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PREFACE

This manual describes general concepts, functions, and specifications for use of the Advanced
Scientific Library (ASL).

The manuals corresponding to this product consist of seven volumes, which are divided into the
chapters shown below. This manual describes the basic functions, volume 6.

Basic Functions Volume 1

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Storage Mode
Conversion

Explanation of algorithms, method of using, and usage example
of subroutine related to storage mode conversion of array data.

3 Basic Matrix Algebra Explanation of algorithms, method of using, and usage example
of subroutine related to basic calculations involving matrices.

4 Eigenvalues and
Eigenvectors

Explanation of algorithms, method of using, and usage example
of subroutine related to
the standard eigenvalue problem for real matrices, complex
matrices, real symmetric matrices, Hermitian matrices, real sym-
metric band matrices, real symmetric tridiagonal matrices, real
symmetric random sparse matrices, Hermitian random sparse
matrices and
the generalized eigenvalue problem for real matrices, real
symmetric matrices, Hermitian matrices, real symmetric band
matrices.

Basic Functions Volume 2

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Simultaneous Linear
Equations
(Direct Method)

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to simultaneous linear equations corre-
sponding to real matrices, complex matrices, positive symmetric
matrices, real symmetric matrices, Hermitian matrices, real band
matrices, positive symmetric band matrices, real tridiagonal ma-
trices, real upper triangular matrices, and real lower triangular
matrices.



Basic Functions Volume 3

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Fourier Transforms
and their applications

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to one-, two- and three-dimensional
complex Fourier transforms and real Fourier transforms, one-,
two- and three-dimensional convolutions, correlations, and power
spectrum analysis, wavelet transforms, and inverse Laplace
transforms.

Basic Functions Volume 4

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Differential Equations
and Their Applications

Explanation of algorithms, method of using, and usage example
of subroutine related to
ordinary differential equations initial value problems for
high-order simultaneous ordinary differential equations, implicit
simultaneous ordinary differential equations, matrix type ordi-
nary differential equations, stiff problem high-order simultane-
ous ordinary differential equations, simultaneous ordinary dif-
ferential equations, first-order simultaneous ordinary differential
equations, and high-order ordinary differential equations, and
ordinary differential equations boundary value problems
for high-order simultaneous ordinary differential equations, first-
order simultaneous ordinary differential equations, high-order or-
dinary differential equations, high-order linear ordinary differen-
tial equations, and second-order linear ordinary differential equa-
tions, and
integral equations for Fredholm’s integral equations of second
kind and Volterra’s integral equations of first kind, and
partial differential equations for two- and three-dimensional
inhomogeneous Helmholtz equation.

3 Numerical Differentials Explanation of algorithms, method of using, and usage example
of subroutine related to numerical differentials of one-variable
functions and multi-variable functions.

4 Numerical Integration Explanation of algorithms, method of using, and usage example
of subroutine related to numerical integration over a finite inter-
val, semi-infinite interval, fully infinite interval, two-dimensional
finite interval, and multi-dimensional finite interval.

5 Interpolations and
Approximations

Explanation of algorithms, method of using, and usage example
of subroutine related to interpolations, surface interpolations,
least squares approximations, least squares surface approxima-
tions, and Chebyshev’s approximations.

6 Spline Functions Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to interpolation, smoothing, numerical
derivatives, and numerical integrals using cubic splines, bicubic
splines and B–splines.



Basic Functions Volume 5

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Special Functions Explanation of algorithms, method of using, and usage example
of subroutine related to Bessel functions, modified Bessel func-
tions, spherical Bessel functions, functions related to Bessel func-
tions, Gamma functions, functions related to Gamma functions,
elliptic functions, indefinite integrals of elementary functions, as-
sociated Legendre functions, orthogonal polynomials, and other
special functions.

3 Sorting and Ranking Explanation and usage examples of subroutine related to sorting
and ranking.

4 Roots of Equations Explanation of algorithms, method of using, and usage example
of subroutine related to roots of algebraic equations, nonlinear
equations, and simultaneous nonlinear equations.

5 Extremal Problems
and Optimization

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to minimization of functions with no
constraints, minimization of the sum of the squares of functions
with no constraints, minimization of one-variable functions with
constraints, minimization of multi-variable functions with con-
straints, and shortest path problem.

Basic Functions Volume 6

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Random Number Tests Explanation and usage examples of subroutine related to uniform
random number tests, and distribution random number tests.

3 Probability
Distributions

Explanation and usage examples of subroutine related to contin-
uous distributions and discrete distributions.

4 Basic Statistics Explanation and usage examples of subroutine related to basic
statistics, variance-covariance and correlation.

5 Tests and Estimates Explanation and usage examples of subroutine related to interval
estimates and tests.

6 Analysis of Variance
and
Design of Experiments

Explanation and usage examples of subroutine related to one-way
layout, two-way layout, multiple-way layout, randomized block
design, Greco-Latin square method, cumulative Method.

7 Nonparametric Tests Explanation and usage examples of subroutine related to tests
using χ2 distribution and tests using other distributions.

8 Multivariate Analysis Explanation and usage examples of subroutine related to prin-
cipal component analysis, factor analysis, canonical correlation
analysis, discriminant analysis, cluster analysis.

9 Time Series Analysis Explanation and usage examples of subroutine related to auto-
correlation, cross correlation, autocovariance, cross covariance,
smoothing and demand forecasting.

10 Regression analysis Explanation and usage examples of subroutine related to linear
Regression and nonlinear Regression.



Shared Memory Parallel Functions

Chapter Title Contents

1 Introduction Explanation of the organization of this manual, how to view each
item, and usage limitations.

2 Basic Matrix Algebra Explanation of algorithms, method of using, and usage example
of subroutine related to obtain the product of real matrices and
complex matrices.

3 Simultaneous Linear
Equations
(Direct Method)

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to simultaneous linear equations cor-
responding to real matrices, complex matrices, real symmetric
matrices, and Hermitian matrices.

4 Simultaneous Linear
Equations
(Iteration Method)

Explanation of algorithms, method of using, and usage exam-
ple of subroutine related to simultaneous linear equations corre-
sponding to real positive definite symmetric sparse matrices, real
symmetric sparse matrices and real asymmetric sparse matrices.

5 Eigenvalues and
Eigenvectors

Explanation of algorithms, method of using, and usage example
of subroutine related to the eigenvalue problem for real symmet-
ric matrices and Hermitian matrices.

6 Fourier Transforms
and their applications

Explanation of algorithms, method of using, and usage example
of subroutine related to one-, two- and three-dimensional com-
plex Fourier transforms and real Fourier transforms, two- and
three-dimensional convolutions, correlations, and power spec-
trum analysis.

7 Sorting Explanation and usage examples of subroutine related to sorting
and ranking.
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Remarks

(1) This manual corresponds to ASL 1.1. All functions described in this manual are program products.

(2) Proper nouns such as product names are registered trademarks or trademarks of individual manufacturers.

(3) This library was developed by incorporating the latest numerical computational techniques. Therefore,
to keep up with the latest techniques, if a newly added or improved function includes the function of an
existing function may be removed.
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Chapter 1

INTRODUCTION

1.1 OVERVIEW

1.1.1 Introduction to The Advanced Scientific Library ASL

Table 1−1 shows correspondences among product categories, functions of ASL and supported hardware platforms.

In the same version of ASL, interfaces of subroutines of the same name are common among hardware platforms.

Table 1−1 Classification of functions included in ASL

Classification of Functions Volume

Basic functions Vol. 1-6

Shared memory parallel functions Vol. 7

1.1.2 Distinctive Characteristics of ASL

ASL has the following distinctive characteristics.

(1) Subroutines are optimized using compiler optimization to take advantage of corresponding system hardware

features.

(2) Special-purpose subroutines for handling matrices are provided so that the optimum processing can be

performed according to the type of matrix (symmetric matrix, Hermitian matrix, or the like). Generally,

processing performance can be increased and the amount of required memory can be conserved by using

the special-purpose subroutines.

(3) Subroutines are modularized according to processing procedures to improve reliability of each component

subroutine as well as the reliability and efficiency of the entire system.

(4) Error information is easy to access after a subroutine has been used since error indicator numbers have been

systematically determined.

1



1.2 KINDS OF LIBRARIES

Table 1−2 Kinds of libraries providing ASL

Size of variable(byte) Declaration

of arguments
Kind Kind of library

integer real

4 8 INTEGER(4) 32bit integer Double-precision
REAL(8) subroutine

32bit integer library

4 4 INTEGER(4) 32bit integer Single-precision

(link option: -lasl sequential)

REAL(4) subroutine

8 8 INTEGER(8) 64bit integer Double-precision
REAL(8) subroutine

64bit integer library

8 4 INTEGER(8) 64bit integer Single-precision

(link option: -lasl sequential i64)

REAL(4) subroutine

(∗1) Functions that appear in this documentation do not always support all of the four kinds of subroutines listed

above. For those functions that do not support some of those subroutine kinds, relevant notes will appear in the

corresponding subsections.

(∗2) The string “(4)” that specifies 32bit (4 byte) can be omitted.
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1.3 ORGANIZATION

This section describes the organization of Chapters 2 and later.

1.3.1 Introduction

The first section of each chapter is a general introduction describing functions corresponding to each subroutines.

1.3.2 Organization of Subroutine Description

The second section of each chapter sequentially describes the following topics for each subroutine.

(1) Function

(2) Usage

(3) Arguments

(4) Restrictions

(5) Error indicator

(6) Notes

(7) Example

Each item is described according to the following principles.

1.3.3 Contents of Each Item

(1) Function

Function briefly describes the purpose of the ASL subroutine.

(2) Usage

Usage describes the subroutine name and the order of its arguments. In general, arguments are arranged

as follows.

CALL subroutine-name (input-arguments, input/output-arguments, output-arguments, ISW, work, IERR)

ISW is an input argument for specifying the processing procedure. IERR is an error indicator. In some

cases, input/output arguments precede input arguments. The following general principles also apply.

• Array are placed as far to the left as possible according to their importance.

• The dimension of an array immediately follows the array name. If multiple arrays have the same

dimension, the dimension is assigned as an argument of only the first array name. It is not assigned

as an argument of subsequent array names.

(3) Arguments

Arguments are explained in the order described above in paragraph (2). The explanation format is as

follows.

Arguments Type Size Input/Output Contents

(a) (b) (c) (d) (e)
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Contents of Each Item

(a) Arguments

Arguments are explained in the order they are designated in the Usage paragraph.

(b) Type

Type indicates the data type of the argument. Any of the following codes may appear as the type.

I : Integer type

D : Double precision real

R : Real

Z : Double precision complex

C : Complex

There are 64-bit integer and 32-bit integer for integer type arguments. In a 32-bit (64-bit) integer type

subroutine, all the integer type arguments are 32-bit (64-bit) integer. In other words, kinds of libraries

determine the sizes of integer type arguments (Refer to 1.4). In the user program, a 32-bit/64-bit

integer type argument must be declared by INTEGER/ INTEGER(8), respectively.

(c) Size

Size indicates the required size of the specified argument. If the size is greater than 1, the required

area must be reserved in the program calling this subroutine.

1 : Indicates that argument is a variable.

N : Indicates that the argument is a vector (one-dimensional array) having N elements. The

argument N indicating the size of this vector is defined immediately after the specified vector.

However, if the size of a vector or array defined earlier, it is omitted following subsequently

defined vectors or arrays. The size may be specified by only a numeric value or in the form of a

product or sum such as 3×N or N +M.

M, N : Indicates that the argument is a two-dimensional array having M rows and N columns. If M

and N indicating the size of this array have not been defined before this array is specified, they

are defined as arguments immediately following this array.

(d) Input/Output

Input/Output indicates whether the explanation of argument contents applies to input time or

output time.

i. When only “Input” appears

When the control returns to the program using this subroutine, information when the argument

is input is preserved. The user must assign input-time information unless specifically instructed

otherwise.

ii. When only “Output” appears

Results calculated within the subroutine are output to the argument. No data is entered at

input time.

iii. When both “Input” and “Output” appear

Argument contents change between the time control passes to the subroutine and the time control

returns from the subroutine. The user must assign input-time information unless specifically

instructed otherwise.

iv. When “Work” appears

Work indicates that the argument is an area used when performing calculations within the

subroutine. A work area having the specified size must be reserved in the program calling this

subroutine. The contents of the work area may have to be maintained so they can be passed along

to the next calculation.
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Contents of Each Item

(e) Contents

Contents describes information held by the argument at input time or output time.

• A sample Argument description follows.

Example

The statement of the subroutine (DBGMLC, RBGMLC) that obtains the LU decomposition

and the condition number of a real matrix is as follows.

Double precision:

CALL DBGMLC (A, LNA, N, IPVT, COND, W1, IERR)

Single precision:

CALL RBGMLC (A, LNA, N, IPVT, COND, W1, IERR)

The explanation of the arguments is as follows.

Table 1−3 Sample Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A Note LNA,N Input Real matrix A(two-dimensional array){
D

R

}
Output The matrix A decomposed into the matrix LU

where U is a unit upper triangular matrix and

L is a lower triangular matrix.

2 LNA I 1 Input Adjustable dimension size of array A

3 N I 1 Input Order n of matrix A

4 IPVT I N Output Pivoting information

IPVT(i): Number of the row exchanged with

row i in the i-th step.

5 COND
{
D

R

}
1 Output Reciprocal of the condition number

6 W1
{
D

R

}
N Work Work area

7 IERR I 1 Output Error indicator

To use this subroutine, arrays A, IPVT and W1 must first be allocated in the calling program so

they can be used as arguments. A is a

{
double-precision

single-precision

}
Note real array of size (LNA , N) , IPVT is

an integer array of size N and W1 is a

{
double-precision

single-precision

}
real array of size N.

When the 64-bit integer version is used, all integer-type arguments (LNA, N, IPVT and IERR) must

be declared by using INTEGER(8), not INTEGER.

Note The entries enclosed in brace { } mean that the array should be declared double precision type (code D) when

using subroutine DBGMLC and real type (code R) when using subroutine RBGMLC. Braces are used in this

manner throughout the remainder of the text unless specifically stated otherwise.
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Contents of Each Item

Data must be stored in A, LNA and N before this subroutine is called. The LU decomposition and

condition number of the assigned matrix are calculated with in the subroutine, and the results are

stored in array A and variable COND. In addition, pivoting information is stored in IPVT for use by

subsequent subroutines.

IERR is an argument used to notify the user of invalid input data or an error that may occur during

processing. If processing terminates normally, IERR is set to zero.

Since W1 is a work area used only within the subroutine, its contents at input and output time have

no special meaning.

(4) Restrictions

Restrictions indicate limiting ranges for subroutine arguments.

(5) Error indicator

Each subroutine has been given an error indicator as an output argument. This error indicator, which

has uniformly been given the variable name IERR, is placed at the end of the arguments. If an error is

detected within the subroutine, a corresponding value is output to IERR. Error indicator values are divided

into five levels.

Table 1−4 Classification of Error Indicator Output Values

Level IERR value Meaning Processing result

Normal 0 Processing is terminated normally. Results are guaranteed.

Warning 1000∼2999 Processing is terminated under cer-

tain conditions.

Results are conditionally guaranteed.

3000∼3499 Processing is aborted since an argu-

ment violated its restrictions.

Results are not guaranteed.

Fatal 3500∼3999 Obtained results did not satisfy a cer-

tain condition.

Obtained results are returned (the

results are not guaranteed).

4000 or more A fatal error was detected during

processing. Usually, processing is

aborted.

Results are not guaranteed.

(6) Notes

Notes describes ambiguous items and points requiring special attention when using the subroutine.

(7) Example

Here gives an example of how to use the subroutine. Note that in some cases, multiple subroutines are

combined in a single example. The output results are given in the 32-bit integer version, and may differ

within the range of rounding error if the compiler or intrinsic functions are different.

The source codes of examples in this document are included in User’s Guide. Input data, if required, is

also included in it. To build up an executable files by compiling these example source codes, they should

be linked with this product library.
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1.4 SUBROUTINE NAMES

The subroutines name of ASL basic functions consists of 〈six alphanumeric characters〉.
Figure 1−1 Subroutine Name Components

1 2 3 4 5 6
� �

Characteristic function of individual subroutine

�

Indicates the numerical application

�

Indicates the calculation precision

“1” in Figure 1−1 : The following eight letters are used to indicate the calculation precision.

D, W Double precision real-type calculation

R, V Single precision real-type calculation

Z, J Double precision complex-type calculation

C, I Single precision complex-type calculation

However, the complex type calculations listed above do not necessarily require complex arguments.

“2” in Figure 1−1 : Currently, the following letters lettererererere are used to indicate the application field

in the ASL related products.

Letter Application Field Volume

A Storage mode conversion 1

Basic matrix algebra 1, 7

B Simultaneous linear equations (direct method) 2, 7

C Eigenvalues and eigenvectors 1, 7

F Fourier transforms and their applications 3, 7

Time series analysis 6

G Spline function 4

H Numeric integration 4

I Special function 5

J Random number tests 6

K Ordinary differential equation (initial value problems) 4

L Roots of equations 5

M Extremum problems and optimization 5

N Approximation and regression analysis 4, 6

O Ordinary differential equations (boundary value problems), integral

equations and partial differential equations

4

P Interpolation 4

Q Numerical differentials 4

S Sorting and ranking 5, 7

7



Letter Application Field Volume

X Basic matrix algebra 1

Simultaneous linear equations (iterative method) 7

1 Probability distributions 6

2 Basic statics 6

3 Tests and estimates 6

4 Analysis of variance and design of experiments 6

5 Nonparametric tests 6

6 Multivariate analysis 6

“3–6” in Figure 1−1 : These characters indicate the characteristic function of the individual subroutine.
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1.5 NOTES

(1) Use the subroutines of double precision version whenever possible. They not only provide higher precision

solutions but also are more stable than single precision versions, in particular, for eigenvalue and eigenvector

problems.

(2) To suppress compiler operation exceptions, ASL subroutines are set to so that they conform to the compiler

parameter indications of a user’s main program. Therefore, the main program must suppress any operation

exceptions.

(3) The numerical calculation programs generally deal with operations on finite numbers of digits, so the

precision of the results cannot exceed the number of operation digits being handled. For example, since

the number of operation digits (in the mantissa part) for double-precision operations is on the order of 15

decimal digits, when using these floating point modes to calculate a value that mathematically becomes 1,

an error on the order of 10−15 may be introduced at any time. Of course, if multiple length arithmetic is

emulated such as when performing operations on an arbitrary number of digits, this kind of error can be

controlled. However, in this case, when constants such as π or function approximation constants, which are

fixed in double-precision operations, for example, are also to be subject to calculations that depend on the

length of the multiple length arithmetic operations, the calculation efficiency will be worse than for normal

operations.

(4) A solution cannot be obtained for a problem for which no solution exists mathematically. For example,

a solution of simultaneous linear equations having a singular (or nearly singular) matrix for its coefficient

matrix theoretically cannot be obtained with good precision mathematically. Numerical calculations cannot

strictly distinguish between mathematically singular and nearly singular matrices. Of course, it is always

possible to consider a matrix to be singular if the calculation value for the condition number is greater than

or equal to an established criterion value.

(5) Generally, if data is assigned that causes a floating point exception during calculations (such as a floating

point overflow), a normal calculation result cannot be expected. However, a floating point underflow that

occurs when adding residuals in an iterative calculation is an exception to this.

(6) For problems that are handled using numerical calculations (specifically, problems that use iterative tech-

niques as the calculation method), there are cases in which a solution cannot be obtained with good precision

and cases in which no solution can be obtained at all, by a special-purpose subroutine.

(7) Depending on the problem being dealt with, there may be cases when there are multiple solutions, and the

execution result differs in appearance according to the compiler used or the computer or OS under which

the program is executed. For example, when an eigenvalue problem is solved, the eigenvectors that are

obtained may differ in appearance in this way.

(8) The mark “DEPRECATED” denotes that the subroutine will be removed in the future. Use ASL Unified

Interface, the higher performance alternative practice instead.
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Chapter 2

RANDOM NUMBER TESTS

2.1 INTRODUCTION

This chapter describes the subroutines for testing random numbers.

The subroutine for testing uniform random numbers can perform the following kinds of tests.

(1) Frequency one–dimensional test

(2) Frequency two–dimensional test

(3) Frequency three–dimensional test

(4) Run (ascending/descending) test

(5) Run (above/below) test

(6) Combination test

(7) Gap test

In addition, there are subroutines that perform frequency one–dimensional tests on each type of distribution

random numbers.

10



Explanation

2.1.1 Explanation

(1) Frequency one–dimensional test of uniform random numbers

This is a frequency one–dimensional test of uniform random numbers in the range 0.0 through 1.0 that

obtains the χ2 value X2 shown below for each test, where N is the number of subdivisions and ML is the

number of random numbers used in a single test.

X2 =

N∑
i=1

(fPi − fTi)
2

fPi

fTi : Total number of random numbers in interval i when the interval from 0.0 through 1.0

is subdivided into N equal parts.

Interval

(For N=4)
1 2 3 4

� �Value of
random number

The following figure shows which random numbers are used for each test.

1st test 2nd test · · · · · · L-th test

� �ML � �ML � �ML

� �Total number of random numbers

fPi : fPi =
ML

N

The test is considered be passed if the following condition holds:

X2 < χ2 distribution percentile for the entered significance level

(2) Frequency two–dimensional test of uniform random numbers

This is a frequency two–dimensional test of uniform random numbers in the range 0.0 through 1.0 that

obtains the χ2 value X2 shown below for each test, where N is the number of subdivisions and ML is the

number of random numbers used in a single test.

X2 =

N∑
i=1

N∑
j=1

(fPij − fTij )
2

fPij

fTij : If the random numbers Ut, Ut+1 are distributed as two–dimensional points in the

X and Y coordinate system within a lattice created by subdividing the intervals from 0.0

through 1.0 on the X and Y axis into N equal parts, then fTij is the number of points

within the corresponding lattice sector (See Fig. 2−1,2−2).

11



Explanation

�

�

Y

1.0

0.0 1.0
X

�

(Ut, Ut+1) (For N = 3)

Figure 2−1

1st test 2nd test · · · · · · L-th test

� �ML � �ML � �ML

� �Total number of random numbers

Figure 2−2

fPij : fPij =
ML

N2

The test is considered to be passed if the following condition holds:

X2 < χ2 distribution percentile for the entered significance level

(3) Frequency three–dimensional test of uniform random numbers

This is a frequency three–dimensional test of uniform random numbers in the range 0.0 through 1.0 that

obtains the χ2 value X2 shown below for each test, where N is the number of subdivisions and ML is the

number of random numbers used in a single test.

X2 =

N∑
i=1

N∑
j=1

N∑
k=1

(fPijk
− fTijk

)2

fPijk

fTijk
: If the random numbers Ut, Ut+1, Ut+2 are distributed as three–dimensional points in the

X, Y and Z coordinate system within a lattice created by subdividing the intervals from

0.0 through 1.0 on the X, Y and Z axis into N equal parts, then fTijk
is the number of

points within the corresponding lattice sector.(See Fig. 2−3 and 2−4)

fPijk
: fPijk

=
ML

N3

The test is considered to be passed if the following condition holds:

X2 < χ2 distribution percentile for the entered significance level

(4) Run (ascending/descending) test of uniform random numbers

This is a run (ascending/descending) test of uniform random numbers in the range 0.0 through 1.0 that

12



Explanation
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(Ut, Ut+1, Ut+1)

Z

1.0

X

1.0

Y

1.0

(For N = 3)

Figure 2−3

1st test 2nd test · · · · · · L-th test

� �ML � �ML � �ML

� �Total number of random numbers

Figure 2−4

obtains the χ2 value X2 shown below for each test, where N is the maximum run length and ML is the

number of random numbers used in a single test.

X2 =

N∑
i=1

(fPi − fTi)
2

fPi

fTi : Number of ascending or descending runs of length i within the random number sequence.

(However, for i = N, fTi is the number of ascending runs of length at least N.)

Example of an ascending run of length i

Ut−1 > Ut < Ut+1 < · · · < Ut+i > Ut+i+1

The following figure shows which random numbers are used for each test.

fPi : fPi = f ′
Pi

for 1 ≤ i ≤ N − 1
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Explanation

1st test 2nd test · · · · · · L-th test

� �ML � �ML � �ML

� �Total number of random numbers

fPN =

ML−1∑
k=N

f ′
Pk

f ′
Pi

= 2×ML × i2 + 3× i+ 1

(i + 3)!
− 2× i3 + 3× i2 − i− 4

(i + 3)!

To improve test precision, this subroutine uses a modified value for fPi defined by the following expression.

f∗
Pi

= fPi ×

N∑
i=1

fTi

N∑
i=1

fPi

The test is considered to be passed if the following condition holds:

X2 < χ2 distribution percentile for the entered significance level

(5) Run (above/below) test of uniform random numbers

This is a run (above/below) test of uniform random numbers in the range 0.0 through 1.0 that obtains the

χ2 value X2 shown below for each test, where N is the maximum run length and ML is the number of

random numbers used in a single test.

X2 =

N∑
i=1

(fPi − fTi)
2

fPi

fTi : Number of runs above 0.5 of length i within the random number sequence.

(However, for i = N, fTi is the number of runs above 0.5 of length at least N.)

Example of a run above 0.5 of length 4

0.3, 0.6, 0.9, 0.7, 0.8, 0.1

The following figure shows which random numbers are used for each test.

1st test 2nd test · · · · · · L-th test

� �ML � �ML � �ML

� �Total number of random numbers

fPi : fPi = f ′
Pi

for 1 ≤ i ≤ N − 1

fPN =

ML∑
k=N

f ′
Pk

f ′
Pi

=
ML − i+ 3

2i+1
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Explanation

To improve test precision, this subroutine uses a modified value for fPi defined by the following expression.

f∗
Pi

= fPi ×

N∑
i=1

fTi

N∑
i=1

fPi

The test is considered to be passed if the following condition holds:

X2 < χ2 distribution percentile for the entered significance level

(6) Combination test of uniform random numbers

This is a combination test of uniform random numbers in the range 0.0 through 1.0. Conventionally, a

combination test checks the number of “0” and “1” bits within the bit pattern of a single random number.

However, in order to handle real random numbers, this subroutine collects the register–length number of

random numbers and tests how many of them are at least 0.5. The subroutine obtains the χ2 value X2

shown below for each test.

X2 =

NB∑
i=0

(fPi − fTi)
2

fPi

where NB, which is the register length, is 32.

fTi : Number of groups of random numbers taken NB at a time for which i numbers are at

least 0.5.

The following figure shows which random numbers are used for each test.

1st test 2nd test · · · · · · L-th test

� �ML � �ML � �ML

� �Total number of random numbers

fPi : fPi =

(
NB

i

)
×
(
1

2

)NB

×
NB∑
i=1

fTi ×
[
ML

NB

]

The actual subdivision is as follows.

i = 0 ∼ 8, 9, 10, · · · , 22, 23, 24 ∼ 32

The test is considered to be passed if the following condition holds:

X2 < χ2 distribution percentile for the entered significance level

(7) Gap test

This is a gap test of uniform random numbers in the range 0.0 through 1.0 that obtains the χ2 value X2

shown below for each test, where N is the maximum gap length, G is the gap value, and ML is the number

of random numbers used in a single test.

X2 =

N∑
i=0

(fPi − fTi)
2

fPi

fTi : Number of gaps of length i in which sequences of random number that fall within

the range 0.0 through G occur.
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Explanation
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Value of random number

1.0

G

0.0
0 1 2 3 4 5 6 7 8 Number of

random numbers

Gap of length 2 Gap of length 1
Gap of length 0

The following figure shows which random numbers are used for each test.

1st test 2nd test · · · · · · L-th test

� �ML � �ML � �ML

� �Total number of random numbers

fPi : fPi = f ′
Pi

for 0 ≤ i ≤ N − 1

fPN =

ML−1∑
k=N

f ′
Pk

f ′
Pi

= G× (1.0−G)i ×ML

To improve test precision, this subroutine uses a modified value for fPi defined by the following expression.

f∗
Pi

= fPi ×

N∑
i=0

fTi

N∑
i=0

fPi

The test is considered to be passed if the following condition holds:

X2 < χ2 distribution percentile for the entered significance level

(8) Tests of distribution random numbers

A frequency one–dimensional test of distribution random numbers is performed.

(a) For a Continuous distribution

The test obtains the χ2 value X2 shown below for each test, where UL and UP are the lower and upper

limits of the test interval, N is the number of subdivisions, and ML is the number of random numbers

used in a single test.

X2 =
N∑
i=1

(fPi − fTi)
2

fPi

UL and UP are determined as follows depending on the type of distribution random numbers.
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Explanation

Normal distribution

Cauchy distribution

Gumbel distribution

Gamma distribution

Exponential distribution

Weibull distribution

UP Entered test interval upper limit Entered test interval upper limit

UL Entered test interval lower limit 0.0

fTi : Number of random numbers in interval i when the interval from UL through UP is

subdivided into N equal parts. (Random numbers having values less than or equal

to UL are counted in interval 1 and those having values greater than or equal to

UP are counted in interval N.)

The following figure shows which random numbers are used in each test.

1st test 2nd test · · · · · · L-th test

� �ML � �ML � �ML

� �Total number of random numbers

fPi : Expected frequency of random numbers in interval i.

If there is an expected frequency that a random number value will be less than or equal to UL or

greater than or equal to UP , that expected frequency is added to the expected frequency of interval 1

or N , respectively.

(b) For a Discrete distribution

The test obtains the χ2 value X2 shown below for each test, where the integer UP is the upper limit

of the test interval and ML is the number of random numbers used in a single test.

X2 =

UP∑
i=0

(fPi − fTi)
2

fPi

fTi : Number of random numbers having value i. (Random numbers having values

greater than UP are counted in numbercorresponding to UP .)

The following figure shows which random numbers are used in each test.

1st test 2nd test · · · · · · L-th test

� �ML � �ML � �ML

� �Total number of random numbers

fPi : Expected frequency of random numbers having value i. (If there is an expected

frequency that a random number value will be greater than UP , then that

expected frequency is added to the expected frequency of UP .)
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2.2 UNIFORM RANDOM NUMBER TESTS

2.2.1 DJTEUN, RJTEUN

Uniform Random Number Tests

(1) Function

Tests the given uniform random numbers in the range 0.0 through 1.0.

(2) Usage

Double precision:

CALL DJTEUN (U, M, LT, N, G, ALF, K, X2, CX, ISW, WK, IERR)

Single precision:

CALL RJTEUN (U, M, LT, N, G, ALF, K, X2, CX, ISW, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 U
{
D

R

}
M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Test iteration count (See Note (a))

4 N I 1 Input ISW=1, 2 or 3: Number of subdivisions

ISW=4 or 5: Maximum run length

ISW=6: Not used

ISW=7: Maximum gap length

(See Note (b))

5 G
{
D

R

}
1 Input Gap value (See Note (c))

6 ALF
{
D

R

}
1 Input Significance (%)

7 K I 1 Output Number of passed tests

8 X2
{
D

R

}
LT Output Test result χ2 value

9 CX
{
D

R

}
1 Output χ2 value for significance level
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DJTEUN, RJTEUN
Uniform Random Number Tests

No. Argument Type Size
Input/

Output
Contents

10 ISW I 1 Input Processing switch

ISW=1: Frequency one-dimensional test

ISW=2: Frequency two-dimensional test

ISW=3: Frequency three-dimensional test

ISW=4: Run (ascending/descending) test

ISW=5: Run (above/below) test

ISW=6: Combination test

ISW=7: Gap test

11 WK
{
D

R

}
See

Contents

Work Work area

Size:

ISW=1: N

ISW=2: N2

ISW=3: N3

ISW=4 or 5: 2×N

ISW=6: 1

ISW=7: 2× (N + 1)

12 IERR I 1 Output Error indicator

(4) Restrictions

(a) 1 ≤ ISW ≤ 7

(b) LT ≥ 1

(c) 0.0 < ALF < 100.0

(d) M ≥ LT

(e) For ISW = 1 ∼ 5: N ≥ 2

For ISW = 6: M ≥ 32× LT

For ISW = 7: N ≥ 2 and 0.0 < G < 1.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 When ISW �= 6, N was too large or M was

too small. (See Note (b))

Processing continues. (Test precision gets

worse.)

3000 Restriction (a), (b), (c), (d) or (e) was not

satisfied.

Processing is aborted.

4000 U(i) < 0.0 or U(i) > 1.0,

i = 1, · · · ,M.
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Uniform Random Number Tests

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers U used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

�M/LT	 random numbers U are taken at a time for each test, where �x	 represents the maximum

integer that does not exceed x.

(b) For ISW = 1, 2 or 3:

If the total number of random numbers M is too small or if the number of subdivisions N is too large,

the expected frequency of random numbers in each interval decreases and test precision worsens.

Generally, the expected frequency FTN should satisfy the following condition:

FTN ≥ 5.0

If this condition is not satisfied in these subroutines, then IERR=1000.

FTN is calculated from the expressions shown below for each test, where �x	 represents the maximum

integer that does not exceed x.

Frequency one-dimensional test (ISW=1):

FTN = �M/LT	 × 1.0

N

Frequency two-dimensional test (ISW=2):

FTN = �M/LT	 × 1.0

2.0×N2

Frequency three-dimensional test (ISW=3):

FTN = �M/LT	 × 1.0

3.0×N3

For ISW=4, 5 or 7:

If the total number of random numbers M is too small or if the maximum run length N or maximum

gap length N is too large, the expected frequency for which the length is N decreases and test precision

worsens.

Generally, the expected frequency FTN should satisfy the following condition:

FTN ≥ 5.0

If this condition is not satisfied in these subroutines, then IERR = 1000. Expressions for calculating N,

which is used as the test criterion, and its values are shown below for each test, where �x	 represents

the maximum integer that does not exceed x.

For a run (ascending/descending) test (ISW=4)

N = �1 + LOG10 �M/LT		
For example:

�M/LT	 100 1, 000 10, 000 100, 000 1, 000, 000

N 3 4 5 6 7
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For a run (above/below) test (ISW = 5)

N =

⌊
LOG10( �M/LT�

10.0 )

LOG10(2)

⌋

For example:

�M/LT	 100 1, 000 10, 000 100, 000 1, 000, 000

N 3 6 9 13 16

For a gap test (ISW = 7)

N =

⌊
LOG10 ( 5.0

G×�M/LT� )

LOG10(1.0−G)

⌋

For example, when G = 0.1:

�M/LT	 100 1, 000 10, 000 100, 000 1, 000, 000

N 6 28 50 72 93

(c) The gap value is used only when performing a gap test.

For explanation for gap value, see Section 2.1.1 Explanation (7).

(d) See the arguments table for the WK size.

(7) Example

(a) Problem

Perform a frequency one-dimensional test on 1000 uniform random numbers.

(b) Main program

PROGRAM BJTEUN
! *** EXAMPLE OF DJTEUN ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER ( M=1000, L=10 , ISW=1 , N=10 )
DIMENSION U (M) , X2(L) , WK(N)

!
WRITE(6,1000)
IX = 1
IY = 1

!
CALL DJUFSP ( M,IX,IY,U,IERR )

!
ALF = 1.0D0
WRITE(6,1100) M,L,N,ALF,ISW

!
CALL DJTEUN ( U,M,L,N,G,ALF,K,X2,CX,ISW,WK,IERR )

!
WRITE(6,1200) IERR
WRITE(6,1300) K
WRITE(6,1400) (X2(I),I=1,L)
WRITE(6,1500) CX

!
STOP

1000 FORMAT(’ ’,/,/,’ *** DJTEUN ***’,/)
1100 FORMAT(’ ** INPUT **’,/,10X,’ M = ’,I5,5X,’ L = ’, 1&

I5,/,10X,’ N = ’,I5,5X,’ ALF= ’,F5.1,/,10X,’ISW = ’,I5,/)
1200 FORMAT(’ ** OUTPUT **’,/,/,10X,’ IERR = ’,I5,/)
1300 FORMAT(10X,’ NUMBER OF PASSED TEST (K) = ’,I3,/)
1400 FORMAT(10X,’TEST NO. 1 2 3 4 5 ’,&

’ 6 7 8 9 10 ’,/,/,&
8X,’CHI-SQUARE’,/,8X,’VALUE (X2)’,10F8.1,/)

1500 FORMAT(10X,’ CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(c) Output results

*** DJTEUN ***

** INPUT **
M = 1000 L = 10
N = 10 ALF= 1.0

ISW = 1

** OUTPUT **
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IERR = 0

NUMBER OF PASSED TEST (K) = 10

TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 7.4 14.8 6.4 9.4 7.2 6.0 10.4 1.8 13.2 10.2

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 21.7
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2.3 CONTINUOUS DISTRIBUTION RANDOM NUMBER TESTS

2.3.1 DJTENO, RJTENO

Normal Distribution Random Number Test

(1) Function

Performs a frequency one-dimensional test on normal distribution random numbers.

(2) Usage

Double precision:

CALL DJTENO (U, M, LT, N, ALF, UL, UP, AM, SG, K, X2, CX, WK, IERR)

Single precision:

CALL RJTENO (U, M, LT, N, ALF, UL, UP, AM, SG, K, X2, CX, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 U
{
D

R

}
M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Test iteration count (See Note (a))

4 N I 1 Input Number of subdivisions

5 ALF
{
D

R

}
1 Input Significance level (%)

6 UL
{
D

R

}
1 Input Test interval lower limit (See Note (b))

7 UP
{
D

R

}
1 Input Test interval upper limit (See Note (b))

8 AM
{
D

R

}
1 Input Mean value

9 SG
{
D

R

}
1 Input Standard deviation

10 K I 1 Output Number of passed tests

11 X2
{
D

R

}
LT Output Test result χ2 value
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No. Argument Type Size
Input/

Output
Contents

12 CX
{
D

R

}
1 Output χ2 value for significance level

13 WK
{
D

R

}
2×N Work Work area

14 IERR I 1 Output Error indicator

(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) N ≥ 2

(d) UP > UL

(e) 0.0 < ALF < 100.0

(f) SG > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 UL was too small, UP was too large, or

M was too small. (See Note (b))

Processing continues.

(Test precision gets worse.)

3000 Restriction (a), (b), (c), (d), (e) or (f) was

not satisfied.

Processing is aborted.

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers U used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

�M/LT	 random numbers U are taken at a time for each test, where �x	 represents the maximum

integer that does not exceed x.

(b) If the test range lower limit UL is too small or if the upper limit UP is too large, then an extremely

small expected frequency range is tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in the subroutine:

FTi < 5 (i = 1, · · · ,N)
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Expressions for calculating UL and UP, which are used as test criteria, are shown below.

UL = AM− SG×D

UP = AM+ SG×D

where D is obtained from the following equation.

D× e−
D2

2 =
5×N

�M/LT	 ×
√

π

2

�x	 represents the maximum integer that does not exceed x.

Sample values of D are shown below.

N
�M/LT� 0.1 0.01 0.001 0.0001 0.00001

D 1.5 2.5 3.5 4.0 4.5

(7) Example

(a) Problem

Perform the test 10 times with 10 subdivisions on 10000 normal distribution random numbers having

mean 0.0 and standard deviation 1.0.
(b) Main program

PROGRAM BJTENO
! *** EXAMPLE OF DJTENO ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER ( M=10000, L=10 , N=10 )
DIMENSION U(M) , X2(L) , WK(N,2)

!
WRITE(6,1000)
IX = 1
IY = 1
AM = 0.0D0
SG = 1.0D0

!
CALL DJDBNO ( M,AM,SG,IX,IY,U,IERR )

!
ALF = 1.0D0
UL = -2.5D0
UP = 2.5D0
WRITE(6,1100) M,L,N,ALF,UL,UP,AM,SG

!
CALL DJTENO ( U,M,L,N,ALF,UL,UP,AM,SG,K,X2,CX,WK,IERR )

!
WRITE(6,1200) IERR
WRITE(6,1300) K
WRITE(6,1400) (X2(I),I=1,L)
WRITE(6,1500) CX

!
STOP

1000 FORMAT(’ ’,/,/,’ *** DJTENO ***’,/)
1100 FORMAT(’ ** INPUT **’,/,10X,’ M = ’,I5,5X,’ L = ’,I5,/,&

10X,’ N = ’,I5,5X,’ ALF= ’,F5.1,/,10X,’ UL = ’,F5.1,5X,&
’ UP = ’,F5.1,/,10X,’ AM = ’,F5.1,5X,’ SG = ’,F5.1,/)

1200 FORMAT(’ ** OUTPUT **’,/,/,10X,’ IERR = ’,I5,/)
1300 FORMAT(10X,’ NUMBER OF PASSED TEST (K) = ’,I3,/)
1400 FORMAT(10X,’TEST NO. 1 2 3 4 5 ’,&

’ 6 7 8 9 10 ’,/,/,&
8X,’CHI-SQUARE’,/,8X,’VALUE (X2)’,10F8.1,/)

1500 FORMAT(10X,’ CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(c) Output results

*** DJTENO ***

** INPUT **
M = 10000 L = 10
N = 10 ALF= 1.0
UL = -2.5 UU = 2.5
AM = 0.0 SG = 1.0

** OUTPUT **

IERR = 0

NUMBER OF PASSED TEST (K) = 10
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TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 7.6 8.1 7.0 13.4 9.0 12.8 7.4 10.1 16.4 8.2

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 21.7
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2.3.2 DJTEEX, RJTEEX

Exponential Distribution Random Number Test

(1) Function

Performs a frequency one-dimensional test on exponential distribution random numbers.

(2) Usage

Double precision:

CALL DJTEEX (U, M, LT, N, ALF, UP, AM, K, X2, CX, WK, IERR)

Single precision:

CALL RJTEEX (U, M, LT, N, ALF, UP, AM, K, X2, CX, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 U
{
D

R

}
M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Test iteration count (See Note (a).)

4 N I 1 Input Number of subdivisions

5 ALF
{
D

R

}
1 Input Significance level (%)

6 UP
{
D

R

}
1 Input Test interval upper limit (See Note (b))

7 AM
{
D

R

}
1 Input Mean value

8 K I 1 Output Number of passed tests

9 X2
{
D

R

}
LT Output Test result χ2 value

10 CX
{
D

R

}
1 Output χ2 value for significance level

11 WK
{
D

R

}
2×N Work Work area

12 IERR I 1 Output Error indicator

28



DJTEEX, RJTEEX
Exponential Distribution Random Number Test

(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) N ≥ 2

(d) 0.0 < ALF < 100.0

(e) AM > 0.0

(f) UP > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 UP was too large or M was too small. (See

Note (b))

Processing continues. (Test precision gets

worse.)

3000 Restriction (a), (b), (c), (d), (e) or (f) was

not satisfied.

Processing is aborted.

4000 U(i) < 0.0 ; i = 1, · · · ,M

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers U used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

�M/LT	 random numbers U are taken at a time for each test, where �x	 represents the maximum

integer that does not exceed x.

(b) If the test range upper limit UP is too large, then an extremely small expected frequency range is

tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in this subroutine:

FTi < 5 (i = 1, · · · ,N)
The value of UP, which is used as a test criterion, is determined so that the following condition is

satisfied.

UP× e−
UP
AM =

5×N×AM

�M/LT	
�x	 represents the maximum integer that does not exceed x.

Sample values of UP are shown below for AM=1.0.

N
�M/LT� 0.01 0.001 0.0001 0.00001

UP 4 7 9 12
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(7) Example

(a) Problem

Perform the test 10 times with subdivisions on 10000 exponential distribution random numbers having

mean value 1.0.

(b) Main program

PROGRAM BJTEEX
! *** EXAMPLE OF DJTEEX ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER ( M=10000, L=10 , N=10 )
DIMENSION U(M) , X2(L) , WK(N,2)

!
WRITE(6,1000)
IX = 1
IY = 1
AM = 1.0D0

!
CALL DJDBEX (M,AM,IX,IY,U,IERR)

!
ALF = 1.0D0
UP = 4.0D0
WRITE(6,1100) M,L,N,ALF,UP,AM

!
CALL DJTEEX ( U,M,L,N,ALF,UP,AM,K,X2,CX,WK,IERR )

!
WRITE(6,1200) IERR
WRITE(6,1300) K
WRITE(6,1400) (X2(I),I=1,L)
WRITE(6,1500) CX
STOP

1000 FORMAT(’ ’,/,/,’ *** DJTEEX ***’,/)
1100 FORMAT(’ ** INPUT **’,/,10X,’ M = ’,I5,5X,’ L = ’,I5,/,&

10X,’ N = ’,I5,5X,’ ALF= ’,F5.1,/,10X,’ UP = ’,F5.3,5X,&
’ AM = ’,F5.1,/)

1200 FORMAT(’ ** OUTPUT **’,/,/,10X,’ IERR = ’,I5,/)
1300 FORMAT(10X,’ NUMBER OF PASSED TEST (K) = ’,I3,/)
1400 FORMAT(10X,’TEST NO. 1 2 3 4 5 ’,&

’ 6 7 8 9 10 ’,/,/,&
8X,’CHI-SQUARE’,/,8X,’VALUE (X2)’,10F8.1,/)

1500 FORMAT(10X,’ CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(c) Output results

*** DJTEEX ***

** INPUT **
M = 10000 L = 10
N = 10 ALF= 1.0
UP = 4.000 AM = 1.0

** OUTPUT **

IERR = 0

NUMBER OF PASSED TEST (K) = 9

TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 16.0 6.3 16.3 6.0 7.4 22.4 8.6 9.5 6.5 7.4

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 21.7

30



DJTECC, RJTECC
Cauchy Distribution Random Number Test

2.3.3 DJTECC, RJTECC

Cauchy Distribution Random Number Test

(1) Function

Performs a frequency one-dimensional test on Cauchy distribution random numbers.

