.1.1.4 Merging two sorted lists of data

This function merges two data sequences a; (i = 1,2,---,n) and b; (j = 1,2,---,m), which had each been
sorted into ascending order, to obtain the data sequence ¢, (k = 1,2,---,£), where, ¢, satisfies the following
relationship.

c1<cp <<y

3.1.1.5 Merging two sorted list of pairwise data

This function merges the set of data (a;,b;) (i = 1,2,---,n), which had been sorted into ascending order of a;,
and the set of data (¢;,d;) (j =1,2,---,m), which had been sorted into ascending order of ¢;, to obtain the set
of data (e, fr) (k=1,2,---,£), where, ey, satisfies the following relationship.

e1<ep <<y

If a second order sort was specified, the function determines k = 1,2,---,¢ so that fi < fry1 for any k for which
er = e+ is satisfied.
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3.2 SORTING

3.2.1 ASL_dsstal, ASL_rsstal
Sorting a List of Data

(1) Function
Given n data values a;, (k = 1,2,---,n), the ASL_dsstal or ASL_rsstal function obtain the data sequence
a;,(k =1,2,---,n) consisting of the original data values a; rearranged in ascending or descending order.
Here,a; satisfies the following relationship.

For ascending order : a;, < aj, <--- < ajy,

For descending order : a;, > aj, > --- > aj,

(2) Usage
Double precision:
ierr = ASL_dsstal (a,n,isw,wk,iwk);
Single precision:

ierr = ASL_rsstal (a,n,isw,wk,iwk);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value ’ Output
1 a Dx n Input | Data to be sorted a;
{R*} Output | Sorted data a;
2 n I 1 Input | Size of array a
isw I 1 Input | Sort method selection switch (See Note (a))
4 wk D+ See Work | Work area
{R* } Contents Size:

n (When isw=4,—4)
1 (Otherwise)

5 iwk I* See Work | Work area
Contents Size:
2xn  (When isw=3,-3)
1 (Otherwise)
6 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) n>1

(b) isw=1,2,3,4,—1,—2,—3,—4
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.
(6) Notes
(a) The sort methods to be selected by isw are as follows.
isw  Sort Method isw  Sort Method
1 Shell sort (ascending order) —1  Shell sort (descending order)
2 Heap sort (ascending order)  —2 Heap sort (descending order)

3 Quick sort (ascending order) —3 Quick sort (descending order)

4 Merge sort (ascending order) —4 Merge sort (descending order)
The user should select an appropriate sort method according to the properties of the input data. The

features of each sort method are shown below.

- Shell sort

The average of the amount of calculation is on the order of 0(n!®) . A fast, stable sort is performed
for any kind of data. Sorting is faster if part of the data sequence has been sorted.

Retention of the ordinal relationships among data having the same value is not guaranteed between
before and after sorting.

No work area is necessary.

- Heap sort

Although the amount of calculation is on the order of O(nlogn), the constant term portion is large.
The sort time does not change much according to the properties of the input data.

Retention of the ordinal relationships among data having the same value is not guaranteed between
before and after sorting.

No work area is necessary.

- Quick sort

Although the average of the amount of calculation is on the order of O(nlogn), this is an extremely
inefficient sort for data having certain types of regularities such as data that has been partially sorted
to begin with. This is the fastest sort method for random data.

Retention of the ordinal relationships among data having the same value is not guaranteed between
before and after sorting.

- Merge sort

Although the amount of calculation is on the order of O(nlogn), the constant term portion is large.
The sort time does not change much according to the properties of the input data.

The ordinal relationships before sorting among data having the same value is retained after sorting.

(7) Example

(a) Problem

Sort the following data in ascending order by using a shell sort.

al0] = 5.0
all] = 4.0
af2] = 9.0
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a[3] = 6.0
a[4] = 2.0
a[b] = 5.0
Input data

Array a, n=6 and isw=1.

Main program

/* C interface example for ASL_dsstal */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
double *a,x*wk;
int n,isw,*iwk,ierr;
int i;
FILE *fp;

fp = fopen( "dsstal.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
isw=1;
n=6;
printf( " *x*x ASL_dsstal ***\n" );
printf( "\n *x Input **\n\n" );

printf( "\tn=%3d\n\n", n );

a = ( double * )malloc((size_t)( sizeof(double) * n ));
if( a == NULL )

printf( "no enough memory for array a\n" );
return -1;
wk = ( double * )malloc((size_t)( sizeof(double) * n ));
if ( wk == NULL )
printf( "no enough memory for array wk\n" );
return -1;
iwk = ( int * )malloc((size_t) ( sizeof(int) * (2%n) ));
if ( iwk == NULL )
printf( "no enough memory for array iwk\n" );
return -1;
printf( "\tArray a" );
for( i=0 ; i<m ; i++ )

fscanf( fp, "Jlf", &alil );
printf( "%8.3g", alil );

}

printf( "\n" );

fclose( fp );

ierr = ASL_dsstal(a, n, isw, wk, iwk);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n\n", ierr );

printf( "\tArray a" );

for( i=0 ; i<n ; i++ )
printf( "%8.3g", alil );

}

printf( "\n" );

free( a );

free( wk );

free( iwk );

return O;
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(d) Output results

***x ASL_dsstal sk
** Input *x*

n= 6

Array a 5

** Qutput **

ierr = 0

Array a 2
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3.2.2 ASL_dssta2, ASL_rssta2
Sorting a List of Pairwise Data

(1) Function

Given two sets of n data values a;, (kK = 1,2,---,n),b;,(k = 1,2,---,n), this function obtains the data
sequence a;, (k =1,2,---,n) consisting of the original a; data values rearranged in ascending or ascending
order and the data sequence bj, (k = 1,2,---,n) corresponding to it.

Here, a; satisfies the following relationship.
For ascending order : a;, < aj, <--- < ay,
For descending order : a;, > aj, > --- > a;,

If a second order sort is specified, the function determines j = ji, j2, - - -, jn so that the following relationship

is satisfied for any k for which aj, = a;, ., is satisfied.

For ascending order : bj, < bj,.,

For descending order : bj, > bj, .,

(2) Usage
Double precision:
ierr = ASL_dssta2 (a,n,b,iswl,isw2, wk,iwk);
Single precision:

ierr = ASL_rssta2 (a,n,b,iswl,isw2 wk, iwk);
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(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I { int as for 32bit Integer}

long as for 64bit Integer

No. Argument and Type Size fnput/ Contents
Return Value Output
1 a D+ n Input | Data to be sorted a;
{R*} Output | Sorted data a;
2 n I 1 Input | Size of array a
3 b Dx n Input | Data b; corresponding to a;
{R*} Output | Data b; corresponding to sorted a;
4 iswl I 1 Input | Sort method selection switch (See Note (a))
5 isw2 I 1 Input | Second order sort switch
isw2=0 : Do not perform second order sort
isw2=1 : Perform second order sort
6 wk Dx See Work | Work area
{R* } Contents Size:
2xn  (When iswl= 4, —4)
1 (Otherwise)
7 iwk I* See Work | Work area
Contents Size:
2xn  (When iswl= 3, —3)
1 (Otherwise)
8 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) n>1
(b) iswl=1234,~1,—2,—3,—4
(c) isw2=0or 1

(5) Error indicator (Return Value)

ierr value Meaning

Processing

Normal termination.

3000 Restriction (a) was not satisfied.
3100 Restriction (b) was not satisfied.
3200 Restriction (c) was not satisfied.

Processing is aborted.
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(6) Notes
(a) The sort methods to be selected by iswl are as follows.
iswl Sort Method iswl Sort Method
1 Shell sort (ascending order) —1 Shell sort (descending order)
2 Heap sort (ascending order) —2 Heap sort (descending order)
3 Quick sort (ascending order) —3  Quick sort (descending order)
4  Merge sort (ascending order) —4  Merge sort (descending order)

The user should select an appropriate sort method according to the properties of the input data. The
features of each sort method are shown below.

- Shell sort

The average of the amount of calculation is on the order of O(n!®). A fast, stable sort is performed
for any kind of data. Sorting is faster if part of the data sequence has been sorted.

It is not guaranteed that ordinal relations among plural values of the second set having the same value
of the first set keep unchanged between before and after sorting.

No work area is necessary.

- Heap sort

Although the amount of calculation is on the order of O(nlogn), the constant term portion is large.
The sort time does not change much according to the properties of the input data.

It is not guaranteed that ordinal relations among plural values of the second set having the same value
of the first set keep unchanged between before and after sorting.

No work area is necessary.

- Quick sort

Although the average of the amount of calculation is on the order of O(nlogn), this is an extremely
inefficient sort for data having certain types of regularities such as data that has been partially sorted
to begin with. This is the fastest sort method for random data.

It is not guaranteed that ordinal relations among plural values of the second set having the same value
of the first set keep unchanged between before and after sorting.

- Merge sort

Although the amount of calculation is on the order of O(nlogn), the constant term portion is large.
The sort time does not change much according to the properties of the input data.

The ordinal relationships before sorting among data having the same value is retained after sorting.

(7) Example

(a) Problem
Sort the following data for a in ascending order by using a shell sort and rearrange the corresponding
data for b according to the sorted data for a. Also perform a second order sort.
a[0] = 5.0, b[0] = 3.0

a[l] = 4.0, b[1] = 4.0
a[2] = 9.0, b[2] = 2.0
a[3] = 6.0, b[3] = 3.0
ad] = 2.0, b[4] = 8.0
a[5] = 5.0, b[5] = 1.0
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(b) Input data
Arrays a and b, n=6,iswl=1 and isw2=1.

(¢) Main program

/* C interface example for ASL_dssta2 */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

%nt main()
double *a,*b,*wk;
int p,iswl,isw?,*iwk,ierr;

int i;
FILE *fp;

fp = fopen( "dssta2.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
iswil=1;
isw2=1;
n=6;
printf( " **x* ASL_dssta2 ***\n" );
printf( "\n ** Input **\n\n" );

printf( "\tn=)3d\n\n", n );

a = ( double * )malloc((size_t)( sizeof(double) * n ));
if( a == NULL )

printf( "no enough memory for array a\n" );

return -1;
}
b = ( double * )malloc((size_t)( sizeof(double) * n ));
%f( b == NULL )

printf( "no enough memory for array b\n" );
return -1;

wk = ( double * )malloc((size_t)( sizeof (double) * (2*n) ));
if ( wk == NULL )
printf( "no enough memory for array wk\n" );
return -1;
iwk = ( int * )malloc((size_t)( sizeof(int) * (2%n) ));
if ( iwk == NULL
printf( "no enough memory for array iwk\n" );
return -1;
for( i=0 ; i<n ; i++ )
fscanf( fp, "%Llf %1f", &alil, &bl[il );

}
printf( "\t <Array a> <Array b>\n" );
for( i=0 ; i<n ; i++ )

printf( "\t%8.3g %8.3g\n", alil, blil );

fclose( fp );
ierr = ASL_dssta2(a, n, b, iswl, isw2, wk, iwk);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n\n", ierr );

printf( "\t <Array a> <Array b>\n" );
for( i=0 ; i<n ; i++ )

printf( "\t%8.3g %8.3g\n", alil, b[il );

5
free( wk 5;
free( iwk );

return O;
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}
(d) Output results

*%k ASL_dssta2 *¥*

*% Input *%

n= 6
<Array a> <Array b>

5 3
4

9 2
6 3
2 8
5 1

** Qutput **
ierr = 0

<Array a> <Array b>
8

OOUTUIRN
NWWE
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3.3 RANKING

3.3.1 ASL_dsstra, ASL_rsstra
Ranking of a List of Data

(1) Function
Given n data values, the ASL_dsstra or ASL_rsstra returns the ascending rank number corresponding to each

data value and the number of data values having the same rank (See Note (a)). The precise specifications

are as follows. Given n data values a;(i = 1,2,---,n), if the data sequence consisting of the original data
values rearranged in ascending order are given by the following a; (j = 1,72, Jmit--tmy )
aj, = Qj, -+ = 0Qj,, <
ajm1+1 = a’jm1+2 = ajm1+m2 S
- <

Ay toogmpe_q 41 — Vmgtetmp_g 2 7 = Qg ooy,
where (mj+- - -+my = n), the function obtains the ranking datar;(j = 1,2, - - -, n) defined by Ty ooy 41 =
Thmytotmy_42 = " = Timypopm, = [. Here, m; is the number of identical rankings for the [-th smallest
data value. To obtain the number of identical rankings, the data is stored in ¢;(j = 1,2,---,n) so that
Cimypotmy 141 = Clmytotmy 42 =" = Clpy ooy, = M 18 satisfied.

(2) Usage
Double precision:
ierr = ASL_dsstra (a, n, ir, ic, isw, iw);
Single precision:

ierr = ASL_rsstra (a, n, ir, ic, isw, iw);
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(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer

Argument and Input

No. retunent an Type Size nput/ Contents

Return Value Output

1 a D+ n Input | Data that is to be ranked a;
Rx
2 n I 1 Input | Size of array a
ir I* n Output | Assigned rankings r; associated with a

4 ic I* n Output | When isw=0,
number of identically ranked data c;

When isw=1
this is not used (See Note (b))

5 isw I 1 Input | Identically ranked data count output switch
isw=0: Output the number of identically
ranked data in ic.
isw=1: Do not output the number of identi-
cally ranked data.

iw I* n Work | Work area
ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n>2
(b) isw=0 or isw=1
(5) Error indicator (Return Value)
ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
(6) Notes

(a) a[i] is the ir[i]-th smallest data value among all of the data, and when isw=0, the number of ir[i]-th

smallest data values is ic[i].

(b) Since ic is not used when isw=1, a dummy array can be set for the argument.
7) Example
p

(a) ProblemRank the following data.

al0] = 1.2
all] = 3.2
a2] = 4.2
al3] = 5.2
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(b) Input data
Array a, n=16 and isw=0.

(¢) Main program

/* C interface example for ASL_dsstra */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

%nt main()
double *a;
int n,*ir,*ic,isw,*iw,ierr;
int i;
FILE *fp;

fp = fopen( "dsstra.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
n=16;
isw=0;
printf( " *x% ASL_dsstra **x\n" );
printf( "\n ** Input **\n\n" );

printf( "\tn=%3d\n\n", n );

= ( double * )malloc((size_t)( sizeof(double) * n ));
if( a == NULL )

printf( "no enough memory for array a\n" );
return -1;
ir = ( int * )malloc((size_t)( sizeof(int) * n ));
if ( ir == NULL )
printf( "no enough memory for array ir\n" );
return -1;
1c(= ( int * )m§110c((51ze _t)( sizeof(int) * n ));
if ( ic == NULL
printf( "no enough memory for array ic\n" );
return -1;
iw = ( int * )malloc((size_t)( sizeof(int) * n ));
if ( iw == NULL )
printf( "no enough memory for array iw\n" );
return -1;
printf( "\tArray a\n" );
for( i=0 ; i<n ; i++ )

fscanf( fp, "%1f", &alil );
printf( "\t%8.3g\n", alil );
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}
fclose( fp );
ierr = ASL_dsstra(a, n, ir, ic, isw, iw);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d\n\n", ierr );

printf( "\tArray a ir ic\n" );
for( i=0 ; i<n ; i++ )
printf( "\t%8.3g %4d %4d\n", alil,ir[i],ic[i] );
free( a );
free( ir );
free( ic );
free( iw );

return O;

}
(d) Output results

**kk ASL_dsstra ***
** Input *x*
n= 16

Array

NOUINOOINRRPORNOTPWR
NNONNNNNNNNNNNDNNNDNDE

*% Qutput *x*

ierr = 0

Array a ir ic
1.2 2 4
3.2 7 1
4.2 8 1
5.2 9 2
7.2 12 3
1.2 2 4
9.2 16 1
1.2 2 4
1.2 2 4
7.2 12 3
6.2 11 1
8.2 15 1
7.2 12 3
5.2 9 2
0.2 1 1
2.2 6 1
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3.3.2 ASL_dsstpt, ASL_rsstpt
Top-N Extraction

(1) Function
Given n data values a;(¢ = 1,2,---,n), the ASL_dsstpt or ASL_rsstpt obtains the first m data values
a;(j = j1,J2, . Jm) (m < n) of the data sequence consisting of the original data values rearranged in

descending or ascending order.

(2) Usage
Double precision:
ierr = ASL_dsstpt (a, n, &m, &p, isw);
Single precision:

ierr = ASL_rsstpt (a, n, &m, &p, isw);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fput/ Contents
Return Value Output
1 a D+ n Input | Input data a;
{R*} Output | Data sorted in descending or ascending order
aj
2 n I 1 Input | Size of array a
I* 1 Input | Number of data to be sorted in descending or
ascending order (See Note (a))
Output | Number of data actually sorted in ascending
or ascending order
4 p Dx 1 Input | Parameter for obtaining the initial value of
{R*} the threshold value (See Note (b))
Output | Number of times threshold value is updated
(See Note (b))
5 isw I 1 Input | isw=0: Sort in ascending order.
isw=1: Sort in descending order. (See Note
(a))
6 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) iswe {0, 1}

(b) m<0, n<0, n<m
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a)

The desired result is to return the elements of array a sorted in descending (isw=1) or ascending
(isw=0) order in the first m elements of array a. For m, enter the number of elements you want to
be sorted, and the number of elements that were actually sorted is output in m. Here, (number of

elements you want to be sorted) < (number of elements that were actually sorted).

The processing of this function proceeds by sequentially dividing the input data based on a certain
threshold value into a set of data greater than the threshold value and a set less than the threshold
value. When the size of the set obtained in this way approaches the number of elements you want to
be sorted, that set is rearranged. The initial threshold value is calculated as follows based on the data

assigned for parameter p.
Initial value of threshold value = max X p 4+ min x (1.0 — p)

Here, max represents the maximum value of the data contained in array a and min represents the
minimum value of the data contained in array a. Therefore, the initial value of the threshold value
is defined as the point where the max and min are internally divided into (1.0 — p) : p. When the
characteristics of the data to be sorted are known, the processing speed can be increased by assigning
suitable data for p, that is, the initial value of the threshold value. For example, if n uniformly random
numbers from the interval (0, 1) are given and you want to get the smallest m data values among them,

the optimum threshold value estimate is 7. Therefore, you should specify p as follows.

p=—
n

double-precision
The number of times the threshold value actually was updated is output in p as a P }

single-precision
real number. If this value is small, it indicates that the initial value of the threshold value was suitable.

(7) Example

(a)

Problem

Obtain the five smallest data values when the following data has been sorted in ascending order.

al0] = 5.0
all] = 39.0
a2] = 15.0
al3] = 8.0
ald] = 23.0
af5] = 45.0
al6] = 61.0
al7] = 25.0
al8] = 33.0
al9] = 45.0
a[10] = 39.0
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a[l1] = 10.0
a12] = 21.0
a[13] = 5.0

a[l4] = 23.0
a[15] = 38.0
a[16] = 41.0
a[17] = 55.0
a[18] = 61.0
a[19] = 39.0

(b) Input data
Array a, n=20, m=>5, p=0.3 and isw=0.
(¢) Main program

/* C interface example for ASL_dsstpt */
#include <stdio.h>
#include <stdlib.h>
#include <asl.h>
%nt main()
double *a,p;
int n,m,isw,ierr;
int i;
FILE *fp;
isw=0;

fp = fopen( "dsstpt.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;

printf( " **x* ASL_dsstpt ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%d", &m );
fscanf( fp, "J%lf", &p );
fscanf( fp, "%d", &isw );

printf( "\tn =%3d\n", n );
printf( "\tm =%3d\n", m );
printf( "\tisw=%3d\n", isw );
printf( "\tp =%5.3g\n\n", p );

a = ( double * )malloc((size_t) ( sizeof(double) * n ));
if( a == NULL )

printf( "no enough memory for array a\n" );
return -1;

printf( "\tArray a" );

for( i=0 ; i<m ; i++ )

fscanf( fp, "%1f", &alil );
%f( i%5 == 0 )

printf( "\n\t" );
%rintf( "%8.3g", alil );
%rintf( "\n" );
fclose( fp );
ierr = ASL_dsstpt(a, n, &m, &p, isw);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n\n", ierr );
printf( "\tm=%3d\n\n", m );

printf( "\tArray a" );
for( i=0 ; i<m ; i++ )

printf( "%8.3g", alil );
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}
printf( "\n" );

free( a );

return O;

}
(d) Output results

*k% ASL_dsstpt ***

** Input *x*

n =20
m = 5
isw= 0
p = 0.3
Array a
5
45
39
38

*% Output *x*
ierr = 0
m= 6

Array a

39
61
10
41

15

21
55

23
45

39

10
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3.4.1 ASL_dsmgon, ASL_rsmgon
Merging Two Sorted Lists of Data

(1) Function

The ASL_dsmgon or ASL_rsmgon merges two data sequences a; (i =1,2,---

,TL) and b] (j:1727"')m)5

which had each been sorted into ascending order, to obtain the data sequence ¢, (k =1,2,---,¢), where,

¢y, satisfies the following relationship.

1< <<y

(2) Usage
Double precision:
ierr = ASL_dsmgon (a, nn, b, nm, ¢, nl);
Single precision:

ierr = ASL_rsmgon (a, nn, b, nm, ¢, nl);
(3) Arguments and Return Value

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex

) int as for 32bit Integer
" | long as for 64bit Integer

A t and I t
No. retment at Type Size nput/ Contents
Return Value Output
1 a D+ nn Input | Data to be merged a;.
R
2 nn I 1 Input | Size of array a.
b D+ nm Input | Data to be merged b;
Rx
nm I 1 Input | Size of array b.
5 c Dx nl Output | Merged data ci,
Rx
6 nl I 1 Input | Size of array c.
7 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 Restriction (c) was not satisfied. nl = nn + nm is set and processing is
performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

3200 Restriction (d) was not satisfied.

3300 Restriction (e) was not satisfied.

(6) Notes

(a) When nl < nn + nm, only the nl smallest values of the merged result are output.
(7) Example

(a) Problem
Divide the sequence a; (i = 1,2,---,n), which contains n data stored in array x, into partial sequence
of the length n,, and iterate merging of the partial sequences to sort the whole of the sequence a;.
And, when files on an external memory device, instead of the arrays in the program below, are used,

this problem becomes an external sort problem of n data a;.

(b) Input data
Array x and length n.

(¢) Main program

/% C interface example for ASL_dsmgon */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>
#include <math.h>

int main()

double *a,*b,*c,*x;

int n,ierr;

int i,j,k;

int ista,istb,istc,isizea,isizeb,isizec,isize,isize2;
int iloop,icrest,ia,ib,ic,na;

FILE *fp;
na = 100;
fp = fopen( "dsmgon.dat", "r" );

p
if( fp == NULL )
printf( "file open error\n" );
return -1;
printf( " **%x ASL_dsmgon *x*\n" );
printf( "\n *x Input **\n\n" );
fscanf( fp, "%d", &n );

x = ( double * )malloc((size_t)( sizeof(double) * na ));
%f( x == NULL )

printf( "no enough memory for array x\n" );
return -1;

a = ( double * )malloc((size_t)( sizeof(double) * na ));
if ( a == NULL )
printf( "no enough memory for array a\n" );

return -1;

b = ( double * )malloc((size_t)( sizeof(double) * na ));
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if( b == NULL )

printf( "no enough memory for array b\n" );

return -1;
}
c = ( double * )malloc((size_t)( sizeof(double) * na ));
% ( ¢ == NULL )

printf( "no enough memory for array c\n" );
return -1;
fclose( fp );

printf( "\tInput data\n\n" );
printf("\tn = %6d\n\n", n );

for( i=0 ; i<n ; i++ )

x[i] = (double) ((int) (sin((double)i+1.0)*100.0));
printf( "\t%8.3g\n", x[i] );

}

for( i=0 ; i<n ; i++ )
cli] = x[il;

iloop = 1;

wh11e(1<<1loop<n){
iloop++;

for(i=0;i<iloop;i++){
isize = 1<<ij;
isize2 = 1<<(i+1);

ia
ib

0;
0;

0;
for(J =0; j<n/isize2;j++){
for(k O k<151ze k++){

a[1a—1] = clic+k];

ic += isize;

for (k=0; k<151ze k++){
1b++
blib 1] = clic+kl;

ic += isize;

icrest = n - ic
if ( (O<icrest) && (icrest<=isize)){
for(k O k<1crest k++

a[1a—1] = clic+k];

if( (isize<icrest) && (icrest<isizex*2) ){
for(k=0;k<isize;k++

iat++;
alia-1] = clic+k];

ic += isize;

for (k=0;k<icrest-isize;k++){
1b++
blib 1] = clic+kl;

}
for(j=0;j<n/isize2;j++){
1sta = j*isize;
istb = j*isize;
istc = j*xisize2;

isizea = isize;

isizeb = isize;

isizec = isizea + isizeb;
ierr = ASL_dsmgon

(at+ista,isizea,b+istb,isizeb,c+istc,isizec);

if ( (O<icrest) && (icrest<=isize) ){
ista = n/isize2*isize;
istc = n/isize2*isize2;
isizea = icrest;
for (k=0;k<isizea;k++){
clistc+k] = al[ista+k];

if( (isize<icrest) && (icrest<isizex*2) ){
ista = n/isize2*isize;
istb = n/isize2*isize;
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istc = n/isize2*isize2;

isizea = isize;
isizeb = icrest-isize;
isizec = isizea+isizeb;
ierr =
ASL_dsmgon(a+ista,isizea,b+istb,isizeb,c+istc,isizec);
}
}
printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n\n", ierr );

printf( "\tOutput data\n\n" );
for(i=0;i<n;i++){
printf( "\t%8.3g\n", cl[il );

free( x );
free( a );
free( b );
free( c );
return O;

}
(d) Output results

*xx ASL_dsmgon ***
** Input *x*

Input data

-96
** Qutput *x*
ierr = 0
Output data

-99
-96
-95
=75
-54
-53
-28
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3.4.2 ASL_dsmgpa, ASL_rsmgpa
Merging Two Sorted Lists of Pairwise Data
(1) Function
The ASL_dsmgpa or ASL_rsmgpa merges the set of data (a;,b;) (i =1,2,---,n), which had been sorted into

ascending order of a;, and the set of data (¢j,d;) (j =1,2,---,m), which had been sorted into ascending

order of ¢;, to obtain the set of data (ex, fx) (k=1,2,---,¢), where, e satisfies the following relationship.

e1<ex<---<ey

If a second order sort was specified, the function determines k =1,2,---, ¢ so that

e < frpr

for any k for which e, = epy1 is satisfied.

(2) Usage
Double precision:
ierr = ASL_dsmgpa (a, nn, b, ¢, nm, d, e, nl, {, isw);
Single precision:

ierr = ASL_rsmgpa (a, nn, b, ¢, nm, d, e, nl, {, isw);
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(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. retunent an Type Size nput/ Contents
Return Value Output
1 a D+ nn Input | Data to be merged a;.
Rx
2 nn I 1 Input | Size of array a.
b Dx nn Input | Data b; corresponding to a;.
Rx
4 ¢ D+ nm Input | Data to be merged c;
Rx
5 nm I 1 Input | Size of array c.
d Dx nm Input | Data d; corresponding to c;.
Rx
7 e Dx nl Output | Merged data ej.
Rx
8 nl I 1 Input | Size of array e.
9 f Dx nl Output | Data fi corresponding to eg.
Rx
10 isw I 1 Input | Second order sort switch
isw=0: Do not perform second order sort
isw=1: Perform second order sort
11 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

nn > 1
nm > 1
1 <nl <nn+ nm

al0] < a[l] <--- < a[nn-1]

isw=0 or isw=1

)

)

)

)
(e) ¢[0] < cfi] <--- < cnm-1]
(f)

) When isw=1 is specified, b[i]<b[i+1] must be satisfied for any ¢ for which a[i]=ali+1] is satisfied.

)

When isw=1 is specified, d[i]<d[i+1] must be satisfied for any i for which c[i]=c[i+1] is satisfied.

353



ASL_dsmgpa, ASL_rsmgpa
Merging T'wo Sorted Lists of Pairwise Data

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 Restriction (c) was not satisfied. nl = nn + nm is set and processing is
performed.

3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.

3200 Restriction (d) was not satisfied.

3300 Restriction (e) was not satisfied.

3400 Restriction (f) was not satisfied.

3500 Restriction (g) was not satisfied.

3600 Restriction (h) was not satisfied.

(6) Notes

(a) When nl < nn + nm, only the nl smallest values of the merged result are output.
(7) Example

(a) Problem
Divide the sequence (a;, b;) (i =1,2,---,n), which contains a couple of n data stored in arrays x and y,
into partial sequences of the length n,, and iterate merging of the partial sequences to sort the whole
of the sequence (a;,b;). And, when files on an external memory device, instead of the arrays in the

program below, are used, this problem becomes an external sort problem of a couple of n data a; and
b;.

(b) Input data
Array x, length n and isw=1.

(¢) Main program

/% C interface example for ASL_dsmgpa */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>
#include <math.h>

int main()

double *a,*a2,*b,*b2,%c,*c2,*x,*y;

int n,isw,ierr;

int i,j,k;

int ista,istb,istc,isizea,isizeb,isizec,isize,isize2;
int iloop,icrest,ia,ib,ic,na;

FILE *fp;

na = 100;

isw = 1;

fp = fopen( "dsmgpa.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*x ASL_dsmgpa ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );

x = ( double * )malloc((size_t)( sizeof(double) * na ));
%f( x == NULL )

printf( "no enough memory for array x\n" );
return -1;
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y ( double * )malloc((size_t) ( sizeof (double) * na ));
if( y == NULL )
{

printf( "no enough memory for array y\n" );
return -1;

oW

a = ( double * )malloc((size_t)( sizeof(double) * na ));
%f( a == NULL )

printf( "no enough memory for array a\n" );

return -1;

a2 = ( double * )malloc((size_t)( sizeof(double) * na ));
if( a2 == NULL )

printf( "no enough memory for array a2\n" );
return -1;

? ( doubliL*))malloc((51ze _t) ( sizeof(double) * na ));

g

printf( "no enough memory for array b\n" );
return -1;

b2 = ( double * )malloc((size_t)( sizeof(double) * na ));
if ( b2 == NULL )

printf( "no enough memory for array b2\n" );
return -1;

(-]

c = ( double * )malloc((size_t)( sizeof(double) * na ));
%f( [« ULL )
printf( "no enough memory for array c\n" );
return -1;
c2 = ( double * )malloc((size_t)( sizeof(double) * na ));
if ( ¢2 == NULL )
printf( "no enough memory for array c2\n" );
return -1;
fclose( fp );
printf( "\tInput data\n\n" );

printf( "\t = %6d\n\n", n );
printf( "\t is = %6d\n\n", isw );
{or( i=0 ; i<n ; i++ )

x[i] = (double) ((int) (sin((double)i+1.0)*100.0));
y[i] = (double) ((int) (sin((double)i+1.0+0.5*M PI)*lOO 0));
printf( "\t%8.3g %8.3g\n", x[il, y[il );

}

for( i=0 ; i<n ; i++ )
c[i] = x[l]
c2[i] = y[1j

}

iloop = 1;

while(1<<iloop<n){
iloop++;

for(i=0; 1<1100p 1++){
isize = 1<K
isize2 = 1<<(1+1)

ia
ib

0;
0;

= 0;
for(J =0; j<n/isize2;j++){
for(k=0;k<isize;k++){
ia++;
alia-1] = cl[ic+k];
a2[ia-1] = c2[ic+k];

ic += isize;

for (k=0;k<isize;k++){
1b++,
b[ib-1] = cl[ic+k];
b2[ib-1] = c2[ic+k];
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}

ic += isize;

icrest = n - ic;
if( (O<icrest) && (icrest<=isize)){
for (k=0;k<icrest;k++){
iat+;
alia-1] = c[ic+k];
a2[ia-1] = c2[ic+k];

if( (isize<icrest) && (icrest<isizex*2) ){
for (k=0;k<isize;k++){
iat+;
alia-1] = c[ic+k];
a2[ia-1] = c2[ic+k];

ic += isize;

for (k=0;k<icrest-isize;k++){
ib++;
blib-1] = c[ic+k];
b2[ib-1] = c2[ic+k];

}

for(j=0;j<n/isize2;j++){
ista = j*isize;
istb ]
istc
isizea = isize;
isizeb = isize;
isizec = isizea + isizeb;
ierr = ASL_dsmgpa
(a+ista,isizea,a2+ista,b+istb,isizeb,b2+istb,
c+istc,isizec,c2+istc,isw);

o
.

*

- .

%

=

N

[}

if ( (O<icrest) && (icrest<=isize) ){
ista = n/isize2*isize;
istc = n/isize2*isize2;
isizea = icrest;
for (k=0;k<isizea;k++){
clistc+k] = al[ista+k];
c2[istc+k] = a2[ista+k];

if ( (isize<icrest) && (icrest<isize*2) ){
ista = n/isize2*isize;
istb = n/isize2*isize;
istc = n/isize2*isize2;
isizea = isize;
isizeb icrest-isize;
isizec = isizea+isizeb;
ierr = ASL_dsmgpa
(at+ista,isizea,a2+ista,b+istb,isizeb,b2+istb,
c+istc,isizec,c2+istc,isw);

}

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n\n", ierr );

printf( "\tOutput data\n\n" );
for(i=0;i<n;i++){
printf( "\t%8.3g %8.3g\n", c[il, c2[i] );

free(
free(
free(
free(
free(
free(
free(
free(

Q0T oM
N

return O;

}
(d) Output results

***x ASL_dsmgpa ***

** Input *x*

Input data
n = 17
isw = 1
84 54
90 -41
14 -98
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=75 -65
-95 28
=27 96
65 75
98 -14
41 -91
-54 -83
-99 0
-53 84
42 90
99 13
65 =75
-28 -95
-96 =27

** Qutput **
ierr = 0

Output data

-99 0
-96 =27
-95 28
=75 -65
-54 -83
-53 84
-28 -95
=27 96
14 -98
41 -91
42 90
65 =75
65 75
84 54
90 -41
98 -14
99 13
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Chapter 4
ROOTS OF EQUATIONS

4.1 INTRODUCTION

This chapter describes functions that obtain the roots of an algebraic equation, a nonlinear equation or a set of
simultaneous nonlinear equations.

This library provides the following two types of functions for obtaining the roots of the algebraic equations.
(1) Function that takes real-type input of real coefficients and provides real-type output of complex roots

(2) Function that takes complex-type input of complex coefficients and provides complex-type output of complex

roots

In addition, this library provides the following three types of functions for obtaining the roots of nonlinear

equations.
(1) Function that obtains one root when given an initial value
(2) Function that obtains one root when given an interval
(3) Function that obtains all roots within an interval

Among these functions, the ones that obtain a single root of a real function by assigning an initial value have
been designed with particularly careful consideration so that a root is obtained even if the initial value is far from
the root or if the function oscillates in the interval between the root and initial value.

When obtaining the roots of a set of simultaneous nonlinear equations, a Jacobian matrix calculation function
may or may not be given. Functions for both of these cases have global convergence, and careful consideration

has been given so that these problems can be solved even without scaling each of the simultaneous equations.
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4.1.1 Notes

(1)

(2)

Although for real coefficient algebraic equations, roots near zero tend to be obtained first, this is not the
case for complex coefficient algebraic equations.

If there are multiple roots and the multiplicity of the roots is n, then for an algebraic equation, the pre-

cision of the solution at that root is on the order of {/Unit for determining error, and for a nonlinear
equation for which the solution is obtained by assigning an initial value, the precision is on the order of

n x (required precision).

Except when obtaining a single root within an interval, convergence is determined for a nonlinear equation
as follows. If e, is the required precision, € is the unit for determining error, and Ax is the amount z is

updated, then convergence is considered to have occurred when the following relationships hold:
(| Az |< e, xmax(1,|z|) and | f(z)|<e,+64dxex|z|) or f(z)=0

That is, convergence is considered to have occurred when the function value is zero or when both the function
value and the movement of the solution are close to zero. Therefore, even if the problem is ill conditioned,
convergence is correctly determined, and if there are multiple roots, precision can be maintained although
the amount of calculations increases.

However, this decision criterion tends to be more severe than a method that decides based on only the
movement of the solution, based on only the function value or based on either the movement of the solution
or the function value.

Convergence is considered to have occurred for a set of simultaneous nonlinear equations when the following

relationships hold for all ¢ (¢ = 1,---, number of order):

(| Az; |< er x max(1,| z; |) and [[f(2)]lcoc <er +64xex|z;]) or fi(x)=0

Note the following within a program that uses any of these ASL functions to obtain roots of a nonlinear

equation or a set of simultaneous nonlinear equations.
(a) The functions f and df are created as follows.
Example:
Nonlinear equation (Let and have the same names in the all functions)

/* C interface example for ASL_dlnrds */
#include <stdio.h>

#include <math.h>

#include <asl.h>

e Function

double FORTRAN [f] (double #x)

{
!

return f(xx);
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e Function

double FORTRAN |[df] (double #x)
{

l

return ' (xx);

}

e Main function

int main()

{
!

ierr = ASL_dInrds([£],[df] , - -);
z

return 0;

Example:

Set of simultaneous nonlinear equations (Let | sub | and | subd | have the same names in the all

functions)

/* C interface example for ASL_dlsrds */
#include <stdio.h>

#include <math.h>

#include <asl.h>

e Function

void FORTRAN (double *x,int *n, double *f)

f[0] = f1(x[0], - - -, x[*n — 1]);

fln — 1] = fun(x[0], - - -, x[*n—]);
!

return 0;

}
e Function

void FORTRAN (double #x, int *n, double xa)
{

l

a[O] = 8f1/8$1;
l

a[(¥n) * (+n) — 1] = 0 fun/ O n;
l
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return 0;

}

e Main function

int main()

{
!

ierr = ASL_dlsrds([sub ], [subd] , - --);

l

return 0;

}

(6) If several errors occur at the same time, only the value of the most severe error will be output for the error

indicator, and information about the other errors may be lost.
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4.1.2 Algorithms Used
4.1.2.1 Roots of a real coefficient algebraic equation

4.1.2.1.1 When the degree n =2
The roots are obtained as follows by using the formula for the roots of a quadratic equation.

For the quadratic equation:

x2+a1x+a0:0

if we let:
r= oy
D = r?—ag

then the roots are obtained as shown below for the following three cases.

(1) DI <e
The roots are:

T = nr

(2) If D <0

The roots are:

r = (r,:l:\/j)

3) IfD>0
The roots are:
ag
r = o —
«
where,

a =

r++vD (r>0)
r—+vD (r<0)

4.1.2.1.2 When the degree n =3
The roots are obtained as follows by using the Cardano method.
For the cubic equation:

224 axz® +ax+ag=0
consider the following cases.

(1) If lag| <& (z(2? + azx + a1) = 0)
By using the method described in (a) to solve the quadratic equation:

224+ ax+a1 =0
to obtain the roots a and S, the roots of the cubic equation are:

X = 07a7/3
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(2) If lag| <& (2% +a12 +ag =0)
Consider the following two cases.

(a) lar| <e (2% +ao =0)
The roots are:

o V3
= SR Sl
o = n(-52)

where,

—N—
|
w
S
S
—
S
S
IV
=

(b) Otherwise
Assume by and by are as follows:
ai

bl - ?
a
b = -3

and use the method shown in subsection iii. below to solve the equation:
a® + 3byz — 2bg = 0

(3) Otherwise

The cubic equation:
3 2 _
z° +asx” +a1x+apg=0

can be transformed by using the variable transformation:

r = y—YMX
az
YMX = —
3

to:
y> + 3byy — 2bg = 0

where, b1 and by are given by:

3ai — a%
9
(9a1 — 2a3)as — 27ag
54

by =

by =

Consider the following three cases.

(a) If |bo] <e  (y(y*+3b1) =0)
i Ifb <0

y and z are as follows:

y = 0,£v/-3b
x = —-YMX,+y/-3b1 —YMX
Cancellation of significant digits that may occur in the calculation is prevented by using relation-

ships between roots and coefficients.
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ii. If by >0
y and z are as follows:
y = 0,(0,£1/—3by)
r = —YMX,(-YMX,++/—3b)

(b) I || <& (y® —2bo = 0)
y and x are as follows:

r \/§T
= -, —
y T‘?( 27 2 )

¢ = r—YMX, (—%—YMX,i@)

where,

_ V2o (bo > 0)
n= —\3/ —2bg (bo < 0)

Cancellation of significant digits that may occur in the calculation is prevented by using relationships
between roots and coefficients.

(c) Otherwise  (y® + 3b1y — 2by = 0)
If we let:

y=s+t
we obtain the following equation:
s34 13 —2bg + 3(st+by)(s+1t) =0
If we determine s and ¢ so that the following relationships hold:
{ st = —b
s2+t3 = 2bg
then we can use this to obtain y. s® and #3 are the two roots of:

2% —2bpz — b} =0

If we let:
D = by+bi = DiDy
bo  (|bol > |b
D, - o (Ibol = [b1])
b (lbo| < [b1])
b
L+b1(z2)7 (bo] > Jba])
Dd == b bO
(307 + b1 (bol < o]}

we can obtain y and x by considering the following three cases.

i. If [Dg| <2 ((z—bo)*> =0)
s and t are as follows:

83 = t?’:bo

s,t = 7 ft,i@
2 2
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where,
Vbo (bo > 0)
N { — /by (bo < 0)
Since s and t satisfy st = —by, y and x are as follows:
y = 2r,—r,—r
x = 2r—YMX,—r—-YMX,—r—YMX

Cancellation of significant digits that may occur in the calculation is prevented by using relation-
ships between roots and coefficients.

ii. f D <0

s% and t3 are as follows:
53 = (b07 \% 7D)
t* = (bo,—V—-D)

Now, from the following:

[ = |7 = 8}
s and t are as follows:
s = geﬁ%, 26\/7_1(7#9%')’ %eﬂ(u%,ﬂ)
;= ge—ﬁ%,gefﬁw#’%)’Eewf—u%ﬂfﬂ)
Therefore, y and = are as follows:
T—40 T+ 0
y = rcosg,—rcos , —T COS
0 -0 0
r = rcosg—YMX,—rcos7T —YMX,—TCOSTF—F -YMX
where,
—2vby (b1 >0)
2v/—b1 (bl < 0)
0 — tan 1 Dg (bo > O)
B T — tan ng (b0<0)

D VDl (|bo| = [b1])
Dy = — = Dy Dy
ol P (ool < o)
0
Cancellation of significant digits that may occur in the calculation is prevented by using relation-
ships between roots and coefficients.

iii. If D >0
5% and ¢ are as follows:
=
= B

N bo+ VD = |Dr  (by>0)
bo — VD = —|Dg|r (by < 0)

b
b=
where,
bol +vD | Lt vIPal (bl = [ba])
p=t T b
BX %+ Dl (Ibol < b1])
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Therefore, s and ¢ are as follows:

s = o, (%/,:I:\/Z)a/>
t = 6/7 (ﬁ_/vi\/gﬁl>
2 2

where,
Lo e =0
—Vlal (b0 <0)
g = V1Bl (bob1 <0)
=18l (bobr = 0)
Since s and t satisfy st = —by, y and z are as follows:
u V3
= I ek
e
¢ = u—YMX, (g f’”)
where,

u=d +8,v=a —-p
Cancellation of significant digits that may occur in the calculation is prevented by using relation-

ships between roots and coefficients.

4.1.2.1.3 When the degree n =4
The roots are obtained as follows by using the Ferrari method.

For the quartic (fourth degree) equation:
2t + a3x3 + a2$2 +a1x4+a9=0
consider the following cases.

(1) If lag| < e (x(23 + az2® + azz + a1) = 0)
By using the method described in (b) to solve the cubic equation:

x3+a3x2+a2x+a1 =0
to obtain the roots «, f and +, the roots of the quartic equation are:
r = 07 a, 67 0

(2) If laz| <& (2% + a2® + a12 + ap = 0)
Consider the following two cases.

(a) If la1| < e (2% + az2® +ag = 0)

If we let:
ag
r o= ——
2
D = r2fa0

we can obtain x by considering the following three cases.
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i. If|D|<e ((22-7)2=0)
z is as follows:
B VRN AN (-2 0)
(0 \/_)7 (Oa \/__T)v (O’ _\/__T)v (O’ _\/__T) (T‘ < 0)

. If D<0
22 is as follows:
z? = (r,£vV—D)

Therefore, x is as follows:

x = (a, £8), (—a, £0)

where,
a:\/iﬂ, ﬂ:\/j (r>0)
. /—r—|—2NRD7 a:2£ﬁD (r<0)
1+ 5 (= VD)
NRD=+/r>—D = 7“2
V=D\/—5+1 (Irl <V=D)
iii. f D >0
22 is as follows:
2=,
where,
r+vD (r>0)
- { r—+vD (r<0)
g - @
Therefore, x isaas follows:
+Va, VB >0)

(r,p

+va, (0, £v=p) (r=0,8<0)
(0++v=a), VB (r<0,8=0)
0+ v=a),(0£v=B) (r,<0)

(b) Otherwise

Use the method shown in subsection iii. below to solve the equation:
x4+a2$2+a1x+a0 =0

(3) Otherwise
The quartic equation:

x? —l—agx?’ +a2x2 +a1x+ag=0

can be transformed by using the variable transformation:

r = y—YMX
as
YMX = —=
4

to:

y4+b2y2+b1y+b0:0
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where, b2, b1 and by are given by:

8ap — 3a3
ba —_—
8
8ay — az(4as — a3)
b =
8
b 256a0 — az(64a; — az(16az — 3a3))
0 =

256

Consider the following four cases.