(2) Usage

Double precision:

CALL DJTECC (U, M, LT, N, ALF, UL, UP, A, B, K, X2, CX, WK, IERR)

Single precision:

CALL RJTECC (U, M, LT, N, ALF, UL, UP, A, B, K, X2, CX, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 U
{
D

R

}
M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Test iteration count (See Note (a))

4 N I 1 Input Number of subdivisions

5 ALF
{
D

R

}
1 Input Significance level (%)

6 UL
{
D

R

}
1 Input Test interval lower limit (See Note (b))

7 UP
{
D

R

}
1 Input Test interval upper limit (See Note (b))

8 A
{
D

R

}
1 Input Value of the location parameter α.

9 B
{
D

R

}
1 Input Value of the scale parameter β.

10 K I 1 Output Number of passed tests

11 X2
{
D

R

}
LT Output Test result χ2 value

12 CX
{
D

R

}
1 Output χ2 value for significance level
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No. Argument Type Size
Input/

Output
Contents

13 WK
{
D

R

}
2×N+ 4 Work Work area

14 IERR I 1 Output Error indicator

(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) N ≥ 2

(d) UP > UL

(e) 0.0 < ALF < 100.0

(f) BX > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 UL was too small, UP was too large, or

M was too small. (See Note (b))

Processing continues.

(Test precision gets worse.)

3000 Restriction (a), (b), (c), (d), (e) or (f) was

not satisfied.

Processing is aborted.

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers U used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

�M/LT	 random numbers U are taken at a time for each test, where �x	 represents the maximum

integer that does not exceed x.

(b) If the test range lower limit UL is too small or if the upper limit UP is too large, then an extremely

small expected frequency range is tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in the subroutine:

FTi < 5 (i = 1, · · · ,N)
Expressions for calculating UL and UP, which are used as test criteria, are shown below.

UL = AM− SG×D

UP = AM+ SG×D
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where D is obtained from the following equation.

D× e−
D2

2 =
5×N

�M/LT	 ×
√

π

2

�x	 represents the maximum integer that does not exceed x.

Sample values of D are shown below.

N
�M/LT� 0.1 0.01 0.001 0.0001 0.00001

D 1.5 2.5 3.5 4.0 4.5

(7) Example

(a) Problem

Perform the test 10 times with 10 subdivisions on 10000 normal distribution random numbers with

parameters α = 0.0 and β = 1.0.

(b) Main program

PROGRAM BJTECC
! *** EXAMPLE OF DJTECC ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER ( M=10000, L=10 , N=10 )
DIMENSION U(M) , X2(L) , WK(0:N+1,2)

!
WRITE(6,1000)
IX = 1
IY = 1
A = 0.0D0
B = 1.0D0

!
CALL DJDBCC ( M,A,B,IX,IY,U,IERR )

!
ALF = 1.0D0
UL = -2.5D0
UP = 2.0D0
WRITE(6,1100) M,L,N,ALF,UL,UP,A,B

!
CALL DJTECC ( U,M,L,N,ALF,UL,UP,A,B,K,X2,CX,WK,IERR )

!
WRITE(6,1200) IERR
WRITE(6,1300) K
WRITE(6,1400) (X2(I),I=1,L)
WRITE(6,1500) CX

!
STOP

1000 FORMAT(5X,’*** DJTECC ***’,/)
1100 FORMAT(7X,’** INPUT **’,/,12X,’M = ’,I5,7X,’L = ’,I5,/,&

12X,’N = ’,I5,6X,’ALF= ’,F5.1,/,11X,’UL = ’,F5.1,6X,&
’UP = ’,F5.1,/,12X,’A = ’,F5.1,7X,’B = ’,F5.1,/)

1200 FORMAT(7X,’** OUTPUT **’,/,/,10X,’ IERR = ’,I5,/)
1300 FORMAT(11X,’NUMBER OF PASSED TEST (K) = ’,I3,/)
1400 FORMAT(10X,’TEST NO. 1 2 3 4 5 ’,&

’ 6 7 8 9 10 ’,/,/,&
8X,’CHI-SQUARE’,/,8X,’VALUE (X2)’,10F8.1,/)

1500 FORMAT(11X,’CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(c) Output results

*** DJTECC ***

** INPUT **
M = 10000 L = 10
N = 10 ALF= 1.0

UL = -2.5 UU = 2.0
A = 0.0 B = 1.0

** OUTPUT **

IERR = 0

NUMBER OF PASSED TEST (K) = 10

TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 9.4 12.6 9.7 7.4 7.5 7.8 15.9 4.9 4.8 3.7

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 21.7
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2.3.4 DJTEGU, RJTEGU

Gumbel Distribution Random Number Test

(1) Function

Performs a frequency one-dimensional test on Gumbel distribution random numbers.

(2) Usage

Double precision:

CALL DJTEGU (U, M, LT, N, ALF, UL, UP, A, B, K, X2, CX, WK, IERR)

Single precision:

CALL RJTEGU (U, M, LT, N, ALF, UL, UP, A, B, K, X2, CX, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 U
{
D

R

}
M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Test iteration count (See Note (a))

4 N I 1 Input Number of subdivisions

5 ALF
{
D

R

}
1 Input Significance level (%)

6 UL
{
D

R

}
1 Input Test interval lower limit (See Note (b))

7 UP
{
D

R

}
1 Input Test interval upper limit (See Note (b))

8 A
{
D

R

}
1 Input Location parameter

9 B
{
D

R

}
1 Input Scale parameter

10 K I 1 Output Number of passed tests

11 X2
{
D

R

}
LT Output Test result χ2 value

12 CX
{
D

R

}
1 Output χ2 value for significance level
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No. Argument Type Size
Input/

Output
Contents

13 WK
{
D

R

}
2×N Work Work area

14 IERR I 1 Output Error indicator

(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) N ≥ 2

(d) UP > UL

(e) 0.0 < ALF < 100.0

(f) B > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 UL was too small, UP was too large, or

M was too small. (See Note (b))

Processing continues. (Test precision gets

worse.)

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

3050 Restriction (f) was not satisfied.

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers U used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

�M/LT	 random numbers U are taken at a time for each test, where �x	 represents the maximum

integer that does not exceed x.

(b) If the test range lower limit UL is too small or if the upper limit UP is too large, then an extremely

small expected frequency range is tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in the subroutine:

FTi < 5 (i = 1, · · · ,N)
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Inequalities for calculating UL and UP, which are used as test criteria, are shown below.

min

{
exp

(
UP−A

B

)
exp

⌊
− exp

(
UP −A

B

)⌋
, exp

(
UL−A

B

)
exp

⌊
− exp

(
UL−A

B

)⌋}

≥ 5× B×N

�M/LT	 × (UP−UL)

�x	 represents the maximum integer that does not exceed x.

(7) Example

(a) Problem

Perform the test 10 times with 10 subdivisions on 10000 Gumbel distribution random numbers having

location parameter 0.0 and scale parameter 1.0.

(b) Main program

PROGRAM BJTEGU
! *** EXEMPLE OF DJTEGU ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER ( NMAX=100000 )
PARAMETER ( DONE = 1.0D0, DMONE = -1.0D0, DZERO = 0.0D0)
PARAMETER ( DFIVE = 5.0D0, DM100 = -100.0D0, D100 = 100.0D0 )
PARAMETER ( DM27 = -2.7D0, D27 = 2.7D0 )
DIMENSION RR(NMAX),X2(NMAX),WK(2*NMAX+4)

!
N = 10000
XA = DONE
XB = DONE
IX = 1
IY = 1

!
L = 10
NDIV = 10
ALF = DFIVE
UL = DM27
UP = D27

!
CALL DJDBGU(N,XA,XB,IX,IY,RR,KERR)
IF( KERR .GT. 0 ) THEN

WRITE(6,6000) KERR
ELSE

WRITE(6,6010) N,L,NDIV,ALF,UL,UP,XA,XB
ENDIF

!
CALL DJTEGU(RR,N,L,NDIV,ALF,UL,UP,XA,XB,K,X2,CX,WK,IERR)
WRITE(6,6020) IERR
IF( IERR .EQ. 0 ) THEN

WRITE(6,6030) K
WRITE(6,6040) (X2(I),I=1,L)
WRITE(6,6050) CX

ENDIF
STOP

!
6000 FORMAT(1X,’KERR = ’,I4)
6010 FORMAT(/,&

1X,’ ** INPUT **’,/,/,&
1X,’ N = ’,I10,’ L = ’,I10,/,&
1X,’ NDIV = ’,I10,’ ALF = ’,F10.3,/,&
1X,’ UL = ’,F10.3,’ UP = ’,F10.3,/,&
1X,’ XA = ’,F10.3,’ XB = ’,F10.3)

6020 FORMAT(/,&
1X,’ ** OUTPUT **’,/,/,&
1X,’ IERR = ’,I4)

6030 FORMAT(/,&
1X,’ NUMBER OF PASSED TEST (K) = ’,I3,/)

6040 FORMAT(&
1X,’ TEST NO. 1 2 3 4 5’,&

’ 6 7 8 9 10’,/,/,&
1X,’ CHI-SQUARE’,/,&
1X,’ VALUE (X2)’,10F6.1,/)

6050 FORMAT(/,&
1X,’ CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(c) Output results

** INPUT **

N = 10000 L = 10
NDIV = 10 ALF = 5.000
UL = -2.700 UP = 2.700
XA = 1.000 XB = 1.000

** OUTPUT **
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IERR = 0

NUMBER OF PASSED TEST (K) = 10

TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 7.1 8.2 10.4 8.0 9.7 14.7 12.1 4.0 4.7 10.9

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 16.9
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2.3.5 DJTEWE, RJTEWE

Weibull Distribution Random Number Tests

(1) Function

Performs a frequency one-dimensional test on Weibull distribution random numbers.

(2) Usage

Double precision:

CALL DJTEWE (U, M, LT, N, ALF, UP, A, B, K, X2, CX, WK, IERR)

Single precision:

CALL RJTEWE (U, M, LT, N, ALF, UP, A, B, K, X2, CX, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 U
{
D

R

}
M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Test iteration count (See Note (a))

4 N I 1 Input Number of subdivisions

5 ALF
{
D

R

}
1 Input Significance level (%)

6 UP
{
D

R

}
1 Input Test interval upper limit (See Note (b))

7 A
{
D

R

}
1 Input Shape parameter a

8 B
{
D

R

}
1 Input Scale parameter b

9 K I 1 Output Number of passed tests

10 X2
{
D

R

}
LT Output Test result χ2 value

11 CX
{
D

R

}
1 Output χ2 value for significance level

12 WK
{
D

R

}
2×N Work Work area

13 IERR I 1 Output Error indicator
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(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) N ≥ 2

(d) 0.0 < ALF < 100.0

(e) UP > 0.0

(f) A > 0.0

(g) B > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 UP was too large or M was too small. (See

Note (b))

Processing continues. (Test precision gets

worse.)

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

3050 Restriction (f) was not satisfied.

3060 Restriction (g) was not satisfied.

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers U used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

�M/LT	 random numbers U are taken at a time for each test, where �x	 represents the maximum

integer that does not exceed x.

(b) If the test range upper limit UP is too large, then an extremely small expected frequency range is

tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in this subroutine:

FTi < 5 (i = 1, · · · ,N)
The value of UP, which is used as a test criterion, is determined so that the following condition is

satisfied.

UP× e−(UP
B )A =

5×N

�M/LT	
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�x	 represents the maximum integer that does not exceed x.

Sample values of UP are shown below for A=2.0 and B=1.0 .

N
�M/LT� 0.01 0.001 0.0001 0.00001

UP 1.9 2.5 2.9 3.3

(7) Example

(a) Problem

Perform the test 10 times with subdivisions on 10000 Weibull distribution random numbers having the

shape parameter 2.0 and the scale parameter 1.0.

(b) Main program

PROGRAM BJTEWE
! *** EXEMPLE OF DJTEWE ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER ( NMAX=100000 )
PARAMETER ( D0 = 0.0D0, D5 = 5.0D0, D100 = 100.0D0 )
PARAMETER ( D1 = 1.0D0, D2 = 2.0D0, D3 = 3.0D0 )
DIMENSION RR(NMAX),X2(NMAX),WK(2*NMAX+4)

!
N = 10000
XA = D2
XB = D1
IX = 1
IY = 1

!
L = 10
NDIV = 10
ALF = D5
UP = 1.9

!
CALL DJDBWE (N,XA,XB,IX,IY,RR,KERR)
IF( KERR .GT. 0 ) THEN

WRITE(6,6000) KERR
ELSE

WRITE(6,6010) N,L,NDIV,ALF,UP,XA,XB
ENDIF

!
CALL DJTEWE(RR,N,L,NDIV,ALF,UP,XA,XB,K,X2,CX,WK,IERR)
WRITE(6,6020) IERR
IF( IERR .EQ. 0 ) THEN

WRITE(6,6030) K
WRITE(6,6040) (X2(I),I=1,L)
WRITE(6,6050) CX

ENDIF
STOP

!
6000 FORMAT(1X,’KERR = ’,I4)
6010 FORMAT(1X,/,&

1X,’ ** INPUT **’,/,/,&
1X,’ N = ’,I10,’ L = ’,I10,/,&
1X,’ NDIV = ’,I10,’ ALF = ’,F10.3,/,&
1X,’ UP = ’,F10.3,/,&
1X,’ XA = ’,F10.3,’ XB = ’,F10.3)

6020 FORMAT(1X,/,&
1X,’ ** OUTPUT **’,/,/,&
1X,’ IERR = ’,I4)

6030 FORMAT(1X,/,&
1X,’ NUMBER OF PASSED TEST (K) = ’,I3,/)

6040 FORMAT(&
1X,’ TEST NO. 1 2 3 4 5’,&

’ 6 7 8 9 10’,/,/,&
1X,’ CHI-SQUARE’,/,&
1X,’ VALUE (X2)’,10F6.1,/)

6050 FORMAT(1X,/,1X,&
’ CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(c) Output results

** INPUT **

N = 10000 L = 10
NDIV = 10 ALF = 5.000
UP = 1.900
XA = 2.000 XB = 1.000

** OUTPUT **

IERR = 0

NUMBER OF PASSED TEST (K) = 9
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TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 10.3 13.5 12.5 9.4 12.3 17.6 10.1 5.1 7.2 11.7

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 16.9
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2.3.6 DJTEGM, RJTEGM

Gamma Distribution Random Number Test

(1) Function

Performs a frequency one-dimensional test on gamma distribution random numbers.

(2) Usage

Double precision:

CALL DJTEGM (U, M, LT, NDIV, ALF, UL, UP, GAMALP, K, X2, CX, WK, IERR)

Single precision:

CALL RJTEGM (U, M, LT, NDIV, ALF, UL, UP, GAMALP, K, X2, CX, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 U
{
D

R

}
M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Test iteration count (See Note (a)))

4 NDIV I 1 Input Number of subdivisions

5 ALF
{
D

R

}
1 Input Significance level (%)

6 UL
{
D

R

}
1 Input Test interval lower limit (See Note (b))

7 UP
{
D

R

}
1 Input Test interval upper limit (See Note (b))

8 GAMALP
{
D

R

}
1 Input Shape parameter for gamma distribution

9 K I 1 Output Number of passed tests

10 X2
{
D

R

}
LT Output Test result χ2 value

11 CX
{
D

R

}
1 Output χ2 value for significance level

12 WK
{
D

R

}
See

Contents

Work Work area

Size: 2×NDIV + 4

13 IERR I 1 Output Error indicator
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(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) NDIV ≥ 2

(d) UP > UL

(e) 0.0 < ALF < 100.0

(f) GAMALP > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 UL was too small, UP was too large, or

M was too small. (See Note (b))

Processing continues. (Test precision gets

worse.)

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

3050 Restriction (f) was not satisfied.

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers U used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

�M/LT	 random numbers U are taken at a time for each test, where �x	 represents the maximum

integer that does not exceed x.

(b) If the test range lower limit UL is too small or if the upper limit UP is too large, then an extremely

small expected frequency range is tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in the subroutine:

FTi < 5 (i = 1, · · · ,NDIV)

(7) Example

(a) Problem

Perform the test 10 times with 10 subdivisions on 10000 gamma distribution random numbers having

the shape parameter α = 3.0.

(b) Input data

M = 10000, L = 10, NDIV = 10, ALF = 5.0, UL = 0.0, UP = 9.0 and GAMALP = 3.0.
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(c) Main program

PROGRAM BJTEGM
! *** EXEMPLE OF DJTEGM ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER ( N=10000 )
PARAMETER ( DZERO = 0.0D0, D3 = 3.0D0, D5 = 5.0D0, D9 = 9.0D0 )
DIMENSION RR(N),X2(N),WK(2*N+4)

!
IX = 1
IY = 1

!
L = 10
NDIV = 10
ALF = D5

!
UL = DZERO

!
GAMALP = D3
UP = D9

!
WRITE(6,5000) N,GAMALP
CALL DJDBGM(N,GAMALP,IX,IY,RR,KERR)
WRITE(6,6020) KERR

!
WRITE(6,6010) N,L,NDIV,ALF,UL,UP,GAMALP
CALL DJTEGM(RR,N,L,NDIV,ALF,UL,UP,GAMALP,K,X2,CX,WK,IERR)
WRITE(6,6020) IERR
IF( IERR .EQ. 0 ) THEN

WRITE(6,6030) K
WRITE(6,6040) (X2(I),I=1,L)
WRITE(6,6050) CX

ENDIF
STOP

!
5000 FORMAT(/,&

1X,’ ** GERERATION **’,/,/,&
1X,’ ** INPUT **’,/,/,&
1X,’ N = ’,I10,’ GAMALP = ’,F10.3)

6010 FORMAT(/,&
1X,’ ** TEST **’,/,/,&
1X,’ ** INPUT **’,/,/,&
1X,’ N = ’,I10,’ L = ’,I10,/,&
1X,’ NDIV = ’,I10,’ ALF = ’,F10.3,/,&
1X,’ UL = ’,F10.3,’ UP = ’,F10.3,/,&
1X,’ GAMALP = ’,F10.3)

6020 FORMAT(/,&
1X,’ ** OUTPUT **’,/,/,&
1X,’ IERR = ’,I4)

6030 FORMAT(/,&
1X,’ NUMBER OF PASSED TEST (K) = ’,I3,/)

6040 FORMAT(&
1X,’ TEST NO. 1 2 3 4 5’,&

’ 6 7 8 9 10’,/,/,&
1X,’ CHI-SQUARE’,/,&
1X,’ VALUE (X2)’,10F6.1,/)

6050 FORMAT(/,&
1X,’ CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(d) Output results

** GERERATION **

** INPUT **

N = 10000 GAMALP = 3.000

** OUTPUT **

IERR = 0

** TEST **

** INPUT **

N = 10000 L = 10
NDIV = 10 ALF = 5.000
UL = 0.000 UP = 9.000

GAMALP = 3.000

** OUTPUT **

IERR = 0

NUMBER OF PASSED TEST (K) = 9

TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 3.2 7.9 9.2 9.7 1.9 6.6 20.3 8.6 8.7 6.4

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 16.9
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2.3.7 DJTELG, RJTELG

Logistic Distribution Random Number Test

(1) Function

Performs a frequency one-dimensional test on logistic distribution random numbers.

(2) Usage

Double precision:

CALL DJTELG (U, M, LT, NDIV, ALF, UL, UP, XA, XB, K, X2, CX, WK, IERR)

Single precision:

CALL RJTELG (U, M, LT, NDIV, ALF, UL, UP, XA, XB, K, X2, CX, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 U
{
D

R

}
M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Test iteration count (See Note (a))

4 NDIV I 1 Input Number of subdivisions

5 ALF
{
D

R

}
1 Input Significance level (%)

6 UL
{
D

R

}
1 Input Test interval lower limit (See Note (b))

7 UP
{
D

R

}
1 Input Test interval upper limit (See Note (b))

8 XA
{
D

R

}
1 Input Mean value

9 XB
{
D

R

}
1 Input Value of parameter β (See Note (c))

10 K I 1 Output Number of passed tests

11 X2
{
D

R

}
LT Output Test result χ2 value

12 CX
{
D

R

}
1 Output χ2 value for significance level
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No. Argument Type Size
Input/

Output
Contents

13 WK
{
D

R

}
See

Contents

Work Work area

Size: 2×NDIV + 4

14 IERR I 1 Output Error indicator

(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) NDIV ≥ 2

(d) UP > UL

(e) 0.0 < ALF < 100.0

(f) XB > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 UL was too small, UP was too large, or

M was too small. (See Note (b))

Processing continues. (Test precision gets

worse.)

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

3050 Restriction (f) was not satisfied.

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers U used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

�M/LT	 random numbers U are taken at a time for each test, where �x	 represents the maximum

integer that does not exceed x.

(b) If the test range lower limit UL is too small or if the upper limit UP is too large, then an extremely

small expected frequency range is tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in the subroutine:

FTi < 5 (i = 1, · · · ,NDIV)
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Expressions for calculating UL and UP, which are used as test criteria, are shown below.

(UP −UL)×min

{
exp(−UL−XA

XB ){
1 + exp(−UL−XA

XB )
}2 , exp(−UP−XA

XB ){
1 + exp(−UP−XA

XB )
}2
}

≥ 5×NDIV ×XB⌊
M
LT

⌋
�x	 represents the maximum integer that does not exceed x.

(c) Variance is defined as follows.

σ2 =
π2β2

3

(7) Example

(a) Problem

Perform the test 10 times with 10 subdivisions on 10000 logistic distribution random numbers having

mean 0.0 and β = 1.0.

(b) Input data

M = 10000, L = 10, NDIV = 10, ALF = 5.0, UL = −4.7, UP = 4.7, XA = 1.0 and XB = 1.0.

(c) Main program

PROGRAM BJTELG
! *** EXEMPLE OF DJTELG ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER ( NMAX=100000 )
PARAMETER ( DONE = 1.0D0, DMONE = -1.0D0, DZERO = 0.0D0)
PARAMETER ( DFIVE = 5.0D0, DM100 = -100.0D0, D100 = 100.0D0 )
PARAMETER ( DM47 = -4.7D0, D47 = 4.7D0 )
DIMENSION RR(NMAX),X2(NMAX),WK(2*NMAX+4)

!
N = 10000
XA = DONE
XB = DONE
IX = 1
IY = 1

!
L = 10
NDIV = 10
ALF = DFIVE
UL = DM47
UP = D47

!
CALL DJDBLG(N,XA,XB,IX,IY,RR,KERR)
IF( KERR .GT. 0 ) THEN

WRITE(6,6000) KERR
ELSE

WRITE(6,6010) N,L,NDIV,ALF,UL,UP,XA,XB
ENDIF

!
CALL DJTELG(RR,N,L,NDIV,ALF,UL,UP,XA,XB,K,X2,CX,WK,IERR)
WRITE(6,6020) IERR
IF( IERR .EQ. 0 ) THEN

WRITE(6,6030) K
WRITE(6,6040) (X2(I),I=1,L)
WRITE(6,6050) CX

ENDIF
STOP

!
6000 FORMAT(1X,’KERR = ’,I4)
6010 FORMAT(/,&

1X,’ ** INPUT **’,/,/,&
1X,’ N = ’,I10,’ L = ’,I10,/,&
1X,’ NDIV = ’,I10,’ ALF = ’,F10.3,/,&
1X,’ UL = ’,F10.3,’ UP = ’,F10.3,/,&
1X,’ XA = ’,F10.3,’ XB = ’,F10.3)

6020 FORMAT(/,&
1X,’ ** OUTPUT **’,/,/,&
1X,’ IERR = ’,I4)

6030 FORMAT(/,&
1X,’ NUMBER OF PASSED TEST (K) = ’,I3,/)

6040 FORMAT(&
1X,’ TEST NO. 1 2 3 4 5’,&

’ 6 7 8 9 10’,/,/,&
1X,’ CHI-SQUARE’,/,&
1X,’ VALUE (X2)’,10F6.1,/)

6050 FORMAT(/,&
1X,’ CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(d) Output results

** INPUT **
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N = 10000 L = 10
NDIV = 10 ALF = 5.000
UL = -4.700 UP = 4.700
XA = 1.000 XB = 1.000

** OUTPUT **

IERR = 0

NUMBER OF PASSED TEST (K) = 10

TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 4.8 7.6 7.3 6.7 4.1 10.7 9.8 6.3 6.1 8.1

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 16.9
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2.4.1 RJTEBI

Binomial Distribution Random Number Test

(1) Function

Performs a frequency one-dimensional test on binomial distribution random numbers.

(2) Usage

Double precision:

Nothing

Single precision:

CALL RJTEBI (NL, M, LT, IUP, ALF, MN, P, K, X2, CX, WK, IERR)

(3) Arguments

R:Single precision real C:Single precision complex I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 NL I M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Iteration count (See Note (a))

4 IUP I 1 Input Test interval upper limit (See Note (b))

5 ALF R 1 Input Significance (%)

6 MN I 1 Input Number of trials

7 P R 1 Input Success probability

8 K I 1 Output Number of passed tests

9 X2 R LT Output Test result χ2 value

10 CX R 1 Output χ2 value for significance level

11 WK R See

Contents

Work Work area

Size: 2× (IUP + 1)

12 IERR I 1 Output Error indicator

(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) 0.0 < ALF < 100.0

(d) MN ≥ 1

(e) 0.0 < P < 1.0

(f) 0 < IUP ≤ MN
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 IUP was too large or M was too small.

(See Note (b))

Processing continues. (Test precision gets

worse.)

3000 Restriction (a), (b), (c), (d), (e) or (f) was

not satisfied.

Processing is aborted.

4000 NL(I) < 0 or NL(I) > MN (I = 1, · · · ,M)

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers NL used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

(b) If the test range upper limit IUP is too large, then an extremely small expected frequency range is

tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in the RJTEBI subroutine:

FTi < 5 (i = 1, · · · ,N)
The value of IUP, which is used as a test criterion, is determined so that the following condition is

satisfied.(
MN

IUP

)
PIUP(1− P)MN−IUP =

5

�M/LT	
�x	 represents the maximum integer that does not exceed x.

Sample values of IUP are shown below for P=0.5.

�M/LT	
100 1, 000 10, 000 100, 000

10 7 9 10 10

MN 50 29 33 36 38

100 54 61 65 69
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(7) Example

(a) Problem

Perform the test 10 times on 10000 binomial distribution random numbers with parmeters m = 4 and

p = 0.5.

(b) Main program

PROGRAM BJTEBI
! *** EXAMPLE OF RJTEBI ***

PARAMETER ( M=10000, L=10 , MN=4 , IUP=4 )
DIMENSION NL(M) , X2(L) , IWK1(MN+2), WK1(MN+2) , WK(IUP+1,2)

!
WRITE(6,1000)
IX = 1
IY = 1
P = 0.5
IWK1(1) = 0
WK1 (1) = 0.0

!
CALL RJDBBI ( M,MN,P,IX,IY,NL,IWK1,WK1,IERR )

!
ALF = 1.00
WRITE(6,1100) M,L,IUP,ALF,MN,P

!
CALL RJTEBI ( NL,M,L,IUP,ALF,MN,P,K,X2,CX,WK,IERR )

!
WRITE(6,1200) IERR
WRITE(6,1300) K
WRITE(6,1400) (X2(I),I=1,L)
WRITE(6,1500) CX
STOP

1000 FORMAT(’ ’,/,/,’ *** RJTEBI ***’,/)
1100 FORMAT(’ ** INPUT **’,/,10X,’ M = ’,I5,5X,’ L = ’,I5,/,&

10X,’ IUP= ’,I5,5X,’ ALF= ’,F5.1,/,10X,’ MN = ’,I5,5X,&
’ P = ’,F5.3,/)

1200 FORMAT(’ ** OUTPUT **’,/,/,10X,’ IERR = ’,I5,/)
1300 FORMAT(10X,’ NUMBER OF PASSED TEST (K) = ’,I3,/)
1400 FORMAT(10X,’TEST NO. 1 2 3 4 5 ’,&

’ 6 7 8 9 10 ’,/,/,&
8X,’CHI-SQUARE’,/,8X,’VALUE (X2)’,10F8.1,/)

1500 FORMAT(10X,’ CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(c) Output results

*** RJTEBI ***

** INPUT **
M = 10000 L = 10

IUP= 4 ALF= 1.0
MN = 4 P = 0.500

** OUTPUT **

IERR = 0

NUMBER OF PASSED TEST (K) = 10

TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 4.6 9.6 2.5 1.9 0.9 1.2 3.8 2.4 2.2 2.5

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 13.3
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2.4.2 RJTENG

Geometric Distribution Random Number Test

(1) Function

Performs a frequency one-dimensional test on geometric distribution random numbers.

(2) Usage

Double precision:

Nothing

Single precision:

CALL RJTENG (NL, M, LT, IUP, ALF, P, K, X2, CX, IWK, IERR)

(3) Arguments

R:Single precision real C:Single precision complex I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 NL I M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Iteration count (See Note (a))

4 IUP I 1 Input Test interval upper limit (See Note (b))

5 ALF R 1 Input Significance (%)

6 P R 1 Input Success probability

7 K I 1 Output Number of passed tests

8 X2 R LT Output Test result χ2 value

9 CX R 1 Output χ2 value for significance level

10 IWK I 2× (IUP) Work Work area

11 IERR I 1 Output Error indicator

(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) 0.0 < ALF < 100.0

(d) 0.0 < P < 1.0

(e) 0 < IUP
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 IUP was too large or M was too small.

(See Note (b))

Processing continues. (Test precision gets

worse.)

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers NL used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

(b) If the test range upper limit IUP is too large, then an extremely small expected frequency range is

tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in the RJTENG subroutine:

FTi < 5 (i = 1, · · · ,N)
The value of IUP, which is used as a test criterion, is determined so that the following condition is

satisfied.

(1− P)IUP−1 P =
5

�M/LT	
�x	 represents the maximum integer that does not exceed x.

Sample values of IUP are shown below for P=0.5.

�M/LT	 100 1000 10000 100000 1000000

IUP 4 7 10 14 17
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(7) Example

(a) Problem

Perform the test 10 times on 10000 geometric distribution random numbers with parameters m = 4

and p = 0.5.

(b) Main program

PROGRAM BJTENG
! *** EXAMPLE OF RJTENG ***

PARAMETER ( M=10000, L=10, IUP=6 )
DIMENSION NL(M), X2(L), IWK(IUP*2)

!
IX = 1
IY = 1
P = 0.6E0

!
CALL RJDBNG ( M, P, IX, IY, NL, IERR )

!
ALF = 1.0E0

!
CALL RJTENG ( NL, M, L, IUP, ALF, P, K, X2, CX, IWK, IERR )

!
WRITE(6,1000)
WRITE(6,1100) M,L,IUP,ALF,P
WRITE(6,1200) IERR
WRITE(6,1300) K
WRITE(6,1400) (X2(I),I=1,L)
WRITE(6,1500) CX
STOP

1000 FORMAT(1X,/,/,&
1X,’*** RJTEBI ***’,/)

1100 FORMAT(4X,’** INPUT **’,/,1X,&
10X,’M = ’,I5,’ ’,’ L = ’,I5,/,&
11X,’IUP= ’,I5,’ ’,’ ALF= ’,F5.1,/,&
11X,’P = ’,F5.1 ,/)

1200 FORMAT(4X,’** OUTPUT **’,/,/,&
11X,’IERR = ’,I5,/)

1300 FORMAT(11X,’NUMBER OF PASSED TEST (K) = ’,I3,/)
1400 FORMAT(11X,&

’TEST NO. 1 2 3 4 5’,&
’ 6 7 8 9 10 ’,/,/,&

9X ,’CHI-SQUARE’,/,&
9X ,’VALUE (X2)’,10F8.1,/)

1500 FORMAT(9X ,’CHI-SQUARE VALUE FOR PERCENT POINT ’,&
’(CX) = ’,F8.1 )

END

(c) Output results

*** RJTEBI ***

** INPUT **
M = 10000 L = 10
IUP= 6 ALF= 1.0
P = 0.6

** OUTPUT **

IERR = 0

NUMBER OF PASSED TEST (K) = 10

TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 8.4 6.9 7.8 5.6 2.6 6.1 4.7 2.2 4.4 5.3

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 15.1
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2.4.3 RJTEPO

Poisson Distribution Random Number Test

(1) Function

Performs a frequency one-dimensional test on Poisson distribution random numbers.

(2) Usage

Double precision:

Nothing

Single precision:

CALL RJTEPO (NL, M, LT, IUP, ALF, AM, K, X2, CX, WK, IERR)

(3) Arguments

R:Single precision real C:Single precision complex I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 NL I M Input Random numbers

2 M I 1 Input Total number of random numbers

3 LT I 1 Input Test iteration count (See Note (a))

4 IUP I 1 Input Test interval upper limit (See Note (b))

5 ALF R 1 Input Significance level (%)

6 AM R 1 Input Mean value

7 K I 1 Output Number of passed tests

8 X2 R LT Output Test result χ2 value

9 CX R 1 Output χ2 value for significance level

10 WK R See

Contents

Work Work area

Size: 2× (IUP + 1)

11 IERR I 1 Output Error indicator

(4) Restrictions

(a) M ≥ LT

(b) LT ≥ 1

(c) 0.0 < ALF < 100.0

(d) 0.0 < AM < LOG (maximum value expressed by the computer)

(e) IUP > 0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 IUP was too large or M was too small.

(See Note (b))

Processing continues. (Test precision gets

worse.)

3000 Restriction (a), (b), (c), (d) or (e) was not

satisfied.

Processing is aborted.

4000 NL(i) < 0 (i = 1, · · · ,M)
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(6) Notes

(a) The following figure shows the relationship between the total number of random numbers M, the test

iteration count LT, and the random numbers NL used for each test.

1st test 2nd test · · · · · · LT-th test

� �M

U

(b) If the test range upper limit IUP is too large, then an extremely small expected frequency range is

tested and test precision worsens.

If FTi is the expected frequency in each partial interval, then IERR = 1000 if the following condition

occurs in the RJTEPO subroutine:

FTi < 5 (i = 1, · · · ,N)
The value of IUP, which is used as a test criterion, is determined so that the following condition is

satisfied.

AMIUP

IUP!
=

5× eAM

�M/LT	
�x	 represents the maximum integer that does not exceed x.

Sample values of IUP are shown below for three different values of AM.

�M/LT	
100 1, 000 10, 000 100, 000

1.0 3 4 6 7

AM 5.0 8 11 13 15

10.0 14 18 21 24

(7) Example

(a) Problem

Perform the test 10 times on 10000 Poisson distribution random numbers having mean value 1.0.

(b) Main program

PROGRAM BJTEPO
! *** EXAMPLE OF RJTEPO ***

PARAMETER ( M=10000, L=10 , IUP=4 )
DIMENSION NL(M) , X2(L) , IWK1(100), WK1(100) , WK(IUP+1,2)

!
WRITE(6,1000)
IX = 1
IY = 1
AM = 1.0
IWK1(1) = 0
WK1 (1) = 0.0

!
CALL RJDBPO ( M,AM,IX,IY,NL,IWK1,WK1,IERR )

!
ALF = 1.0
WRITE(6,1100) M,L,IUP,ALF,AM

!
CALL RJTEPO ( NL,M,L,IUP,ALF,AM,K,X2,CX,WK,IERR )

!
WRITE(6,1200) IERR
WRITE(6,1300) K
WRITE(6,1400) (X2(I),I=1,L)
WRITE(6,1500) CX
STOP

1000 FORMAT(’ ’,/,/,’ *** RJTEPO ***’,/)
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1100 FORMAT(’ ** INPUT **’,/,10X,’ M = ’,I5,5X,’ L = ’,I5,/,&
10X,’ IUP= ’,I5,5X,’ ALF= ’,F5.1,/,10X,’ AM = ’,F5.1,/)

1200 FORMAT(’ ** OUTPUT **’,/,/,10X,’ IERR = ’,I5,/)
1300 FORMAT(10X,’ NUMBER OF PASSED TEST (K) = ’,I3,/)
1400 FORMAT(10X,’TEST NO. 1 2 3 4 5 ’,&

’ 6 7 8 9 10 ’,/,/,&
8X,’CHI-SQUARE’,/,8X,’VALUE (X2)’,10F8.1,/)

1500 FORMAT(10X,’ CHI-SQUARE VALUE FOR PERCENT POINT (CX) = ’,F8.1)
END

(c) Output results

*** RJTEPO ***

** INPUT **
M = 10000 L = 10

IUP= 4 ALF= 1.0
AM = 1.0

** OUTPUT **

IERR = 0

NUMBER OF PASSED TEST (K) = 10

TEST NO. 1 2 3 4 5 6 7 8 9 10

CHI-SQUARE
VALUE (X2) 4.7 9.2 7.9 2.7 2.2 5.6 5.1 1.5 1.0 2.4

CHI-SQUARE VALUE FOR PERCENT POINT (CX) = 13.3
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Chapter 3

PROBABILITY DISTRIBUTIONS

3.1 INTRODUCTION

In statistical analysis, processing for estimates or tests associate a variable called a random variable with various

types of data. Random variables are broadly divided into discrete random variables, which correspond to cases

in which the realized values are expressed by using discrete values such as x1, x2, · · · and continuous random

variables, which correspond to cases in which the realized values take arbitrary values within a continuous

interval such as 0 < x < 1. With a discrete random variable, we can consider the probability (Pr.{X = x}) that
the random variable (X) takes a specific value (x). However, with a continuous random variable, we consider the

probability (Pr.{a ≤ X < b}) that the random variable (X) takes a value within an arbitrary subinterval ([a, b)) in

the interval where the realized values of the random variable (X) exist. Using the probability Pr.{x ≤ X < x+dx}
that the random variable X takes an arbitrary value of the infinitesimal interval [x, x+ dx), the “function” f(x)

that satisfies∫ x+dx

x

f(u)du = Pr.{x ≤ X < x+ dx} (dx → 0)

is called the probability density function (p.d.f.) of the continuous random variable X . From the definition of

probability, we have∫ ∞

−∞
f(u)du = 1

Normally, the value of f(x) is set to zero for any interval in which the random variable X is not defined. The

cumulative distribution function (c.d.f.) F (x) is defined as the integral of the probability density function f(x)

as follows:

F (x) =

∫ x

−∞
f(u)du

For practical use, the function G(x), which is defined by the following expression, is also used as the cumulative

distribution function.

G(x) = 1− F (x) =

∫ ∞

x

f(u)du

These relationships can also easily be extended to several variables. For stricter definitions of the probability

density function and cumulative distribution function or for unified handling of discrete and continuous random

variables, refer to specialized technical texts. This library provides functions for computing the probability density

function or cumulative distribution function of the following kinds of probability distributions as well as the values

of their inverse functions.

• Normal Distribution

• Inverse of Normal Distribution

• Bivariate Normal Distribution

• χ2 Distribution
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• Inverse of χ2 Distribution

• Noncentral χ2 Distribution

• Inverse Noncentral χ2 Distribution

• t Distribution

• Inverse of t Distribution

• Noncentral t Distribution

• Inverse Noncentral t Distribution

• F Distribution

• Inverse of F Distribution

• Gamma Distribution

• Inverse Gamma Distribution

• Beta Distribution

• Inverse Beta Distribution

• Uniform Distribution

• Triangular Distribution

• Pareto Distribution

• Weibull Distribution

• Exponential Distribution

• Gumbel Distribution

• Logarithmic Distribution

• Log-Normal Distribution

• Logistic Distribution

• Cauchy Distribution

• Binomial Distribution and Negative Binomial Distribution

• Geometric Distribution

• Poisson Distribution

• Hypergeometric Distribution

• Negative Hypergeometric Distribution
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Explanation

3.1.1 Explanation

(1) Normal Distribution

The probability density function of the normal distribution having mean μ and variance σ2 is defined as

follows.

f(x) = 1√
2πσ

e
− (x− μ)2

2σ2 (σ > 0)

(2) χ2 Distribution

The probability density function of the χ2 distribution having frequency χ2 and number of degrees of freedom

ν is defined as follows.

f(χ2|ν) =

⎧⎪⎨
⎪⎩

1

2
ν
2 Γ(

ν

2
)
(χ2)

ν
2−1e−

χ2

2 (χ2 > 0)

0 (χ2 ≤ 0)

The mean and variance of the χ2 distribution are given by the following equations.

E[χ2(ν)] = ν, σ2[χ2(ν)] = 2ν

(3) Noncentral χ2 Distribution

The probability density function of the noncentral χ2 distribution having frequency χ2, number of degrees

of freedom ν, and noncentrality parameter λ is defined as follows.

f(x|ν, λ) =

⎧⎪⎨
⎪⎩

e−
(x+λ)

2 x
(ν−2)

2

2
ν
2

∞∑
k=0

λkxk

22kk!Γ(ν2 + k)
(x > 0)

0 (x ≤ 0)

(4) t Distribution

The probability density function of the t distribution having frequency t and number of degrees of freedom

ν is defined as follows.

f(t|ν) =
Γ(

ν + 1

2
)

√
νπΓ(

ν

2
)(1 +

t2

ν
)

ν+1
2

The mean and variance of the t distribution are given by the following equations.

E[t(ν)] = 0, σ2[t(ν)] =
ν

ν − 2
(ν > 2)

(5) Noncentral t Distribution The probability density function of the noncentral t distribution having fre-

quency t, number of degrees of freedom ν, and noncentrality parameter δ is defined as follows.

f(t|ν, δ) = ν
ν
2 e−

δ2

2

√
πΓ(

ν

2
)(ν + t2)

(ν+1)
2

∞∑
k=0

Γ(
ν + k + 1

2
)
δk

k!
(

2t2

ν + t2
)

k
2
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Explanation

(6) F Distribution

The probability density function of the F distribution having frequency F and numbers of degrees of freedom

ν1 and ν2 is defined as follows.

f(x|ν1, ν2) = ν
ν1
2

1 · ν
ν2
2

2 · x ν1
2 −1

B(
ν1
2
,
ν2
2
)(ν1x+ ν2)

ν1+ν2
2

=
1

B(
ν1
2
,
ν2
2
)
(
ν1
ν2

)
ν1
2 (1 +

ν1
ν2

x)−
ν1+ν2

2 x
ν1
2 −1

The mean and variance of the F distribution are given by the following equations.

E[F ] =
ν2

ν2 − 2
(ν2 > 2), σ2[F ] =

2ν22(ν1 + ν2 − 2)

ν1(ν2 − 2)2(ν2 − 4)
(ν2 > 4)

(7) Gamma Distribution

The probability density function of the gamma distribution having parameters α and β is defined as follows.

f(x;α, β) =

⎧⎨
⎩

βα

Γ(α)
xα−1e−βx (x > 0;α, β > 0)

0 (x ≤ 0;α, β > 0)

The mean and variance of the gamma distribution are given by the following equations.

E[x] =
α

β
, σ2[x] =

α

β2

(8) Beta Distribution

The probability density function of the beta distribution having parameters a and b is defined as follows.

f(x; a, b) =

⎧⎨
⎩

1

B(a, b)
xa−1(1− x)b−1 (0 < x < 1; a, b > 0)

0 (x ≤ 0, x ≥ 1; a, b > 0)

(9) Uniform Distribution

The probability density function of the uniform distribution within the interval (a, b) is defined as follows.

f(x) =

⎧⎨
⎩

1

b− a
(a ≤ x ≤ b)

0 (x < a, x > b)

The mean and variance of the uniform distribution are given by the following equations.

E[x] =
a+ b

2
, σ2[x] =

(b− a)2

12

(10) Triangular Distribution

Take the coordinates of the triangle as shown in the following figure.

��
�
�
�
��

���������

a b c

a:x coordinate of the left end of the triangular distribution

b:x coordinate of the apex of the triangular distribution
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c:x coordinate of the right end of the triangular distribution

The probability density function of the triangular distribution at this time is defined as follows.

f(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2(x− a)

(b − a)(c− a)
(a ≤ x ≤ b)

2(c− x)

(c− a)(c− b)
(b < x ≤ c)

0 (x < a, x > c)

(11) Pareto Distribution

The probability density function of the Pareto distribution having parameters a and b (a > 1 , b > 0) is

defined as follows.

f(x; a, b) =

⎧⎨
⎩ (a− 1)(

x

b
)−a 1

b
(x > b; a > 1, b > 0)

0 (x ≤ b; a > 1, b > 0)

(12) Weibull Distribution

The probability density function of the Weibull distribution having parameters a and b (a > 0 , b > 0) is

defined as follows.

f(x; a, b) =

⎧⎨
⎩ a

(x
b

)a−1

e−(x
b )

a 1

b
(0 < x; a, b > 0)

0 (x ≤ 0; a, b > 0)

(13) Exponential Distribution

A gamma distribution in which the parameter α is 1 is called the exponential distribution. In the exponential

distribution, λ is used in place of the parameter β. The probability density function is defined as follows.

f(x;λ) =

{
λe−λx (x > 0;λ > 0)

0 (x ≤ 0;λ > 0)

The mean and variance of the exponential distribution are given by the following equations.

E[x] =
1

λ
, σ2[x] =

1

λ2

(14) Gumbel Distribution

The probability density function of the Gumbel distribution having parameters a and b (b > 0) is defined

as follows.

f(x; a, b) =
1

b
e

x−a
b e−e

x−a
b

(15) Logarithmic Distribution

The probability density function of the Logarithmic distribution parameters within the interval (a, b) is

defined as follows.

f(x; a, b) =
log x

b(log b − 1)− a(log a− 1)

(16) Log-Normal Distribution

The probability density function of the log-normal distribution having mean eμ
√
eσ2 and variance e2μeσ

2

(eσ
2−

1) is defined as follows.

f(x) =
1

xσ
√
2π

e−
(ln x−μ)2

2σ2 (σ > 0)
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(17) Logistic Distribution

The probability density function of the logistic distribution having mean α and variance σ2 is defined as

follows.

f(x) =
e−

x−α
β

β
{
1 + e−

x−α
β

}2
(−∞ < x < ∞,−∞ < α < ∞, β > 0)

σ2 =
π2β2

3

(3.1)

(18) Cauchy Distribution

The probability density function of Cauchy distribution having parameters α and β is defined as follows.

f(x;α, β) =
1

π

[
β

β2 + (x− α)2

]
(β > 0)

(19) Binomial Distribution and Negative Binomial Distribution

Given the probability that an event will occur p, the number of trials n, and the number of occurrences m,

the binomial distribution probability in m occurrences is defined as follows.

PBIN (X = m; p, n) =

(
n

m

)
pm · qn−m (q = 1− p)

The mean and variance of the binomial distribution are given by the following equations.

E[m] = np, σ2[m] = np(1− p)

Given the probability of success in one trial p and the number of successes n and number of failures m in

repeated trials, the negative binomial distribution probability in m failures is defined as follows.

PNB(X = m; p, n) =

(
n+m− 1

m

)
pn · qm (q = 1− p)

The mean and variance of the negative binomial distribution are given by the following equations.

E[m] =
n

p
, σ2[m] =

n(1− p)

p2

(20) Geometric Distribution

Given the probability of success in m trial p, the D1DDBP or R1DDBP obtains the values of the geometric

distribution probability PNB(X = m; p) is defined by the following equations.

PNB(X = m; p) = qm−1p (q = 1− p)

The mean and variance of the Geometric distribution are given by the following equations.

E[m] =
1

p
, σ2[m] =

q

p2
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(21) Poisson Distribution

Given the mean λ and random variable k, the value of the probability Pr.{X = k} of a Poisson distribution

is defined by the following expressions.

Pr.{X = k} = e−λλ
k

k!
(k = 0, 1, 2, · · · ;λ > 0)

(22) Hypergeometric Distribution

Assume that there is a lot of size N in which M of the N articles are inferior goods and N−M articles are of

good quality. When an arbitrary sample of size n is extracted from this lot, the hypergeometric distribution

probability Pr.{X = k} corresponding to the probability distribution in which k inferior goods appear is

defined as follows.

Pr.{X = k} =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
M

k

)(
N −M

n− k

)
(

N

n

) k = 0, 1, 2, · · · ,min{M,n}

0 Otherwise

The mathematical expectation and variance of the hypergeometric distribution are given by the following

equations.

E(X) = np, σ2(X) =
N − k

N − 1
np(1− p) (p =

M

N
)

(23) Negative Hypergeometric Distribution

Assume that there is a lot of size NN in which M of the NN articles are inferior goods and NN−M articles

are of good quality. Sampling from this lot is continued until n inferior goods are extracted. The negative

hypergeometric distribution probability Pr.{X = k} is defined as the probability of such occurrences that

exactly k goods has been extracted at this time. The probability probability Pr.{X = k} is defined as

follows.

Pr.{X = k} =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
M

NN − 1

)(
NN −M

k − n

)
(

NN

k − 1

) × M − n+ 1

NN − k + 1

=

(
k − 1

n− 1

)(
NN − k

M − n

)
(

NN

M

) Whenk = n, n+ 1, n+ 2, · · · , NN −M + n

0 Otherwise.

F (k) =

k∑
i=n

Pr.{X = i} =

∑k
i=0

(
i− 1

n− 1

)(
NN − i

M − n

)
(

NN

M

)
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3.2 CONTINUOUS DISTRIBUTIONS

3.2.1 D1CDNO, R1CDNO

Normal Distribution

(1) Function

For a normal distribution having mean μ and variance σ2, the D1CDNO or R1CDNO obtains the values of

the following functions.

(a) probability density function; p.d.f.

f(x) =
1√
2πσ

e−
(x−μ)2

2σ2 (σ > 0)

(b) cumulative distribution function; c.d.f.

P (x) =

∫ x

−∞

1√
2πσ

e−
(t−μ)2

2σ2 dt (σ > 0)

(c) c.d.f.

Q(x) = 1− P (x) =

∫ ∞

x

1√
2πσ

e−
(t−μ)2

2σ2 dt (σ > 0)

(2) Usage

Double precision:

CALL D1CDNO (XE, XV, XI, XO, ISW, IERR)

Single precision:

CALL R1CDNO (XE, XV, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 XE
{
D

R

}
1 Input Value of mean μ

2 XV
{
D

R

}
1 Input Value of variance σ2

3 XI
{
D

R

}
1 Input Value of random variable x

4 XO
{
D

R

}
1 Output Value of the probability density function f(x)

of the normal distribution or of the cumulative

distribution function P (x) or Q(x) of the nor-

mal distribution.

5 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(x) for XO

ISW=1: Obtain the value of the cumulative dis-

tribution function P (x) for XO

ISW=2:Obtain the value of the cumulative dis-

tribution function Q(x) for XO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) XV > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

(6) Notes

(a) From the relational expression P (x) +Q(x) = 1, it is possible to obtain either P (x) or Q(x) from the

other. However, there may be times when cancellation of significant digits occurs, preventing good

precision from being obtained.

(b) A random variable that obeys a normal distribution having parameters μ and σ is usually represented

by N(μ, σ2). When μ = 0 and σ = 1, the random variable N(0, 1) is called the standard random

variable, and the probability distribution is called the standard normal distribution.
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(7) Example

(a) Problem

Let μ = 5.0, σ2 = 2.5 and x = 3.0 and obtain the values of the probability density function f(x) and

the cumulative distribution functions P (x) and Q(x).

(b) Input data

XE = 5.0, XV = 2.5 and XI = 3.0.

(c) Main program

PROGRAM B1CDNO
! *** EXAMPLE OF D1CDNO ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) XE,XV,XI,XO

!
XE=5.0D0
XV=2.5D0
XI=3.0D0
WRITE(6,1000)
WRITE(6,2000) XE
WRITE(6,2010) XV
WRITE(6,2020) XI
WRITE(6,3000)
ISW=0
CALL D1CDNO(XE,XV,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDNO(XE,XV,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDNO(XE,XV,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDNO ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’XE = ’,F4.1)
2010 FORMAT(9X,’XV = ’,F4.1)
2020 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDNO ***
** INPUT **

XE = 5.0
XV = 2.5
XI = 3.0

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.1133716522D+00
IERR = 0
VALUE OF C.D.F(1) = 0.1029516054D+00
IERR = 0
VALUE OF C.D.F(2) = 0.8970483946D+00
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3.2.2 D1CDIN, R1CDIN

Inverse of Normal Distribution

(1) Function

When given the cumulative distribution function (c.d.f.) P (x) or Q(x) of the normal distribution having

mean μ and variance σ2, the D1CDIN or R1CDIN obtains the random variable value x at that time. P (x)

and Q(x) are defined by the following equations.

P (x) =

∫ x

−∞

1√
2πσ

e−
(t−μ)2

2σ2 dt (σ > 0)

Q(x) = 1− P (x) =

∫ ∞

x

1√
2πσ

e−
(t−μ)2

2σ2 dt (σ > 0)

(2) Usage

Double precision:

CALL D1CDIN (XE, XV, XI, XO, ISW, IERR)

Single precision:

CALL R1CDIN (XE, XV, XI, XO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 XE
{
D

R

}
1 Input Value of mean μ

2 XV
{
D

R

}
1 Input Value of variance σ2

3 XI
{
D

R

}
1 Input Value of the cumulative distribution function

P (x) or Q(x) of the normal distribution.

4 XO
{
D

R

}
1 Output Value of random variable x

5 ISW I 1 Input ISW=1: Input the value of P (x) for XI

ISW=2: Input the value of Q(x) for XI

6 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW ∈ {1, 2}
(b) XV > 0.0

(c) 0.0 ≤ XI ≤ 1.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI = 0.0 or XI = 1.0 The positive maximum value or negative

minimum value is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3500 The maximum number of iterations was

reached before the specified precision was

obtained.

The value at that time is returned.

(6) Notes

(a) A random variable that obeys a normal distribution having parameters μ and σ is usually represented

by N(μ, σ2). When μ = 0 and σ = 1, the random variable N(0, 1) is called the standard random

variable, and the probability distribution is called the standard normal distribution.

(7) Example

(a) Problem

For μ = 5.0 and σ2 = 2.5, obtain the values of x for which P (x) = 0.2 and Q(x) = 0.2 occur,

respectively.

(b) Input data

XE = 5.0, XV = 2.5 and XI = 0.2.

(c) Main program

PROGRAM B1CDIN
! *** EXAMPLE OF D1CDIN ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) XE,XV,XI,XO

!
XE=5.0D0
XV=2.5D0
XI=0.2D0
WRITE(6,1000)
WRITE(6,2000) XE
WRITE(6,2010) XV
WRITE(6,2020) XI
WRITE(6,3000)

!
ISW=1
CALL D1CDIN(XE,XV,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDIN(XE,XV,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDIN ***’,/,&
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6X,’** INPUT **’)
2000 FORMAT(9X,’XE = ’,F4.1)
2010 FORMAT(9X,’XV = ’,F4.1)
2020 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5010 FORMAT(9X,’VALUE X CORRESPONDING TO P(X)=XI: ’,D17.10)
5020 FORMAT(9X,’VALUE X CORRESPONDING TO Q(X)=XI: ’,D17.10)

END

(d) Output results

*** D1CDIN ***
** INPUT **

XE = 5.0
XV = 2.5
XI = 0.2

** OUTPUT **
IERR = 0
VALUE X CORRESPONDING TO P(X)=XI: 0.3669279987D+01
IERR = 0
VALUE X CORRESPONDING TO Q(X)=XI: 0.6330720013D+01
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3.2.3 D1CDBN, R1CDBN

Bivariate Normal Distribution

(1) Function

For a bivariate normal distribution having means μx, μy, variances σx
2, σy

2 and correlation coefficient ρ, the

D1CDBN or R1CDBN obtains the values of the following functions.

(a) probability density function (p.d.f.)

f(x, y) =
1

2πσxσy

√
1− ρ2

e
− Q

2(1−ρ2) (σx, σy > 0)

where,

Q =
(x− μx)

2

σx
2

− 2ρ(x− μx)(y − μy)

σxσy
+

(y − μy)
2

σy
2

(σx, σy > 0)

(b) cumulative distribution function; c.d.f.

B(h, k; ρ) =

∫ h

−∞

∫ k

−∞
f(x, y) dxdy

(c) c.d.f.

L(h, k; ρ) =

∫ ∞

h

∫ ∞

k

f(x, y) dxdy

(2) Usage

Double precision:

CALL D1CDBN (XE, YE, XV, YV, XH, YK, RHO, XO, ISW, IERR)

Single precision:

CALL R1CDBN (XE, YE, XV, YV, XH, YK, RHO, XO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 XE
{
D

R

}
1 Input Value of mean μx.

2 YE
{
D

R

}
1 Input Value of mean μy.

3 XV
{
D

R

}
1 Input Value of variance σx

2.

4 YV
{
D

R

}
1 Input Value of variance σy

2.
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No. Argument Type Size
Input/

Output
Contents

5 XH
{
D

R

}
1 Input ISW=0:Value of random variable x

ISW=1:Upper bound h of the integration range

of random variable x

ISW=2:Lower bound h of the integration range

of random variable x

6 YK
{
D

R

}
1 Input ISW=0:Value of random variable y

ISW=1:Upper bound k of the integration range

of random variable y

ISW=2:Lower bound k of the integration range

of random variable y

7 RHO
{
D

R

}
1 Input Value of correlation coefficient ρ.

8 XO
{
D

R

}
1 Output Value of the probability density function f(x, y)

or of the cumulative distribution function

B(h, k; ρ) or L(h, k; ρ) of the bivariate normal

distribution.

9 ISW I 1 Input Processing switch

ISW=0: Obtain the value of the probability

density function f(x, y) for XO

ISW=1:Obtain the value of the cumulative dis-

tribution function B(h, k; ρ) for XO

ISW=2:Obtain the value of the cumulative dis-

tribution function L(h, k; ρ) for XO

10 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) XV,YV > 0.0

(c) −1.0 ≤ ρ ≤ 1.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3500 The maximum number of iterations was

reached before the specified precision was

obtained.

The value at that time is returned.

(6) Notes

None
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(7) Example

(a) Problem

Let μx = 1.0, μy = 2.0, σx
2 = 3.0, σy

2 = 4.0, x = h = 5.0, y = k = 6.0 and ρ = 0.7 and obtain the

values of the probability density function f(x, y) and the cumulative distribution functions B(h, k; ρ)

and L(h, k; ρ).

(b) Input data

XE = 1.0, YE = 2.0, XV = 3.0, YV = 4.0, XH = 5.0, YK = 6.0 and RHO = 0.7.

(c) Main program

PROGRAM B1CDBN
! *** EXAMPLE OF D1CDBN ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) XE,YE,XV,YV,XH,YK,RHO,XO

!
XE=1.0D0
YE=2.0D0
XV=3.0D0
YV=4.0D0
XH=5.0D0
YK=6.0D0
RHO=0.7D0
WRITE(6,1000)
WRITE(6,2000) XE,YE
WRITE(6,2010) XV,YV
WRITE(6,2020) XH,YK
WRITE(6,2030) RHO
WRITE(6,3000)
ISW=0
CALL D1CDBN(XE,YE,XV,YV,XH,YK,RHO,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDBN(XE,YE,XV,YV,XH,YK,RHO,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDBN(XE,YE,XV,YV,XH,YK,RHO,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDBN ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’XE = ’,F4.1,’ YE = ’,F4.1)
2010 FORMAT(9X,’XV = ’,F4.1,’ YV = ’,F4.1)
2020 FORMAT(9X,’XH = ’,F4.1,’ YK = ’,F4.1)
2030 FORMAT(9X,’RHO = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDBN ***
** INPUT **

XE = 1.0 YE = 2.0
XV = 3.0 YV = 4.0
XH = 5.0 YK = 6.0
RHO = 0.7

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.3870186645D-02
IERR = 0
VALUE OF C.D.F(1) = 0.9711871129D+00
IERR = 0
VALUE OF C.D.F(2) = 0.4397912483D-02
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3.2.4 D1CDCH, R1CDCH

χ2 Distribution

(1) Function

For a χ2 distribution having frequency χ2 and number of degrees of freedom ν, the D1CDCH or R1CDCH

obtains the values of the following functions.

(a) probability density function; p.d.f.

f(χ2|ν) =

⎧⎪⎨
⎪⎩

1

2
ν
2 Γ(

ν

2
)
(χ2)

ν
2 −1e−

χ2

2 (χ2 > 0)

0 (χ2 ≤ 0)

(b) cumulative distribution function; c.d.f.

P (χ2|ν) =
∫ χ2

0

1

2
ν
2 Γ(

ν

2
)
(t)

ν
2−1e−

t
2 dt (0 ≤ χ2 < ∞)

(c) c.d.f.

Q(χ2|ν) = 1− P (χ2|ν) =
∫ ∞

χ2

1

2
ν
2 Γ(

ν

2
)
(t)

ν
2−1e−

t
2 dt (0 ≤ χ2 < ∞)

(2) Usage

Double precision:

CALL D1CDCH (N, XI, XO, ISW, IERR)

Single precision:

CALL R1CDCH (N, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Value of number of degrees of freedom ν

2 XI
{
D

R

}
1 Input Value of frequency χ2

3 XO
{
D

R

}
1 Output Value of the probability density function

f(χ2|ν) of the χ2 distribution or of the cumu-

lative distribution function P (χ2|ν) or Q(χ2|ν)
of the χ2 distribution.

4 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(χ2|ν) for XO
ISW=1: Obtain the value of the cumulative dis-

tribution function P (χ2|ν) for XO
ISW=2: Obtain the value of the cumulative dis-

tribution function Q(χ2|ν) for XO
5 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) N ≥ 1

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI ≤ 0.0 0.0 or 1.0 is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

(6) Notes

(a) From the relational expression P (χ2|ν)+Q(χ2|ν) = 1, it is possible to obtain either P (χ2|ν) or Q(χ2|ν)
from the other. However, there may be times when cancellation of significant digits occurs, preventing

good precision from being obtained.

(b) The mean and variance of a χ2 distribution having n degrees of freedom are given by the following

equations.

E[χ2(n)] = n, σ2[χ2(n)] = 2n

(c) If u is the random variable that obeys the standard normal distribution N(0, 1), then the distribution

of u2 is the χ2 distribution having 1 degree of freedom.
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(d) If Xi(i = 1, · · · , n) are the random variables of an arbitrary sample of size n extracted from a normal

population (N(μ, σ2)) having mean μ and variance σ2, the following expressions∑n
i=1(Xi −X)2

σ2
and

n(X − μ)2

σ2

obey χ2 distributions having n − 1 and 1 degrees of freedom respectively, and they are mutually

independent.

(7) Example

(a) Problem

Let χ2 = 5.0 and ν = 2 and obtain the values of the probability density function f(χ2|ν) and the

cumulative distribution functions P (χ2|ν) and Q(χ2|ν).
(b) Input data

XI = 5.0 and N = 2.

(c) Main program

PROGRAM B1CDCH
! *** EXAMPLE OF D1CDCH ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N,ISW
REAL(8) XI,XO

!
N=2
XI=5.0
WRITE(6,1000)
WRITE(6,2000) N
WRITE(6,2010) XI
WRITE(6,3000)
ISW=0
CALL D1CDCH(N,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDCH(N,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDCH(N,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDCH ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I3)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDCH ***
** INPUT **

N = 2
XI = 5.0

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.4104249931D-01
IERR = 0
VALUE OF C.D.F(1) = 0.9179150014D+00
IERR = 0
VALUE OF C.D.F(2) = 0.8208499862D-01
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3.2.5 D1CDIC, R1CDIC

Inverse of χ2 Distribution

(1) Function

When given the cumulative distribution function (c.d.f.) P (χ2|ν) or Q(χ2|ν) of the χ2 distribution for

which the number of degrees of freedom is ν, the D1CDIC or R1CDIC obtains the frequency χ2 at that

time. P (χ2|ν) and Q(χ2|ν) are defined by the following equations.

P (χ2|ν) =
∫ χ2

0

1

2
ν
2 Γ(

ν

2
)
(t)

ν
2−1e−

t
2 dt (0 ≤ χ2 < ∞)

Q(χ2|ν) = 1− P (χ2|ν) =
∫ ∞

χ2

1

2
ν
2 Γ(

ν

2
)
(t)

ν
2 −1e−

t
2 dt (0 ≤ χ2 < ∞)

(2) Usage

Double precision:

CALL D1CDIC (N, XI, XO, ISW, IERR)

Single precision:

CALL R1CDIC (N, XI, XO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Value of number of degrees of freedom ν

2 XI
{
D

R

}
1 Input Value of the cumulative distribution function

P (χ2|ν) or Q(χ2|ν) of the χ2 distribution.

3 XO
{
D

R

}
1 Output Value of frequency χ2

4 ISW I 1 Input ISW=1: Input the value of P (χ2|ν) for XI
ISW=2: Input the value of Q(χ2|ν) for XI

5 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {1, 2}
(b) N ≥ 1

(c) 0.0 ≤ XI ≤ 1.0
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI=0.0 or XI=1.0 0.0 or the positive maximum value is set

for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3500 The maximum number of iterations was

reached before the specified precision was

obtained.

The value at that time is returned.

4000 An error occurred in subroutine 3.2.4{
D1CDCH

R1CDCH

}
.

Processing is aborted.

(6) Notes

(a) The mean and variance of a χ2 distribution having ndegrees of freedom are given by the following

equations.

E[χ2(n)] = n, σ2[χ2(n)] = 2n

(b) If u is the random variable that obeys the standard normal distribution N(0, 1), then the distribution

of u2 is the χ2 distribution having 1 degree of freedom.

(c) If Xi(i = 1, · · · , n) are the random variables of an arbitrary sample of size n extracted from a normal

population (N(μ, σ2)) having mean μ and variance σ2, the following expressions∑n
i=1(Xi −X)2

σ2
and

n(X − μ)2

σ2

obey χ2 distributions having n − 1 and 1 degrees of freedom respectively, and they are mutually

independent.

(7) Example

(a) Problem

For ν = 2, obtain the values of χ2 for which P (χ2|ν) = 0.2 and Q(χ2|ν) = 0.2 occur, respectively.

(b) Input data

XI = 0.2 and N = 2.
(c) Main program

PROGRAM B1CDIC
! *** EXAMPLE OF D1CDIC ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N,ISW
REAL(8) XI,XO

!
N=2
XI=0.2
WRITE(6,1000)
WRITE(6,2000) N
WRITE(6,2010) XI
WRITE(6,3000)

!
ISW=1
CALL D1CDIC(N,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO
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!
ISW=2
CALL D1CDIC(N,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDIC ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I3)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5010 FORMAT(9X,’VALUE X CORRESPONDING TO P(X,N)=XI: ’,D17.10)
5020 FORMAT(9X,’VALUE X CORRESPONDING TO Q(X,N)=XI: ’,D17.10)

END

(d) Output results

*** D1CDIC ***
** INPUT **

N = 2
XI = 0.2

** OUTPUT **
IERR = 0
VALUE X CORRESPONDING TO P(X,N)=XI: 0.4462871101D+00
IERR = 0
VALUE X CORRESPONDING TO Q(X,N)=XI: 0.3218875795D+01
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3.2.6 D1CDNC, R1CDNC

Noncentral χ2 Distribution

(1) Function

For a noncentral χ2 distribution in which the frequency χ2 value is x, the number of degrees of freedom

is ν, and the noncentrality parameter is λ, the D1CDNC or R1CDNC obtains the values of the following

functions.

(a) probability density function; p.d.f.

f(x|ν, λ) =

⎧⎪⎨
⎪⎩

e−
(x+λ)

2 x
(ν−2)

2

2
ν
2

∞∑
k=0

λkxk

22kk!Γ(ν2 + k)
(x > 0)

0 (x ≤ 0)

(b) cumulative distribution function; c.d.f.

P (x|ν, λ) =

⎧⎪⎪⎨
⎪⎪⎩

∞∑
k=0

e−
λ
2 (λ2 )

k

k!

∫ x

0

t
(ν+2k)

2 −1e−
t
2

2
ν+2k

2 Γ(
ν + 2k

2
)

dt (x > 0)

0 (x ≤ 0)

(c) c.d.f.

Q(x|ν, λ) =
{

1− P (x|ν, λ) (x > 0)

1 (x ≤ 0)

(2) Usage

Double precision:

CALL D1CDNC (N, XL, XI, XO, ISW, IERR)

Single precision:

CALL R1CDNC (N, XL, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Value of number of degrees of freedom ν.

2 XL
{
D

R

}
1 Input Value of noncentrality parameter λ.

3 XI
{
D

R

}
1 Input Value of frequency χ2.

4 XO
{
D

R

}
1 Output Value of the probability density function

f(x|ν, λ) or of the cumulative distribution

function P (x|ν, λ) or Q(x|ν, λ) of the χ2

distribution.

5 ISW I 1 Input Processing switch

ISW=0:Obtain the value of the probability den-

sity function f(x|ν, λ) for XO
ISW=1:Obtain the value of the cumulative dis-

tribution function P (x|ν, λ) for XO
ISW=2:Obtain the value of the cumulative dis-

tribution function Q(x|ν, λ) for XO
6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) N ≥ 1

(c) XL ≥ 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI ≤ 0.0 0.0 or 1.0 is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) or (c) was not satisfied.

3500 The maximum number of iterations was

reached before the specified precision was

obtained.

The value at that time is returned.
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(6) Notes

(a) If the number of degrees of freedom ν or the noncentrality parameter λ is greater than or equal to

1000, the function value may not be obtained.

(b) From the relational expression P (x|ν, λ) + Q(x|ν, λ) = 1, it is possible to obtain either P (x|ν, λ) or

Q(x|ν, λ) from the other. However, there may be times when cancellation of significant digits occurs,

preventing good precision from being obtained.

(c) The mean and variance of a noncentral χ2 distribution having degrees of freedom ν and noncentrality

parameter λ are given by the following equations.

E[χ
′2(ν, λ)] = a , σ2[χ

′2(ν, λ)] = 2a(1 + b)

Here, a and b are as follows.

a = ν + λ , b =
λ

ν + λ

(d) A noncentral χ2 distribution having noncentrality parameter λ = 0.0 matches a χ2 distribution.

(e) If Xi(i = 1, · · · , n) are the random variables extracted from a normal population (Ni(μi, σi
2 = 1))

having mean μi and variance σi
2 = 1, respectively, and if Z is defined as follows,

Z =
n∑

i=0

Xi
2

then Z obeys a noncentral χ2 distribution having degrees of freedom n and noncentrality parameter

λ, where λ is given by the following equation.

λ =

n∑
i=0

μi
2

(7) Example

(a) Problem

Let ν = 2, λ = 1.0, and x = 5.0 and obtain the values of the probability density function f(x|ν, λ),
and of the cumulative distribution functions P (x|ν, λ) and Q(x|ν, λ).

(b) Input data

N = 2, XL = 1.0 and XI = 5.0.

(c) Main program

PROGRAM B1CDNC
! *** EXAMPLE OF D1CDNC ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER N,IERR
INTEGER ISW
REAL(8) XL,XI,XO

!
N=2
XL=1.0
XI=5.0
WRITE(6,1000)
WRITE(6,2000) N,XL
WRITE(6,2010) XI
WRITE(6,3000)
ISW=0
CALL D1CDNC(N,XL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDNC(N,XL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDNC(N,XL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
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WRITE(6,5020) XO
!

STOP
!
1000 FORMAT(’ ’,/,5X,’*** D1CDNC ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I4,’ XL = ’,F4.1)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDNC ***
** INPUT **

N = 2 XL = 1.0
XI = 5.0

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.6719602550D-01
IERR = 0
VALUE OF C.D.F(1) = 0.8107099626D+00
IERR = 0
VALUE OF C.D.F(2) = 0.1892900374D+00
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3.2.7 D1CDIX, R1CDIX

Inverse Noncentral χ2 Distribution

(1) Function

Given the cumulative distribution function (c.d.f.) P (x|ν, λ) or Q(x|ν, λ) of a noncentral χ2 distribution for

which the number of degrees of freedom is ν and the noncentrality parameter is λ, the D1CDIX or R1CDIX

obtains the value x of the frequency χ2 at that time. P (x|ν, λ) and Q(x|ν, λ) are defined by the following

equations.

P (x|ν, λ) =
∞∑
k=0

e−
λ
2 (λ2 )

k

k!

∫ x

0

t
(ν+2k)

2 −1e−
t
2

2
ν+2k

2 Γ(
ν + 2k

2
)

dt (0 ≤ x < ∞)

Q(x|ν, λ) = 1− P (x|ν, λ) (0 ≤ x < ∞)

(2) Usage

Double precision:

CALL D1CDIX (N, XL, XI, XO, ISW, IERR)

Single precision:

CALL R1CDIX (N, XL, XI, XO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Value of number of degrees of freedom ν.

2 XL
{
D

R

}
1 Input Value of noncentrality parameter λ.

3 XI
{
D

R

}
1 Input Value of the cumulative distribution function

P (x|ν, λ) or Q(x|ν, λ).

4 XO
{
D

R

}
1 Output Value of frequency χ2.

5 ISW I 1 Input Processing switch

ISW=1:Enter the value of the cumulative dis-

tribution function P (x|ν, λ) for XI
ISW=2:Enter the value of the cumulative dis-

tribution function Q(x|ν, λ) for XI
6 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW ∈ {1, 2}
(b) N ≥ 1

(c) λ ≥ 0.0

(d) 0.0 ≤ XI ≤ 1.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI = 0.0 or XI = 1.0 0.0 or the maximum value is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) or (c) was not satisfied.

3020 Restriction (d) was not satisfied.

3500 The upper bound could not be found by

the bisection method.

The maximum value is set for XO.

3600 The maximum number of iterations was

reached before the specified precision was

obtained.

The value at that time is returned.

4000 An error occurred in subroutine 3.2.6{
D1CDNC

R1CDNC

}
.

Processing is aborted.

(6) Notes

(a) The mean and variance of a noncentral χ2 distribution having degrees of freedom ν and noncentrality

parameter λ are given by the following equations.

E[χ
′2(ν, λ)] = a , σ2[χ

′2(ν, λ)] = 2a(1 + b)

Here, a and b are as follows.

a = ν + λ , b =
λ

ν + λ

(b) A noncentral χ2 distribution having noncentrality parameter λ = 0.0 matches a χ2 distribution.

(c) If Xi(i = 1, · · · , n) are the random variables extracted from a normal population (Ni(μi, σi
2 = 1))

having mean μi and variance σi
2 = 1, respectively, and if Z is defined as follows,

Z =
n∑

i=0

Xi
2

then Z obeys a noncentral χ2 distribution having degrees of freedom n and noncentrality parameter

λ, where λ is given by the following equation.

λ =
n∑

i=0

μi
2

86



D1CDIX, R1CDIX
Inverse Noncentral χ2 Distribution

(7) Example

(a) Problem

Let ν = 2 and λ = 1.0 and obtain the value of x for which the cumulative distribution functions satisfy

P (x|ν, λ) = 0.7 and Q(x|ν, λ) = 0.7.

(b) Input data

N = 2, XL = 1.0 and XI = 0.7.

(c) Main program

PROGRAM B1CDIX
! *** EXAMPLE OF D1CDIX ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER N,IERR
INTEGER ISW
REAL(8) XL,XI,XO

!
N=2
XL=1.0
XI=0.7
WRITE(6,1000)
WRITE(6,2000) N,XL
WRITE(6,2010) XI
WRITE(6,3000)

!
ISW=1
CALL D1CDIX(N,XL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDIX(N,XL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDIX ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I4,’ XL = ’,F4.1)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5010 FORMAT(9X,&

’VALUE OF X CORRESPONDING TO P(X;N,XL) = XI:’,D17.10)
5020 FORMAT(9X,&

’VALUE OF X CORRESPONDING TO Q(X;N,XL) = XI:’,D17.10)
END

(d) Output results

*** D1CDIX ***
** INPUT **

N = 2 XL = 1.0
XI = 0.7

** OUTPUT **
IERR = 0
VALUE OF X CORRESPONDING TO P(X;N,XL) = XI: 0.3685399605D+01
IERR = 0
VALUE OF X CORRESPONDING TO Q(X;N,XL) = XI: 0.1144032357D+01
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3.2.8 D1CDTB, R1CDTB

t Distribution

(1) Function

For a t distribution having frequency t and number of degrees of freedom ν, the D1CDTB or R1CDTB

obtains the values of the following functions.

(a) probability density function; p.d.f.

f(t|ν) =
Γ(

ν + 1

2
)

√
νπΓ(

ν

2
)(1 +

t2

ν
)

ν+1
2

(b) cumulative distribution function; c.d.f.

P (t|ν) =
∫ t

−∞

Γ(
ν + 1

2
)

√
νπΓ(

ν

2
)(1 +

x2

ν
)

ν+1
2

dx

(c) c.d.f.

Q(t|ν) =
∫ ∞

t

Γ(
ν + 1

2
)

√
νπΓ(

ν

2
)(1 +

x2

ν
)

ν+1
2

dx

(2) Usage

Double precision:

CALL D1CDTB (N, TI, TO, ISW, IERR)

Single precision:

CALL R1CDTB (N, TI, TO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Value of number of degrees of freedom ν

2 TI
{
D

R

}
1 Input Value of frequency t

3 TO
{
D

R

}
1 Output Value of the probability density function f(t|ν)

of the t distribution or of the cumulative dis-

tribution function P (t|ν) or Q(t|ν) of the t

distribution.

4 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(t|ν) for TO
ISW=1: Obtain the value of the cumulative dis-

tribution function P (t|ν) for TO
ISW=2: Obtain the value of the cumulative dis-

tribution function Q(t|ν) for TO
5 IERR I 1 Output Error indicator

(4) Restrictions

(a) N≥1

(b) ISW∈{0, 1, 2}

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

4000 An overflow occurred during the calcula-

tion (when (ISW=0).
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(6) Notes

(a) If u is the random variable that obeys the standard normal distribution N(0, 1), χ2 is the random

variable that obeys the χ2 distribution having ν degrees of freedom, and u and χ2 are mutually

independent, then the distribution of the random variable t given by the following equation obeys t

distribution having ν degrees of freedom.

t =
u√
χ2

ν

(7) Example

(a) Problem

Let t=5.0 and ν=2 and obtain the values of the probability density function f(t|ν) and the cumulative

distribution functions P (t|ν) and Q(t|ν).
(b) Input data

TI=5.0 and N=2.

(c) Main program

PROGRAM B1CDTB
! *** EXAMPLE OF D1CDTB ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR,N,ISW
REAL(8) TI,TO

!
N=2
TI=5.0
WRITE(6,1000)
WRITE(6,2000) N
WRITE(6,2010) TI
WRITE(6,3000)
ISW=0
CALL D1CDTB(N,TI,TO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) TO

!
ISW=1
CALL D1CDTB(N,TI,TO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) TO

!
ISW=2
CALL D1CDTB(N,TI,TO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) TO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDTB ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I3)
2010 FORMAT(9X,’TI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F. = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F.(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F.(2) = ’,D17.10)

END

(d) Output results

*** D1CDTB ***
** INPUT **

N = 2
TI = 5.0

** OUTPUT **
IERR = 0
VALUE OF P.D.F. = 0.7127781101D-02
IERR = 0
VALUE OF C.D.F.(1) = 0.9811252243D+00
IERR = 0
VALUE OF C.D.F.(2) = 0.1887477568D-01
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3.2.9 D1CDIT, R1CDIT

Inverse of t Distribution

(1) Function

When given the cumulative distribution function (c.d.f.) P (t|ν) or Q(t|ν) of the t distribution for which the

number of degrees of freedom is ν, the D1CDIT or R1CDIT obtains the frequency t at that time. P (t|ν)
and Q(t|ν) are defined by the following equations.

P (t|ν) =
∫ t

−∞

Γ(
ν + 1

2
)

√
νπΓ(

ν

2
)(1 +

x2

ν
)

ν+1
2

dx

Q(t|ν) =
∫ ∞

t

Γ(
ν + 1

2
)

√
νπΓ(

ν

2
)(1 +

x2

ν
)

ν+1
2

dx

(2) Usage

Double precision:

CALL D1CDIT (N, TI, TO, ISW, IERR)

Single precision:

CALL R1CDIT (N, TI, TO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Value of number of degrees of freedom ν

2 TI
{
D

R

}
1 Input Value of the cumulative distribution function

P (t|ν) or Q(t|ν) of the t distribution.

3 TO
{
D

R

}
1 Output Value of frequency t

4 ISW I 1 Input ISW=1: Input the value of P (t|ν) for TI
ISW=2: Input the value of Q(t|ν) for TI

5 IERR I 1 Output Error indicator

(4) Restrictions

(a) 0.0≤TI≤1.0

(b) N≥1

(c) ISW∈{1, 2}
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 TI=0.0 was specified. Processing continues with the negative

minimum value or positive maximum

value set for TO.

1100 TI=1.0 was specified. Processing continues with the positive

maximum value or negative minimum

value set for TO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

3200 Restriction (c) was not satisfied.

(6) Notes

(a) To obtain the percentage point for a two-tailed probability of a t distribution, assign a value that is

1/2 of the two-tailed probability for P.

(b) If u is the random variable that obeys the standard normal distribution N(0, 1), χ2 is the random

variable that obeys the χ2 distribution having ν degrees of freedom, and u and χ2 are mutually

independent, then the distribution of the random variable t given by the following equation obeys t

distribution having ν degrees of freedom.

t =
u√
χ2

ν

(7) Example

(a) Problem

For ν=2, obtain the values of t for which P (t|ν)=0.2 and Q(t|ν)=0.2 occur, respectively.

(b) Input data

TI=0.2 and N=2.
(c) Main program

PROGRAM B1CDIT
! *** EXAMPLE OF D1CDIT ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR,N,ISW
REAL(8) TI,TO

!
N=2
TI=0.2
WRITE(6,1000)
WRITE(6,2000) N
WRITE(6,2010) TI
WRITE(6,3000)
ISW=1
CALL D1CDIT(N,TI,TO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) TO

!
ISW=2
CALL D1CDIT(N,TI,TO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) TO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDIT ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I3)
2010 FORMAT(9X,’TI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
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5010 FORMAT(9X,’VALUE T CORRESPONDING TO P(X,N)=TI:’,D17.10)
5020 FORMAT(9X,’VALUE T CORRESPONDING TO Q(X,N)=TI:’,D17.10)

END

(d) Output results

*** D1CDIT ***
** INPUT **

N = 2
TI = 0.2

** OUTPUT **
IERR = 0
VALUE T CORRESPONDING TO P(X,N)=TI:-0.1060660155D+01
IERR = 0
VALUE T CORRESPONDING TO Q(X,N)=TI: 0.1060660155D+01
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3.2.10 D1CDNT, R1CDNT

Noncentral t Distribution

(1) Function

For a noncentral t distribution in which the frequency is t, the number of degrees of freedom is ν, and the

noncentrality parameter is δ, the D1CDNT or R1CDNT obtains the values of the following functions.

(a) probability density function; p.d.f.

f(t|ν, δ) = ν
ν
2 e−

δ2

2

√
πΓ(

ν

2
)(ν + t2)

(ν+1)
2

∞∑
k=0

Γ(
ν + k + 1

2
)
δk

k!
(

2t2

ν + t2
)

k
2

(b) cumulative distribution function; c.d.f.

P (t|ν, δ) =
∫ t

−∞

ν
ν
2 e−

δ2

2

√
πΓ(

ν

2
)(ν + x2)

(ν+1)
2

∞∑
k=0

Γ(
ν + k + 1

2
)
δk

k!
(

2x2

ν + x2
)

k
2 dx

(c) c.d.f.

Q(t|ν, δ) = 1− P (t|ν, δ)

(2) Usage

Double precision:

CALL D1CDNT (N, DEL, XI, XO, ISW, IERR)

Single precision:

CALL R1CDNT (N, DEL, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Value of number of degrees of freedom ν.

2 DEL
{
D

R

}
1 Input Value of noncentrality parameter δ

3 XI
{
D

R

}
1 Input Value of frequency t

4 XO
{
D

R

}
1 Output Value of the probability density function

f(t|ν, δ) or of the cumulative distribution func-

tion P (t|ν, δ) or Q(t|ν, δ) of the t distribution.

5 ISW I 1 Input Processing switch

ISW=0:Obtain the value of the probability den-

sity function f(t|ν, δ) for XO
ISW=1:Obtain the value of the cumulative dis-

tribution function P (t|ν, δ) for XO
ISW=2:Obtain the value of the cumulative dis-

tribution function Q(t|ν, δ) for XO
6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) N ≥ 1

(c) DEL ≥ 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI ≤ 0.0 0.0 or 1.0 is set for XO.

2000 When ISW = 0, a solution having suffi-

cient precision could not be found.

The value of probability density function

at that time is returned.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) or (c) was not satisfied.
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(6) Notes

(a) From the relational expression P (t|ν, δ) + Q(t|ν, δ) = 1, it is possible to obtain either P (t|ν, δ) or

Q(t|ν, δ) from the other. However, there may be times when cancellation of significant digits occurs,

preventing good precision from being obtained.

(b) A noncentral t distribution having noncentrality parameter δ = 0.0 matches a t distribution.

(7) Example

(a) Problem

Let ν = 2, δ = 1.0 and x = 5.0 and obtain the values of the probability density function f(t|ν, δ) and
of the cumulative distribution functions P (t|ν, δ) and Q(t|ν, δ).

(b) Input data

N = 2, DEL = 1.0 and XI = 5.0.

(c) Main program

PROGRAM B1CDNT
! *** EXAMPLE OF D1CDNT ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER N,IERR
INTEGER ISW
REAL(8) DEL,XI,XO

!
N=2
DEL=1.0
XI=5.0
WRITE(6,1000)
WRITE(6,2000) N,DEL
WRITE(6,2010) XI
WRITE(6,3000)
ISW=0
CALL D1CDNT(N,DEL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDNT(N,DEL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDNT(N,DEL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDNT ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I4,’ DEL = ’,F4.1)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDNT ***
** INPUT **

N = 2 DEL = 1.0
XI = 5.0

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.2533236257D-01
IERR = 0
VALUE OF C.D.F(1) = 0.9301737669D+00
IERR = 0
VALUE OF C.D.F(2) = 0.6982623314D-01
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3.2.11 D1CDIS, R1CDIS

Inverse Noncentral t Distribution

(1) Function

Given the cumulative distribution function (c.d.f.) P (t|ν, δ) or Q(t|ν, δ) of a noncentral t distribution for

which the number of degrees of freedom is ν and the noncentrality parameter is δ, the D1CDIS or R1CDIS

obtains the value of the frequency t at that time. P (t|ν, δ) and Q(t|ν, δ) are defined by the following

equations.

P (t|ν, δ) =
∫ t

−∞

ν
ν
2 e−

δ2

2

√
πΓ(

ν

2
)(ν + x2)

(ν+1)
2

∞∑
k=0

Γ(
ν + k + 1

2
)
δk

k!
(

2x2

ν + x2
)

k
2 dx

Q(t|ν, δ) = 1− P (t|ν, δ)

(2) Usage

Double precision:

CALL D1CDIS (N, DEL, XI, XO, ISW, IERR)

Single precision:

CALL R1CDIS (N, DEL, XI, XO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Value of number of degrees of freedom ν.

2 DEL
{
D

R

}
1 Input Value of noncentrality parameter δ.

3 XI
{
D

R

}
1 Input Value of the cumulative distribution function

P (t|ν, δ) or Q(t|ν, δ) of the t distribution.

4 XO
{
D

R

}
1 Output Value of frequency t.

5 ISW I 1 Input Processing switch

ISW=1:Input the value of the cumulative dis-

tribution function P (t|ν, δ) for XI
ISW=2:Input the value of the cumulative dis-

tribution function Q(t|ν, δ) for XI
6 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) N ≥ 1

(c) δ ≥ 0.0

(d) 0.0 ≤ XI ≤ 1.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI = 0.0 or XI = 1.0 The minimum value or the maximum

value is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) or (c) was not satisfied.

3020 Restriction (d) was not satisfied.

3510 The lower bound could not be found by

the bisection method.

The minimum value is set for XO.

3520 The upper bound could not be found by

the bisection method.

The maximum value is set for XO.

3600 The maximum number of iterations was

reached before the specified precision was

obtained.

The value at that time is returned.

4000 An error occurred in subroutine 3.2.10{
D1CDNT

R1CDNT

}
.

Processing is aborted.

(6) Notes

(a) A noncentral t distribution having noncentrality parameter δ = 0.0 matches a t distribution.

(7) Example

(a) Problem

Let ν = 2 and δ = 1.0 and obtain the value of t for which the cumulative distribution functions satisfy

P (t|ν, δ) = 0.7 and Q(t|ν, δ) = 0.7.