(a) b% < 52 max(|4b0b2|, |b%|) (y4 =+ b2y2 =+ bO = 0)

If we let:
T =
_D =

we can obtain

_b
2
T2—b0

y and x by considering the following three cases.

i. f|D|<e
y and x are as follows:
(y*=n)? =0
Y (r > 0)
v { (0, £v=7), (0, £v=7) (r<0)
o { £F - YMX, £ — YMX (r>0
(~YMX,+v/=7), (~YMX, £/=7) (r<

ii. fD<0

y and z are as follows:

y2

where,

iii. If D>0

= (r,£V-D)
= (a,j:ﬂ),(—a,j:ﬂ)
= (a—YMX,£8),(~a - YMX,+8)

a:1(ﬂ7 ﬂ: 2_05D (7‘>O)
[T+ NRD V=D

-D
|T| 1+T—2 (|T|>\/—D)

ﬁ,/%ﬂ (Ir] < v=D)

NRD=+/r>—D =

y and x are as follows:

Y

«

= o,f
B r+vD (r>0)
B r—vD (r<0)
_ b
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+/a, +/B (r,3>0)
(O,i\/—_a),j:\/ﬁ (r <0,8> 0)
Y +Va, (0,4V=F)  (r>0,8<0)

(0,£v=a),(0,£VB) (r,8<0)
+ya - YMX,+VB - YMX

(~YMX,+y/=a),+/B-YMX

(r,8>0)
. (
(
(

r<0,8>0)
r>0,8<0)
r, <0)

£/a - YMX,(-YMX,£/=F)
(-YMX,+V/=-a),(-YMX,£/-D)
(b) I |bol < (y(y® +bay +b1) =0)

By using the method described in (b) to solve the cubic equation:

y3 +boy+b; =0
to obtain the roots «, 8 and +, the roots of the quartic equation are:
r=-YMX,a-YMX,-YMX,~v—YMX

(c) If b2 > 1074|bo (b3 — 4by)]
If the quartic equation:

y4+b2y2+b1y+b0 =0
2
is transformed by adding py? + pz to both sides, it appears as follows:

2

2
(y2+§) :(p*bz)QQ*blyﬂL%*bo

To express the right-hand side in the form of the square of a linear expression, the following equation
should be satisfied:

bi — (p— ba)(p® — 4bg) =0
That is,
P — bap® — 4bop + (4bzbg — b7) =0

If we solve this equation by the method described in (b) and take the real root obtained for this

equation for p, then since the following relationship holds:

S

by solving the quadratic equation:

b
Y £ /p—bayF 7117 + P_y (Compound same order)
— b2

2y/p 2
the solutions of the quartic equation are obtained as follows:
y = afyVf-v—at\f+y
a = VP —bo
2
_ ptbe
po= 4
4b,
Y = —
@
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However, if p ~ by, the solution obtained by using this method is not very precise. The condition

p =~ by occurs when:

2

bl
5[b
b§—4b0’< b2

b
p? — 4bg

~

Ip —b2| =

that is, when:
b < d]ba (b3 — 4bo)|

where, § is a sufficiently small positive number.

If the following condition holds:
b} < €® max(|b3], [4boba|)

the solution of the quartic equation is obtained by ignoring b; as described earlier and solving the

following equation:
y* + bay? +bp =0
On the other hand, if the following condition holds:
107 4|b2 (b3 — 4bg)| > b? > £ max(|b3|, |4bobz])
the solution of the quartic equation is obtained by using the method described in subsection D. below.
Otherwise
It is known that the roots of the quartic equation:
y* + bay® + b1y +bo = 0
can be expressed by using the square roots of the three roots z1, zo and z3 of the cubic equation:
b b2 — 4b b?
(where, 21, 22 and 23 are generally complex numbers) as follows:
y = Vat+Vat /s,
Vo - (Vz + Vz),
—VZa+ VR =z,
—Va - (Va2 — Vz)

However, \/z represents one of the two square roots (£4/z) that z has. Although it is not known in

23+ 0

advance which of the square roots should be selected, since the four root combinations are either y,
which was shown above or —y, which is obtained by reversing all of the signs of the root, the root can
be determined from the relationship between the roots and coefficients according to the sign of b;. The

cubic equation is solved by using the method described in (b).

4.1.2.1.4 When the degree n > 4
This problem is solved by using the Hirano method, which is described below.

Assume that the given equation is as follows:

Po(z) = anz" + an_ 12"+ F a1z +ag =0

The Hirano method obtains all roots of the equation by alternately searching for a root according to iterative

improvement of an approximate root and then reducing the equation. The origin is assumed as the starting

value for the approximate root, and the expansion coefficients when the polynomial P, (z) is expanded around
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this approximate root are used to sequentially approach the true root. The root @ = (xg,x) obtained in this
manner is used to reduce the equation, and all roots of the equation are obtained by sequentially repeating similar
operations for the reduced equation.

The root © = (xg,xs) is determined as follows.

The convergence decision value ( is determined as follows.

Let the calculation of the coefficients ¢, for (k=n,n—1,---,0) have an error of € | ¢, | and let the calculation
of ¢ have an error of up to ¢ | « | (where, x = z+( is the value of the true root). Since P, (z+ () can be calculated
from:

(1) Let the initial value of the approximate value z = (zg, z1) of root = be z = 0.
(2) Until the relationship | P,,(z + () |< 6 holds, replace z by z + ¢, and repeat the following calculations.
(a) Expand the polynomial P,(z) centered on z as follows:
Po(¢+2)=en" +enaC" T+t aCta  (@=C+2)
using synthetic division to calculate the coefficients ¢, for (k=mn,n—1,---,0).
(b) Let p=1.
(c) Calculate ((p) for (k=1,---,n) as follows:
o\ VE
i = (~u2) " tor (k=1
Ck
and let ¢, be the one that has the smallest absolute value. Check whether the relationship | P, (z +

Cm) IS (1= %) | P,.(2) | holds. If not, replace u by % and repeat this calculation sequentially until the
relationship holds.

(3) Assume z + (;, is the root of the equation P, (x) = 0.

b, = cp
bk = bk+1C+Ck for (k’:n—l’n_2’...70)
Po(z4+¢) = bo

the error § for the calculation of P,(z + ¢) can be calculated from:

d, = ¢€lcn|

dp = dippa(|Cl+el @) +ell |l boyr [+ ]cr )
for (k=n—-1,n—-2,---,0)

§ = dy

Now, in the calculation, let { = (,,,, and z is approximated by z + (.
Although the Hirano method proceeds by sequentially obtaining roots while reducing the equation, an error

analysis is performed as follows during each reduction process to determine whether reduction succeeds.

(a) Reduction according to a single real root

If the equation:
P, (x) = ana™ + 12" '+ daz+ay=0
is reduced as follows using the real root z :

Po(z) = (x — 2)(bpaz™ 4 by 12" 2+ -4 b1) +bp =0
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the coefficients are calculated as follows:
b, = an
b = ag+bgy1z for (k=n—-1,n—-2---,0)

Although by originally is 0.0, if an error of up to /€ | z | is permitted for z and an error of up to € | ay, |

is permitted for ag, the maximum error d; permitted for by is expressed as follows:
o = €lan]
o0k = elag| +(0ks1+vVe|brr1]) ] 2] for (k=n—-1,n—2,---,0)
Therefore, when | by |< do, reduction is assumed to have succeeded.

(b) Reduction according to complex conjugate roots

If the equation:
Po(z) = anz" + ap_ 12"+ ajx+ag =0

is reduced as follows using the complex conjugate roots z = (zg, z7) and Z = (zgr, —21) :
Po(z) = (2 — 2)(x — 2)(bpx™ 2 + bp_12" 2 4 -+ bo) + b1z + by =0

the coefficients are calculated as follows:

b, = ap
bp—1 = an—1+2zrby
b, = ak+22Rbk+1f(ZR2+Z]2)bk+2 for (k:nfl,nf?),'u,O)

Although by and b; originally are 0.0, if an error of up to /£ | zg | is permitted for zg, an error of up
to v/ | 21 | is permitted for z;, and an error of up to € | ay | is permitted for ay, the maximum error
O permitted for by is expressed as follows:
o = elan|
On_1 = €|an_1]|+6n]|22r | +Ve|2zrby |
O el ak | +0k41 | 22r | +VE | 22Rbrs1 | +0kt2(2r* + 217)

+24/F

(lzr |+ 121]) | bgye| for (k=n—2,n—3,---,0)

Therefore, when | by |[< do and | by |< d1, reduction is assumed to have succeeded.

4.1.2.2 The roots of complex coefficient algebraic equations

This problem is solved by using the Durand-Kerner cubic method.

Assume that the given equation is as follows:
P(Z) = aoZ"™ + aZ" '+ +an1Z+a,=0 for (ap #0)
The iteration formula for obtaining all roots simultaneously is as follows:

S0 = 20, (5@, 2, 0)

v Pn 1(V) Pl ,L(V)
(I)l(z§ )7...727(11/)): (Z )/n n(Z ) for (i:1,~'~,n)
B P’ (Zi(l’)) Z zl(l’) - Zj(l’)
n j=1
J#i
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where P’ (z;()) is obtained according to the following formula:

bo(l) = Qo

b0(2) = Qo

bk(l) = ZZ(U)bgcl_)l + ag

= O D o (k1)

P (")) =bp_ @

Convergence is assumed to have occurred if the value of P,(z) is within the error included when it is calculated

by Horner’s method. That is, if € is the unit for determining error, then for:

bo = ap : Where the by error is  dg = 0.0

by, = 2;®bi_1 : Where the by, erroris 0 = dp_1 | 2™ | +¢ | b} |

b = b +ar :Where the by erroris 0 = 0™ +emax(| ar |,| b}, |,] bx |)
Pp(2) = by

therefore the specified value d,, of the maximum error of Pn(zl-(”)) is given by:

b = 0.0
O = Op—1 |z | +e{| b [ +max(far || 0 [,|0x )} for (k=1,---.n)

and if | P, (2;")) |< 8, then convergence is assumed to have occurred.
Iterations are continued only for unconverged z;(v), and the calculation ends when all values are considered to
have converged.

The iteration initial values are determined by the following three steps method.

(1) Determine the Aberth initial value.

For a center at:

8= atat--ta, a1
N n nag
obtain the radius r of a circle that includes all roots. Using derived division, obtain the coefficients cg, - - -, ¢,
such that:

P(2)=Py(B+C) =co"+c1(" + +en1(Hon

Let m be the number of nonzero coefficients among c1, - -, ¢, and obtain 71 as follows:
Ck
rt = max (mu)l/k
k=1,---,n | Co |

Let vt be the initial value of r, and obtain 2 such that:
Qu(x) =[co [a"—|er |2 = = [epor | 2= [ e |50

Let this value of x be r.

(2) Decrease the radius of the circle that includes all roots.

Let z be represented by:

z=p4+rw

373



Algorithms Used

Then ¢g(w) and pp41(w) can be defined as follows:

P.(B+rw) = (cor™w™ + (cir™ Nw™ - (cp1r)w + ¢y
= do@uw" +d; Oyt 4. v d, O+ d,®
= wo(w)
pr(w) = doOuw™ +dyOw b dyg D+ do? (dy) #0)

(a) When | ap® <] ane® |

do®
Pey1(w) = pe(w) — ﬁw(w)
(b) When | ao'® [>| ane® |
dnf(e) ~
() = ) = Bl } o

where:

Ge(w) = dt@Ow™ 4+ dy 1 O™ 4o 4 d; O+ dy®

until ¢,, = constant.

The number of roots outside of the circle having radius 7 is equal to the number of times | ag®) |< | ane® |
had occurred when ,, was obtained. The roots inside this circle are the remaining roots.

The radius of the minimum circle that includes all roots is obtained by a bisection method beginning with

the Aberth initial value r according to the condition that | ap® |>| ane¥) | occurs for all roots.

Find the radius that minimizes the sum of the squares of the distances from the various roots.

Use the method described in (b) to obtain the numbers of roots inside and outside the circle of each radius
that is obtained by having the radius r obtained in (b). In j iterations, the ring D; of width 277 is obtained.
If we let the average of the interior radius and exterior radius of ring D; be r;* and the number of roots

contained in D; be Nj, then the desired radius r is obtained by:

m
*
E Tj Nj
j=1

n

T =
The initial value for the iteration is obtained from this r by using the following equation:

zj(o)zﬁ—i—rexp[i )| for (j=1,---,ni=+-1)

4.1.2.3 The roots of real functions (initial value specified; derivative definition required)

Assume that the given nonlinear equation is f(x) = 0 and that the derivative of f(z) is f’(z). This algorithm is

based on Newton’s method, which is given by:

(v)
2D — () f(z™)
fr(a®)

However, since a root is not obtained by this method if the function oscillates or if the root update amount is too

large, the algorithm has been improved as follows.
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(1)

(2)
3)

(4)

(5)

(6)

Newton’s iteration is performed as follows:

(v)
L) ) f(z™)
f(z)

If /() =0or | f(z*+D) |>]| f(z™)) |, then skip to (c); otherwise, let (*) = 2+ and return to (a).

If v=1o0r f/(z»"Y) >0, let IS = —1; otherwise let I.S = 1.
Let R=1, P=0, IOLD =sign{1,1S x f(z2"))}, and I1 = —IOLD.

Let 12 =sign {1,1S x f(z*))}.

If 72 x I1 > 0, then change is accelerated by letting P = P + 1; otherwise, it is decelerated by letting
R = R+1. (For I1: Old update direction and I2: New update direction, + indicates update in the positive
direction and — indicates update in the negative direction.)

z®) is updated by the following iteration.

Let € be the unit for determining error, and let 2(*+1) be as follows:
2D — (1) 4 19« sinh_l(f(x("))) x 21(P=3)/3—=R} | ™ 11 | xI2 x ¢

(For IS: Global function slope estimate, + indicates decreasing to the right and — indicates increasing to
the right.)
This update is repeated at least three times.

For f(z®=1Y) > f(z™) > f(x®@+V) if | f(*T1D) | becomes sufficiently small, return to Newton’s method
(a).

For | f(z® D) |>| f(z™)) |, when f(z®*+1) and f(z(*)) have the same sign and I2 = TOLD, the function

slope and search direction are changed by letting I.S = —I1S,IOLD = IOLD and I1 = IOLD.
When this condition occurs for the first time,

Let the left end of the searched interval X P = 2(**1) and FP = f(2*+1)

Let the right end of the searched interval XQQ = XP and FQ = F'P

When this condition occurs for the second or subsequent time,

If 12 > 0 (Update direction is positive)

Update the right end of the searched interval according to

XQ=a2W, FQ= f(zt)

Begin from the left end of the searched interval according to

) = XP, f(z) = FP.

If 12 <0 (Update direction is negative)

Update the left end of the searched interval according to

XP =2Vt FP = f(z+))

Begin from the right end of the searched interval according to

W) = XQ, f(z™) = FQ.

Set P = 0. If the condition described above in (vi) occurs repeatedly several times, set R = 2 to accelerate

the change so that the point emerges from a trough; otherwise, set R = 0. Then return to (d).

(7) If the condition described in (f) does not occur, then let I1 = I2, ) = z(*+1) and return to (d). Figure

4—1 shows an example of the movements described above in (a) through (g).
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Figure 4—1

(a) According to a Newton iteration, the following relationship occurs | f(z®**1) |>
| f(z®) 1.
(b) The z(**+1) update is performed according to the update expression shown in (d).

(c) Since the update direction was not change due to | f(z**1) |>| f(z*)) |, the left end of the

searched interval is determined according to (d) and the search direction is reversed.

(d) The search starting point and search direction are changed repeatedly in a similar manner as
described in (3.

(e) Since | f(z®+V) |<| (™)) | occurs, the root is obtained by the Newton’s method of (a) or

(d).

Convergence is determined as follows. If e, is assumed to be the required precision, then convergence is
considered to have occurred when:

(| 2TV — 2™ |< e, max(1, | 2TV |) and | f(zTY) |< e, + 64e | 2TV )
or f(zT)y =0

4.1.2.4 The roots of real functions (initial value specified; derivative definition not required)

This algorithm basically uses the secant method indicated by:
x(”) — x(u_l)
f@)) = fla=1)

which has been improved in a manner similar to that described in (3). However, when approaching f(z) = 0, an

2D = @) _ p(0)

extremum search is performed for a location if a trough occurs or the bisection method is used if the sign of the

root is found to reverse. The algorithm is explained in more detail below.
(1) Update the solution by using the secant method.

(2) If both the function value and the update amount are large, then since #(*) is far from a root perform the
following to be safe:
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3)

(5)

(6)

XP=XQ=z® Set the left and right ends of the searched interval;
FP=FQ = f(z™) X P is the left end and X @ is the right end

Let 2D = 2() and f(z®+V) = f(z*)) and skip to (c)

If | fa@*) 2] f(z™) |

20 _ 1)

If | o) |>0.125 (a root is expected to be at a location close to ("))
W
Let XP = XQ =2V FP=FQ = f(z V), 2D = (=1 and
P+ ) = F(@D) and go to (c)
) _ pv=1)
i @ T 0s,

flat=h)

If the value was updated in the positive direction,

Let XP =z XQ =zt FP = f(z* V) and FQ = f(z¥*V)
(set searched interval) and perform an extremum search in the interval
from 2~ to (1),

If the value was updated in the negative direction,

Let XP =gt XQ =2V, FP = f(2*tY) and FQ = f(z*~ 1)
(set searched interval) and perform an extremum search in the interval
from z**+1 to (1.

If a root is not found by the extremum search then skip to (c).

If none of the above conditions occurs
set (") = 2(**+1) and return to (a).

If the function increases to the right in the interval from z*~1 to 2(*+1) let IS = —1; if it increases to the
left, let 1.S = 1.
Let R=1,P =0,I0LD =sign{1,1S x f(z**Y)}, and I1 = —IOLD.

Let 12 = sign {1,1S x f(z"+D)}.

If 12 x I1 > 0, then change is accelerated by letting P = P + 1; otherwise, it is decelerated by letting
R = R+1. (For I1: Old update direction and I2 : New update direction, + indicates update in the positive
direction and — indicates update in the negative direction.)

Let £) = gD f(2®)) = f(x@*+D), 20=D = 201 and f(z—D) = f(z®).

z®) is updated by the following iteration.

Let ¢ be the unit for determining error, and let z(**1 be as follows:
2@ = 20 4 18 x sinh ™ (f(2W) x 2{P=B-R | ) Ly | kT2 x e

(For I.S: Global function slope estimate, + indicates decreasing to the right and — indicates increasing to
the right.)

This update is repeated at least three times.

For f(z*=V) > f(z®) > f(z¥+V),if | f(z**+D) | becomes sufficiently small, return to the secant method

shown in (a).

If the signs of f(z(*~1) through f(2**1) are the same when | f(z*~V) |<| f(z™®)) |<| f(z*+V) |, then:
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(8)

If 72 > 0 (update direction is positive)
Update the right end of the searched interval by setting
XQ =z and FQ = f(z+1)

If 72 < 0 (update direction is negative)
Update the right end of the searched interval by setting

XP=2"*) and FP = f(z("+Y)

Then, perform an extremum search in the interval from z(*+1) to z(*=1,
If a root was not found by the extremum search, then set z(**1 and f (x("“)) for the endpoint of the

searched interval in the direction opposite to the direction that the solution had been updated, let:
1S =—-1S510LD =—-IOLD,I2=10LD,P=0,R=1

so that the value is updated in the opposite direction, and return to (d).

If the signs of f(z(*~1) through f(z(**Y) are the same when | f(z*=D) |<| f(z™)) |<| f(z**D) |, then
set z(**t1) and f (x("“)) for the endpoint of the searched interval in the direction opposite to the direction
that the solution had been updated, let:

IS = —IS,IOLD = —IOLD,12=IOLD,P =0,R = 1

so that the value is updated in the opposite direction, and return to (d).

If none of the conditions shown in (e) through (g) occurs, then let I1 = I2 and return to (d).

The extremum search portion of the algorithm obtains the minimum point by combining a golden section search

with sequential parabolic interpolation. (See Section 5.1.2)

If a reversal of the sign of the equation value is seen during the extremum search, then the bisection method is

performed to obtain the root that is on the initial value side of that point.

Figure 4—2 shows an example of the movements described above in (a) through (h).

Figure 4—2

]

©)

(1) Perform the secant method iteration.

(2) [ f@*D) [>] f(2)) | occurs.

(3) An extremum search is performed, but the extremum is not a root.
(4)

4) The solution is updated according to the update expression shown in (d) and the condition described

in (g) occurs.

(5) A similar situation as described in (@) occurs even though the movement is in the opposite direction.
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(6) Since | f(x™*V) |<| f(x™)) | occurs, the root is obtained by the secant method of (a) or (d).

Convergence is determined as follows. If e, is assumed to be the required precision, then convergence is considered

to have occurred when:

Also,

(| 2D — 20 < e max(1, | 2D ) and | f(z@HD) < e, + 64 | HD) |>

or f(zT)y =0
for an extremum search or for the bisection method, convergence is considered to have occurred when:

(Search reduction interval) < e, max(1,|z |) and | f(z) |< e, + 64¢ | z |

4.1.2.5 The roots of real functions (interval specification; derivative definition not required)

Assume that f(z) is continuous on the interval [a, b] and that the signs of the values f(a) and f(b) are opposite.

(1)
(2)

3)

Letc=aandd=e=0b—a.

If | f(e) |<] f(b) |, exchange b and ¢ and let a be the ¢ after the exchange. In this way, the relationship
| £(b) I<| f(c) | always will occur and the root is searched for in the interval [b, ].

Let m = C;b Also, for:

¢ = Unit for determining error,
e, = Required precision

let:

elb|+er

0= 5

If | e |> 6 and | f(b) |<]| f(a) |, then
If a = ¢, the linear interpolation method is applied in the interval between ¢ and b.

O
Po= =05
_ 10

¢ =150

If a # ¢, (] f(a) |<] f(e) ]), the inverse quadratic interpolation method is applied in the intervals between
a,b and c.

fa)  _S0) _0)

fe)’ fe)’ f(a)

R=r3{(c—=0b)ri(r1 —re) = (b—a)(ra — 1)}

Q=(r1—1)(r2-1)(r3 1)

For r; =

P 3 P
If|a|>1|cfb|f|5|or|a|>|§|,thenskipto(e).

Otherwise, set e =d and d = —
Set a = b and let:

QI

b = b+ max(d, sign(d, ¢ — b))
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(5) If the condition described in (d) does not occur, then set a = b, use the bisection method to set b to the

midpoint of the interval [b, ¢], and let d = e = m.

(6) If the signs of the values f(b) and f(c) are the same, then set c=a and let d=e=b— a.
After the above operation, return to (b).

Convergence is considered to have occurred if f(b) =0orif |[c—b[<e, +2¢]|b]|.

4.1.2.6 All the roots of real functions (interval specification; derivative definition not required)

This algorithm basically uses the same algorithm as the one described in (4) that is for finding a single root of a
nonlinear equation when the derivative definition is not required. However, this algorithm uses the fact that 1.5
can be used in the expression shown in (d) to keep the search direction fixed so that roots are always obtained
by moving inward from the endpoints of the interval. That is, this algorithm differs from the one in (4), and the

following points have been changed.

e Intervals where a search for the solution will be excluded are taken from both ends of the interval.

e First, a root is sought beginning from the right end of the interval. If a root is found, the right end of the
interval is changed to that point. Next, a root is sought beginning from the left end of the interval. If a
root is found, the left end of the interval is changed to that point.

e If the root update value leaves the interval, it is moved back into the interval and processing continues.

e If the sign of the equation value changes during an extremum search, the roots to both the left and right of
that point are obtained by the bisection method.

e If the interval size becomes less than or equal to d, then processing ends.

When a root is found, the interval size is reduced. However, at this time, the endpoint is shifted by a distance of
the following value of § towards the interior of the interval from that root.
5 = max(2e., (| A|+| Bk, ¥e)
Where, e, : Required precision
¢ : Unit for determining error

A, B : Left and right ends of the initially set interval

4.1.2.7 The roots of complex functions (initial value specified; derivative definition not required)

This algorithm finds a solution according to Muller’s method.

If the initial value z = 0, then assume that the starting values are:

zZ1 = —-1.0
Z2 = 1.0
z3 = 0.0

If the initial value z # 0, then assume that the starting values are:

zZ1 = 0.9z
z9 = 1.1z
z3 = Z
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Let f; = f(z;) and define ¢,¢’,a,b and c as follows:

zZ3 — 29
g = ——
zZ9 — 21
¢ = q+1
a = qfs—qd f2+¢*f1
b = (¢+d)fs—d*fo+dh
c = q/fs

Define r as follows:

. —b+ Vb? —4dac 2¢
2a —bF Vb2 — 4dac
and take the r having the smallest absolute value. (If the denominator of r is zero and f; = fa = f3, then set
r=1)

Let z = z3 + r(23 — 22), and then set z3, 25 and z; as follows:

Z3 = Z
Z2 = Z3
Z1 = 22

and repeatedly iterate these steps.
Convergence is determined as follows. If e, is assumed to be the required precision and ¢ is assumed to be the

unit for determining error, then convergence is considered to have occurred when:
(| z— 23 |< ep,max(1,] z |) and | f(2) |[< e, +64e]|z]|) or f(2) =0
4.1.2.8 The roots of a set of simultaneous nonlinear equations (Jacobian matrix definition op-
tional)
This algorithm obtains a solution according to Marquardt’s method, which is explained below.
(1) Let A=0.1.

(2) Let the Jacobian matrix of f(x) be A.
For f(x) and @ defined as follows:

f($) = (fhf?v"'vfn)T

T = (I17$27"'7xn)T

where n is the number of order, A is defined as follows:

(oA 90
8:171 8:17" a/ll P P aln
A = =
% % Gn1 Ann
L Oxq ox, A

Let D be a matrix formed by setting non-diagonal elements of AT A to zero.
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(3) Obtain Az by solving the simultaneous linear equation:
(ATA +AD) Az = —AT f(x)

(The expression is equivalent to applying Marquardt’s method in which z is scaled by D2 and the A\ term
is added.)

(4) Assume y = x + Az.
It | f ()] > |If(@)|l, (where the symbol || --- || indicates the square norm), then:
If A =0, set A =0.001
and:
If A£0, set A =10\

and then return to (c).

A
IF Nl f)ll < |If (@), then if || f(y)|| < ||f(x)| also occurred during the previous iteration, set A = 0
Set = y and return to (b).
Since the above Marquardt’s method explicitly forms a system of normal equations, it has the shortcoming that
it may not converge due to error. Therefore, if e, is assumed to be the required precision and ¢ is assumed to be

the unit for determining error, then if the following condition is reached:

(1A%]|oo < € max(1, lylloc) and [|f(y)]lec <€) or [f(Y)llec =0
e/ — BTO'Q

where the symbol || - - - || indicates the maximum of the absolute values of the elements

or if || f(y)|| becomes only 0.75 times the value of || f(y)|| from the (4n)-th previous iteration, then processing
shifts to the following Newton’s method with scaling.
Newton’s method with scaling

Define g; as follows:
gi = max(g, a1, a2, -+, a;,) for (i=1,--+,n)

and perform the following scaling operations:

i1, @i, -+ A
(ailaai27"'7ain): ( . . ”7')
9i
f;
=t
9i
Solve the simultaneous linear equations AAz = — f(x) using the Jacobian matrix A and function values f(x)

that were scaled in this way, and update the solution by using Ax as the correction vector.

Convergence is assumed to have occurred when the following relationships hold:
(IAz]o0 < ermax(L, [[ylo) and [|f(y)lloo < er + 64e][y[lo)
or [[£()llec = 0

4.1.2.9 The roots of a set of simultaneous nonlinear equations (Jacobian matrix definition not

required)

(1) Correction vector Az calculation
Assume that f(z), A and G are as follows:

f(x) : Function value f(x) at variable value x
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A . Jacobian matrix 8_
oz

G : Inverse matrix of the Jacobian matrix

First, let the Gauss-Newton solution be represented by Az and the steepest descent solution be represented

by Az as follows:

Az = -Gf(z)
L
Ars = <||Ab|2)”

where b= — AT f(x).
At first, let Ax = Azg and d = ||Azxg].

For the second and subsequent iteration, let d be the step size.

(a) If d < ||Azg]|, then:

A:BS
[Azs]|

(b) If [|[Azs| < d < ||Azg], then:

Ax =d

Ax = aAxs + BAxg for (a>0,8>0,||Az|| =d)
(c) If ||Azg| < d
Ax = Axg

(2) Step size d modification
Let As be the difference of the sum of the squares of the linearized model function values and let AT be
the difference of the sum of the squares of the actual function values. Estimate the degree of nonlinearity

by using the ratio r of these values.

As = |f(x) - Ade|? — || f(=)|?
AT = | f(z+Az)|” —||f(=)]?
_ar
"= As

(a) If r < 0.1, then reduce d by half and let 7 = 1.0.

(b) If » > 0.1, then calculate A, which is the rate of increase of d, as follows:

(r—0.1)As
A=,/1—
sp+\/s5p2 — (r — 0.1)s,As
where, for ¢ f defined as:
Of = flx+ Ax) — {f(x) + AAx}

sp and s, are as follows:

n

Sp = Z | filx + Az)d f; |
i=1
ss = [lofII?
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Actually, to prevent the value of d from oscillating, d is increased only when an increase is required two

times consecutively. Also, the rate of increase is held to at most 2. The actual rate of increase p is calculated

as follows:
pw = min(2, A7)
A
T = -
I

where the initial value for 7 is assumed to be 1.
In addition, an upper limit dy,.x and lower limit dp,;, are set for d and d is controlled so that it falls between

these values.

Calculations of the Jacobian matrix A and its inverse matrix G

The Jacobian matrix is obtained according to a difference only for the first iteration, and thereafter, it
is sequentially updated. Similarly, its inverse matrix is obtained from the Jacobian matrix only the first
iteration, and thereafter, it is sequentially updated. The sequential updates are calculated according to the
following formulas:

AzT
A = A4+6f———
|Az|?
G
_ T
G = G+ (Az—GAf)Az A:cTGAf

where:
Af=f(z+Az) - f(z)

Correction vector independence check

To correct the Jacobian matrix efficiently, the correction vectors that are taken sequentially must be nearly
mutually orthogonal. Therefore, an original independence concept is defined according to a hybrid method,
and the correction vectors are controlled so that they are taken in directions that are as independent as
possible. A vector a is said to be independent of the j vectors (a1, as,---,q;) if a forms an angle of at
least 30 degrees with an arbitrary vector of the space defined by these j vectors. The calculation for this
independence test conceived by Powell is as follows.

n mutually independent vectors from the vectors used to correct the Jacobian matrix during the past (2 x n)
iterations are made to be orthogonal and are stored in 2 = (w1, ws, -+, wy,). The array ¢ of size n is used
to store information indicating the number of iterations earlier in which w; was the correction vector. That
is, this information indicates that w; is the vector that was taken /¢; iterations earlier. €) is initialized as the
unit matrix, and £ is initialized with values £; =n—i+1 for (i=1,---,n)

When a solution is corrected, the following steps are performed.

(a) When Az = Azg
Regardless of its independence, Ax is taken as the correction vector.

(b) When Ax = Az does not occur

Az
If ¢1 < 2n or if Az is independent of (wa,ws, - --,wy,), that is, if | w7 Az |> u, then Az is taken
as the correction vector. Otherwise, the solution is not corrected.
When the Jacobian matrix is corrected, the following steps are performed.

If |Az|| < dmin or if 1 = 2n and Az is not independent of (wq,ws, -+, wy), then Ax = dpipw is set.

384



Algorithms Used

Otherwise, Ax is taken.

Next, 2 and ¢ are revised. When Ax = dpinwi has been set, the following values should be set:

Wi = Wiyl for (i=1,---,n—1)

Wn = w1

b = b1 +1  for (i=1,---,n—1)

by, = 1
Otherwise, the following is performed.
The minimum value k is obtained for which (wg41,wgt2, -, wn, Ax) are mutually independent.
(W1, WE—1,Wk41,Wk+2, " *,Wn, Az) are made to be orthogonal, and these are again assumed to be
(w1, ws, -+ ,wy). The following values are then set:

b = 4i+1 for (i=1,---,k—1)

b = by +1 for (i=k,---,n—1)

b, = 1

In this way, the relationship ¢; < 2n always holds.

(5) Switch of processing to Newton’s method with scaling
If the various equations of the given problem have not been scaled, then trouble may occur during the
solution modification process and this algorithm will not converge. Therefore, the following condition
is used to detect the trouble during the solution modification process and cause processing to switch to
Newton’s method with scaling.

|f (@ + Az)||* — || f (@)|”
d

> 1010

The algorithm of Newton’s method with scaling is as follows.

(a) Jacobian matrix calculation

The Jacobian matrix is obtained according to a difference during every iteration.

(b) Correction vector calculation
Assume that the (¢,7) component of the Jacobian matrix is a;;. First, the values g; are obtained as
follows.
¢; = max(Unit for determining error, a;1, a2, --,a;5) for (i=1,2,---,N)

Then the following scaling operations are performed:

31, @52, 5 AN
(ailaai%"'»aiN)(_( : Zg_ i)
K3
Ji < é
9i
for (i=1,2,---,N)
The simultaneous linear equations AAx = — f(x) obtained by using the Jacobian matrix A and function

values f(x) that were scaled in this way are solved according to the Crout method. This Az becomes
the correction vector.

(6) Convergence decision

Convergence is assumed to have occurred when the following relationships hold:

(|Az||oo < er max(1, ||x + Az|ls) and ||f(x + Ax)||e < e, + 64e||x + Az||)
or flx+Ax)=0
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where e, is the required relative precision, and:

Jelee = max ||
|Az]e = max| A, |
|f@+ Ao = max| fi|
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4.2 ALGEBRAIC EQUATIONS

4.2.1 ASL_dlarha, ASL_rlarha
The Roots of Real Coefficient Algebraic Equations

(1) Function
ASL_dlarha or ASL_rlarha solves an algebraic equation having real coefficients. (The roots are stored in

real arrays.)

(2) Usage
Double precision:
ierr = ASL_dlarha (a, n, xr, xi, wk);
Single precision:
ierr = ASL_rlarha (a, n, xr, xi, wk);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size Input/ Contents
Return Value Output
1 a Dx n+1 Input | Coefficients of the algebraic equation stored
{R* in the descending powers of x; ca[0] is the co-
efficient of 2", and ca[n] is the constant term.
2 n I Input | Degree of algebraic equation

n Output | Real parts of the roots of the algebraic

}

o]
|
}

n Output | Imaginary parts of the roots of the algebraic

equation

4x (n+1)] Work | Work area (not used when n < 4)

6 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) At least one of a[i —1],i=1,2,---,n must satisfy the condition |a[i — 1]| > Unit for determining error.

(b)y n>1
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
200042 The first ¢ roots were obtained correctly, Processing terminates with the precision
but the subsequent roots were obtained of the (i + 1)th root remaining bad.
with bad precisions.
2500+ |a[i — 1]] <Unit for determining error, Processing is performed on condition that
i=1,2,---,j ali—1]=10.0,i=1,2,---,j
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
400041 The first ¢ roots were obtained, but the The first ¢ roots are calculated, and then
subsequent roots could not be obtained. processing is aborted.
(6) Notes

(a) If there are more than four roots, then except for the last four roots, this function tends to obtain roots

in ascending order of their distance from 0.0.

(b) If there is a multiple root, then the relative precision for a root having multiplicity n will be on the

order of {/Unit for determining error.
(7) Example

(a) Problem

Solve the following equation:

210 — 5528 +10232% — 76452* + 2107622 — 14400 = 0

(b) Input data

Array a which contains coefficients of the algebraic

a[0]=1.0, a[1]=0.0, a[2]= -55.0,
a[3]=0.0, a[4]=1023.0, a[5]= 0.0,
a[6]=-7645.0, a[7]=0.0, a[8]=21076.0,
a[9]=0.0, a[10]=14400.0.

n=10.

Main program

/*

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

C interface example for ASL_dlarha */

int main()

double *ar;
int nn;
double *zr;
double *zi;
double *wk;
int ierr;
int i;

FILE *fp;

fp = fopen( "dlarha.dat",
if( fp == NULL )

yn );

printf( "file open error\n" );

return -1;

printf( " *x*% ASL_dlarha =**\n" );

printf( "\n *x Input **\n\n" );
fscanf( fp, "%d", &nn );
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ar = ( double *))malloc((size_t)(

if ( ar == NULL

printf( "no enough memory for

return -1;

zr = ( double * )malloc((size_t)(
ULL )

if( zr ==

printf( "no enough memory for

return -1;

zi = ( double * )malloc((size_t)(

if ( zi == NULL )

printf( "no enough memory for

return -1;

wk = ( double * )malloc((size_t)(

if ( wk == NULL )

printf( "no enough memory for

return -1;

sizeof (double)

array ar\n" );

sizeof (double)

array zr\n" );

sizeof (double)

array zi\n" );

sizeof (double)

array wk\n" );

*

*

*

*

(nn+1) ));

nn ));

nn ));

(4*(nn+1))

printf ( "\tDegree of Algebraic Equation = %6d\n", nn );
printf( "\n\tCoefficients of Algebraic Equation \n\n" );
for( i=0 ; i<nn+1 ; i++ )

fscanf( fp, "Jlf", &ar[i] );
printf( "\t%8.3g\n", ar[il );

fclose( fp );

ierr = ASL_dlarha(ar, nn, zr, zi,

printf( "\n ** Output **\n\n"
%6d\n", ierr );

printf( "\tierr =

printf( "\n\tRoots\n" );
printf( "\t Real Part
for( i=0 ; i<mn ; i++ )

printf( "

free( ar );
free( zr );
free( zi );
free( wk );

return O;

}
(d) Output results

%% ASL_dlarha ***

*k Input *%

%8.3g

Degree of Algebraic Equation =

Coefficients of Algebraic Equation

1

0

-55

0

1.02e+03

0
-7.65e+03

0

2.11e+04

0
-1.44e+04

** Qutput **

ierr = 0
Roots
Real Part
1
-1
2
-2
3
-3

wk) ;
);

Imaginary Part\n" );

%8.3g\n", zrl[il,zil[i] );

10

Imaginary Part

[eXelelolole)
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-5
-4

[eXeleole]
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4.2.2 ASL_zlacha, ASL_clacha
The Roots of Complex Coefficient Algebraic Equations

(1) Function
ASL_zlacha or ASL_clacha solves an algebraic equation having complex coefficients. (The coefficients and

the roots are stored in complex arrays.)

(2) Usage
Double precision:
ierr = ASL_zlacha (ca, n, &nev, cx, wk, cwk);
Single precision:

ierr = ASL _clacha (ca, n, &nev, cx, wk, cwk);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUHent at Type Size nput/ Contents
Return Value Output
1 ca Tk n+1 Input | Coefficients of the algebraic equation stored
Cx in the descending powers of z; ca[0] is the co-
efficient of 2", and ca[n] is the constant term.
n I 1 Input | Degree of algebraic equation
3 nev I* 1 Input | Maximum number of function evaluations
(Default value: 100)
Output | Actual number of function evaluations
4 cxX 7% n Output | Roots of the algebraic equation
Cx
5 wk D n+1 Work | Work area
R«
6 cwk 7% 4x (n+1)] Work | Work area
Cx
7 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) cal0] # (0,0)
(b)y n>1

(c) nev > 0 (except when 0 is entered in order to set nev to the default value)
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (c) was not satisfied. Processing is performed with the default

value set for nev.

2000414 After the first ¢ roots were obtained, con- Processing terminates with roots after the
vergence did not occur within the maxi- first ¢ roots not converging.
mum number of function evaluations.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
(6) Notes

(a) If 0 is entered for the argument nev, then the default value will be set.

(b) If there is a multiple root, then the relative precision for a root having multiplicity n will be on the

order of {/Unit for determining error.
(7) Example

(a) Problem
Solve the following equation:
z'% —100v/~12° — 172° 4+ 1700V~ 12° + 162% — 1600v/—1z = 0

(b) Input data
Array ca which contain coefficients of the algebraic equations:
cal0]=(1.0, 0.0), ca[1]=(0.0, -100.0),

cal2]=(0.0, 0.0), ca[3]=(0.0, 0.0),
ca[4]=(-17.0, 0.0), ca[5]=(0.0, 1700.0),
cal6]=(0.0, 0.0), ca[7]=(0.0, 0.0),
ca[8]=(16.0, 0.0),  ca[9]=(0.0, -1600.0),
ca[10]=(0.0, 0.0).

n=10 and nev=0.

(¢) Main program
/* C interface example for ASL_zlacha */

#include <stdio.h>
#include <stdlib.h>
#include <complex.h>
#include <asl.h>

int main()
{

double _Complex *ca;
int n;

int nev;

double _Complex *cx;
double *wk;

double _Complex *cwk;
int ierr;

int i;

FILE *fp;

fp = fopen( "zlacha.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*x ASL_zlacha ***\n" );
printf( "\n *#x Input **\n\n" );

fscanf( fp, "%d", &n );
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fscanf( fp, "%d", &nev );

ca = ( double _Complex * )malloc((size_t)( sizeof (double _Complex) * (n+1) ));
if( ca == NULL )

printf( "no enough memory for array ca\n" );
return -1;

cx = ( double _Complex * )malloc((size_t)( sizeof (double _Complex) * n ));
if ( cx == NULL )

printf( "no enough memory for array cx\n" );
return -1;

cwk = ( double _Complex * )malloc((size_t)( sizeof(double _Complex) * (4*x(n+1)) ));
if ( cwk == NULL )

printf( "no enough memory for array cwk\n" );

return -1;
wk = ( double * )malloc((size_t)( sizeof(double) * (n+1) ));
if ( wk == NULL )

printf( "no enough memory for array wk\n" );

return -1;

printf( "\tDegree of Algebraic Equation = %6d\n", n );

printf( "\n\tMaximum Number of Function Evaluation = %6d\n", nev );
printf( "\n\tCoefficients of Algebraic Equation\n\n" );

printf( "\t Real Part Imaginary Part\n" );

for( i=0 ; i<n+1 ; i++ )

double tmp_re, tmp_im;

fscanf( fp, "Y1lf,%1f", &tmp_re ,&tmp_im);

calil = tmp_re + tmp_im * _Complex_I;

printf( "\t%15.3g %15.3g\n", creal(calil),cimag(calil) );

fclose( fp );
ierr = ASL_zlacha(ca, n, &nev, cx, wk, cwk);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tPractical Number of Function Evaluations =%6d\n",nev );
printf( "\n\tRoots\n\n" );
printf( "\t Real Part Imaginary Part\n" );
for( i=0 ; i<m ; i++ )
printf( "\t%15.3g %15.3g\n", creal(cx[i]),cimag(cx[il) );
free( ca );
free( cx );
free( wk );
free( cwk );

return O;

}
(d) Output results

***x ASL_zlacha ***
** Input *x*
Degree of Algebraic Equation = 5
Maximum Number of Function Evaluation = 0
Coefficients of Algebraic Equation

Real Part Imaginary Part
1 1

11 -1
123 493
-3.07e+03 1.45e+03
-1.52e+04 -8.49e+03
2.47e+04 -4.29e+04

** Qutput **

ierr = 0
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Practical Number of Function Evaluations = 6
Roots

Real Part Imaginary Part
3 -4

-7 24
-5 1
2 -10
2 -5
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4.3 NONLINEAR EQUATIONS

4.3.1 ASL_dInrds, ASL_rinrds
A Root of a Real Function (Initial Value Specified; Derivative Definition
Required)
(1) Function

ASL_dInrds or ASL_rlnrds obtains a root of a nonlinear equation from an initial value, when the derivative

of the nonlinear equation is defined.

(2) Usage
Double precision:
ierr = ASL_dlnrds (f, df, &x, er, nev);
Single precision:
ierr = ASL_rlnrds (f, df, &x, er, nev);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fput/ Contents
Return Value Output
1 f D - Input | Name f(x) of function that defines the
{ R} equation
2 df D — Input | Name df(x) of function that defines the
R} derivative
3 X Dx 1 Input | Initial value of root
{R* } Output | Root
4 er D 1 Input | Required precision
{R} (Default value:  (Unit for determining
error)x 64)
5 nev I* 2 Input | nev[0]: Maximum number of function evalu-
ations (Default value: 100)
nev[1l]: Maximum number of derivative eval-
uations (Default value: 100)
Output | nev[0]: Actual number of function evalua-
tions
nev[1]: Actual number of derivative
evaluations
6 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

(a) nev[0] > 0 (except when 0 is entered in order to set nev[0] to the default value)
(b) nev[l] > 0 (except when 0 is entered in order to set nev[l] to the default value)
(¢) er > Unit for determining error

(except when 0 is entered in order to set er to the default value)

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

1500 Restriction (a), (b) or (c) was not Processing is performed with the default
satisfied. value set for nev[0], nev[1] or er.

4000 The root could not be obtained. Processing is aborted.

5000 The root could not be obtained before the The value of x at that time is returned.
maximum number of function evaluations
or maximum number of derivative evalu-
ations was reached.

(6) Notes

(a) These functions should be created as follows.

Function creation method

double FORTRAN f(double x* x)
{

return (f(xx));

}
double FORTRAN df(double * x)

{

return (f'(xx));

(b) If a default value is shown for an argument in the “Contents” column of the table in the argument
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered
for a real-type argument.

(¢) The function algorithm has global convergency so that the problem can be solved even if the initial
value is distant from the root.

(d) Convergence is considered to have occurred when the following relationships hold:

| (Root update amount) |< er x max(1, | Root value |)
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and

| Function value |< er + 64 x (Unit for determining error)x | Root value |

(7) Example

(a)

(b)

Problem

Obtain one root of the following equation:
f=x" 4 28x* — 483.809683 = 0
! = 7x5 4+ 112x3

Input data

Function name corresponding to function f(z): f1
Function name corresponding to derivative f’(x): {2
x = —1.0, er=0.0, nev][0]=0 and nev[1]=0.

Main program

/* C interface example for ASL_dlnrds */

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>

#ifdef cplusplus
extern "C"

#endif

#ifdef __STDC__

double f1(double *x)
#else

double f1(x)

double *x;

#endif

return (pow((*x),7.0)+28.0*pow((*x),4.0)-483.809683) ;

}
#ifdef cplusplus

}
#endif

#ifdef cplusplus
"

extern "C

#endif

#ifdef __STDC__

double f2(double *x)
#else

double £2(x)

double *x;

#endif

return (7.0%pow((*x),6.0)+112.0%*pow((*x),3.0));

}
#ifdef cplusplus

¥

#endif

int main()
{

double x;
double er;
int m[2];
int ierr;
FILE *fp;

fp = fopen( "dlnrds.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x% ASL_dlnrds **x\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &m[0] );
fscanf( fp, "%d", &m[1] );
fscanf( fp, "J%lf", &er );
fscanf( fp, "J%Llf", &x );
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printf( "\tMaximum Number of Function Evaluations =%6d\n", m[0] );
printf( "\tMaximum Number of Derivative Evaluations =%6d\n", m[1] );
printf( "\tRequired Accuracy =%8.3g\n", er );

printf( "\tInitial Value of Root =%8.3g\n", x );

fclose( fp );
ierr = ASL_dlnrds(f1, f2, &x, er, m);

printf( "\n *x Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tPractical Number of Function Evaluations =%6d\n", m[0] );
printf( "\tPractical Number of Derivative Evaluations =%6d\n", m[1] );
printf( "\tRoot =%8.3g\n", x );

return O;

}
(d) Output results

*%*% ASL_dlnrds ***
** Input *x*
Maximum Number of Function Evaluations = 0
Maximum Number of Derivative Evaluations = 0
Required Accuracy = 0
Initial Value of Root = -1
*% Output *x*
ierr = 0
Practical Number of Function Evaluations = 36

Practical Number of Derivative Evaluations = 1
Root = 1.93
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4.3.2 ASL_dlnris, ASL_rlnris
A Root of a Real Function (Initial Value Specified; Derivative Definition Not
Required)
(1) Function

ASL _dInris or ASL_rlnris obtains a root of nonlinear equation from an initial value, when the derivative of

the nonlinear equation is not given.

(2) Usage
Double precision:
ierr = ASL_dlnris (f, &x, er, &nev);
Single precision:
ierr = ASL rlnris (f, &x, er, &nev);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
1 f D - Input | Name f(x) of function that defines the
{ R} equation
2 X D+ 1 Input | Initial value of root
{R* } Output | Root
3 er D 1 Input | Required precision
{R} (Default value:  (Unit for determining
error)x 64)
4 nev I* 1 Input | Maximum number of function evaluations
(Default value: 100)
Output | Actual number of function evaluations
5 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nev > 0 (except when 0 is entered in order to set nev to the default value)

(b) er > Unit for determining error

(except when 0 is entered in order to set er to the default value)
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (a), (b) was not satisfied. Processing is performed with the default
value set for nev or er.
4000 The root could not be obtained. Processing is aborted.
5000 The root could not be obtained before the The value of x at that time is returned.

maximum number of function evaluations

or maximum number of derivative evalu-

ations was reached.

(6) Notes

(a) These functions should be created as follows.

Function creation method

double FORTRAN f{(double * x)
{

return(f(xx));

(b) If a default value is shown for an argument in the “Contents” column of the table in the argument
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.

(¢) The function algorithm has global convergency so that the problem can be solved even if the initial
value is distant from the root.

(d) Convergence is considered to have occurred when the following relationships hold:
| (Root update amount) |< er x max(1, | Root value |)
and
| Function value |< er + 64 x (Unit for determining error)x | Root value |
(7) Example

(a) Problem
Obtain one root of the following equation:
f=exp(0.01lz) + 3 — (x —231)(z — 597) =0

(b) Input data
Function name corresponding to function f(z): f

x=0.0, er=0.0 and nev=0.

401



ASL_dInris, ASL_rInris
A Root of a Real Function (Initial Value Specified; Derivative Definition Not Required)

(¢) Main program

/* C interface example for ASL_dlnris */

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>

#ifdef __cplusplus
extern "C"

#endif

#ifdef __STDC__
double f(double *x)
#else

double f(x)

double *x;

%endif

return exp(0.01*(*x))+(3.0)-((*x)-231.0)*((*¥x)-597.0);
+
#ifdef __cplusplus
}
#endif
%nt main()
double x;
double er;
int m;
int ierr;
FILE *fp;

fp = fopen( "dlnris.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x% ASL_dlnris **x\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &m );

fscanf( fp, "41f", &er );

fscanf( fp, "J%Llf", &x );

printf( "\tMaximum Number of Function Evaluations =%6d\n", m );
printf( "\tRequired Accuracy =%8.3g\n", er );

printf( "\tInitial Value of Root =%8.3g\n", x );

fclose( fp );
ierr = ASL_dlnris(f, &x, er, &m);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tPractical Number of Function Evaluations =%6d\n", m );
printf( "\tRoot =%8.3g\n", x );

return O;

}
(d) Output results

%k ASL_dlnris ¥

** Input *x*

Maximum Number of Function Evaluations = 0
Required Accuracy = 0
Initial Value of Root = 0

** Qutput **

ierr = 0
Practical Number of Function Evaluations = 10
Root =
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4.3.3 ASL_dInrss, ASL _rlnrss
A Root of a Real Function (Interval Specified; Derivative Definition Not
Required)
(1) Function

ASL_dInrss or ASL_rlnrss obtains a root of a nonlinear equation within an interval in which the function
sign changes.

(2) Usage
Double precision:
ierr = ASL_dlnrss (f, ax, bx, er, &x);
Single precision:
ierr = ASL_rlnrss (f, ax, bx, er, &x);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
1 f - Input | Name of function f(x) that defines the
equation
2 ax 1 Input | Left end of interval that encloses root

Input | Right end of interval that encloses root

1 Input | Required precision (Default value:(Unit for

J Ol "”WO| WO ®UO

| | Y
—_

determining error) x64)

w
o
B
—| | /| —/—

Output | Root

ot
M
—
=
* *
——
—_

—
—

6 ierr Output | Error indicator (Return Value)

(4) Restrictions

(a) er > Unit for determining error

(except when 0.0 is entered in order to set er to the default value)
(b) ax # bx
(c) f(ax) x f(bx) < 0.0
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (a) was not satisfied. Processing is performed with the default
value set for er.
3000 Restriction (b) or (c) was not satisfied. Processing is aborted.
(6) Notes

(a) This function should be created as follows.

double FORTRAN f(double * x)
{

return(f(xx));

(b) If 0.0 is entered for argument er, then the default value will be set.

(¢) The problem can be solved even if ax is the right end of the interval and bx is the left end.

(d) Convergence is considered to have occurred when the following relationship holds:

| Interval that encloses root |< er + 2x (Unit for determining error) xRoot value

(7) Example

(a) Problem

Obtain one root of the following equation:

f=exp(0.01z) + 3 — (z — 231)(z — 597) = 0

(b) Input data

Function name corresponding to function f(z): £

ax = —200.0, bx=240.0 and er=0.0.
(¢) Main program

/%

#include
#include
#include
#include

#ifdef
extern

#endif
#ifdef
double
#else
double
double
#endif
{

C

"c

interface example for ASL_dlnrss */

<stdio.h>
<stdlib.h>
<math.h>
<asl.h>

ﬁplusplus

__STDC__
f(double *x)
f(x)

*X;

return exp(0.01*(*x))+(3.0)-((*x)-231.0)*((*¥x)-597.0);

}
#ifdef

}
#endif

__cplusplus
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int main()

double ax;
double bx;
double er;
double x;
int ierr;
FILE *fp;

fp = fopen( "dlnrss.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *#x* ASL_dlnrss ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%lf", &er );

fscanf( fp, "%lf", &ax );

fscanf( fp, "%Llf", &bx );

printf( "\tRequired Accuracy =%8.3g\n", er );
printf( "\n\tInterval in Which Roots Exist\n" );
printf( "\t ax=%48.3g\n", ax );

printf( "\t bx=%8.3g\n", bx );

fclose( fp );
ierr = ASL_dlnrss(f, ax, bx, er, &x);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tRoot =%8.3g\n", x );

return O;

}
(d) Output results

**%*% ASL_dlnrss ***

*k Input *%

Required Accuracy = 0
Interval in Which Roots Exist
ax= -200
bx= 240

*% Qutput *x*
ierr = 0

Root = 231
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4.3.4 ASL_dInrsa, ASL_rIlnrsa
All Roots of a Real Function (Interval Specified; Derivative Definition Not
Required)

(1) Function

ASL _dInrsa or ASL _rlnrsa obtains all roots of a nonlinear equation within an interval.

(2) Usage
Double precision:
ierr = ASL_dlnrsa (f, ax, bx, er, &nev, x, &m);
Single precision:

ierr = ASL_rlnrsa (f, ax, bx, er, &nev, x, &m);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and Input
No. FEUHent aty Type Size nput/ Contents
Return Value Output

1 f D - Input | Name of function f(x) that defines the
R equation

2 ax D 1 Input | Left end of interval that encloses root
R

3 bx D 1 Input | Right end of interval that encloses root
R

4 er D 1 Input | Required precision (Default value:(Unit for
R determining error) x64)

5 nev I* 1 Input | Maximum number of function evaluations

(Default value: 100)
Output | Actual number of function evaluation

6 X Dx m Output | Root
Rx

7 m I* 1 Input | Maximum number of roots to be obtained

Output | Number of roots obtained
8 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions
(a) er > Unit for determining error
(except when 0.0 is entered in order to set er to the default value)

(b) nev >0
(except when 0 is entered in order to set nev to the default value)

(¢) m>0
(d) ax # bx

(e) ax < bx

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

1200 Restriction (e) was not satisfied. Processing is performed with ax and bx
being switched.

1500 Restriction (a) or (b) was not satisfied. Processing is performed with the default
value set for er or nev.

2000 The maximum number of function evalu- The m roots that were obtained are out-

ations was reached. put, and processing is aborted.
2500 The number of roots exceeded the maxi-

mum number of roots m.

3000 Restriction (c) or (d) was not satisfied. Processing is aborted.
4000 The root could not be obtained.
(6) Notes

(a) This function should be created as follows.

double FORTRAN f(double x* x)
{

return(f(xx));

(b) If a default value is shown for an argument in the “Contents” column of the table in the argument
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.

(¢) Convergence is considered to have occurred when the following relationships hold:
{] Rootupdateamount |< er x max(1, | Rootvalue |)}
and

{|] Functionvalue |< er 4+ 64 x (Unit for determining error)x | Rootvalue |}
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(d) Since two roots that are closer together than
max(2 x (Required precision),

(lA]+|B|) x (Unit for determining error),

{/(Unit for determining error))

cannot be isolated, one of these roots may not be obtained.
(7) Example

(a) Problem

Obtain all roots of the following equation:
f=exp(0.01lz) +3 — (z — 231)(x — 597) =0
(b) Input data

Function name corresponding to integrand f(z): f
ax = —200.0, bx=800.0, er=0.0, nev=0 and m=15.
(¢) Main program

/* C interface example for ASL_dlnrsa */

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <asl.h>

#ifdef __cplusplus
extern "C"

#endif

#ifdef __STDC__
double f(double *x)
#else

double f(x)

double *x;

%endif

return exp(0.01*(*x))+(3.0)-((*x)-231.0)*((*¥x)-597.0);

}
#ifdef cplusplus

}
#endif

int main()

double ax;
double bx;
double er;
int nev;
double *x;
int m;

int ierr;
int i;
FILE *fp;

fp = fopen( "dlnrsa.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x% ASL_dlnrsa **x\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &nev );

fscanf( fp, "J%lf", &er );

fscanf( fp, "%d", &m );

fscanf( fp, "Jlf", &ax );

fscanf( fp, "%1f", &bx );

xf(= ( double * )malloc((size_t)( sizeof(double) * m ));
i x == NU

printf( "no enough memory for array x\n" );
return -1;
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printf( "\tMaximum Number of Function Evaluations =%6d\n", nev );
printf( "\tRequired Accuracy =%8.3g\n", er );

printf( "\n\tInterval in Which Roots Exist\n" );

printf( "\t ax=%8.3g\n", ax );

printf( "\t bx=%8.3g\n", bx );

fclose( fp );
ierr = ASL_dlnrsa(f, ax, bx, er, &nev, x, &m);

printf( "\n ** Output **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tPractical Number of Function Evaluations =%6d\n", nev );
printf( "\n\tRoots\n");

for( i=0 ; i<m ; i++ )

printf( "\t%8.3g\n", x[il );

free( x );

return O;

}
(d) Output results

%% ASL_dlnrsa ¥
* % Input * %

Maximum Number of Function Evaluations = 0
Required Accuracy =

Interval in Which Roots Exist
ax= -200
bx= 800

*% Qutput *x*

ierr = 0
Practical Number of Function Evaluations = 98
Roots

231

598
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4.3.5 ASL_zlncis, ASL_clncis
A Root of a Complex Function (Initial Value Specified; Derivative Definition
Not Required)

(1) Function
ASL _zlncis or ASL_clncis obtains a root of a complex nonlinear equation from an initial value, when the

derivative of the nonlinear equation is not given.

(2) Usage
Double precision:
ierr = ASL zlncis (f, &cx, er, &nev);
Single precision:
ierr = ASL _clncis (f, &cx, er, &nev);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. & Type Size put/ Contents
Return Value Output
1 f - - Input | Function name of function {(x, y) that defines
the equation
2 cx 7% 1 Input | Initial value of root
Cx Output | Root

3 er D 1 Input | Required precision (Default value:(Unit for
determining error) x64)

4 nev I* 1 Input | Maximum number of function evaluations
(Default value: 100)

Output | Actual number of function evaluation

5 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nev >0

(except when 0 is entered in order to set nev to the default value)

(b) er > Unit for determining error

(except when 0.0 is entered in order to set er to the default value)
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (a) or (b) was not satisfied. Processing is performed with the default
value set for nev or er.
4000 A zero-division error occurred. Processing is aborted.
5000 The root could not be obtained before the The value of cx at that time is returned.

maximum number of function evaluations

was reached.

(6) Notes

(a) This function should be created as follows.

/ * C interface example for ASL _zincis * /

#include < stdio.h >

#include < complex.h >

#include < asl.h >

void FORTRAN f (double _Complex xx, double _Complex x*y)

{

*y: ~

return;

}

int main()

{

l
ierr = ASL _zincis(f,&cx, er, &nev);
l

(b) If a default value is shown for an argument in the “Contents” column of the table in the argument
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered
for a real-type argument.

(¢) Convergence is considered to have occurred when the following relationships hold:
{] Rootupdateamount |< er x max(1,| Rootvalue |)}
and

{|] Functionvalue |< er 4+ 64 x (Unit for determining error)x | Rootvalue |}
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(7) Example

(a) Problem

Obtain one root of the following equation:
f=2%—1=0

(b) Input data
Function name corresponding to integrand f(z): f
cx = (1.0,—1.0), er = 1.0e — 10 and nev = 100.

(¢) Main program

/* C interface example for ASL_zlncis */

#include <stdio.h>
#include <math.h>
#include <complex.h>
#include <asl.h>

#ifdef __cplusplus
extern "C"

#endif
void f(double _Complex *x, double _Complex *y)
{

double _Complex temp;

int i;

temp = (*x) * (*x);

for( i=3 ; i<11 ; i++ )
temp = temp * (*x);

*y = temp-1.0;

return;

}
#ifdef cplusplus

¥
#endif
int main()

double _Complex cx;
double er;

int nev;

int ierr;

FILE *fp;

fp = fopen( "zlncis.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **x* ASL_zlncis ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &nev );

fscanf( fp, "J%lf", &er );

double tmp_re, tmp_im;

fscanf( fp, "%lf", &tmp_re );

fscanf( fp, "%1f", &tmp_im );

cx = tmp_re + tmp_im * _Complex_I;

printf( "\tMaximum Number of Function Evaluations =%6d\n", nev );
printf( "\n\tRequired Accuracy =%8.3g\n", er );

printf( "\n\tInitial Value of Root\n" );

printf( "\tReal Part Imaginary Part\n" );
printf( "\t%8.3g\t %8.3g\n", creal(cx) , cimag(cx) );

fclose( fp );
ierr = ASL_zlncis(f, &cx, er, &nev);

printf( "\n ** Qutput **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\n\tPractical Number of Function Evaluations =%6d\n", nev );
printf( "\n\tRoot\n");

printf( "\tReal Part Imaginary Part\n" );

printf( "\t%8.3g\t %8.3g\n", creal(cx) , cimag(cx) );

return O;
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(d) Output results

***x ASL_zlncis ***
** Input *x*
Maximum Number of Function Evaluations = 100
Required Accuracy = 1le-10
Initial Value of Root
Real Pait Im?ginary Part

*% Qutput *x*

ierr = 0
Practical Number of Function Evaluations = 11
Root
Real Part Imaginary Part
0.809 0.588

413



4.4 SETS OF SIMULTANEOUS NONLINEAR EQUATIONS

4.4.1 ASL_dlsrds, ASL _rlsrds
A Root of a Set of Simultaneous Nonlinear Functions (Jacobian Matrix Op-
tional)

(1) Function
ASL_dlsrds or ASL_rlsrds obtains a root of a set of simultaneous nonlinear equations, either when the

Jacobian matrix is defined or when it is not defined.

(2) Usage
Double precision:
ierr = ASL_dlsrds (sub, subj, x, n, er, nev, isw, iwk, wk, dwk);
Single precision:

ierr = ASL rlsrds (sub, subj, x, n, er, nev, isw, iwk, wk, dwk);
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(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
1 sub - - Input | Name of function sub(x, n, f) that defines the
n nonlinear equations.
2 subj - - Input | Name of function subj(x, n, a) that defines
the Jacobian matrix.
3 X Dx n Input | Initial value of root
{R* } Output | Root
4 n I 1 Input | Number of simultaneous nonlinear equations
er D 1 Input | Required precision
{R} (Default value: (Unit for determining error)
X 64)
6 nev I* 2 Input | nev[0]: Maximum number of function evalu-
ations (Default value: 100xn)
nev([l]: Maximum number of Jacobian matrix
evaluations (Default value: 100xn)
Output | nev[0]: Actual number of function evalua-
tions
nev[l]: Actual number of Jacobian matrix
evaluations
7 isw I 1 Input | Input switch
isw = 0: Jacobian matrix is automatically
calculated
isw # 0: User-defined function that creates
Jacobian matrix is used
(See Notes (b))
8 iwk I* n Work | Work area
9 wk Dx See Work | Work area
{R*} Contents Size: n x (n+ 3)
10 dwk D* See Work | Work area. This array is double precision
Contents real.
Size: n X (2 xn+2)
11 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

(a) nev[0] >0
(except when 0 is entered in order to set nev|0] to the default value)
(b) nev[1] >0

(except when 0 is entered in order to set nev[1] to the default value)

(¢) er > Unit for determining error

(except when 0 is entered in order to set er to the default value)

(d) n>0

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

1500 Restriction (a), (b) or (c¢) was not Processing is performed with the default
satisfied. value set for nev[0], nev[1] or er.

3000 Restriction (d) was not satisfied.

4000 An error occurred when solving a set of Processing is aborted.
simultaneous linear equations.

4500 The solution could not be updated be-
cause nonlinearity was too strong.

5000 The solution could not be obtained before The value of x at that time is returned.
the maximum number of function evalu-
ations or maximum number of Jacobian
matrix evaluations was reached.

(6) Notes

(a) The functions should be created as follows.

If the set of simultaneous nonlinear equations is as follows:

fi(zr, -, on) =0

In(xr,--,2n) =0

then functionsub is written as follows:

void FORTRAN sub(double *x, int *n, double *f)
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If the Jacobian matrix A is defined as follows:

o, o al0], e afn * (n — 1))
Ox1 ox N .
A= : : =
ofy ... ... Ofn - -
o fe ajn—1)), -, aln—1+n*(n—1)

the functionsubj is written as follows

void FORTRAN subj(double *x, int *n, double *a)

{

a[O] = 8f1/8x1
a[(xn) — 1] = 0fn/0x1

a[(*n) * ((xn) — 1)] = 0f1/9xn

a[(xn) * (xn) — 1)] = Ofn/OxN

Example: Assume that the set of simultaneous nonlinear equations is as follows:
X1 + Zo + I3 = 0
122 + Tox3 + 2311 =0

L1X2x3 — 0
and the Jacobian matrix a is as follows:
1, 1, 1
a = I2+$3, I1+I3, X1 +.’,E2
T2X3, 173, T1T2

Then the functions are written as follows:

void FORTRAN sub(double * x, int * n, double x* f)

f[0]= x[0]+x[1]4+x[2];
f[1]= x[0]*x[1]+x[1]*x[2]+x[2]*x[0];
f[2]= x[0]*x[1]*x[2];
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(b)

}
void FORTRAN subj(double *x, int *n, double *a)

{

a0]= 1.0;
a[l]= x[1]+x[2J;
a[2]= x[1]*x[2];
a[3]= 1.0;
ald]= x[0]-+x[2];
a[5]= x[0]*x[2];
a[6]= 1.0;
a[7]= x[0]+=x[1];
a[8]= x[0]*x[1];

If isw = 0, then the subj argument is a dummy argument and no corresponding function is required.
Also, nev[1] need not be entered.

If isw # 0, then a function having the actual name specified for subj must be created and nev|[1] must
be entered.

If a default value is shown for an argument in the “Contents” column of the table in the argument
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.

Convergence is considered to have occurred for all roots or all function values when the following
relationships hold:

{]| Rootupdateamount || < er x max(1, || Rootvalue || )}
and

{]| Functionvalue ||sc< er + 64 x X || Rootvalue ||}

(7) Example

(a)

(b)

()

Problem
Solve the following set of simultaneous nonlinear equations:
10(xg —x3) =0
1—-x1=0
Input data
Function name defining function f(z) corresponding to nonlinear equations: f
x[0] = —1.2, x[1] = 1.0, n = 2, er = 0.0, nev[0] = 200, nev[1] = 200 and isw = 0.
Main program
/* C interface example for ASL_dlsrds */
#include <stdio.h>
Hil i
#include <asl.h>

#ifdef cplusplus
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extern "C"

#endif

#ifdef __STDC__

void f1l(double *x,int *n,double *f)
#else

void fi(x,n,f)

double *x;

double *f;

int *n;

#endif

£[0]=10.0%(x[1]1-x[0]*x[0]1);
£[1]1=1.0-x[0];

}
#ifdef __cplusplus

}
#endif

extern "C"
{

#ifdef __cplusplus

#endif

#ifdef __STDC__

void f2(double *x,int *n,double *a)
#else

void f2(x,n,a)

double *x;

double *a;

int *n;

#endif

{

}

#ifdef __cplusplus
}

#endif

int main()

{

double *x;
int n;
double er
int nev[?j;
int isw;
int *iwk;
double *wk;
double *dwk;
int ierr;
int i;

FILE *fp;

fp = fopen( "dlsrds.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *#x* ASL_dlsrds ***\n" );
printf( "\n *x Input **\n\n" );

fscanf( fp, "%d", &nev[0] );

fscanf ( fp, "%d", &nev[1] );

fscanf( fp, "%d", &n );

iwk = ( int * )malloc((size_t) ( sizeof(int) * n ));
if ( iwk == NULL )

printf( "no enough memory for array iwk\n" );
return -1;

x = ( double *))malloc((size_t)( sizeof (double) * n ));
ULL

if( x ==

printf( "no enough memory for array x\n" );
return -1;

wk = ( double *))malloc((size_t)( sizeof (double) * (nx(n+3)) ));

if ( wk == NULL

printf( "no enough memory for array wk\n" );
return -1;

dwk = ( double *))malloc((size_t)( sizeof (double) * (n*(2*n+2)) ));

if ( dwk == NULL

printf( "no enough memory for array dwk\n" );
return -1;

fscanf( fp, "%lf", &er );
for( i=0 ; i<n ; i++ )
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fscanf( fp, "%1f", &x[i] );

%scanf( fp, "%d", &isw );

printf( "\tMaximum Number of Functions Evaluations =%6d\n", nev[0] );
printf( "\tMaximum Number of Jacobian Evaluations =%6d\n", nev[1] );
printf( "\tNumber of Nonlinear Equations =%6d\n", n );

printf( "\tRequired Accuracy =%8.3g\n", er );

printf( "\n\tInitial Value of Root \n" );

for( i=0 ; i<n ; i++ )

printf( "\t%8.3g\n", x[i] );

fclose( fp );
ierr = ASL_dlsrds(f1, f2, x, n, er, nev, isw, iwk, wk, dwk);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tPractical Number of Functions Evaluations =%6d\n", nev[0] );
printf( "\tPractical Number of Jacobian Evaluations =%6d\n", nev[1] );
printf( "\n\tRoot \n" );
for( i=0 ; i<n ; i++ )
printf( "\t%8.3g\n", x[i] );
free( x );
free( iwk );
free( wk );
free( dwk );

return O;

}
(d) Output results

%k ASL_dlsrds ***

*% Input *%
Maximum Number of Functions Evaluations = 200
Maximum Number of Jacobian Evaluations = 200
Number of Nonlinear Equations = 2
Required Accuracy = 0

Initial Value of Root

1

*% Qutput *x*

ierr = 0
Practical Number of Functions Evaluations = 66
Practical Number of Jacobian Evaluations = 0
Root

1

1

420



ASL_dlsris, ASL_rlsris
A Root of a Set of Simultaneous Nonlinear Functions (Jacobian Matrix Definition Not Required)

4.4.2 ASL_dlsris, ASL_rlsris
A Root of a Set of Simultaneous Nonlinear Functions (Jacobian Matrix Def-
inition Not Required)
(1) Function

ASL _dlsris or ASL_rlsris obtains a root of a set of simultaneous nonlinear equations, when the Jacobian

matrix is not defined.

(2) Usage
Double precision:
ierr = ASL_dlsris (sub, x, n, er, &nev, iwk, wk);
Single precision:

ierr = ASL_rlsris (sub, x, n, er, &nev, iwk, wk);
(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
1 sub - - Input | Name of function sub(x, n, f) that defines the
n nonlinear equations.
2 X Dx n Input | Initial value of root
{R* } Output | Root
3 n I 1 Input | Number of simultaneous nonlinear equations
4 er D 1 Input | Required precision
{R} (Default value:  (Unit for determining
error)x 64)
5 nev I* 1 Input | Maximum number of function evaluations
(Default value: 100xn)
Output | Actual number of function evaluations
6 iwk I* 2 X n Work | Work area
7 wk Dx See Work | Work area
{R*} Contents Size: n x (3 xn+7)
8 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) nev >0
(except when 0 is entered in order to set nev to the default value)

(b) er > Unit for determining error

(except when 0 is entered in order to set er to the default value)

(¢) n>0
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (a) or (b) was not satisfied. Processing is performed with the default

value set for nev or er.

3000 Restriction (c) was not satisfied. Processing is aborted.
4000+ i The determinant of the Jacobian matrix
is 0. That is, ¢ indicates the first (i,7)
component of the Jacobian matrix to be
0.

4500 A zero-division error occurred during the

calculation of the inverse matrix of the
Jacobian matrix or during the calculation

of the step size.

5000 The solution could not be obtained before The value of x at that time is returned.

the maximum number of function evalua-

tions was reached.

(6) Notes

(a) The functions should be created as follows.

If the set of simultaneous nonlinear equations is as follows:
fl(xlv"'va) =0

In(xr,--,2n) =0

then functionsub is written as follows:

void FORTRAN sub(double *x, int *n, double *f)

(b) If a default value is shown for an argument in the “Contents” column of the table in the argument
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.

(¢) Although a solution can be obtained even if scaling is not performed for each of the equations in the

set of simultaneous nonlinear equations, scaling should be performed to increase efficiency.
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(d) Convergence is considered to have occurred for all roots or all function values when the following

relation

{]| Rootupdateamount || < er x max(1, || Rootvalue || )}

and

{|| Functionvalue ||oo< er + 64 X ex || Rootvalue ||co }

(7) Example

ships hold:

(a) Problem

()

Solve the following set of simultaneous nonlinear equations:

10(X2

—8) =0

1 — X1 =0
(b) Input data

Function name defining function f(z) corresponding to nonlinear equations: f
x[0] = —1.2, x[1]=1.0, n=2, er=0.0 and nev=200.

Main program

/*

#include
#include
#include
#include

#ifdef
extern "

#endif
#ifdef _
void f
#else
void f
double *
double *
int *n;
#endif

C interface example for ASL_dlsris */

<stdio.h>
<stdlib.h>
<math.h>
<asl.h>

_Eﬁplusplus

TDC

_STDC__
(double *x,int *n,double *f)

(x,n,f)
X;
£;

£[0]=10.0%(x[1]1-x[0]*x[0]1);

£[1]
}
#ifdef

}
#endif
int main

doub
int
doub
int
int
doub
int
int
FILE

fp = fopen( "dlsris.dat",

if(

prin
prin

tf( " **%x ASL_dlsris ***\n" );
tf( "\n ** Input **\n\n" );
fscanf( fp, "%d", &m );
fscanf( fp, "%d", &nn );
fscanf( fp, "%1lf", &ddps );

iwk
if(
{

=1.0-x[0];
cplusplus

O

le *x;

nn;

le ddps;

m;

*xiwk;

le *wk;
ierr;
i,nwk;
*fp;

fp == NULL )

printf( "file open error\n" );

return -1;

= ( int * )malloc((size_t) ( sizeof(int) * (2*nn) ));
NULL )

iwk ==

printf( "no enough memory for array iwk\n" );

return -1;

yn );
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x = ( double * )malloc((size_t) ( sizeof(double) * nn ));
if( x == NULL )

printf( "no enough memory for array x\n" );
return -1;

nwk=nn* (3*nn+7) ;
wk = ( double * )malloc((size_t)( sizeof (double) * nwk ));
if ( wk == NULL )
printf( "no enough memory for array wk\n" );
return -1;
for( i=0 ; i<nn ; i++ )
fscanf( fp, "%1f", &x[i] );

printf( "\tMaximum Number of Functions Evaluations =%6d\n", m );
printf( "\tNumber of NOnlinear Evaluations =%6d\n", nn );
printf( "\tRequired Accuracy =%8.3g\n", ddps );

printf( "\n\tInitial Value of Root \n" );

for( i=0 ; i<nn ; i++ )

printf(  "\t%8.3g\n", x[i] );

fclose( fp );
ierr = ASL_dlsris(f, x, nn, ddps, &m, iwk, wk);

printf( "\n ** Qutput **\n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\tPractical Number of Functions Evaluations =%6d\n", m );
printf( "\n\tRoot \n" );

for( i=0 ; i<nn ; i++ )

printf( "\t%8.3g\n", x[i] );
free( x );
free( iwk );
free( wk );

return O;

}
(d) Output results

%k ASL_dlsris *¥*

* % Input * %
Maximum Number of Functions Evaluations = 200
Number of NOnlinear Evaluations = 2
Required Accuracy = 0

Initial Value of Root

1
** Qutput **

ierr = 0
Practical Number of Functions Evaluations = 34

Root

[
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Chapter 5
EXTREMUM PROBLEMS AND
OPTIMIZATION

5.1 INTRODUCTION

This chapter explains functions for performing minimization of a function of one variable without constraints,
minimization of a function of many variables without constraints, minimization of the sum of the squares of
a function without constraints, minimization of a constrained function of one variable, minimization of a con-
strained linear function of many variables (linear programming, mixed 0-1 programming minimal-cost flow prob-
lem, project scheduling problem and transportation problem), minimization of a quadratic function of several
variables (quadratic programming), minimization of a constrained function of several variables (nonlinear pro-
gramming) and distance minimization on a graph (shortest path problem).

This library provides the following function for minimizing a function of one variable with no constraints.

(1) Minimization of a function of one variable

This function searches for the minimum value of a function of one variable by starting from a given initial point.

This library provides the following functions for minimizing a function of many variables with no constraints.
(1) Minimization of a function of many variables (derivative definition unnecessary)
(2) Minimization of a function of many variables (derivative definition required)

These functions search for the minimum value of a function of many variables by starting from a given initial
point. If the user cannot provide a function that calculates the gradient vector of the function, then the user
can use the function for which the derivative definition is unnecessary. If the user can provide a function that
calculates the gradient vector of the function, then the function for which the derivative definition is required will
obtain better results.

This library provides the following function for minimizing the sum of the squares of a function with no

constraints.
(1) Nonlinear least squares method (derivative function unnecessary)

This function searches for the minimum value of the sum of the squares of a function of m variables, by starting
from a given initial point. The user need not provide a function that calculates the Jacobian matrix of the
function.

This library provides the following function for minimizing a function of one variable with constraints.
(1) Minimization of a function of one variable (interval specified)

This function searches for the minimum value of a function of one variable within a given interval.

This library provides the following functions for minimizing a constrained linear function of several variables.

(1) Minimization of a constrained linear function of several variables (linear constraints)
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(2) Minimization of a constrained linear function of several variables including 0-1 variables (linear constraints)
(3) Minimization of cost for flow in a network
(4) Minimization of cost for project scheduling
)

(5) Minimization of cost for transportation from supply place to demand place

These functions searches for the minimum value of a linear function of several variables within the given linear
constraints (Linear programming, mixed 0-1 programming and minimal-cost flow problem).

This library provides the following functions for minimizing a quadratic function of several variables.

(1) Minimization of a constrained convex quadratic function of several variables (linear constraints)

(2) Minimization of a constrained generalized convex quadratic function of several variables (linear constraints)
(3) Minimization of an unconstrained 0-1 quadratic function of several variables

These functions search for the minimum value of a quadratic function of several variables within the given linear
constraints (Quadratic programming).

This library provides the following function for minimizing a constrained function of several variables.
(1) Minimization of a constrained function of several variables (nonlinear constraints)

This function searches for the minimum value of a function of several variables within the given nonlinear con-
straints (Nonlinear programming).

This library provides the following functions for distance minimization on a graph.
(1) Distance minimization for a given node to the other nodes on a graph

(2) Distance minimization for all sets of two nodes on a graph

(3) Distance minimization for two nodes on a graph

These functions search minimum distance for the nodes on a graph. (Shortest path problem).
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Notes

5.1.1 Notes
(1) The search starting point should be located as close as possible to exact solution.

(2) An appropriate value for the required precision is on the order of the square root of the unit for determining

error.

(3) When minimizing a function of many variables, scaling should be performed so that the contribution to
the function value from each of the variables is on the same order. For example, if the problem is similar
to f(z) = 1000023 + 23, then better results will be obtained by transforming the variables according to

y1 = 100z1, y2 = 2 so that the problem becomes h(y) = 3% + v3.
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Algorithms Used

5.1.2 Algorithms Used

5.1.2.1 Minimization of a function of one variable

This algorithm uses a combination of the golden section search method and successive parabolic interpolation.

The search begins with a golden section search and switches to successive parabolic interpolation when possible.
This algorithm is based on algorithms created by Brent (1973).

(1)

Golden section search
The algorithm for reducing the interval according to a golden section is described below.

Assume that the interval to be reduced is [a,b] and that the function value f(z) is calculated at a single

a
point  within the interval (a < x < b). If ¢ = is the midpoint of the interval, then for x < ¢, the

3—+5
2\/_. If f(x) < f(u), thenb=u
is set; otherwise, a =  and x = w are set. For x > ¢, a similar procedure is followed. In this way, since the

function value f(u)is calculated at the point u = 2+ r(b— ) where r =

previously calculated function value can be used, the function should be calculated once for each reduction
of the interval. If x = a + r(b — a) is taken initially, then the interval will continue to be reduced at a fixed
rate of 1 —r.

This algorithm converges with order 1.

Successive parabolic interpolation

The algorithm for reducing the interval according to successive parabolic interpolation is described below.
Assume that the interval to be reduced is [a, b]. If function values have been calculated at three points v, w
and z, then a parabola is created that passes through the three points (v, f(v)), (w, f(w)) and (z, f(z)), and
the X coordinate of its vertex is assumed to be u. For x < w, if f(z) < f(u), then b = u is set; otherwise
a =z and x = u are set. For x > u, a similar procedure is followed.

If f”(x) > 0 at the extremum and if the interpolation begins with a sufficiently good approximation, then

it has been proven that the algorithm converges with order 1.324 - - -.

Switch from the golden section search to successive parabolic interpolation

When a new function value is calculated, v, w and x are updated to be the three points having the smallest
function values among the function values calculated up to that time. If possible, the X coordinate u of
the vertex of the parabola described above is calculated, and if the following condition is satisfied, then the

algorithm switches from the golden section search to sequential parabolic interpolation.

a<u<b
b—a
2

|z —u|<

Convergence decision

If the required precision is e,, then convergence is determined according to the following condition:

max(b—z,x —a) < 2e, max(1,| z |)

Enclosure

Minimization without constraints is achieved by an enclosure operation that obtains an interval including
the minimum point by beginning from an arbitrary starting point.

This algorithm is explained below.

(a) Obtain the direction of inclination at the starting point a.
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(b) Let the enclosure point b be at a distance D = max(y/e | « |, 1.0, 2e, | « |) in the direction of inclination.

(c) If the function value at point b is less than the function value at point a, then a decision is made that
there is no minimum point, point b is assumed to be point z, and a new point b is set to enclose a
wider interval extending to a width of (3 — r)(z — a) from point a. In this way, the ratiob—a: 2z —a
becomes the golden section ratio, that is, b—a : x —a =1 : r. If the function value at point b is greater
than the function value at point a, then since there is a minimum point in the interval [a, b], the search

will begin in this interval.

(d) If the function value at point b is less than the function value at point z, then point z is assumed to
be point a, point b is assumed to be point z, and a new point b is taken at a distance of (3 —r)(x — a)
from point a. The actions described in iv. are performed repeatedly in this way.

If the function value at point b is greater than the function value at point z, then the search will begin
in the interval [a,b]. At this time, a function value obtained in the enclosure can be used by letting
point = be the point where the function value is calculated in the golden section search.

a

P

Whenf(x) O f (b) | | |

|
a

=< —
o

5.1.2.2 Minimization of a function of many variables

Given a function f(x) of n variables, the problem is to obtain a value x for which f(x) is a minimum. This value
of & will be the solution of the equation V f(x) = 0. To solve this equation, the algorithm assumes that @¢ is the
starting point and sequentially corrects an approximate solution.

Now, the search proceeds to the solution value @ by repeatedly attempting to obtain a next corrected solution

@’. The correction vector d of Newton’s method is given by the following equation:
d=—Hg

where g is the gradient vector g = V7 f(x) and H is the inverse matrix of the Hessian matrix B = V2 f(z). (The
notation 7 indicates the transpose.) Actually, d is taken to be the direction vector and the solution is corrected

by performing a rectilinear search according to the following equation:
=z +ad

This method that sequentially updates an approximate solution without directly calculating H is called a quasi-
Newton method. The value « is determined by the rectilinear search described in (b).

(1) Calculating the inverse matrix H of the Hessian matrix
Although various formulas for updating H have been proposed, this function algorithm uses the BFGS
formula proposed by Broyden, Fletcher, Goldfarb, and Shanno.

The unit matrix F is taken as the initial value of H, and this is then updated by the following formula:

T ~6T 56T
! _ L -
= {E 5T7}H{E T B e
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where:

§ = ' -z
v o= Vi) - V()
(2) Rectilinear search

Since a precise rectilinear search is not very efficient, Armijo’s method is used. This method obtains the

smallest nonnegative integer m for which the following condition is satisfied:
f(x+ " aod) — f(x) < BT ooV f(x)d

and sets @ = ™ ag, where ap > 0,0 < S <land 0 < p < 1.

(3) Convergence decision

Convergence is determined according to the following condition, where @’ is assumed to be the solution.

IVTf(@")|loo < & or
(l#" — || < e and a problem occurred during the previous modification)
or

& — il < e max(L, [[2/]|) and [V f(2)] < 26,

where ¢ is the unit for determining error, e, is the required precision, and ||z||. = max | z; |.
K3

5.1.2.3 Nonlinear least square method

Given m functions fi(x), -, fm(x) of n variables, the problem is to obtain a value @ for which the sum of the
squares of the functions:

m

S(@) =) filz)’ = | f(@)?
i=1
is a minimum, where f(x) is a vector value function having components fi(x), -, fi(2) and ||| = VaTx (the

notation T indicates the transpose).

To solve this problem, it is necessary to solve the equations 8_5 = 0. To obtain a solution, a search is begun from
an initial value @y, and Powell’s hybrid method is used to se(ilentially correct the solution value.

The hybrid method blends a steepest descent solution and the Gauss-Newton solution of a linearized model
depending on the nonlinearity of the function. An independence check always is performed for the correction
vector so that approximate solutions do not end up being confined within a subspace. Also, function information

is used to make corrections without directly calculating the Jacobian matrix.

(1) Correction vector Az calculation

The model in which f is linearized is as follows:

Sp(x + Azx) = ||f(x) + AAz|?

0
where A is the Jacobian matrix of of f.
x
The steepest descent solution of this model Az is given by:

6]

AEL‘S =
| Ab][?

b
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where b = — AT f(x).
The Gauss-Newton solution Az is obtained by solving the normal equation:

ATAAx =b

This function uses the linear least squares method’s QR decomposition algorithm to solve this equation.

It has been provided that, in general, the following relationship holds:
[Azs| < [[Azg]|

These two solutions are blended as follows according to the step size d, which is determined depending to

the nonlinearity of the function.

(a) If d < ||Azg]|, then:

ACL‘S
[Azs|

(b) If |Azs|| < d < ||Azg]|, (See Figure 5—1) then:

Az =d

Az = alAxg + fAzg  (a>0,6>0,|Az| = d)

Figure 5—-1

0O Xe

g X '
° Uo xHod

(c) If |[Azg| < d
Ax = Axg

(2) Step size d modification
The initial value of the step size is assumed to be d = ||Axg||. Thereafter, if the nonlinearity of the function

is strong, then the step size is decreased; if the function is nearly linear, then the step size is increased.

To measure the degree of nonlinearity, the ratio r = is used where the amount of change for the linear

L
model is represented by:

ASL = ASL(CL’ + A.’B) — SL(CL')
and the actual amount of change is represented by:
AS = S(x+ Ax) — S(x)

(a) If r < 0.1, then nonlinearity is considered to be strong and d is reduced by half.
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(3)

(b) If » > 0.1, then A, which is the rate of increase of d, is calculated as follows:
ASy,

Sp + \/(512;, — Sg(r—0.1)ASy)

where, for ¢ f defined as:

O0f = f(x+ Azx) — (f(x) + AAx)

M =1.0-(r—0.1)

Sp and Sg are as follows:

Z | filz + Az)df; |

=1
Ss = |l6fI

Actually, to prevent the value of d from oscillating, d is increased only when an increase is required

Sp

two times consecutively. Also, the rate of increase is held to at most 2. The actual rate of increase

is calculated as follows:

g = min(2,\,7)
A

T = =
W

where the initial value for 7 is 1, and 1 is reset whenever a reduction of d is required.
In addition, an upper limit dy,.x and lower limit dni, are set for d and d is controlled so that it falls

between these values.