(b) Input data

N = 2, DEL = 1.0 and XI = 0.7.
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(c) Main program

PROGRAM B1CDIS
! *** EXAMPLE OF D1CDIS ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER N,IERR
INTEGER ISW
REAL(8) DEL,XI,XO

!
N=2
DEL=1.0
XI=0.7
WRITE(6,1000)
WRITE(6,2000) N,DEL
WRITE(6,2010) XI
WRITE(6,3000)

!
ISW=1
CALL D1CDIS(N,DEL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDIS(N,DEL,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDIS ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I4,’ DEL = ’,F4.1)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5010 FORMAT(9X,&

’VALUE OF X CORRESPONDING TO P(X;N,DEL) = XI:’,D17.10)
5020 FORMAT(9X,&

’VALUE OF X CORRESPONDING TO Q(X;N,DEL) = XI:’,D17.10)
END

(d) Output results

*** D1CDIS ***
** INPUT **

N = 2 DEL = 1.0
XI = 0.7

** OUTPUT **
IERR = 0
VALUE OF X CORRESPONDING TO P(X;N,DEL) = XI: 0.1963296797D+01
IERR = 0
VALUE OF X CORRESPONDING TO Q(X;N,DEL) = XI: 0.5208679536D+00
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3.2.12 D1CDFB, R1CDFB

F Distribution

(1) Function

For a F distribution having frequency F and numbers of degrees of freedom ν1 and ν2, the D1CDFB

or R1CDFB obtains the values of the following functions.

(a) probability density function; p.d.f.

f(F |ν1, ν2) = ν
ν1
2

1 · ν
ν2
2

2 · x ν1
2 −1

B(
ν1
2
,
ν2
2
)(ν1x+ ν2)

ν1+ν2
2

(b) cumulative distribution function; c.d.f.

P (F |ν1, ν2) =
∫ F

0

ν
ν1
2

1 · ν
ν2
2

2 · x ν1
2 −1

B(
ν1
2
,
ν2
2
)(ν1x+ ν2)

ν1+ν2
2

dx

(c) c.d.f.

Q(F |ν1, ν2) =
∫ ∞

F

ν
ν1
2

1 · ν
ν2
2

2 · x ν1
2 −1

B(
ν1
2
,
ν2
2
)(ν1x+ ν2)

ν1+ν2
2

dx

(2) Usage

Double precision:

CALL D1CDFB (N1, N2, FI, FO, ISW, IERR)

Single precision:

CALL R1CDFB (N1, N2, FI, FO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N1 I 1 Input Number of degrees of freedom ν1

2 N2 I 1 Input Number of degrees of freedom ν2

3 FI
{
D

R

}
1 Input Value of frequency F

4 FO
{
D

R

}
1 Output Value of the probability density function

f(F |ν1, ν2) of the F distribution or of the cu-

mulative distribution function P (F |ν1, ν2) or

Q(F |ν1, ν2) of the F distribution.

5 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(F |ν1, ν2) for FO
ISW=1: Obtain the value of the cumulative dis-

tribution function P (F |ν1, ν2) for FO
ISW=2: Obtain the value of the cumulative dis-

tribution function Q(F |ν1, ν2) for FO
6 IERR I 1 Output Error indicator

(4) Restrictions

(a) F>0.0

(b) N1≥1, N2≥1

(c) ISW∈{0, 1, 2}

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

2000 N1>2000, N2>2000 (when ISW=0) Processing terminated, but the precision

of the solution is low.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

3200 Restriction (c) was not satisfied.

4000 |B(n1

2 , n2

2 )| <(Positive minimum value)

(when ISW=0)

4100 An error occurred in the step for ob-

taining the beta function value. (when

ISW=0)

4200 An overflow occurred during the calcula-

tion. (when ISW=0)
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(6) Notes

(a) If χ2
1 and χ2

2 are the random variables that obey the χ2 distribution having ν1 and ν2 degrees of freedom

respectively and χ2
1 and χ2

2 are mutually independent, then the distribution of the random variable F

given by the following equation obeys F distribution having ν1 and ν2 degrees of freedom.

F =

χ2
1

ν1
χ2
2

ν2

(7) Example

(a) Problem

Let F=5.0, ν1=2 and ν2=2 and obtain the values of the probability density function f(F |ν1, ν2) and
the cumulative distribution functions P (F |ν1, ν2) and Q(F |ν1, ν2).

(b) Input data

FI=5.0, N1=2 and N2=2.

(c) Main program

PROGRAM B1CDFB
! *** EXAMPLE OF D1CDFB ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR,N1,N2,ISW
REAL(8) FI,FO

!
N1=2
N2=2
FI=5.0
WRITE(6,1000)
WRITE(6,2000) N1
WRITE(6,2010) N2
WRITE(6,2020) FI
WRITE(6,3000)
ISW=0
CALL D1CDFB(N1,N2,FI,FO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) FO

!
ISW=1
CALL D1CDFB(N1,N2,FI,FO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) FO

!
ISW=2
CALL D1CDFB(N1,N2,FI,FO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) FO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDFB ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N1 = ’,I3)
2010 FORMAT(9X,’N2 = ’,I3)
2020 FORMAT(9X,’FI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F.(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F.(2) = ’,D17.10)

END
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(d) Output results

*** D1CDFB ***
** INPUT **

N1 = 2
N2 = 2
FI = 5.0

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.2777777778D-01
IERR = 0
VALUE OF C.D.F.(1) = 0.8333333333D+00
IERR = 0
VALUE OF C.D.F.(2) = 0.1666666667D+00
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3.2.13 D1CDIF, R1CDIF

Inverse of F Distribution

(1) Function

When given the cumulative distribution function (c.d.f.) P (F |ν1, ν2) or Q(F |ν1, ν2) of the F distribution

for which the numbers of degrees of freedom are ν1 and ν2, the D1CDIF or R1CDIF obtains the frequency

F at that time. P (F |ν1, ν2) and Q(F |ν1, ν2) are defined by the following equations.

P (F |ν1, ν2) =
∫ F

0

ν
ν1
2

1 · ν
ν2
2

2 · x ν1
2 −1

B(
ν1
2
,
ν2
2
)(ν1x+ ν2)

ν1+ν2
2

dx

Q(F |ν1, ν2) =
∫ ∞

F

ν
ν1
2

1 · ν
ν2
2

2 · x ν1
2 −1

B(
ν1
2
,
ν2
2
)(ν1x+ ν2)

ν1+ν2
2

dx

(2) Usage

Double precision:

CALL D1CDIF (N1, N2, FI, FO, ISW, IERR)

Single precision:

CALL R1CDIF (N1, N2, FI, FO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N1 I 1 Input Number of degrees of freedom ν1

2 N2 I 1 Input Number of degrees of freedom ν2

3 FI
{
D

R

}
1 Input Value of the cumulative distribution func-

tion P (F |ν1, ν2) or Q(F |ν1, ν2) of the F

distribution.

4 FO
{
D

R

}
1 Output Value of frequency F

5 ISW I 1 Input ISW=1: Assign the value of P (F |ν1, ν2) for FI
ISW=2: Assign the value of Q(F |ν1, ν2) for FI

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) 0.0≤FI≤1.0

(b) N1≥1, N2≥1

(c) ISW∈{1, 2}
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 FI=0.0 was specified. Processing continues with 0.0 or the pos-

itive maximum value set for FO.

1100 FI=1.0 was specified. Processing continues with the positive

maximum value or 0.0 set for FO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

3200 Restriction (c) was not satisfied.

(6) Notes

(a) If χ2
1 and χ2

2 are the random variables that obey the χ2 distribution having ν1 and ν2 degrees of freedom

respectively and χ2
1 and χ2

2 are mutually independent, then the distribution of the random variable F

given by the following equation obeys F distribution having ν1 and ν2 degrees of freedom.

F =

χ2
1

ν1
χ2
2

ν2

(7) Example

(a) Problem

For ν1=2 and ν2=2 obtain the values of F for which P (F |ν1, ν2)=0.2 and Q(F |ν1, ν2)=0.2 occur,

respectively.

(b) Input data

FI=0.2, N1=2 and N2=2.

(c) Main program

PROGRAM B1CDIF
! *** EXAMPLE OF D1CDIF ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR,N1,N2,ISW
REAL(8) FI,FO

!
N1=2
N2=2
FI=0.2
WRITE(6,1000)
WRITE(6,2000) N1
WRITE(6,2010) N2
WRITE(6,2020) FI
WRITE(6,3000)
ISW=1
CALL D1CDIF(N1,N2,FI,FO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) FO

!
ISW=2
CALL D1CDIF(N1,N2,FI,FO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) FO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDIF ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N1 = ’,I3)
2010 FORMAT(9X,’N2 = ’,I3)
2020 FORMAT(9X,’FI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5010 FORMAT(9X,’VALUE F CORRESPONDING TO P(X,N)=FI:’,D17.10)
5020 FORMAT(9X,’VALUE F CORRESPONDING TO Q(X,N)=FI:’,D17.10)

END

105



D1CDIF, R1CDIF
Inverse of F Distribution

(d) Output results

*** D1CDIF ***
** INPUT **

N1 = 2
N2 = 2
FI = 0.2

** OUTPUT **
IERR = 0
VALUE F CORRESPONDING TO P(X,N)=FI: 0.2500000047D+00
IERR = 0
VALUE F CORRESPONDING TO Q(X,N)=FI: 0.3999999925D+01
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3.2.14 D1CDGM, R1CDGM

Gamma Distribution

(1) Function

For a gamma distribution having parameters α and β, the D1CDGM or R1CDGM obtains the values of the

following functions.

(a) probability density function; p.d.f.

f(x;α, β) =

⎧⎨
⎩

βα

Γ(α)
xα−1e−βx (x > 0;α, β > 0)

0 (x ≤ 0;α, β > 0)

(b) cumulative distribution function; c.d.f.

P (x;α, β) =

∫ x

0

βα

Γ(α)
tα−1e−βtdt (α, β > 0)

(c) c.d.f.

Q(x;α, β) = 1− P (x;α, β) =

∫ ∞

x

βα

Γ(α)
tα−1e−βtdt (α, β > 0)

(2) Usage

Double precision:

CALL D1CDGM (A, B, XI, XO, ISW, IERR)

Single precision:

CALL R1CDGM (A, B, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
1 Input Value of shape parameter α

2 B
{
D

R

}
1 Input Value of scale parameter β

3 XI
{
D

R

}
1 Input Value of random variable x

4 XO
{
D

R

}
1 Output Value of the probability density function

f(x;α, β) of the gamma distribution or of the

cumulative distribution function P (x;α, β) or

Q(x;α, β) of the gamma distribution.

5 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(x;α, β) for XO

ISW=1: Obtain the value of the cumulative dis-

tribution function P (x;α, β) for XO

ISW=2: Obtain the value of the cumulative dis-

tribution function Q(x;α, β) for XO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) A > 0.0

(c) B > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI ≤ 0.0 0.0 or 1.0 is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.
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(6) Notes

(a) From the relational expression P (x;α, β) +Q(x;α, β) = 1, it is possible to obtain either P (x;α, β) or

Q(x;α, β) from the other. However, there may be times when cancellation of significant digits occurs,

preventing good precision from being obtained.

(b) The mean and variance of a gamma distribution having parameters α and β are given by the following

equations.

E[x] =
α

β
, σ2[x] =

α

β2

(c) A gamma distribution for which α = 1 is an exponential distribution. Also, a distribution for which

the value of α is limited to a positive integer is called an Erlang distribution.

(7) Example

(a) Problem

Let α = 5.0, β = 2.0 and x = 3.0 and obtain the values of the probability density function f(x;α, β)

and the cumulative distribution functions P (x;α, β) and Q(x;α, β).

(b) Input data

A = 5.0, B = 2.0 and XI = 3.0.

(c) Main program

PROGRAM B1CDGM
! *** EXAMPLE OF D1CDGM ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) XI,XO

!
A=5.0D0
B=2.0D0
XI=3.0D0
WRITE(6,1000)
WRITE(6,2000) A
WRITE(6,2010) B
WRITE(6,2020) XI
WRITE(6,3000)
ISW=0
CALL D1CDGM(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDGM(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDGM(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDGM ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’A = ’,F4.1)
2010 FORMAT(9X,’B = ’,F4.1)
2020 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDGM ***
** INPUT **

A = 5.0
B = 2.0
XI = 3.0

** OUTPUT **
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IERR = 0
VALUE OF P.D.F = 0.2677052351D+00
IERR = 0
VALUE OF C.D.F(1) = 0.7149434997D+00
IERR = 0
VALUE OF C.D.F(2) = 0.2850565003D+00
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3.2.15 D1CDIG, R1CDIG

Inverse Gamma Distribution

(1) Function

Given the (cumulative distribution function; c.d.f.) P (x;α, β) or Q(x;α, β) of a gamma distribution having

parameters α and β, the D1CDIG or R1CDIG obtains the value x of the random variable at that time.

P (x;α, β) and Q(x;α, β) are defined by the following equations.

P (x;α, β) =

∫ x

0

βα

Γ(α)
tα−1e−βtdt (α, β > 0)

Q(x;α, β) = 1− P (x;α, β) =

∫ ∞

x

βα

Γ(α)
tα−1e−βtdt (α, β > 0)

(2) Usage

Double precision:

CALL D1CDIG (A, B, XI, XO, ISW, IERR)

Single precision:

CALL R1CDIG (A, B, XI, XO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
1 Input Value of shape parameter α.

2 B
{
D

R

}
1 Input Value of scale parameter β.

3 XI
{
D

R

}
1 Input Value of the cumulative distribution func-

tion P (x;α, β) or Q(x;α, β) of the gamma

distribution.

4 XO
{
D

R

}
1 Output Value of random variable x.

5 ISW I 1 Input Processing switch

ISW=1:Input the value of the cumulative dis-

tribution function P (x;α, β) for XI

ISW=2:Input the value of the cumulative dis-

tribution function Q(x;α, β) for XI

6 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW ∈ {1, 2}
(b) A,B > 0.0

(c) 0.0 ≤ XI ≤ 1.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI = 0.0 or XI = 1.0 If XI = 0.0

When ISW=1: 0.0 is set for XO.

When ISW=2:The maximum value is set

for XO.

If XI = 1.0

When ISW=1:The maximum value is set

for XO.

When ISW=2:0.0 is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3500 The upper bound could not be found by

the bisection method.

The maximum value is set for XO.

3600 The maximum number of iterations was

reached before the specified precision was

obtained.

The value at that time is returned.

4000 An error occurred in subroutine 3.2.14{
D1CDGM

R1CDGM

}
.

Processing is aborted.

(6) Notes

(a) The mean and variance of a gamma distribution having parameters α and β are given by the following

equations.

E[x] =
α

β
, σ2[x] =

α

β2

(b) A gamma distribution with α = 1 is an exponential distribution. A distribution for which the value of

α is limited to positive integers is called an Erlang distribution.
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(7) Example

(a) Problem

For α = 5.0 and β = 2.0, obtain the values of x for which the cumulative distribution function

P (x;α, β) = 0.7, or Q(x;α, β) = 0.7, respectively.

(b) Input data

A = 5.0, B = 2.0 and XI = 0.7.

(c) Main program

PROGRAM B1CDIG
! *** EXAMPLE OF D1CDIG ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) A,B,XI,XO

!
A=5.0D0
B=2.0D0
XI=0.7D0
WRITE(6,1000)
WRITE(6,2000) A,B
WRITE(6,2010) XI
WRITE(6,3000)

!
ISW=1
CALL D1CDIG(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDIG(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDIG ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’A = ’,F4.1,’ B = ’,F4.1)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5010 FORMAT(9X,&

’VALUE OF X CORRESPONDING TO P(X;ALPHA,BETA) = XI:’,D17.10)
5020 FORMAT(9X,&

’VALUE OF X CORRESPONDING TO Q(X;ALPHA,BETA) = XI:’,D17.10)
END

(d) Output results

*** D1CDIG ***
** INPUT **

A = 5.0 B = 2.0
XI = 0.7

** OUTPUT **
IERR = 0
VALUE OF X CORRESPONDING TO P(X;ALPHA,BETA) = XI: 0.2945180657D+01
IERR = 0
VALUE OF X CORRESPONDING TO Q(X;ALPHA,BETA) = XI: 0.1816804541D+01
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3.2.16 D1CDBT, R1CDBT

Beta Distribution

(1) Function

For a beta distribution having the two positive numbers a and b as parameters, the D1CDBT or R1CDBT

obtains the values of the following functions.

(a) probability density function; p.d.f.

f(x; a, b) =

⎧⎨
⎩

1

B(a, b)
xa−1(1− x)b−1 (0 < x < 1; a, b > 0)

0 (x ≤ 0, x ≥ 1; a, b > 0)

(b) cumulative distribution function; c.d.f.

P (x; a, b) =

⎧⎪⎪⎨
⎪⎪⎩

0 (x ≤ 0; a, b > 0)
1

B(a, b)

∫ x

0

ta−1(1 − t)b−1dt (0 < x < 1; a, b > 0)

1 (x ≥ 1; a, b > 0)

(c) c.d.f.

Q(x; a, b) = 1− P (x; a, b)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 (x ≤ 0; a, b > 0)

1

B(a, b)

∫ 1

x

ta−1(1− t)b−1dt (0 < x < 1; a, b > 0)

0 (x ≥ 1; a, b > 0)

(2) Usage

Double precision:

CALL D1CDBT (A, B, XI, XO, ISW, IERR)

Single precision:

CALL R1CDBT (A, B, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
1 Input Value of shape parameter a.

2 B
{
D

R

}
1 Input Value of shape parameter b.

3 XI
{
D

R

}
1 Input Value of random variable x

4 XO
{
D

R

}
1 Output Value of the probability density function

f(x; a, b) or of the cumulative distribution

function P (x; a, b) or Q(x; a, b) of the beta

distribution

5 ISW I 1 Input Processing switch

ISW=0:Obtain the value of the probability den-

sity function f(x; a, b) for XO

ISW=1:Obtain the value of the cumulative dis-

tribution function P (x; a, b) for XO

ISW=2:Obtain the value of the cumulative dis-

tribution function Q(x; a, b) for XO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) A,B > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI ≤ 0.0 or XI ≥ 1.0 0.0 or 1.0 is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3500 The maximum number of iterations was

reached before the specified precision was

obtained.

The value at that time is returned.

115



D1CDBT, R1CDBT
Beta Distribution

(6) Notes

(a) From the relational expression P (x; a, b) + Q(x; a, b) = 1, it is possible to obtain either P (x; a, b) or

Q(x; a, b) from the other. However, there may be times when cancellation of significant digits occurs,

preventing good precision from being obtained.

(b) The mean and variance of a beta distribution having parameters a and b are given by the following

equations.

E[x] =
a

a+ b
, σ2[x] =

ab

(a+ b)2(a+ b+ 1)

(c) A beta distribution with a = b = 1 is a uniform distribution on the interval (0, 1).

(7) Example

(a) Problem

Let a = 5.0, b = 2.0 and x = 0.3 and obtain the values of the probability density function f(x; a, b)

and the cumulative distribution functions P (x; a, b) and Q(x; a, b).

(b) Input data

A = 5.0, B = 2.0 and XI = 0.3.

(c) Main program

PROGRAM B1CDBT
! *** EXAMPLE OF D1CDBT ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) A,B,XI,XO

!
A=5.0D0
B=2.0D0
XI=0.3D0
WRITE(6,1000)
WRITE(6,2000) A,B
WRITE(6,2010) XI
WRITE(6,3000)
ISW=0
CALL D1CDBT(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDBT(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDBT(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDBT ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’A = ’,F4.1,’ B = ’,F4.1)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDBT ***
** INPUT **

A = 5.0 B = 2.0
XI = 0.3

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.1701000000D+00
IERR = 0
VALUE OF C.D.F(1) = 0.1093500000D-01
IERR = 0
VALUE OF C.D.F(2) = 0.9890650000D+00

116



D1CDIB, R1CDIB
Inverse Beta Distribution

3.2.17 D1CDIB, R1CDIB

Inverse Beta Distribution

(1) Function

Given the (cumulative distribution function; c.d.f.) P (x;α, β) or Q(x;α, β) of a beta distribution having

positive parameters a and b, the D1CDIB or R1CDIB obtains the value x of the random variable at that

time. P (x;α, β) and Q(x;α, β) are defined by the following equations.

P (x; a, b) =

⎧⎪⎪⎨
⎪⎪⎩

0 (x ≤ 0; a, b > 0)
1

B(a, b)

∫ x

0

ta−1(1 − t)b−1dt (0 < x < 1; a, b > 0)

1 (x ≥ 1; a, b > 0)

Q(x; a, b) = 1− P (x; a, b)

=

⎧⎪⎪⎨
⎪⎪⎩

1 (x ≤ 0; a, b > 0)
1

B(a, b)

∫ ∞

x

ta−1(1− t)b−1dt (0 < x < 1; a, b > 0)

0 (x ≥ 1; a, b > 0)

(2) Usage

Double precision:

CALL D1CDIB (A, B, XI, XO, ISW, IERR)

Single precision:

CALL R1CDIB (A, B, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
1 Input Value of shape parameter a.

2 B
{
D

R

}
1 Input Value of shape parameter b.

3 XI
{
D

R

}
1 Input Value of the cumulative distribution function

P (x; a, b) or Q(x; a, b) of the beta distribution.

4 XO
{
D

R

}
1 Output Value of random variable x.

5 ISW I 1 Input Processing switch

ISW=1:Input the value of the cumulative dis-

tribution function P (x; a, b) for XI

ISW=2:Input the value of the cumulative dis-

tribution function Q(x; a, b) for XI

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {1, 2}
(b) A,B > 0.0

(c) 0.0 ≤ XI ≤ 1.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI = 0.0 or XI = 1.0 0.0 or 1.0 is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3600 The maximum number of iterations was

reached before the specified precision was

obtained.

The value at that time is returned.

4000 An error occurred in the subroutine 3.2.16{
D1CDBT

R1CDBT

}
.

Processing is aborted.
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(6) Notes

(a) The mean and variance of a beta distribution having parameters a and b are given by the following

equations.

E[x] =
a

a+ b
, σ2[x] =

ab

(a+ b)2(a+ b+ 1)

(b) A beta distribution with a = b = 1 is a uniform distribution on the interval (0, 1).

(7) Example

(a) Problem

For a = 5.0 and b = 2.0, obtain the values of x for which the cumulative distribution function

P (x;α, β) = 0.7, or Q(x;α, β) = 0.7, respectively.

(b) Input data

A = 5.0, B = 2.0 and XI = 0.7.

(c) Main program

PROGRAM B1CDIB
! *** EXAMPLE OF D1CDIB ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) A,B,XI,XO

!
A=5.0D0
B=2.0D0
XI=0.7D0
WRITE(6,1000)
WRITE(6,2000) A,B
WRITE(6,2010) XI
WRITE(6,3000)

!
ISW=1
CALL D1CDIB(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDIB(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDIB ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’A = ’,F4.1,’ B = ’,F4.1)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5010 FORMAT(9X,&

’VALUE OF X CORRESPONDING TO P(X;A,B) = XI:’,D17.10)
5020 FORMAT(9X,&

’VALUE OF X CORRESPONDING TO Q(X;A,B) = XI:’,D17.10)
END

(d) Output results

*** D1CDIB ***
** INPUT **

A = 5.0 B = 2.0
XI = 0.7

** OUTPUT **
IERR = 0
VALUE OF X CORRESPONDING TO P(X;A,B) = XI: 0.8181965287D+00
IERR = 0
VALUE OF X CORRESPONDING TO Q(X;A,B) = XI: 0.6396423096D+00
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3.2.18 D1CDUF, R1CDUF

Uniform Distribution

(1) Function

For a uniform distribution within the interval (a, b), the D1CDUF or R1CDUF obtains the values of the

following functions.

(a) probability density function; p.d.f.

f(x; a, b) =

⎧⎨
⎩

1

b− a
(a ≤ x ≤ b)

0 (x < a, x > b)

(b) cumulative distribution function; c.d.f.

F (x; a, b) =

⎧⎪⎪⎨
⎪⎪⎩

0 (x < a)
x− a

b− a
(a ≤ x ≤ b)

1 (x > b)

(2) Usage

Double precision:

CALL D1CDUF (XL, XU, XI, XO, ISW, IERR)

Single precision:

CALL R1CDUF (XL, XU, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 XL
{
D

R

}
1 Input Lower bound a of the interval for the random

variable x

2 XU
{
D

R

}
1 Input Upper bound b of the interval for the random

variable x

3 XI
{
D

R

}
1 Input Value of random variable x

4 XO
{
D

R

}
1 Output Value of the probability density function

f(x; a, b) or the cumulative distribution func-

tion F (x; a, b) of the uniform distribution.

5 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(x; a, b) for XO

ISW=1: Obtain the value of the cumulative dis-

tribution function F (x; a, b) for XO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) XL≤XU

(b) ISW∈{0, 1}

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

Let a=0.0, b=1.0 and x=0.5 and obtain the values of the probability density function f(x; a, b) and

the cumulative distribution function F (x; a, b).

(b) Input data

XL=0.0, XU=1.0 and XI=0.5.

(c) Main program

PROGRAM B1CDUF
! *** EXAMPLE OF D1CDUF ***

IMPLICIT REAL(8) (A-H,O-Z)
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INTEGER ISW,IERR
REAL(8) XL,XU,XI,XO

!
XL=0.0D0
XU=1.0D0
XI=0.5D0

!
WRITE(6,1000)
WRITE(6,2000) XL,XU,XI
WRITE(6,3000)

!
ISW=0
CALL D1CDUF(XL,XU,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=1
CALL D1CDUF(XL,XU,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDUF ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’XL = ’,F4.1,/,&

9X,’XU = ’,F4.1,/,&
9X,’XI = ’,F4.1)

3000 FORMAT(’ ’,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5010 FORMAT(9X,’VALUE OF P.D.F. =’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F. =’,D17.10)

END

(d) Output results

*** D1CDUF ***
** INPUT **

XL = 0.0
XU = 1.0
XI = 0.5

** OUTPUT **
IERR = 0
VALUE OF P.D.F. = 0.1000000000D+01
IERR = 0
VALUE OF C.D.F. = 0.5000000000D+00
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3.2.19 D1CDTR, R1CDTR

Triangular Distribution

(1) Function

For a triangular distribution, the D1CDTR or R1CDTR obtains the values of the following functions.

(a) probability density function; p.d.f.

f(x; a, b, c) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2(x− a)

(b− a)(c− a)
(a ≤ x ≤ b)

2(c− x)

(c− a)(c− b)
(b < x ≤ c)

0 (x < a, x > c)

(b) cumulative distribution function; c.d.f.

F (x; a, b, c) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0 (x < a)

(x− a)2

(b − a)(c− a)
(a ≤ x ≤ b)

1− (c− x)2

(c− a)(c− b)
(b < x ≤ c)

1 (x > c)

(2) Usage

Double precision:

CALL D1CDTR (A, B, C, XI, XO, ISW, IERR)

Single precision:

CALL R1CDTR (A, B, C, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
1 Input x coordinate of the left end of the triangular

distribution. (See Notes (a))

2 B
{
D

R

}
1 Input x coordinate of the apex of the triangular dis-

tribution. (See Notes (a))

3 C
{
D

R

}
1 Input x coordinate of the right end of the triangular

distribution. (See Notes (a))

4 XI
{
D

R

}
1 Input Value of the random variable x

5 XO
{
D

R

}
1 Output Value of the probability density function

f(x; a, b, c) or the cumulative distribution func-

tion F (x; a, b, c) of the triangular distribution.

6 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(x; a, b, c) for XO

ISW=1: Obtain the value of the cumulative dis-

tribution function F (x; a, b, c) for XO

7 IERR I 1 Output Error indicator

(4) Restrictions

(a) A≤B≤C

(b) ISW∈{0, 1}

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.
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(6) Notes

(a) Triangle coordinates

��
�
�
�
��

���������

a b c

a: x coordinate of the left end of the triangular distribution

b: x coordinate of the apex of the triangular distribution

c: x coordinate of the right end of the triangular distribution

(7) Example

(a) Problem

Let a=0.0, b=1.0, c=2.0 and x=0.5 and obtain the values of the probability density function f(x; a, b, c)

and the cumulative distribution function F (x; a, b, c).

(b) Input data

A=0.0, B=1.0, C=2.0 and XI=0.5.

(c) Main program

PROGRAM B1CDTR
! *** EXAMPLE OF D1CDTR ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER ISW,IERR
REAL(8) A,B,C,XI,XO

!
A=0.0D0
B=1.0D0
C=2.0D0
XI=0.5D0

!
WRITE(6,1000)
WRITE(6,2000) A,B,C,XI
WRITE(6,3000)

!
ISW=0
CALL D1CDTR(A,B,C,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=1
CALL D1CDTR(A,B,C,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDTR ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’A = ’,F4.1,/,&

9X,’B = ’,F4.1,/,&
9X,’C = ’,F4.1,/,&
9X,’XI = ’,F4.1)

3000 FORMAT(’ ’,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5010 FORMAT(9X,’VALUE OF P.D.F. =’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F. =’,D17.10)

END

(d) Output results

*** D1CDTR ***
** INPUT **

A = 0.0
B = 1.0
C = 2.0
XI = 0.5

** OUTPUT **
IERR = 0
VALUE OF P.D.F. = 0.5000000000D+00
IERR = 0
VALUE OF C.D.F. = 0.1250000000D+00
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3.2.20 D1CDPA, R1CDPA

Pareto Distribution

(1) Function

For a Pareto distribution having parameters a and b (a > 1, b > 0), the D1CDPA or R1CDPA obtains the

values of the following functions.

(a) probability density function; p.d.f.

f(x; a, b) =

⎧⎨
⎩ (a− 1)(

x

b
)−a 1

b
(x > b; a > 1, b > 0)

0 (x ≤ b; a > 1, b > 0)

(b) cumulative distribution function; c.d.f.

P (x; a, b) =

∫ x

b

f(t; a, b) dt

=

{
1− (xb )

1−a (x > b; a > 1, b > 0)

0 (x ≤ b; a > 1, b > 0)

(c) c.d.f.

Q(x; a, b) = 1− P (x; a, b)

=

{
(xb )

1−a (x > b; a > 1, b > 0)

1 (x ≤ b; a > 1, b > 0)

(2) Usage

Double precision:

CALL D1CDPA (A, B, XI, XO, ISW, IERR)

Single precision:

CALL R1CDPA (A, B, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
1 Input Value of parameter a.

2 B
{
D

R

}
1 Input Value of parameter b.

3 XI
{
D

R

}
1 Input ISW=0:Value of random variable x

ISW=1 or 2:Integration range of random vari-

able x

4 XO
{
D

R

}
1 Output Value of the probability density function

f(x; a, b)

or of the cumulative distribution function

P (x; a, b)

or Q(x; a, b) of the Pareto distribution.

5 ISW I 1 Input Processing switch

ISW=0:Obtain the value of the probability den-

sity function f(x; a, b) for XO

ISW=1: Obtain the value of the cumulative dis-

tribution function P (x; a, b) for XO

ISW=2:Obtain the value of the cumulative dis-

tribution function Q(x; a, b)

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) A > 1.0,B > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI ≤ B. When ISW = 0, XO = 0.0 is set.

When ISW = 1, XO = 0.0 is set.

When ISW = 2, XO = 1.0 is set.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

(6) Notes

None
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(7) Example

(a) Problem

Let a = 5.0, b = 2.0, and x = 3.0 and obtain the values of the probability density function f(x; a, b)

and the cumulative distribution functions P (x; a, b) and Q(x; a, b).

(b) Input data

A = 5.0, B = 2.0 and X = 3.0.

(c) Main program

PROGRAM B1CDPA
! *** EXAMPLE OF D1CDPA ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) A,B,XI,XO

!
A=5.0D0
B=2.0D0
XI=3.0D0
WRITE(6,1000)
WRITE(6,2000) A,B
WRITE(6,2010) XI
WRITE(6,3000)
ISW=0
CALL D1CDPA(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDPA(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDPA(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDPA ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’A = ’,F4.1,’ B = ’,F4.1)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDPA ***
** INPUT **

A = 5.0 B = 2.0
XI = 3.0

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.2633744856D+00
IERR = 0
VALUE OF C.D.F(1) = 0.8024691358D+00
IERR = 0
VALUE OF C.D.F(2) = 0.1975308642D+00
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3.2.21 D1CDWE, R1CDWE

Weibull Distribution

(1) Function

For a Weibull distribution having parameters a and b (a > 0, b > 0), the D1CDWE or R1CDWE obtains

the values of the following functions.

(a) probability density function; p.d.f.

f(x; a, b) =

⎧⎨
⎩ a

(x
b

)a−1

e−( x
b )

a 1

b
(0 < x; a, b > 0)

0 (x ≤ 0; a, b > 0)

(b) cumulative distribution function; c.d.f.

P (x; a, b) =

∫ x

0

f(t; a, b) dt

=

{
1− e−( x

b )
a

(0 < x; a, b > 0)

0 (x ≤ 0; a, b > 0)

(c) c.d.f.

Q(x; a, b) = 1− P (x; a, b)

=

{
e−( x

b )
a

(0 < x; a, b > 0)

1 (x ≤ 0; a, b > 0)

(2) Usage

Double precision:

CALL D1CDWE (A, B, XI, XO, ISW, IERR)

Single precision:

CALL R1CDWE (A, B, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
1 Input Value of shape parameter a.

2 B
{
D

R

}
1 Input Value of scale parameter b.

3 XI
{
D

R

}
1 Input ISW=0: Value of random variable x

ISW=1 or 2: Integration range of random vari-

able x

4 XO
{
D

R

}
1 Output Value of the probability density function

f(x; a, b) or of the cumulative distribution func-

tion P (x; a, b) or Q(x; a, b) of the Weibull

distribution

5 ISW I 1 Input Processing switch

ISW=0:Obtain the value of the probability den-

sity function f(x; a, b) for XO

ISW=1:Obtain the value of the cumulative dis-

tribution function P (x; a, b) for XO

ISW=2:Obtain the value of the cumulative dis-

tribution function Q(x; a, b) for XO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) A > 0.0,B > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI ≤ 0.0 When ISW = 0, XO = 0.0 is set.

When ISW = 1, XO = 0.0 is set.

When ISW = 2, XO = 1.0 is set.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

(6) Notes

None
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(7) Example

(a) Problem

Let a = 5.0, b = 2.0, and x = 2.0 and obtain the values of the probability density function f(x; a, b)

and the cumulative distribution functions P (x; a, b) and Q(x; a, b).

(b) Input data

A = 5.0, B = 2.0 and XI = 2.0.

(c) Main program

PROGRAM B1CDWE
! *** EXAMPLE OF D1CDWE ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) A,B,XI,XO

!
A=5.0D0
B=2.0D0
XI=2.0D0
WRITE(6,1000)
WRITE(6,2000) A,B
WRITE(6,2010) XI
WRITE(6,3000)
ISW=0
CALL D1CDWE(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDWE(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDWE(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDWE ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’A = ’,F4.1,’ B = ’,F4.1)
2010 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDWE ***
** INPUT **

A = 5.0 B = 2.0
XI = 2.0

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.9196986029D+00
IERR = 0
VALUE OF C.D.F(1) = 0.6321205588D+00
IERR = 0
VALUE OF C.D.F(2) = 0.3678794412D+00
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3.2.22 D1CDEX, R1CDEX

Exponential Distribution

(1) Function

For a exponential distribution having parameters λ , the D1CDEX or R1CDEX obtains the values of the

following functions.

(a) probability density function; p.d.f.

f(x;λ) =

{
λe−λx (x > 0;λ > 0)

0 (x ≤ 0;λ > 0)

(b) cumulative distribution function; c.d.f.

P (x;λ) =

∫ x

0

λe−λtdt (λ > 0)

(c) c.d.f.

Q(x;λ) = 1− P (x;λ) =

∫ ∞

x

λe−λtdt (λ > 0)

(2) Usage

Double precision:

CALL D1CDEX (B, XI, XO, ISW, IERR)

Single precision:

CALL R1CDEX (B, XI, XO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 B
{
D

R

}
1 Input Value of scale parameter λ

2 XI
{
D

R

}
1 Input Value of random variable x

3 XO
{
D

R

}
1 Output Value of the probability density function f(x;λ)

of the gamma distribution or of the cumulative

distribution function P (x;λ) or Q(x;λ) of the

exponential distribution.

4 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(x;λ) for XO

ISW=1: Obtain the value of the cumulative dis-

tribution function P (x;λ) for XO

ISW=2: Obtain the value of the cumulative dis-

tribution function Q(x;λ) for XO

5 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) B > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XI ≤ 0.0 0.0 or 1.0 is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

(6) Notes

(a) The mean and variance of a gamma distribution having parameters λ are given by the following

equations.

E[x] =
1

λ
, σ2[x] =

1

λ2

(b) A exponential distribution is gamma distribution for which α = 1.

(7) Example

(a) Problem

Let λ = 2.0 and x = 1.0 and obtain the values of the probability density function f(x;λ) and the

cumulative distribution functions P (x;λ) and Q(x;λ).

(b) Input data

B = 2.0 and XI = 1.0.
(c) Main program

PROGRAM B1CDEX
! *** EXAMPLE OF B1CDEX ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER ISW,IERR
REAL(8) XI,XO
REAL(8) B

!
B=2.0D0
XI=1.0D0
WRITE(6,1000)
WRITE(6,2000) B
WRITE(6,2010) XI
WRITE(6,3000)
ISW=0
CALL D1CDEX(B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDEX(B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDEX(B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(/,5X,’*** D1CDEX ***’,/,/,&

6X,’** INPUT **’,/)
2000 FORMAT(8X,’B = ’,F4.1,/)
2010 FORMAT(8X,’XI = ’,F4.1,/)
3000 FORMAT(6X,’** OUTPUT **’,/)
4000 FORMAT(8X,’IERR = ’,I4,/)
5000 FORMAT(8X,’VALUE OF P.D.F = ’,D17.10,/)
5010 FORMAT(8X,’VALUE OF C.D.F(1) = ’,D17.10,/)
5020 FORMAT(8X,’VALUE OF C.D.F(2) = ’,D17.10,/)

END

133



D1CDEX, R1CDEX
Exponential Distribution

(d) Output results

*** D1CDEX ***

** INPUT **

B = 2.0

XI = 1.0

** OUTPUT **

IERR = 0

VALUE OF P.D.F = 0.2706705665D+00

IERR = 0

VALUE OF C.D.F(1) = 0.8646647168D+00

IERR = 0

VALUE OF C.D.F(2) = 0.1353352832D+00

134



D1CDGU, R1CDGU
Gumbel Distribution

3.2.23 D1CDGU, R1CDGU

Gumbel Distribution

(1) Function

For a Gumbel distribution having the parameters a and b (b > 0), the D1CDGU or R1CDGU obtains the

values of the following functions.

(a) probability density function; p.d.f.

f(x; a, b) =
1

b
e

x−a
b e−e

x−a
b

(b) cumulative distribution function; c.d.f.

P (x; a, b) =

∫ x

−∞
f(t; a, b)dt

(c) c.d.f.

Q(x; a, b) = 1− P (x; a, b) =

∫ ∞

x

f(t; a, b)dt

(2) Usage

Double precision:

CALL D1CDGU (A, B, XI, XO, ISW, IERR)

Single precision:

CALL R1CDGU (A, B, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
1 Input Value of the location parameter a.

2 B
{
D

R

}
1 Input Value of the scale parameter b.

3 XI
{
D

R

}
1 Input ISW=0:Value of random variable x

ISW=1 or 2:Integration range of random vari-

able x

4 XO
{
D

R

}
1 Output Value of the probability density function

f(x; a, b) or of the cumulative distribution func-

tion P (x; a, b) or Q(x; a, b) of the Gumbel

distribution

5 ISW I 1 Input Processing switch

ISW=0 : Obtain the value of the probability

density function f(x; a, b) for XO

ISW=1:Obtain the value of the cumulative dis-

tribution function P (x; a, b) for XO

ISW=2:Obtain the value of the cumulative dis-

tribution function Q(x; a, b) for XO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) B>0.0

(b) ISW ∈ {0, 1, 2}

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

(6) Notes

None

136



D1CDGU, R1CDGU
Gumbel Distribution

(7) Example

(a) Problem

Let a=1.0, b=2.0 and x=1.5 and obtain the values of the probability density function f(x; a, b) and

the cumulative distribution function P (x; a, b) and Q(x; a, b).

(b) Input data

XL=1.0, XU=2.0 and XI=1.5.

(c) Main program

PROGRAM B1CDGU
! *** EXAMPLE OF D1CDGU ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) A,B,XI,XO

!
A=1.0D0
B=2.0D0
XI=1.5D0
WRITE(6,1000)
WRITE(6,2000) A,B
WRITE(6,2010) XI
WRITE(6,3000)
ISW=0
CALL D1CDGU(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDGU(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDGU(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(1X,’*** D1CDGU ***’,/,&

/,1X,’** INPUT **’,/)
2000 FORMAT(1X,’A = ’,F4.1,’ B = ’,F4.1)
2010 FORMAT(1X,’XI = ’,F4.1)
3000 FORMAT(1X,/,1X,’** OUTPUT **’)
4000 FORMAT(1X,/,1X,’IERR = ’,I4)
5000 FORMAT(1X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(1X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(1X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDGU ***

** INPUT **

A = 1.0 B = 2.0
XI = 1.5

** OUTPUT **

IERR = 0
VALUE OF P.D.F = 0.1777863737D+00

IERR = 0
VALUE OF C.D.F(1) = 0.7230796659D+00

IERR = 0
VALUE OF C.D.F(2) = 0.2769203341D+00
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3.2.24 D1CDLD, R1CDLD

Logarithmic Distribution

(1) Function

For a logarithmic distribution within the interval (a, b), the D1CDLD or R1CDLD obtains the values of the

following functions.

(a) probability density function; p.d.f.

f(x; a, b) =
log x

b(log b− 1)− a(log a− 1)

(b) cumulative distribution function; c.d.f.

P (x; a, b) =

∫ x

a

f(t; a, b)dt

(c) c.d.f.

Q(x; a, b) = 1− P (x; a, b) =

∫ b

x

f(t; a, b)dt

(2) Usage

Double precision:

CALL D1CDLD (XL, XU, XI, XO, ISW, IERR)

Single precision:

CALL R1CDLD (XL, XU, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 XL
{
D

R

}
1 Input Lower bound a of the interval for the variable

x

2 XU
{
D

R

}
1 Input Upper bound b of the interval for the variable

x

3 XI
{
D

R

}
1 Input Value of the variable x

4 XO
{
D

R

}
1 Output Value of the probability density function f(x)

or the cumulative distribution function F (x) of

the logarithmic distribution.

5 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(x) for XO

ISW=1: Obtain the value of the cumulative dis-

tribution function P (x) for XO ISW=2: Obtain

the value of the cumulative distribution func-

tion Q(x) for XO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) 0.0<XL<XU

(b) XL<XI<XU

(c) ISW ∈ {0, 1, 2}

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

Let a=0.0, b=2.0 and x=1.5 and obtain the values of the probability density function f(x; a, b) and

the cumulative distribution function P (x; a, b) and Q(x; a, b).
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(b) Input data

XL=1.0, XU=2.0 and XI=1.5.

(c) Main program

PROGRAM B1CDLD
! *** EXAMPLE OF D1CDLD ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER ISW,IERR
REAL(8) XL,XU,XI,XO

!
XL=1.0D0
XU=2.0D0
XI=1.5D0

!
WRITE(6,1000)
WRITE(6,2000) XL,XU,XI
WRITE(6,3000)

!
ISW=0
CALL D1CDLD(XL,XU,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=1
CALL D1CDLD(XL,XU,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
ISW=2
CALL D1CDLD(XL,XU,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(1X,’*** D1CDLD ***’,/,&

/,1X,’** INPUT **’,/)
2000 FORMAT(1X,’XL = ’,F4.1,/,&

1X,’XU = ’,F4.1,/,&
1X,’XI = ’,F4.1)

3000 FORMAT(1X,/,1X,’** OUTPUT **’)
4000 FORMAT(1X,/,1X,’IERR = ’,I4)
5010 FORMAT(1X,’VALUE OF P.D.F. =’,D17.10)
5020 FORMAT(1X,’VALUE OF C.D.F. =’,D17.10)

END

(d) Output results

*** D1CDLD ***

** INPUT **

XL = 1.0
XU = 2.0
XI = 1.5

** OUTPUT **

IERR = 0
VALUE OF P.D.F. = 0.1049627302D+01

IERR = 0
VALUE OF C.D.F. = 0.2800912285D+00

IERR = 0
VALUE OF C.D.F. = 0.7199087715D+00
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3.2.25 D1CDLN, R1CDLN

Log-Normal Distribution

(1) Function

For a log-normal distribution having mean eμ
√
eσ2 and variance e2μeσ

2

(eσ
2 − 1), the D1CDLN or R1CDLN

obtains the values of the following functions.