Correction vector independence check

To correct the Jacobian matrix efficiently, the correction vectors that are taken sequentially must be nearly
mutually orthogonal. Therefore, an original independence concept is defined according to a hybrid method,
and the correction vectors are controlled so that they are taken in directions that are as independent as
possible. A vector p is said to be independent of the i vectors (p;,py,---,p;) if p forms an angle of at
least 30 degrees with an arbitrary vector of the space defined by these i vectors. The calculation for this
independence test conceived by Powell is as follows.

n mutually independent vectors from the vectors used to correct the Jacobian matrix during the past 2 x n
iterations are made to be orthogonal and are stored in Q = (w1,wsa, -+, wy). The array j of size n is used
to store information indicating the number of iterations earlier in which w; was the correction vector. That
is, this information indicates that w; is the vector that was taken j; iterations earlier. € is initialized as the
unit matrix, and j is initialized with values j;, =n—i+4+1 for (i=1,---,n).

When a solution is corrected, the following steps are performed.

(a) When Az = Azxg
Regardless of its independence, Ax is taken as the correction vector.
(b) When Az = Az does not occur
If j1 < 2n or if Az is independent of (wo,ws,---,w,), then Ax is taken as the correction vector.

Otherwise, the solution is not corrected.

Calculation of Jacobian matrix A
The Jacobian matrix is obtained according to a difference only for the first iteration, and thereafter, it is
sequentially updated. This method, which was devised by Broyden, calculates the Jacobian matrix according
to the following equation:

AxT

A =A45f—"—
| Az?
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However, if ||Az|| < dmin or if j1 = 2n and Az is not independent of (w2, ws, - -

set.

Revision of Q and j
Q) and j are revised as follows.

When Az = dyi,wi has been set, the following values should be set:

wi = wiyr for (i=1,---,n—1)
Wn = wi

ji = Jitit+1 for i=1,---,n—1)
Jn = 1

Otherwise, the following is performed.

,Wn), then Az = dpipwy is

The minimum value k is obtained for which (wg1,wkt2, -, wn, Ax) are mutually independent.
(W1, Wk—1, Wkt1, Wkt2,** *,wWn, Ax) are made to be orthogonal, and these are again assumed to be
(w1,wa, -, wy). The following values are then set:

ji = ji+1lfor (i=1,---,k—1)

Ji = Jit1+1 for (i=k,-- n—1)

In this way, the relationship j; < 2n always holds.

Convergence decision

Convergence is assumed to have occurred when the following relationship holds and x + Ax is assumed to

be the solution:
|AT]|as < e max(1, @ + Az|)

where e, is the required relative precision, and:

)0 = masx | 2 |

5.1.2.4 Minimization of a constrained linear function of several variables (linear constraints)

When a linear function f(x) of several variables related to a vector @ of dimension n is given as follows together

with m linear constraints and the domain of vector x, this algorithm deals with a problem (linear programming

problem) that obtains the vector & of dimension n that satisfies the linear constraints and minimizes f(x).

f(x) = ¢’z — min

Linear constraints: alz =b; for (i=1,2,---,m¢)
alz < b, for (i=me+1,me+2, -, Mpe)
alz > b, for (i=mpe+1,Mmpe+2,---,m)
Domain of x: d<zx<u

0<me <mpe <m

Here, ¢, a;,d and u are each constant vectors of dimension n, and (b;) is a constant vector of degree m. These

are fixed by the problem.

Although an inequality is used for vectors such as d < x, this is used to mean that the inequality holds for each
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element of the vector.
To solve a linear programming problem, this library provides functions that use the modified simplex method to
handle cases in which the matrix A = (a;;) that assigns the constraints is a dense matrix and functions that use
the interior point method to handle cases in which A is a sparse matrix.

First, the modified simplex method is explained. By adding new variables X;, the inequality constraints
a;fras < b; can be converted to a;fras + X; = b; and a;fras > b; can be converted to a?az — X, = b;. These variables
are called a slack variables. By introducing slack variables, the constraints can all be represented by an equality

as follows.

Linear constraints: Ax' =b

Domain of &1 d <&’ </

Here, A is an n x (n+m —m,) matrix and ', b, d’ and u’ are vectors of dimension n +m — m.. Therefore, only
equality constraints are considered subsequently. To simplify the notation, let’s express «’, d’ and v’ as x, d and

u.

(1) Basic feasible solutions
The optimal solution exists among the basic feasible solutions. The simplex method obtains the optimal
solution from among the basic feasible solutions, which are a finite set. Basic feasible solutions are explained
below.
Select m linearly independent columns from the columns of matrix A and consider an m x m regular matrix
B having the selected columns as elements. Determine a transformation matrix P of order n + m — m, so

that the following are satisfied:

AP = [B|L|U]
(P'2)" = [af | o] | =f].
(Pa)" = [db | df | df).
(Pw)" = [uf |l | uf]

and represent the constraints in the following form:

Bxp+ Lx;,+Uxy = b
dp <zp <up
dr <z <wup
dy <zy <uy
Here, xp,dp and up represent vectors of dimension m; L represents an m x ¢ matrix; x,d; and up
represent vectors of dimension ¢; U represents an m X (n — me. — £) matrix; and xy,dy and uy represent

vectors of dimension n — m, — . However, £ is an integer that satisfies 0 < ¢ < n — m,. Now, when

xp,xr,xy satisfy the following conditions, then:

is called the basic feasible solution.

dp < xp <up
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Iy, :dL

ry =Uuy

B is called a basic matrix, p is called a basic variable, L and U are called nonbasic matrices, and o and

xy are called nonbasic variables.

Simplex method
The simplex method procedure is as follows.

(a) Obtain the initial feasible solution.

(b) With other nonbasic variables fixed, change a certain single variable Xy (element of x or xy) until

a certain variable z (element of p or Xx) becomes the upper or lower bound value.

(¢) When xp has become the upper or lower bound value, replace the basic variable with a nonbasic

variable.

(d) As long as the function value can get smaller, perform these operations repeatedly while selecting

various nonbasic variables z as Xjy.

This is explained concretely below.
First, obtain the initial feasible solution.
Next, obtain the nonbasic variable to be changed, X;y. Using basic and nonbasic variables, the function

value f(x) can be represented in a form that includes the constraints as follows:

fl®) = chflqugf:chngmU
g, = c¢p—cpB'L
g = h-chEU

Here, in (Pc)? = (¢ ¢b cf}), the vectors cp, cr, and ¢y are vectors of dimension m,¢ and n — me — £

respectively.

Since 7, = d, and xy = uy, elements of 1, can only be changed in the positive direction and elements
of &y can only be changed in the negative direction. Therefore, the function value f(x) can be reduced
only when a certain element of g; is negative or a certain element of g;; is positive. When there is no such
element, the current value x is the optimal solution. The element of g;; or g;, that satisfies this condition
and has the largest absolute value becomes the element I N to be changed.

At this time, the variable x (element of xp or X;x) to be changed to the upper or lower bound value is
as follows. When the nonbasic variable Xy is changed, if X7y is assumed to be an element of X, the
following relationships hold while the constraints are satisfied. Here, a;n is the IN-th column of A (this

differs from the a mentioned earlier), and A is the amount of change in Xy (A > 0).

dp

dry < Xin+A <urn

IN

rp — B_la[NA <up

When A is changed, the first variable z (element of xp or X;y) for which the above relationship is not
satisfied becomes the variable to be changed to the upper or lower bound value. If x5 is an element of x,

the following relationship holds instead of the one shown above.

dp < xzp+BlajynA <up
diny < Xin—A <urn
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The amount of decrease of f(x) at this time is as follows. Assume the updated f(z) is f(z’).

f@&)= f(x)+ginA (When Xy is an element of 1, gy <0)
f(@)= f(z)—gnA (When X,y is an element of zy, grn > 0)

Finally, replace elements of B, L and U to match the change in the variable value.
If the above operations are performed repeatedly until there is no more X;y that can be selected, the

optimal solution is obtained.

(3) Revised simplex method
The revised simplex method improves the handling of the basic matrix and the method of selecting the
variable to be entered in the basis so that computations can be performed efficiently.
The greatest distinguishing feature of the revised simplex method is that uses an eta matrix Ej, which is

defined in the following form, when updating the basic matrix Bi_; to Bj.

1 Bl 1 oam
0
1
B, = B];_ll a;n(OUT)
1
0
i Bl ¢ oamn 1]

(OUT: Subscript of basic variable to be changed to the upper or lower bound value)
(a;n(OUT) : OUT-th element of ajy)
Updating is performed according to By = Bi_1 Ek.

Next, the interior point method is explained.

(1) Form of problems handled by the interior point method

The interior point method handles problems that were formulated as follows so that the lower limit value

of © is 0.

f(z) = ¢’z — min

Linear constraint Ax =1b (5.1)
Domain of @ 0<zx<u
Here, A is an m x n matrix that assigns m constraints for the n-dimensional vector & = (z1,22,...,2,)T.

The general linear programming problem that was handled by the modified simplex method can be expressed
in the form shown in (5.1) by a translation in the & space and the introduction of slack variables. Although
there are numerous types of algorithms that are classified as interior point methods, this library uses a

method in which an affine transformation is performed.
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(2)

Optimal solution search in the interior point method

While the simplex method searches for an optimal solution from within the basic feasible solutions corre-
sponding to the vertices of the feasible region S, the interior point method starts from the interior of the
feasible region and searches for an optimal solution while varying the solution in the direction that reduces

the objective function.

When x(%) is a feasible solution, the interior point method searches in the direction of the direction vector
d™® for which the reduction rate of the objective vector is the greatest among the vectors d™® for which
) = z®) 4 1d®) g feasible and ¢Tz*+) < Tx®) i satisfied. Here, t is called the step size. If the
constraint is not taken into account, the direction that reduces the objective function value ¢ -  the most
is the —c direction. Actually, since the constraint Axz*+t1) = A(x(*) 4 td(k)) = b must be satisfied, the
direction for which —e is projected onto the subspace {z|Axz = 0} of S should be taken as the d™ direction.

Big-M method

To search for the optimal solution according to the interior point method, an interior point of the feasible
region, that is, an initial solution (®) which is inside the feasible region and not on the boundary, is required
as the search starting point. However, the method of obtaining this kind of initial solution is not self-evident.
Therefore, this library uses a method called the Big-M method to calculate the feasible solutions and optimal

solution simultaneously. First, introduce m artificial variables as the vector

T
' = (Tpg1,Tng2, - Tngm)
and formulate a linear programming problem of n + m variables as follows.

f(x,2") = ¢z + Mz’ — min

Linear constraint Az + Az’ =b

5.2
Domain of « 0<z<u (5.2)
Domain of x’ o<z
If we define the m x m matrix A = (@i;) (1 <i,5 <m) for an arbitrary 20 — (;16§0)7;16g0)7 - .,x%O))T by
G — D ket aikw,(f) (when i = j)
K 0 (when i # 7)

then

lf};@@wy,”ﬂmLLmJF
T

clearly is a feasible solution of (5.2). If a sufficiently large positive number is taken for the parameter M,
then as the objective function f(z,z’) of (5.2) with the artificial variables 2’ = (2,2}, ...,2m,)" is reduced
according to the interior method, the artificial variable term Mz’ quickly approaches zero. This means
that each artificial variable rapidly approaches zero. When the various artificial variables are sufficiently
close to zero, the portion of the feasible solution of (5.2) excluding the artificial variables is viewed as a
feasible solution of (5.1). As the objective function f(z,z’) is further reduced, the ¢Ta term will be reduced.
Therefore, the portion of the optimal solution of (5.2) excluding the artificial variables ultimately will be
an optimal feasible solution of (5.1). If the artificial variables do not become sufficiently close to zero in the

optimal solution of (5.2), that is if the following relationship holds for a given small positive number €4,

/
(max {Jan,[} > ea
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the problem in (5.1) is considered to be infeasible.

In the following explanations, artificial variables are considered to already have been incorporated in (5.1).

Determining the search direction according to an affine transformation

In the method of determining the search direction of the optimal solution described above, when (*) is near
the center of 9, since the step size ¢ is taken sufficiently large, the value of the objective function can be
significantly reduced. However, when 2*) is near the boundary of S, since a large step size cannot be taken,
the objective function is not sufficiently reduced. Therefore, a transformation is performed for the variable
@ so that the current solution &*) becomes sufficiently distant from the boundary of the feasible region S’ in
the post-transformation space. Then, the solution is updated so that the objective function is significantly
reduced, and the inverse transformation is performed for the new solution in the pre-transformation space

that was obtained to get (*+1). For this purpose, the affine transformation
y=D") "

is performed according to the following diagonal matrix that is defined for the current solution a®).

,’Egk) 0
(k)
Dk _ T2
0 ;cSP
It is clear that =(*) in the pre-transformation space is shifted to(1,1,...,1)*. The original linear program-

ming problem is expressed as follows in the y space.

fly) = é(k)Ty — min

Linear constraint A®y =b
Domain of y 0<y< a®
Here,
AR — Ap®)
and
&’ — pk)e

~(k
The direction d( ) that maximizes the reduction rate of the objective function in this problem is the direction

(k)

for which —¢'"’ is projected onto the subspace {y|/i(k)y = 0}. Since this projection is given by the

transformation matrix expressed as follows

P = 1 — (A9)T (AW (A0)T) 1 AW
the search direction will be

a® — _pwe®

However, since this search direction has the following relationship with the search direction d® for the

original variable

d® — p® g
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(7)

the search direction in the original space is given by
d® — _ pk) pk)ak) _ —(DWN2 (I — AT(AD™)2AT) L A(DW)?)e

Although the inverse matrix calculation is included in this formula, the actual calculations first solve the

following simultaneous linear equations to obtain w(*)
(A(D¥)2ATYw®) = A(D®))2e

and the search direction d®) can be determined as
d® — —(D™)2(c — ATw®)

Determining the step size

Points on the straight line &) + td™® (t > 0) given by the search direction d™® that was determined as
described above will satisfy the constraint,

Ax =0b

and the objective function will decrease monotonically for increases in the step size t. However, since the

variable x is not permitted to leave the variable domain 0 < x < u, the maximum value that can be taken

(k)
dj > 0}}

Actually, since the search cannot continue if the boundary of the feasible region is reached, the value ¢(*)

for the step size ¢t will be as follows.

2 uj — M
tmax = min { min e d® <0% min{ -7
_dg_ )| d;k)

given by where the parameter « satisfying 0 < o < 1 will be the step size for (*), and the new solution
x(*+1) will be given by

2 FHD) — () 40 g

Replacing the upper and lower limits of the variable

If any variable approaches the lower limit during the search for the optimal solution, the affine transformation
described earlier is effective. However, if the variable approaches the upper limit, the same method cannot
be used. Therefore, if the variable x; approaches its upper limit u;, this function replaces the upper and

lower limits of the variable by performing the following transformations.

Tj <= Uj — T

Uj < Uj

Cj — —Cj

bi < bl — Qi U; (Z N 2, ,’ITL)
aij aij (1=1,2,...,m)

Checking the residual for the constraint

While repeating the iterative calculations for finding the optimal solution, the residual ||Axz — b|| for the

constraint may become large because of calculation error. Once the residual becomes large, subsequent
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calculations are meaningless. To prevent this, a check is performed every ¢-th iteration to determine if the

following relationship is satisfied
|Az™® — b|| < ¢,

for a given positive number €,. If it is not satisfied, the search for the optimal solution is started over again

from the beginning by recalculating the matrix A of problem (5.2) with

’

l x 1 = @0 200 a0 11, )T
X

as the initial solution.

(8) Determining convergence
When the following relationship is satisfied

Taph—1) _ (T p®)

1+ |leTz®)||

<ec

the (®) values are considered to converge to the optimal solution. ec is the parameter for determining
convergence.
5.1.2.5 Minimization of a constrained linear function of several variables including 0-1 variables

This section deals with a linear programming problem having the added condition that several of the variables

are 0-1 variables, that is, variables that take only 0 or 1 as the value (mixed 0-1 programming problem).

Objective function : f(x) = 'z —min
Linear constraints DA = b (i=1---mji=1,---,n)
Domain of x o di<zi<u; (J=no+1,---,n)
0-1 variable condition : z;=00r1 (j=1,---,n01)
(1 <ne1 <n)

The explanation below assumes that the required number of slack variables have been introduced in advance so
that only equality constraints are included as constraints.

This library uses the branch-and-bound method to solve the mixed 0-1 programming problem. he branch-and-
bound method decomposes the original problem into several partial problems and obtains the solutions of the
original problem by solving all of these partial problems. A partial problem of a mixed 0-1 programming problem

is one in which the values of several 0-1 variables are fixed at 0 or 1. This is represented as follows.

Objective function : f(x) = c'z —min
Linear constraints DA = by (i=1,---;m;j=1,---,n)
Domain of x :dj<wzj<u; (j¢S°USTUF)
0-1 variable condition : z; =0 (j € S%
zj=1 (jesh)
zj=00rl1l (jEF)

Here, S°, S', and F are the set of subscripts of 0-1 variables having values fixed at 0, the set of subscripts of
0-1 variables having values fixed at 1, and the set of subscripts of 0-1 variables having values that are not fixed,

respectively, in partial problem Pj. Now, 0-1 variables having values fixed at 0 or 1 are called fixed variables, and
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other 0-1 variables are called free variables. A partial problem is a mixed 0-1 programming problem in itself. In

particular, the partial problem having S° U S! = ¢, that is, not having fixed variables, is the original mixed 0-1

programming problem (hereafter called P;) itself. Also, the linear programming problem represented as follows

is called the relaxation problem for the original partial problem.

T

Objective function : fz) = cx —min
Linear constraints Do = b (i=1,---,m;j=1,---,n)
Domain of x codj<wxj<u; (jES°USTUF)
0-1 variable condition : z; =0 (j €S9
zj =1 (j€sh)

0<z;<1 (jEF)

The method of obtaining the solutions of P, by the branch-and-bound method is explained below.

(1) Initial settings

(a)

Partial problem list
The branch-and-bound method uses the partial problem list PLIST. In the initial state, the members
of PLIST consist only of P;, and the number of members of PLIST L is 1. L increases and decreases

as the branch-and-bound method calculations proceed.

Incumbent
In the initial state, since not even one feasible solution of P; is found, the incumbent x* is indeterminate,
and a sufficiently large positive value is set in advance as the objective function value z* for the

incumbent x*.

Pseudo cost

The initial values of the pseudo costs hy,(5) and haown(j) (j € F') to be used for updating PLIST are
set as follows. First, the revised simplex method is used to solve the relaxation problem for P;. At
this time, if the optimal solution that was obtained is represented by &, the set of subscripts of basic
variables within the optimal solution is represented by B, the set of subscripts of nonbasic variables
that take the upper bound of the domain of definition is represented by N, and the set of subscripts
of nonbasic variables that take the lower bound of the domain of definition is represented by Ngown,
the various basic variables Zp, and the objective function value f(&) are represented as follows, using

the nonbasic variables.

f@) = 2+ Y. gz— Y. G

jeNdow'n. jeNup
J_TBi = bl — E yijfj — E yijjj (Bl S B)
jeNdown jeNup

Here, Zzo, b;, ¢; and y;; are quantities obtained by the revised simplex method calculation process
when obtaining the optimal solution of the relaxation problem of P;, and the following relationship is
satisfied.

Ej Z 0 (_] S Nup U Ndown)

These quantities are used to set the initial values of hyp(p) and hgown(p)-
When p € Ny, :

hup(p)
hdown (p) = —Cp

I
o
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(2)

When p € Ngown :

hup(p) = &
haown(p) = 0
When p=B; € B :
hup(p) = min{—¢&;/yi;|yij < 0,5 € Naown — F or y;; > 0,5 € Ny — F}
haown(P) = min{¢;/yi;|yi; > 0,7 € Naown — F or y;; < 0,5 € Ny, — F'}
However, when p = B; € B, if there is no j that satisfies the condition on the right-hand side for either
hup(P) Or haown(p) (but not both), a sufficiently large positive number is set as the value. If there is

no j that satisfies the condition on the right-hand side for both A, (p) and hgewn(p), then hy,(p) and
hdown(p) are as follows:

> ey, —CilVij

up
> jeN., CilYii
hdown(p) = |Md |

where, M,,(p) and Myouwn(p) are defined as follows.

Mup(p) = {_]|y” < 0,5 € Nagown N F or Yij > 0,5 € NupﬂF}
Maown(®) = {jlyij > 0,5 € Naown N F or y;; < 0,5 € Nyp N F}

Relaxation problem

If any relaxation problem corresponding to a partial problem included in PLIST has not been solved, the
revised simplex method is used to solve it. If the optimal value g(P;) for the solutions of the relaxation
problem corresponding to partial problem P; satisfies g(P;) > z*, P; is removed from PLIST and L «+ L—1
is performed. Also, when the optimal solution is represented by &, if the value of Z; is 0 or 1 for all j € F,
the solutions of the relaxation problem are solutions of the original partial problem, and the optimal value of
the partial problem is equal to the optimal value g(P;) of the relaxation problem. At this time, if f(P;) < z*,
x* and z* are replaced by & and f(P;).

Now, a new relaxation problem must be solved when the initial settings described above are made and when
L is increased by a branching operation, which is described later. In the latter case, the last two partial
problems in PLIST are the pair of partial problems P;y, for which the branching variable z;, is fixed at
0, and P;1, for which it is fixed at 1. At this time, the pseudo costs are updated as follows by using the
optimal values of the relaxation problems obtained as described above g(P;p) and g(P;1), the optimal value

of the partial problem P; before the branching operation g(P;), and the optimal solution value Z;,.

hup(Go) = (9(Pin) —g(F))/(1 — Zj,)
hdown(jO) = (g(Ro) - g(PZ))/a_:JO

Optimal value estimate

If the branching operation, which is described later, has been performed, let K = min{K+1, L}. Otherwise,
let K/ = min{K, L}. Here, K, which is called the depth of search in the branch-and-bound method, is a
positive integer parameter that has been assigned in advance. For the last K’ partial problems P; in PLIST,

the optimal value of the relaxation problem g(P;), the optimal solution &, and the pseudo costs Ay, (j)
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and hgown(f) are used to calculate the estimate h(FP;) of the optimal value f(Py) of the partial problem as
follows:

h(Pl) - g(Pl) + Z mln{hup(])(]- - jj)? hdown(j)jj}
JEF
and the last K’ entries of PLIST are rearranged in descending order of h(F;).
Partial problem test
For the last partial problem Py in PLIST, if the basic variables Zp, (B; € B) of the optimal solution of its
relaxation problem are represented by the nonbasic variables Z; (j € Nyp U Ngown), quantities are obtained

that correspond to the quantities Zo, y;;, ¢;, and b;, which were obtained earlier when calculating the initial

values of the pseudo costs. These quantities are used to defined Z,,4,(7) and Z,,, () as follows:

Zmax(@) = bi— Y min{0,yi}(u; —dy)+ > max{0,y;}(u; — dy)

GENdoun—S° JENu,—S1
Zmin(i) = bi— Y max{0,y;}tu; —d;)+ > min{0,yi;}(u; — d)
JENdown—S° JENup—S?

and the following eight rules can be used to fix several of the free variables x;(j € F') at 0 or 1.

® Zmax(i) <1and B; € F, then zg, =0

® Zmin(i) >0and B; € F, then zp, =1

® Zmaz(t) —max{0,y;;} < dp, and j € Nyown N F, then z; =0
® Zpmaz(i) + min{0,y;;} < dp, and j € N, N F, then z; = 1

® Zmin(i) —min{0,y;;} > up, and j € Ngoyn N F, then z; =0
® Zmin(t) + max{0,y;;} > up, and j € Nyp N F, then z; =1

|&;| > 2* — g(Py) and j € Ngown N F, then z; =0

|gj| > 2* — g(Py) and j € Ny, N F, then z; =1

Now, F', S°, and S! are updated each time a variable is fixed. When all free variables have been fixed, the
partial problem Py is solved, Py is removed from PLIST, and L + L — 1 is performed. At this time, if
f(Py) < z*, * and z* are replaced by the solution of Py and f(Py). Then, processing proceeds with step
(6) according to the updated PLIST. If there are any remaining free variables that have not been fixed,

processing proceeds with the next branching operation.

Branching operation

P, is removed from PLIST. Then, one branching variable z;, is selected from the free variables that have
not been fixed by the partial problem test described above, the partial problems Pyg, for which jy was added
to S°, and Py, for which jo was added to S!, are added at the end of PLIST, and L < L + 1 is performed.
The branching variable x;, is determined here as follows.

When incumbent «* has not been obtained:

For jo, set the j € F'N B that maximizes the value of |hyy,(5)(1 — Z;) — Raown(§)Z;|. Here, & is the optimal
solution of relaxation problem of the partial problem Pj.

When incumbent «* has been obtained:

For jo, set the j € F'N B that maximizes the value of min{h,,(5)(1 — Z;), haown(J)Z; }-
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(6) Termination condition
If L = 0, processing for the branch-and-bound method terminates, and the incumbent at that time z* is
the solution of P, that is, of the original mixed 0-1 programming problem. Otherwise, processing returns
to step (2).

5.1.2.6 Minimization of cost for flow in a network

Consider a network having n vertices and m edges in which it is assumed that no loops (edges for which the tail
of the edge and head of the edge are the same vertex) exist. Directed edge k, which is represented by its tail
tail(k) and head head(k), has a nonnegative capacity uj and cost coefficient per unit flow ¢;. The minimal-cost

Figure 5—2 Edge k and its Capacity uj, and Cost Coeflicient cy,

head(K)

tail (k)

flow problem obtains the nonnegative flows xz;, (k =1,---,m) that satisfy the vertex ¢ inflow/outflow amount b,
and edge k capacity ui constraints and minimize the sum of the costs of all edges in this kind of network.

m

Objective function : chxk — min

k=1
Constraints Z T — Z T = by, (i=1,---,n)

tail(k)=i head(k)=1
OSIkgukv (k:]-vvm)

Although this is a linear programming problem to which the simplex method can be applied, a data structure
representing the tableau graphically can be created by taking advantage of the characteristics of the constraints,

and calculations involving pivoting arithmetic can be executed more efficiently.
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Figure 5—3 Network Example

1, 3‘\
Am

¢, (cost coefficient)

u, (capacity) @ - Vertex number

b'i (inflow/outfl ow amount) m : Edge number

(1) Initial feasible solution

Add vertex n+ 1 to the network to create edge k = (i,n+ 1) from vertex 4 if b; > 0 or edge k = (n+1,1) to
vertex ¢ if b; < 0. Here, a sufficiently large positive value L is set for the cost coefficient of the added edge,

oo (specifically, a sufficiently large positive value U) is set for the capacity, and b, 11 is set equal to zero.

At this time, the modified minimal-cost flow problem is as follows.

/
m

Objectivefunction chxk — min

k=1
Constraints : Z T — Z xp + sign(b;) - Tmyi = by, (=1,---,n)

tail(k)=i head(k)=1
0<ap<ug, (k=1,---,m'(=m+n))

=1

where,
c,. = L ,k:m+1,'~',m/
Uk = U
1, >0
. bl — ) -
sign(bi) { 1, b <0

From this, the initial feasible solution should be as follows:

{0 (k=1,-,m)
T =

sign(bp—m)  bk—m (k=m+1,---.m’)
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(2) Selection of a column as the pivoting column and pivoting arithmetic
If Ay is the k-th column of the coefficient matrix of the constraints and B is a basic matrix determined by
selecting an appropriate n x n regular submatrix from the coefficient matrix, then ¢ defined as follows:

Cr, = Cp— CEB_lAk
is obtained for nonbasic variable xj, and the column that satisfies the following condition:

¢ <0, forxp=0

_ (5.3)
¢, >0, for xp = uyg

is selected for one pivot column. When the pivot column k is determined, the upper bound A of the
variation of zj is equal to the maximum possible flow when flowing along the circuit j — i — p — j
passing through vertex p, which is the vertex having the maximum depth among the common ancestors of

end vertices 7 and j of edge k. The minimum value among the Ay, which are determined as follows for each

Figure 5—4 Circulation of Flow A

A A

(a) When x,=0 (b) When %= u

edge ¢ within this circuit, should be set for A.
e On edge k, Ay = uy
e If the direction of edge ¢ on the path from i to p is downward, Ay = up — xp; if it is upward, Ay = xy
e If the direction of edge ¢ on the path from j to p is downward, Ay = xy; if it is upward, Ay = ug — x4

Next, make flow amount A flow along this circuit. That is, for each edge ¢ within the circuit, perform the
following:

{ xp+ A, when directions of edge ¢ and circuit match
xy

x¢ — A, when directions of edge ¢ and circuit are opposite

and do not change the flow amount of edges not on the circuit. This is pivoting arithmetic. Also, let the new
flow amount xy of edge ¢ for which Ay, = A had been satisfied within the circuit be zero or let uy be a new
nonbasic variable x, (if multiple nonbasic variables exist, select any one of them). Repeat the processing
described. Processing terminates when there are no columns left that satisfy condition (5.3)).

5.1.2.7 Minimization of cost for project scheduling

The project which consists of two or more tasks is considered. Each task has some of the precedence tasks, and
if they all are not completed, it cannot start it. A project network expresses each task with an effective branch,
and a precedence relation is shown by minding a node.
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Each task k has a normal task time ¢ty (k) and a crash task time t(k), tx (k) and to (k) are related as follows.
tn(k) > to(k)

Also, the normal task cost ¢y (k) and crash task cost co (k) for accomplishing task k are related as follows.

en (k) < co(k)
When tn (k) > to(k), the cost ¢(k) to accomplish task k according to an intermediate task time ¢(k) can be given
by the equation:
c(k) = a(k) — b(k) x t(k)

where,
co(k) x tn(k) —en(k) x te(k) co(k) —en(k)
ty (k) — to(k) ’ ty (k) —to(k)

Now, when each task k is done by task time ¢(k), for each node i, the time for which all tasks that enter ¢ are

a(k) = b(k) =

completed and the tasks for branches leaving ¢ can start at any time E(i), which is called the earliest node time,

is obtained by the following equations:
E(1)=0
E(i) = max{E(tail(k)) + t(k) | head(k)=1i}, i=2,3,---,n

Since n represents the number of nodes, tail(k) represents the starting point of each task k and head(k) represented

the endpoint. Also, the project completion time T is obtained by the following equation:
T =FE(n)

And the time for which to complete the project at time T, by what time must the tasks that enter each node
i be completed even if they are delayed L(7), which is called the latest node time, is obtained by the following

equations:

Lin)=T
L(i) = min {L(head(k)) — t(k) | tail(k)=1i}, i=n—-1,n—2,---,1

To devise a concrete scheduling plan, first, set the scheduled completion time Ts. Tg is normally set in the

following range:
Te <Ts <Tn

The problem of completing a project within the scheduled completion time Ts according to a minimum cost can
be formulated as the following linear programming problem by setting the required time for task k as the variable

t(k) and the node time of node 7 as the variable 7(7).

Objective function : » _(a(k) — b(k) x t(k)) — min

Constraints : (k) + 7(tail(k)) — 7(head(k)) <0, k=1,2,---,n
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When the node time 7(¢) is obtained, the required time t(k) of task k can be obtained. t(k) should be set as

follows.
t(k) = min {ty(k), 7(head(k)) — 7(tail(k))}

Furthermore, the earliest node time E(i) and latest node time L(7) of each node i can be obtained.

At this time, the earliest time ES(k) that work can begin for task k, which is called the earliest start time of
task k, and the last possible time LS(k) by which work for task k& must begin, even if it is delayed, in order for
the project to be completed by T's, which is called the latest start time of task k are given as follows:

ES(k) = E(tail(k))
LS(k) = L(head(k)) — t(k)

Also, if the start of task k is delayed within a range TF(k), the project can be completed within T as long as
the schedule of the remaining tasks is properly adjusted, which is called the total float of task k, and within the
total float, even if the start of task k is delayed in a range F'F'(k), the subsequent work plan is not affected at all,
which is called the free float of task k are given as follows:

TF(k) = LS(k) — ES(k)
FF(k) = B(head(k)) — E(tail(k)) — t(k)

5.1.2.8 Minimization of cost for transportation from supply place to demand place

The transportation problem is a special problem among linear programming problems. This problem requires us
to find a route by which an article, which is a problem caused along with moving goods, is transported from a
supply site to a demand site at minimum transportation costs, and also requires us to find out the expense to
be presumed in that case. To solve this problem, settle on an initial plan in the first approximate solution and
then improve it to get to the final plan (optimal solution). This library provides the northwestern corner rule and
Houthakker’s Method as first approximate solution, and Revised Simplex Method as method of improvement.
(See “Algorithms Used” (5.1.2.4).) Here, supply quantity of supply place i is a;, demand quantity of demand
place j is b; and x;; is the volume transported from supply place ¢ to demand place j.

Constraint

n
Zwij:ai (z':l,---,m)
7j=1

Z«Tij =b (j=1,.n)
i=1
x;; >0 ( For all ¢ and j numbers)

Therefore, the total transportation cost is obtained by finding x;; that minimizes the following function.
n m

Z = E CijLij

j=11i=1

(1) First Approximate Solution(The Northwest Corner Rule, Houthakker’s Method)
The northwest corner rule distributes a minimum of resources one by one after comparing the transportation
cost, supply quantity, and demand quantity for a given unit quantity with one another from upper left of the
matrix. Houthakker’s Method distributes resources in a multiple way to a minimum of a unit transportation

cost that extends from each supply place to each demand place.
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(2) Unbalanced Transportation Problem
The total supply volume ) a; is sometimes less than the total demand volume ) b; because of a transporta-
tion problem. In this case, even if all demand volumes cannot be satisfied, a certain amount of the volume
can be distributed from supply places to demand places by a method that minimizes the total handling
cost. In this case, assume that we have a fictitious supply places that handles a total volume of >~ b;->" a;.
Assume that the cost that covers delivering one unit from the fictitious supply places to a destination is
zero. If the original shape problem is the nsxnd problem, this problem, therefore, is supposed to be solved
in the same way as a transportation problem that handles the (ns+ 1)xnd problem. If the total supply
volume of the problem is larger than the total demand volume, set up a fictitious problem in the same way.
In this case, assume a fictitious destination that satisfies Y a;-> b;. Assume that this delivery cost is zero.

Then, the following nsxnd problem is supposed to be solved for a nsx(nd + 1) problem.

5.1.2.9 Minimization of a constrained quadratic function of several variables (linear constraints)

This algorithm deals with a problem (quadratic programming problem) that minimizes the n variable objective

function:
1
M(xz)=c'x + imTG:c
under the constraints:

Tae =0, for (i=1,2,---,m,)

alz >b; for (i=mc+1,---,m)

Here, a; and ¢ are n dimensional column vectors, b; are constants, and G is an n X n positive symmetric matrix.
This library uses the GI method to solve this problem. This method was proposed by D. Goldfarb and A. Idnani.
Let J be a set consisting of several of the constraint subscripts, let the solution & that minimizes the objective
function M (x) under all of the constraints corresponding to elements of J be called the J-optimal solution, and
let the solution of the original problem be called simply the optimal solution. Also, denote the number of elements
of J by | J | and denote the nx | J | matrix having a; (i € J) as columns by A;. Furthermore, let K be the
set of all subscripts of inequality constraints and E be the set of all subscripts of equality constraints. Therefore,
when J = FUK, the J -optimal solution is the optimal solution itself. As the procedure for obtaining the optimal
solution, first let J = E'U K and let the J-optimal solution at this time be the initial solution. Add inequality
constraints that must be satisfied one at a time to J and continue to revise the J-optimal solution so that the

added constraint is satisfied. Repeatedly revise the solution until finally J = F U K.

(1) Calculate the initial solution
Obtain the J-optimal solution when J = E. When the object function is convex, the problem the obtains

the optimal solution is equivalent to obtaining & and v satisfying the Kuhn-Tucker condition:

G —Ajv; = -—c
A?;CL‘ = bJ
v, > 0 (Z S J)
Here, vy and by are | J | dimensional vectors having v; (i € J) and b; (i € J) as components, respectively.
Now, if we let:
Al = ATcta)tAle
H; = G '(I—-A4;A0)
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then x and v, are calculates as follows:

xTr

(AT])TbJ — HJC
vy = (AYG'A;) b+ Ale

Update J
If the J-optimal solution has been obtained for a certain J C K and that solution is not the optimal solution,

determine the constraint to be added to J as follows. First, if we let:
ci(r) = alx — b

then there exists at least one s ¢ J for which ¢,(x) < 0 is satisfied. Therefore, determine s according to:
cs(z) = min{c;(x)]i ¢ J} <0

Then, if a; is independent of the a; (i € J) that form the columns of Ay, let J U {s} be the new J.

Otherwise, recalculate the J-optimal solution by eliminating one element from J.

Update the J-optimal solution
After updating J by adding the following inequality constraint determined in step (b) to J:

aZm—bSZO

obtain the J-optimal solution as follows. Let x be the J-optimal solution before J was updated and let
¢i =0 (i€ J). At this time, if we set:

x=x+tHja,

then the following relationships hold for the ¢; (i € J) and ¢, defined in (b) and for v; (i € J) :

cs(®) = cs(x)+tal Hja,
Uz(i) = UZ(Q}) 7t'TZ'

where, 7; (i € J) is the é-th component of:
r = ATJas

now, if we let:

t = min{vi(m)

i

r; >0, ZEJQK}

cs(x)

ta = —
alTHjag

then in the range 0 <t <t; :

vi(®) > 0 (ieJNK)
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and when t = t5 :
cs(@) = 0

Therefore, if ¢; > to, the & when t = t, satisfies the Kuhn-Tucker condition used in (a) for constraints
corresponding to J U {s}, and this becomes the J-optimal solution after J is updated. On the other hand,

if t1 > to, one element is removed from J and the J-optimal solution is recalculated.

(4) Termination condition
If the J-optimal solution @ satisfies:

ci(x) >0

for all i € J N K, the optimal solution is assumed to be x, and the calculation ends.

5.1.2.10 Minimization of a generalized convex quadratic function of several variables (linear con-

straints)

Here we will deal with the problem of obtaining «* that minimizes the generalized convex quadratic function of

n variables

1
f(x) = —2"Gx 4+ c"x (G : positive semi-definite symmetric matrix)

2
which is the objective function under the constraints
n
Z(ai]‘l’j) = bi for (Z = 1, ce ,me)
j=1
n
Z(aijxj) > b for (i=me+1,---,m)

<
Il
-

x;, > 0 for (i=1,---,n)

and to obtain the function value f(a*) at that time. To solve this problem, the functions in this library convert
the given problem to an equivalent linear complementarity problem and solve that problem by using the Lemke
method.

The actual procedure is shown below.

(1) Creation of linear complementarity problem
First, eliminate m, variables by using the equality constraints and convert the original quadratic program-
ming problem to a quadratic programming problem for the remaining variables. Then, create an equivalent
linear complementarity problem for the new quadratic programming problem. From x = [z1, 22, -, zy],
use the equality constraints to represent xi,xs,- - -, Zm, in terms of 41, - -,y as follows.

n

T = Z (Pij:vj)—i—ri for (z’:17...’m6)

j=me+1

Using this expression, convert the given quadratic programming problem to a quadratic programming prob-

lem for (n —m,) variables &' = [y, 11, -, @n] = 2], -+, 27, ]
n—me
Constraints : (aj;z%) > b; for (i=1,---,n—m)
j=1
2, >0 for (i=1,---,n—me)
1
Objective function : f(z') = i(x’)TG’:c’ + T
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For
Me Me Me Me
Gimiome = Gij+ > (Girprs)+ > (Grjpri) + > > (psiGsiprj)
k=1 k=1 s=1t=1
Me Me Me Me
Cim. ¢+ Z(ijj,i) + Z(Gi,wk) + Z Z(Gs,tps,m)
j=1 k=1 s=1t=1
Di,j for (i:17"'am6;j:m6+13"'7n)
/ Me
a. - = . .
e aij+ Y (aikpry)  for (i=me+1,-- mij=me+1,---,n)
k=1
—r; for (i=1,---,m,)
b/ Me
! bi*Z(ai,ka) for (i=me+1,---,m)
k=1
let A" = (a};),G" = (Gj;), ()" =1[c], - ¢)_p,) and ()T =[bf,--- b, ] to create the following linear

complementarity problem where, v is the Lagrange multiplier vector for the inequality constraints.

RV YT
w A 0 v —-b
y; > 0 for (i=1,---,n—m,)

w; > 0 for (1=1,---,m)
x;, > 0 for (i=1,---,n—me)
v, > 0 for (i=1,---,m)

‘e’
N
g
3
—
e 8
[
Il
(an)

(2) Linear complementarity problem
Solve the linear complementarity problem to obtain solutions of the new quadratic programming problem
obtained by eliminating the equality constraints.

For the given n x n matrix

G —AT
A 0

T =

obtain the n-dimensional vectors  and y satisfying

y = Tx+gq (5.4)
x;, > 0 for (i=1,---,n) (5.5)
y; > 0 for (i=1,---,n) (5.6)

First, for the linear complementarity problem in (5.4), (5.5) and (5.6), define the following equation for the
(2n + 1) variables (y, x, &)

y—-Tex—di=gq

where, d is an n-dimensional constant vector for which all components are positive. Within (y, z, §), the

nonzero components are called basic variables and the others are called nonbasic variables.
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Next, let the initial solution for the equation in (5.4) be (y,x, &) = (q + d&, 0, o), where,
_ qi . _
b = max(-Bli=12.n)

n = max{—%|i:1,2,---,n}
(2

When the value of a certain basic variable becomes 0, if the basic variable at this time is ys remove y, from
the basis, insert 7 in the basis, and let n = x,. If x, is a basis variable, remove x from the basis, insert n
in the basis, and let n = ys. Repeat this processing, and terminate the calculation when that basis variable

becomes ¢&.
Also, if the value of n for which the expressions in (5.5) and (5.6) are satisfied can get infinitely large,

terminate the calculation with no solution existing.

(3) Transformation of the solution
The solution that was obtained is transformed to a solution of the original quadratic programming problem

before the equality constraints were removed.

5.1.2.11 Minimization of an unconstrained 0-1 quadratic function of several variables

This section describes the problem of minimizing quadratic functions (unconstrained 0-1 quadratic programming

problem) where every variables assumes a 0-1 variables, namely, only 0 or 1, as the value.

Objective function : f(z) = 2a’Gr+c’c — min

0-1 condition : z;=00rl1 (j=1,---,n)

This library uses the branch-and-bound method to solve the unconstrained 0-1 quadratic programming problem.

For an unconstrained 0-1 quadratic programming problem, we use a following partial problem.

The objective function : f(z) = 1a’Gz+c'z — min
The 0-1 condition cox;=0 (j € 59

zj=1 (jesh

zj=00r1l (j€F)

Here, S°, S', and F are the set of subscripts of 0-1 variables having values fixed at 0, the set of subscripts of
0-1 variables having values fixed at 1, and the set of subscripts of 0-1 variables having values that are not fixed,
respectively, in partial problem Pj. Now, 0-1 variables having values fixed at 0 or 1 are called fixed variables, and
other 0-1 variables are called free variables. A partial problem is an unconstrained 0-1 quadratic programming
problem in itself. In particular, the partial problem having S°U S' = ¢, that is, not having fixed variables, is the
original mixed 0-1 programming problem (hereafter called P;) itself.

In addition, the relaxation problem for partial problems is defined as follows:

The objective function : f(z) = 32’Gx+c’z — min
The 0-1 condition :ox; =0 (€89

zj=1 (j€sh)

0<z;<1 (jeF)

The method of obtaining the solutions of P; by the branch-and-bound method is explained below.

(1) Initial setting
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(a)

(d)

Preconditioning for coefficient matrix
To successfully solve the relaxation problem described bellow, the coefficient matrix of an objective
function must be a positive definite matrix. Using the characteristic of 0-1 variable having

=1 (it=1,...,n)

in the unconstrained 0-1 quadratic programming problem, the objective function can be rewritten into

a quadratic function with symmetric matrix in its coefficient as follows:
f(x) = %mTG’m

Where, G’ is as follows:
G = %(G + GT) + 2diag(cy, .. ., cn)

If G’ is a positive semi-definite matrix, P; has a self-evident optimal solution, as in the following.
z* =(0,0,...,0)7

If G’ is not a positive semi-definite matrix, namely, G’ has a negative eigen value, the objective function
can be rewritten into a quadratic function with a positive definite matrix G’ as the coefficient, as in
the following,

f(iL‘) — %:BTG//:B =+ (c”)T:B

by defining the following with the minimal eigen value A.,;, of G’ and positive number parameter
B(> 0):
G" =G + (|A\min| + B)diag(1,1,...,1)

1
C” = *§(|)\m1n| + B)(lv ]-7 L) 1)T

where, ( is a minimal eigen value of matrix G”. In the following explanation, the coefficient matrix
G is assumed to have been converted into a positive definite matrix in advance through this kind of

preconditioning.

Partial problem list
The branch-and-bound method uses the partial problem list PLIST. In the initial state, the members
of PLIST consist only of P;, and the number of members of PLIST L is 1. L increases and decreases

as the branch-and-bound method calculations proceed.

Incumbent solution

In contrast to the case of a mixed 0-1 programming problem, the way to use a solution whose objective
function is as small as possible is more efficient in searching the optimal solution by the branch-and-
bound method, although the existence of an executable solution is self-evident. In this library, we use
a solution obtained by two heuristic search methods, simulated annealing and tabu search, as an initial

incumbent solution.