(a) probability density function; p.d.f.

f(x;μ, σ) =
1

xσ
√
2π

e−
(ln x−μ)2

2σ2 (σ > 0)

(b) cumulative distribution function; c.d.f.

P (x;μ, σ) =

∫ x

0

1

tσ
√
2π

e−
(ln t−μ)2

2σ2 dt (σ > 0)

(c) c.d.f.

Q(x;μ, σ) = 1− P (x;μ, σ) =

∫ ∞

x

1

tσ
√
2π

e−
(ln t−μ)2

2σ2 dt (σ > 0)

(2) Usage

Double precision:

CALL D1CDLN (XE, XV, XI, XO, ISW, IERR)

Single precision:

CALL R1CDLN (XE, XV, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 XE
{
D

R

}
1 Input Value of parameter μ

2 XV
{
D

R

}
1 Input Value of parameter σ2

3 XI
{
D

R

}
1 Input Value of random variable x

4 XO
{
D

R

}
1 Output Value of the probability density function f(x) of

the log-normal distribution or of the cumulative

distribution function P (x;μ, σ) or Q(x;μ, σ) of

the normal distribution.

5 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(x;μ, σ) for XO

ISW=1: Obtain the value of the cumulative dis-

tribution function P (x;μ, σ) for XO

ISW=2:Obtain the value of the cumulative dis-

tribution function Q(x;μ, σ) for XO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) XV > 0.0

(c) X > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

(6) Notes

(a) From the relational expression P (x;μ, σ) +Q(x;μ, σ) = 1, it is possible to obtain either P (x;μ, σ) or

Q(x;μ, σ) from the other. However, there may be times when cancellation of significant digits occurs,

preventing good precision from being obtained.

(b) When the random variable x obeys a log-normal distribution having mean eμ
√
eσ2 and variance

e2μeσ
2

(eσ
2 − 1), the random variable lnx obeys a normal distribution N(μ, σ2).
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(7) Example

(a) Problem

Let μ = 5.0, σ2 = 2.5 and x = 3.0 and obtain the values of the probability density function f(x;μ, σ)

and the cumulative distribution functions P (x;μ, σ) and Q(x;μ, σ).

(b) Input data

XE = 5.0, XV = 2.5 and XI = 3.0.

(c) Main program

PROGRAM B1CDLN
! *** EXAMPLE OF D1CDLN ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW
REAL(8) XE,XV,XI,XO

!
XE=5.0D0
XV=2.5D0
XI=EXP(3.0D0)
WRITE(6,1000)
WRITE(6,2000) XE
WRITE(6,2010) XV
WRITE(6,2020) XI
WRITE(6,3000)
ISW=0
CALL D1CDLN(XE,XV,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDLN(XE,XV,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDLN(XE,XV,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1CDLN ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’XE = ’,F4.1)
2010 FORMAT(9X,’XV = ’,F4.1)
2020 FORMAT(9X,’XI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F(1) = ’,D17.10)
5020 FORMAT(9X,’VALUE OF C.D.F(2) = ’,D17.10)

END

(d) Output results

*** D1CDLN ***
** INPUT **

XE = 5.0
XV = 2.5
XI = 20.1

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.5644442201D-02
IERR = 0
VALUE OF C.D.F(1) = 0.1029516054D+00
IERR = 0
VALUE OF C.D.F(2) = 0.8970483946D+00
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3.2.26 D1CDLG, R1CDLG

Logistic Distribution

(1) Function

For a logistic distribution having mean α and variance

(
σ2 =

π2β2

3

)
the D1CDLG or R1CDLG obtains

the values of the following functions.

(a) probability density function; p.d.f.

f(x;α, β) =
e−

x−α
β

β
{
1 + e−

x−α
β

}2 (β > 0)

σ2 =
π2β2

3

(b) cumulative distribution function; c.d.f.

P (x;α, β) =
1

1 + e−
x−α
β

(β > 0)

(c) c.d.f.

Q(x;α, β) = 1− P (x;α, β) =
1

1 + e
x−α
β

(β > 0)

(2) Usage

Double precision:

CALL D1CDLG (XA, XB, XI, XO, ISW, IERR)

Single precision:

CALL R1CDLG (XA, XB, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 XA
{
D

R

}
1 Input Value of mean α

2 XB
{
D

R

}
1 Input Value of parameter β

3 XI
{
D

R

}
1 Input Value of random variable x

4 XO
{
D

R

}
1 Output Value of the probability density function f(x)

of the logistic distribution or of the cumulative

distribution function P (x;α, β) or Q(x;α, β) of

the logistic distribution.

5 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(x;α, β) for XO

ISW=1:Obtain the value of the cumulative

distribution function P (x;α, β) ISW=2:Obtain

the value of the cumulative distribution func-

tion Q(x;α, β)

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) XB > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.
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(6) Notes

(a) From the relational expression P (x;α, β) +Q(x;α, β) = 1, it is possible to obtain either P (x;α, β) or

Q(x;α, β) from the other. However, there may be times when cancellation of significant digits occurs,

preventing good precision from being obtained.

(7) Example

(a) Problem

Let α = 1.0, β = 1.0 and x = 3.0 and obtain the values of the probability density function f(x;α, β)

and the cumulative distribution functions P (x;α, β) and Q(x;α, β).

(b) Input data

XA = 1.0, XB = 1.0 and XI = 3.0.

(c) Main program

PROGRAM B1CDLG
! *** EXAMPLE OF D1CDLG ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER ISW,IERR
REAL(8) XA,XB,XI,XO

!
XA=1.0D0
XB=1.0D0
XI=3.0D0
WRITE(6,6000)
WRITE(6,6010) XA
WRITE(6,6020) XB
WRITE(6,6030) XI
WRITE(6,6040)

!
ISW=0
CALL D1CDLG(XA,XB,XI,XO,ISW,IERR)
WRITE(6,6050) IERR
WRITE(6,6060) XO

!
ISW=1
CALL D1CDLG(XA,XB,XI,XO,ISW,IERR)
WRITE(6,6050) IERR
WRITE(6,6070) XO

!
ISW=2
CALL D1CDLG(XA,XB,XI,XO,ISW,IERR)
WRITE(6,6050) IERR
WRITE(6,6080) XO
STOP

!
6000 FORMAT(/,&

1X,’ *** D1CDLG ***’,/,/,&
1X,’ ** INPUT **’,/)

6010 FORMAT(1X,’ XA = ’,F4.1)
6020 FORMAT(1X,’ XB = ’,F4.1)
6030 FORMAT(1X,’ XI = ’,F4.1)
6040 FORMAT(/,&

1X,’ ** OUTPUT **’,/)
6050 FORMAT(1X,’ IERR = ’,I4)
6060 FORMAT(1X,’ VALUE OF P.D.F = ’,D17.10,/)
6070 FORMAT(1X,’ VALUE OF C.D.F(1) = ’,D17.10,/)
6080 FORMAT(1X,’ VALUE OF C.D.F(2) = ’,D17.10,/)

END

(d) Output results

*** D1CDLG ***

** INPUT **

XA = 1.0
XB = 1.0
XI = 3.0

** OUTPUT **

IERR = 0
VALUE OF P.D.F = 0.1049935854D+00

IERR = 0
VALUE OF C.D.F(1) = 0.8807970780D+00

IERR = 0
VALUE OF C.D.F(2) = 0.1192029220D+00
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3.2.27 D1CDCC, R1CDCC

Cauchy Distribution

(1) Function

For Cauchy distribution having parameters α and β, the D1CDCC or R1CDCC obtains the values of the

following functions.

(a) probability density function; p.d.f.

f(x;α, β) =
1

π

[
β

β2 + (x − α)2

]
(β > 0)

(b) cumulative distribution function; c.d.f.

P (x;α, β) =

∫ x

−∞
f(t;α, β) dt

=
1

2
+

1

π
tan−1 (x− α)

β
(β > 0)

(c) c.d.f.

Q(x;α, β) = 1− P (x;α, β)

=
1

2
− 1

π
tan−1 (x− α)

β
(β > 0)

(2) Usage

Double precision:

CALL D1CDCC (A, B, XI, XO, ISW, IERR)

Single precision:

CALL R1CDCC (A, B, XI, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
1 Input Value of parameter α

2 B
{
D

R

}
1 Input Value of parameter β

3 XI
{
D

R

}
1 Input Value of random variable x

4 XO
{
D

R

}
1 Output Value of the probability density function

f(x;α, β) of Cauchy distribution or of the

cumulative distribution function P (x;α, β) or

Q(x;α, β) of Cauchy distribution.

5 ISW I 1 Input ISW=0: Obtain the value of the probability

density function f(x;α, β) for XO

ISW=1: Obtain the value of the cumulative dis-

tribution function P (x;α, β) for XO

ISW=2: Obtain the value of the cumulative dis-

tribution function Q(x;α, β) for XO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1, 2}
(b) B > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

(6) Notes

None
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(7) Example

(a) Problem

Let α = 2.0, β = 1.0 and x = 3.0 and obtain the values of the probability density function f(x;α, β)

and the cumulative distribution functions P (x;α, β) and Q(x;α, β).

(b) Input data

A = 2.0, B = 1.0 and XI = 3.0.

(c) Main program

PROGRAM B1CDCC
! *** EXAMPLE OF B1CDCC ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER ISW,IERR
REAL(8) XI,XO
REAL(8) A,B

!
A=2.0D0
B=1.0D0
XI=3.0D0
WRITE(6,1000)
WRITE(6,2000)A
WRITE(6,2010)B
WRITE(6,2020)XI
WRITE(6,3000)
ISW=0
CALL D1CDCC(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1CDCC(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
ISW=2
CALL D1CDCC(A,B,XI,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) XO

!
STOP

!
1000 FORMAT(/,5X,’*** D1CDCC ***’,/,/,&

6X,’** INPUT **’,/)
2000 FORMAT(8X,’A = ’,F4.1,/)
2010 FORMAT(8X,’B = ’,F4.1,/)
2020 FORMAT(8X,’XI = ’,F4.1,/)
3000 FORMAT(6X,’** OUTPUT **’,/)
4000 FORMAT(8X,’IERR = ’,I4,/)
5000 FORMAT(8X,’VALUE OF P.D.F = ’,D17.10,/)
5010 FORMAT(8X,’VALUE OF C.D.F(1) = ’,D17.10,/)
5020 FORMAT(8X,’VALUE OF C.D.F(2) = ’,D17.10,/)

END

(d) Output results

*** D1CDCC ***

** INPUT **

A = 2.0

B = 1.0

XI = 3.0

** OUTPUT **

IERR = 0

VALUE OF P.D.F = 0.1591549431D+00

IERR = 0

VALUE OF C.D.F(1) = 0.7500000000D+00

IERR = 0

VALUE OF C.D.F(2) = 0.2500000000D+00
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3.3.1 D1DDBP, R1DDBP

Binomial Distribution and Negative Binomial Distribution

(1) Function

(a) Binomial Distribution (1)

Given the probability that an event will occur p, the number of trials n, and the number of occurrences

m, the D1DDBP or R1DDBP obtains the values of the binomial distribution probability PBIN (X =

m; p, n) and the cumulative distribution function (c.d.f.) PBIN (X ≤ m; p, n) in m occurrences, which

are defined by the following equations.

PBIN (X = m; p, n) =

(
n

m

)
pm · qn−m (q = 1− p)

PBIN (X ≤ m; p, n) =

n∑
i=m

(
n

i

)
pi · qn−i

(b) Binomial Distribution (2)

Given the probability of success in one trial p, the number of trials of independent events n, and

the maximum value for the number of failures m, the D1DDBP or R1DDBP obtains the value of the

probability QBIN (X = m; p, n) of at least (n−m) successes in n trials, which is defined by the following

equation.

QBIN (X = m; p, n) = PBIN (X ≥ n−m; p, n)

= 1−
n−m−1∑

r=0

(
n

r

)
pr · qn−r (q = 1− p)

(c) Negative Binomial Distribution

Given the probability of success in one trial p and the number of successes n and number of failures m

in repeated trials, the D1DDBP or R1DDBP obtains the values of the negative binomial distribution

probability PNB(X = m; p, n) and cumulative distribution function (c.d.f.) PNB(X ≤ m; p, n) in m

failures, which are defined by the following equations.

PNB(X = m; p, n) =

(
n+m− 1

m

)
pn · qm (q = 1− p)

PNB(X ≤ m; p, n) =

m∑
i=0

(
n+ i− 1

i

)
pn · qi

(2) Usage

Double precision:

CALL D1DDBP (N, M, PI, PO, ISW, IERR)

Single precision:

CALL R1DDBP (N, M, PI, PO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Variable n

2 M I 1 Input Variable m

3 PI
{
D

R

}
1 Input Probability p

4 PO
{
D

R

}
1 Output Value of binomial distribution probability

PBIN (X = m; p, n), binomial distribution

cumulative distribution function PBIN (X ≤
m; p, n), negative binomial distribution prob-

ability PNB(X = m; p, n), negative binomial

distribution cumulative distribution function

PNB(X ≤ m; p, n) or probability QBIN(X =

m; p, n)

5 ISW I 1 Input Processing switch

ISW=1: Obtain the value of the binomial dis-

tribution probability PBIN (X = m; p, n) for

PO

ISW=2: Obtain the value of the binomial

distribution cumulative distribution function

PBIN (X ≤ m; p, n) for PO

ISW=3: Obtain the value of the negative bino-

mial distribution probability PNB(X = m; p, n)

for PO

ISW=4: Obtain the value of the negative bino-

mial distribution cumulative distribution func-

tion PNB(X ≤ m; p, n) for PO

ISW=5: Obtain the value of the probability

QBIN (X = m; p, n) for PO

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) 0.0<PI<1.0

(b) N≥1

(c) 0≤M≤N (when ISW∈{1, 2, 5})
M≥0 (when ISW∈{3, 4})

(d) ISW∈{1, 2, 3, 4, 5}
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

3200 Restriction (c) was not satisfied.

3300 Restriction (d) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

• Let the probability that an event will occur p=0.3, the number of trials n=10 and the number of

occurrencesm=3 and obtain the values of the binomial distribution probability PBIN (X = m; p, n)

and cumulative distribution function PBIN (X ≤ m; p, n).

• Let the probability of success in one trial p=0.3, the number of successes in repeated trials n=10 and

the number of failures in repeated trials m=3 and obtain the values of the negative binomial dis-

tribution probability PNB(X = m; p, n) and cumulative distribution function PNB(X ≤ m; p, n).

• Let the probability of success in one trial p=0.3, the number of trials of independent events n=10

and the maximum value of the number of failures m=3 and obtain the probability QBIN(X =

m; p, n).

(b) Input data

PI=0.3, N=10 and M=3.

(c) Main program

PROGRAM B1DDBP
! *** EXAMPLE OF D1DDBP ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR,N,M,ISW
REAL(8) PI,PO

!
N=10
M=3
PI=0.3D0
WRITE(6,1000)
WRITE(6,2000) N
WRITE(6,2010) M
WRITE(6,2020) PI
WRITE(6,3000)
ISW=1
CALL D1DDBP(N,M,PI,PO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) PO

!
ISW=2
CALL D1DDBP(N,M,PI,PO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) PO

!
ISW=3
CALL D1DDBP(N,M,PI,PO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5020) PO

!
ISW=4
CALL D1DDBP(N,M,PI,PO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5030) PO

!
ISW=5
CALL D1DDBP(N,M,PI,PO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5040) PO
STOP

152



D1DDBP, R1DDBP
Binomial Distribution and Negative Binomial Distribution

!
1000 FORMAT(’ ’,/,5X,’*** D1DDBP ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I3)
2010 FORMAT(9X,’M = ’,I3)
2020 FORMAT(9X,’PI = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F. OF BINOMIAL DISTRIBUTION= ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F. OF BINOMIAL DISTRIBUTION= ’,D17.10)
5020 FORMAT(9X,&

’VALUE OF P.D.F. OF NEGATIVE BINOMIAL DISTRIBUTION= ’,D17.10)
5030 FORMAT(9X,&

’VALUE OF C.D.F. OF NEGATIVE BINOMIAL DISTRIBUTION= ’,D17.10)
5040 FORMAT(9X,’VALUE OF BINOMIAL PROBABILITY= ’,D17.10)

END

(d) Output results

*** D1DDBP ***
** INPUT **

N = 10
M = 3
PI = 0.3

** OUTPUT **
IERR = 0
VALUE OF P.D.F. OF BINOMIAL DISTRIBUTION= 0.2668279320D+00
IERR = 0
VALUE OF C.D.F. OF BINOMIAL DISTRIBUTION= 0.6172172136D+00
IERR = 0
VALUE OF P.D.F. OF NEGATIVE BINOMIAL DISTRIBUTION= 0.4455837540D-03
IERR = 0
VALUE OF C.D.F. OF NEGATIVE BINOMIAL DISTRIBUTION= 0.6519600090D-03
IERR = 0
VALUE OF BINOMIAL PROBABILITY= 0.1059207840D-01
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3.3.2 D1DDGO, R1DDGO

Geometric Distribution

(1) Function

Given the probability of success in m trial p, the D1DDBP or R1DDBP obtains the values of the geometric

distribution probability PNB(X = m; p) and cumulative distribution function (c.d.f.) PNB(X ≤ m; p) ,

which are defined by the following equations.

PNB(X = m; p) = qm−1p (q = 1− p)

PNB(X ≤ m; p) =
m∑
i=0

qm−1p

(2) Usage

Double precision:

CALL D1DDGO (M, PI, PO, ISW, IERR)

Single precision:

CALL R1DDGO (M, PI, PO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 M I 1 Input Variable m

2 PI
{
D

R

}
1 Input Probability p

3 PO
{
D

R

}
1 Output Value of geometric distribution probability

PNB(X = m; p), geometric distribution cumu-

lative distribution function PNB(X ≤ m; p)

4 ISW I 1 Input Processing switch

ISW=1: Obtain the value of the geometric dis-

tribution probability PBIN (X = m; p) for PO

ISW=2: Obtain the value of the geometric

distribution cumulative distribution function

PBIN (X ≤ m; p) for PO

5 IERR I 1 Output Error indicator
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(4) Restrictions

(a) 0.0<PI<1.0

(b) M≥0

(c) ISW∈{1, 2}
(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3200 Restriction (b) was not satisfied.

3300 Restriction (c) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

Let the probability that an event will occur p=0.3 and the number of trials m=3 and obtain the

values of the binomial distribution probability PBIN (X = m; p) and cumulative distribution function

PBIN (X ≤ m; p).

(b) Input data

PI=0.3 and M=3.
(c) Main program

PROGRAM B1DDGO
! *** MAIN - GEOMETRIC DISTRIBUTION ***

REAL(8) PI,PO
INTEGER M,IERR,ISW

!
!CCCC INPUT DATA
!

M = 3
PI = 0.3

!
!CCCC ISW = 1
!

ISW = 1
WRITE(6,1000)
WRITE(6,1100)
WRITE(6,1200) ’M ’,M
WRITE(6,1200) ’ISW’,ISW
WRITE(6,1300) ’PI ’,PI
CALL D1DDGO( M, PI, PO, ISW, IERR )
WRITE(6,1700)
WRITE(6,1200) ’IERR’,IERR
WRITE(6,1400) PO

!
!CCCC ISW = 2
!

ISW = 2
WRITE(6,1100)
WRITE(6,1200) ’M ’,M
WRITE(6,1200) ’ISW’,ISW
WRITE(6,1300) ’PI ’,PI
CALL D1DDGO( M, PI, PO, ISW, IERR )
WRITE(6,1700)
WRITE(6,1200) ’IERR’,IERR
WRITE(6,1500) PO

!
1000 FORMAT( 1X, 2X, ’*** D1DDGO ***’,/)
1100 FORMAT( 1X, 3X, ’** INPUT **’,/)
1200 FORMAT( 6X, A, 2X, ’=’, 2X, I5)
1300 FORMAT( 6X, A, 2X, ’=’, 2X, F5.2)
1400 FORMAT( 6X,’VALUE OF P.D.F. OF GEOMETRIC DISTRIBUTION= ’,D17.10,/)
1500 FORMAT( 6X,’VALUE OF C.D.F. OF GEOMETRIC DISTRIBUTION= ’,D17.10,/)
1700 FORMAT( 1X, 3X, ’** OUTPUT **’,/)
!

STOP
END
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(d) Output results

*** D1DDGO ***

** INPUT **

M = 3
ISW = 1
PI = 0.30

** OUTPUT **

IERR = 0
VALUE OF P.D.F. OF GEOMETRIC DISTRIBUTION= 0.1028999988D+00

** INPUT **

M = 3
ISW = 2
PI = 0.30

** OUTPUT **

IERR = 0
VALUE OF C.D.F. OF GEOMETRIC DISTRIBUTION= 0.7599000164D+00
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3.3.3 D1DDPO, R1DDPO

Poisson Distribution

(1) Function

Given the mean λ and random variable k, the D1DDPO or R1DDPO obtains the value of the probability

Pr.{X = k} or cumulative distribution function F (k) of a Poisson distribution, which are defined by the

following expressions.

Pr.{X = k} = e−λλ
k

k!
(k = 0, 1, 2, · · · ;λ > 0)

F (k) =
k∑

i=0

Pr.{X = i} = e−λ
k∑

i=0

λk

k!

(2) Usage

Double precision:

CALL D1DDPO (XE, K, XO, ISW, IERR)

Single precision:

CALL R1DDPO (XE, K, XO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 XE
{
D

R

}
1 Input Mean λ.

2 K I 1 Input Value of random variable k.

3 XO
{
D

R

}
1 Output Value of the probability Pr.{X = k} or cumu-

lative distribution function F (k) of the Poisson

distribution.

4 ISW I 1 Input Processing switch

ISW=1:Obtain the value of the probability

Pr.{X = k} of the Poisson distribution for XO

ISW=2:Obtain the value of the cumulative dis-

tribution function F (k) of the Poisson distribu-

tion for XO

5 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW∈{1, 2}
(b) 0.0<XE

(c) 0≤K
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) or (c) was not satisfied.

(6) Notes

(a) When K > 1000, the cumulative distribution function F (k) is obtained according to the Peizer-Pratt

approximation.

(7) Example

(a) Problem

Let the mean λ = 3.0 and the random variable k = 2 and obtain the values of the probability

Pr.{X = k} and cumulative distribution function F (k) of the Poisson distribution.

(b) Input data

XE=3.0 and K=2.

(c) Main program

PROGRAM B1DDPO
! *** EXAMPLE OF D1DDPO ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER ISW,K
REAL(8) XE

!
XE=3.0D0
K=2
WRITE(6,1000)
WRITE(6,2000) XE
WRITE(6,2010) K
WRITE(6,3000)
ISW=1
CALL D1DDPO(XE,K,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=2
CALL D1DDPO(XE,K,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1DDPO ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’XE = ’,F4.1)
2010 FORMAT(9X,’ K = ’,I4)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F = ’,D17.10)

END

(d) Output results

*** D1DDPO ***
** INPUT **

XE = 3.0
K = 2

** OUTPUT **
IERR = 0
VALUE OF P.D.F = 0.2240418077D+00
IERR = 0
VALUE OF C.D.F = 0.4231900811D+00
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3.3.4 D1DDHG, R1DDHG

Hypergeometric Distribution

(1) Function

Assume that there is a lot of size N in which M of the N articles are inferior goods and N−M articles are of

good quality. The D1DDHG or R1DDHG obtains the values of the hypergeometric distribution probability

Pr.{X = k} and cumulative distribution function F (k) corresponding to the probability distribution in

which k inferior goods appear when an arbitrary sample of size n is extracted from this lot. The hyperge-

ometric distribution probability Pr.{X = k} and cumulative distribution function F (k) are defined by the

following equations.

Pr.{X = k} =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
M

k

)(
N −M

n− k

)
(

N

n

) k = 0, 1, 2, · · · ,min{M,n}

0 otherwise

F (k) =

k∑
i=0

Pr.{X = i} =

∑k
i=0

(
M

i

)(
N −M

n− i

)
(

N

n

)

(2) Usage

Double precision:

CALL D1DDHG (NN, M, N, K, XO, ISW, IERR)

Single precision:

CALL R1DDHG (NN, M, N, K, XO, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 NN I 1 Input Size of population N

2 M I 1 Input Number of inferior goods in population M

3 N I 1 Input Size of sample n

4 K I 1 Input Number of inferior goods in sample k

5 XO
{
D

R

}
1 Output Value of hypergeometric distribution probabil-

ity Pr.{X = k} or cumulative distribution

function F (k)

6 ISW I 1 Input ISW=0: Obtain Pr.{X = k}
ISW=1: Obtain F (k)

7 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW ∈ {0, 1}
(b) 0 ≤ M ≤ NN

(c) 1 ≤ N ≤ NN

(d) 0 ≤ K ≤ min(M,N)

(e) M + N−NN ≤ K

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (d) was not satisfied. 0.0 is set for XO. (When ISW = 0 or K <

0.)

1.0 is set for XO. (When min(M,N) < K.)

1010 Restriction (e) was not satisfied. 0.0 is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

(6) Notes

(a) The mathematical expectation and variance of the hypergeometric distribution are given by the fol-

lowing equations.

E(X) = np, σ2(X) =
N − k

N − 1
np(1− p) (p =

M

N
)

(b) Since the hypergeometric distribution probability Pr.{X = k} satisfies the following relationship

Pr.{X = k} =

(
M

k

)(
N −M

n− k

)
(

N

n

) �
(

n

k

)
pk(1− p)k, (p =

M

N
,
n

N
� 1)

it can be approximated by a binomial distribution B(n, p) when the population is sufficiently large.

(7) Example

(a) Problem

Let N = 1000, M = 50, n = 20 and k = 1 and obtain the values of the hypergeometric distribution

probability Pr.{X = k} and cumulative distribution function F (k).

(b) Input data

NN = 1000, M = 20, N = 20 and K = 1.

(c) Main program

PROGRAM B1DDHG
! *** EXAMPLE OF D1DDHG ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER NN,M,N,K,ISW
REAL(8) XO

!
NN=1000
M=50
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N=20
K=1
WRITE(6,1000)
WRITE(6,2000) NN
WRITE(6,2010) M
WRITE(6,2020) N
WRITE(6,2030) K
WRITE(6,3000)
ISW=0
CALL D1DDHG(NN,M,N,K,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1DDHG(NN,M,N,K,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D1DDHG ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’NN = ’,I5)
2010 FORMAT(9X,’M = ’,I5)
2020 FORMAT(9X,’N = ’,I5)
2030 FORMAT(9X,’K = ’,I5)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’VALUE OF P.D.F. = ’,D17.10)
5010 FORMAT(9X,’VALUE OF C.D.F. = ’,D17.10)

END

(d) Output results

*** D1DDHG ***
** INPUT **

NN = 1000
M = 50
N = 20
K = 1

** OUTPUT **
IERR = 0
VALUE OF P.D.F. = 0.3811717030D+00
IERR = 0
VALUE OF C.D.F. = 0.7360425584D+00
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3.3.5 D1DDHN, R1DDHN

Negative Hypergeometric Distribution

(1) Function

Assume that there is a lot of size NN in which M of the NN articles are inferior goods and NN−M articles

are of good quality. Sampling from this lot is continued until n inferior goods are extracted. The negative

hypergeometric distribution probability Pr.{X = k} is defined as the probability of such occurrences that

exactly k goods has been extracted at this time. The D1DDHN or R1DDHN obtains the values of the

negative hypergeometric distribution probability Pr.{X = k} and cumulative distribution function F (k)

corresponding to the probability distribution in which exactly k goods have been extracted from this lot

when the n-th inferior good appears. The negative hypergeometric distribution probability Pr.{X = k}
and cumulative distribution function F (k) are defined by the following equations.

Pr.{X = k} =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
M

NN − 1

)(
NN −M

k − n

)
(

NN

k − 1

) × M − n+ 1

NN − k + 1

=

(
k − 1

n− 1

)(
NN − k

M − n

)
(

NN

M

) when k = n, n+ 1, n+ 2, · · · , NN −M + n

0 Otherwise.

F (k) =

k∑
i=n

Pr.{X = i} =

∑k
i=0

(
i− 1

n− 1

)(
NN − i

M − n

)
(

NN

M

)

(2) Usage

Double precision:

CALL D1DDHN (NN, M, N, K, XO, ISW, IERR)

Single precision:

CALL R1DDHN (NN, M, N, K, XO, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 NN I 1 Input Size NN of population

2 M I 1 Input Number of inferior goods M in population

3 N I 1 Input Number n of inferior goods extracted from the

lot

4 K I 1 Input Total number k of goods extracted from the lot

5 XO
{
D

R

}
1 Output Value of negative hypergeometric distribution

probability Pr.{X = k} or cumulative distri-

bution function F (k)

6 ISW I 1 Input ISW=0: Obtain Pr.{X = k}
ISW=1: Obtain F (k)

7 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {0, 1}
(b) 1 ≤ N ≤ M ≤ NN

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 K < N 0.0 is set for XO.

1010 K > NN−M+N If ISW=0 then 0.0 is set for XO.

If ISW=1 then 1.0 is set for XO.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

(6) Notes

(a) If M = 1 and if n = 1:

Pr.{X = k} = 1
NN k = 1, 2, · · · , NN

When n �= 1 : Pr.{X = k} = 0.

(b) If M > 1, define N1 as the greatest integer no more than

NN × (n− 1)

M − 1
+ 1.

Then the following stands for the distribution probability Pr.{X = k}:
Pr.{X = n} ≤ Pr.{X = n+ 1} ≤ Pr.{X = n+ 2} ≤ · · · ≤ Pr.{X = N1}.

P r.{X = N1} ≥ Pr.{X = N1 + 1} ≥ Pr.{X = N1 + 2} ≥ · · · ≥ Pr.{X = NN −M + n}.
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(7) Example

(a) Problem

Let N = 30, M = 25 and n = 10 and obtain the values of the hypergeometric distribution probability

Pr.{X = k} and cumulative distribution function F (k) for k = 10, 11, · · · , 15.
(b) Input data

NN = 30, M = 25 and N = 10.

(c) Main program

PROGRAM B1DDHN
! *** EXAMPLE OF D1DDHN ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER NN,M,N,K,ISW
INTEGER KINC,K1,K2,KMIN,KMAX
REAL(8) XO

!
NN=30
M=25
N=10
KMIN=N
KMAX=NN-M+N
K1=KMIN
K2=KMAX
KINC=1
WRITE(6,1000)
WRITE(6,2000) NN
WRITE(6,2010) M
WRITE(6,2020) N
WRITE(6,3000)

!
DO 100 K=K1,K2,KINC
WRITE(6,2030) K
ISW=0
CALL D1DDHN(NN,M,N,K,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) XO

!
ISW=1
CALL D1DDHN(NN,M,N,K,XO,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5010) XO

100 CONTINUE
!

STOP
!
1000 FORMAT(/,1X,’ *** D1DDHN ***’,/,/,&

1X,’ ** INPUT **’)
2000 FORMAT(1X,’ NN = ’,I5)
2010 FORMAT(1X,’ M = ’,I5)
2020 FORMAT(1X,’ N = ’,I5)
2030 FORMAT(/,1X,’ *** K = ’,I5,’ ****’)
3000 FORMAT(/,/,1X,’ ** OUTPUT **’)
4000 FORMAT(1X,’ IERR = ’,I4)
5000 FORMAT(1X,’ VALUE OF P.D.F. = ’,F17.10)
5010 FORMAT(1X,’ VALUE OF C.D.F. = ’,F17.10)

END

(d) Output results

*** D1DDHN ***

** INPUT **
NN = 30
M = 25
N = 10

** OUTPUT **

*** K = 10 ****
IERR = 0
VALUE OF P.D.F. = 0.1087954191
IERR = 0
VALUE OF C.D.F. = 0.1087954191

*** K = 11 ****
IERR = 0
VALUE OF P.D.F. = 0.2719885479
IERR = 0
VALUE OF C.D.F. = 0.3807839670

*** K = 12 ****
IERR = 0
VALUE OF P.D.F. = 0.3149341080
IERR = 0
VALUE OF C.D.F. = 0.6957180750
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*** K = 13 ****
IERR = 0
VALUE OF P.D.F. = 0.2099560720
IERR = 0
VALUE OF C.D.F. = 0.9056741471

*** K = 14 ****
IERR = 0
VALUE OF P.D.F. = 0.0802773217
IERR = 0
VALUE OF C.D.F. = 0.9859514687

*** K = 15 ****
IERR = 0
VALUE OF P.D.F. = 0.0140485313
IERR = 0
VALUE OF C.D.F. = 1.0000000000
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Chapter 4

SAMPLE STATISTICS

4.1 INTRODUCTION

This library provides the following functions for calculating sample statistics.

• One Sample Basic Statistics

• Two Samples Basic Statistics

• Geometric Mean

• Moment

• m Samples Basic Statistics

• Harmonic Mean

• Root Mean Square

• Variance-Covariance Matrices

• Variance-Covariance Matrices (Grouped Data)

• Correlation Matrices

• Multiple Correlation Coefficients

• Partial Correlation Coefficients
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Explanation

4.1.1 Explanation

(1) One Sample Basic Statistics

The sum, mean, standard deviation, median of n observation data {xi} (i = 1, · · · , n) are defined by the

following equations.

Sum :

t =

n∑
i=1

xi

Mean :

x̄ =
t

n

Standard deviation :

d =

√√√√ 1

α

n∑
i=1

(xi − x̄)2

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

Assume that we are given m classes of equal width Ci+1 = [ci, ci + h) (i = 1, 2, · · · ,m) and the two classes

C1 = (−∞, c1) and Cm+2 = [cm + h,∞), and that the following relationships are satisfied.

c1 = cmin

ci+1 = ci + h i = 1, 2, · · · ,m
cmax = cm + h

Here, h is the class width, which is defined as follows.

h =
cmax − cmin

m

At this time, if the frequency of observation data in class Ci (i = 1, 2, · · · ,m + 2) is ei, the frequency

percentage fi is defined as follows.

fi =
ei
n

× 100 i = 1, · · · ,m+ 2

Median :

p = ai−1 +
h× (N/2− si−1)

gi

Here, ai−1 is lower boundary limit of class of median, gi is frequency of class of median, si−1 is frequency

to class of median.

(2) Two Samples Basic Statistics

The sum, mean, and standard deviation of n two-sample observation data {xi} (i = 1, · · · , n) and {yi} (i =

1, · · · , n) are defined by the following equations.

Sum :

Sx =

n∑
i=1

xi
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Sy =

n∑
i=1

yi

Mean :

x̄ =
Sx

n

ȳ =
Sy

n

Standard deviation :

SDx =

√√√√ 1

α

n∑
i=1

(xi − x̄)2

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

Assume that for xi, we are given mx classes of equal width Ci+1
(x) = [ci, ci + hx) (i = 1, 2, · · · ,mx) and

the two classes C1
(x) = (−∞, c1) and Cm+2

(x) = [cm + hx,∞). Assume that for yi, we are given my

classes of equal width Ci+1
(y) = [di, di + hy) (i = 1, 2, · · · ,my) and the two classes C1

(y) = (−∞, d1) and

Cm+2
(y) = [dm+hy,∞). Furthermore, assume that (mx+2) · (my+2) classes on the x− y plane defined as

the direct product of xi and yi are defined by Ci,j = (C
(x)
i , C

(y)
j ) (i = 1, 2, · · · ,mx + 2; j = 1, 2, · · · ,my + 2)

and that the following relationships are satisfied.

c1 = cmin

ci+1 = ci + hx i = 1, 2, · · · ,mx

cmax = cmx + hx

d1 = dmin

di+1 = di + hy i = 1, 2, · · · ,my

dmax = dmy + hy

Here, hx and hy are the class widths, which are defined as follows.

hx =
cmax − cmin

mx

hy =
dmay − dmin

my

At this time, if the frequency of observation data in class Ci,j is ei,j , the frequency percentage {fij} is

defined as follows.

fij =
eij
n

× 100 i = 1, · · · ,my + 2, j = 1, · · · ,mx + 2

(3) Geometric Mean

Given a sample consisting of n observed values {xi}(i = 1, · · · , n), the geometric mean and its standard

deviation are defined by the following equations.

Geometric mean :

GM =

(
n∏

i=1

xi

) 1
n
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Standard deviation :

GSD = exp

⎛
⎜⎜⎜⎜⎜⎝

√√√√√
n∑

i=1

(log xi)
2 − n(logGM)2

α

⎞
⎟⎟⎟⎟⎟⎠

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

(4) Moment

Assume that we are given m classes of equal width Ci = [xi, xi+h) (i = 1, 2, · · · ,m), and that the following

relationships are satisfied.

x1 = xmin

xi+1 = xi + h i = 1, 2, · · · ,m
xmax = xm + h

Here, h is the class width, which is defined as follows.

h =
xmax − xmin

m

At this time, if the frequency of observation data in class Ci is fi, the linear moment about the origin and

the moment of order r about the mean value are defined as follows. Linear moment about the origin :

μ′
1 =

m∑
i=1

fix̂i

m∑
i=1

fi

Moment of order r about the mean value :

μr =

m∑
i=1

[fi(x̂i − μ′
1)

r]

m∑
i=1

fi

(r = 2, 3, · · ·)

x̂i, which represents the class value of each class, is defined as follows.

x̂i = xmin + (i− 0.5)h

(5) m Samples Basic Statistics

Given m samples consisting of n observed values {xij}, (i = 1, · · · , n; j = 1, · · · ,m), the basic statistics

(sum, mean, sum of squares of deviation, variance, and standard deviation) for each sample are defined by

the following equations.

Sum :

tj =
n∑

i=1

xij , (j = 1, · · · ,m)
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Mean :

x̄j =
tj
n
, (j = 1, · · · ,m)

Sum of squares of deviation :

sj =

n∑
i=1

(xij − x̄j)
2, (j = 1, · · · ,m)

Variance :

vj =
sj
α
, (j = 1, · · · ,m)

Standard deviation :

dj =
√
vj , (j = 1, · · · ,m)

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

(6) Harmonic Mean

Given a sample consisting of n observed values {xi}(i = 1, · · · , n), the harmonic mean is defined by the

following equations.

Harmonic mean :

HM =
1

1

n

n∑
i=1

1

xi

(7) Root Mean Square

Given a sample consisting of n observed values {xi}(i = 1, · · · , n), the root mean square is defined by the

following equations.

Root mean square :

SM =

√√√√ 1

n

n∑
i=1

x2
i

(8) Variance-Covariance Matrices

Given m samples consisting of n observed values {xki}(k = 1, · · · , n; i = 1, · · · ,m), the variance-covariance

among the samples di,j is defined as follows.

dij =
sij
α

i, j = 1, · · · ,m

Here, α is n when a sample covariance is used or α is n − 1 when an unbiased covariance is used. sij is

defined as follows.

sij =
n∑

k=1

(xki − x̄i)(xkj − x̄j), i = 1, · · · ,m; j = 1, · · · ,m

x̄j is defined as follows.

x̄j =

n∑
i=1

xij

n
, j = 1, · · · ,m
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(9) Variance-Covariance Matrices (Grouped Data)

Assume there are g groups, and for each group, we are given m samples consisting of nr observed values

{x(r)
ij }(i = 1, · · · , nr; j = 1, · · · ,m; r = 1, · · · , g). The variance-covariance over all groups di,j is defined as

follows.

dij =

g∑
r=1

s
(r)
ij

g∑
r=1

αr

i, j = 1, · · · ,m

For each group, s
(r)
ij (deviation sum of product matrix) is defined as follows.

s
(r)
ij =

nr∑
k=1

(x
(r)
ki − x̄

(r)
i )(x

(r)
kj − x̄

(r)
j ) i, j = 1, · · · ,m

Here, αr is nr when a sample covariance is used or αr is nr − 1 when an unbiased covariance is used. Also,

x̄
(r)
i is the mean of each group.

(10) Correlation Matrices

Given m samples consisting of n observed values xi = {xki}(k = 1, · · · , n; i = 1, · · · ,m), the correlation

coefficient rij between samples xi and xj is defined as follows.

rij =
sij√

sii · sjj , i = 1, · · · ,m; j = 1, · · · ,m

sij is defined as follows.

sij =
n∑

k=1

(xki − x̄i)(xkj − x̄j), i = 1, · · · ,m; j = 1, · · · ,m

x̄j is defined as follows.

x̄j =

n∑
i=1

xij

n
, j = 1, · · · ,m

Also, the matrix R = (rij) is called the correlation coefficient matrix. The correlation coefficients have the

following properties.

• |rij | ≤ 1

• rij = rji

(11) Multiple Correlation Coefficients and Partial Correlation Coefficients

For m variates Xi (i = 1, · · · ,m), let x̄i be the mean of each variate, σi
2 be the variance, and rij be

the correlation coefficient of variates Xi and Xj . The multiple correlation coefficient rp·1,···,n, which is

defined as the maximum value of the correlation coefficients of Xp (l ≥ p ≥ m) and the linear expression

U = b+
∑l

i=1 ciXi of X1, · · · , Xl, can be calculated as follows.

rp·1,···,l =

√
1− Δ

Δpp
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Here, Δ and Δij are the determinant and cofactor matrix of the matrix having the correlation coefficients

rij (i, j = 1, · · · , l, p) as elements. Representing the value of U corresponding to this maximum value by X̂p,

this can be expressed as follows.

X̂p = x̄p −
l∑

i=1

σp
Δip

Δpp

Xi − x̄i

σi

Xp − X̂p, which is considered to be the variate when the influence of X1, · · · , Xl has been eliminated from

Xp, is called the remainder. The partial correlation coefficient rp,q·1,···,l (l ≥ p, q ≥ m), which is defined as

the correlation coefficient of Xp − X̂p and Xq − X̂q, can be calculated as follows.

rp,q·1,···,l = − Δpq√
ΔppΔqq

4.1.2 Reference Bibliography

(1) Spiegel, M. R. , “Theory and Problems of Probability and Statistics”, Schaum’s outline series, McGraw-Hill,

Inc. (1975).
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4.2 BASIC STATISTICS

4.2.1 D2BA1T, R2BA1T

One Sample Basic Statistics

(1) Function

The D2BA1T or R2BA1T obtains the minimum, maximum, sum, mean, standard deviation, median, fre-

quency, and frequency percentage of one-sample observation data. It also obtains the minimum, maximum,

sum, mean, standard deviation, median, frequency, and frequency percentage when observation data is

added.

The sum, mean, standard deviation and median of n observation data {xi} (i = 1, · · · , n) are defined by

the following equations.

Sum :

t =

n∑
i=1

xi

Mean :

x̄ =
t

n

Standard deviation :

d =

√√√√ 1

α

n∑
i=1

(xi − x̄)2

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

Also, considerm classes of equal width Ci+1 = [ci, ci+h) (i = 1, 2, · · · ,m) and the two classes C1 = (−∞, c1)

and Cm+2 = [cm + h,∞), and assume that the following relationships are satisfied.

c1 = cmin

ci+1 = ci + h i = 1, 2, · · · ,m
cmax = cm + h

The D2BA1T or R2BA1T obtains the frequency ei of the observation data in each class and the frequency

percentage fi, which is defined as follows.

fi =
ei
n

× 100 i = 1, · · · ,m+ 2

h is the class width, which is defined as follows.

h =
cmax − cmin

m

Median :

p = ai−1 +
h× (N/2− si−1)

gi

Here, ai−1 is the lower bound of the class of the median, gi is the frequency of the class of the median, and

si−1 is the frequency to the class of the median.
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(2) Usage

Double precision:

CALL D2BA1T (A, N, NC, BL, BU, NS, STAT, IFRQ1, FREQ2, ISW, IWK, WK, IERR)

Single precision:

CALL R2BA1T (A, N, NC, BL, BU, NS, STAT, IFRQ1, FREQ2, ISW, IWK, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Sequence of observed values {xi}

2 N I 1 Input Number of observed values n

3 NC I 1 Input Number of classes m+ 2

4 BL
{
D

R

}
1 Input Value of cmin

5 BU
{
D

R

}
1 Input Value of cmax

6 NS I 1 Input Number of observed values before adding ob-

served values (for ISW=0 or 2, no initial setting

is required)

Output Number of observed values n

7 STAT
{
D

R

}
6 Output Basic statistics of observed values (See Note

(b))

8 IFRQ1 I NC Output Frequency for each class {ei}
9 FREQ2

{
D

R

}
NC Output Frequency percentage for each class {fi}

10 ISW I 1 Input Processing switch

0: Perform calculations using an unbiased esti-

mate (no previously established basic statistics)

1: Perform calculations using an unbiased esti-

mate (added observed values)

2: Perform calculations using a sample variance

(no previously established basic statistics)

3: Perform calculations using a sample variance

(added observed values)
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No. Argument Type Size
Input/

Output
Contents

11 IWK I NC Work Work area

12 WK
{
D

R

}
NC +N Work Work area

13 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1, 2, 3

(b) N ≥ 1

(c) NC ≥ 3

(d) BU > BL

(e) NS ≥ 1 (When ISW=1 or 3)

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 An attempt was made to obtain the stan-

dard deviation when ISW=0 and N=1.