Simulated annealing method

(@ Select an initial solution & = xy at random.
(@ Set the initial temperature to T = Tj.

® Assume z + f(xo).

@ Assume y + f(x).

® Assume T+ axT (0 <a<1).
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(® Select one subscript i(1 < i < n) at random.

@ Assume x; + 1 — z;.

If y < f(x), select a real number r € [0, 1] randomly. If r > exp(—1/T), assume z; < 1 — ;.
©® Assume z < min{y, z}.

@ Repeat processing from (@ to (@ for the specified count. Assume that z, which is ultimately
obtained, is the objective function value of the initial incumbent solution by the branch-and-bound
method.

(e) Tabu search method

(D Select an initial solution & = x¢ at random.

(@ Assume K = ¢ tabu list.

® Assume z + f(xo).

@ Assume U(z) = {u®,u® ... 4w} where ul® = (z1,...,25_ 1,1 — x4, Tiy1,...,Tn) .

(® Assume x < ming\ g u;.

©® Assume K <+ K U {a}. If the number of K’s elements exceeds the specified number, remove the
element the most previously added to K.

(@ Assume z < min{f(x), z}.

Repeat processing from @ to (7) for the specified count. Assume that z, which is ultimately
obtained, is the objective function value of the initial incumbent solution by the branch-and-bound
method.

By the tabu search method, you can obtain a workable solution, although considerable time is needed.
The computation time by the simulated annealing method is relatively short. In addition to those
search methods, this library supports a method by which a primary solution obtained by the simulated
annealing method is improved by the tabu search. If n, the number of variables, is relatively large, it is
hard to obtain an exact optimal solution by the branch-and-bound method described later. However,
in most cases, a solution obtained by a heuristic search has ample approximate accuracy. Therefore,
this library also supports a method by which any branch-and-bound method calculation is omitted

because a solution obtained by a heuristic search is used as an approximate solution as is.

(2) Lower bound value calculation

Calculate the lower bound value of an optimal value using the corresponding relaxation problem as follows:
(a) Assume that the eigen values of coefficient matrix G are A1,..., A, and the corresponding orthonor-
malized eigen vectors u(V, ... u(™.

(b) Solve the convex quadratic programming problem, which is a relaxation problem, using the G-I method,

and assume that its optimal solution is &.

(c) If free variable x;(i € F) satisfies the following, x; is fixed as zero.

_ 1 z? . _ 1| (1—2;)?
f(@)+ 5 e | S% < f@)+5 PR GIV
2 n (W) 2 n o (u”)
Dokt 5 Dokt 5

Then, assume Sp < So U {i}, F « F — {i}.

(d) If free variable x;(i € F') satisfies the following, z; is fixed as one.

1] (1= 3y)? . 1 z2
f(m) 5 n (u(k))2 sz < f(m) + 5 n (u(.k))2
P v k=1 Ar
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Then, assume Sy < S U {i}, F « F — {i}.
If some free variables are fixed by the above operation, solve the relaxation problem again and repeat
it until there are no more free variables to be newly fixed.
(e) Coordinate transformation
Define the U and U} sub sets of the space of variable & defined with
UINE):

T — T E i j?j
j=1 \/)‘j

as follows:
U; ={2| —&; =0}
=V

Ul =12y i =1)

As for the set of subscripts for an arbitrary free variable {i1,2,. ...}, if
D = min{|&||x € Nj_, (U UU},)}

is assumed,

9(@) = f(@) + —-
provides the lower bound value of a partial problem. In this library, r portions from a larger one of
those among free variables obtained form the following formula are used to calculate D.

min{z;,1 — 7;}?

()2

k15
If the optimal value g(P;) for the solutions of the relaxation problem corresponding to partial problem P;
satisfies g(P;) > z*, P; is removed from PLIST and L < L — 1 is performed. Also, when the optimal

solution is represented by &, if the value of &; is 0 or 1 for all j € F', the solutions of the relaxation problem
are solutions of the original partial problem, and the optimal value of the partial problem is equal to the
optimal value g(P;) of the relaxation problem. At this time, if f(P;) < z*, * and z* are replaced by & and
f(B).

Now, a new relaxation problem must be solved when the initial settings described above are made and when
L is increased by a branching operation, which is described later. In the latter case, the last two partial
problems in PLIST are the pair of partial problems Py, for which the branching variable z;, is fixed at 0,
and P;y, for which it is fixed at 1.

Branching operation

P, is removed from PLIST. Then, one branching variable x;, is selected from the free variables that have
not been fixed by the partial problem test described above, the partial problems Py, for which j, was added
to S°, and Py, for which jy was added to S*, are added at the end of PLIST, and L < L + 1 is performed.
The branching variable x;, is determined here as follows.

Tj— 3

2

. . 1
Jo = argmin;c g ’
After the branching operation, calculate the lower bound of the optimal value of each partial problem for

PkO and Pkl .
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(4) PLIST sorting
Assume K’ = min{K, L}. Here, K is called the “search depth in the branch-and-bound method” and is a
positive integer parameter. The last K’ portions of partial problems P;in PLIST are sorted in descending

order of the lower bound value g(F;).

(5) Partial problem test
For the last partial problem Py in PLIST, when all free variables have been fixed, the partial problem is
solved, Py is removed from PLIST, and L + L — 1 is performed. At this time, if f(Py) < 2*, * and z* are
replaced by the solution of Py and f(Py). Then, processing proceeds with step (6) according to the updated
PLIST. If there are any remaining free variables that have not been fixed, processing proceeds with the next

branching operation.

(6) Termination condition
If L = 0, processing for the branch-and-bound method terminates, and the incumbent at that time x* is
the solution of P, that is, of the original mixed 0-1 programming problem. Otherwise, processing returns
to step (2).

5.1.2.12 Minimization of a constrained function of several variables

Here, given a function f(x) of n variables, we will deal with the problem of obtaining the point &* (optimal

solution) that minimizes it based on the (m + £) given constraints

{gi(m) < 0 for i=1,---,m) 5

hi(x) = 0 for (j=1,---,0)

Global minimization generally is difficult to achieve. This library deals only with local minimization. Therefore,
in the explanation below, the term “minimization” is used only in the local sense. Similarly, the local optimal
solution x* is referred to simply as the optimal solution.

Now, if we define the penalty function 05(x) as
05(x) = [f(x)+omax(0,g1(), -, gm(®),| ha() |,---, [ he(a) [) for (5> 0)

then the following holds for an arbitrary x

Therefore, the problem of minimizing f(x) under constraints (5.7) is reduced to the problem of minimizing 65 (x)
without constraints.

0s5(x) is a strict penalty function, and if the quasi-Newton method is applied to it, the optimal solution can
be obtained theoretically. However, since f5(x) mathematically has unstable properties, this library uses an
algorithm called the sequential quadratic programming method to perform iterative improvement of a solution,

which resembles the quasi-Newton method for the Lagrange function

m

14
L@ A p) = f@)+) (hgi(@)+ > (nhi(x))

i=1 j=1

05(x) is used as the linear search evaluation function. The computation procedure is as follows.
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(1)

(5)

Partial quadratic programming problem

when the k-th approximation xj of optimal solution x* is obtained, the following quadratic programming

problem
1
Objective function : §dTBkd + Vf(xx)'d
Inequality constraints : g;(xx) + Vgi(xx)Td <0 for (i=1,---,m)
Equality constraints : hj(zk) + Vh;, (xx)Td =0 for (j=1,---,0)

which is obtained by expanding the objective function and constraints around xy, is solved, and that solution
is denoted as dj,. However, since calculating the Hessian V2 f(xy) is difficult mathematically, it is replaced
by its approximation matrix Bj in a similar manner as in the quasi-Newton method.

The Goldfarb-Idnani method is used as the algorithm for solving this quadratic programming problem.

If dj, = 0, the calculation terminates with «* = x;. The Lagrange multiplier vectors obtained here are set

to Agy1 and g .

Linear search

Search for @1 with dj, as the search direction. Start with o = 1, and if the following condition is satisfied
95(.’Bk + Oékdk) < Gg(a:k) — wozkngkdk

proceed to the processing in (c). If the condition is not satisfied, repeatedly replace oy so that Tay — ai

until the condition is satisfied.

Updating of xy

Trpt1 = T+ ogpdg

Updating of By,
Since the positive definite property of By is not maintained in the original BFGS formula, By is updated
by the modified BFGS formula as shown below.

Biskst Be i

Byy1 = Bp—

s{Bksk 85771@
where,

Sk = Lg4+1 — Tk

Y = VaL(@pi1, Aot 1) — Ve L(@e, Apt1, i)
1 for sTy, >0.2sF

= 0.8s'B
¢ Tsk—ksk otherwise

s;. (Bksk — Yy)

Ny = Qyp+ (1 — ¢)Bysi

Termination of updating

The updating of xj, is repeated until the Karush-Kuhn-Tucker condition
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is satisfied.

5.1.2.13 Minimization of the distance between two nodes in a network

alculating the shortest path from a given node to all other nodes

1) Calculating the short th f gi de to all oth d
The Dijkstra’s method is used to obtain the shortest path from a given specified node init on graph G =
(V, E) to all other nodes and the corresponding distance. However, the branch weights are assumed to be

nonnegative.
(a) For each vertex i € V, let Distance(i) = oo, Path(i) = init, and P = ¢. For the starting point init, let
Distance(init) = 0. Also, let next = init.

(b) Let P = PU{next}. For each node j that is connected to node next, if Distance(j) > Distance(next)+
Weight(next, j), update Distance(j) = Distance(next) + Weight(next, j) and Path(j) = next.

(¢c) For each vertex i € P, select node v for which Distance(i) is the minimum. Let neat = v for that node.
(d) Repeat steps (ii) and (iii) until P = V.
(2) Calculating the shortest path between all sets of two nodes The Floyd’s method is used to obtain the shortest
path between all sets of two nodes on graph G = (V, E) and the corresponding distance.
For undirected graphs:Assume that no negative weighted branches are included.
(a) For each pair of nodes i,j € V| let Distance(i,j) = oo and Path(i,j) = i.
(b) For each pair of nodes 1, j, if Distance(i,j) > Distance(i, k) + Distance(k, j), update Distance(i,j) =
Distance(i, k) + Distance(k, j) and Path(i,j) = k.
(¢) Repeat step (ii) for k=1,...,n.
For directed graphs:Assume that negative weighted branches are included but cycles with negative lengths
are not included.
(a) For each pair of nodes i,j € V, let Distance(i,j) = co and Path(i,j) = 0.
(b) For each pair of nodes 4, j € V, if Distance(i, j) > Distance(i, k)+ Distance(k, j), update Distance(i, j) =
Distance(i, k) + Distance(k, j) and Path(i,j) = k.
(¢) If Distance(i,i) is negative, interrupt processing since no solution exists. Otherwise, repeat step (ii)

fork=1,...,n.

(3) Calculating the shortest path between two nodes
The Dijkstra’s method described above is applied to obtain the shortest path between two nodes on graph

G = (V, E) and the corresponding distance. However, the branch weights are assumed to be nonnegative.

(a) For each vertex i € V, let Distance(i) = oo, Path(i) = 0, and P = j. For the starting point init, let

Distance(init) = 0. Also, let next = init.

(b) Let P = P Unext. For each node j that is connected to node next, if Distance(j) > D(next) +
Weight(next, j), update Distance(j) = D(next) + Weight(next, j) and Path(j) = next.
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(c) For each vertex i € P, select node v for which Distance(i) is the minimum. Let next = v for that node.

(d) Repeat steps (ii) and (iii) until next = end.
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5.2 MINIMIZATION OF A FUNCTION OF ONE VARIABLE WITH-
OUT CONSTRAINTS

5.2.1 ASL_dmuusn, ASL_rmuusn
Minimization of a Function of One Variable

(1) Function

ASL_dmuusn or ASL_rmuusn searches for the minimum value of a function f(x) of one variable.

(2) Usage
Double precision:
ierr = ASL_dmuusn (f, &x, er, &nev, &y);
Single precision:

ierr = ASL_rmuusn (f, &x, er, &nev, &y);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
Argument and Input
No. SHIMCLE an Type Size nput/ Contents
Return Value Output
1 f D — Input | Name of function that defines the function
R f(z). (See Notes (a))
2 X D+ 1 Input | Search starting point xq
R Output | Final destination x*
3 er D 1 Input | Required precision (Default value:
R 2 x y/(Unit for determining error))
4 nev I* 1 Input | Maximum number of evaluations of function
/(@)
(Default value: 100)
Output | Actual number of function evaluations
5 y D+ 1 Output | Function value y = f(«*) at final destination
Rx z*
6 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) er > Unit for determining error

(except when 0.0 is entered in order to set er to the default value)

(b) nev >3
(except when 0.0 is entered in order to set nev to the default value)
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (a) or (b) was not satisfied. Processing is performed with the default
value set for nev or er.

4000 The enclosure operation failed. Processing is aborted.

5000 The root could not be obtained before The values of x and y at that time are
maximum number of function evaluations output and processing is aborted.
was reached.

(6) Notes

(a) This function should be created as follows.

- Function creation method:

double FORTRAN f(double *x)
{

return  (f(*x));

(b) If the search interval becomes [a, b] due to interval reduction, then convergence is determined according

to the following condition:
max(b —z,x —a) <2 X er x max(1, ]| x |).
A value on the order of the default value should be taken for er.

(¢) If a default value is shown for an argument in the “Contents” column of the table in the argument
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.

(d) If there are multiple minimum values, you cannot guarantee to which minimum value the function will

converge.

(e) The function must continuously first-order differentiable.

(f) To search for a maximum value, set the function value f(z) so that the sign will be reverse. At this
time, the value of the fifth argument y will be output with the sign reversed.

(7) Example

(a) Problem
Search for the minimum value of the function:
flz)=a(2x®>-2) -5

(b) Input data
Function name corresponding to function f(z): £

x = 1.0, er=0.0 and nev=0.
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(¢) Main program

/* C interface example for ASL_dmuusn */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

#ifdef __cplusplus
extern "C"

#endif

#ifdef __STDC__
double f(double *x)
#else

double f(x)

double *x;

?endif

return (*x)*((*x)*(*x)-2.0)-5.0;

#ifdef cplusplus

¥
#endif
int main()

double x;
double er;
int nev;

double y;
int ierr;
FILE *fp;

fp = fopen( "dmuusn.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **%* ASL_dmuusn ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &nev );

fscanf( fp, "%1f", &er );

fscanf( fp, "J%Llf", &x );

printf( "\tnev = ¥%6d\n", nev );
printf( "\ter =Y%8.3g\n", er );
printf( "\n\tInitial Value \n" );
printf( "\t x =%8.3g\n", x );

fclose( fp );
ierr = ASL_dmuusn(f, &x, er, &nev, &y);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tnev = %6d\n", nev );
printf( "\n\tSolution\n" );

printf( "\t x =%8.3g\n", x );
printf( "\n\tFunction Value\n" );
printf( "\t y =%8.3g\n", y );

return O;

}
(d) Output results

*xx ASL_dmuusn ***
** Input *x*

0
0

nev
er

Initial Value
X = 1

*% Qutput *x*

ierr = 0
nev = 23
Solution

x =

Function Value
y = -6.09
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5.3 MINIMIZATION OF A FUNCTION OF MANY VARIABLES
WITHOUT CONSTRAINTS

5.3.1 ASL_dmumqgn, ASL_rmumqgn
Minimization of a Function of Many Variables (Derivative Definition Unnec-
essary)
(1) Function
ASL_dmumgn or ASL_rmumqgn searches for the minimum value of a function f(x) of n variables.
(2) Usage
Double precision:
ierr = ASL_dmumqn (f, x, n, er, &nev, &y, wk);
Single precision:
ierr = ASL_rmumqn (f, x, n, er, &nev, &y, wk);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. FEHIMEnt atl Type Size nput/ Contents
Return Value Output
1 f D — Input | Name of function f(x) that defines the func-
R tion f(x).
(See Notes (a))
2 X D+ n Input | Search starting point xg
R Output | Final destination x*
3 n I 1 Input | Number of components n of independent
variable x
4 er D 1 Input | Required precision (Default value:
R 2 x y/(Unit for determining error))
5 nev I* 1 Input | Maximum number of evaluations of function
/(@)
(Default value: 400 x n)
Output | Actual number of function evaluations
6 v Dx 1 Output | Function value y = f(x*) at final destination
R x”
7 wk D+ See Work | Work area
R Contents Size: n x (3 xn+7)
8 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

(a) n>0

(b) er > Unit for determining error

(except when 0.0 is entered in order to set er to the default value)

(c) nev>0

(except when 0.0 is entered in order to set nev to the default value)

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (b) or (c) was not satisfied. Processing is performed with the default
value set for nev or er

3000 Restriction (a) was not satisfied. Processing is aborted.

5000 The root could not be obtained before The values of x and y at that time are
maximum number of function evaluations output and processing is aborted.
was reached.

(6) Notes

(a) This function should be created as follows.

Function creation method

double FORTRAN f(double *x)
{

return (f(*x));

(b) Convergence is determined according to the following condition, and the solution is assumed to be
T+ Ax:

[Az|| < er x max(1, || + Az]|)

and
IVf(@)] <2xer
or
IV f(2)|| < Unit for determining error
where Az is the correction vector for x and ||x| = max | @; |. Also, Vf(x), which is the gradient

vector of f(x), has components df(x)/dz;. A value on the order of the default value should be taken

for er.

(¢) If a default value is shown for an argument in the “Contents” column of the table in the argument
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.
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If the gradient vector can be calculated analytically, then it is more efficient to use the function 5.3.2
ASL_dmumgqg
ASL_rmumqg |

Scaling should be performed so that the contribution to the function value from each of the variables

is on the same order. (See Section 5.1.1)
If the gradient vector is 0 at the initial point, then that point is output as the solution.

If there is no minimum value, then processing will be continued until the maximum number of function

evaluations is reached and ierr = 5000 will be output.

If there are multiple minimum values, you cannot guarantee to which minimum value the function will

converge.
The function must continuously second-order differentiable.

To search for a maximum value, set the function value f(x) so that the sign will be reversed. At this

time, the value of the sixth argument y will be output with the sign reversed.

(7) Example

(a)

Problem

Search for the minimum value of the function
f(m) =100(z2 — 21%)* + (1 — 21)%,
using & = [—1.2,1.0]T as the initial value.

Input data
Function name corresponding to function f(x): f
x[0] = —1.2, x[1]=1.0, er=0.0 and nev=0.

Main program

/* C interface example for ASL_dmumgn */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

#ifdef __cplusplus
?xtern "c"

#endif

#ifdef __STDC__
double f(double *x)
#else

double f(x)

double *x;

#endif

double y[2];

y[01=10.0*(x[1]1-x[0]1*x[0]);
y[11=1.0-x[0];
return (y[0]l*y[0]l+y[1]1*y[11);

}
#ifdef cplusplus

¥
#endif
int main()

double *x;
int n;
double er;
int nev;
double y;
double *wk;
int ierr;
int i;

FILE *fp;
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fp = fopen( "dmumgn.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **%* ASL_dmumgn ***\n" );
printf( "\n ** Input **\n\n" );
n=2;

fscanf( fp, "%d", &nev );
fscanf( fp, "Jlf", &er );

x = ( double * )malloc((size_t)( sizeof(double) * n ));
if( x == NULL )

printf( "no enough memory for array x\n" );
return -1;

wk = ( double * )malloc((size_t)( sizeof(double) * (n*(3*n+7)) ));
if( wk == NULL )

printf( "no enough memory for array wk\n" );
return -1;

for( i=0 ; i<n ; i++ )

fscanf( fp, "JLlf", &x[i] );
}
printf( "\tn %6d\n", n );
printf( "\tnev %6d\n", nev );
printf( "\ter =Y%8.3g\n", er );

printf( "\n\tInitial Value \n" );
for( i=0 ; i<n ; i++ )

printf( "\t =x[%6d]=%8.3g\n", i,x[i] );

fclose( fp );
ierr = ASL_dmumgn(f, x, n, er, &nev, &y, wk);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tnev = %6d\n", nev );
printf( "\n\tSolution\n" );

for( i=0 ; i<n ; i++ )

printf( "\t x[%6d]=%8.3g\n", i,x[i] );

}
printf( "\n\tFunction Value\n" );
printf( "\t y =48.3g\n", y );

free( x );
free( wk );

return O;

}
(d) Output results

*k% ASL_dmumqn ***

** Input *x*

n = 2
nev = 0
er = 0
Initial Valu
x[ 0]= -1.2
x[ 1]= 1

*% Qutput *x*
ierr = 0
nev = 140
Solution

X

x[
Function Value

y =5.45e-24

0]
1]

[
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5.3.2 ASL_dmumgqg, ASL_rmumqg

Minimization of a Function of Many Variables (Derivative Definition Re-

quired)

(1) Function

ASL_dmumqg or ASL_rmumqg searches for the minimum of a function f(x) of n variables.

(2) Usage
Double precision:
ierr = ASL_dmumqg (f, subg, x, n, er, nev, &y, wk);
Single precision:
ierr = ASL_rmumqg (f, subg, x, n, er, nev, &y, wk);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex

int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size Input/ Contents
Return Value Output
1 f D - Input | Name of function f(x) that defines the func-
{R} tion f(x).
(See Notes (a))
2 subg — — Input | Name of function subg(x, g) that calculates
the gradient vector V f(x).
(See Notes (b))
3 X Dx n Input | Search starting point xg
{R*} Output | Search point final destination x*
4 n I 1 Input | Number of components n of independent
variable x
5 er D 1 Input | Required precision (Default value:
{R} 2 x /(Unit for determining error))
6 nev I* 2 Input | nev[0]: Maximum number of evaluations of
function f (Default value: 100 x n)
nev[l]: Maximum number of evaluations of
functionsubg (Default value: 100 X n)
Output | Actual number of function evaluations
7 v Dx 1 Output | Function value y = f(x*) at final destination
() -
8 wk Dx See Work | Work area
{R*} Contents Size: nx 3xn+7)
9 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

(a) n>0
(b) er > Unit for determining error

(except when 0.0 is entered in order to set er to the default value)
(c) nevii—1] >0 (i=1,2)

(except when 0.0 is entered in order to set nev[i — 1] (i = 1,2)to the default value)

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (b) or (c) was not satisfied. Processing is performed with the default
value set for nev[0], nev[1] or er
3000 Restriction (a) was not satisfied. Processing is aborted.
5000 The root could not be obtained before The values of x and y at that time are
maximum number of function evaluations output and processing is aborted.

was reached.

(6) Notes

(a) This function should be created as follows.

Function creation method

double FORTRAN f(double *x)
{

return (f(*x));

(b) This function should be created as follows.

Function creation method

void FORTRAN subg(double *x, double *g)
{

g[0] = 1st component of V f(x) = 0f(x)0x;

g[n — 1] = n st component of Vf(x) = df(x)0z,

(¢) Convergence is determined according to the following condition, and the solution is assumed to be
T+ Ax:
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|Az| < er x max(1, ||z + Az||) and |V f(x)| < 2 xer or |V f(x)|| < Unit for determining error where
Ax is the correction vector for  and ||x| = max | z; |. A value on the order of the default value
should be taken for er.

If a default value is shown for an argument in the “Contents” column of the table in the argument
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.

Scaling should be performed so that the contribution to the function value from each of the variables

is on the same order. (See Section 5.1.1)
If the gradient vector is 0 at the initial point, then that point is output as the solution.

If there is no minimum value, then processing will be continued until the maximum number of function

evaluations is reached and ierr = 5000 will be output.

If there are multiple minimum values, you cannot guarantee to which minimum value the function will

converge.
The function must continuously second-order differentiable.

To search for a maximum value, set the function value f(x) so that the sign will be reversed. At this

time, the value of the seventh argument y will be output with the sign reversed.

(7) Example

()

Problem

Search for the minimum value of the function.
f(x) =100(zo — 213)% 4+ (1 — 1)?
using ¢ = [—1.2,1.0]7 as the initial value.

Input data

Function name corresponding to function f(x): f1

Name of function which calculates the gradient vector V f(x): {2
x[0] = —1.2, x[1]=1.0, n=2, er=0.0, nev[0]=0 and nev[1]=0.

Main program

/* C interface example for ASL_dmumqg */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

#ifdef plusplus
"

extern "C

#endif

#ifdef __STDC__
double f1(double *x)
#else

double f1(x)

double *x;

#endif

double y[2];

y[01=10.0*(x[1]1-x[0]1*x[0]);
y[11=1.0-x[0];
return (y[0]l*y[0]l+y[1]1*y[11);

}

#ifdef __cplusplus
}

#endif

#ifdef __cplusplus
?xtern "c"

#endif
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#ifdef __STDC__

void f2(double *x,double *g)
#else

void £2(x,g)

double *x;

double *g;

?endif

double y[2];

y[0] = 10.0%(x[1]-x[0]*x[0]);

y[11 = 1.0-x[0];

gl0] = -2.0%(20.0%x[0]*y[0]+y[1]);
gl1] = 20.0%y[0];

}
#ifdef cplusplus

¥
#endif
int main()

double *x;
int n;
double er;
int nev[2];
double y;
double *wk;
int ierr;
int i;

FILE *fp;

fp = fopen( "dmumgg.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*kx ASL_dmumqg ***\n" );
printf( "\n ** Input **\n\n" );
n=2;
x = ( double * )malloc((size_t) ( sizeof(double) * n ));
if( x == NULL )

printf( "no enough memory for array x\n" );
return -1;

wk = ( double * )malloc((size_t)( sizeof (double) * (n*(3*n+7)) ));
if( wk == NULL )

printf( "no enough memory for array wk\n" );
return -1;

fscanf( fp, "%d", &nev[0] );
fscanf( fp, "%d", &nev[1] );
fscanf( fp, "%1f", &er );
for( i=0 ; i<n ; i++ )

fscanf( fp, "JLlf", &x[i] );

%rintf( "\tn %6d\n", n );
printf ( "\tnev[0] %6d\n", nev[0] );
printf( "\tnev[1] %6d\n", nev[1] );
printf( "\ter =%8.3g\n", er );
printf( "\n\tInitial Value\n\n" );
for( i=0 ; i<mn ; i++ )

printf( "\t x[%6d] = %8.3g\n", i,x[i] );

fclose( fp );
ierr = ASL_dmumqg(f1l, f2, x, n, er, nev, &y, wk);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tnev[0] = %6d\n", nev[0] );
printf( "\tnev[1] = %6d\n", nev[1] );
printf( "\n\tSolution\n\n" );

for( i=0 ; i<n ; i++ )

printf( "\t =x[%6d] = %8.3g\n", i,x[i] );

}
printf( "\n\tFunction Value\n\n" );
printf( "\t y = %8.3g\n", y );

free( x );
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free( wk );

return O;

(d) Output results

*xx ASL_dmumqg ***
** Input *x*

n

nev[0]

nev[1]
er

[eXeoXa] V)

Initial Value

x[ 0] = -1.2
x[ 1] = 1
** Qutput *x*

ierr = 0

nev[0] = 55

nev[1] = 36

Solution
x[ 0] = 1
x[ 1] = 1

Function Value

y = 7.66e-25
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5.4 MINIMIZATION OF THE SUM OF THE SQUARES OF A
FUNCTION WITHOUT CONSTRAINTS

5.4.1 ASL_dmussn, ASL_rmussn

Nonlinear Least Squares Method (Derivative Definition Unnecessary)

(1) Function

m

ASL_dmussn or ASL_rmussn searches for the minimum value of the sum of the squares s = Z fi(x)? of
i=1

a function of n variables, where f;(x) is the i-th component of the vector function f(x) of n variables

(i=1,--,m).

(2) Usage
Double precision:
ierr = ASL_dmussn (sub, x, n, er, &nev, y, m, &s, iwk, wk);
Single precision:

ierr = ASL_rmussn (sub, x, n, er, &nev, y, m, &s, iwk, wk);
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(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. FEUMEnt atl Type Size nput/ Contents
Return Value Output
1 sub - - Input | Name of function sub(x, y) that calculates
the function value y = f(x).
(See Notes (a))
2 X Dx n Input | Search starting point xg
R Output | Search point final destination x*
3 n I 1 Input | Number of components n of independent
variable x
4 er D 1 Input | Required precision (Default value:
R 2 x /(Unit for determining error))
5 nev I* 1 Input | Maximum number of evaluations of function
f(x) (Default value: 100 xn)
Output | Actual number of function evaluations
6 y D+ m Output | Function value y = f(a*) at final destination
R z*
7 m I 1 Input | Number of components m of dependent vari-
able y
8 s Dx 1 Output | The sum of the squares of the function at the
R final destination x™:
s=y_ fi(x")?
i=1
9 iwk I* 4xn Work | Work area
10 wk Dx See Work | Work area
R Contents Size: mx (2xn+1)+nx (n+4)
11 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) 0<n<m

(b) er > Unit for determining error
(except when 0.0 is entered in order to set er to the default value)

(c) nev>0
(except when 0.0 is entered in order to set nev to the default value)
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (b) or (c) was not satisfied. Processing is performed with the default
value set for nev or er.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 The linear least squares method could not The value of x, y, and s at that time are
be solved. output and processing is aborted.
4100 The steepest descent could not be
calculated.
4200 The solution could not be corrected 2xn
times consecutively.
5000 The values did not converge before the
given maximum number of evaluations
was reached.
(6) Notes

(a) This function should be created as follows.

(b) Convergence is determined according to the following condition, and the solution is assumed to be
T+ Ax:

Function creation method

where Ax is the correction vector for & and ||x| = max | ; |. A value on the order of the default
K2

void FORTRAN sub(double *x, double *y)

y[0] = fi(=)

ym—1] = fm(z)

[|Az| < er x max(1, |z + Az||)

value should be taken for er.

If a default value is shown for an argument in the “Contents” column of the table in the argument

section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.

Scaling should be performed so that the contribution to the function value from each of the variables

is on the same order. (See Section 5.1.1)

If there are multiple minimum values, you cannot guarantee to which minimum value the function will

converge.
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(f) The function must continuously first-order differentiable.
(7) Example

(a) Problem
Minimize s = fi(z)? + fo(x)? for the functions:

10(z2 — 22
f(aﬂ _ fl(m) _ (xQ xl)
fa(z) 1—
using x = [~1.2,1.0]T as the initial value.

(b) Input data
Name of function that calculates the function: f
x[0] = —1.2, x[1]=1.0, n=2, er=0.0, nev=0 and m=2.

(¢) Main program

/* C interface example for ASL_dmussn */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

#ifdef __cplusplus
extern "C"

#endif

#ifdef __STDC__

void  f(double *x,double *y)
#else

void  f(x,y)

double *x;

double *y;

#endif

y[01=10.0*(x[1]-x[0]*x [0]);
y[1]1=1.0-x[0];

}
#ifdef cplusplus

¥
#endif
int main()

double *x;
int n;
double er;
int nev;
double *y;
int m;
double s;
int *iwk;
double *wk;
int ierr;
int i;
FILE *fp;

fp = fopen( "dmussn.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x*x ASL_dmussn ***\n" );
printf( "\n *x Input **\n\n" );
n=2;
m=2;
iwk = ( int * )malloc((size_t)( sizeof(int) * (3*n) ));
if ( iwk == NULL )
printf( "no enough memory for array iwk\n" );
) return -1;
x = ( double * )malloc((size_t) ( sizeof(double) * n ));
%f( x == NULL )

printf( "no enough memory for array x\n" );
return -1;

= ( double * )malloc((size_t)( sizeof(double) * m ));
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if(y == NULL )

printf( "no enough memory for array y\n" );
return -1;

wk = ( double * )malloc((size_t)( sizeof (double) * (m*(2*n+1)+n*(n+4))
if( wk == NULL )

printf( "no enough memory for array wk\n" );
return -1;

fscanf( fp, "%d", &nev );
fscanf( fp, "Jlf", &er );
for( i=0 ; i<n ; i++ )

fscanf( fp, "JLlf", &x[i] );

%rintf( "\tn
printf( "\tm %6d\n", m );
printf( "\tnev %6d\n", nev );
printf( "\ter =Y%8.3g\n", er );
printf( "\n\tInitial Value \n" );
for( i=0 ; i<n ; i++ )

%6d\n", n );

printf( "\t x[%6d]=%8.3g\n", i,x[i] );

fclose( fp );
ierr = ASL_dmussn(f, x, n, er, &nev, y, m, &s, iwk, wk);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tnev = %6d\n", nev );
printf( "\n\tSolution\n" );

for( i=0 ; i<n ; i++ )

printf( "\t x[%6d]=%8.3g\n", i,x[i] );

printf( "\n\tLeast Squares\n" );
printf( "\t s =%8.3g\n", s s
printf( "\n\tFunction Value\n" );
printf( "\t y[0] =%8.3g\n", y[0] );
printf( "\t y[1] =%8.3g\n", y[1] );
free( x );

free( y );

free( iwk );

free( wk );

return O;

}
(d) Output results

*%*% ASL_dmussn ***

** Input *x*
n = 2
m = 2
nev = 0
er = 0
Initial Value
X 0]= -1.2
x[ 1]= 1

** Qutput **

ierr = 0
nev = 30
Solution
x[ 0]= 1
x[ 1]= 1

Least Squares
s =

Function Value
= 0
= 0

478



5.5 MINIMIZATION OF A FUNCTION OF ONE VARIABLE
WITH CONSTRAINTS

5.5.1 ASL_dmcusn, ASL _rmcusn
Minimization of a Function of One Variable (Interval Specified)

(1) Function
ASL_dmcusn or ASL_rmcusn searches for the minimum value of a function f(z) of one variable, within the

interval [a, b].

(2) Usage
Double precision:
ierr = ASL_dmcusn (f, ax, bx, er, &nev, &x, &y);
Single precision:

ierr = ASL_rmcusn (f, ax, bx, er, &nev, &x, &y);

(3) Arguments and Return Value

long as for 64bit Integer

D:Double precision real  Z:Double precision complex I int as for 32bit Integer
R:Single precision real C:Single precision complex '

A t and I t
No. retument an Type Size nput/ Contents
Return Value Output

1 f D — Input | Name of function that defines the function

R f(x)
(See Notes (a))

2 ax D 1 Input | Initial value a of left end of search interval
R

3 bx D 1 Input | Initial value b of right end of search interval
R

4 er D 1 Input | Required precision (Default value:
R 2 x y/(Unit for determining error))

5 nev I* 1 Input | Maximum number of evaluations of function

f(x) (Default value: 100 xn)
Output | Actual number of function evaluations

6 X Dx 1 Output | Final destination z*
Rx

7 y D« 1 Output | Function value y = f(z*) at final destination
R z*

8 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions
(a)
(b)
()

ax < bx
ax # bx

er > Unit for determining error

(except when 0.0 is entered in order to set er to the default value)

nev > 0

(d)

(except when 0.0 is entered in order to set nev to the default value)

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1200 Restriction (a) was not satisfied. Processing is performed with ax and bx
switched.
1500 Restriction (c) or (d) was not satisfied. Processing is performed with the default
value set for nev or er.
3000 Restriction (b) was not satisfied. Processing is aborted.
5000 The value did not converge before the The value of x and y at that time are out-
given maximum number of function eval- put and processing is aborted.
uations was reached.
(6) Notes

(a)

(b)

This function should be created as follows.
- Function creation method:

double FORTRAN f(double *x)
{

return  (f(*x));

If the search interval becomes [a, b] due to interval reduction, then convergence is determined according
to the following condition:

max(b—a,z —a) <2 xer x max(1l,| z |)
A value on the order of the default value should be taken for er.

If a default value is shown for an argument in the “Contents” column of the table in the section,
then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered for a

real-type argument.
If there is no minimum value, then the end point is assumed to be the solution and 0 is output for ierr.

If there are multiple minimum values, you cannot guarantee to which minimum value the function will

converge.
The function must continuously first-order differentiable.

To search for a maximum value, set the function value f(z) so that sign will be reversed. At this time,

the value of the seventh argument y will be output with the sign reversed.
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(7) Example

(a)

Problem
Search for the minimum value of the function

flz)=a(2*-2) -5
in the interval [0, 1].

Input data
Function name corresponding to function f(z): £
ax=0.0, bx=1.0, er=0.0 and nev=0.

Main program

/* C interface example for ASL_dmcusn */

#include <stdio.h>
#include <asl.h>

#ifdef plusplus
"

extern "C

#endif

#ifdef __STDC__
double f(double *x)
#else

double f(x)

double *x;

#endif

return ((kx)*((*x)*(*x)-2.0)-5.0);

#ifdef cplusplus

¥
#endif
int main()

double ax;
double bx;
double er;
int nev;

double x;
double y;
int ierr;
FILE *fp;

fp = fopen( "dmcusn.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *#x* ASL_dmcusn ***\n" );
printf( "\n *#x Input **\n\n" );

fscanf( fp, "%d", &nev );
fscanf( fp, "%lf", &er );
fscanf( fp, "%lf", &ax );
fscanf( fp, "%lf", &bx );

printf( "\tnev = %6d\n", nev );
printf( "\ter =%8.3g\n", er );

printf( "\n\tSearch Section\n" );
printf( "\t ax =/8.3g\n", ax );
printf( "\t bx =/8.3g\n", bx );

fclose( fp );
ierr = ASL_dmcusn(f, ax, bx, er, &nev, &x, &y);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\n\tnev = %6d\n", nev );
printf( "\n\tSolution\n" );

printf( "\t x =48.3g\n", x );
printf( "\n\tFunction Value\n" );
printf( "\t y =/8.3g\n", y );

return O;
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(d) Output results

%k ASL_dmcusn ***

** Input *x*

Search Section
0

bx 1
*% Qutput *x*
ierr = 0
nev = 11
Solution

x = 0.816

Function Value
y = -6.09

482



5.6 MINIMIZATION OF A CONSTRAINED LINEAR FUNCTION
OF SEVERAL VARIABLES (LINEAR PROGRAMMING)

5.6.1 ASL_dmclsn, ASL_rmclsn

Minimization of a Linear Function of Several Variables (Linear Constraints)

(1) Function

ASL_dmelsn or ASL_rmclsn obtains the & that minimized a linear function of several variables f(x) of the

n dimensional vector & = [x1,- -+, xp]" .
f(x)=clz
m constraints: Any of the following for i =1,2,---,m
o alx =1,
° alT.’B < b;
° aiTa: > b;
Domain of z :
di <z; <wu; (j=1,2,---,n)
where ¢!’ = [c1,¢2,-++,¢,] and al = [a;1,0ai2, -, a;,] are vectors of dimension n and b;, dj and u; are

constants (i = 1,2,---,m; j=1,2,--- n).

(2) Usage
Double precision:
ierr = ASL_dmclsn (a, lma, &nm, b, m, xup, xlow, c, itype, er, &nev, x, &y, isw, iwk, wk);
Single precision:

ierr = ASL_rmclsn (a, lma, &nm, b, m, xup, xlow, c, itype, er, &nev, x, &y, isw, iwk, wk);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fput/ Contents
Return Value ’ Output
1 a D« Imaxnm | Input | When isw=0, Matrix A = (a; ;)
{R*} (t=1,2,---,m; j=1,2,---,n) correspond-
ing to the constant coefficients of constraints.
(See Notes (a) and (f))

Output | Matrix corresponding to the constant coeffi-
cients of constraints modified by using slack
variables.

2 Ima I 1 Input | Adjustable dimension of array a
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No. Argument and Type Size fnput/ Contents
Return Value ’ Output
3 nm I* 1 Input | When isw=0:
n+ 2 x m, where n is the number of variables
and m is the number of constraints. (See
Notes (f))
Output | Working variable.
4 b Dx m Input | When isw=0, right-hand side of constraints
(See Notes (f))
Output | Right-hand side of constraints modified by
using slack variables.
5 m I 1 Input | Number of constraints m
6 Xup Dx nm Input | When isw=0, variable upper bounds
{R*} u=(y;) (j=1,2,,n)
(See Notes (c) and (f))
Output | variable upper bounds modified by using
slack variables.
7 xlow D+ nm Input | When isw=0, variable lower bounds
{R*} d:(dj) (j:1’27"'7n)
(See Notes (c) and (f))
Output | variable lower bounds modified by using slack
variables.
8 c D nm Input | When isw=0, function coefficients
{R*} c=(¢;) (j=1,2,---,n) (See Notes (f))
Output | function coefficients modified by using slack
variables.
9 itype I* m Input | Distinction between equality and inequality
constraints
0: aiT:B =b;
1: aiT:c < b;
—1: al'z > b;
10 er D 1 Input | Required precision (Default value :
{R} 2 x /(Unit for determining error))
11 nev I* 1 Input | Maximum number of evaluations of function
f(x) (Default value: 10x m)
Output | Actual number of function evaluations
12 X D+ nm Output | Final destination x (See Notes (b))
1)
13 y {D*} 1 Output | Function value f(x) at final destination x
Rx
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No. Argument and Type Size fnput/ Contents
Return Value ’ Output

14 isw I 1 Input | Processing switch (See Notes (1))
0: First processing
1: Continuation processing

15 iwk I* nm + m Work | Work area

16 wk Dx See Work | Work area

{R*} Contents Size: 2 x m? + nm x (7 + m)
17 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) 0 < nm,0 <m <lma
(b
(c

(d) nev > 0 (except when 0 is entered in order to set nev to the default value)

isw=0orisw=1

er > Unit for determining error (except when 0.0 is entered in order to set er to the default value)

)
)
)
)

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1500 Restriction (c) or (d) was not satisfied. Processing is performed with the default
value set for nev or er.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
4000 A basic feasible solution was not obtained.
5000 The values did not converge before the The values of x and y at that time are
given maximum number of function eval- output and processing is aborted. (See
uations was reached. Notes (h) and (i))
(6) Notes
(a) When isw=0, coefficients a;; (i = 1,2,---,m; j = 1,2,---,n) corresponding to the constants of

constraints must be set in array a as follows. Where, n is number of variables and m is number of

constraints.

(b) Values of final destination @ are set in x[0] through x[n — 1]. The remainder of array x is filled with

slack variable values and so on.

(c) If the variable upper and lower bounds have not been specifically determined, positive or negative
numbers having appropriately large absolute values must be set for the upper and lower bounds,
respectively. Since the optimal solution may not be obtained when the value of variable at destination
matches a value of upper or lower bounds set here, numbers having even larger absolute values may

have to be set for the upper and lower bounds and the calculation must be performed again.

(d) If a default value is shown for an argument in the “Contents” column of the table in the arguments
section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.

(e) Scaling should be performed so that the contribution to the function value from each variable is of the

same order. For example, if f(x) = 100x; + x2 with the constraint 200x; + 5z2 = 3, the best result
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Storage status within array a[lmaxnm]

ai,1 | al0] | ai,2 | a[lma] ais | a[(n — 1)xlma]

az;1 | a[l] | azz2 | a[lma+1] az;s | a[(n — 1)xlma+1]

as,1 | a[2] | asz2 | a[lma+2] asz;s | a[(n — 1)xlma+2] m
Ima : :

am,1 am,2 am,5

e n————— — —— —

== — == nmm-——————————————— —
Remarks

a. nm =n+ 2 X m must hold.

Figure 5—5
is obtained by performing the variable transformations y; = 100x1, y2 = x2 to set h(y) = y1 + y2 with
the constraint 2y; + 5y. = 3.

(f) Value after the constraints have been transformed are entered in a, b, xup, xlow, ¢ and nm for output.

(g) To search for the maximum value, perform a search for the minimum value of —f(x). At this time,
the value of y is the maximum value with the sign reversed.

(h) Although the value of  when ierr = 5000 is not the optimal solution, the constraint is satisfied.

(i) If ierr=5000 is returned and the number of iterations is less than the specified convergence count, the
calculation can be continued using the information calculated up to the intermediate point. To perform
this processing set 1 for the isw value, set a sufficient value for the nev value, and use the output values
of the previous execution for all other input values. Also, use the work information from the previous
execution. (See the example)

(7) Example

(a) Problem

Minimize the function:

f(.’l)) = —x1 — 3x2 + 223 + 314 — 4x5 — 224

based on:
T+ 229 +3x3 — 314 — 225 — 26 < 20
201 — 32 — x3 + 2x4 + 45 + 16 > 28
—3x1 + 2x9 + 223 + x4 + Dx5 + 226 = 40
5x1 — x2 + 3xs + 3x4 — 2205 +4x¢ = 50

0.0 < z; < 1000.0 (i = 1,2,3,4,5,6)

In this example, to illustrate the continuation processing described in Note (i), the maximum number
of evaluations nev=6 is set small enough so that ierr=>5000 is output.

(b) Input data
(First time): nm=14, m=4, er=0.0, nev=6, isw=0, lma=11, arrays a, b, xup, xlow, ¢ and itype.
(Second and subsequent times): nev=6 and isw=1.
(For other arguments, the value obtained after the previous calculation is used directly as the input

value.)
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(¢) Main program

/* C interface example for ASL_dmclsn */
#include <stdio.h>

#include <stdlib.h>

#include <asl.h>

int main()
double *a, *b, *xup, *xlow, *c, er, *x, y, *wk;
int *itype, nm, m, lma, nev, isw, *iwk, lerr;
int i, j,nn,once=0,nwk;
FILE *fp;

fp = fopen( "dmclsn.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

) return -1;

printf( " *x*% ASL_dmclsn ***\n" );
printf( "\n *x Input **\n\n" );
lma =

11;
fscanf( fp, "%d %4 %1f %d %d", &nm, &m, &er, &nev, &isw );

printf( "\tnm = %6d\tm = %6d\n", nm, m );
nn = nm-2*m;

a = ( double * )malloc((size_t)( sizeof(double) * (Ima*nm) ));
%f( a == NULL )
printf( "no enough memory for array a\n" );
) return -1;
b = ( double * )malloc((size_t)( sizeof (double) * m ));
%f( b == NULL )
printf( "no enough memory for array b\n" );
) return -1;

xup = ( double * )malloc((size_t)( sizeof (double) * nm ));

if ( xup == NULL )

printf( "no enough memory for array xup\n" );
return -1;

xlow = ( double * )malloc((size_t)( sizeof(double) * nm ));

if( xlow == NULL )

printf( "no enough memory for array xlow\n" );
return -1;

oY

'fz ¢ == NULL )

N

printf( "no enough memory for array c\n" );
return -1;

itype = ( int * )malloc((size_t)( sizeof(int) * m ));
if ( itype == NULL )

{
printf( "no enough memory for array itype\n" );
) return -1;
x = ( double * )malloc((size_t)( sizeof(double) * nm ));
%f( == NULL )

printf( "no enough memory for array x\n" );
return -1;

nwk=2*m*m+nm* (7+m) ;

wk = ( double * )malloc((size_t) ( sizeof (double) * nwk ));

if ( wk == NULL )

printf( "no enough memory for array wk\n" );

return -1;
iwk = ( int * )malloc((size_t) ( sizeof(int) * (am+m) ));
if ( iwk == NULL )

printf( "no enough memory for array iwk\n" );

return -1;
printf( "\n ** Matrix a **\n\n" );

for( i=0 ; i<m ; i++ )

printf( "\t" );
for( j=0 ; j<nn ; j++ )

fscanf( fp, "4lf", &ali+lma*j]l );
printf( "%8.3g ", alit+lmaxj] );
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}
printf( "\n" );
}

printf( "\n *x Vector b **\n\n" );
printf( "\t" );
for( i=0 ; i<m ; i++ )

fscanf( fp, "J1lf", &b[i] );
printf( "%8.3g ", blil );

}
printf( "\n" );

printf( "\n ** Vector xup **\n\n" );
printf( "\t" );
for( i=0 ; i<nn ; i++ )

fscanf( fp, "%1lf", &xupl[i] );
printf( "%8.3g ", xuplil );

}
printf( "\n" );

printf( "\n *x Vector xlow **\n\n" );
printf( "\t" );
for( i=0 ; i<nn ; i++ )

fscanf( fp, "%lf", &xlow[i] );
printf( "%8.3g ", xlow[i] );

}
printf( "\n" );

printf( "\n *x Vector c **\n\n" );
printf( "\t" );
for( i=0 ; i<nn ; i++ )

fscanf( fp, "JLlf", &clil );
printf( "%8.3g ", c[il );

}
printf( "\n" );

printf( "\n ** Vector itype **\n\n" );
printf( "\t" );
for( i=0 ; i<m ; i++ )

fscanf( fp, "%d", &itypeli] );
printf( " %6d ", itypelil );

}

printf( "\n" );

ierr = ASL_dmclsn(a, lma, &mm, b, m, xup, xlow, c, itype, er, &nev, x, &y, isw, iwk, wk);
printf( "\n ** Qutput **\n" );

printf( "\n ** First Result (isw == 0) *x\n" );
printf( "\n\tierr = %6d\n", ierr );

printf( "\n *x Vector x **\n\n" );
for( i=0 ; i<nn ; i++ )

printf( "\tx[ %6d 1 = %8.3g\n", i, x[i]l );
}
printf( "\ty = %8.3g\n", y );

loop:
fscanf( fp, "%d %d", &nev, &isw );

ierr = ASL_dmclsn(a, lma, &mm, b, m, xup, xlow, c, itype, er, &nev, x, &y, isw, iwk, wk);
printf( "\n\n *x* Improved Result (isw != 0) *x\n" );
printf( "\n\tierr = %6d\n", ierr );

printf( "\n *x Vector x **\n\n" );
for( i=0 ; i<nn ; i++ )

printf( "\tx[ %6d 1 = %8.3g\n", i, x[i] );
;rintf( "\ty = %8.3g\n", y );
if (ierr == 5000 && once==0)
¢ once=1;
N goto loop;

fclose( fp );
free( a );
free( b );
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free(
free(

free( c );
free( itype
free( x );

free(

free( wk );

return O;

}

(d) Output results

xup );
xlow );

ivk );

);

%% ASL_dmclsn ***

** Input *x*

nm

= 14

** Matrix
1
2
-3
5

** Vector
20

** Vector
1e+03

** Vector
0

** Vector
-1

** Vector

1

m =

a *%
2

-3

2

-1

b *x
28
Xup **
1e+03
xlow *
0

c **
-3
itype
-1

** Qutput **

** First Result (isw == 0) x**

ie

[
L
[
[
L

b
X
X
X
X
b
y

rr = 5000

*x Vector

0]
]
]
]
]
]

POPWN -

*k

el

= -14l9

WN - W

40

1e+03

*

*%

5.16
0
9.84
0

6.41
1.87

W N W

50

1e+03

*x* Improved Result (isw != 0) *x

ie

[
L
L
[
L

b
X
b
b
X
b
y

rr =

*x Vector

IO WN—HO
A TS T R T

0

*k

kel

=
W 00

e
w
ONOONH

N OV

1e+03
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5.6.2 ASL_dmclaf, ASL_rmclaf
Minimization of a Function of Many Variables (Linear Constraint Given by

a Real Irregular Sparse Matrix)

(1) Function
ASL_dmclaf or ASL_rmclaf function obtains the value x that minimizes the function of many variables

of the n-dimensional vector @ = [z, - ,xn]T. There are m constraints, which are given by one of the
following for i =1,2,---,m.
e a;x=>0;

Also, the domain of x is defined as

Here, ¢! = [c1,¢2,- -+, ¢n], @l = [a;1,ai 2, -, a; ] are n-dimensional vectors, and b;, dj and u; are constants

(2217277m7 ]:1,2,,71)

(2) Usage
Double precision:
ierr = ASL_dmclaf (aval, na, jen, ia, nm, b, m, xup, xlow, c, itype, etb, ap, bm, nck, &nev, x,
&y, &iswl, isw2, iw, w, nw);
Single precision:
ierr = ASL_rmclaf (aval, na, jen, ia, nm, b, m, xup, xlow, ¢, itype, etb, ap, bm, nck, &nev, x,

&y, &iswl, isw2, iw, w, nw);
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(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
1 aval D+ na+2xm| Input | When isw=0, Matrix A = (a;,;)
{R*} (t=1,2,---,m; j=1,2,---,n) correspond-
ing to coefficients of constraints (See Note
()

Output | Matrix corresponding to coefficients of con-
straints that were modified by using slack
variables

2 na I 1 Input | Number of nonzero elements of matrix A

jen I* na+2xm| Input | Column numbers of nonzero elements of ma-

trix A
(See Notes (e) and (f))

4 ia I* m—+1 Input | Information about nonzero elements of ma-
trix A
(See Notes (e) and (f))

5 nm I 1 Input | Value of n+2 x m when isw2=0, where n the

number of variables and m is the number of
constraints (See Note (f))
6 b {D*} m Input | Right-hand side b = (b;) (i = 1,2,---,m) of

constraints when isw2=0 (See Note (f))

Output | Right-hand side of constraints that were

modified by using slack variables

m I 1 Input | Number of constraints m
xup D« nm Input | Upper limit values w = (u;) (j =1,2,---,n)
R of variables when isw2=0 (See Notes (b) and

(f).)

Output | Upper limit values of variables that were

modified by using slack variables
9 xlow {D*} nm Input | Lower limit values d = (d;) (j =1,2,---,n)

of variables when isw2=0 (See Notes (b) and

(f).)

Output | Lower limit values of variables that were

modified by using slack variables
10 c {D*} nm Input | Coefficients ¢ = (¢;) (j =1,2,---,n) of func-

tions when isw2=0 (See Note (f))

Output | Coefficients of functions that were modified

by using slack variables
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Argument and

Return Value

Type

Size

Input/
Output

Contents

11

itype

I*

Input

Distinction among symbols for equality and
inequality of constraints

0: alz =1,

1: aiT:c < b;

—1: al'z > b,

12

etb

Input

etb[0] : Unit for deter-

mining convergence ec (Default value : 10

x+/(unit for determining error))

etb[1] : Unit for testing residual e, (Default
value : y/(unit for determining error))
etb[2] : Unit for testing feasibility e4 (De-
fault value :

\/(unit for determining error))
(See Note (i))

13

ap

Input

Step size parameter «
(Default value:0.99)(See Note (h))

14

bm

Input

Parameter M for Big-M method

(Default value : 10 x max; |¢;|)

15

nck

Input

Spacing for performing residual check for con-
straints (Default value : 10)
(See Note (i))

16

nev

I*

Input

Maximum number of evaluations of function
f(x) (Default value : 10 x m)

Output

Actual number of function evaluations

17

nm

Output

Final destination « (See Note (a))

18

Output

Function value f(x) at final destination x

19

iswl

Input

Processing switch (Default value:0) (See Note
(1))

0: Automatic selection

1: Treat coefficient matrix of simultaneous
linear equations as a dense matrix.

2: Treat coefficient matrix of simultaneous

linear equations as a sparse matrix.

Output

Selected switch when iswl=0
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No. Argument and Type Size fnput/ Contents
Return Value ’ Output
20 isw2 I 1 Input | Processing switch (Default value:0) (See Note
(k)
0: Initial processing
1: Continuation processing
21 iw I* See Work | Work area
Contents Size: nw +na+ 14 x m+4 x nm + 30
22 w D+ nw Work | Work area
()
23 nw I 1 Input | Size of array w
(See Note (1))
24 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

Here, n = nm — 2 x m. Also, D®) is a diagonal matrix having z
_ (x(k) 2
- 1 %2

20

xlow[j—1] <=xup[j—1]j=1,2,...,nm—2 X m

iswl =0oriswl =1

isw2=0orisw2 =1

etb[i — 1] > unit for determining error (i =1,2,3) (except when 0.0 is entered to set default value)
nev > 0 (except when 0 is entered to set default value)

nck > 0 (except when 0 is entered to set default value)

ap > 0 (except when 0.0 is entered to set default value)

bm > 0 (except when 0.0 is entered to set default value)

0 < nm, 0 < m (except when 0 is entered to set default value)
ia[0]=1

0<iafi] —iali—1]<n (i=1,2,---,n—1)
O<na—ian—1]+1<n

m<na<mxXn

0< Column number of nonzero element of matrix A <n

The column numbers of the nonzero elements of matrix A, which are stored in array jen , must be in

ascending order for each row. Also, each column must have at least one nonzero element.
nw > na + 17 x m + 13 + (size of area required to perform LU decomposition of A(D®*))2AT).
(k)

%

in element (i,i) for the solution
e, x%k))T at the time of the k-th iteration.

3
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

1000 For some j (j = 1,2,...nm—2xm), The values of xlow[j — 1] and xup[j — 1]
xlow[j — 1] and xup[j] did not satisfy Re- are swapped and processing is performed.
striction (a).

1500 One of restrictions (b) to (h) was not Processing is performed with the default
satisfied. value set.

3000 Restriction (i) was not satisfied. Processing is aborted.

3010 One of restrictions (j) to (1) was not
satisfied.

3100 Restriction (m) was not satisfied.

4000 A basic feasible solution could not be
obtained.

4100 rank(A) < m for the matrix A that as-
signs the constraints. (m is the number
of constraints.)

4200 The residual for the constraints did not
satisfy the required precision. (See Note
(i)

5000 The sequence did not converge even The values of x and y at that time were
though the maximum assigned iteration output, and processing is aborted.
count was reached. (See Notes (h) and (i))

(6) Notes

(a)

(b)

The value of the final destination @ is set in x[0] to x[n — 1]. The remainder of array x contains values

such as the slack variables.

If the upper and lower limit values of the variable have not specifically been defined, they are set to
positive and negative numbers having suitably large absolute values. If the variable value at the final
destination matches the upper or lower limit value defined here, an optimal value may not be obtained.
Therefore, a number having a larger absolute value must be set for the upper or lower limit value and

the calculation must be executed again.

If a default value appears in the “Contents” column of the argument table and 0 is entered for an

integer type argument or 0.0 is entered for a real type argument, the default value is set.

Scaling should be performed so that each variable participates to an equal degree in the function
value. For example, if f(x) = 100z7 + x2 with constraint : 200z; + 5zo = 3 the transformation
y1 = 100x1,y2 = x2 should be performed so that the result is obtained using , h(y) = y1 + y2 with
constraint : 2y; + by = 3.

When isw2=0, only nonzero coefficients among the coefficients a; ; (i = 1,2,---,m; j = 1,2,---,n)
corresponding to constraints are stored in array aval. Here, m represents the number of constraints and

n represents the number of variables. For example, if the matrix A = (a;;) representing the constraints
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is given by

0.0 a2 a3 0.0 0.0 a
a1 0.0 0.0 0.0 ags 0.0
0.0 as2 0.0 0.0 0.0 ass
0.0 00 0.0 a44a 0.0 ags

the storage conditions of arrays aval, jen and ia are as follows.

StorageConditionsof Arraysaval, jaandia

a2 | aval[0] 2 | jen[0]
ai,s | aval[l] 3 | jen[1]
a,e | aval[2] 6 | jen[2]
az,1 | aval[3] 1 | jen[3]
na az;s | aval[4] 5 | jen[4]
as,2 | aval[5] 2 | jen[5]
as,s | aval[6] 6 | jen[6] 1 | ial0]
as,a | aval[7] 4 | jen[7] 4 | ia[l]
as,6 | aval[§] 6 | jen[8] m+1 6 | ia[2]
x| aval[9] * | jen[9] 8 | ia[3]
% | aval[l0] | * | jen[10] x| ia[4]
x| aval[ll] | * | jen[11] ia
x| aval[l2] | * | jen[12]
2xm x| aval[13] | = | jen[13]
x| aval[l4] | = | jen[14]
% | aval[l5] | * | jen[15]
x| aval[l6] | * | jen[16]
aval jen

Remark: The portions indicated by * need not be set as input values.
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(f)

The values after the constraints and other items were transformed are entered for the output of a, b,

xup, xlow, ¢ and nm.

To search for the maximum value, you should search for the minimum value of —f(x). At this time,

the maximum value will be the value of y with the plus or minus sign reversed.

In theory, as the step size parameter v approaches 1, fewer iterations are required to converge to the

optimal solution. However, in some cases, if « is too close to 1, the error gets large.
To prevent a situation in which the constraint cannot be satisfied with sufficient precision due to
calculation error, this function performs the check described below when the iteration count k satisfies
any of the following conditions.

i. kisl

ii. k is divisible by the value of the argument nck

iii. k is equal to the value of the argument nev

When any of these conditions is satisfied, the function checks whether or not the residual for the

constraint of the solution *) at that time satisfies the condition
[[Az®) — b|| < e,

where €, is the value that is set for the argument etb[1]. If this condition is not satisfied, the initial
solution is recalculated based on the previous solution for which this condition was satisfied, and the
iterations are repeated. If the condition is not satisfied again after nck iterations from the recalculation
of the initial value, the value of nck is replaced by , max(nck/2,1) and the iterations are repeated
further. If this condition is still not satisfied even when nck=1, ierr=4200 is output, and processing is

stopped.

This function solves simultaneous linear equations to determine the search direction for the optimal
solution. The value of the argument iswl can be used to select whether the coefficient matrix of the
simultaneous linear equations is to be treated as a dense matrix or as a sparse matrix. If the coefficient
ASL_dbgmsl
ASL _rbgmsl
Functions Vol. 2> | Section (2.2.2)) is used. If the coefficient matrix is to be treated as a sparse matrix,
ASL_dbmfsl
ASL_rbmfsl
If the coefficient matrix A of the constraints is a sparse matrix and if AAT is also a sparse matrix, the

matrix is to be treated as a dense matrix, the function 2.2.2 { } (described in <Basic

the function 2.21.1 { } (described in <Basic Functions Vol. 2> , Section (2.21.1)) is used.

calculation time will be shorter if the coefficient matrix of the simultaneous linear equations is treated

as a sparse matrix. Otherwise, isw1=0 should be set.

If the specified convergence count is small and ierr=5000 is returned, the calculation can be continued
using information that was calculated up to that time. To perform this processing, set 1 for the value
of iswl, set a sufficiently large value for nev, and use the output values from the previous execution
directly for the other input values. Also use the work area information from the previous execution

(See the example).

If the maximum value of the absolute values of the artificial variables is greater than the value that was
set for etb[2] when the iterative calculation ends, the assigned problem is considered to be infeasible,

and ierr=4000 is output.

If rank(A) < m for the coefficient matrix A that assigns the constraints, this function cannot calculate
ASL_dmcl
the optimal solution, and ierr=4100 is output. In this case, the function 5.6.1 { e sn} should

ASL_rmclsn
be used.
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(n) The size nw of the array w must be estimated in advance. To prevent ierr=3100 from being output

because nw is not sufficiently large, nw = na+ 13 x nm + 2 x m x (m + 1) 4+ 13 should be set.

(7) Example

(a) ProblemMinimize

f(CI}) = 2.’,E1 —+ xo + Tr3 — 3.’,E4 + Is
based on

1+ 2x4 + 325 > =7

|
o

2{B2 — X3 =

xr1 + 2.’,E5 S 8

nglSlvong§171§w3§27_3§$4§072§$5§5

In this example, to show the continuation processing described in Note (k), the maximum evaluation
count nev is set to a small value, nev=>5, so that ierr=>5000 will be output.

Input data

(First time): nm=14, m=4, ap=0.0, bm=0.0, nev=3, iswl=0, isw2=0, lma=11, arrays a, jcn, ia, b,
xup, xlow, c, etb and itype.

(Second and subsequent times): nev=20 and isw=1.

(For the other arguments, the values that were output by the previous calculation are used directly as
input values.)

Main program

/* C interface example for ASL_dmclaf */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *aval;
int na;

int *jcn;

int *ia;

int nm;
double *bj;
int m;

double *xup;
double *xlow;
double *c;
int *itype;
double er[3];
double ap;
double bm;
int nck;

int nev;
double *x;
double y;

int iswl;

int isw2;

int *iw;
double *w;
int nw;

int ierr;

int i,n;

FILE *fp;

fp = fopen( "dmclaf.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;

printf( " *x*x ASL_dmclaf =**\n" );
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printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &na );
fscanf( fp, "%d", &mm );
fscanf( fp, "%d", &m );
fscanf ( fp, "%1lf %1f %1f", &er[0], &er[1], &er[2] );
fscanf( fp, "Jlf", &ap );
fscanf( fp, "%1f", &bm );
fscanf( fp, "%d", &nck );
fscanf( fp, "%d", &nev );
fscanf( fp, "%d", &iswl );
fscanf( fp, "%d", &isw2 );
fscanf( fp, "%d", &nw );

n = nm - 2*m;

aval = ( double * )malloc((size_t) ( sizeof(double) * (na+2*m) ));
if( aval == NULL )

printf( "no enough memory for array aval\n" );

return -1;
jen = ( int * )malloc((size_t) ( sizeof (int) * (na+2*m) ));
if( jen == NULL )

printf( "no enough memory for array jcn\n" );

return -1;

( int * )malloc((size_t) ( sizeof(int) * (m+1) ));

1f( ia == NULL )

printf( "no enough memory for array ia\n" );

) return -1;
b = ( double * )malloc((size_t)( sizeof(double) * m ));
%(b= NULL )

printf( "no enough memory for array b\n" );

return -1;
xup = ( double * )malloc((size_t)( sizeof(double) * nm ));
if ( xup == NULL )

printf( "no enough memory for array xup\n" );
return -1;

xlow = ( double * )malloc((size_t)( sizeof(double) * nm ));
if( xlow == NULL )

printf( "no enough memory for array xlow\n" );

return -1;
}
c=( double * )malloc((size_t) ( sizeof(double) * nm ));
% f( ¢ == NULL )

printf( "no enough memory for array c\n" );
return -1;

itype = ( int * )malloc((size_t)( sizeof(int) * m ));
if( itype == NULL )

printf( "no enough memory for array itype\n" );
return -1;

(o)

x = ( double * )malloc((size_t)( sizeof(double) * nm ));
%f( x == NULL )

printf( "no enough memory for array x\n" );

return -1;

iw = ( int * )malloc((size_t)( sizeof(int) * (nw+na+14*m+4*nm+30) ));
if( iw == NULL )

printf( "no enough memory for array iw\n" );
return -1;

(o)

w = ( double * )malloc((size_t)( sizeof(double) * (nw) ));
%f( w == NULL )

printf( "no enough memory for array w\n" );
return -1;
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}

printf( "\tna = %6d nm = %6d m = %6d\n", na, nm, m );
printf( "\tnck = %6d nev = %6d iswl = %6d\n", nck, nev, iswl );
printf( "\tisw2 = %6d nw = %6d\n\n", isw2, nw );

printf( "\ter[0] = %8.3g er[1] = %8.3g er[2] = %8.3g\n\n", er[0], er[1], er[2] );
printf( "\tap = %8.3g bm = 8.3g\n", ap, bm );

printf( "\n\n\tMatrix A\n" );
printf("\n\t");
for( i=0 ; i<na ; i++ )

fscanf( fp, "Jlf", &avall[i] );
printf( "%8.3g ", avallil );
}
printf ("\n");
for( i=0 ; i<na ; i++ )
fscanf( fp, "%d", &jcnlil );
}
for( i=0 ; i<m ; i++ )
fscanf( fp, "%d", &iali] );
}

printf( "\n\n\tConstant vector b\n" );
printf("\n\t");
for( i=0 ; i<m ; i++ )

fscanf( fp, "41f", &bl[il );
printf( "%8.3g ", bl[i] );

}
printf ("\n");

printf( "\n\n\tUpper bound of each variable xup\n" );
printf("\n\t");
for( i=0 ; i<n ; i++ )

fscanf( fp, "%Llf", &xuplil );
printf( "%8.3g ", xuplil );

}
printf ("\n");

printf( "\n\n\tLower bound of each variable xlow\n" );
printf("\n\t");
for( i=0 ; i<n ; i++ )

fscanf( fp, "JLlf", &xlow[i] );
printf( "%8.3g ", xlow[i] );

}
printf ("\n");

printf( "\n\n\tCoefficient vector c\n" );
printf("\n\t");
for( i=0 ; i<n ; i++ )

fscanf( fp, "%lf", &clil );
printf( "%8.3g ", cl[i] );

}
printf ("\n");

printf( "\n\n\tType of each constraint itype\n" );
printf("\n\t");
for( i=0 ; i<m ; i++ )

fscanf( fp, "%d", &itypeli] );
printf( "%6d ", itypelil );

}
printf ("\n");
fclose( fp );

ierr = ASL_dmclaf(aval, na, jcn, ia, nm, b, m, xup, xlow, c, itype,
er, ap, bm, nck, &nev, x, &y, &iswl, isw2, iw, w, nw);

printf( "\n ** Output **\n\n" );
printf( "\n *x First result **\n\n" );
printf( "\tierr = %6d\n\n", ierr );
printf( "\tSelected iswl = %6d \n", iswl );

isw2 = 1;
nev = 100;
ierr = ASL_dmclaf(aval, na, jcn, ia, nm, b, m, xup, xlow, c, itype,

er, ap, bm, nck, &nev, x, &y, &iswl, isw2, iw, w, nw);
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printf( "\n ** Output **\n\n" );

printf( "\n ** Improved result **\n\n" );
printf( "\tierr = %6d\n\n", ierr );

printf( "\tSelected iswl = %6d \n", iswl );
printf( "\tIteration number = %6d\n\n", nev );
printf( "\n\tSolution\n\n" );

for( i=0 ; i<n ; i++ )

printf( "\t x[/6d] = %8.3g\n", i, x[i] );
}
printf( "\t y = %8.3g\n", y );

free( aval );
free( ia );
free( jecn );
free( b );
free( xup );
free( xlow );
free( c );
free( itype );
free( x );
free( iw );
free( w );

return O;

}
(d) Output results

**%k ASL_dmclaf *x**

*k Input *%

na = 7 nm = 11m = 3
nck = 0 nev = 5 iswl = 0
isw2 = 0 nw = 200
er[0] = 0 er[1] = 0 er[2] = 0
ap = 0 bm = 0
Matrix A
1 2 3 2 -1 1 2
Constant vector b
-7 0 8
Upper bound of each variable xup
1 1 2 0 5
Lower bound of each variable xlow
0 0 1 -3 2
Coefficient vector c
2 1 1 -3 1

Type of each constraint itype
-1 0 1

*% Output *x*

**x First result *x
ierr = 5000
Selected iswl = 1

** Qutput *x*

** Improved result *x
ierr = 1500

Selected iswl = 1
Iteration number = 20

Solution
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x[ 0] = 2.19e-09
x[ 1] = 0.5
x[ 2] = 1
x[ 3] = -1.32e-10
x[ 4] = 2
y = 3.5
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5.6.3 ASL_dmclmz, ASL_rmclmz
Minimization of a Constrained Linear Function of Several Variables Including
0-1 Variables (Mixed 0-1 Programming)

(1) Function

ASL_dmeclmz or ASL_rmclmz obtains @ = (21, ..., z,) that minimizes the objective function:

f(:B) = chﬂﬂj
j=1

based on the constraints:

Yoy ey = b i=1,---,mej=1,---,n)
Y iy < b i=me+1,---,m;j=1,---,n)
dj < x < uy (]:17" ;n)
Tr; = 0,1 (] € NOI)

and the value of the objective function f(x) for that . Ny is the set of subscripts of the 0-1 variables.

(2) Usage
Double precision:
ierr = ASL_dmclmz (a, ma, n, b, m, me, xup, xlow, lz, In, ¢, mp, np, er, nev, x, &y, isw, iwk,
wk);
Single precision:
ierr = ASL_rmclmz (a, ma, n, b, m, me, xup, xlow, 1z, In, ¢, mp, np, er, nev, x, &y, isw, iwk,
wk);
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(3) Arguments and Return Value
D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}
R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
1 a Dx maxn Input | Coeflicients of left-hand side of constraints
{R*} a;; (See Note (a))
2 ma I 1 Input | Adjustable dimension of array a
n I 1 Input | Number of variables n
4 b Dx m Input | m-dimensional vector having
{ R*} constants of right-hand side of constraints b;
as components
5 m I 1 Input | Number of constraints m
6 me I 1 Input | Number of equality constraints m,
7 Xup I* n Input | Variable x; upper bound u; (See Note (b))
8 xlow I* n Input | Variable z; lower bound d; (See Note (b))
9 Iz I* In Input | Set of subscripts of 0-1 variables Ny; (See
Note (i))
10 In I 1 Input | Number of 0-1 variables (See Note (h))
11 c Dx n Input | Objective function coefficient Vector c;
()
12 mp I 1 Input | Depth of search in branch-and-bound method
p
When p = 1, a depth-first search is per-
formed.
As p gets larger, the search gets closer to a
heuristic search (See Note (f))
13 np I 1 Input | Maximum length of partial problem list in
branch-and-bound method
14 er D 1 Input | Required precision (See Note (c))
i
15 nev I 1 Input | Maximum number of iterations when solving
the relaxation problem (See Note (d))
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No. Argument and Type Size fnput/ Contents
Return Value ’ Output
16 X Dx n Output | Optimal solution x
()
17 y D+ 1 Output | Objective function value f(x) for optimal so-
{R* } lution «
18 isw I 1 Input | Processing switch (See Notes (g) and (h))
isw=0: Initial processing
isw=1: Continuation processing
19 iwk I* See Work | Work area
Contents Size : mp + (mp+3) x (n+m —me) + m+
(In+2)xnp+7
20 wk Dx See Work | Work area
{R*} Contents Size :m x4+ (m+4) X (n+2xm—me)+(mp+
1)x(m+1)x (n—me+1)+(m+1)x (n+m—
me+1)4+2xIn+(n+m—me+2) x (np+1)+2
21 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

m,In,n,mp >0
ma > m
0<me<nm
n>In

np > 2

0<1z[0] <lz[l]]<---<lzln—1] <n

er > 0.0 (except when 0.0 or a negative value is entered to use the default value)

nev > 0 (except when 0 or a negative value is entered to use the default value)

isw=0 or isw=1

xup[i — 1] > xlow[i — 1]

(1:1727"')11)

be set larger than it was for the previous processing.
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 Restriction (g) or (h) was not satisfied. The default value is used, and processing
continues.
1100 Restriction (i) was not satisfied. isw=0 is considered to have been speci-
fied, and processing continues.
1200 Restriction (j) was not satisfied. The upper and lower bounds are switched,
and processing continues.
3000 Restriction (a) was not satisfied. Processing is aborted.
3010 Restriction (b) was not satisfied.
3020 Restriction (c) was not satisfied.
3030 Restriction (d) was not satisfied.
3040 Restriction (e) was not satisfied.
3100 Restriction (f) was not satisfied.
3500 Restriction (k) was not satisfied.
4000 No feasible solution exists.
5000 The solution of the relaxation problem The incumbent at that time is output,
could not be obtained within the given and processing is aborted.
number of iterations. The incumbent has
been obtained.
5100 The solution of the relaxation problem Processing is aborted.
could not be obtained within the given
number of iterations. The incumbent has
not been obtained.
5500 The number of partial problems retained The incumbent at that time is output,
in memory without processing ending and processing is aborted.
reached np during calculations of the
branch-and-bound method. The incum-
bent has been obtained.
5600 The number of partial problems retained Processing is aborted.
in memory without processing ending
reached np during calculations of the
branch-and-bound method. The incum-
bent has not been obtained.
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(6) Notes

(a) The coefficients a; ; of the left-hand side of the constraints are stored as follows in array a.

a1 | al0] | a1z | ajma] a1, | a[(n—1)xma]
az1 | a[l] | agzz | ajma+1] asy | af(n—1)xma+1]
as1 | a[2] | asz | ajma+2] asn | a[(n—1)xma+2] m
ma .
am,1 Gm,2 Qm n
n

(b) When z; is a 0-1 variable, the values of xup[j — 1] and xlow[j — 1] need not be set in advance.

(c¢) If a nonpositive value is entered for argument er, the default value, which is

2 x \/ (Units for determining error), is used as the required precision.

(d) A problem in which some of the 0-1 variables of a mixed 0-1 problem are fixed at 0 or 1 is called a

partial problem. The linear programming problem in which the conditions for the 0-1 variables that

have not been fixed in a partial problem have been weakened so that these variables can take real

values greater than or equal to 0 and less than or equal to 1 is called the relaxation problem of that

partial problem. When using the simplex method to solve the relaxation problem of a partial problem

generated in the process for searching for the solutions of a mixed 0-1 programming problem, the value

of argument nev is used as the upper bound of the number of iterations. If a nonpositive value is

entered for argument nev, the default value, which is 10 X m is used as the upper bound of the number

of iterations.

(e) During the search for the optimal solution by using the branch-and-bound method, the solution that

yields the smallest objective function value among the solutions satisfying the constraints that have

been obtained up to that time is called the incumbent. If ierr=5000 or 5500 is returned, the incumbent

is output for x when processing is aborted. At this time, although the solution that was obtained

satisfies the constraints, it does not necessarily match the true optimal solution.

(f) The depth of search mp is a parameter assigned by the user for setting the solution search method in

the branch-and-bound method. The larger the value assigned for mp, the stronger the tendency for a

good incumbent to be obtained quickly. However, as the value assigned for mp gets larger, the number

of partial problems retained in memory without processing terminating tends to increase dramatically.

Therefore, the value of np must be set sufficient large in advance. When mp=1, the area required for

calculations is smallest. To prevent ierr=>5500 or 5600 from being returned because the size of np is

insufficient, the value of mp should be set to 1 and the value of np should be set to In+1.

(g) When ierr=5000 or 5100 is output and processing is aborted, isw=1 can be set, nev can be reset to a

larger value, and calculations can be resumed using the previous calculation results. In this case, the

contents of all arguments other than nev that were used by the previous processing must be saved in

advance.

(h) When ierr=5500 or 5600 is output and processing is aborted, isw=1 can be set, np can be reset to a

larger value, and calculations can be resumed using the previous calculation results. In this case, the

contents of all arguments other than np, iwk and wk that were used by the previous processing must
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(a)

be saved in advance. In addition, for iwk and wk, which are work area arrays, suitably large areas

must be reserved according to the value of np, and the contents of iwk and wk at the time the previous

processing terminated must be stored in advance at the beginnings of those areas.

The subscripts of 0-1 variables among the variables x1, x2, - -

-, T, are stored in array lz, and the number

of 0-1 variables is stored in argument In. For example, when dealing with the mixed 0-1 programming

problem in which there are eight variables x1, xs, - -

array lz and argument In as follows.

3
2
[l = 5
8

(7) Example

Problem

Minimize the following objective function:

f(®) = —13z1 —18xs — 10z3 — 84 — 8x5 — 1216
—10x7 — 8xg + 11xg — 919 — 30211 — 10212

under the following constraints:

xo+rx3+2x190 = 1

6x1 + 28xo + 6x3 + 624 + 325 + 626

+21x7 + 8xg — 18x9 + 12219 + 20211 + 23212 < 60
Tx1 + Txo + bxs + 224 + 225 + Dxg
+4x7 + 2x8 — 3x9 + 3x10 + 8x11 + 3x12 < 20
—x4—211 < -1
—rg—27—x12 < —1
0<21<2,0<25<3,0<25<1, —2<w9<0

2;=0,1 (j=2,3,4,6,7,10,11,12)

(b) Input data
ma= 6, n= 12, m= 5, me= 1, mp= 4,
np= 50, er= 0.0 (Set to the default value), nev= 0 (Set to the default value) and isw= 0.

Arrays a and b for coefficients of constraints, array ¢ for objective function coeflicients and array lz for

()

subscripts of 0-1 variables.

Main program

/* C interface example for ASL_dmclmz */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *a;
int ma;

int n;
double *bj;
int m;

int me;
double *xup;
double *xlow;
int *1z;

int 1ln;
double *c;

-, xg of which x9, x5, and xg are 0-1 variables, set
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int mp;

int np;
double er;
int nev;
double *x;
double y;
int isw;
int *iwl;
double *wl;
int ierr;
int i,j,flag,niwl,nwl;
FILE *fp;

fp = fopen( "dmclmz.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *x% ASL_dmclmz ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &ma );
fscanf( fp, "%d", &n );

fscanf( fp, "%d", &m );

fscanf( fp, "%d", &me );
fscanf( fp, "%d", &ln );
fscanf( fp, "%d", &mp );
fscanf( fp, "%d", &np );
fscanf( fp, "%d", &nev );
fscanf( fp, "%d", &isw );
fscanf( fp, "%1f", &er );

a = ( double * )malloc((size_t)( sizeof(double) * (ma*n) ));
%f( a == NULL )

printf( "no enough memory for array a\n" );

) return -1;
bf? é douﬁ%ﬁL*))malloc((size_t)( sizeof (double) * m ));
i ==
printf( "no enough memory for array b\n" );
) return -1;

xup = ( double * )malloc((size_t)( sizeof(double) * n ));
if ( xup == NULL )

printf( "no enough memory for array xup\n" );
return -1;
xlow = ( double * )malloc((size_t)( sizeof(double) * n ));
if ( xlow == NULL )
printf( "no enough memory for array xlow\n" );
return -1;
1z = ( int * )malloc((size_t)( sizeof(int) * 1n ));
if( 1z == NULL )

printf( "no enough memory for array lz\n" );

return -1;
}
¢ = ( double * )malloc((size_t)( sizeof(double) * n ));
%f( c == NULL )

printf( "no enough memory for array c\n" );
) return -1;
x = ( double * )malloc((size_t)( sizeof(double) * n ));
%f( x == NULL )

printf( "no enough memory for array x\n" );
return -1;

niwl = mp+(mp+3)*(n+m-me)+m+(1n+2) *np+7;
iwl = ( int * )malloc((size_t) ( sizeof(int) * niwl ));
if ( iwl == NULL )
printf( "no enough memory for array iwl\n" );
return -1;

nwl = m*4+(m+4)* (n+2*m-me) +(mp+1) * (m+1) * (n-me+1) + (m+1) * (n+m-me+1)
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+2%1n+(n+m-me+2) * (np+1)+2;
wl = ( double * )malloc((size_t) ( sizeof (double) * nwl ));
if ( wl == NULL )

printf( "no enough memory for array wi\n" );

return -1;
printf( "\tma = %6d n = %6d m = %6d\n", ma, n, m );
printf( "\tme = %6d ln = %6d mp = %6d\n", me, ln, mp );
printf( "\tnp = %6d nev = %6d isw = %6d\n", np, nev, isw );

printf( "\ter %8.3g\n", er );

printf( "\n\t Matrix a\n\n");
for( i=0 ; i<m ; i++ )

for( j=0 ; j<n ; j++ )

fscanf( fp, "Jlf", &ali+maxj] );
printf( "%7.2g", ali+ma*j] );

}
fscanf( fp, "%1f", &bl[il );
printf( "\t%7.2g", blil );
printf( "\n" );

}

printf( "\n\t Vector c\n\n");
for( j=0 ; j<m ; j++ )

fscanf( fp, "4Lf", &cljl );
printf( "\t%8.3g\n", c[jl );
}

printf( "\n\tIndeces of 0-1 variables 1lz\n\n");
for( j=0 ; j<ln ; j++ )

fscanf( fp, "%d", &lz[jl );
printf( "\tlz[%6d] = %6d\n", j,1z[j] );

printf( "\n\tUpper and lower bounds\n\n");
for( j=0 ; j<n ; j++ )
{

flag = 0;
for( i=0 ; i<ln ; i++){
if( 1z[il==j+1 ){
lag = 1;
continue;

}
if (flag==1){
continue;

fscanf( fp, "Y1lf %1f", &xupljl,&xlow([j]l );
printf( "\txup[%6d] = %8.3g xlow[%6d] = %8.3g\n", j,xupljl,j,xlow[jl);
}

fclose( fp );
ierr = ASL_dmclmz(a, ma, n, b, m, me, xup, xlow, lz, 1ln, ¢, mp, np, er, nev, x, &y, isw, iwl, wil);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n\tVector x\n\n" );
for( i=0 ; i<n ; i++ )

printf( "\t%8.3g\n", x[i]l );
}
printf( "\n\ty = %8.3g\n", y );

free( a );
free( b );
free( xup );
free( xlow );
free( 1z );
free( c );
free( x );
free( iwl );
free( wl );

return O;
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(d) Output results

***x ASL_dmclmz ***
*% Input *%

6 n

1 1n
10 nev
le-12

ma 12 m

me
op
er

o
[
8
o
W
[eXe]

20 isw

Matrix a

20 23 60
3 20
0 -1
1 -1

QO U
O NOO
QOQONWO
OONO
I
w
OO WN

-30
-10

Indeces of 0-1 variables 1z

6
7
10
11
12

Upper and lower bounds

2 xlowl[ 0]
3 xlowl[ 4]
1 xlow[ 7]
0 xlowl[ 8]

xup [ 0]
xup [ 4]
xup [ 7]
xup [ 8]

o onon
NO OO

*% Output *x*
ierr = 0

Vector x

-0.66

OORrNRORrRWHrOOO

<
1
1
[
®
w
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5.6.4 ASL_dmclmc, ASL_rmclmc
Minimization of Cost for Flow in a Network (Minimal-Cost Flow Problem)
(1) Function
ASL_dmclme or ASL_rmclme obtains the nonnegative flows xy (k = 1,2,---,m) that satisfy the vertex i

inflow /outflow amount b; and directed edge k nonnegative capacity uj constraints and minimize the sum

of the costs of all edges in a network having n vertices and m edges, and the function also obtains the
m

minimum value of Z crxk at that time.

k=1
m
Objective function : Z CLTE — Min
k=1
Constraints Z T — Z g =0bb; (i=1,---,n)
tail(k)=t head(k)=1

ngkgukv (kzlvam)

ibi =0
i=1

(2) Usage
Double precision:
ierr = ASL_dmeclme (n, m, b, itl, ihd, cap, cost, &nev, x, &y, isw, iwk, wk);
Single precision:
ierr = ASL_rmclme (n, m, b, itl, ihd, cap, cost, &nev, x, &y, isw, iwk, wk);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value ’ Output
n I 1 Input | Number of vertices n
2 m I 1 Input | Number of edges m
b D« n Input | Vertex 4 inflow/outflow amount b;
()
4 itl I* m+n Input | Vertex number of edge k tail, tail(k) (See
Note (a))
Output | Vertex numbers of edge tail after graph
modification
5 ihd I* m+n Input | Vertex number of edge k head, head(k) (See
Note (a))
Output | Vertex numbers of edge head after graph
modification
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No. Argument and Type Size fnput/ Contents
Return Value ’ Output
6 cap D« m+n Input | Edge k capacity uy (See Note (a))
{R*} Output | Edge capacity after graph modification
7 cost Dx m-+n Input | Edge k cost coefficient per unit flow ¢ (See
{R*} Note (a))
Output | Edge costs coefficient per unit flow after
graph modification
8 nev I* 1 Input | Maximum number of updates of basic tree
(Default: nx 10)
(See Note (c))
Output | Actual number of updates of basic tree
9 X D+ m Output | Flow minimizing sum of costs of all edges xy
1
10 y Dx 1 Output | Sum of costs at final destination x Z CLTk
11 isw I 1 Input | Processing switch (See Note (d))
isw=0: Initial processing
isw=1: Continuation processing
12 iwk I* See Work | Work area
Contents Size :n?+11xn4+m+3
13 wk Dx See Work | Work area
{R*} Contents Size: 2xn+m+1
14 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) n > 2

(b) m >1

(c) bl0] +b[1]+---+bn—-1]=10.0

(d) 1 <itlk—1]<n, (k=1,---,m)

() 1<ihdk—1]<n, (k=1,---,m)

(f) itllk — 1] # ihd[k — 1], (k=1,---,m) (No loop, that is, edge for which the head and tail are the

same, exists)
(g) caplk —1]>0.0, (k=1,---,m)
(h) nev >0 (Except when zero or a negative number is entered to set the default value)

(i) isw=0or isw =1
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 Restriction (h) was not satisfied. Processing is performed with the default
value set.
1100 Restriction (i) was not satisfied. Processing is performed with isw=0 set.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
3100 Restriction (c) was not satisfied.
3200 Restriction (d) or (e) was not satisfied.
3300 Restriction (f) was not satisfied.
3400 Restriction (g) was not satisfied.
4000 No basic feasible solution could be
obtained.
5000 The problem could not be solved even
though the assigned maximum number of
updates of the basic tree was reached.
(6) Notes

(a) You should set the values of the leading m elements of itl, ihd, cap and cost respectively. The last n

elements of these arrays are used for work areas.

(b) If the capacities have not been specifically determined, positive numbers having appropriately large

absolute values are assumed for the capacities, respectively. Since the optimal solution may not be

obtained when the destination matches a value set here, numbers having even larger absolute values

may have to be set for the capacities.

(¢c) If zero or a negative number is entered for nev, the default value is set.

(d) If the specified value of the maximum number of updates of the basic tree was too small and ierr=5000

was returned, continuation processing can be performed using information that was calculated up to

that point. To perform this processing, set isw to 1, set a sufficiently large value for nev, and use the

values from the previous processing directly for the input values of other arguments. Also, use the

Work information from the previous processing.
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(7) Example

(a) Problem
For the network shown below, obtain the flow that satisfies the constraints for the inflow/outflow of

each vertex and capacity of each edge and minimizes the sum of the costs of all edges.