The absolute value maximum that can

be represented is set for the standard

deviation.

1020 BU<BL occurred. BU and BL are switched, and processing

continues.

3000 Restriction (b), (c) was not satisfied. Processing is aborted.

3010 BU=BL occurred.

3020 Restriction (e) was not satisfied.

(6) Notes

(a) When an observed value < BL, it is included in the frequency for IFRQ1(1).

When an observed value ≥ BU, it is included in the frequency for IFRQ1(NC).

(b) The basic statistics are stored as follows in the array STAT.

STAT(1): Minimum of observed values

STAT(2): Maximum of observed values

STAT(3): Sum of observed values t

STAT(4): Mean of observed values x̄

STAT(5): Standard deviation of observed values d

STAT(6): Median of observed values p

(c) To obtain the basic statistics when observed values are added, use the contents of NC, BL, BU, NS,

STAT, IFRQ1, FREQ2 and WK which were calculated before adding the observed values, set the

added observed values for A and the number of added observed values for N, set ISW to 1 or 3, and

perform the calculation. However, when obtaining the standard deviation, you must set the ISW value

so that the calculation is performed using a sample variance following a calculation that used a sample

variance the previous time or so that the calculation is performed using an unbiased estimate following

a calculation that used an unbiased estimate the previous time.
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(d) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(e) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.

(7) Example

(a) Problem

Obtain the minimum, maximum, sum, mean, standard deviation, frequencies, and frequency percent-

ages of the following one-sample observation data.

{xi} = {−10,−9,−8,−6,−5,−4,−3,−2,−1, 0, 1}
Also, obtain the minimum, maximum, sum, mean, standard deviation, frequencies, and frequency

percentages when the following one-sample observation data is added.

{yi} = {2, 3, 4, 5, 6, 7, 8, 9, 10, 11}
(b) Input data

First processing :

One-sample observation data {xi}, N = 11, NC = 7, BL = −6.5, BU = 5.8 and ISW = 0.

Second processing :

One-sample observation data {yi}, N = 10, NC = 7, BL = −6.5, BU = 5.8 and ISW = 1.

(c) Main program

PROGRAM B2BA1T
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, NC = 7 )
DIMENSION IFRQ1(NC),IWK(NC)
DIMENSION A(NA),STAT(6),FREQ2(NC),WK(NA+NC)

!
WRITE(6,6000)
IERR = 0
ISW = 0
READ(5,*) N
READ(5,*) BL
READ(5,*) BU
DO 100 I=1,N

READ(5,*) A(I)
100 CONTINUE

WRITE(6,6010) ISW,N,NC,BL,BU
WRITE(6,6020) (A(I),I=1,N)
CALL D2BA1T(A,N,NC,BL,BU,NS,STAT,IFRQ1,FREQ2,ISW,IWK,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS,(STAT(I),I=1,6)
WRITE(6,6050)
DO 110 I=1,NC

WRITE(6,6060) I,IFRQ1(I),FREQ2(I)
110 CONTINUE

!
WRITE(6,6070)
IERR = 0
ISW = 1
READ(5,*) N
DO 120 I=1,N

READ(5,*) A(I)
120 CONTINUE

WRITE(6,6010) ISW,N,NC,BL,BU
WRITE(6,6020) (A(I),I=1,N)
CALL D2BA1T(A,N,NC,BL,BU,NS,STAT,IFRQ1,FREQ2,ISW,IWK,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS,(STAT(I),I=1,6)
WRITE(6,6050)
DO 130 I=1,NC

WRITE(6,6060) I,IFRQ1(I),FREQ2(I)
130 CONTINUE
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!
STOP

6000 FORMAT( ’ *** D2BA1T ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6,5X,’NC = ’,I6,/,&
/,7X,’BL = ’,F11.2,5X,’BU = ’,F11.2)

6020 FORMAT( /,7X,’OBSERVATIONS’,/,/,&
5(6X,5(2X,F11.2),/))

6030 FORMAT( /,3X,’** OUTPUT **’,/,&
/,7X,’IERR = ’,I6)

6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,I6,/,&
/,7X,’VMIN = ’,F11.2,/,&
/,7X,’VMAX = ’,F11.2,/,&
/,7X,’SUM = ’,F11.2,/,&
/,7X,’VMEAN = ’,D15.8,/,&
/,7X,’STANDARD DEVIATION = ’,D15.8,/,&
/,7X,’VMEDIAN = ’,D15.8)

6050 FORMAT( /,7X,’VALUE OF EACH CLASSES’,/,&
/,10X,’CLASS’,5X,’MEMBER NUMBER’,5X,’PERCENTAGE’,/,&
7X,42(’-’))

6060 FORMAT( 7X,I6,8X,I6,8X,F11.2)
6070 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&

/,3X,’** INPUT **’)
END

(d) Output results

*** D2BA1T ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 11 NC = 7

BL = -6.50 BU = 5.80

OBSERVATIONS

-10.00 -9.00 -8.00 -6.00 -5.00
-4.00 -3.00 -2.00 -1.00 0.00
1.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 11

VMIN = -10.00

VMAX = 1.00

SUM = -47.00

VMEAN = -0.42727273D+01

STANDARD DEVIATION = 0.36902821D+01

VMEDIAN = -0.36300000D+01

VALUE OF EACH CLASSES

CLASS MEMBER NUMBER PERCENTAGE
------------------------------------------

1 3 27.27
2 2 18.18
3 3 27.27
4 2 18.18
5 1 9.09
6 0 0.00
7 0 0.00

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

N = 10 NC = 7

BL = -6.50 BU = 5.80

OBSERVATIONS

2.00 3.00 4.00 5.00 6.00
7.00 8.00 9.00 10.00 11.00
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** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 21

VMIN = -10.00

VMAX = 11.00

SUM = 18.00

VMEAN = 0.85714286D+00

STANDARD DEVIATION = 0.64287302D+01

VMEDIAN = 0.12900000D+01

VALUE OF EACH CLASSES

CLASS MEMBER NUMBER PERCENTAGE
------------------------------------------

1 3 14.29
2 2 9.52
3 3 14.29
4 2 9.52
5 3 14.29
6 2 9.52
7 6 28.57
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4.2.2 D2BA2S, R2BA2S

Two Samples Basic Statistics

(1) Function

The D2BA2S or R2BA2S obtains the minimum, maximum, sum, mean, standard deviation, frequency, and

frequency percentage of two-sample observation data. It also obtains the minimum, maximum, sum, mean,

standard deviation, frequency, and frequency percentage when two-sample observation data is added.

The sum, mean, and standard deviation of n two-sample observation data {xi} (i = 1, · · · , n) and {yi} (i =

1, · · · , n) are defined by the following equations.

Sum :

Sx =

n∑
i=1

xi

Sy =

n∑
i=1

yi

Mean :

x̄ =
Sx

n

ȳ =
Sy

n

Standard deviation :

SDx =

√√√√ 1

α

n∑
i=1

(xi − x̄)2

SDy =

√√√√ 1

α

n∑
i=1

(yi − ȳ)2

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

Also, for xi, consider mx classes of equal width Ci+1
(x) = [ci, ci + hx) (i = 1, 2, · · · ,mx) and the two

classes C1
(x) = (−∞, c1) and Cm+2

(x) = [cm + hx,∞), and for yi, consider my classes of equal width

Ci+1
(y) = [di, di+hy) (i = 1, 2, · · · ,my) and the two classes C1

(y) = (−∞, d1) and Cm+2
(y) = [dm+hy,∞),

and assume that the following relationships are satisfied.

c1 = cmin

ci+1 = ci + hx i = 1, 2, · · · ,mx

cmax = cmx + hx

d1 = dmin

di+1 = di + hy i = 1, 2, · · · ,my

dmax = dmy + hy

On the x − y plane defined as the direct product of xi and yi, define (mx + 2) · (my + 2) classes as

Ci,j = (C
(x)
i , C

(y)
j ) (i = 1, 2, · · · ,mx + 2; j = 1, 2, · · · ,my + 2). The D2BA2S or R2BA2S obtains the
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frequency {eij} of observation data in each class and the frequency percentage {fij}, which is defined as

follows.

fij =
eij
n

× 100 i = 1, · · · ,mx + 2, j = 1, · · · ,my + 2

hx and hy are the class widths, which are defined as follows.

hx =
cmax − cmin

mx

hy =
dmay − dmin

my

(2) Usage

Double precision:

CALL D2BA2S (X, N, Y, NCX, NCY, BLX, BUX, BLY, BUY, NS, STAT, IFRQ1, FREQ2,

ISW, WK, IERR)
Single precision:

CALL R2BA2S (X, N, Y, NCX, NCY, BLX, BUX, BLY, BUY, NS, STAT, IFRQ1, FREQ2,

ISW, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X
{
D

R

}
N Input Sequence of observed values for sample X {xi}

2 N I 1 Input Number of pairs of observed values n

3 Y
{
D

R

}
N Input Sequence of observed values for sample Y {yi}

4 NCX I 1 Input Number of classes for sample X mx + 2

5 NCY I 1 Input Number of classes for sample Y my + 2

6 BLX
{
D

R

}
1 Input Value of cmin

7 BUX
{
D

R

}
1 Input Value of cmax

8 BLY
{
D

R

}
1 Input Value of dmin

9 BUY
{
D

R

}
1 Input Value of dmax
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No. Argument Type Size
Input/

Output
Contents

10 NS I 1 Input Number of pairs of observed values before

adding observed values (for ISW=0 or 2, no ini-

tial setting is required)

Output Number of pairs of observed values n

11 STAT
{
D

R

}
5,2 Output Basic statistics of observed values (See Note

(b))

12 IFRQ1 I NCY,NCX Output Frequency distribution table {eij}
13 FREQ2

{
D

R

}
NCY,NCX Output Frequency distribution table of percentages

{fij}

14 ISW I 1 Input Processing switch

0: Perform calculations using an unbiased esti-

mate (no previously established basic statistics)

1: Perform calculations using an unbiased esti-

mate (added observed values)

2: Perform calculations using a sample variance

(no previously established basic statistics)

3: Perform calculations using a sample variance

(added observed values)

15 WK
{
D

R

}
See

Contents

Work Work area

Size: NCX + NCY + 2×N

16 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1, 2, 3

(b) N ≥ 1

(c) NCX ≥ 3

(d) NCY ≥ 3

(e) BUX > BLX

(f) BUY > BLY

(g) NS ≥ 1 (When ISW=1 or 3)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 An attempt was made to obtain the stan-

dard deviation when ISW=0 and N=1.

The absolute value maximum that can

be represented is set for the standard

deviation.

1020 BUX<BLX occurred. BUX and BLX are switched, and process-

ing continues.

1030 BUY<BLY occurred. BUY and BLY are switched, and process-

ing continues.

3000 Restriction (b), (c), (d) was not satisfied. Processing is aborted.

3010 BUX = BLX or BUY = BLY occurred.

3020 Restriction (g) was not satisfied.

(6) Notes

(a) The frequencies of observed values {eij} and frequency percentages {fij} are stored in array IFRQ1

and FREQ2, respectively as real matrix (two-dimensional array type) data (See Appendix A).

(b) The basic statistics are stored as follows in the array STAT.

STAT(1, 1): Minimum for sample X STAT(1, 2): Minimum for sample Y

STAT(2, 1): Maximum for sample X STAT(2, 2): Maximum for sample Y

STAT(3, 1): Sum for sample X Sx STAT(3, 2): Sum for sample Y Sy

STAT(4, 1): Mean for sample X x̄ STAT(4, 2): Mean for sample Y ȳ

STAT(5, 1): Standard deviation for sample X SDx STAT(5, 2): Standard deviation for sample Y SDy

(c) To obtain the basic statistics, frequencies, and frequency percentages when observed values are added,

use the contents of NCX, NCY, BLX, BUX, BLY, BUY, NS, STAT, IFRQ1, FREQ2 and WK, which

were calculated before adding the observed values, set the added pairs of observed values for X and Y

and the number of added pairs of observed values for N, set ISW to 1 or 3, and perform the calculation.

However, when obtaining the standard deviation, you must set the ISW value so that the calculation

is performed using a sample variance following a calculation that used a sample variance the previous

time or so that the calculation is performed using an unbiased estimate following a calculation that

used an unbiased estimate the previous time.

(d) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(e) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.
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(7) Example

(a) Problem

Obtain the minimum, maximum, sum, mean, standard deviation, frequencies, and frequency percent-

ages of the following two-sample observation data.

{xi} = {1, 3, 5, 7, 9, 11, 13}
{yi} = {2, 4, 6, 8, 10, 12, 14}

Also, obtain the minimum, maximum, sum, mean, standard deviation, frequencies, and frequency

percentages when the following two-sample observation data is added.

{x′
i} = {15, 17, 19, 21}

{y′i} = {16, 18, 20, 22}

(b) Input data

First processing :

Two-sample observation data {xi}, {yi},

N = 7, NCX = 8, NCY = 7, BLX = 5.5, BLY = 2.5,

BUX = 11.5, BUY = 17.5 and ISW = 0.

Second processing :

Two-sample observation data {x′
i}, {y′i},

N = 4, NCX = 8, NCY = 7, BLX = 5.5, BLY = 2.5,

BUX = 11.5, BUY = 17.5 and ISW = 1.

(c) Main program

PROGRAM B2BA2S
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, NCX = 8, NCY = 7 )
DIMENSION IFRQ1(NCY,NCX)
DIMENSION X(NA),Y(NA),STAT(5,2),FREQ2(NCY,NCX),WK(NCX+NCY+2*NA)

!
WRITE(6,6000)
IERR = 0
ISW = 0
READ(5,*) N
READ(5,*) BLX
READ(5,*) BUX
READ(5,*) BLY
READ(5,*) BUY
DO 100 I=1,N

READ(5,*) X(I),Y(I)
100 CONTINUE

WRITE(6,6010) ISW,N,NCX,NCY,BLX,BLY,BUX,BUY
WRITE(6,6020) ’X’,(X(I),I=1,N)
WRITE(6,6020) ’Y’,(Y(I),I=1,N)
CALL D2BA2S(X,N,Y,NCX,NCY,BLX,BUX,BLY,BUY,NS,&
STAT,IFRQ1,FREQ2,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
WRITE(6,6050) ’X’,(STAT(I,1),I=1,5)
WRITE(6,6050) ’Y’,(STAT(I,2),I=1,5)
WRITE(6,6060)
DO 110 I=1,NCY

WRITE(6,6070) (IFRQ1(I,J),J=1,NCX)
110 CONTINUE

WRITE(6,6080)
DO 120 I=1,NCY

WRITE(6,6090) (FREQ2(I,J),J=1,NCX)
120 CONTINUE

!
WRITE(6,6100)
IERR = 0
ISW = 1
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READ(5,*) N
DO 130 I=1,N

READ(5,*) X(I),Y(I)
130 CONTINUE

WRITE(6,6010) ISW,N,NCX,NCY,BLX,BLY,BUX,BUY
WRITE(6,6020) ’X’,(X(I),I=1,N)
WRITE(6,6020) ’Y’,(Y(I),I=1,N)
CALL D2BA2S(X,N,Y,NCX,NCY,BLX,BUX,BLY,BUY,NS,&
STAT,IFRQ1,FREQ2,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
WRITE(6,6050) ’X’,(STAT(I,1),I=1,5)
WRITE(6,6050) ’Y’,(STAT(I,2),I=1,5)
WRITE(6,6060)
DO 140 I=1,NCY

WRITE(6,6070) (IFRQ1(I,J),J=1,NCX)
140 CONTINUE

WRITE(6,6080)
DO 150 I=1,NCY

WRITE(6,6090) (FREQ2(I,J),J=1,NCX)
150 CONTINUE

!
STOP

6000 FORMAT( ’ *** D2BA2S ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6,/,&
/,7X,’NCX = ’,5X,I6,5X,’NCY = ’,5X,I6,/,&
/,7X,’BLX = ’,F11.2,5X,’BLY = ’,F11.2,/,&
/,7X,’BUX = ’,F11.2,5X,’BUY = ’,F11.2)

6020 FORMAT( /,7X,’OBSERVATIONS ’,A,/,/,&
5(6X,5(2X,F11.2),/))

6030 FORMAT( /,3X,’** OUTPUT **’,/,&
/,7X,’IERR = ’,I6)

6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,I6,/,&
/,66X,’STANDARD’,/,&
8X,’OBSERVATION’,3X,’VMIN’,8X,’VMAX’,8X,’SUM’,8X,&

’VMEAN’,4X,’DEVIATION’,/,&
7X,69(’-’))

6050 FORMAT( 13X,A,4(1X,F11.2),2X,D11.4)
6060 FORMAT( /,7X,’MATRIX OF FREQUENCIES’,/)
6070 FORMAT( 9X,10I6)
6080 FORMAT( /,7X,’MATRIX OF PERCENT FREQUENCIES’,/)
6090 FORMAT( 9X,10F6.2)
6100 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&

/,3X,’** INPUT **’)
END

(d) Output results

*** D2BA2S ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 7

NCX = 8 NCY = 7

BLX = 5.50 BLY = 2.50

BUX = 11.50 BUY = 17.50

OBSERVATIONS X

1.00 3.00 5.00 7.00 9.00
11.00 13.00

OBSERVATIONS Y

2.00 4.00 6.00 8.00 10.00
12.00 14.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 7

STANDARD
OBSERVATION VMIN VMAX SUM VMEAN DEVIATION
---------------------------------------------------------------------

X 1.00 13.00 49.00 7.00 0.4320D+01
Y 2.00 14.00 56.00 8.00 0.4320D+01

MATRIX OF FREQUENCIES

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
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0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

MATRIX OF PERCENT FREQUENCIES

14.29 0.00 0.00 0.00 0.00 0.00 0.00 0.00
14.29 0.00 0.00 0.00 0.00 0.00 0.00 0.00
14.29 0.00 14.29 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 14.29 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 14.29 14.29
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

N = 4

NCX = 8 NCY = 7

BLX = 5.50 BLY = 2.50

BUX = 11.50 BUY = 17.50

OBSERVATIONS X

15.00 17.00 19.00 21.00

OBSERVATIONS Y

16.00 18.00 20.00 22.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 11

STANDARD
OBSERVATION VMIN VMAX SUM VMEAN DEVIATION

---------------------------------------------------------------------
X 1.00 21.00 121.00 11.00 0.6633D+01
Y 2.00 22.00 132.00 12.00 0.6633D+01

MATRIX OF FREQUENCIES

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 3

MATRIX OF PERCENT FREQUENCIES

9.09 0.00 0.00 0.00 0.00 0.00 0.00 0.00
9.09 0.00 0.00 0.00 0.00 0.00 0.00 0.00
9.09 0.00 9.09 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 9.09 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 9.09 9.09
0.00 0.00 0.00 0.00 0.00 0.00 0.00 9.09
0.00 0.00 0.00 0.00 0.00 0.00 0.00 27.27
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4.2.3 D2BAMS, R2BAMS

m Samples Basic Statistics

(1) Function

Given m samples consisting of n observed values {xij}, (i = 1, · · · , n; j = 1, · · · ,m), the D2BAMS or

R2BAMS obtains the basic statistics (sum, mean, sum of squares of deviation, variance, and standard devi-

ation) for each sample. It also obtains the basic statistics when n observed values {yij}, (i = 1, · · · , n; j =

1, · · · ,m) are added to each of the m samples for which the basic statistics are known.

The basic statistics for m samples consisting of n observed values {xij}, (i = 1, · · · , n; j = 1, · · · ,m) are

defined by the following equations.

Sum :

tj =

n∑
i=1

xij , (j = 1, · · · ,m)

Mean :

x̄j =
tj
n
, (j = 1, · · · ,m)

Sum of squares of deviation :

sj =

n∑
i=1

(xij − x̄j)
2, (j = 1, · · · ,m)

Variance :

vj =
sj
α
, (j = 1, · · · ,m)

Standard deviation :

dj =
√
vj , (j = 1, · · · ,m)

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

(2) Usage

Double precision:

CALL D2BAMS (A, NA, N, M, NS, STAT, ISW, IERR)

Single precision:

CALL R2BAMS (A, NA, N, M, NS, STAT, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,M Input Matrix in which observed values are stored (xij)

or (yij)

2 NA I 1 Input Adjustable dimension of array A

3 N I 1 Input Number of observed values per sample stored

in array A n

4 M I 1 Input Number of samples m

5 NS I 1 Input Number of observed values per sample before

adding observed values (for ISW=0 or 2, no ini-

tial setting is required)

Output Number of observed values per sample n

6 STAT
{
D

R

}
M,5 Input Basic statistics before adding observed values

(See Note (a)) (for ISW=0 or 2, no initial set-

ting is required)

Output Obtained basic statistics (See Note (a))

7 ISW I 1 Input Processing switch

0: Perform calculations using an unbiased esti-

mate (no previously established basic statistics)

1: Perform calculations using an unbiased esti-

mate (added observed values)

2: Perform calculations using a sample variance

(no previously established basic statistics)

3: Perform calculations using a sample variance

(added observed values)

8 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW=0, 1, 2, 3

(b) NA≥N≥1

(c) M≥1

(d) NS≥1 (When ISW=1 or 3)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 An attempt was made to obtain an unbi-

ased estimate when N=1.

The absolute value maximum that can

be represented is set for the variance and

standard deviation.

3000 Restriction (b) or (c) was not satisfied. Processing is aborted.

3010 Restriction (d) was not satisfied.

(6) Notes

(a) The basic statistics are stored as follows in the array STAT.

STAT(j, 1) : Sum tj

STAT(j, 2) : Mean x̄j

STAT(j, 3) : Sum of squares of deviation sj

STAT(j, 4) : Variance vj

STAT(j, 5) : Standard deviation dj

, (j = 1, · · · ,M)

(b) To obtain the basic statistics when the same numbers of observed values are added for each sample, use

the contents of STAT and NS, which were calculated before adding the observed values, set the added

observed values for A and the number of added observed values for N, set ISW to 1 or 3, and perform

the calculation. However, when obtaining the variance or standard deviation, you must set the ISW

value so that the calculation is performed using a sample variance following a calculation that used a

sample variance the previous time or so that the calculation is performed using an unbiased estimate

following a calculation that used an unbiased estimate the previous time.

(c) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(d) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.

(7) Example

(a) Problem

Obtain the basic statistics (sum, mean, sum of squares of deviation, variance, and standard deviation)

for each sample when the observed values are given by matrix X shown below.

X =

⎡
⎢⎣ 30 35 44 44 45

424 365 346 349 297

246 219 255 252 256

⎤
⎥⎦

Also, obtain the basic statistics (sum, mean, sum of squares of deviation, variance, and standard

deviation) for each sample when the observed values given by matrix Y shown below are added.

Y =

[
18 21 56 21 45

2 2 3 1 3

]
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(b) Input data

First processing :

Matrix X in which observed values are stored,NA = 100, N = 3, M = 5 and ISW = 0.

Second processing :

Matrix Y in which observed values are stored,NA = 100, N = 2, M = 5 and ISW = 1.

(c) Main program

PROGRAM B2BAMS
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, M = 5 )
DIMENSION A(NA,M),STAT(M,5)

!
WRITE(6,6000)
IERR = 0
ISW = 0
READ(5,*) N
DO 100 I=1,N

READ(5,*) (A(I,J),J=1,M)
100 CONTINUE

WRITE(6,6010) ISW,N,M
DO 110 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
110 CONTINUE

CALL D2BAMS(A,NA,N,M,NS,STAT,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
DO 120 J=1,M

WRITE(6,6050) J,(STAT(J,I),I=1,5)
120 CONTINUE

!
WRITE(6,6060)
IERR = 0
ISW = 1
READ(5,*) N
DO 130 I=1,N

READ(5,*) (A(I,J),J=1,M)
130 CONTINUE

WRITE(6,6010) ISW,N,M
DO 140 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
140 CONTINUE

CALL D2BAMS(A,NA,N,M,NS,STAT,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
DO 150 J=1,M

WRITE(6,6050) J,(STAT(J,I),I=1,5)
150 CONTINUE

!
STOP

6000 FORMAT( ’ *** D2BAMS ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6,5X,’M = ’,I6,/,&
/,7X,’OBSERVATION MATRIX’,/)

6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,I6,/,&

/,45X,’SUM OF’,16X,’STANDARD’,/,&
8X,’VARIABLE’,8X,’SUM’,8X,’MEAN’,5X,’SQUARES’,4X,&

’VARIANCE’,3X,’DEVIATION’,/,&
7X,70(’-’))

6050 FORMAT( 7X,I6,3X,3(1X,F11.2),2(1X,D11.4))
6060 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&

/,3X,’** INPUT **’)
END

(d) Output results

*** D2BAMS ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 3 M = 5

OBSERVATION MATRIX

30.00 35.00 44.00 44.00 45.00
424.00 365.00 346.00 349.00 297.00
246.00 219.00 255.00 252.00 256.00
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** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 3

SUM OF STANDARD
VARIABLE SUM MEAN SQUARES VARIANCE DEVIATION
----------------------------------------------------------------------

1 700.00 233.33 77858.67 0.3893D+05 0.1973D+03
2 619.00 206.33 54690.67 0.2735D+05 0.1654D+03
3 645.00 215.00 48002.00 0.2400D+05 0.1549D+03
4 645.00 215.00 48566.00 0.2428D+05 0.1558D+03
5 598.00 199.33 36568.67 0.1828D+05 0.1352D+03

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

N = 2 M = 5

OBSERVATION MATRIX

18.00 21.00 56.00 21.00 45.00
2.00 2.00 3.00 1.00 3.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 5

SUM OF STANDARD
VARIABLE SUM MEAN SQUARES VARIANCE DEVIATION
----------------------------------------------------------------------

1 720.00 144.00 137840.00 0.3446D+05 0.1856D+03
2 642.00 128.40 100423.20 0.2511D+05 0.1584D+03
3 704.00 140.80 90698.80 0.2267D+05 0.1506D+03
4 667.00 133.40 98705.20 0.2468D+05 0.1571D+03
5 646.00 129.20 74340.80 0.1859D+05 0.1363D+03
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4.2.4 D2BAGM, R2BAGM

Geometric Mean

(1) Function

Given a sample consisting of n observed values {xi}(i = 1, · · · , n), The D2BAGM or R2BAGM obtains the

geometric mean and its standard deviation. Also, the D2BAGM or R2BAGM obtains the geometric mean

and its standard deviation when n observed values {yi}(i = 1, · · · , n) are added.

For a sample consisting of n observed values {xi}(i = 1, · · · , n), the geometric mean and its standard

deviation are defined by the following equations.

Geometric mean :

GM =

(
n∏

i=1

xi

) 1
n

Standard deviation :

GSD = exp

⎛
⎜⎜⎜⎜⎜⎝

√√√√√
n∑

i=1

(log xi)
2 − n(logGM)2

α

⎞
⎟⎟⎟⎟⎟⎠

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

(2) Usage

Double precision:

CALL D2BAGM (A, N, NS, GM, GSD, ISW, IERR)

Single precision:

CALL R2BAGM (A, N, NS, GM, GSD, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Sequence of observed values {xi} or {yi}

2 N I 1 Input Number of observed values n

3 NS I 1 Input Number of observed values before adding ob-

served values (for ISW=0 or 2, no initial setting

is required)

Output Number of observed values n

4 GM
{
D

R

}
1 Input Geometric mean before adding observed values

(See Note (a)) (for ISW=0 or 2, no initial set-

ting is required)

Output Geometric mean that was obtained (See Note

(a))

5 GSD
{
D

R

}
1 Input Standard deviation before adding observed val-

ues (See Note (a)) (for ISW=0 or 2, no initial

setting is required)

Output Standard deviation that was obtained (See Note

(a))

6 ISW I 1 Input Processing switch

0: Perform calculations using an unbiased esti-

mate (no previously established basic statistics)

1: Perform calculations using an unbiased esti-

mate (added observed values)

2: Perform calculations using a sample variance

(no previously established basic statistics)

3: Perform calculations using a sample variance

(added observed values)

7 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1, 2, 3

(b) N ≥ 1

(c) NS ≥ 1 (When ISW=1 or 3)

(d) A(i) > 0.0(i = 1, 2, · · · ,N)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 An attempt was made to obtain an unbi-

ased estimate when N = 1.

The absolute value maximum that can

be represented is set for the standard

deviation.

3000 Restriction (b) was not satisfied. Processing is aborted.

3010 Restriction (c) was not satisfied.

3020 Restriction (d) was not satisfied.

(6) Notes

(a) To obtain the statistics when observed values are added, use the contents of GM, GSD and NS, which

were calculated before adding the observed values, set the added observed values for A and the number

of added observed values for N, set ISW to 1 or 3, and perform the calculation.

(b) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(c) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.

(7) Example

(a) Problem

Given the following sequence of observed values, obtain the geometric mean and its standard deviation.

{xi} = {1100, 2630, 695, 3630, 1550, 1010, 2110, 736, 1260, 1690,
2680, 2520, 2030, 1280, 2400}

Also, obtain the geometric mean and its standard deviation when the following sequence of observed

values are added.

{yi} = {938, 1860, 2410, 3370, 1380, 2200, 2290, 1220, 1150}
(b) Input data

First processing :

Sequence of observed values {xi}, N = 15 and ISW = 0.

Second processing :

Sequence of observed values {yi}, N = 9 and ISW = 1.

(c) Main program

PROGRAM B2BAGM
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100 )
DIMENSION A(NA)

!
WRITE(6,6000)
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IERR = 0
ISW = 0
READ(5,*) N
DO 100 I=1,N

READ(5,*) A(I)
100 CONTINUE

WRITE(6,6010) ISW,N
WRITE(6,6020) (A(I),I=1,N)
CALL D2BAGM(A,N,NS,GM,GSD,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS,GM,GSD

!
WRITE(6,6050)
IERR = 0
ISW = 1
READ(5,*) N
DO 110 I=1,N

READ(5,*) A(I)
110 CONTINUE

WRITE(6,6010) ISW,N
WRITE(6,6020) (A(I),I=1,N)
CALL D2BAGM(A,N,NS,GM,GSD,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS,GM,GSD

!
STOP

6000 FORMAT( ’ *** D2BAGM ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6)

6020 FORMAT( /,7X,’OBSERVATIONS’,/,/,&
3(6X,5(2X,F11.2),/))

6030 FORMAT( /,3X,’** OUTPUT **’,/,&
/,7X,’IERR = ’,I6)

6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,5X,I6,/,&
/,7X,’GM = ’,D15.8,/,&
/,7X,’GSD = ’,D15.8)

6050 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&
/,3X,’** INPUT **’)

END

(d) Output results

*** D2BAGM ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 15

OBSERVATIONS

1100.00 2630.00 695.00 3630.00 1550.00
1010.00 2110.00 736.00 1260.00 1690.00
2680.00 2520.00 2030.00 1280.00 2400.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 15

GM = 0.16347482D+04

GSD = 0.16419280D+01

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

N = 9

OBSERVATIONS

938.00 1860.00 2410.00 3370.00 1380.00
2200.00 2290.00 1220.00 1150.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 24

GM = 0.16695395D+04

GSD = 0.15843787D+01
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4.2.5 D2BAMO, R2BAMO

Moment

(1) Function

Assume that we are given m classes of equal width Ci = [xi, xi+h) (i = 1, 2, · · · ,m), and that the following

relationships are satisfied.

x1 = xmin

xi+1 = xi + h i = 1, 2, · · · ,m
xmax = xm + h

Here, h is the class width, which is defined as follows.

h =
xmax − xmin

m

The D2BAMO or R2BAMO obtains the linear moment about the origin and the moment of order r about

the mean value, which are defined as follows, where the frequency of observation data in class Ci is fi.

Linear moment about the origin :

μ′
1 =

m∑
i=1

fix̂i

m∑
i=1

fi

Moment of order r about the mean value :

μr =

m∑
i=1

[fi(x̂i − μ′
1)

r]

m∑
i=1

fi

(r = 2, 3, · · ·)

x̂i, which represents the class value of each class, is defined as follows.

x̂i = xmin + (i− 0.5)h

(2) Usage

Double precision:

CALL D2BAMO (F, M, XMAX, XMIN, NP, XM, WK, IERR)

Single precision:

CALL R2BAMO (F, M, XMAX, XMIN, NP, XM, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 F
{
D

R

}
M Input Frequency fi.

2 M I 1 Input Number of classes m

3 XMAX
{
D

R

}
1 Input Upper limit of largest class xmax

4 XMIN
{
D

R

}
1 Input Lower limit of smallest class xmin

5 NP I 1 Input Order of moment to be obtained r

When NP=1, the linear moment about the ori-

gin is obtained.

6 XM
{
D

R

}
1 Output Moment μ′

1 or μr (r = 2, · · · ,m)

7 WK
{
D

R

}
M Work Work area

8 IERR I 1 Output Error indicator

(4) Restrictions

(a) XMAX > XMIN

(b) M ≥ 1

(c) NP ≥ 1

(d) F(i) ≥ 0.0 (i = 1, 2, · · · ,M)

(e)
∑M

i=1 F(i) > 0.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 XMAX < XMIN XMAX and XMIN are switched, and pro-

cessing continues.

3000 XMAX = XMIN is specified. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.
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(6) Notes

(a) According to the definition, the linear moment about the origin is the mean, and the moment of order

2 about the mean is the variance.

(b) The skewness is an indicator representing the degree of asymmetry in the distribution of observed

values. The value α3 = μ3√
μ2

3
, which is defined using the moments of order 2 and 3 about the mean

(μ2, μ3) or its square is used as the skewness.

(c) The kurtosis is an indicator representing the degree of peakedness in the distribution of observed

values. The value α4 = μ4

μ2
2 , which is defined using the moments of order 2 and 4 about the mean

(μ2, μ4) or α4 − 3 is used as the kurtosis.

(7) Example

(a) Problem

Assume that the interval [0, 80] is divided into 20 equal-width class intervals and that the observation

frequencies of each class F1, F2, · · · , F20 are given as follows. Obtain the moment of order 4.

Class Fi

1 527

2 501

3 1082

4 2177

5 2958

Class Fi

6 3942

7 3737

8 3012

9 2489

10 1801

Class Fi

11 1496

12 1044

13 874

14 607

15 450

Class Fi

16 448

17 283

18 260

19 207

20 144

(b) Input data

Observation frequencies {Fi}, M = 20, XMAX = 80.0, XMIN = 0.0 and NP = 20.

(c) Main program

PROGRAM B2BAMO
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NF = 100 )
DIMENSION F(NF),WK(NF)

!
WRITE(6,6000)
IERR = 0
READ(5,*) M
READ(5,*) XMAX
READ(5,*) XMIN
READ(5,*) NP
DO 100 I=1,M

READ(5,*) F(I)
100 CONTINUE

WRITE(6,6010) M,XMAX,XMIN,NP
WRITE(6,6020) (F(I),I=1,M)
CALL D2BAMO(F,M,XMAX,XMIN,NP,XM,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) XM

!
STOP

6000 FORMAT( ’ *** D2BAMO ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’M = ’,I6,/,&
/,7X,’UPPER LIMIT = ’,F11.2,5X,’LOWER LIMIT = ’,F11.2,/,&
/,7X,’ORDER OF MOMENT = ’,I6)

6020 FORMAT( /,7X,’FREQUENCIES’,/,/,&
4(6X,5(2X,F11.2),/))

6030 FORMAT( /,3X,’** OUTPUT **’,/,&
/,7X,’IERR = ’,I6)

6040 FORMAT( /,7X,’MOMENT = ’,F11.2)
END

(d) Output results

*** D2BAMO ***

** INPUT **

M = 20
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UPPER LIMIT = 80.00 LOWER LIMIT = 0.00

ORDER OF MOMENT = 4

FREQUENCIES

527.00 501.00 1082.00 2177.00 2958.00
3942.00 3737.00 3012.00 2489.00 1801.00
1496.00 1044.00 874.00 607.00 450.00
448.00 283.00 260.00 207.00 144.00

** OUTPUT **

IERR = 0

MOMENT = 173638.61
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4.2.6 D2BAHM, R2BAHM

Harmonic Mean

(1) Function

Given a sample consisting of n observed values {xi}(i = 1, · · · , n), The D2BAHM or R2BAHM obtains

the harmonic mean. Also, the D2BAHM or R2BAHM obtains the harmonic mean when n observed values

{yi}(i = 1, · · · , n) are added.

For a sample consisting of n observed values {xi}(i = 1, · · · , n), the harmonic mean is defined by the

following equations.

Harmonic mean :

HM =
1

1

n

n∑
i=1

1

xi

(2) Usage

Double precision:

CALL D2BAHM (A, N, NS, HM, ISW, IERR)

Single precision:

CALL R2BAHM (A, N, NS, HM, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Sequence of observed values {xi} or {yi}

2 N I 1 Input Number of observed values n

3 NS I 1 Input Number of observed values before adding ob-

served values (for ISW=0 , no initial setting is

required)

Output Number of observed values n

4 HM
{
D

R

}
1 Input Harmonic mean before adding observed values

(See Note (a)) (for ISW=0, no initial setting is

required)

Output Harmonic mean that was obtained (See Note

(a))

5 ISW I 1 Input Processing switch

0: No previously established basic statistics

1: Added observed values

6 IERR I 1 Output Error indicator

199



D2BAHM, R2BAHM
Harmonic Mean

(4) Restrictions

(a) ISW = 0, 1

(b) N ≥ 1

(c) NS ≥ 1 (When ISW=1)

(d) A(i) > 0.0(i = 1, 2, · · · ,N)
(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

3000 Restriction (b) was not satisfied. Processing is aborted.

3010 Restriction (c) was not satisfied.

3020 Restriction (d) was not satisfied.

4000 Denominator of harmonic mean was zero. The absolute value maximum that can

be represented is set for the standard

deviation.

(6) Notes

(a) To obtain the statistics when observed values are added, use the contents of HM and NS, which were

calculated before adding the observed values, set the added observed values for A and the number of

added observed values for N, set ISW to 1, and perform the calculation.

(b) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(c) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.

(7) Example

(a) Problem

Given the following sequence of observed values, obtain the harmonic mean and its standard deviation.

{xi} = {300, 600, 150, 30, 20, 120, 200, 100, 50, 40, 50}
Also, obtain the harmonic mean and its standard deviation when the following sequence of observed

values are added.

{yi} = {120, 1200, 300, 150, 600,−120, 240, 200,−100,−50}
(b) Input data

First processing :

Sequence of observed values {xi}, N = 11 and ISW = 0.

Second processing :

Sequence of observed values {yi}, N = 10 and ISW = 1.
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(c) Main program

PROGRAM B2BAHM
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100 )
DIMENSION A(NA)

!
WRITE(6,6000)
IERR = 0
ISW = 0
READ(5,*) N
DO 100 I=1,N

READ(5,*) A(I)
100 CONTINUE

WRITE(6,6010) ISW,N
WRITE(6,6020) (A(I),I=1,N)
CALL D2BAHM(A,N,NS,HM,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS,HM

!
WRITE(6,6050)
IERR = 0
ISW = 1
READ(5,*) N
DO 110 I=1,N

READ(5,*) A(I)
110 CONTINUE

WRITE(6,6010) ISW,N
WRITE(6,6020) (A(I),I=1,N)
CALL D2BAHM(A,N,NS,HM,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS,HM

!
STOP

6000 FORMAT( ’ *** D2BAHM ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6)

6020 FORMAT( /,7X,’OBSERVATIONS’,/,/,&
3(6X,5(2X,F11.2),/))

6030 FORMAT( /,3X,’** OUTPUT **’,/,&
/,7X,’IERR = ’,I6)

6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,5X,I6,/,&
/,7X,’HM = ’,D15.8)

6050 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&
/,3X,’** INPUT **’)

END

(d) Output results

*** D2BAHM ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 11

OBSERVATIONS

300.00 600.00 150.00 30.00 20.00
120.00 200.00 100.00 50.00 40.00
50.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 11

HM = 0.60000000D+02

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

N = 10

OBSERVATIONS

120.00 1200.00 300.00 150.00 600.00
-120.00 240.00 200.00 -100.00 -50.00

** OUTPUT **

IERR = 0
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TOTAL SAMPLE SIZE = 21

HM = 0.12000000D+03
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4.2.7 D2BASM, R2BASM

Root Mean Square

(1) Function

Given a sample consisting of n observed values {xi}(i = 1, · · · , n), The D2BASM or R2BASM obtains the

root mean square Also, the D2BAHM or R2BAHM obtains the root mean square when n observed values

{yi}(i = 1, · · · , n) are added.

For a sample consisting of n observed values {xi}(i = 1, · · · , n), the root mean square is defined by the

following equations.

Root mean square :

SM =

√√√√ 1

n

n∑
i=1

x2
i

(2) Usage

Double precision:

CALL D2BASM (A, N, NS, SM, ISW, IERR)

Single precision:

CALL R2BASM (A, N, NS, SM, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Sequence of observed values {xi} or {yi}

2 N I 1 Input Number of observed values n

3 NS I 1 Input Number of observed values before adding ob-

served values (for ISW=0, no initial setting is

required)

Output Number of observed values n

4 SM
{
D

R

}
1 Input Root mean square before adding observed val-

ues (See Note (a)) (for ISW=0, no initial setting

is required)

Output Root mean square that was obtained (See Note

(a))

5 ISW I 1 Input Processing switch

0: No previously established basic statistics

1: Added observed values

6 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW = 0, 1

(b) N ≥ 1

(c) NS ≥ 1 (When ISW=1 )

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

3000 Restriction (b) was not satisfied. Processing is aborted.

3010 Restriction (c) was not satisfied.

(6) Notes

(a) To obtain the statistics when observed values are added, use the contents of SM and NS, which were

calculated before adding the observed values, set the added observed values for A and the number of

added observed values for N, set ISW to 1, and perform the calculation.

(b) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(c) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.

(7) Example

(a) Problem

Given the following sequence of observed values, obtain the root mean square.

{xi} = {90, 60, 30, 95, 40, 80, 25, 50, 70, 50}
Also, obtain the root mean square when the following sequence of observed values are added.

{yi} = {60, 60, 60, 70, 60, 60, 50, 60, 60, 60}
(b) Input data

First processing :

Sequence of observed values {xi}, N = 11 and ISW = 0.

Second processing :

Sequence of observed values {yi}, N = 10 and ISW = 1.

204



D2BASM, R2BASM
Root Mean Square

(c) Main program

PROGRAM B2BASM
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100 )
DIMENSION A(NA)

!
WRITE(6,6000)
IERR = 0
ISW = 0
READ(5,*) N
DO 100 I=1,N

READ(5,*) A(I)
100 CONTINUE

WRITE(6,6010) ISW,N
WRITE(6,6020) (A(I),I=1,N)
CALL D2BASM(A,N,NS,SM,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS,SM

!
WRITE(6,6050)
IERR = 0
ISW = 1
READ(5,*) N
DO 110 I=1,N

READ(5,*) A(I)
110 CONTINUE

WRITE(6,6010) ISW,N
WRITE(6,6020) (A(I),I=1,N)
CALL D2BASM(A,N,NS,SM,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS,SM

!
STOP

6000 FORMAT( ’ *** D2BASM ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6)

6020 FORMAT( /,7X,’OBSERVATIONS’,/,/,&
3(6X,5(2X,F11.2),/))

6030 FORMAT( /,3X,’** OUTPUT **’,/,&
/,7X,’IERR = ’,I6)

6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,5X,I6,/,&
/,7X,’SM = ’,D15.8)

6050 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&
/,3X,’** INPUT **’)

END

(d) Output results

*** D2BASM ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 11

OBSERVATIONS

90.00 60.00 30.00 95.00 40.00
80.00 25.00 50.00 70.00 70.00
50.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 11

SM = 0.63995738D+02

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

N = 10

OBSERVATIONS

60.00 60.00 60.00 70.00 60.00
60.00 50.00 60.00 60.00 60.00

** OUTPUT **

IERR = 0
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TOTAL SAMPLE SIZE = 21

SM = 0.62201669D+02
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4.3 VARIANCE-COVARIANCE

4.3.1 D2VCMT, R2VCMT

Variance-Covariance Matrices

(1) Function

Given m samples consisting of n observed values {xki}(k = 1, · · · , n; i = 1, · · · ,m), the D2VCMT or

R2VCMT obtains the mean of each sample and the variance-covariance among the samples. It also ob-

tains the mean and variance-covariance when n observed values {yki} (k = 1, · · · , n; i = 1, · · · ,m) are

added to each of the m samples for which the mean and variance-covariance are known.