- 0
JOR= T e
51 1,2

N

3 1,3 8,3
A0

Capécity @ : Vertex number

Inflow/outflow amount Ot coefficient [j] : Edge number

(b) Input data
n=10, m=18, array b for inflow/outflow amount array cap for capacity, arrays itl and ihd for vertex
number of edge, and array cost for edge cost coefficient per unit flow. nev=0 (Set to the default value)

and isw=0.
(¢) Main program

/* C interface example for ASL_dmclmc */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()

int n;

int m;

double *bj;
int *itail;
int *ihead;
double *cap;
double *cost;
int nev;
double *x;
double y;

int isw;

int *iwk;
double *wk;
int ierr;

int i,nmax,mmax;
FILE *fp;

fp = fopen( "dmclmc.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );
return -1;

printf( " **%* ASL_dmclmc ***\n" );
printf( "\n ** Input **\n\n" );
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fscanf( fp, "%d", &nmax );
fscanf( fp, "%d", &mmax );
fscanf( fp, "%d", &n );
fscanf( fp, "%d", &m );
fscanf( fp, "%d", &nev );
fscanf( fp, "%d", &isw);

b = ( double * )malloc((size_t)( sizeof(double) * nmax ));
if ( b == NULL )

printf( "no enough memory for array b\n" );
return -1;

itail = ( int * )malloc((size_t) ( sizeof(int) * (mmax + nmax) ));
if ( itail == NULL

printf( "no enough memory for array itail\n" );
return -1;

ihead = ( int * )malloc((size_t)( sizeof(int) * (mmax + nmax) ));
if ( ihead == NULL )

printf( "no enough memory for array ihead\n" );
return -1;

cap = ( double * )malloc((size_t)( sizeof(double) * (mmax + nmax)));
if( cap == NULL )

printf( "no enough memory for array cap\n" );
return -1;

cost = ( double * )malloc((size_t)( sizeof(double) * (mmax + nmax)));
if ( cost == NULL )

printf( "no enough memory for array cost\n" );
return -1;

= ( double * )malloc((size_t) ( sizeof (double) * mmax));
£f( x == NULL )

Ak N

printf( "no enough memory for array x\n" );
return -1;

iwk = ( int * )malloc((size_t) ( sizeof(int) * (nmax*(nmax+11)+mmax+3) ));
if ( iwk == NULL )

printf( "no enough memory for array iwk\n" );
return -1;

wk = ( double * )malloc((size_t) ( sizeof (double) * (2*nmax+mmax+1)));
if( wk == NULL )

printf( "no enough memory for array wk\n" );
return -1;
printf( "\tn = %6d m = %6d nev =/%6d isw = %6d\n", n, m, nev, isw );

printf( "\n\t b\n" );
for( i=0 ; i<n ; i++ )
fscanf( fp, "Jlf", &b[i] );
printf( "\t%8.3g\n", bl[il );
}
printf( "\n\t itail ihead cap cost\n" );
for( i=0 ; i<m ; i++ )

fscanf( fp, "%d %d %1f %1f", &itaill[il,&ihead[i],&capl[i],&cost[i] );
printf( "\t%6d %6d %8.3g %8.3g\n", itaillil,ihead[i],capl[il,cost[i] );

fclose( fp );
ierr = ASL_dmclmc(n, m, b, itail, ihead, cap, cost, &nev, x, &y, isw, iwk, wk);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\tnev = %6d\n", nev );

printf( "\ty = %8.3g\n", y );
printf( "\n\tVector x\n" );
for( i=0 ; i<m ; i++ )

printf( "\t%8.3g\n", x[i]l );
free( b );
free( itail )

free( ihead );
free( cap );
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free( cost );
free( x );
free( iwk );
free( wk );

return O;

}
(d) Output results

%% ASL_dmclmc ***
** Input *x*

n = 10 m = 18 nev = 0 isw = 0

~NWHrOOORrwWwUMo

|
[
o

2]
o
12}
ot

itail ihead cap
5

e
OCONOOWONNNONNOPWN

QCONOONUIODPRWWOHUIF WN -
O WWNFR,WNWHROITOTEN - =00
WWONNRRPUORERNWNREFRWN R

[y
o

** Qutput **

ierr = 1000
nev = 13
y = 72
Vector x

4

7

0

1

0

0

3

3

0

3

0

3

1

0

0

2

0

8
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5.6.5 ASL_dmclcp, ASL_rmclcp
Minimization of Cost for Project Scheduling (Project Scheduling Problem)

(1) Function
ASL_dmclcp or ASL_rmclcp solves the problem of completing a project within the scheduled completion

time according to a minimum cost.

(2) Usage
Double precision:
ierr = ASL_dmclep (n, m, itl, ihd, tn, tc, cn, cc, ts, &nev, &tmax, &tmin, time, &ttime, es, ls,
tf, ff, &cmax, &cmin, cost, &tcost, iwk, wk);
Single precision:
ierr = ASL_rmclep (n, m, itl, ihd, tn, tc, cn, cc, ts, &nev, &tmax, &tmin, time, &ttime, es, 1s,
tf, ff, &cmax, &cmin, cost, &tcost, iwk, wk);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex int as for 32bit Integer

R:Single precision real C:Single precision complex . { long as for 64bit Integer}

No. Argument and Type Size Input/ Contents

Return Value Output

1 n I 1 Input | Number of nodes.

2 m I 1 Input | Number of tasks.

3 itl I* m Input | Tail of task k.

4 ihd I* m Input | Head of task k.

5 tn D+ m Input | Normal time of task k.
v

6 te D+ m Input | Crash time of task k.
18

Input | Normal cost of task k.

ﬂ
o
=}
—N
= g
* *
——
B

8 ce Dx m Input | Crash cost of task k.
v
9 ts D 1 Input | Scheduled completion time.
)
10 nev I* 1 Input | Maximum  number of updates  of

basic tree for Minimal-Cost Flow Problem.
(Default:nx10)

Output | Actual number of updates of basic tree.
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No. | e | Type | s | (P Contents
11 tmax D 1 Output | Completion time with normal process times.
(v}
12 tmin Dx 1 Output | Completion time with crash process times.
()
13 time Dx m Output | Scheduled process time of task k.
()
14 ttime D+ 1 Output | Total task time.
)
15 es Dx m Output | Earliest start time of task k.
1)
16 Is Dx m Output | Latest start time of task k.
()
17 tf Dx m Output | Total float of task k.
()
18 ff D+ m Output | Free float of task k.
)
19 cmax D 1 Output | Completion time with normal process costs.
1)
20 cmin Dx 1 Output | Completion time with crash process costs.
()
21 cost Dx m Output | Schedules process cost of task k.
()
22 tcost D+ 1 Output | Total task cost.
e
23 iwk I* See Work | Work area.
Contents Sizemn? +15 x n+ 6 x m + 23
24 wk {D*} See Work | Work area.
Rx Contents Size:7 xn+ 12 x m + 14
25 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n>1
(b)) m>n-—1
(¢) 1<itlk—1]<n, (k=1,---,m)
(d) 1<ihdk—1]<n, (k=1,---,m)
(e) itllk — 1] < ihdk — 1], (k=1,---,m)
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(f) tn[k—1] >0.0, (k=1,---,m)

(g) tck—1]>0.0, (k=1,---,m)

(h) tnk —1] > tck—1], (k=1,---,m)

(i) enfk — 1] <cclk —1], (k=1,---,m)

(j) nev > 0 (Except when zero is entered to set the default value.)

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 nev=0. Processing is performed with the default
value set.
1100 ts>tmax. Processing is performed with ts=tmax.
1200 ts<tmin. Processing is performed with ts=tmin.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.
3200 Restriction (c) was not satisfied.
3300 Restriction (d) was not satisfied.
3400 Restriction (e) was not satisfied.
3500 Restriction (f) was not satisfied.
3600 Restriction (g) was not satisfied.
3700 Restriction (h) was not satisfied.
3800 Restriction (i) was not satisfied.
3900 Restriction (j) was not satisfied.
4000 No basic feasible solution for Minimal-
Cost Flow Problem could be obtained.
5000 Minimal-Cost Flow Problem could not be
solved even though the assigned maxi-
mum number of updates of the basic tree
was reached.
(6) Notes

(a) If zero is entered for nev, the default value is set.

(b) If large number than completion time with normal process times tmax is entered for scheduled comple-
tion time ts, completion time with normal process times is set for scheduled completion time. And if
large number than completion time with crash process times tmin is entered for scheduled completion

time ts, completion time with crash process times is set for scheduled completion time.
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(7) Example

(a) Problem
Compute completion time with normal process times, completion time with crash process times, an
optimal schedule, its cost, earliest start time, latest start time, total float, free float, total task time

and total task cost for given project follows task lists.

task | tail of | head of normal crash normal crash
task task | task time | task time | task cost | task cost

1 1 2 5 3 3 6
2 1 3 8 4 2 3
3 2 4 5 2 1 5
4 2 5 9 4 1 3
5 4 5 0 0 0 0
6 2 6 3 3 4 4
7 3 6 7 3 2 3
8 5 7 5 1 1 5
9 6 7 0 0 0 0
10 6 8 12 6 7 11
11 7 8 7 4 2 7
12 5 9 15 8 5 10
13 7 9 8 2 5 11
14 8 9 2 1 3 4
15 8 10 8 5 2 5
16 9 10 3 2 1 3
17 8 11 13 10 10 12
18 10 11 8 4 6 10

(b) Input data
n=11,m=18 tail of task itl,head of task ihd, normal task time tn,crash task time tc,normal task cost
cn, crash task cost cc, ts=36 and nev=nx10.

(¢) Main program

/* C interface example for ASL_dmclcp */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>
#include <math.h>

int main()
{

int nmax=11,mmax=18;

int n,m,*itail,*ihead,nev,*iwk,ierr;
double *tn,*tc,*cn,*cc,ts;

double tmin,tmax,*time,ttime;

double *es,*1ls,*tf,*xff;

double cmin,cmax,*cost,tcost,*wk;
int k;

FILE *fp;

fp = fopen( "dmclcp.dat", "r" );
if( fp == NULL )
printf( "file open error\n" );

return -1;

itail = ( int * )malloc((size_t)( sizeof(int) * (mmax)));
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if ( itail == NULL )

printf( "no enough memory for array itail\n" );

return -1;

ihead = ( int *
if ( ihead == NUL.

printf( "no enough memory for array ihead\n" );

return -1;

imilloc((size_t)( sizeof (int) * (mmax)));

iwk = ( int * )m§110c((size_t)( sizeof (int) * (mmax*nmax+15*nmax+6*mmax+23)));
ULL

if ( iw

printf( "no enough memory for array iwk\n" );
) return -1;
tn = ( double * )malloc((size_t)( sizeof (double) *
if ( tn == NULL )

printf( "no enough memory for array tn\n" );
return -1;

tc = ( double *))malloc((size_t)( sizeof (double) *

if ( tc == NULL

printf( "no enough memory for
return -1;

array tc\n" );

cn = ( double * )malloc((size_t)( sizeof (double) *

if( cn == NULL )

printf( "no enough memory for array cn\n" );
return -1;

cc = ( double *))malloc((size_t)( sizeof (double) *
ULL

if( cc ==

printf( "no enough memory for array cc\n" );
return -1;

time = ( double * )malloc((size_t)( sizeof (double)
if( time == NULL )

printf( "no enough memory for array time\n" );
) return -1;

es = ( double * )malloc((size_t)( sizeof(double) *
if ( es == NULL )

printf( "no enough memory for
return -1;

array es\n" );

}
1s = ( double * )malloc((size_t)(
if( 1s == NULL )

sizeof (double) *

printf( "no enough memory for
return -1;

array ls\n" );

}
tf = ( double * )malloc((size_t)( sizeof(double) *

if ( tf == NULL )

printf( "no enough memory for array tf\n" );
) return -1;

ff = ( double * )malloc((size_t)(
if( £ff == NULL )

sizeof (double) *
printf( "no enough memory for array ff\n" );
return -1;

cost = ( double * )malloc((size_t)( sizeof (double)
if( cost == NULL )

printf( "no enough memory for array cost\n" );
return -1;

wk = ( double * )malloc((size_t)( sizeof(double) *
if( wk == NULL )

printf( "no enough memory for array wk\n" );
return -1;

printf( " #%% ASL_dmclcp ***\n" );

(mmax))) ;

(mmax))) ;

(mmax))) ;

(mmax))) ;

* (mmax))) ;

(mmax))) ;

(mmax)));

(mmax))) ;

(mmax)));

* (mmax))) ;

(7*nmax+12*mmax+14)));

printf( "\n *x Input **\n\n" );

fscanf( fp, "%d", &n );

fscanf( fp, "%d", &m );

fscanf( fp, "Jlf", &ts );

fscanf( fp, "%d", &nev );

printf( "\tn = %6d m = %6d nev = %6d\n", n,m,nev );
printf( "\n\n" );
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printf( "\t normal crash normal crash\n" );
printf( "\ttask tail Thead task time task time task cost task cost\n" );

for( k=0 ; k<m ; k++ )

fscanf( fp, "%d %d %1f %1f %1f %1f",
&itail [k] ,&ihead[k],&tn[k],&tc[k] ,&cn[k] ,&cclk] );
printf( "\t%4d %6d %6d ¥8.3g %8.3g %8.3g %8.3g\n",
k,itail[k],ihead[k],tn[k],tc[k],cn[k],cclk] );

}
printf( "\n\trequest task time = %8.3g\n", ts );
fclose( fp );

ierr = ASL_dmclcp
(n,m,itail,ihead,tn,tc,cn,cc,ts,&nev,&tmax,&tmin,time,&ttime,es,1s,tf,ff,&cmax,&cmin,cost,&tcost,iwk,wk) ;

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n" );

printf( "\tnormal completion time
printf( "\tcrash completion time
printf( "\n\n" );

%8.3g\n", tmax );
%8.3g\n", tmin );

printf( "\t earliest latest\n" );
printf( "\t task task start start total free\n" );
printf( "\ttask time cost time time float float\n" );

for( k=0 ; k<m ; k++ )

printf( "\t%4d %8.3g %8.3g %8.3g %8.3g %8.3g %8.3g\n",
k,time[k],cost[k],es[k],1s[k],tf[k],ff[k] );

%rintf( "\n" );
printf( "\titeration count
printf( "\n" );
printf( "\ttotal task time
printf( "\ttotal task cost

%6d\n", nev );

%8.3g\n", ttime );
%8.3g\n", tcost );

free( itail );
free( ihead );
free( iwk );
free( tn );
free( tc );
free( cn );
free( cc );
free( time );
free( es );
free( 1ls );
free( tf );
free( ff );
free( cost );
free( wk );

return O;

}
(d) Output results

%% ASL_dmclcp ***

** Input *x*

n = 11 m = 18 nev = 110
normal crash normal crash
task tail head task time task time task cost task cost
0 1 2 5 3 3 6
1 1 3 8 4 2 3
2 2 4 5 2 1 5
3 2 5 9 4 1 3
4 4 5 0 0 0 0
5 2 6 3 3 4 4
6 3 6 7 3 2 3
7 5 7 5 1 1 5
8 6 7 0 0 0 0
9 6 8 12 6 7 11
10 7 8 7 4 2 7
11 5 9 15 8 5 10
12 7 9 8 2 5 11
13 8 9 2 1 3 4
14 8 10 8 5 2 5
15 9 10 3 2 1 3
16 8 11 13 10 10 12
17 10 11 8 4 6 10
request task time = 36

** Qutput **
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ierr = 0
normal completion time = 43
crash completion time = 23
earliest latest
task task start start total free
task time cost time time float float
0 5 3 0 0 0 0
1 7 2.25 0 0 0 0
2 5 1 5 5 0 0
3 5 2.6 5 5 0 0
4 0 0 10 10 0 0
5 3 4 5 7 2 2
6 3 3 7 7 0 0
7 5 1 10 10 0 0
8 0 0 10 15 5 5
9 12 7 10 10 0 0
10 7 2 15 15 0 0
11 15 5 10 10 0 0
12 8 5 15 17 2 2
13 2 3 22 23 1 1
14 6 4 22 22 0 0
15 3 1 25 25 0 0
16 13 10 22 23 1 1
17 8 6 28 28 0 0
iteration count = 19
total task time = 36
total task cost = 59.9
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5.6.6 ASL_dmcltp, ASL_rmcltp
Minimization of Cost for Transportation from Supply Place to Demand Place
(Transportation Problem)

(1) Function
Supply quantity of supply place ¢ is a; , demand quantity of demand place j is b; and x;; is the volume
transported from supply place ¢ to demand place j.

Constraint:

n
sz]:al (Z:]-avm)
j=1

Z«Tij =b (j=1,.,n)
i=1
x;; >0 ( For all ¢ and j numbers)

Therefore, the total transportation cost is obtained by finding z;; that minimizes the following function.

3

n
Z = E CijTsj

j=11i=1

(2) Usage
Double precision:
ierr = ASL_dmcltp (c, lme, ns, nd, s, d, &nev, x, &z, iswl, isw2, iwk, wk);
Single precision:

ierr = ASL_rmcltp (c, lmc, ns, nd, s, d, &nev, x, &z, iswl, isw2, iwk, wk);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
1 c D+ See Input | Transportation Costs ¢;;(i = 1,---,m : j =
{R*} Contents 1,---,n)

(See Note (a))
Size: lmex(nd + 1)

2 Imc I 1 Input | Adjustable dimension of array c

3 ns I 1 Input | Number of supply places including imaginary
supply places m
(See Note (b))

4 nd I 1 Input | Number of demand places including imagi-
nary demand places n
(See Note (b))
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No. Argument and Type Size fnput/ Contents
Return Value ’ Output
5 s Dx ns+1 Input | Supply volume of each Supply places a;(i =
ol s
6 d Dx nd+1 Input | Demand volume of each Demand places
o s
7 nev I* 1 Input | Maximum number of evaluation of Trans-
portation plan x;;
Output | Actual number of Transportation plan x;;
evaluation
8 X D+ See Output | The improved transportation plan
{R*} Contents ziji=1,---,m:j=1,---,n)

(See Note (c), (d))

Size: lmex(nd + 1)

9 Z Dx 1 Output | Total transportation cost of The improved
{R*} transportation plan Z

10 iswl I 1 Input | Processing switch (See Note (e))
0: First processing

1: Continuation processing

11 isw2 I 1 Input | Select switch of first approximate solution
(See note (f))

0: Northwest corner rule

1: Houthakker’s method

12 iwk I* See Work | Work area
Contents Size: 12x (ns+nd+1)+5
13 wk Dx See Work | Work area
Rx Contents Size: 3 x (ns+nd + 2)
14 ierr I 1 Output | Error indicator

(4) Restrictions
(@) ci—14+Imex (j—1)]>0(i=1,---,ns:5=1,---,nd)
(b) si—1]>0(i=1,---,ns)
(¢) di—1]>0(=1,---,nd)
(d) iswl,isw2=10or 1
(e) ns >2nd > 2
(f) lmc >ns+1
(g) nev>0
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 Total demand volume is greater than To- Processing continues by setting up an
tal supply volume. imaginary supply place that handles a
surplus.
1100 Total demand volume is less than Total Processing continues by setting up an
supply volume imaginary demand place that handles a
surplus.
3000 Restriction (a) was not satisfied. Processing is aborted.
3100 Restriction (b) was not satisfied.
3200 Restriction (c) was not satisfied.
3300 Restriction (d) was not satisfied.
3400 Restriction (e) was not satisfied.
3500 Restriction (f) was not satisfied.
3600 Restriction (g) was not satisfied.
5000 The values did not converge before the The values of x and z at that time are
given maximum number of function eval- output and processing is aborted.
uation was reached.
(6) Notes

(a) Store the transportation cost in Array ¢ as in the following table so that it can correspond to each
supply place and demand place. In the following table, ¢z ; indicates the unit cost for transportation

between Supply Place 2 and Demand Place 1.

Demand | Demand Demand | Supply
place 1 place 2 place n | volume
Supply
C11 C12 T Cln ai
place 1
Supply
C21 C22 ce C2.n az
place 2
Supply
Cm,1 Cm,2 T Cm,n Am,
place m
Demand
by by . by,
volume

(b) For Array c¢ and Array x, (nd+1) x (ns+1) units or more must be secured per each. For Array s and
Array d, (ns+1) units or more and (nd+1) units or more must be secured, respectively. However, the
values to be actually input are enough with nd X ns units for Array c, and ns and nd units for Array

s and Array d, respectively.

(¢c) Store the improved transportation cost in Array x as in the following table so that it can correspond
to each supply place and demand place. In the following table, cp ; indicates the transport volume for
transportation between Supply Place 2 and Demand Place 1.
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Demand | Demand | - | Demand | ( Imaginary demand
place 1 place 2 | --- | placen place n+1)
Supply
place 1 C11 C12 T Ci,n *
Supply
place 2 C21 C22 ce Can *
Supply
place m Cm,1 Cm,2 e Cm,n *
( Imaginary supply
* * *
place m 4+ 1)

(d) Although the value of  when ierr = 5000 is not the optimal solution, the constraint is satisfied.

(e) If ierr=>5000 is returned and the number of iterations is less than the specified convergence count, the
calculation can be continued using the information calculated up to the intermediate point. To perform
this processing set 1 for the iswl value, set a sufficient value for the nev value, and use the output
values of the previous execution for all other input valued. Also, use the work information from the

previous execution (See the example).

(f) In this function, the northwestern corner rule or Houthakker’s Method is applied. By Houthakker’s
Method, you can obtain as a primary solution an approximate solution value closer to the optimum
solution than that by the northwest corner rule, which can shorten the time for improving the solution.
However, calculating approximate solution by Houthakker’s Method needs longer time compared with

calculating it by the northwestern corner rule.
(7) Example

(a) Problem

Transportation cost:

[ 6.000 2.000 6.000 1.000 3.000 3.000 7.000
7.000 5.000 3.000 8.000 5.000 8.000 5.000
4.000 8.000 9.000 7.000 5.000 7.000 2.000
4.000 7.000 3.000 6.000 7.000 3.000 4.000
2.000 3.000 6.000 4.000 7.000 9.000 9.000

| 2.000 3.000 9.000 4.000 3.000 2.000 3.000

Demand volume of each Demand place:

D= 40.000 73.000 32.000 24.000 32.000 45.000 35.000 }
Supply Vohime of each Supply place:
S = 73.000 29.000 64.000 23.000 76.000 34.000 }
In this example, to illustrate the continuation processing described in Note (e), the maximum number

of evaluations nev=2 is set small enough so that ierr=5000 is output.

(b) Input data
(First time):array ¢, ns=7, lmc=7, nd=8, array d, array s, nev=2, iswl=0 and isw2=1.
(Second and subsequent times):nev=2 and iswl=1.

(For other arguments, the value obtained after the previous calculation is used directly as the input
value.)
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(¢) Main program

/* C interface example for ASL_dmcltp */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *c;

int 1lmc=7;

int ns;

int nd;

double *s;
double *d;

int nev;

double *x;
double z;

int iswl;

int isw2;

int *iwk;

double *wk;

int ierr;

int i,j;

FILE *fp;

fp = fopen( "dmcltp.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );
return -1;

fscanf( fp, "%d", &iswl);
fscanf( fp, "%d", &isw2);
fscanf( fp, "%d", &nev );
fscanf( fp, "%d", &ns );
fscanf( fp, "%d", &nd );

printf( " *%% ASL_dmcltp ***\n" );
printf( "\n ** Input **\n\n" )

%6d\n", lmc );
%6d\n", ns );
%6d\n", nd );
%6d\n", nev );
%6d\n", iswl);
%6d\n", isw2);

printf( "\tlmc
printf( "\tns
printf( "\tnd
printf( "\tnev
printf( "\tiswi
printf( "\tisw2

¢ = ( double * )malloc((size_t)( sizeof(double) * (lmcx*(nd+1)) ));
if( ¢ == NULL )

printf( "no enough memory for array c\n" );

) return -1;
s = ( double * )malloc((size_t) ( sizeof (double) * (ns+1) ));
%f( == NULL )

printf( "no enough memory for array s\n" );
) return -1;
d = ( double * )malloc((size_t)( sizeof(double) * (nd+1) ));
%f( d == NULL )

printf( "no enough memory for array d\n" );
return -1;

}
x = ( double * )malloc((size_t)( sizeof(double) * (Imc*(nd+1)) ));
%f( x == NULL )

printf( "no enough memory for array x\n" );
return -1;

for( i=0 ; i<ms ; i++ )
for( j=0 ; j<nd ; j++ )
fscanf( fp, "4Llf", &cl[i + 1lmc*jl );
}
for( i=0 ; i<ms ; i++ )

fscanf( fp, "J4Llf", &s[il );

for( j=0 ; j<nd ; j++ )
fscanf( fp, "%Llf", &d[jl );
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/%
*/

}
fclose( fp );

Output

printf( "\n\tTransportation Cost = \n");

for( i=0 ; i<mns ; i++ )
printf( "\t)6d ", i+1);
for( j=0 ; j<nd ; j++ )

printf( "%8.3g", cl[i + lmcxjl );

}
printf( "\n");

}

printf ("\tSupply-Site\n"

printf("\t Demand-Site 1 2 3
printf (" 5 6 7\n"

printf( "\n\tDemand = \n");
printf( "\t" )
for( j=0 ; j<nd ; j++ )

4"

~

printf( "%8.3g", dl[jl );
}
printf( "\n");
printf( "\n\tSupply = \n");

printf( "\t");
for( i=0 ; i<ns ; i++ )

printf( "%8.3g", s[il );
}
printf( "\n");

iwk = ( int * )malloc((size_t) ( sizeof (int) * 12%(ns+nd+1)+5 ));
if ( iwk == NULL )

printf( "no enough memory for array iwk\n" );
return -1;

wk = ( double * )malloc((size_t)( sizeof(double) * 3x(ns+nd+2) ));
if( wk == NULL )
printf( "no enough memory for array wk\n" );
return -1;
ierr = ASL_dmcltp(c, lmc, ns, nd, s, d, &nev, x, &z, iswl, isw2, iwk, wk);
printf( "\n\n\t ** Qutput **\n" );
printf( "\n\t** First Result ** \n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\tnev = %6d\n", nev );
printf( "\tTotal Cost = %8.3g\n\n", z );
printf( "\tTransportation Plan = \n");

for( i=0 ; i<ns+1 ; i++ )

printf( "\t%6d ", i+1);
for( j=0 ; j<nd+1l ; j++ )

printf( "%8.3g", x[i + 1lmc*j] );

}
printf( "\n");

}

printf ("\tSupply-Site\n" );
printf("\t Demand-Site 1 2 3 4");
printf (" 5 6 7 8\n" );
iswl = 1;

nev = 1000;

ierr = ASL_dmcltp(c, lmc, ns, nd, s, d, &nev, x, &z, iswl, isw2, iwk, wk);
printf( "\n\t** Improved Result ** \n\n" );

printf( "\tierr = %6d\n", ierr );

printf( "\tnev = %6d\n", nev )

printf( "\tTotal Cost = %8.3g\n\n", z );

printf( "\tTransportation Plan = \n");

for( i=0 ; i<ns+1 ; i++ )

printf( "\t%6d ", i+1);
for( j=0 ; j<nd+1l ; j++ )
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printf( "%8.3g", x[i + 1lmc*j] );
}
printf( "\n");

}

printf ("\tSupply-Site\n" );
printf("\t Demand-Site 1 2 3 4");
printf (" 5 6 7 8\n" )

free(c );
free(s );
free(d );
free(x );
free(ivwk);
free(wk );

return O;

}
(d) Output results

sk ASL_dmcltp ***
*k Input *%

1mc
ns
nd
nev
iswl
isw2

7
6
7
2
0
1
Transportation Cost =
1 6
7
4
4
2
2
1

2 6 1 3 3 7
2 5 3 8 5 8 5
3 8 9 7 5 7 2
4 7 3 6 7 3 4
5 3 6 4 7 9 9
6 3 9 4 3 2 3
Supply-Site
Demand-Site 2 3 4 5 6 7
Demand =
40 73 32 24 32 45 35
Suppl =
PP y73 29 64 23 76 34
*% Output *x*
** First Result **
ierr = 5000
nev = 2
Total Cost = 707
Transportation Plan =
0 37 0 24 3 0 0 9
2 0 20 0 0 0 0 9
3 0 0 0 0 29 0 35 0
4 0 0 12 0 0 11 0 0
5 40 36 0 0 0 0 0 0
6 0 0 0 0 0 34 0 0
7 0 0 0 0 0 0 0 0
Supply-Site
Demand-Site 1 2 3 4 5 6 7 8
** Improved Result x*x*
ierr = 1100
nev = 3
Total Cost = 680
Transportation Plan =
1 0 37 0 24 12 0 0 0
2 0 29 0 0 0 0 0
3 0 0 0 0 11 0 35 18
4 0 0 3 0 0 20 0 0
5 40 36 0 0 0 0 0 0
6 0 0 0 0 9 25 0 0
7 0 0 0 0 0 0 0 0
Supply-Site
Demand-Site 1 2 3 4 5 6 7 8
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5.7 MINIMIZATION OF A QUADRATIC FUNCTION OF SEV-
ERAL VARIABLES (QUADRATIC PROGRAMMING)
5.7.1 ASL_dmcgsn, ASL_rmcqgsn

Minimization of a Constrained Convex Quadratic Function of Several Vari-
ables (Linear Constraints)

(1) Function
ASL_dmcgsn or ASL_rmcqgsn obtains the & that minimizes a convex quadratic function of several variables

f(x) of the n dimensional vector @ = [z1,-- -, z,]" .
f(x)=c'z+ (1/2)2" Gz

Constraints :
alz=0; (i=1,2,---,m.)

alz>b; (i=me+1,me+2,---,m; 0<me<m)

where G is an n X n positive definite matrix, ¢!’ = [c1,¢2,- -+, ¢,] and @l = [a;1,a;2, -, ai ] are vectors
of dimension n and b; are constants (i =1,2,---,m).
(2) Usage

Double precision:

ierr = ASL_dmcgsn (a, lna, m, b, g, ¢, n, me, er, &nev, x, &y, isw, iwk, wk);
Single precision:

ierr = ASL_rmcgsn (a, lna, m, b, g, ¢, n, me, er, &nev, x, &y, isw, iwk, wk);
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(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
1 a Dx Inaxm Input | When isw=0, transposed matrix
{R*} AT =((a;;)i=1,2,---,m; j=1,2,---,n)
corresponding to the constant coefficients of
constraints. (See Notes (a) and (d))

Output | Transposed matrix corresponding to the
constant coefficients of constraints after
transform.

2 Ina I 1 Input | Adjustable dimension of array a

3 m I 1 Input | Number of constraints m

4 b D+ m Input | When isw=0, right-hand side of constraints
{R*} b=(b;) (i=1,2,---,m) (See Notes (d))

Output | Right-hand side of constraints after
transform.

5 g D+ Inaxn Input | Objective function second order coefficient
{R*} matrix G
6 c D n Input | objective function first order coefficient vec-
{R*} tor ¢
7 n I 1 Input | Number of variables n
8 me I 1 Input | Number of equality constraints m,
9 er D 1 Input | Required precision (Default value:
{R} 2 x /(Unit for determining error))
10 nev I* 1 Input | Maximum number of evaluations of function
f(x) (Default value: 10 x n + m)
Output | Actual number of function evaluations
11 X D+ n Output | Final destination
1
12 y D+ 1 Output | Function value f(x) at final destination =
1
13 isw I 1 Input | Processing switch (See Notes (f))
0: First processing
1: Continuation processing
14 iwk I* 3 Work | Work area
15 wk D+ See Work | Work area
{R*} Contents Size: 2 xn?+17xn+16 x m+ 16
16 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

0<n<Ina,0<m,0<me<m

=

(a)

(b) isw=0orisw=1
)
)

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

1000 n was equal to 1. Processing continues.

1500 Restriction (c) or (d) was not satisfied. Processing is performed with the default
value set for nev or er.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

3500 Equality constraints were not mutually

independent.
4000 The problem was not executable.

4000+1 (1)The diagonal element became 0.0 in
the processing of the i-th column during
QR decomposition.

(2)The diagonal element became less than
or equal to 0.0 in the processing of the i-th

column during LLY decomposition.

5000 The value did not converge before the The value of x and y at that time is output
given maximum number of function eval- and processing is aborted.
uations was reached. (See Notes (e) and (f))
(6) Notes
(a) When isw=0, coefficients a; ; (i = 1,2,---,m.; j = 1,2,---,n) corresponding to the equality con-
straints and coefficients a; ; (i = me+1,me+2,---,m; j =1,2,---,n) corresponding to the inequality

constraints must be set in array a as follows, where n is number of variables and m is number of

constraints.
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Storage status within array a[lnaxm]

a1 | al0] a1,m, a[(me — 1) x1na]

az;1 | a[l] az,me a[(me — 1) xIna+1]

as,1 | a[2] as,me a[(me — 1) xIna+2]
Ina : :

an,1 An,me

M — — — — =

Remarks

a. Ina > n must hold.

a1,me+1
A2, me+1

a3 me+1

An,me+1

a[me x1Ina)
a[me xIna+1]
a[me x1na+2)

a1,m
az2,m

asz,m

An,m

a[(m — 1)xIna]
a[(m — 1) xIna+1]
a[(m — 1) xIna+2]

(b) The optimal solution is not obtained by this function if the objective function second order coefficient

matrix G is not positive definite.

(c) If a default value is shown for an argument in the “Contents” column of the table in the Arguments

section, then the default value will be set if 0 is entered for an integer-type argument or if 0.0 is entered

for a real-type argument.

(d) Transformed values are entered in a and b for output.

PN
= @

Usually, the value of x is not satisfied constraints when ierr = 5000 is returned.

If ierr = 5000 is returned and the number of iterations is less than the specified convergence count,

the calculation can be continued using the information calculated up to the intermediate point. To

perform this processing set 1 for the isw value, set a sufficient value for the nev value, and use the

output values of the previous execution for all other input values. Also use the work information from

the previous execution. (See the example)

(7) Example

(a) Problem

Minimize the function:

f(z) = 1/2(5$12 + 6x122 + 5$22) — 9527 — 105z4

based on:
—x1 — 212
—3x1 — 22
—2x1 — 329
15z1 — 1329
T
T2

> —10
> —15
> 30
> 0
> 0
> 0

In this example, to illustrate the continuation processing described in Notes (f), the maximum number

of evaluations nev=3 is set small enough so that ierr=>5000 is output.

(b) Input data

(First time): n=2, m=6, me=0, lna=11, nev=3, isw=0, er=0.0,

arrays a, b, g and c.

(Second and subsequent times): nev=3 and isw=1.

(For other arguments, the value obtained after the previous calculation is used directly as the input

value.)
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(¢) Main program

/* C interface example for ASL_dmcqsn */
#include <stdio.h>

#include <stdlib.h>

#include <asl.h>

int main()
double *a, *b, *g, *c, eer, *x, y, *wk;

int na, mm, nn, mme, nev, iisw, iwk[3],
int i, j, once=0,nwk;

ierr;

FILE *fp;

fp = fopen( "dmcgsn.dat", "r" );

if ( fp == NULL )
printf( "file open error\n" );
return -1;

printf( " #%% ASL_dmcgsn ***\n" );

printf( "\n *#x Input **\n" );

na = 11;
fscanf( fp, "%d %d %d %1f %d %d",

printf( "\n\tn = %6d\tm = %6d\tme = %6d\n", nn,
= ( double * )malloc((size_t)( sizeof(double)

if( a == NULL )

printf( "no enough memory for array a\n" );
) return -1;
b = ( double * )malloc((size_t)( sizeof(double)
%f( b == NULL )

printf( "no enough memory for array b\n" );
) return -1;
g = ( double * )malloc((size_t)( sizeof (double)
if( g == NULL )
{

printf( "no enough memory for array g\n" );
) return -1;
c=( double * Jmalloc((size_t) ( sizeof (double)
%( = NULL )

printf( "no enough memory for array c\n" );
) return -1;
x = ( double * )malloc((size_t)( sizeof (double)

1f( x == NULL )

-~

printf( "no enough memory for array x\n" );
return -1;

nwk 2*nn*nn+17*nn+16*mm+16

&nn, &mm, &mme,

*

*

*

*

*

&eer, &nev, &iisw );

mm, mme );

)

(na*mm)

mm ));

));

(na*nn)

nn ));

nn ));

( double * )malloc((51ze t) ( sizeof(double) * nwk ));

1f( wk == NULL )

printf( "no enough memory for array wk\n" );

return -1;

printf( "\n *x Matrix a **\n\n" );
for( i=0 ; i<nn ; i++ )
printf( "\t" );
for( j=0 ; j<mm ; j++ )

fscanf( fp,
printf( "%8.

"%LE", &ali+naxjl );
3g ", ali+naxj]l );

}

printf( "\n" );
}
printf( "\n

printf( "\t" );
for( i=0 ; i<mm ; i++ )

fscanf( fp, "41f", &bl[il );
printf( "%8.3g ", bl[i] );

** Vector b **\n\n" );

}
printf( "\n" );

printf( "\n **% Matrix g **\n\n" );
for( i=0 ; i<nn ; i++ )

printf( "\t" );
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for( j=0 ; j<mmn ; j++ )

fscanf ( fp, "%1lf", &gli+naxjl );
printf( "%8.3g ", gli+na*jl );

}
printf( "\n" );
printf( "\n *x Vector ¢ **\n\n" );

printf( "\t" );
for( i=0 ; i<nn ; i++ )

fscanf( fp, "JLlf", &clil );
printf( "%8.3g ", c[il );

}
printf( "\n" );

ierr = ASL_dmcgsn(a, na, mm, b, g, ¢, nn, mme, eer, &nev, x, &y, iisw, iwk, wk);
printf( "\n ** Qutput **\n" );

printf( "\n *% First Result (isw == 0) **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n *x Vector x **\n\n" );
for( i=0 ; i<nn ; i++ )

printf( "\tx[ %64 ] = %8.3g\n", i, x[i] );

loop:

}

fscanf( fp, "%d %d", &nev, &iisw );

ierr = ASL_dmcgsn(a, na, mm, b, g, ¢, nn, mme, eer, &nev, x, &y, iisw, iwk, wk);

printf( "\n *x* Improved Result (isw != 0) **\n\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\n *x Vector x **\n\n" );
for( i=0 ; i<nn ; i++ )

printf( "\tx[ %6d 1 = %8.3g\n", i, x[i] );
printf( "\ty = %8.3g\n", y );
%f (ierr == 5000 && once==0)

once=1;
goto loop;

fclose(
free(
free(
free(
free(
free(
free(

P s

sXomowe

return O;

(d) Output results

***x ASL_dmcgsn ***

*k Input *%

n = 2 m= 6 me = 0
** Matrix a *x*
-1 -3 -2 15 1 0
-2 -1 -3 -13 0 1
** Vector b *x*
-10 -15 -30 0 0 0

** Matrix g *x*
5 3

3 5

** Vector c *x*
-95 -105

** Qutput *x*
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*x First Result (isw == 0) **
ierr = 5000
** Vector x **
x[ 0] = 2.14
x[ 1] = 8.57
*x* Improved Result (isw != 0) *x
ierr = 0
** Vector x **
x[ 0] = 4
x[ 1] = 3
y = -597
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5.7.2 ASL_dmcqlm, ASL_rmcqlm
Minimization of a Generalized Convex Quadratic Function of Several Vari-
ables (Linear Constraints)
(1) Function

ASL_dmcqlm or ASL_rmcqlm obtains @ that minimizes the objective function

1
f(x) = imTG‘m +clx

under the constraints

n
Zai,jxj :bi (i: 1,---,me)
7j=1

n
Zai,jxj >b; (i=me+1,---,m)
j=1

and obtains the objective function value f(x) at that time. Where, G is an n X n positive semidefinite

matrix and ¢’ = [c1, ¢, -+, ¢n] and @l = [a; 1,02, -+, ai ] are n dimensional vectors (i = 1,---,m).

(2) Usage
Double precision:
ierr = ASL_dmcqglm (a, na, n, b, m, me, g, ng, ¢, &nev, x, &y, isw, iw, w);
Single precision:

ierr = ASL_rmcqlm (a, na, n, b, m, me, g, ng, ¢, &nev, x, &y, isw, iw, w);
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(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
1 a D+ naxn Input | When isw=0, matrix A = (a; ;)
{R*} (t=1,2,---,m; j=1,2,---,n) correspond-
ing to the constant coefficients of constraints.
2 na I 1 Input | Adjustable dimension of array a
n I 1 Input | Number of variables n
4 b D+ m Input | m dimensional vector having the constants
{R*} b; on the right-hand side of the constraint
conditions as components
5 m I 1 Input | Number of constraint conditions m
me I 1 Input | Number of equality constraint conditions m,
g D+ ngxn Input | Two-dimensional coefficient matrix G of the
{R*} objective function
8 ng I 1 Input | Adjustable dimension of array g
9 c D+ n Input | One-dimensional coefficient vector ¢ of the
{R*} objective function
10 nev I* 1 Input | Maximum number of iterations (See Notes
(©)
Output | Number of iterations required to terminate
calculation
11 X Dx n Output | Optimal solution x
()
12 v D+ 1 Output | Objective function value f(x) for optimal so-
{R*} lution =
13 isw I 1 Input | Processing switch (See Notes (d))
0:First processing
1:Continuation processing
14 iw I* See Work | Work area
Contents Size: 2 x n—me + m + 2
15 w Dx See Work | Work area
{R*} Contents Size: (n+m —me+2) x (n+m—me) X 2+
(m+me) X (n+1)+n
16 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
1000 n was 1. Processing continues.
1500 m was 0.
3000 One of restrictions (a) through (e) was not Processing is aborted.
satisfied.
3500 No solution that satisfies the equality con-

straints exists.

4000 It was determined that no optimal solu-
tion exists.
5000 The solution could not be obtained within

the given number of iterations.

(6) Notes

(a) When isw=0, coefficients a;; (i = 1,2,---,m; j = 1,2,---,n) corresponding to the constants of

constraints must be set in array a as follows, where n is number of variables and m is number of

constraints.
Storage status within array a[naxk]

a1 | al0] | ai,2 | a[na] ai,n | a[(n —1)xnal

az,1 | a[l] | a2,2 | a[na+1] az,n | a[(n — 1)xna+1]

as,1 | a[2] | as2 | a[na+2] as,, | a[(n —1)xna+2]

m
na .

Am,1 Am,2 Am,n

—————— n—————— - -

——_————————————— = k-————————-————— = —
Remarks

a. k > n must hold.

(b) The optimal solution is not obtained by this function if the two-dimensional coefficient matrix G of

the objective function is not positive semidefinite.
(¢) If a non-positive value is entered for argument nev, then nev = n — m — me is set as the default value.

(d) If the specified number of iterations is too small and ierr=5000 is returned, perform the calculation
using the information calculated up that point. To perform this processing set isw=1 and use the

output values from the previous time as input values. The contents of work arrays w and iw must
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be saved in advance. If the number of iterations has already reached n + m — me, no solution will be

obtained even if further iterations are performed.
(7) Example

(a) Problem

Minimize the function

f@) =5

under the constraints

(522 4 6x129 + 522) — 9521 — 1052,

—T1 — 2{B2 Z —10

—3r1—x2 > -—15
—2x1—3x2 > =30
152y — 13z > 0

ry > 0
xo > 0

In this example, to indicate the continuation processing described in Notes (d), set a small value

(nev=2) for the maximum number of evaluations so that ierr=5000 will be output.

(b) Input data
(First time): n=2, m=4, me=0, na=11, nev=0,
arrays a, b, g and c.
(Second and subsequent times): nev=0 and isw=1.
(For other values, directly set the values at the end of the previous calculation as input values.)