The mean and variance-covariance among the samples for m samples consisting of n observed values

{xki} (k = 1, · · · , n; i = 1, · · · ,m) are defined by the following equations.

Mean :

x̄i =

n∑
k=1

xki

n
i = 1, · · · ,m

Variance-covariance :

dij =
sij
α

i, j = 1, · · · ,m

sij (sum of squares of deviation matrix) is defined as follows.

sij =

n∑
k=1

(xki − x̄i)(xkj − x̄j) i, j = 1, · · · ,m

Here, α is n when a sample covariance is used or α is n − 1 when an unbiased covariance is used. The

diagonal elements of the variance-covariance matrix are the variance values.

(2) Usage

Double precision:

CALL D2VCMT (A, NA, N, M, NS, X1, D, ND, ISW, WK, IERR)

Single precision:

CALL R2VCMT (A, NA, N, M, NS, X1, D, ND, ISW, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,M Input Matrix in which observed values are stored (xki)

or (yki) (See Note (a))

2 NA I 1 Input Adjustable dimension of array A

3 N I 1 Input Number of observed values per sample stored

in array A n
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No. Argument Type Size
Input/

Output
Contents

4 M I 1 Input Number of samples m

5 NS I 1 Input Number of observed values per sample before

adding observed values (for ISW=0 or 2, no ini-

tial setting is required)

Output Number of observed values per sample n

6 X1
{
D

R

}
M Input Mean of each sample before adding observed

values (for ISW=0 or 2, no initial setting is

required)

Output Obtained mean of each sample

7 D
{
D

R

}
ND,M Input Variance-covariance matrix before adding ob-

served values (See Note (b)) (for ISW=0 or 2,

no initial setting is required)

Output Obtained variance-covariance matrix (See Note

(b))

8 ND I 1 Input Adjustable dimension of array D

9 ISW I 1 Input Processing switch

0: Perform calculations using an unbiased co-

variance (when the result of the previous calcu-

lation is not used)

1: Perform calculations using an unbiased co-

variance (when the result of the previous calcu-

lation is used)

2: Perform calculations using a sample covari-

ance (when the result of the previous calcula-

tion is not used)

3: Perform calculations using a sample covari-

ance (when the result of the previous calcula-

tion is used)

10 WK
{
D

R

}
M Work Work area

11 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1, 2, 3

(b) NA ≥ N ≥ 1

(c) ND ≥ M ≥ 1

(d) NS ≥ 1 (When ISW=1 or 3)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 An attempt was made to obtain an unbi-

ased covariance when N = 1.

The absolute value maximum that can be

represented is set for the covariance.

3000 Restriction (b) or (c) was not satisfied. Processing is aborted.

3010 Restriction (d) was not satisfied.

(6) Notes

(a) The observed values xki or yki (k = 1, 2, · · · , n; i = 1, 2, · · · ,m) are stored in array A as real matrix

(two-dimensional array type) data (See Appendix A).

(b) To obtain the mean and covariance when the same numbers of observed values are added for each

sample, use the contents of D and NS, which were calculated before adding the observed values, set

the added observed values for A and the number of added observed values for N, set ISW to 1 or 3,

and perform the calculation. However, when obtaining the covariance, you must set the ISW value so

that the calculation is performed using a sample covariance following a calculation that used a sample

covariance the previous time or so that the calculation is performed using an unbiased covariance

following a calculation that used an unbiased covariance the previous time.

(c) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(d) Statistics obtained when calculations are performed using an unbiased covariance can be applied to

a population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample covariance can be applied to a

population for which the population and sample match.

(7) Example

(a) Problem

Obtain the mean of each sample and the covariance among the samples when the observed values are

given by matrix X shown below.

X =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

7 15 36 61 24

18 36 43 63 31

8 11 46 27 15

6 16 35 64 25

22 30 40 66 32

10 11 40 30 18

17 27 45 55 30

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Also, obtain the mean of each sample and the covariance among the samples when the observed values

given by matrix Y shown below are added.

Y =

⎡
⎢⎣ 15 19 29 57 26

9 14 31 67 7

18 18 37 61 20

⎤
⎥⎦
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(b) Input data

First processing :

Observed value matrix X, NA = 100, N = 7, M = 5 and ISW = 0.

Second processing :

Observed value matrix Y , NA = 100, N = 3, M = 5 and ISW = 1.

(c) Main program

PROGRAM B2VCMT
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, M = 5, ND = 10 )
DIMENSION A(NA,M),X1(M),D(ND,M),WK(M)

!
WRITE(6,6000)
IERR = 0
ISW = 0
READ(5,*) N
DO 100 I = 1,N

READ(5,*) (A(I,J),J=1,M)
100 CONTINUE

WRITE(6,6010) ISW,N,M
DO 110 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
110 CONTINUE

CALL D2VCMT(A,NA,N,M,NS,X1,D,ND,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
WRITE(6,6050) (X1(J),J=1,M)
WRITE(6,6060)
DO 120 I=1,M

WRITE(6,6070) (D(I,J),J=1,M)
120 CONTINUE

!
WRITE(6,6080)
IERR = 0
ISW = 1
READ(5,*) N
DO 130 I=1,N

READ(5,*) (A(I,J),J=1,M)
130 CONTINUE

WRITE(6,6010) ISW,N,M
DO 140 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
140 CONTINUE

CALL D2VCMT(A,NA,N,M,NS,X1,D,ND,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
WRITE(6,6050) (X1(J),J=1,M)
WRITE(6,6060)
DO 150 I=1,M

WRITE(6,6070) (D(I,J),J=1,M)
150 CONTINUE

!
STOP

6000 FORMAT( ’ *** D2VCMT ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6,5X,’M = ’,I6,/,&
/,7X,’OBSERVATION MATRIX’,/)

6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,I6,/,&

/,7X,’MEAN’,/)
6050 FORMAT( 5(2X,F11.2))
6060 FORMAT( /,7X,’COVARIANCE MATRIX’,/)
6070 FORMAT( 9X,5(1X,D11.4))
6080 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&

/,3X,’** INPUT **’)
END

(d) Output results

*** D2VCMT ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 7 M = 5

OBSERVATION MATRIX
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7.00 15.00 36.00 61.00 24.00
18.00 36.00 43.00 63.00 31.00
8.00 11.00 46.00 27.00 15.00
6.00 16.00 35.00 64.00 25.00
22.00 30.00 40.00 66.00 32.00
10.00 11.00 40.00 30.00 18.00
17.00 27.00 45.00 55.00 30.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 7

MEAN

12.57 20.86 40.71 52.29 25.00

COVARIANCE MATRIX

0.3995D+02 0.5510D+02 0.1102D+02 0.4114D+02 0.3167D+02
0.5510D+02 0.1005D+03 0.1079D+02 0.1109D+03 0.5983D+02
0.1102D+02 0.1079D+02 0.1790D+02 -0.3324D+02 -0.2167D+01
0.4114D+02 0.1109D+03 -0.3324D+02 0.2766D+03 0.9567D+02
0.3167D+02 0.5983D+02 -0.2167D+01 0.9567D+02 0.4333D+02

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

N = 3 M = 5

OBSERVATION MATRIX

15.00 19.00 29.00 57.00 26.00
9.00 14.00 31.00 67.00 7.00
18.00 18.00 37.00 61.00 20.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 10

MEAN

13.00 19.70 38.20 55.10 22.80

COVARIANCE MATRIX

0.3178D+02 0.3778D+02 0.7000D+01 0.2678D+02 0.2656D+02
0.3778D+02 0.7201D+02 0.1496D+02 0.6259D+02 0.5216D+02
0.7000D+01 0.1496D+02 0.3218D+02 -0.3991D+02 0.1260D+02
0.2678D+02 0.6259D+02 -0.3991D+02 0.2105D+03 0.3691D+02
0.2656D+02 0.5216D+02 0.1260D+02 0.3691D+02 0.6240D+02
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4.3.2 D2VCGR, R2VCGR

Variance-Covariance Matrices (Grouped Data)

(1) Function

Given g groups and m samples consisting of nr observed values for each group {x(r)
ki }(k = 1, · · · , nr; i =

1, · · · ,m; r = 1, · · · , g), the D2VCGR or R2VCGR obtains the mean of each sample in each group, the

mean of each sample over all groups, and the covariance among the samples over all groups. It also

obtains the mean in each group and the mean and covariance over all groups when nr observed values

{y(r)ki } (k = 1, · · · , nr; i = 1, · · · ,m; r = 1, · · · , g) are added in each group to each of the m samples for which

the mean of each group and the mean and covariance over all groups are known.

The mean of each group and the mean and covariance over all groups for {x(r)
ki } (k = 1, · · · , nr; i =

1, · · · ,m; r = 1, · · · , g) are defined by the following equations.

Mean of each group :

x̄
(r)
i =

nr∑
k=1

x
(r)
ki

nr
i = 1, · · · ,m; r = 1, · · · , g

Mean over all groups :

x̄i =

g∑
r=1

nrx̄
(r)

g∑
r=1

nr

i = 1, · · · ,m

Covariance over all groups :

dij =

g∑
r=1

s
(r)
ij

g∑
r=1

αr

i, j = 1, · · · ,m

s
(r)
ij (deviation sum of product matrix) of each group is defined as follows.

s
(r)
ij =

nr∑
k=1

(x
(r)
ki − x̄

(r)
i )(x

(r)
kj − x̄

(r)
j ) i, j = 1, · · · ,m

Here, αr is nr when a sample covariance is used or αr is nr − 1 when an unbiased covariance is used. The

diagonal elements of the covariance matrix are the variance values.

(2) Usage

Double precision:

CALL D2VCGR (A, NA, M, N, K, NS, X1, Y, NY, D, ND, ISW, WK, IERR)

Single precision:

CALL R2VCGR (A, NA, M, N, K, NS, X1, Y, NY, D, ND, ISW, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,M Input Matrix in which observed values are stored

(x
(r)
ki ) or (y

(r)
ki ) (See Note (a))

2 NA I 1 Input Adjustable dimension of array A

3 M I 1 Input Number of samples m

4 N I K Input Number of observed values per sample in each

group stored in array A nr

5 K I 1 Input Number of groups g

6 NS I K Input Number of observed values per sample in

each group before adding observed values (for

ISW=0 or 2, no initial setting is required)

Output Number of observed values per sample in each

group nr

7 X1
{
D

R

}
M Input Mean of each sample over all groups before

adding observed values (for ISW=0 or 2, no ini-

tial setting is required)

Output Obtained mean of each sample over all groups

8 Y
{
D

R

}
NY,K Input Mean of each sample in each group before

adding observed values (for ISW=0 or 2, no ini-

tial setting is required)

Output Obtained mean of each sample in each group

9 NY I 1 Input Adjustable dimension of array Y

10 D
{
D

R

}
ND,M Input Covariance matrix over all groups before adding

observed values (See Note (a)) (for ISW=0 or

2, no initial setting is required)

Output Obtained covariance matrix over all groups (See

Note (a))

11 ND I 1 Input Adjustable dimension of array D
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No. Argument Type Size
Input/

Output
Contents

12 ISW I 1 Input Processing switch

0: Perform calculations using an unbiased co-

variance (when the result of the previous calcu-

lation is not used)

1: Perform calculations using an unbiased co-

variance (when the result of the previous calcu-

lation is used)

2: Perform calculations using a sample covari-

ance (when the result of the previous calcula-

tion is not used)

3: Perform calculations using a sample covari-

ance (when the result of the previous calcula-

tion is used)

13 WK
{
D

R

}
See

Contents

Work Work area

Size: M× (M× K+ 1)

14 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1, 2, 3

(b) M ≥ 1

(c) K ≥ 1

(d) ND ≥ M

(e) NY ≥ M

(f) N(i) ≥
{

1 (When ISW = 0 or 2)

0 (When ISW = 1 or 3)
(i = 1, · · · ,K)

(g) NS(i) ≥ 1 (i = 1, · · · ,K) (When ISW = 1 or 3)

(h) NA ≥
K∑
i=1

N(i)

(i)

K∑
i=1

N(i) ≥ 1 (When ISW = 1 or 3)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 An attempt was made to obtain an un-

biased covariance when N(1) = · · · =

N(K) = 1.

The absolute value maximum that can be

represented is set for the covariance.

3000 Any of restriction (b) to (f) were not

satisfied.

Processing is aborted.

3010 Restriction (g) was not satisfied.

3020 Restriction (h) was not satisfied.

3030 Restriction (i) was not satisfied.

4000 An error occurred in a lower level

subroutine.

(6) Notes

(a) The observed values are stored as follows in array A as real matrix (two-dimensional array type) data

(See Appendix A).⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢

x
(1)
11 x

(1)
12 · · · · · · · · · · · · · · · · · · · · · · · · x

(1)
1m

x
(1)
21 x

(1)
22 · · · · · · · · · · · · · · · · · · · · · · · · x

(1)
2m

...
...

...

x
(1)
n11

x
(1)
n12

· · · · · · · · · · · · · · · · · · · · · · · · x
(1)
n1m

x
(2)
11 x

(2)
12 · · · · · · · · · · · · · · · · · · · · · · · · x

(2)
1m

x
(2)
21 x

(2)
22 · · · · · · · · · · · · · · · · · · · · · · · · x

(2)
2m

...
...

...
...

...
...

x
(2)
n21

x
(2)
n22

· · · · · · · · · · · · · · · · · · · · · · · · x
(2)
n2m

...
...

...

x
(g)
11 x

(g)
12 · · · · · · · · · · · · · · · · · · · · · · · · x

(g)
1m

x
(g)
21 x

(g)
22 · · · · · · · · · · · · · · · · · · · · · · · · x

(1)
2m

...
...

...

x
(g)
ng1

x
(g)
ng2

· · · · · · · · · · · · · · · · · · · · · · · · x
(g)
ngm

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(b) To obtain the mean and covariance when the same numbers of observed values are added for each

sample in each group, use the contents of NS, Y and WK, which were calculated before adding the

observed values, set the added observed values for A and the number of added observed values for N, set

ISW to 1 or 3, and perform the calculation. However, when obtaining the covariance, you must set the

ISW value so that the calculation is performed using a sample covariance following a calculation that

used a sample covariance the previous time or so that the calculation is performed using an unbiased

covariance following a calculation that used an unbiased covariance the previous time.
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(c) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(d) Statistics obtained when calculations are performed using an unbiased covariance can be applied to

a population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample covariance can be applied to a

population for which the population and sample match.

(7) Example

(a) Problem

When three groups of observed values are given, and the observed values in each group are given by

the matrices X1, X2 and X3 shown below, obtain the mean of each sample in each group, the mean of

each sample over all groups, and the covariance among the samples over all groups.

X1 =

⎡
⎢⎣ 10 3 7

11 5 8

12 7 6

⎤
⎥⎦

X2 =

⎡
⎢⎢⎢⎣

17 12 8

18 11 6

18 13 7

17 11 6

⎤
⎥⎥⎥⎦

X3 =

⎡
⎢⎢⎢⎣

11 4 11

12 6 12

13 8 10

15 5 6

⎤
⎥⎥⎥⎦

Also, obtain the mean of each sample in each group, the mean of each sample over all groups, and the

covariance among the samples over all groups when the observed values given by matrices Y1 and Y3

shown below are added to groups 1 and 3.

Y1 =

[
14 4 9

15 6 8

]

Y3 =

[
18 10 13

14 5 7

]

(b) Input data

First processing :

Observed value matrices of each group X1, X2 and X3,

NA=100, M=3, K=3,

N(1)=3, N(2)=4, N(3)=4,

NY=10, ND=10 and ISW=0.

Second processing :

Observed value matrices of each group Y1 and Y3,

NA=100, M=3, K=3,

N(1)=2, N(2)=0, N(3)=2,
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NY=10, ND=10 and ISW=1.

(c) Main program

PROGRAM B2VCGR
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, M = 3, NY = 10, K = 3, ND = 10 )
DIMENSION N(K),NS(K)
DIMENSION A(NA,M),X1(M),Y(NY,K),D(ND,M),WK(M*M*K+M)

!
WRITE(6,6000)
IERR = 0
ISW = 0
DO 100 I=1,K

READ(5,*) N(I)
100 CONTINUE

IA = 0
DO 110 II=1,K

DO 120 I=1,N(II)
READ(5,*) (A(IA+I,J),J=1,M)

120 CONTINUE
IA = IA + N(II)

110 CONTINUE
WRITE(6,6010) ISW,M,K
WRITE(6,6020) (N(II),II=1,K)
WRITE(6,6030)
IA = 0
DO 130 II=1,K

WRITE(6,6040) II
DO 140 I=1,N(II)

WRITE(6,6050) (A(IA+I,J),J=1,M)
140 CONTINUE

IA = IA + N(II)
130 CONTINUE

CALL D2VCGR(A,NA,M,N,K,NS,X1,Y,NY,D,ND,ISW,WK,IERR)
WRITE(6,6060) IERR
WRITE(6,6070)
WRITE(6,6020) (NS(II),II=1,K)
WRITE(6,6080)
DO 150 II=1,K

WRITE(6,6090) II,(Y(J,II),J=1,M)
150 CONTINUE

WRITE(6,6100)
WRITE(6,6110) (X1(J),J=1,M)
WRITE(6,6120)
DO 160 J=1,M

WRITE(6,6130) (D(J,L),L=1,M)
160 CONTINUE

!
WRITE(6,6140)
IERR = 0
ISW = 1
DO 170 I=1,K

READ(5,*) N(I)
170 CONTINUE

IA = 0
DO 180 II=1,K

DO 190 I=1,N(II)
READ(5,*) (A(IA+I,J),J=1,M)

190 CONTINUE
IA = IA + N(II)

180 CONTINUE
WRITE(6,6010) ISW,M,K
WRITE(6,6020) (N(II),II=1,K)
WRITE(6,6030)
IA = 0
DO 200 II=1,K

WRITE(6,6040) II
DO 210 I=1,N(II)

WRITE(6,6050) (A(IA+I,J),J=1,M)
210 CONTINUE

IA = IA + N(II)
200 CONTINUE

CALL D2VCGR(A,NA,M,N,K,NS,X1,Y,NY,D,ND,ISW,WK,IERR)
WRITE(6,6060) IERR
WRITE(6,6070)
WRITE(6,6020) (NS(II),II=1,K)
WRITE(6,6080)
DO 220 II=1,K

WRITE(6,6090) II,(Y(J,II),J=1,M)
220 CONTINUE

WRITE(6,6100)
WRITE(6,6110) (X1(J),J=1,M)
WRITE(6,6120)
DO 230 J=1,M

WRITE(6,6130) (D(J,L),L=1,M)
230 CONTINUE

!
STOP

6000 FORMAT( ’ *** D2VCGR ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
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/,7X,’M = ’,I6,5X,’K = ’,I6,/,&
/,7X,’NUMBER OF OBSERVATIONS IN EACH GROUP’,/)

6020 FORMAT( 9X,5(2X,I6))
6030 FORMAT( /,7X,’OBSERVATION MATRIX’)
6040 FORMAT( /,9X,’GROUP ’,I2)
6050 FORMAT( 9X,5(2X,F11.2))
6060 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6070 FORMAT( /,7X,’TOTAL NUMBER OF OBSERVATIONS IN EACH GROUP’,/)
6080 FORMAT( /,7X,’MEAN OF EACH GROUP’,/,&

/,10X,’GROUP’,/,&
9X,43(’-’))

6090 FORMAT( 7X,I6,2X,5(1X,F11.2))
6100 FORMAT( /,7X,’MEAN OVER ALL GROUPS’,/)
6110 FORMAT( 9X,5(1X,F11.2))
6120 FORMAT( /,7X,’COVARIANCE MATRIX’,/)
6130 FORMAT( 9X,5(1X,D11.4))
6140 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&

/,3X,’** INPUT **’)
END

(d) Output results

*** D2VCGR ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

M = 3 K = 3

NUMBER OF OBSERVATIONS IN EACH GROUP

3 4 4

OBSERVATION MATRIX

GROUP 1
10.00 3.00 7.00
11.00 5.00 8.00
12.00 7.00 6.00

GROUP 2
17.00 12.00 8.00
18.00 11.00 6.00
18.00 13.00 7.00
17.00 11.00 6.00

GROUP 3
11.00 4.00 11.00
12.00 6.00 12.00
13.00 8.00 10.00
15.00 5.00 6.00

** OUTPUT **

IERR = 0

TOTAL NUMBER OF OBSERVATIONS IN EACH GROUP

3 4 4

MEAN OF EACH GROUP

GROUP
-------------------------------------------

1 11.00 5.00 7.00
2 17.50 11.75 6.75
3 12.75 5.75 9.75

MEAN OVER ALL GROUPS

14.00 7.73 7.91

COVARIANCE MATRIX

0.1469D+01 0.7813D+00 -0.1719D+01
0.7813D+00 0.2438D+01 0.1875D+00
-0.1719D+01 0.1875D+00 0.3188D+01

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

M = 3 K = 3

NUMBER OF OBSERVATIONS IN EACH GROUP

2 0 2
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OBSERVATION MATRIX

GROUP 1
14.00 4.00 9.00
15.00 6.00 8.00

GROUP 2

GROUP 3
18.00 10.00 13.00
14.00 5.00 7.00

** OUTPUT **

IERR = 0

TOTAL NUMBER OF OBSERVATIONS IN EACH GROUP

5 4 6

MEAN OF EACH GROUP

GROUP
-------------------------------------------

1 12.40 5.00 7.60
2 17.50 11.75 6.75
3 13.83 6.33 9.83

MEAN OVER ALL GROUPS

14.33 7.33 8.27

COVARIANCE MATRIX

0.4086D+01 0.2069D+01 0.4278D+00
0.2069D+01 0.3174D+01 0.1340D+01
0.4278D+00 0.1340D+01 0.3899D+01
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4.4 CORRELATION COEFFICIENTS

4.4.1 D2CCMT, R2CCMT

Correlation Matrices

(1) Function

Given m samples consisting of n observed values xi = {xki}(k = 1, · · · , n; i = 1, · · · ,m), the D2CCMT or

R2CCMT obtains the mean of each sample and the correlation coefficients between the samples. It also

obtains the mean of each sample and the correlation coefficients between the samples when n observed

values yi = {yki}(k = 1, · · · , n; i = 1, · · · ,m) are added to each of the m samples.

The mean x̄i of sample xi (i = 1, · · · ,m) is defined as follows.

x̄i =
ti
n
, i = 1, · · · ,m

Here, ti is the sum, which is defined as follows.

ti =

n∑
k=1

xki, i = 1, · · · ,m

The correlation coefficient rij between samples xi and xj is defined as follows.

rij =
sij√

sii · sjj , i = 1, · · · ,m; j = 1, · · · ,m

sij is defined as follows.

sij =

n∑
k=1

(xki − x̄i)(xkj − x̄j), i = 1, · · · ,m; j = 1, · · · ,m

The matrix R = (rij) is called the correlation coefficient matrix.

(2) Usage

Double precision:

CALL D2CCMT (A, NA, N, M, NS, X1, R, NR, ISW, WK, IERR)

Single precision:

CALL R2CCMT (A, NA, N, M, NS, X1, R, NR, ISW, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,M Input Matrix in which observed values are stored (xki)

or (yki) (k = 1, · · · , n; i = 1, · · · ,m)

2 NA I 1 Input Adjustable dimension of array A

3 N I 1 Input Number of observed values per sample stored

in array A n

4 M I 1 Input Number of samples m

5 NS I 1 Input Number of observed values per sample before

adding observed values (for ISW=0, no initial

setting is required)

Output Number of observed values per sample n

6 X1
{
D

R

}
M Input Mean of each sample before adding ob-

served values (for ISW=0, no initial setting is

required)

Output Obtained mean of each sample

7 R
{
D

R

}
NR,M Input Correlation coefficients between samples before

adding observed values (for ISW=0, no initial

setting is required)

Output Obtained correlation coefficients between

samples

8 NR I 1 Input Adjustable dimension of array R

9 ISW I 1 Input Processing switch

0: First calculation (when the result of the pre-

vious calculation is not used)

1: Add observed values (when the result of the

previous calculation is used)

10 WK
{
D

R

}
M Work Work area

11 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1

(b) NA ≥ N ≥ 1

(c) NR ≥ M ≥ 1

(d) NS ≥ 1 (When ISW=1)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 An attempt was made to obtain correla-

tion coefficients when ISW=0 and N=1.

The absolute value maximum that can

be represented is set for the correlation

coefficients.

1020 The variance was zero because all values

of a certain sample were equal.

3000 Restriction (b), (c) was not satisfied. Processing is aborted.

3010 Restriction (d) was not satisfied.

(6) Notes

(a) To obtain the statistics when the same numbers of observed values are added for each sample, use the

contents of X1, R, NS and WK, which were calculated before adding the observed values, set the added

observed values for A and the number of added observed values for N, set ISW to 1, and perform the

calculation.

(b) If a job that had been executed with ISW=0 terminated with IERR=1020, the result will not be

guaranteed if a job is executed with ISW=1 following it.

(c) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(7) Example

(a) Problem

Obtain the mean of each sample and the correlation coefficients between the samples when the observed

values are given by matrix X shown below.

X =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

7 9 15 60 24

13 25 13 61 30

9 24 12 62 31

7 25 11 63 32

6 20 15 18 15

10 30 10 27 17

7 11 15 60 25

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Also, obtain the mean of each sample and the correlation coefficients between the samples when the

observed values given by matrix Y shown below are added.

Y =

⎡
⎢⎣ 16 25 13 64 30

9 26 13 66 32

8 26 13 66 34

⎤
⎥⎦

(b) Input data

First processing :

Matrix X in which observed values are stored, NA = 100, N = 7, M = 5 and ISW = 0.
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Second processing :

Matrix Y in which observed values are stored, NA = 100, N = 3, M = 5 and ISW = 1.

(c) Main program

PROGRAM B2CCMT
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 20, NR = 5, M = 5 )
DIMENSION A(NA,M),R(NR,M),X1(M),WK(M)

!
WRITE(6,6000)
IERR = 0
ISW = 0
READ(5,*) N
DO 100 I=1,N

READ(5,*) (A(I,J),J=1,M)
100 CONTINUE

WRITE(6,6010) ISW,N,M
DO 110 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
110 CONTINUE

CALL D2CCMT(A,NA,N,M,NS,X1,R,NR,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
WRITE(6,6050) (X1(I),I=1,M)
WRITE(6,6060)
DO 120 I=1,M

WRITE(6,6070) (R(I,J),J=1,M)
120 CONTINUE

!
WRITE(6,6080)
IERR = 0
ISW = 1
READ(5,*) N
DO 130 I=1,N

READ(5,*) (A(I,J),J=1,M)
130 CONTINUE

WRITE(6,6010) ISW,N,M
DO 140 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
140 CONTINUE

CALL D2CCMT(A,NA,N,M,NS,X1,R,NR,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
WRITE(6,6050) (X1(I),I=1,M)
WRITE(6,6060)
DO 150 I=1,M

WRITE(6,6070) (R(I,J),J=1,M)
150 CONTINUE

!
STOP

6000 FORMAT( ’ *** D2CCMT ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6,5X,’M = ’,I6,/,&
/,7X,’OBSERVATION MATRIX’,/)

6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,I6,/,&

/,7X,’MEAN’,/)
6050 FORMAT( 5(2X,F11.2))
6060 FORMAT( /,7X,’CORRELATION COEFFICIENT MATRIX’,/)
6070 FORMAT( 7X,5(2X,D11.4))
6080 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&

/,3X,’** INPUT **’)
END

(d) Output results

*** D2CCMT ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 7 M = 5

OBSERVATION MATRIX

7.00 9.00 15.00 60.00 24.00
13.00 25.00 13.00 61.00 30.00
9.00 24.00 12.00 62.00 31.00
7.00 25.00 11.00 63.00 32.00
6.00 20.00 15.00 18.00 15.00
10.00 30.00 10.00 27.00 17.00
7.00 11.00 15.00 60.00 25.00
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** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 7

MEAN

8.43 20.57 13.00 50.14 24.86

CORRELATION COEFFICIENT MATRIX

0.1000D+01 0.5450D+00 -0.4266D+00 0.1845D+00 0.2970D+00
0.5450D+00 0.1000D+01 -0.8614D+00 -0.2936D+00 0.4911D-01

-0.4266D+00 -0.8614D+00 0.1000D+01 0.2936D-01 -0.2129D+00
0.1845D+00 -0.2936D+00 0.2936D-01 0.1000D+01 0.9186D+00
0.2970D+00 0.4911D-01 -0.2129D+00 0.9186D+00 0.1000D+01

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

N = 3 M = 5

OBSERVATION MATRIX

16.00 25.00 13.00 64.00 30.00
9.00 26.00 13.00 66.00 32.00
8.00 26.00 13.00 66.00 34.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 10

MEAN

9.20 22.10 13.00 54.70 27.00

CORRELATION COEFFICIENT MATRIX

0.1000D+01 0.4416D+00 -0.2724D+00 0.2554D+00 0.2813D+00
0.4416D+00 0.1000D+01 -0.8030D+00 -0.9303D-01 0.2320D+00

-0.2724D+00 -0.8030D+00 0.1000D+01 0.2655D-01 -0.1788D+00
0.2554D+00 -0.9303D-01 0.2655D-01 0.1000D+01 0.9244D+00
0.2813D+00 0.2320D+00 -0.1788D+00 0.9244D+00 0.1000D+01
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4.4.2 D2CCMA, R2CCMA

Multiple Correlation Coefficients

(1) Function

Given m samples consisting of n observed values {xki}(k = 1, · · · , n; i = 1, · · · ,m), the D2CCMA or

R2CCMA obtains the basic statistics (sum, mean, sum of squares of deviation, variance, and standard

deviation) and multiple correlation coefficients of each sample. It also obtains the basic statistics and mul-

tiple correlation coefficients when n observed values {yki} (k = 1, · · · , n; i = 1, · · · ,m) are added to each of

the m samples for which the basic statistics are known.

The basic statistics and multiple correlation coefficients for m samples consisting of n observed values

{xki} (k = 1, · · · , n; i = 1, · · · ,m) are defined by the following equations.

Sum :

ti =

n∑
k=1

xki, i = 1, · · · ,m

Mean :

x̄i =
ti
n
, i = 1, · · · ,m

Sum of squares of deviation :

si =

n∑
k=1

(xki − x̄i)
2, i = 1, · · · ,m

Variance :

vi =
si
α
, i = 1, · · · ,m

Standard deviation :

di =
√
vi, i = 1, · · · ,m

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

Multiple correlation coefficients :

ri·1,···,i−1,i+1,···,m =

√
1− Δ

Δii
, i = 1, · · · ,m

Here, Δ and Δij are the determinant and cofactor matrix of the matrix having the correlation coefficients

rij (i, j = 1, · · · ,m) as elements.

(2) Usage

Double precision:

CALL D2CCMA (A, NA, N, M, NS, STAT, R, ISW, WK, IERR)

Single precision:

CALL R2CCMA (A, NA, N, M, NS, STAT, R, ISW, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,M Input Matrix in which observed values are stored (xki)

or (yki) (See Note (a))

2 NA I 1 Input Adjustable dimension of array A

3 N I 1 Input Number of observed values per sample stored

in array A n

4 M I 1 Input Number of samples m

5 NS I 1 Input Number of observed values per sample before

adding observed values (for ISW=0 or 2, no ini-

tial setting is required)

Output Number of observed values per sample n

6 STAT
{
D

R

}
M,5 Input Basic statistics before adding observed values

(See Note (b)) (for ISW=0 or 2, no initial set-

ting is required)

Output Obtained basic statistics (See Note (b))

7 R
{
D

R

}
M Output Multiple correlation coefficients of each sample

8 ISW I 1 Input Processing switch

0: Perform calculations using an unbiased esti-

mate (no previously established basic statistics)

1: Perform calculations using an unbiased esti-

mate (added observed values)

2: Perform calculations using a sample variance

(no previously established basic statistics)

3: Perform calculations using a sample variance

(added observed values)

9 WK
{
D

R

}
See

Contents

Work Work area

Size:2×M×M+3×M

10 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1, 2, 3

(b) NA ≥ N ≥ 1

(c) M ≥ 1

(d) NS ≥ 1 (When ISW=1 or 3)

(e) N ≥ M (When ISW=0 or 2)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 N = 1 was specified. When ISW = 0, the absolute value maxi-

mum that can be represented is set for the

variance, standard deviation, and multi-

ple correlation coefficients.

When ISW = 2, the absolute value max-

imum that can be represented is set for

the multiple correlation coefficients.

1020 The variance was zero because all values

of a certain sample were equal.

The absolute value maximum that can be

represented is set for the multiple corre-

lation coefficients.

3000 Restriction (b), (c) was not satisfied. Processing is aborted.

3010 Restriction (d) was not satisfied.

3020 Restriction (e) was not satisfied.

4000 The inverse matrix of the simple correla-

tion matrix was not obtained.

(6) Notes

(a) The observed values xki or yki (k = 1, 2, · · · , n; i = 1, 2, · · · ,m) are stored in array A as real matrix

(two-dimensional array type) data (See Appendix A).

(b) The basic statistics are stored as follows in the array STAT.

STAT(i, 1) : Sum ti

STAT(i, 2) : Mean x̄i

STAT(i, 3) : Sum of squares of deviation si

STAT(i, 4) : Variance vi

STAT(i, 5) : Standard deviation di

, i = 1, · · · ,M

(c) To obtain the basic statistics and multiple correlation coefficients when the same numbers of observed

values are added for each sample, use the contents of STAT, NS and WK, which were calculated before

adding the observed values, set the added observed values for A and the number of added observed

values for N, set ISW to 1 or 3, and perform the calculation. However, when obtaining the variance or

standard deviation, you must set the ISW value so that the calculation is performed using a sample

variance following a calculation that used a sample variance the previous time or so that the calculation

is performed using an unbiased estimate following a calculation that used an unbiased estimate the

previous time.

(d) If a job that had been executed with ISW=0 or ISW=2 terminated with IERR=1020, the result will

not be guaranteed if a job is executed with ISW=1 or ISW=3 following it.

(e) When there are an extremely large number of data values that are widely dispersed, better results are

obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.
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(f) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.

(7) Example

(a) Problem

Obtain the basic statistics (sum, mean, sum of squares of deviation, variance, and standard deviation)

and multiple correlation coefficients for each sample when the observed values are given by matrix X

shown below.

X =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

23.9 64.6 2.41

21.4 65.2 2.14

23.6 57.7 2.61

23.2 61.0 2.24

25.0 86.5 2.78

25.7 88.8 2.95

23.2 91.0 2.91

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Also, obtain the basic statistics (sum, mean, sum of squares of deviation, variance, and standard

deviation) and multiple correlation coefficients for each sample when the observed values given by

matrix Y shown below are added.

Y =

⎡
⎢⎣ 24.3 84.6 3.12

25.3 89.2 3.01

26.5 90.8 2.73

⎤
⎥⎦

(b) Input data

First processing :

Matrix X in which observed values are stored, NA = 100, N = 7, M = 3 and ISW = 0.

Second processing :

Matrix Y in which observed values are stored, NA = 100, N = 3, M = 3 and ISW = 1.

(c) Main program

PROGRAM B2CCMA
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, M = 3 )
DIMENSION A(NA,M),STAT(M,5),R(M),WK(2*M*M+3*M)

!
WRITE(6,6000)
IERR = 0
ISW = 0
READ(5,*) N
DO 100 I=1,N

READ(5,*) (A(I,J),J=1,M)
100 CONTINUE

WRITE(6,6010) ISW,N,M
DO 110 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
110 CONTINUE

CALL D2CCMA(A,NA,N,M,NS,STAT,R,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
DO 120 J=1,M

WRITE(6,6050) J,(STAT(J,I),I=1,5),R(J)
120 CONTINUE

!
WRITE(6,6060)
IERR = 0
ISW = 1
READ(5,*) N
DO 130 I=1,N
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READ(5,*) (A(I,J),J=1,M)
130 CONTINUE

WRITE(6,6010) ISW,N,M
DO 140 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
140 CONTINUE

CALL D2CCMA(A,NA,N,M,NS,STAT,R,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
DO 150 J=1,M

WRITE(6,6050) J,(STAT(J,I),I=1,5),R(J)
150 CONTINUE

!
STOP

6000 FORMAT( ’ *** D2CCMA ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6,5X,’M = ’,I6,/,&
/,7X,’OBSERVATION MATRIX’,/)

6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,I6,/,&

/,68X,’MULTIPLE’,/,&
34X,’SUM OF’,15X,’STANDARD’,3X,’CORRELATION’,/,&
3X,’VARIABLE’,4X,’SUM’,7X,’MEAN’,4X,’SQUARES’,3X,&

’VARIANCE’,3X,’DEVIATION’,3X,’COEFFICIENT’,/,&
3X,74(’-’))

6050 FORMAT( ’ ’,I6,3F11.2,3(1X,D11.4))
6060 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&

/,3X,’** INPUT **’)
END

(d) Output results

*** D2CCMA ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 7 M = 3

OBSERVATION MATRIX

23.90 64.60 2.41
21.40 65.20 2.14
23.60 57.70 2.61
23.20 61.00 2.24
25.00 86.50 2.78
25.70 88.80 2.95
23.20 91.00 2.91

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 7

MULTIPLE
SUM OF STANDARD CORRELATION

VARIABLE SUM MEAN SQUARES VARIANCE DEVIATION COEFFICIENT
--------------------------------------------------------------------------

1 166.00 23.71 11.53 0.1921D+01 0.1386D+01 0.7491D+00
2 514.80 73.54 1263.32 0.2106D+03 0.1451D+02 0.8253D+00
3 18.04 2.58 0.62 0.1041D+00 0.3227D+00 0.8934D+00

*** CONTINUATION PROCESSING ***

** INPUT **

ISW = 1

N = 3 M = 3

OBSERVATION MATRIX

24.30 84.60 3.12
25.30 89.20 3.01
26.50 90.80 2.73

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 10

MULTIPLE
SUM OF STANDARD CORRELATION

VARIABLE SUM MEAN SQUARES VARIANCE DEVIATION COEFFICIENT
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--------------------------------------------------------------------------
1 242.10 24.21 19.69 0.2188D+01 0.1479D+01 0.6847D+00
2 779.40 77.94 1735.18 0.1928D+03 0.1389D+02 0.8229D+00
3 26.90 2.69 1.00 0.1114D+00 0.3338D+00 0.8159D+00
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4.4.3 D2CCPR, R2CCPR

Partial Correlation Coefficients

(1) Function

Givenm samples consisting of n observed values {xki}(k = 1, · · · , n; i = 1, · · · ,m), the D2CCPR or R2CCPR

obtains the basic statistics (sum, mean, sum of squares of deviation, variance, and standard deviation) and

partial correlation coefficients of each sample. It also obtains the basic statistics and partial correlation

coefficients when n observed values {yki} (k = 1, · · · , n; i = 1, · · · ,m) are added to each of the m samples

for which the basic statistics are known.

The basic statistics and partial correlation coefficients for m samples consisting of n observed values

{xki} (k = 1, · · · , n; i = 1, · · · ,m) are defined by the following equations.

Sum :

ti =

n∑
k=1

xki, i = 1, · · · ,m

Mean :

x̄i =
ti
n
, i = 1, · · · ,m

Sum of squares of deviation :

si =

n∑
k=1

(xki − x̄i)
2, i = 1, · · · ,m

Variance :

vi =
si
α
, i = 1, · · · ,m

Standard deviation :

di =
√
vi, i = 1, · · · ,m

Here, α is n− 1 when an unbiased estimate is used or α is n when a sample variance is used.

Partial correlation coefficients :

ri,j·1,···,i−1,i+1,···j−1,j+1,···m = − Δij√
ΔiiΔjj

i, j = 1, · · · ,m

Here, Δij is the cofactor matrix of the matrix having the correlation coefficients rij (i, j = 1, · · · ,m) as

elements.

(2) Usage

Double precision:

CALL D2CCPR (A, NA, N, M, NS, STAT, R, NR, ISW, WK, IERR)

Single precision:

CALL R2CCPR (A, NA, N, M, NS, STAT, R, NR, ISW, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,M Input Matrix in which observed values are stored (xki)

or (yki)(See Note (a))

2 NA I 1 Input Adjustable dimension of array A

3 N I 1 Input Number of observed values per sample stored

in array A n

4 M I 1 Input Number of samples m

5 NS I 1 Input Number of observed values per sample before

adding observed values (for ISW=0 or 2, no ini-

tial setting is required)

Output Number of observed values per sample n

6 STAT
{
D

R

}
M,5 Input Basic statistics before adding observed values

(See Note (b)) (for ISW=0 or 2, no initial set-

ting is required)

Output Obtained basic statistics (See Note (b))

7 R
{
D

R

}
NR,M Output Partial correlation coefficients between samples

ri,j·1,···,i−1,i+1,···j−1,j+1,···m (See Note (a))

8 NR I 1 Input Adjustable dimension of array R

9 ISW I 1 Input Processing switch

0: Perform calculations using an unbiased esti-

mate (no previously established basic statistics)

1: Perform calculations using an unbiased esti-

mate (added observed values)

2: Perform calculations using a sample variance

(no previously established basic statistics)

3: Perform calculations using a sample variance

(added observed values)

10 WK
{
D

R

}
See

Contents

Work Work area

2×M×M+3×M

11 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1, 2, 3

(b) NA ≥ N ≥ 1

(c) NR ≥ M ≥ 1

(d) NS ≥ 1 (When ISW=1 or 3)

(e) N ≥ M (When ISW=0 or 2)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 N = 1 was specified. When ISW = 0, the absolute value maxi-

mum that can be represented is set for the

variance, standard deviation, and partial

correlation coefficients.

When ISW = 2, the absolute value max-

imum that can be represented is set for

the partial correlation coefficients.

1020 The variance was zero because all values

of a certain sample were equal.

The absolute value maximum that can be

represented is set for the partial correla-

tion coefficients.

3000 Restriction (b), (c) was not satisfied. Processing is aborted.

3010 Restriction (d) was not satisfied.

3020 Restriction (e) was not satisfied.

4000 The inverse matrix of the simple correla-

tion matrix was not obtained.

(6) Notes

(a) The observed values xki or yki (k = 1, 2, · · · , n; i = 1, 2, · · · ,m) are stored in array A as real matrix

(two-dimensional array type) data.

Also, the partial correlation coefficients r̂ij = ri,j·1,···,i−1,i+1,···j−1,j+1,···m (i, j = 1, 2, · · · ,m) are stored

in array R as real matrix (two-dimensional array type) data.

For the method of array data storage, see Appendix A.

(b) The basic statistics are stored as follows in the array STAT.

STAT(i, 1) : Sum ti

STAT(i, 2) : Mean x̄i

STAT(i, 3) : Sum of squares of deviation si

STAT(i, 4) : Variance vi

STAT(i, 5) : Standard deviation di

, i = 1, · · · ,M

(c) To obtain the basic statistics and partial correlation coefficients when the same numbers of observed

values are added for each sample, use the contents of STAT, NS and WK, which were calculated before

adding the observed values, set the added observed values for A and the number of added observed

values for N, set ISW to 1 or 3, and perform the calculation. However, when obtaining the variance or

standard deviation, you must set the ISW value so that the calculation is performed using a sample

variance following a calculation that used a sample variance the previous time or so that the calculation

is performed using an unbiased estimate following a calculation that used an unbiased estimate the

previous time.

(d) If a job that had been executed with ISW=0 or ISW=2 terminated with IERR=1020, the result will

not be guaranteed if a job is executed with ISW=1 or ISW=3 following it.

(e) When there are an extremely large number of data values that are widely dispersed, better results are
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obtained by grouping them into data having absolute values of the same relative size and adding them

to the samples in increasing order of size.

(f) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.

(7) Example

(a) Problem

Obtain the basic statistics (sum, mean, sum of squares of deviation, variance, and standard deviation)

and partial correlation coefficients for each sample when the observed values are given by matrix X

shown below.

X =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

84 58 42

92 88 86

88 80 98

66 72 64

64 50 40

80 94 74

90 92 94

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Also, obtain the basic statistics (sum, mean, sum of squares of deviation, variance, and standard

deviation) and partial correlation coefficients for each sample when the observed values given by matrix

Y shown below are added.

Y =

⎡
⎢⎣ 40 36 8

78 50 86

82 62 66

⎤
⎥⎦

(b) Input data

First processing :

Matrix X in which observed values are stored, NA = 100, N = 7, M = 3 and ISW = 0.

Second processing :

Matrix Y in which observed values are stored, NA = 100, N = 3, M = 3 and ISW = 1.