(¢) Main program

/* C interface example for ASL_dmcqlm */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

double *a;
int na;
int n;
double *bj;
int m;

int me;
double *g;
int ng;
double *c;
int nev;
int isw;
double *x;
double y;
int *iw;
double *w;
int ierr;
int i,j;
FILE *fp;

fp = fopen( "dmcqlm.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *#x* ASL_dmcqlm ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &na );
fscanf( fp, "%d", &n );
fscanf( fp, "%d", &m );
fscanf( fp, "%d", &me );
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fscanf( fp, "%d", &ng );
fscanf( fp, "%d", &nev );
fscanf( fp, "%d", &isw );

a = ( double * )malloc((size_t) ( sizeof (double) * (na*n) ));
%f( a == NULL )

printf( "no enough memory for array a\n" );
return -1;

}
g = ( double * )malloc((size_t)( sizeof(double) * (ng*n) ));
if( g == NULL )

{

printf( "no enough memory for array g\n" );

return -1;
}
x = ( double * Jmalloc((size_t) ( sizeof(double) * n ));
%f( = NULL )
printf( "no enough memory for array x\n" );
) return -1;

c = ( double * )malloc((size_t) ( sizeof(double) * n ));
%f( c == NULL )

printf( "no enough memory for array c\n" );

) return -1;
b = ( double * )malloc((size_t)( sizeof(double) * m ));
%f( b == NULL )

printf( "no enough memory for array b\n" );
return -1;

= ( double * )malloc((size_t)( sizeof(double) *
(2*(n+m me+2) * (n+m-me) +2*m* (n+1)+n) ));
if( w == NULL )

printf( "no enough memory for array w\n" );
return -1;

iw = ( int * )malloc((size_t) ( sizeof(int) *
(2*n+m—me+2) ));
if( iw == NULL )

printf( "no enough memory for array iw\n" );
return -1;

printf( "\tna = 6d ng = %6d\n", na, ng );
printf( "\tn = %6d m = %6d me = %6d nev = %6d isw = %6d\n",
n, m, me, nev, isw );

printf( "\tMatrix a\n" );
for( i=0 ; i<m ; i++ )
printf( "\t" );
for( j=0 ; j<n ; j++ )

fscanf( fp, "%lf", &ali+naxj] );
printf( " a( %d , %d ) = %8.3g", i, j, ali+na*xj]l );
}
printf( "\n" );
}
printf( "\tVector b\n" );
for( i=0 ; i<m ; i++ )

fscanf( fp, "ALf", &bl[il );
printf( "\t b( %d ) = %8.3g\n", i, b[i] );
}

printf( "\tMatrix g\n" );
for( i=0 ; i<m ; i++ )
printf( "\t" );
for( j=0 ; j<n ; j++ )
fscanf ( fp, "%1f", &gli+ng*jl );
printf( " g( %d , %d ) = %8.3g", i, j, glitng*jl );
}
printf( "\n" );
}

printf( "\tVector c\n" );
for( i=0 ; i<n ; i++ )

fscanf( fp, "%1f", &cl[il );
printf( "\t c( %d ) = %8.3g\n", i, cl[il );
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ierr = ASL_dmcqlm(a, na, n, b, m, me, g, ng, ¢, &nev, x, &y, isw, iw, w);

printf( "\n ** Output **\n\n" );
printf( "\n *x First Result **\n" );
printf( "\tierr %6d\n", ierr );
printf( "\tnev %6d\n", nev );

fscanf( fp, "%d", &nev );

fscanf( fp, "%d", &isw );

fclose( fp );

ierr = ASL_dmcqlm(a, na, n, b, m, me, g, ng, ¢, &nev, x, &y, isw, iw, w);

printf( "\n ** Improved Result **\n" );
printf( "\tierr = %6d\n", ierr );

printf( "\tnev = %6d\n", nev );

printf( "\tVector x\n" );

for( i=0 ; i<n ; i++ )

printf( "\t x( %d ) = %8.3g\n", i, x[i] );
}
printf( "\t y = %8.3g\n", y );

free(
free(
free(
free(
free(
free(
free(

ST O0X0QE

NN

s
’
s
H
H
2

[

W)

return O;

}
(d) Output results

%% ASL_dmcqlm ***

*k Input *%

=]
o
[
R
=
=]
0]
I
[ed

= 2 isw = 0

=}
[0}
<

|

-2
-1
-3
-13

[elololel
NN
munnn

I

N
P
e vavay
WO
el
(AN
munn

-10
-15
-30

w o,
0]
~
[
-
~

-95
-105

*% Qutput *x*

**x First Result *x
ierr = 000
nev = 2

** Improved Result *x*
ierr = 0

nev = 2

Vector x
x( 0)
x( 1)
y = -597
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5.7.3 ASL_dmcqaz, ASL_rmcqaz
Minimization of an Unconstrained 0-1 Quadratic Function of Several Vari-
ables (Unconstrained 0-1 Quadratic Programming Problem)
(1) Function

ASL_dmcqaz or ASL_rmcqaz obtains the « that minimizes a quadratic function of several variables of the

n dimensional vector @ = [z1,- -+, x,]" (z; € {0,1}).
f(x)=c'z+ (1/2)2" Gz

where G is a n x n matrix and ¢’ = [c1, o, -, ¢,] is a n dimensional vector.

(2) Usage
Double precision:
ierr = ASL_dmcqaz (g, na, n, ¢, &irl, &ir2, ipm, rpm, ix, &y, iwk, wk);
Single precision:

ierr = ASL_rmcqaz (g, na, n, ¢, &irl, &ir2, ipm, rpm, ix, &y, iwk, wk);
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(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fnput/ Contents
Return Value Output
1 g Dx naxn Input | Coefficient matrix G of the quadratic term of
{R*} the objective function
2 na D 1 Input | Adjustable dimension of array g
i}
3 n I 1 Input | Number of variables n
4 c D+ n Input | Coeflicient vector ¢ of the linear term of the
{R*} objective function
5 irl I* 1 Input | Random number initial value. (See Notes (a)
and (b))
Output | Next random number initial value
6 ir2 I* 1 Input | Random number initial value. (See Notes (a)
and (b))
Output | Next random number initial value
7 ipm I* 12 Input | Integer parameters
Output | ipm[1-10] : Parameter values actually used.
ipm[11] : Actual number of solution evalua-
tions by branch-and-bound method
8 rpm I* 5 Input | Real parameters
Output | rpm[1-4] : Parameter values actually used
9 ix I* n Input | Initial solution (®) (Only when ipm[1]#1)
Output | Final destination
10 y D+ 1 Output | Function value f(x) at final destination «
()
11 iwk I* See Work | Work area
Contents Size: nx (max(ipm[6], ipm[9])+3) +ipm[9] +
13
12 wk Dx See Work | Work area
{R*} Contents Size: 3 x n? +12 x n+ max(ipm[9], n) + (n+
1) x ipm[9] + 9
13 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

(a)

0<n<nal<n

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) was not satisfied. Processing is aborted.
4000 The branch-and-bound search for the op- The value of x and y at that time is output
timal solution failed because of the nu- and processing is aborted.

merical errors.

5000 The solution of the relaxation problem
could not be obtained within the given

number of iterations.

5500 The number of active partial problems

reached the given limit.

5600 The branch-and-bound search did not
complete within the given number of

evaluations.

(6) Notes

()
(b)

()

(d)

ix and iy should be odd numbers.

A random number sequence that continues the previously generated random number sequence can be
obtained by using the output values of the previous execution for ix and iy.

To search for the maximum value, perform a search for the minimum value of —f(x). At this time,

the value of y is the maximum value with the sign reversed.

If ierr = 4000, 5000, 5500 or 5600 is returned and you try to continue the calculation, you can perform
it efficiently by using the solution obtained in the previous execution as the initial solution. To perform
this processing set the integer other than 1 for ipm|[0] and ipm[1] values, and use the output values of

the previous execution for all other input values.

When n is too large, it takes very long calculation time to search the optimal solution by the branch-
and-bound method. In such a case, set the value other than 0 for ipm[5] and you can search the optimal
solution only heuristically, which can be used as an approximate solution for the true optimal solution

but has no guarantee for the accuracy.

The accuracy of the lower bound tests for the branch-and-bound method gets better sometimes when
the parameter ipm|[7] is set a large value. But the calculation time for each lower bound test increases
exponentially as the value of ipm[7] increases. Therefore, you should usually set 1 for the the values of
it.

As the value of the parameter rpm[1] increases the calculation time by the branch-and-bound method

increases but the numerical stability gets better and it makes ierr harder to return 4000 or 5000.
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Table 5—1 Parameter Table (Unconstrained Zero-One Quadratic Programming Problem)

Argument name | Default value Contents

ipm[0] - Setting of default values

0:Set default values of the integer parameters ipm[1-11]
Other than 0:The user sets the values of the integer parameters
ipm[1-11]

ipm[1] 1 Initial solution setting selection switch

0:The initial solution (%) is set automatically
Other than 0:The user sets the initial solution (%

ipm|[2] 0 Heuristic search method selection switch

0:Obtain the initial solution by the simulated annealing and
improve it by the tabu search.

1:Use the simulated annealing

2:Use the tabu search

Otherwise:The heuristic search is not performed

ipm|[3] 10000 The evaluation number of search by the simulated annealing.
(When the value less than or equal to 0 is set, the default value

is used.)

ipm[4] 100 The evaluation number of search by the tabu search.
(When the value less than or equal to 0 is set, the default value

is used.)

ipm[5] 0 Selection switch if the user perform the search of the solution
by the branch-and-bound method or not

0:Perform the search of the solution by branch-and-bound
method

Other than 0:Does not perform the search of the solution by
branch-and-bound method

ipm[6] ipm[4] The length of the tabu list

(When the value less than or equal to 0 is set, the default value

is used.)

ipm|[7] 1 The number of free variables which are used for the evaluating

the lower bounds of partial problems in the branch-and-bound

search
(When the value other than 0 to 10 is set, the default value is
used.)

ipm|[8] 1 The maximum iteration number for solving relaxation

quadratic programming problems
(When the value less than or equal to 0 is set, the default value

is used.)
ipm[9] See The maximum number of active partial problems in the
Contents branch-and-bound search

Default value:max(n,ipm[6])

(When the value less than or equal to 0 is set, the default value

is used.)
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Table 5—1 Parameter Table (Unconstrained Zero-One Quadratic Programming Problem) (cont’d)

Argument name | Default value Contents

ipm[10] 1 The depth of search for the branch-and-bound method
(When the value less than or equal to 0 is set, the default value
is used.)

ipm[11] 100xn The maximum evaluation number for the branch-and-bound
method.
(When the value less than or equal to 0 is set, the default value
is used.)

rpm|[0] - Setting of default values
0.0:Set default values of the real parameters rpm[1-4]
Other than 0.0:The user sets the values of the real parameters
rpm[1-4]

rpm][1] See Required precision for solving the relaxation quadratic pro-

Contents gramming problem

Default value: 1/Unit for determining error
(When the value less than or equal to 0.0 is set, the default
value is used.)

rpm|[2] 1.0 The minimum eigen value S of the coefficient matrix which has
been transformed into a positive definite matrix.
(When the value less than or equal to 0.0 is set, the default
value is used.)

rpm|[3] 50000.0 The initial temperature Ty for the simulated annealing search
(When the value less than 0.0 is set, the default value is used.)

rpm[4] 0.999 The ratio of the temperature reduction «
(When the value less than or equal to 0.0 or larger than 1.0 is
set, the default value is used.)

(7) Example

(a) Problem

Obtain the zero-one vector * that minimize the objective function

1
f(x)=c'x + §wTG:B

and the function value f(x*). where the matrix G and the vector ¢ are given as follows.

1 -2 -1 3 2 0
-1 4 2 1 5 —4
0 1 3 0 -3 2
G:
2 5 0 -3 1 3
1 1 5 3 -3 2
4 5 -1 -1 3 1
c=(1,1,1,-1,-1,-1)7T

(b) Input data

na=7, n=6, irl=1, ir2=1, ipm|[0]=0, rpm|[0]=0.0, coefficient matrix G and coefficient vector c.
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(¢) Main program

/* C interface example for ASL_dmcqaz */
#include <stdio.h>

#include <stdlib.h>

#include <asl.h>

int main()
double *g, *c, y, *wk, rpm[5];
int na, n, irl, ir2, ipm[12], *ix, *iwk, ierr;
int i, j;
FILE *fp;

fp = fopen( "dmcqaz.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #*%x ASL_dmcqaz ***\n" );
printf( "\n *#x Input **\n" );
na = 7;
ipm[0] = 0;
rpm[0] = 0.0;

fscanf( fp, "%d", &n );

printf( "\n\tn = %6d\n", n );

fscanf( fp, "%d%d", &irl, &ir2 );

printf( "\n\tirl = %6d\tir2 = %6d\n", irl, ir2 );

g = ( double * )malloc((size_t)( sizeof(double) * (na*n) ));
if( g == NULL )

printf( "no enough memory for array g\n" );

) return -1;
c = ( double * )malloc((size_t) ( sizeof(double) * n ));
%f( c == NULL )

printf( "no enough memory for array c\n" );
return -1;

ix = ( int * )malloc((size_t)( sizeof(int) * n ));
if ( ix == NULL )

printf( "no enough memory for array ix\n" );
return -1;

}
wk = ( double * )malloc((size_t)( sizeof (double) * 989 ));
if( wk == NULL )

printf( "no enough memory for array wk\n" );
return -1;

iwk = ( int * )malloc((size_t) ( sizeof(int) * 731 ));
if ( iwk == NULL )

printf( "no enough memory for array iwk\n" );
return -1;

printf( "\n **% Matrix g **\n\n" );

%or( i=0 ; i<n ; i++ )

printf( "\t" );
for( j=0 ; j<n ; j++ )

fscanf ( fp, "%1lf", &gli+naxjl );
printf( "%8.3g ", gli+na*xjl );

}
printf( "\n" );
}
printf( "\n *x Vector ¢ **\n\n" );
printf( "\t" );
for( i=0 ; i<mn ; i++ )

fscanf( fp, "J%lf", &cli] );
printf( "%8.3g ", clil );

}
printf( "\n" );

ierr = ASL_dmcqaz(g, na, n, c, &irl, &ir2, ipm, rpm, ix, &y, iwk, wk);

printf( "\n ** Output **\n\n" );

549



ASL_dmcqaz, ASL_rmcqaz
Minimization of an Unconstrained 0-1 Quadratic Function of Several Variables (Unconstrained 0-1 Quadratic
Programming Problem)

printf( "\tierr = %6d\n", ierr );

printf( "\n *x Vector ix **\n\n" );
for( i=0 ; i<n ; i++ )

printf( "\tix[ %6d 1 = %6d\n", i, ix[i] );

printf( "\n\ty = %8.3g\n", y );

fclose( fp );
free( g );
free( c );
free( ix );
free( iwk );
free( wk );

return O;

}
(d) Output results

**% ASL_dmcqaz ***
** Input *x*
n = 6
irl = 1 ir2 = 1
** Matrix g *x*
1 -
-1
0
2

1
4

RO BN
EFNWNPO

** Vector c *x*
1 1 1 -1 -1 -1
** Qutput **
ierr = 0

** Vector ix *x*

ix[ 0] = 0
ix[ 1] = 0
ix[ 2] = 0
ix[ 3] = 1
ix[ 4] = 1
ix[ 51 = 0
y = -3
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5.8 MINIMIZATION OF A CONSTRAINED FUNCTION OF SEV-
ERAL VARIABLES (NONLINEAR PROGRAMMING)

5.8.1 ASL_dmsqpm, ASL_rmsqpm
Minimization of a Constrained Function of Several Variables (Nonlinear Con-
straints)

(1) Function
ASL_dmsqpm or ASL_rmsgpm obtains «* that locally minimizes the function f(x) of several variables under

the m inequality constraints

and ¢ equality constraints
hij(x) =0, j=1,---,4
and obtains the function value f(x*) at that time.

(2) Usage
Double precision:
ierr = ASL_dmsqpm (f, gf, hf, m, ml, x, n, er, &nev, &y, iwk, wk);
Single precision:
ierr = ASL_rmsqpm (f, gf, hf, m, ml, x, n, er, &nev, &y, iwk, wk);
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Minimization of a Constrained Function of Several Variables (Nonlinear Constraints)

(3) Arguments and Return Value

D:Double precision real

R:Single precision real

Z:Double precision complex

C:Single precision complex

I { int as for 32bit Integer}

long as for 64bit Integer

No. Argument and Type Size fnput/ Contents
Return Value Output
1 f D - Input | Name of function f(x) that defines the func-
{ R} tion f(x)
2 of — — Input | Name of function gf(x, n, g, mm) that gives
inequality constraints.
3 hf — — Input | Name of function hf(x, n, h, ml) that gives
equality constraints.
4 m I 1 Input | Number of constraints m + £
5 ml I 1 Input | Number of equality constraints ¢
6 X Dx n Input | Initial value of search point xq
{R*} Output | optimal solution x*
7 n I 1 Input | Number of components of @
8 er D 1 Input | Unit for determining 0 (Default value:
{R} 2 x /(Unit for determining error))
9 nev I* 1 Input | Maximum number of updates of & (Default
value: 100)
Output | Actual number of updates of «
10 y D+ 1 Output | Function value f(a*) at the final destination
1 -
11 iwk I* m+3 Work | Work area
12 wk D+ See Work | Work area
{R*} Contents Size: 4 xnXxn+2xmxn+21xn+108 xm
13 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

(a) m > 0 (except when 0 is entered in order to solve a problem with no constraints)

(f) er > 0.0 (except when 0.0 is entered in order to set er to the default value)

)
(g) nev > 0(except when a negative value is entered in order to set nev to the default value)
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(5) Error indicator (Return Value)

ierr value

Meaning

Processing

0

Normal termination.

1000

Restriction (f) or (g) was not satisfied.

Processing is performed with the default

value set for er or nev.

1500

mwas 0.

Processing continues.

3000

One of restrictions (a) through (e) was not
satisfied.

Processing is aborted.

3500

Equality constraints of the partial
quadratic programming problem were not

mutually independent.

3600

The partial quadratic programming prob-

lem was not executable.

3700

(1)A diagonal element of the matrix,
which is to be QR decomposed for solving
the partial quadratic programming prob-
lem, became 0.0 in the processing of de-
composition. (The matrix does not have
the designed rank.)

(2) A diagonal element of the matrix,
which is to be LLT decomposed for solv-
ing the partial quadratic programming
problem, became less than or equal to 0.0
in the processing of decomposition. (The

matrix is nearly singular.)

3800

The partial quadratic programming prob-

lem did not converge.

3900

The step-size became less than or equal to

0.0 in the processing of rectilinear search.

4000

Equality constraints of the partial
quadratic programming problem were not

mutually independent.

4100

The partial quadratic programming prob-

lem was not executable.

The values of x and y at that time are
output and processing is aborted. The

value of x satisfies constraints.
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ierr value

Meaning

Processing

4200

(1)A diagonal element of the matrix,
which is to be QR decomposed for solving
the partial quadratic programming prob-
lem, became 0.0 in the processing of de-
composition. (The matrix does not have
the designed rank.)

(2) A diagonal element of the matrix,
which is to be LL” decomposed for solv-
ing the partial quadratic programming
problem, became less than or equal to 0.0
in the processing of decomposition. (The

matrix is nearly singular.)

4300

The partial quadratic programming prob-
lem did not converge.

4400

The step-size became less than or equal to

0.0 in the processing of rectilinear search.

4500

The problem could not be solved even
though the given maximum number of up-
dates of  was reached.

5000

The problem could not be solved even
though the given maximum number of up-

dates of « was reached.

The values of x and y at that time are
output and processing is aborted. The

value of x does not satisfy constraints.

(6) Notes

(a) The functions f is created as follows.

double FORTRAN f (double *x)

{

return(f (*x));

}

(b) The functions gf and hf are created as follows.

void FORTRAN gf (double *x, int *n, double *g, int *mm)

g1(z);

gmm(x); (i=0,n—1)

void FORTRAN hf (double *x, int *n, double *h, int *ml)

{

h[0] = hai(z);
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himl —1] = hAp(z); (=0,n-1)
}

The value of argument mm here is the number of inequality constraints.

(c) If the specified maximum number of updates of @ is too small and ierr=5000 is returned, perform the
calculation using the information calculated up that point. When performing this processing, use the

output value of x from the previous time as the input value.
(7) Example

(a) Problem
Minimize the function

f(x) = —x3

under the constraints

A
o

—x1 + X2

I12+$22+I3271.0 =0

(b) Input data
Name of function that calculates the objective function value: f
Name of function that gives inequality constraints: gf
Name of function that gives equality constraints: hf
n=3, m=2, ml=1, er = 1.0e — 14, nev=100, x[0] = —0.1, x[1] = 1.0 and x[2] = 0.1.

(¢) Main program

/* C interface example for ASL_dmsqpm */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

#ifdef __cplusplus
%xtern "c"

#endif

#ifdef __STDC__
double f(double *x)
#else

double f(x)

double *x;

?endif

return -1.0 * x[2];
#ifdef __cplusplus

}

#endif

#ifdef __cplusplus
extern "C"

#endif

#ifdef __STDC__
void gf (double *x,int *n,double *g,int *mm)
#else

void gf (x,n,g,mm)
double *x;

double *g;

int *n;

int *mm;

#endif

{

*g = -1.0%x[0]+1.0%x[1];

}

#ifdef __cplusplus
}

#endif

#ifdef __cplusplus
extern "C"
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{

#endif

#ifdef __STDC__
void hf (double *x,int *n,double *h,int *ml)
#else

void hf(x,n,h,ml)
double *x;

double *h;

int *n;

int *ml;

#endif

*h = x[0]*x[0]+x[1]*x[1]+x[2]*x[2]-1.0;
#ifdef __cplusplus

¥
#endif
%nt main()

int m;

int ml;
double *x;
int n;
double er;
int nev;
double y;
int *iwk;
double *wk;
int ierr;
int i;
FILE *fp;

fp = fopen( "dmsqgpm.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " *%% ASL_dmsqpm ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &m );
fscanf( fp, "%d", &ml );
fscanf( fp, "%d", &n );
fscanf( fp, "%d", &nev );
er=1.0e-12;

x = ( double * )malloc((size_t)( sizeof(double) * n ));
%f( x == NULL )

printf( "no enough memory for array x\n" );
return -1;

wk = ( double * )malloc((size_t)( sizeof (double) *
(4*n*n+21*n+108*m+2*m*n) ));
if ( wk == NULL )
printf( "no enough memory for array wk\n" );
return -1;
iwk = ( int * )malloc((size_t)( sizeof(int) * (m+3) ));
if ( iwk == NULL )
printf( "no enough memory for array iwk\n" );
return -1;

printf( "\tm = %6d ml = %6d n = %6d nev = %6d er = 8.3g \n",
m, ml, n, nev, er );

printf ("\n ** vector x **\n\n");
for( i=0 ; i<mn ; i++ )

fscanf( fp, "%1f", &x[i] );
printf( " x( %6d )= %8.3g\n", i, x[il );

}

printf( "\n" );

fclose( fp );

ierr = ASL_dmsqpm(f, gf, hf, m, ml, x, n, er, &nev, &y, iwk, wk);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n", ierr );
printf( "\tnev = ¥%6d\n", nev );

printf ("\n **% vector x **\n\n");
for( i=0 ; i<n ; i++ )
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printf( " x( %6d )= %8.3g\n", i, x[i] );

printf( " y = %8.3g\n", y );
free( x );

free( wk );

free( iwk );

return O;

}
(d) Output results

*k% ASL_dmsqpm ***
** Input *x*
m = 2 ml = 1n-= 3 nev = 100 er = le-12

** vector x *x

x( 0 )= -0.1
x( 1)= 1
x( 2 )= 0.1
*% Output *x*

ierr = 0

nev = 13

** vector x **
x( 0 )= -3.04e-13
x( 1 )= -3.18e-13
x( 2 )= 1
y = -1
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5.9 DISTANCE MINIMIZATION ON A GRAPH (SHORTEST PATH
PROBLEM)

5.9.1 ASL_dmsplm, ASL rmsplm
Distance Minimization for a Given Node to the Other Node on a Graph

(1) Function
On a graph that has n nodes and m branches and for which all branches have nonnegative weights, this
function obtains the path P = (v1,vs,---,vp) for which the sum W (P) of the weights w(k;) (vj,vj41) of
the branches from a given node v; to the other nodes v, is the minimum and this function also obtains the
value of W (P) (shortest distance) at that time.

p—1

Objective function : W(P) = Zw(kj) — Minimum

j=1

(2) Usage
Double precision:
ierr = ASL_dmsplm (n, m, itl, ihd, wght, init, d, ip, isw, iwk, wk);
Single precision:

ierr = ASL_rmsplm (n, m, itl, ihd, wght, init, d, ip, isw, iwk, wk);
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(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. retunent an Type Size nput/ Contents
Return Value Output
n I 1 Input | Number of nodes n
2 m I 1 Input | Number of branches m
itl I* m Input | Node number of starting point of branch k,
tail(k)
4 ihd I* m Input | Node number of ending point of branch k,
head (k)
5 wght Dx m Input | Weight of branch k, w(k)
Rx
6 init D 1 Input | Node number of starting point vy
R
7 d D+ n Output | Shortest distance from the starting point vq
R+ to each node v;. (See Note (a))
8 ip Dx n Output | New node number of each node v; on the
R+ shortest path. (See Note (b))
9 isw I 1 Input | Processing switch. (See Note (c))
isw=0:directed graph
isw=1:undirected graph
10 iwk I* See Work | Work area.
Contents Size: 4 xn+2xm
11 wk Dx 2 xm Work | Work area.
Rx
12 ierr I 1 Output | Error indicator (Return Value)
(4) Restrictions
(a) n > 2
(b) m>1
(¢) wghtfk —1] >0.0, (k=1,---, m)
(d) 1<itllk—1<n, (k=1,---, m)
() 1<ihdk—1]<n, (k=1,---, m)
(f) isw=0 or isw=1
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.
3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
3100 Restriction (c) was not satisfied.
3200 Restriction (d) or (e) was not satisfied.
3300 Restriction (f) was not satisfied.
(6) Notes

(a) When the value of D(v1,v,) is negative, no path exists from node v1 to node v,.

(b) When the series of nodes on the shortest path from node v; to node v, is (v1,6,---, 3, @, vp), these

nodes are obtained so that ip[v, — 1] = o, ip[a—1] = 8, - -, ip[d — 1] = v1 sequentially from the ending

point to the starting point.

(¢) For an undirected graph, since each branch is automatically replaced by two directed branches within

the function, the input data need not be duplicated in advance.

(7) Example

(a) Problem

Obtain the path for which the sum of the weights of the branches from starting point v; to node v,

on the following kind of graph is the minimum. However, assume that the weights of all branches are

nonnegative.

[16]
1

1 [

(s)
\&J

3112
(5

©)

4014

N

4[s5]

2

<6> @ ; node number

: branch number

4D

7]

weight

(b) Input data

n=9, m=16, array wght for storing the weight of each branch, arrays itl and ihd for storing the node

()
N

2]

O

numbers of the branches, starting point init and isw=0.

(¢) Main program

/* C interface example for ASL_dmsplm */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

560



ASL_dmsplm, ASL_rmsplm

Distance Minimization for a Given Node to the Other Node on a Graph

int n;

int m;

int *itl;
int *ihd;
double *wght;
int init;
double *d;
int *ip;
int isw;
int *iwk;
double *wk;
int ierr;
int i;

FILE *fp;

fp = fopen( "dmspim.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );
return -1;

printf( " *#x* ASL_dmsplm ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%d", &m );
init H

I
isw 0;

itl = ( int * )malloc((size_t) (sizeof(int) * m ));
if( itl == NULL )

printf( "no enough memory for array itl\n" );
return -1;
ihd = ( int * )malloc((size_t) (sizeof(int) * m ));
if ( ihd == NULL )

printf( "no enough memory for array ihd\n" );
return -1;

wght = ( double * )malloc((size_t) (sizeof(double) * m ));

if( wght == NULL )

printf( "no enough memory for array wght\n" );
return -1;

ip = ( int * )malloc((size_t) (sizeof(int) * n ));
if( ip == NULL )

printf( "no enough memory for array ip\n" );

return -1;
}
d = ( double * )malloc((size_t) (sizeof(double) * n ));
%f( d == LL )

printf( "no enough memory for array d\n" );
return -1;

iwk = ( int * im§110c((size_t) (sizeof (int) * (4*n+2xm) ));

if ( iwk == NUL

printf( "no enough memory for array iwk\n" );
return -1;

wk = ( double * gmalloc((size_t) (sizeof (double) * (2%m) ));

if ( iwk == NULL

printf( "no enough memory for array wk\n" );

return -1;
printf( "\tn %6d \n", n );
printf( "\tm %6d \n", m );

%6d \n", init );
%6d \n", isw );

printf( "\tinit
printf( "\tisw
printf( "\n" );

printf( "\t itl ihd wght\n" );
for( i=0 ; i<m ; i++ )

fscanf( fp, "%d %d %1f", &itl[i], &ihd[il, &wght[il );
printf( "\t%6d %6d %8.3g \n", itl[i], ihd[i], wght[i] );
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fclose( fp );
ierr = ASL_dmspim(n, m, itl, ihd, wght, init, d, ip, isw, iwk, wk);

printf( "\n ** Output **\n\n" );
printf( "\tierr = %6d\n\n", ierr );

for( i=0 ; i<n ; i++ )

printf( "\t d( %2d ) = %8.3g ip( %2d ) = %6d\n",
i+1, d[il, i+1, ip[il );

free( itl );
free( ihd );
free( wght );
free( ip );
free( d );
free( iwk );
free( wk );

return O;

}
(d) Output results

*k% ASL_dmsplm ***

** Input *x*

n = 9
m = 16
init = 1
isw = 0
itl ihd wght
1 2 5
2 3 2
1 4 1
1 5 3
2 5 4
5 3 1
3 6 2
4 5 2
5 6 1
4 7 1
7 5 2
5 8 3
5 9 3
6 9 4
7 8 2
8 9 1
*% Qutput *x*
ierr = 0
ac 1) = 0 dip( 1) = 1
aC 2) = 5 ip( 2) = 1
aC 3) = 4 ip( 3) = 5
aC 4) = 1 ip( 4) = 1
a( 5) = 3 ip( 5) = 1
aC 6 ) = 4 ip( 6) = 5
aC 7)) = 2 ip( 7)) = 4
aC 8) = 4 ip( 8) = 7
ac 9) = 5 ip( 9) = 8
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5.9.2 ASL_dmspmm, ASL_rmspmm
Distance Minimization for All Sets of Two Nodes on a Graph

(1) Function
On a graph that has n nodes and m branches and that satisfies the condition that it contains no branch
with a negative weight when it is a nondirected graph or satisfies the condition that it contains no cycle
with a negative length when it is a directed graph, this function obtains the path P = (vi1,vi2,- -, Vip)
for which the sum W(P) of the weights of the branches between two nodes (vi1,vip)(¢ = 1,---,n) is the
minimum and this function also obtains the value of W (P) (distance) at that time.

p—1
Objective function : W(P)= > w(k;) = Minimum
1

<.
Il

(2) Usage
Double precision:
ierr = ASL_dmspmm (n, m, itl, ihd, wght, d, ip, isw, iwk);
Single precision:
ierr = ASL_rmspmm (n, m, itl, ihd, wght, d, ip, isw, iwk);

(3) Arguments and Return Value

D:Double precision real  Z:Double precision complex I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
No. Argument and Type Size fput/ Contents
Return Value Output
n I 1 Input | Number of nodes n
m I 1 Input | Number of branches m
3 itl I* m Input | Node number of starting point of branch k,
tail(k)
4 ihd I* m Input | Node number of ending point of branch k,
head (k)
5 wght Dx m Input | Weight of branch k, w(k)
()
6 d Dx nxn Output | Shortest distance from the starting point vy
{R*} to each node v;. (See Note (a))
7 ip D+ nxn Output | New node number of each node w; on the
{R*} shortest path. (See Note (b))
8 isw I 1 Input | Processing switch. (See Note (c))
isw=0:directed graph
isw=1:undirected graph
9 iwk I* nxn Work | Work area.
10 ierr I 1 Output | Error indicator (Return Value)
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(4) Restrictions

(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
3100 Restriction (c) was not satisfied.

3200 Restriction (d) or (e) was not satisfied.

3300 Restriction (f) was not satisfied.

4000 The given graph had an negative cycle.

(6) Notes

(a) When the value of D(v1,v,) is negative, no path exists from node v1 to node v,.

(b) When the series of nodes on the shortest path from node v; to node v, is (v1,d,---, 3, @, v,), these
nodes are obtained so that ip[v; — 1+ vp *n] = a,iplv — 14+ axn] = 4,---,iplvs —1+d*n] =0

sequentially from the ending point to the starting point.

(¢) For an undirected graph, since each branch is automatically replaced by two directed branches within
the function, the input data need not be duplicated in advance.

(7) Example

(a) Problem
Obtain the path for which the sum of the weights of the branches from starting point v; to node v,

on the following kind of graph is the minimum. However, assume that the weights of all branches are

nonnegative.

4 []] ()9l 5

2 1
@ ; node number
1 [4] 4 1 2
: branch number
weight

5 2

1 2 3
0 Q

(b) Input data

n=6, m=9, array wght for storing the weight of each branch, arrays itl and ihd for storing the node
numbers of the branches, starting point init and isw=1.
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(¢) Main program

/* C interface example for ASL_dmspmm */

#include <stdio.h>
#include <stdlib.h>
#include <asl.h>

int main()
{

int n;

int m;

int *itl;
int *ihd;
double *wght;
double *d;
int *ip;
int isw;
int *iwk;
int ierr;
int i,j;

FILE *fp;

fp = fopen( "dmspmm.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " #%% ASL_dmspmm ***\n" );
printf( "\n *x Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%d", &m );
isw = 0;

itl = ( int * )malloc((size_t) (sizeof(int) * m ));
if( itl == NULL )

printf( "no enough memory for array itl\n" );
return -1;
ihd = ( int * )malloc((size_t) (sizeof(int) * m ));
if ( ihd == NULL )

printf( "no enough memory for array ihd\n" );
return -1;

wght = ( double * )malloc((size_t) (sizeof(double) * m ));

if( wght == NULL )

printf( "no enough memory for array wght\n" );
return -1;

ip = ( int * )malloc((size_t) (sizeof(int) * (n*n) ));

if( ip == NULL )

printf( "no enough memory for array ip\n" );
return -1;

(-]

d = ( double * )malloc((size_t) (sizeof(double) * (n*n) ));
L

if ( d == NULL )

~

printf( "no enough memory for array d\n" );
return -1;

iwk = ( int * )malloc((size_t) (sizeof(int) * (n*n) ));
ULL )

if ( iwk ==

printf( "no enough memory for array iwk\n" );
return -1;

%6d\n", n );
%6d\n", m );
%6d \n", isw );

printf( "\tn
printf( "\tm
printf( "\tisw
printf( "\n" );

printf( "\t itl ihd wght\n" );
for( i=0 ; i<m ; i++ )

fscanf( fp, "%d %d %1f", &itl[i], &ihd[il, &wght[il );
printf( "\t%6d %6d %8.3g \n", itl[i], ihd[i], wght[i] );
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printf( "\n" );
fclose( fp );
ierr = ASL_dmspmm(n, m, itl, ihd, wght, d, ip, isw, iwk);

printf( "\n ** Qutput **\n\n" );
printf( "\tierr = %6d\n\n", ierr );

for( i=0 ; i<n ; i++ )
for( j=0 ; j<n ; j++ )
if( d[i+j*n]!'=0 ) printf( "\td(%2d,%2d) = %8.3g ip(%2d,%2d) = %6d\n",
i+1,j+1, dli+j*n], i+1,j+1, ip[i+j*n] );

}

free( itl );
free( ihd );
free( wght );
free( ip );
free( d );
free( iwk );

return O;

}
(d) Output results

oKk ASL_dmspmm Kk k
** Input *x*
6

9
0

n
m
isw

itl  ihd wght
5

P WOANFE RPN
OUIOWONOTPWN
NP PRPWORLN

** Qutput **

ierr = 0

daC 1, 2) = 5 ip( 1, 2) = 1
ac 1, 3) = 4 ip( 1, 3) = 5
daC 1, 4) = 1 ip( 1, 4) = 1
ac 1, 5) = 3 ip( 1, B) = 1
da( 1, 6) = 4 ip( 1, 6) = 5
d( 2, 3) = 2 ip( 2, 3) = 2
a( 2, 5) = 4  ip( 2, B) = 2
d( 2, 6) = 4 ip( 2, 6) = 3
a( 3, 6) = 2 ip( 3, 8) = 3
d( 4, 3) = 3 ip( 4, 3) = 5
d( 4, 5) = 2 ip( 4, 5) = 4
aC 4, 6) = 3 ip( 4, 8) = 5
d( 5, 3) = 1 ip( 5, 3) = 5
a( 5, 6) = 1 ip( 5, 6) = 5
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5.9.3 ASL_dmspll, ASL_rmspll
Distance Minimization for Two Nodes on a Graph

(1)

Function

On a graph that has n nodes and m branches and for which all branches have nonnegative weights, this

function obtains the path P = (vq,va,- -,

v;) for which the sum W(P) of the weights w(k;) (vj,vjt1) of

the branches from a given node v; to the other nodes v, is the minimum and this function also obtains the

value of W (P) (shortest distance) at that time.

1

P
Objective function W(P) =

1

<.
Il

Usage
Double precision:

w(k;) — min

ierr = ASL_dmspll (n, m, itl, ihd, wght, init, iend, &d, ip, isw, iwk, wk);

Single precision:

ierr = ASL_rmspll (n, m, itl, ihd, wght, init, iend, &d, ip, isw, iwk, wk);
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(3) Arguments and Return Value

D:Double precision real = Z:Double precision complex

I { int as for 32bit Integer}

R:Single precision real C:Single precision complex long as for 64bit Integer
A t and I t
No. retment at Type Size nput/ Contents
Return Value Output
n I 1 Input | Number of nodes n
2 m I 1 Input | Number of branches m
itl I* m Input | Node number of starting point of branch k,
tail(k)
4 ihd I* m Input | Node number of ending point of branch k,
head (k)
5 wght D+ m Input | Weight of branch k, w(k)
Rx
6 init D 1 Input | Node number of starting point v
R
7 iend D 1 Input | Node number of ending point v,
R
8 d Dx 1 Output | Shortest distance from the starting point vy
R+ to each node v;. (See Note (a))
9 ip Dx n Output | New node number of each node v; on the
Rx shortest path. (See Note (b))
10 isw I 1 Input | Processing switch. (See Note (c))
isw=0:directed graph
isw=1:undirected graph
11 iwk I* See Work | Work area.
Contents Size: 4 xn+2xm
12 wk Dx 2 xm Work | Work area.
Rx
13 ierr I 1 Output | Error indicator (Return Value)

(4) Restrictions

)
)
¢) wght[k —1]>0.0, (k=1,--- m)
d) 1<itlk—1]<n, (k=1,---, m)
) 1<ihdk—1]<n, (k=1,--- m)
)
)
)
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(5) Error indicator (Return Value)

ierr value Meaning Processing
0 Normal termination.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.
3100 Restriction (c) was not satisfied.

3200 Restriction (d) or (e) was not satisfied.

3300 Restriction (f) or (g) was not satisfied.

3400 Restriction (h) was not satisfied.

(6) Notes

(a) When the value of D(v1,v,) is negative, no path exists from node v1 to node v,.

(b) When the series of nodes on the shortest path from node v1 to node v, is (v1,6,---, 3, @, vp), these
nodes are obtained so that ip[v, — 1] = o, ip[a—1] = B, - - -,ip[d — 1] = v1 sequentially from the ending
point to the starting point.

(¢) For an undirected graph, since each branch is automatically replaced by two directed branches within

the function, the input data need not be duplicated in advance.
(7) Example

(a) Problem
Obtain the path for which the sum of the weights of the branches from starting point v; to ending point

vp on the following kind of graph is the minimum. However, assume that the weights of all branches

ol 1 3o 3 4(14

(4) @ C{)) @ CG) @ ; node number

: branch number

are nonnegative.

G @ 4[] 1 2[7]

O35

weight

(b) Input data
n=9, m=16, array wght for storing the weight of each branch, arrays itl and ihd for storing the node
numbers of the branches, starting point init =1, ending point iend=8 and isw=0.
(¢) Main program
/* C interface example for ASL_dmspll */
#include <stdio.h>

#include <stdlib.h>
#include <asl.h>
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int main()
{

int n;

int m;

int *itl;
int *ihd;
double *wght;
int init;
int iend;
double d;
int *ip;
int isw;
int *iwk;
double *wk;
int ierr;
int i;

FILE x*fp;

fp = fopen( "dmspll.dat", "r" );
if( fp == NULL )

printf( "file open error\n" );

return -1;
printf( " **%* ASL_dmspll ***\n" );
printf( "\n ** Input **\n\n" );

fscanf( fp, "%d", &n );
fscanf( fp, "%d", &m );

itl = ( int * )malloc((size_t) (sizeof(int) * m ));
if( itl == NULL )

printf( "no enough memory for array itl\n" );
return -1;
ihd = ( int * )malloc((size_t) (sizeof(int) * m ));
if ( ihd == NULL )
printf( "no enough memory for array ihd\n" );
return -1;
wght = ( double * )malloc((size_t) (sizeof(double) * m ));
if ( wght == NULL )
printf( "no enough memory for array wght\n" );
return -1;
ip = ( int * )malloc((size_t) (sizeof(int) * n ));
if( ip == NULL )
printf( "no enough memory for array ip\n" );
return -1;
iwk = ( int * )malloc((size_t) (sizeof(int) * (4*n+2*m) ));
if ( iwk == NULL )
printf( "no enough memory for array iwk\n" );
return -1;
wk = ( double * )malloc((size_t) (sizeof(double) * (n+2*m) ));
if( iwk == NULL )

printf( "no enough memory for array wk\n" );

return -1;
printf( "\tn %6d \n", n );
printf( "\tm %6d \n", m );

%6d \n", init );
%6d \n", iend );
%6d \n", isw );

printf( "\tinit
printf( "\tiend
printf( "\tisw
printf( "\n" );

printf( "\t itl ihd wght\n" );
for( i=0 ; i<m ; i++ )

fscanf( fp, "%d %d %1f", &itl[i], &ihd[i], &wght[i] );
printf( "\t%6d %6d %8.3g \n", itl[i], ihd[i], wght[i] );
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fclose( fp );
ierr = ASL_dmspli(n, m, itl, ihd, wght, init, iend, &d, ip, isw, iwk, wk);

printf( "\n *x Output **\n\n" );
printf( "\tierr = %6d \n\n", ierr );

printf( "\td = %8.3g \n\n", d );
for( i=0 ; i<n ; i++ )
printf( "\tip(%2d) = %6d\n", i+1, ip[i] );
free( itl );
free( ihd );
free( wght );
free( ip );
free( iwk );
free( wk );

return O;

}
(d) Output results

*x% ASL_dmspll *#*

*% Input *%

n = 9
m = 16
init = 1
iend = 8
isw = 0

itl ihd wght

1 2 5

2 3 2

1 4 1

1 5 3

2 5 4

5 3 1

3 6 2

4 5 2

5 6 1

4 7 1

7 5 2

5 8 3

5 9 3

6 9 4

7 8 2

8 9 1

** Qutput **
ierr = 0
d = 4

ip( 1)
ip( 2)
ip( 3)
ip( 4)
ip( 5)
ip( 6)
ip( 7)
ip( 8)
ip( 9)

T T T TR
ANDUI R PO RO
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Appendix A

GLOSSARY

(1)

(5)

(6)

Graph

For the finite set of points denoted by V = {v1,ve, -, v,} and the set of pairs of points belonging to V'
denoted by V x V' = {(v;,v;)|v; € V,v; € V}, the combination of E C V x V and V is called a graph, which
is denoted by G = (V, E).

Vertex and Edge
For a given graph G = (V, E), an element of V is called a vertex of graph G and an element of E is called
an edge of graph G.
Note: The following is a list of synonyms which have been used in the literature, not always with the
indicated pairs:

vertex point node junction O-simplex element

edge line arc branch  1l-simplex element

Directed edge

For graph G = (V, E), if the elements of E are handled so that (v;,v;) and (vj,v;) (v; € V,v; € V) are
differentiated, each element of E is called a directed edge. For the directed edge denoted by e = (v;,v;),
tail(e) = v; and head(e) = v;.

Circuit

For graph G = (V,E), if the collection of elements of V denoted by p = (vj,,v),,---,v;, ) satisfies
(Vs Vjry,) € E for an arbitrary 1 < & < m — 1, p is called a path on graph G. In particular, the
path for which v;, = v, is called a circuit.

Tree

A graph containing no circuits is called a tree.

Network

If two types of real numbers called the cost coefficient ¢(e) and capacity u(e) and two elements of V' called the
tail of the edge s and head of the edge t are given for each edge e € E of graph G = (V, E), the combination
of G and ¢, u, s, and ¢ is called a network, which is denoted by N = (G, ¢, u, s,t). Even when dealing with
only some of ¢, u, s, and t, it is still called a network. For example, when dealing with a problem in which

the tail of each edge s and head of each edge t have not specifically been fixed, the network is represented
by N = (G,c,u).

Flow

The vector z(e) satisfying 0 < z(e) < u(e) for each edge e € E of a network is called the flow on network
N.

Minimal-cost flow problem

When real numbers b(v) are given for each vertex v € V of a given network N and the following relationships
hold:

Z x(e) — Z x(e) = b(v)

tail(e)=v head(e)=v
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Zb(v) =0

veV

the problem of obtaining flows z(e) that minimize:

> cle)a(e)

ecE

is called the minimal-cost flow problem.
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Appendix B

MACHINE CONSTANTS USED IN ASL C
INTERFACE

B.1 Units for Determining Error

The table below shows values in ASL C interface as units for determining error in floating point calculations. The
units shown in the table are numeric values determined by the internal representation of floating point data. ASL

C interface uses these units for determining convergence and zeros.

Table B—1 Units for Determining Error

Single-precision Double-precision
272(~1.19 x 1077) 2752(~ 2.22 x 10716)

Remark: The unit for determining error e, which is also called the machine ¢, is usually defined as the smallest positive
constant for which the calculation result of 1+ ¢ differs from 1 in the corresponding floating point mode. Therefore, seeing
the unit for determining error enables you to know the maximum number of significant digits of an operation (on the

mantissa) in that floating point mode.

B.2 Maximum and Minimum Values of Floating Point Data

The table below shows maximum and minimum values of floating point data defined within ASL C interface.
Note that the maximum and minimum values shown below may differ from the maximum and minimum values

that are actually used by the hardware for each floating point mode.

Table B—2 Maximum and Minimum Values of Floating Point Data

Single-precision Double-precision

Maximum value 2127(2 — 2723) (~ 3.40 x 10%®) 21023(2 — 2752) (~ 1.80 x 103%8)
Positive 9126 (~ 1.17 x 10~%) 21022 (v .93 x 10-308)
minimum value
Negati

caanve 97126 (~ _1.17 x 10~%9) _9-1022 (993 x 10-308)
maximum value
Minimum value —2127(2 — 2723) (~ —3.40 x 1038) —21023(2 _ 2752 (~ —1.80 x 1038)
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