(c) Main program

PROGRAM B2CCPR
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, M = 3, NR = 3 )
DIMENSION A(NA,M),STAT(M,5),R(NR,M),WK(2*M*M+3*M)

!
WRITE(6,6000)
IERR = 0
ISW = 0
READ(5,*) N
DO 100 I=1,N

READ(5,*) (A(I,J),J=1,M)
100 CONTINUE

WRITE(6,6010) ISW,N,M
DO 110 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
110 CONTINUE

CALL D2CCPR(A,NA,N,M,NS,STAT,R,NR,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
DO 120 J=1,M

WRITE(6,6050) J,(STAT(J,I),I=1,5)
120 CONTINUE

WRITE(6,6060)
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DO 130 I=1,M
WRITE(6,6070) (R(I,J),J=1,M)

130 CONTINUE
!

WRITE(6,6080)
IERR = 0
ISW = 1
READ(5,*) N
DO 140 I=1,N

READ(5,*) (A(I,J),J=1,M)
140 CONTINUE

WRITE(6,6010) ISW,N,M
DO 150 I=1,N

WRITE(6,6020) (A(I,J),J=1,M)
150 CONTINUE

CALL D2CCPR(A,NA,N,M,NS,STAT,R,NR,ISW,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) NS
DO 160 J=1,M

WRITE(6,6050) J,(STAT(J,I),I=1,5)
160 CONTINUE

WRITE(6,6060)
DO 170 I=1,M

WRITE(6,6070) (R(I,J),J=1,M)
170 CONTINUE

!
STOP

6000 FORMAT( ’ *** D2CCPR ***’,/,&
/,3X,’*** FIRST PROCESSING ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’N = ’,I6,5X,’M = ’,I6,/,&
/,7X,’OBSERVATION MATRIX’,/)

6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’TOTAL SAMPLE SIZE = ’,I6,/,&

/,45X,’SUM OF’,16X,’STANDARD’,/,&
8X,’VARIABLE’,8X,’SUM’,8X,’MEAN’,5X,’SQUARES’,4X,&

’VARIANCE’,3X,’DEVIATION’,/,&
7X,70(’-’))

6050 FORMAT( 7X,I6,3X,3(1X,F11.2),2(1X,D11.4))
6060 FORMAT( /,7X,’PARTIAL CORRELATION COEFFICIENT MATRIX’,/)
6070 FORMAT( 9X,5(1X,D15.8))
6080 FORMAT(/,/,3X,’*** CONTINUATION PROCESSING ***’,/,&

/,3X,’** INPUT **’)
END

(d) Output results

*** D2CCPR ***

*** FIRST PROCESSING ***

** INPUT **

ISW = 0

N = 7 M = 3

OBSERVATION MATRIX

84.00 58.00 42.00
92.00 88.00 86.00
88.00 80.00 98.00
66.00 72.00 64.00
64.00 50.00 40.00
80.00 94.00 74.00
90.00 92.00 94.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 7

SUM OF STANDARD
VARIABLE SUM MEAN SQUARES VARIANCE DEVIATION

----------------------------------------------------------------------
1 564.00 80.57 773.71 0.1290D+03 0.1136D+02
2 534.00 76.29 1755.43 0.2926D+03 0.1710D+02
3 498.00 71.14 3342.86 0.5571D+03 0.2360D+02

PARTIAL CORRELATION COEFFICIENT MATRIX

-0.10000000D+01 0.11966857D+00 0.36608424D+00
0.11966857D+00 -0.10000000D+01 0.74403866D+00
0.36608424D+00 0.74403866D+00 -0.10000000D+01

*** CONTINUATION PROCESSING ***

** INPUT **
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ISW = 1

N = 3 M = 3

OBSERVATION MATRIX

40.00 36.00 8.00
78.00 50.00 86.00
82.00 62.00 66.00

** OUTPUT **

IERR = 0

TOTAL SAMPLE SIZE = 10

SUM OF STANDARD
VARIABLE SUM MEAN SQUARES VARIANCE DEVIATION
----------------------------------------------------------------------

1 764.00 76.40 2254.40 0.2505D+03 0.1583D+02
2 682.00 68.20 3619.60 0.4022D+03 0.2005D+02
3 658.00 65.80 7291.60 0.8102D+03 0.2846D+02

PARTIAL CORRELATION COEFFICIENT MATRIX

-0.10000000D+01 0.27290340D+00 0.64287069D+00
0.27290340D+00 -0.10000000D+01 0.37828938D+00
0.64287069D+00 0.37828938D+00 -0.10000000D+01
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Chapter 5

TIME SERIES ANALYSIS

5.1 INTRODUCTION

This library provides the following functions for performing time series analysis.

• Autocovariance and Cross Covariance

• Autocorrelation and Cross Correlation

• Smoothing and Demand Forecasting
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5.1.1 Explanation

(1) Basic Statistics of Time Series Data

Let time series data be represented by x1, x2, · · · , xn. Let the mean of the first and last n − l data values

among this time series data be represented by μ(l) and ν(l) as follows, where (l = 0, 1, · · · ,m− 1;m ≤ n).

μ(l) =

n−l∑
i=1

xi

(n− l)
(l = 0, 1, · · · ,m− 1)

ν(l) =

n−l∑
i=1

xi+l

(n− l)
(l = 0, 1, · · · ,m− 1)

The autocovariance c(l) at this time is defined as follows.

c(l) =

n−l∑
i=1

(xi − μ(l))(xi+l − ν(l))

(n− l)
(l = 0, 1, · · · ,m− 1)

c(l) can also be expressed as follows.

c(l) =

n∑
j=l+1

(xj − ν(l))(xj−l − μ(l))

(n− l)
(l = 0, 1, · · · ,m− 1)

If the sample variance (not an unbiased estimate) of the first and last n − l data values among this time

series data are represented by u(l) and v(l) as follows:

u(l) =

n−l∑
i=1

(xi − μ(l))2

(n− l)
(l = 0, 1, · · · ,m− 1)

v(l) =

n−l∑
i=1

(xi+l − ν(l))2

(n− l)
(l = 0, 1, · · · ,m− 1)

the autocorrelation coefficient r(l) is defined as follows.

r(l) = c(l)√
u(l)v(l)

=

n−l∑
i=1

(xi − μ(l))(xi+l − ν(l))√√√√n−l∑
i=1

(xi − μ(l))2

√√√√n−l∑
i=1

(xi+l − ν(l))2

The variable l is called the lag.

Now, let two sets of time series data be represented by x1, x2, · · · , xn and y1, y2, · · · , yn. Let the mean of
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the first and last n− l data values among each of these sets of time series data be represented by μx
(l) and

νx
(l) for xi and μy

(l) and νy
(l) for yi (i = 1, 2, · · · , n) as follows, where (l = 0, 1, · · · ,m− 1;m ≤ n).

μx
(l) =

n−l∑
i=1

xi

(n− l)
(l = 0, 1, · · · ,m− 1)

νx
(l) =

n−l∑
i=1

xi+l

(n− l)
(l = 0, 1, · · · ,m− 1)

μy
(l) =

n−l∑
i=1

yi

(n− l)
(l = 0, 1, · · · ,m− 1)

νy
(l) =

n−l∑
i=1

yi+l

(n− l)
(l = 0, 1, · · · ,m− 1)

The cross covariances cxy
(l) and cyx

(l) at this time are defined as follows.

cxy
(l) =

n−l∑
i=1

(xi − μx
(l))(yi+l − νy

(l))

(n− l)
(l = 0, 1, · · · ,m− 1)

cyx
(l) =

n−l∑
i=1

(yi − μy
(l))(xi+l − νx

(l))

(n− l)
(l = 0, 1, · · · ,m− 1)

If the sample variances (not unbiased estimates) of the first and last n− l data values among each of these

sets of time series data are represented by ux
(l) and vx

(l) for xi and uy
(l) and vy

(l) for yi (i = 1, 2, · · · , n) as
follows:

ux
(l) =

n−l∑
i=1

(xi − μx
(l))2

(n− l)
(l = 0, 1, · · · ,m− 1)

vx
(l) =

n−l∑
i=1

(xi+l − νx
(l))2

(n− l)
(l = 0, 1, · · · ,m− 1)

uy
(l) =

n−l∑
i=1

(yi − μy
(l))2

(n− l)
(l = 0, 1, · · · ,m− 1)

vy
(l) =

n−l∑
i=1

(yi+l − νy
(l))2

(n− l)
(l = 0, 1, · · · ,m− 1)
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the cross correlation coefficients rxy
(l) and ryx

(l) are defined as follows.

rxy
(l) =

cxy
(l)√

ux
(l)vy(l)

=

n−l∑
i=1

(xi − μx
(l))(yi+l − νy

(l))√√√√n−l∑
i=1

(xi − μx
(l))2

√√√√n−l∑
i=1

(yi+l − νy(l))2

ryx
(l) =

cyx
(l)

√
uy

(l)vx(l)

=

n−l∑
i=1

(yi − μy
(l))(xi+l − νx

(l))√√√√n−l∑
i=1

(yi − μy
(l))2

√√√√n−l∑
i=1

(xi+l − νx(l))2

(2) Smoothing and Demand Forecasting

(a) Moving Averages

Let n given time series data values be represented by:

x1, x2, · · · , xn

and m specified weights be represented by:

w1, w2, · · · , wm

The weighted moving average Mw
k is defined as follows.

Mw
k =

m∑
j=1

(xk+j−1 · wj)∑m
j=1 wj

(k = 1, 2, · · · , n−m+ 1)

m can be called the smoothing bandwidth. Usually, the weight coefficients wj are determined so that

the following relationship is satisfied.
m∑
j=1

wj = 1

(b) Single Exponential Smoothing

The single exponential smoothing equation for a given time series · · · , xn−1, xn (xn is the most recent

data) is defined as follows.

St = αxt + (1− α)St−1 (t = M,M + 1, · · · , n;M → −∞)

Here, St is the smoothing value of xt and α is the smoothing constant. Now, assume the forecasting

model has the following kind of structure.

xt = a+ εt

Here, a is a constant, and εt is an error term that independently obeys N(0, σ2). At this time, the

mathematical expectation value Et at time t and the forecast value Et+L at L periods after t are as

follows.

Et+L = Et = St
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Explanation

(c) Double Exponential Smoothing

The double exponential smoothing equation for a given time series · · · , xn−1, xn (xn is the most recent

data) is defined as follows.

St = αxt + (1− α)St−1

Dt = αSt + (1− α)Dt−1 (t = M,M + 1, · · · , n;M → −∞)

Here, St is the single exponential smoothing value of xt, Dt is the double exponential smoothing value

of xt, and α is the smoothing constant. Now, assume the forecasting model has the following kind of

structure.

xt = a+ bt+ εt

Here, a and b are constants, and εt is an error term that independently obeys N(0, σ2). At this time,

the mathematical expectation value Et at time t and the forecast value Et+L at L periods after t are

as follows.

Et = a+ bt

St = a+ bt− 1− α

α
b = Et − 1− α

α
· b

Dt = a+ bt− 2(1− α)

α
b = Et − 2(1− α)

α
· b

Therefore, the following relationships hold:

Et = 2St −Dt

b = Bt =
α

1− α
(St −Dt)

Also:

Et+L = (2St −Dt) +BtL

Here, Bt is called the linear trend estimate.

(d) Triple Exponential Smoothing

The triple exponential smoothing equation for a given time series · · · , xn−1, xn (xn is the most recent

data) is defined as follows.

St = αxt + (1− α)St−1

Dt = αSt + (1− α)Dt−1

Tt = αDt + (1 − α)Tt−1 (t = M,M + 1, · · · , n;M → −∞)

Here, St is the single exponential smoothing value of xt, Dt is the double exponential smoothing value

of xt, Tt is the triple exponential smoothing value of xt, and α is the smoothing constant. Now, assume

the forecasting model has the following kind of structure.

xt = a+ bt+
c

2
t2 + εt

Here, a, b, and c are constants, and εt is an error term that independently obeys N(0, σ2). At this

time, the mathematical expectation value Et at time t and the forecast value Et+L at L periods after

t are as follows.

Et = a+ bt+
c

2
t2

241



Reference Bibliography

St = a+ bt+
c

2
t2 − (b+ ct)

1− α

α
+

c

2
· (1− α)(1 + (1− α))

(α)2

Dt = a+ bt+
c

2
t2 − (b+ ct)

2(1− α)

α
+

c

2
· (1− α)(2 + 2(1− α))

(α)2

Tt = a+ bt+
c

2
t2 − (b+ ct)

3(1− α)

α
+

c

2
· (1 − α)(3 + 3(1− α))

(α)2

Therefore, the following relationships hold:

Et = 3St − 3Dt + Tt

b = Bt =
α

2(1− α)2
{(6− 5α)St − 2(5− 4α)Dt + (4 − 3α)Tt}

c = Ct =
(α)2

(1 − α)2
(St − 2Dt + Tt)

Also:

Et+L = Et +BtL+
Ct

2
L2

Here, Bt is called the linear trend estimate and Ct is called the quadratic trend estimate.

5.1.2 Reference Bibliography

(1) Brigham, E. Oran, “The Fast Fourier Transform”, Prentice-Hall Inc. , (1974).
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5.2 AUTOCOVARIANCE AND CROSS COVARIANCE

5.2.1 DFCVSC, RFCVSC

Autocovariances

(1) Function

Let time series data be represented by x1, x2, · · · , xn. The DFCVSC or RFCVSC obtains the sum, mean,

sum of squares of deviation, and standard deviation (unbiased estimate), which are defined by the following

equations, for the first n− l (l = 1, 2, · · · ,m;m ≤ n) data values among this time series data.

Sum:

s(l) =

n−l∑
i=1

xi (l = 1, 2, · · · ,m)

Mean:

μ(l) =

n−l∑
i=1

xi

(n− l)
(l = 1, 2, · · · ,m)

Sum of squares of deviation:

v(l) =

n−l∑
i=1

(xi − μ(l))2 (l = 1, 2, · · · ,m)

Standard deviation (unbiased estimate):

σ(l) =

√
v(l)

(n− l− 1)

The subroutine also obtains the autocovariance, which is defined by the following equation.

c(l) =

n−l∑
i=1

(xi − μ(l))(xi+l − ν(l))

(n− l)
(l = 0, 1, · · · ,m− 1)

Here, ν(l) is the mean of the last n− l data values, which is defined as follows.

ν(l) =

n−l∑
i=1

xi+l

(n− l)
(l = 1, 2, · · · ,m)

(2) Usage

Double precision:

CALL DFCVSC (A, N, M, V, STAT, IERR)

Single precision:

CALL RFCVSC (A, N, M, V, STAT, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Time series data xi

2 N I 1 Input Number of time series data n

3 M I 1 Input Number of autocovariances to be obtained m

4 V
{
D

R

}
M Output Autocovariance c(l)

5 STAT
{
D

R

}
M,4 Output Basic statistics (See Note (a))

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) N ≥ 2

(b) 0 < M ≤ N

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

(6) Notes

(a) The sum s(l), mean μ(l), sum of squares of deviation v(l), and standard deviation σ(l) (l = 1, 2, · · · ,m)

are output as follows in array STAT as a real matrix (two-dimensional array type) (See Appendix A).⎡
⎢⎢⎢⎢⎣

s(1) μ(1) v(1) σ(1)

s(2) μ(2) v(2) σ(2)

...
...

...
...

s(m) μ(m) v(m) σ(m)

⎤
⎥⎥⎥⎥⎦

(7) Example

(a) Problem

Obtain autocovariances when the following time series data A is given.

A(1) = 48.1D0, A(13) = 26.1D0

A(2) = 54.7D0, A(14) = 22.3D0

A(3) = 58.0D0, A(15) = 24.1D0

A(4) = 64.2D0, A(16) = 33.1D0

A(5) = 56.1D0, A(17) = 42.3D0

A(6) = 44.9D0, A(18) = 52.5D0
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A(7) = 36.1D0, A(19) = 36.0D0

A(8) = 34.2D0, A(20) = 23.5D0

A(9) = 50.1D0, A(21) = 14.9D0

A(10) = 54.9D0, A(22) = 19.8D0

A(11) = 55.1D0, A(23) = 25.0D0

A(12) = 48.4D0, A(24) = 35.4D0

(b) Input data

Time series data A, N=24 and number of autocovariances to be obtained M=14.

(c) Main program

PROGRAM NFCVSC
PARAMETER (NMAX=24,MMAX=14)
REAL(8) A(NMAX),STAT(MMAX,4),V(MMAX)

!
N=24
M=14

!
READ(*,*) (A(I),I=1,N)

!
CALL DFCVSC(A,N,M,V,STAT,IERR)

!
WRITE(6,110) N,M
WRITE(6,120) (A(I),I=1,N)
WRITE(6,130) IERR
WRITE(6,140) (I,STAT(I,1),STAT(I,2)&

,STAT(I,3),STAT(I,4),V(I),I=1,M)
!
110 FORMAT(’ ’,/,6X,’*** AUTOCOVARIANCE (DFCVSC))’,&

’ ***’,/,/,6X,’INPUT DATA’,6X,’N =’,I4,5X,’M =’,I4,/)
120 FORMAT(6X,6F10.3)
130 FORMAT(6X,’OUTPUT’,/,/,6X,’IERR=’,I4,/,/,6X,’NO.’,1X,’STAT(I,1)’,&

1X,’STAT(I,2)’,1X,’STAT(I,3)’,1X,’STAT(I,4)’,9X,’R’,/)
140 FORMAT(6X,I3,5F10.3)

!
END

(d) Output results

*** AUTOCOVARIANCE (DFCVSC)) ***

INPUT DATA N = 24 M = 14

48.100 54.700 58.000 64.200 56.100 44.900
36.100 34.200 50.100 54.900 55.100 48.400
26.100 22.300 24.100 33.100 42.300 52.500
36.000 23.500 14.900 19.800 25.000 35.400

OUTPUT

IERR= 0

NO. STAT(I,1) STAT(I,2) STAT(I,3) STAT(I,4) R

1 959.800 39.992 4686.918 14.275 4686.918
2 924.400 40.191 4664.918 14.562 3579.078
3 899.400 40.882 4423.653 14.514 1540.272
4 879.600 41.886 3958.046 14.068 -232.746
5 864.700 43.235 3193.405 12.964 -621.458
6 841.200 44.274 2783.437 12.435 448.051
7 805.200 44.733 2711.180 12.629 1945.133
8 752.700 44.276 2647.311 12.863 2522.894
9 710.400 44.400 2643.160 13.274 1891.180

10 677.300 45.153 2506.957 13.382 480.529
11 653.200 46.657 2032.054 12.502 -673.340
12 630.900 48.531 1393.148 10.775 -878.072
13 604.800 50.400 848.080 8.781 -136.010
14 556.400 50.582 843.716 9.185 624.600
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5.2.2 DFCVCS, RFCVCS

Cross Covariances

(1) Function

Let two sets of time series data be represented as follows.

x1, x2, · · · , xn

y1, y2, · · · , yn

The DFCVCS or RFCVCS obtains the cross covariances cxy
(l) and cyx

(l) (l = 1, 2, · · · ,m;m ≤ n), which

are defined by the following equations.

cxy
(l) =

n−l∑
i=1

(xi − μx
(l))(yi+l − νy

(l))

(n− l)
(l = 1, 2, · · · ,m)

cyx
(l) =

n−l∑
i=1

(yi − μy
(l))(xi+l − νx

(l))

(n− l)
(l = 1, 2, · · · ,m)

Here, μx
(l), νx

(l), μy
(l) and νy

(l), which represent the means for xi and yi (i = 1, 2, · · · , n) of the first and

last n− l data values, respectively, among these sets of time series data where (l = 1, 2, · · · ,m;m ≤ n), are

defined as follows.

μx
(l) =

n−l∑
i=1

xi

(n− l)
(l = 1, 2, · · · ,m)

νx
(l) =

n−l∑
i=1

xi+l

(n− l)
(l = 1, 2, · · · ,m)

μy
(l) =

n−l∑
i=1

yi

(n− l)
(l = 1, 2, · · · ,m)

νy
(l) =

n−l∑
i=1

yi+l

(n− l)
(l = 1, 2, · · · ,m)

(2) Usage

Double precision:

CALL DFCVCS (X, N, Y, M, VX, VY, IERR)

Single precision:

CALL RFCVCS (X, N, Y, M, VX, VY, IERR)

246



DFCVCS, RFCVCS
Cross Covariances

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X
{
D

R

}
N Input Time series data xi

2 N I 1 Input Number of time series data n

3 Y
{
D

R

}
N Input Time series data yi

4 M I 1 Input Number of cross covariances to be obtained m

5 VX
{
D

R

}
M Output Cross covariance cxy

(l)

6 VY
{
D

R

}
M Output Cross covariance cyx

(l)

7 IERR I 1 Output Error indicator

(4) Restrictions

(a) N ≥ 2

(b) 0 < M ≤ N

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

(6) Notes

None

(7) Example

(a) Problem

Obtain cross covariances when the following two sets of time series data X and Y are given.

X(1) = 2.05D0, Y(1) = 22.23D0

X(2) = 2.10D0, Y(2) = 22.34D0

X(3) = 3.40D0, Y(3) = 22.30D0

X(4) = 5.01D0, Y(4) = 21.90D0

X(5) = 7.35D0, Y(5) = 21.31D0

X(6) = 9.43D0, Y(6) = 20.41D0

X(7) = 10.82D0, Y(7) = 19.43D0

X(8) = 11.09D0, Y(8) = 18.41D0

X(9) = 10.41D0, Y(9) = 17.72D0

X(10) = 7.85D0, Y(10) = 17.81D0
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X(11) = 3.97D0, Y(11) = 18.01D0

X(12) = 2.90D0, Y(12) = 18.72D0

X(13) = 2.85D0, Y(13) = 19.51D0

X(14) = 3.50D0, Y(14) = 20.39D0

X(15) = 4.97D0, Y(15) = 21.54D0

X(16) = 6.77D0, Y(16) = 22.33D0

X(17) = 9.61D0, Y(17) = 22.35D0

X(18) = 11.91D0, Y(18) = 21.69D0

X(19) = 12.81D0, Y(19) = 19.97D0

X(20) = 10.92D0, Y(20) = 19.02D0

X(21) = 9.30D0, Y(21) = 18.73D0

X(22) = 6.13D0, Y(22) = 18.91D0

X(23) = 4.54D0, Y(23) = 19.34D0

X(24) = 4.72D0, Y(24) = 19.94D0

(b) Input data

Time series data X and Y, N=24 and number of cross covariances to be obtained M=14.

(c) Main program

PROGRAM NFCVCS
!

REAL(8) X(24),Y(24),VX(14),VY(14)
!

N=24
M=14

!
READ(*,*) (X(I),I=1,N)
READ(*,*) (Y(I),I=1,N)

!
CALL DFCVCS(X,N,Y,M,VX,VY,IERR)

!
WRITE(6,110) N,M
WRITE(6,120) (X(I),Y(I),I=1,N)
WRITE(6,130) IERR
WRITE(6,140) (I,VX(I),VY(I),I=1,M)

!
110 FORMAT(’ ’,/,/,/,6X,’*** CROSS COVARIANCE (DFCVCS) ***’,/,/,&

6X,’INPUT DATA’,/,/,6X,’N =’,I4,5X,’M =’,I4,/,/,&
15X,’DATA-X’,9X,’DATA-Y’,/)

120 FORMAT(6X,2F15.3)
130 FORMAT(6X,’OUTPUT’,/,/,6X,’IERR=’,I3,/,/,&

6X,’NO.’,15X,’VX’,13X,’VY’,/)
140 FORMAT(6X,I3,2X,2F15.3)

!
END

(d) Output results

*** CROSS COVARIANCE (DFCVCS) ***

INPUT DATA

N = 24 M = 14

DATA-X DATA-Y

2.050 22.230
2.100 22.340
3.400 22.300
5.010 21.900
7.350 21.310
9.430 20.410
10.820 19.430
11.090 18.410
10.410 17.720
7.850 17.810
3.970 18.010
2.900 18.720
2.850 19.510
3.500 20.390
4.970 21.540
6.770 22.330
9.610 22.350
11.910 21.690
12.810 19.970
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10.920 19.020
9.300 18.730
6.130 18.910
4.540 19.340
4.720 19.940

OUTPUT

IERR= 0

NO. VX VY

1 -32.295 -32.295
2 -72.567 22.571
3 -93.644 66.354
4 -89.968 86.105
5 -65.973 78.128
6 -27.864 48.649
7 13.207 9.811
8 47.778 -26.477
9 67.510 -54.681

10 67.428 -70.349
11 50.022 -69.464
12 21.173 -50.006
13 -9.509 -22.386
14 -33.709 5.315
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5.3 AUTOCORRELATION AND CROSS CORRELATION

5.3.1 DFCRSC, RFCRSC

Autocorrelation Coefficients

(1) Function

Let time series data be represented by x1, x2, · · · , xn. The DFCRSC or RFCRSC obtains the sum, mean,

sum of squares of deviation, and standard deviation (unbiased estimate), which are defined by the following

equations, for the first n− l (l = 1, 2, · · · ,m;m ≤ n) data values among this time series data.

Sum:

s(l) =

n−l∑
i=1

xi (l = 1, 2, · · · ,m)

Mean:

μ(l) =

n−l∑
i=1

xi

(n− l)
(l = 1, 2, · · · ,m)

Sum of squares of deviation:

v(l) =
n−l∑
i=1

(xi − μ(l))2 (l = 1, 2, · · · ,m)

Standard deviation (unbiased estimate):

σ(l) =

√
v(l)

(n− l − 1)

The subroutine also obtains the autocorrelation coefficient, which is defined by the following equation.

r(l) =

n−l∑
i=1

(xi − μ(l))(xi+l − ν(l))

√√√√n−l∑
i=1

(xi − μ(l))2

√√√√n−l∑
i=1

(xi+l − ν(l))2

Here, ν(l) is the mean of the last n− l data values, which is defined as follows.

ν(l) =

n−l∑
i=1

xi+l

(n− l)
(l = 1, 2, · · · ,m)

(2) Usage

Double precision:

CALL DFCRSC (A, N, M, R, STAT, IERR)

Single precision:

CALL RFCRSC (A, N, M, R, STAT, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Time series data xi

2 N I 1 Input Number of time series data n

3 M I 1 Input Number of autocorrelation coefficients to be ob-

tained m

4 R
{
D

R

}
M Output Autocorrelation coefficient r(l)

5 STAT
{
D

R

}
M,4 Output Basic statistics (See Note (a))

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) N ≥ 2

(b) 1 ≤ M ≤N

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 For some l, the standard deviation σ(l)

or correlation coefficient r(l) was not

obtained.

0.0 is set for the portion corresponding to

σ(l) or r(l).

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

(6) Notes

(a) The sum s(l), mean μ(l), sum of squares of deviation v(l), and standard deviation σ(l) (l = 1, 2, · · · ,m)

are output as follows in array STAT as a real matrix (two-dimensional array type) (See Appendix A).⎡
⎢⎢⎢⎢⎣

s(1) μ(1) v(1) σ(1)

s(2) μ(2) v(2) σ(2)

...
...

...
...

s(m) μ(m) v(m) σ(m)

⎤
⎥⎥⎥⎥⎦

(b) When IERR=1000, the sum s(l), mean μ(l), and sum of squares of deviation v(l) are obtained, and 0.0

is set in the positions where the standard deviation σ(l) or correlation coefficient r(l) was not obtained

(l = 1, 2, · · · ,m).
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5.3.2 DFCRCZ, RFCRCZ

Cross Correlation Coefficients (Zero Means)

(1) Function

Given the following two sets of time series data for which the means are zero:

x1, x2, · · · , xn

y1, y2, · · · , yn

the DFCRCZ or RFCRCZ obtains an approximation rxy
(l) (l = 1, 2, · · · ,m) of the cross correlation coeffi-

cient, which is defined by the following equation.

rxy
(l) =

n

n− l

n−l∑
i=1

xiyi+l√√√√ n∑
i=1

(xi)2

√√√√ n∑
i=1

(yi)2

(l = 1, 2, · · · ,m;n � m)

(2) Usage

Double precision:

CALL DFCRCZ (X, N, Y, M, CRR, IERR)

Single precision:

CALL RFCRCZ (X, N, Y, M, CRR, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X
{
D

R

}
N Input Time series data xi

2 N I 1 Input Number observed values n

3 Y
{
D

R

}
N Input Time series data yi

4 M I 1 Input Number of cross correlation coefficients to be

obtained m

5 CRR
{
D

R

}
M Output Cross correlation coefficient approximation

rxy
(l)

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) 1 ≤ M ≤ N
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 The sum of squares of xi or sum of squares

of yi was smaller than the unit for deter-

mining error.

rxy
(l) = 0.0 was set for all l.

1100 For some l the cross correlation coefficient

rxy
(l) was larger than 1.

Processing continues.

3000 Restriction (a) was not satisfied. Processing is aborted.

(6) Notes

(a) The subroutine 5.3.3

{
DFCRCS

RFCRCS

}
must be used for time series data for which the mean is not zero.

(b) When IERR=1100, the correlation coefficients rxy
(l) are all calculated. However, since the correlation

coefficient definition is not satisfied for those having a value greater than or equal to 1, they cannot be

used as correlation coefficients.
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5.3.3 DFCRCS, RFCRCS

Cross Correlation Coefficients

(1) Function

Let two sets of time series data be represented as follows.

x1, x2, · · · , xn

y1, y2, · · · , yn

The DFCRCS or RFCRCS obtains the cross correlation coefficients rxy
(l) and ryx

(l) (l = 1, 2, · · · ,m;m ≤ n),

which are defined by the following equations.

rxy
(l) =

n−l∑
i=1

(xi − μx
(l))(yi+l − νy

(l))

√√√√n−l∑
i=1

(xi − μx
(l))2

√√√√n−l∑
i=1

(yi+l − νy(l))2

(l = 1, 2, · · · ,m)

ryx
(l) =

n−l∑
i=1

(yi − μy
(l))(xi+l − νx

(l))

√√√√n−l∑
i=1

(yi − μy
(l))2

√√√√n−l∑
i=1

(xi+l − νx(l))2

(l = 1, 2, · · · ,m)

Here, μx
(l), νx

(l), μy
(l), and νy

(l), which represent the means for xi and yi (i = 1, 2, · · · , n) of the first and

last n− l data values, respectively, among these sets of time series data where (l = 1, 2, · · · ,m;m ≤ n), are

defined as follows.

μx
(l) =

n−l∑
i=1

xi

(n− l)
(l = 1, 2, · · · ,m)

νx
(l) =

n−l∑
i=1

xi+l

(n− l)
(l = 1, 2, · · · ,m)

μy
(l) =

n−l∑
i=1

yi

(n− l)
(l = 1, 2, · · · ,m)

νy
(l) =

n−l∑
i=1

yi+l

(n− l)
(l = 1, 2, · · · ,m)
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(2) Usage

Double precision:

CALL DFCRCS (X, N, Y, M, RX, RY, IERR)

Single precision:

CALL RFCRCS (X, N, Y, M, RX, RY, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X
{
D

R

}
N Input Time series data xi

2 N I 1 Input Number of time series data observed values n

3 Y
{
D

R

}
N Input Time series data yi

4 M I 1 Input Number of cross correlation coefficients to be

obtained m

5 RX
{
D

R

}
M Output Cross correlation coefficient rxy

(l)

6 RY
{
D

R

}
M Output Cross correlation coefficient ryx

(l)

7 IERR I 1 Output Error indicator

(4) Restrictions

(a) N ≥ 2

(b) 1 ≤ M ≤ N

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 For some l, the correlation coefficient

rxy
(l) or ryx

(l) was not obtained.

0.0 is set for the value of the correlation

coefficient that was not obtained.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

(6) Notes

None
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5.4.1 DFASMA, RFASMA

Moving Averages

(1) Function

Using n given time series data values represented as follows:

x1, x2, · · · , xn

and m specified weights represented as follows:

w1, w2, · · · , wm

the DFASMA or RFASMA obtains the weighted moving average Mw
k . The weighted moving average Mw

k

is defined as follows.

Mw
k =

m∑
j=1

(xk+j−1 · wj)
m∑
j=1

wj

(k = 1, 2, · · · , n−m+ 1)

m can be called the smoothing bandwidth.

(2) Usage

Double precision:

CALL DFASMA (A, N, M, WA, AV, ISW, IERR)

Single precision:

CALL RFASMA (A, N, M, WA, AV, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Time series data xi

2 N I 1 Input Number of time series data n

3 M I 1 Input Smoothing bandwidth m

4 WA
{
D

R

}
M Input Weight wj

5 AV
{
D

R

}
N−M+ 1 Output Moving average Mw

k

6 ISW I 1 Input Weight specification switch

ISW=0: Input weight wj

ISW=1: Set all weights to 1.0

7 IERR I 1 Output Error indicator

(4) Restrictions

(a) N ≥ 2

(b) 0 < M ≤ N

(c) WA(1) + · · ·+WA(M) > 0

(d) ISW ∈ {0, 1}

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (d) was not satisfied. All weights are set to 1.0 and processing

continues.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

Obtain the moving averages for the following time series data:
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A( 1) = 71.8 A(13) = 62.3

A( 2) = 73.2 A(14) = 51.2

A( 3) = 63.8 A(15) = 48.2

A( 4) = 60.0 A(16) = 29.8

A( 5) = 58.3 A(17) = 34.3

A( 6) = 57.2 A(18) = 24.0

A( 7) = 48.5 A(19) = 22.9

A( 8) = 53.5 A(20) = 31.8

A( 9) = 69.3 A(21) = 70.0

A(10) = 68.7 A(22) = 106.7

A(11) = 73.4 A(23) = 138.5

A(12) = 74.9 A(24) = 146.1
to which the following weights are assigned:

WA( 1) = −3.0

WA( 2) = 12.0

WA( 3) = 17.0

WA( 4) = 12.0

WA( 5) = −3.0

(b) Input data

Array A and WA, N=24, M=5 and ISW=0.

(c) Main program

PROGRAM BFASMA
! *** EXAMPLE OF DFASMA ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER(N=24,M=5,ISW=0)
DIMENSION A(N),WA(M),AV(N-M+1)

!
READ(5,*) (A(I),I=1,N)
READ(5,*) (WA(I),I=1,M)
WRITE(6,1000) N,M,ISW
WRITE(6,2000)
DO 10 I=1,N
WRITE(6,2100) I,A(I)

10 CONTINUE
WRITE(6,3000)
DO 20 I=1,M
WRITE(6,3100) I,WA(I)

20 CONTINUE
CALL DFASMA(A,N,M,WA,AV,ISW,IERR)
WRITE(6,4000) IERR
DO 30 I=1,N-M+1
WRITE(6,5000) I,AV(I)

30 CONTINUE
STOP

!
1000 FORMAT(1X,’ *** DFASMA ***’,/,/,’ ** INPUT **’,/,/,7X,’N = ’,I4,&

/,7X,’M = ’,I4,/,7X,’ISW = ’,I4)
2000 FORMAT(1X,/,7X,’TIME SERIES DATA’,/)
2100 FORMAT(8X,’A(’,I2,’) = ’,D18.10)
3000 FORMAT(1X,/,7X,’WEIGHT’,/)
3100 FORMAT(8X,’WA(’,I2,’) = ’,D18.10)
4000 FORMAT(1X,/,1X,’ ** OUTPUT **’,/,/,7X,’IERR = ’,I4,/)
5000 FORMAT(7X,’AV(’,I2,’) = ’,D18.10)
!

END

(d) Output results

*** DFASMA ***

** INPUT **

N = 24
M = 5
ISW = 0

TIME SERIES DATA

A( 1) = 0.7180000000D+02
A( 2) = 0.7320000000D+02
A( 3) = 0.6380000000D+02
A( 4) = 0.6000000000D+02
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A( 5) = 0.5830000000D+02
A( 6) = 0.5720000000D+02
A( 7) = 0.4850000000D+02
A( 8) = 0.5350000000D+02
A( 9) = 0.6930000000D+02
A(10) = 0.6870000000D+02
A(11) = 0.7340000000D+02
A(12) = 0.7490000000D+02
A(13) = 0.6230000000D+02
A(14) = 0.5120000000D+02
A(15) = 0.4820000000D+02
A(16) = 0.2980000000D+02
A(17) = 0.3430000000D+02
A(18) = 0.2400000000D+02
A(19) = 0.2290000000D+02
A(20) = 0.3180000000D+02
A(21) = 0.7000000000D+02
A(22) = 0.1067000000D+03
A(23) = 0.1385000000D+03
A(24) = 0.1461000000D+03

WEIGHT

WA( 1) = -0.3000000000D+01
WA( 2) = 0.1200000000D+02
WA( 3) = 0.1700000000D+02
WA( 4) = 0.1200000000D+02
WA( 5) = -0.3000000000D+01

** OUTPUT **

IERR = 0

AV( 1) = 0.6550571429D+02
AV( 2) = 0.5982857143D+02
AV( 3) = 0.5887428571D+02
AV( 4) = 0.5467142857D+02
AV( 5) = 0.5057428571D+02
AV( 6) = 0.5558285714D+02
AV( 7) = 0.6510857143D+02
AV( 8) = 0.7128857143D+02
AV( 9) = 0.7360571429D+02
AV(10) = 0.7262857143D+02
AV(11) = 0.6307142857D+02
AV(12) = 0.5378000000D+02
AV(13) = 0.4290285714D+02
AV(14) = 0.3631428571D+02
AV(15) = 0.2901142857D+02
AV(16) = 0.2598857143D+02
AV(17) = 0.2131428571D+02
AV(18) = 0.3609428571D+02
AV(19) = 0.6765142857D+02
AV(20) = 0.1080628571D+03
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5.4.2 DFDPES, RFDPES

Single Exponential Smoothing

(1) Function

The single exponential smoothing equation for a given time series · · · , xn−1, xn (xn is the most recent data)

is defined as follows.

St = αxt + (1 − α)St−1 (t = M,M + 1, · · · , n;M → −∞)

Here, St is the smoothing value of xt and α is the smoothing constant. Now, assume the forecasting model

has the following kind of structure.

xt = a+ εt

Here, a is a constant, and εt is an error term that independently obeys N(0, σ2). At this time, the mathe-

matical expectation value Et at time t and the forecast value Et+L at L periods after t are as follows.

Et+L = Et = St

The DFDPES or RFDPES obtains the smoothing value Sj related to the following given time series data:

x1, x2, · · · , xn

(where, xn is the most recent data). The definition of Sj is as follows.

S1 =
1

m

m∑
i=1

xi (initial value)

Sj = αxj+m−1 + (1− α)Sj−1 (j = 2, 3, · · · , n−m+ 1)

(2) Usage

Double precision:

CALL DFDPES (A, N, ALH, IN, EV, IERR)

Single precision:

CALL RFDPES (A, N, ALH, IN, EV, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Time series data xj

2 N I 1 Input Number of time series data n

3 ALH
{
D

R

}
1 Input Smoothing constant α

4 IN I 1 Input Average number of terms for the initial value

setting m

Default value: 2 (when IN=0)

5 EV
{
D

R

}
N− IN + 1 Output Smoothing value Sj

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) N > 0

(b) 0 ≤ IN ≤ N

(c) 0.0 < ALH < 1.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 N = IN (when N �= 0) Only EV(1) is calculated.

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

3200 Restriction (c) was not satisfied.

(6) Notes

None
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5.4.3 DFDPED, RFDPED

Double Exponential Smoothing

(1) Function

The double exponential smoothing equation for a given time series · · · , xn−1, xn (xn is the most recent data)

is defined as follows.

St = αxt + (1 − α)St−1

Dt = αSt + (1− α)Dt−1 (t = M,M + 1, · · · , n;M → −∞)

Here, St is the single exponential smoothing value of xt, Dt is the double exponential smoothing value of xt,

and α is the smoothing constant. Now, assume the forecasting model has the following kind of structure.

xt = a+ bt+ εt

Here, a and b are constants, and εt is an error term that independently obeys N(0, σ2). At this time, the

mathematical expectation value Et at time t and the forecast value Et+L at L periods after t are as follows.

Et = 2St −Dt

Et+L = (2St −Dt) +Bt · L

Here, Bt, which represents the linear trend estimate, is defined by the following equation.

Bt =
α

1− α
(St −Dt)

The DFDPED or RFDPED obtains the smoothing value Ek, forecast value Ek+L, and linear trend estimate

Bk related to the following given time series data:

x1, x2, · · · , xn

(where, xn is the most recent data). The definitions of these quantities are as follows.

S1 =
1

m

m∑
i=1

xi (initial value)

D1 = S1 (initial value)

Sj = αxj+m−1 + (1− α)Sj−1

Dj = αSj + (1− α)Dj−1 (j = 2, 3, · · · , n−m+ 1)

Ek = 2Sk −Dk

Bk =
α

1− α
(Sk −Dk)

Ek+L = Ek +BkL (k = 1, 2, · · · , n−m+ 1)
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(2) Usage

Double precision:

CALL DFDPED (A, N, ALH, IN, M, EV, AV, TR, IERR)

Single precision:

CALL RFDPED (A, N, ALH, IN, M, EV, AV, TR, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Time series data xj

2 N I 1 Input Number of time series data n

3 ALH
{
D

R

}
1 Input Smoothing constant α

4 IN I 1 Input Average number of terms for the initial value

setting m

Default value: 2 (when IN=0)

5 M I 1 Input Time lag L

6 EV
{
D

R

}
N− IN + 1 Output Smoothing value Ek

7 AV
{
D

R

}
N− IN + 1 Output Forecast value Ek+L

8 TR
{
D

R

}
N− IN + 1 Output Linear trend estimate Bk

9 IERR I 1 Output Error indicator

(4) Restrictions

(a) N > 0

(b) 0 ≤ IN ≤ N

(c) 0.0 < ALH < 1.0

(d) M ≥ 0
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 N = IN EV(1) and AV(1) are calculated, and 0.0

is set for TR(1).

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

3200 Restriction (c) was not satisfied.

3300 Restriction (d) was not satisfied.

(6) Notes

(a) When a model is forecasted having this structure pattern, at least two data values are required. A

forecast performed using data for one point is statistically meaningless.
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5.4.4 DFDPET, RFDPET

Triple Exponential Smoothing

(1) Function

The triple exponential smoothing equation for a given time series · · · , xn−1, xn (xn is the most recent data)

is defined as follows.

St = αxt + (1− α)St−1

Dt = αSt + (1− α)Dt−1

Tt = αDt + (1− α)Tt−1 (t = M,M + 1, · · · , n;M → −∞)

Here, St is the single exponential smoothing value of xt, Dt is the double exponential smoothing value of

xt, Tt is the triple exponential smoothing value of xt, and α is the smoothing constant. Now, assume the

forecasting model has the following kind of structure.

xt = a+ bt+
c

2
t2 + εt

Here, a, b and c are constants, and εt is an error term that independently obeys N(0, σ2). At this time, the

mathematical expectation value Et at time t and the forecast value Et+L at L periods after t are as follows.

Et = 3St − 3Dt + Tt

Et+L = Et +BtL+
Ct

2
L2

Here, Bt, which represents the linear trend estimate, and Ct, which represents the quadratic trend estimate,

are defined by the following equations.

Bt =
α

2(1− α)2
{(6− 5α)St − 2(5− 4α)Dt + (4− 3α)Tt}

Ct =
(α)2

(1− α)2
(St − 2Dt + Tt)

The DFDPET or RFDPET obtains the smoothing value Ek, forecast value Ek+L, linear trend estimate Bk,

and quadratic trend estimate Ck related to the following given time series data:

x1, x2, · · · , xn

(where, xn is the most recent data). The definitions of these quantities are as follows.

S1 =
1

m

m∑
i=1

xi (initial value)

D1 = S1 = T1 (initial value)

Sj = αxj+m−1 + (1− α)Sj−1

Dj = αSj + (1− α)Dj−1
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Tj = αDj + (1− α)Tj−1 (j = 2, 3, · · · , n−m+ 1)

Ek = 3Sk − 3Dk + Tk

Bk =
α

2(1− α)2
{(6− 5α)Sk − 2(5− 4α)Dk + (4 − 3α)Tk}

Ck =
(α)2

(1− α)2
(Sk − 2Dk + Tk)

Ek+L = Ek +BkL+
Ck

2
L2 (k = 1, 2, · · · , n−m+ 1)

(2) Usage

Double precision:

CALL DFDPET (A, N, ALH, IN, M, EV, AV, TR, QR, IERR)

Single precision:

CALL RFDPET (A, N, ALH, IN, M, EV, AV, TR, QR, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Time series data xj

2 N I 1 Input Number of time series data n

3 ALH
{
D

R

}
1 Input Smoothing constant α

4 IN I 1 Input Average number of terms for the initial value

setting

Default value: 2 (When IN=0)

5 M I 1 Input Time lag L

6 EV
{
D

R

}
N− IN + 1 Output Smoothing value Ek

7 AV
{
D

R

}
N− IN + 1 Output Forecast value Ek+L

8 TR
{
D

R

}
N− IN + 1 Output Linear trend estimate Bk

9 QR
{
D

R

}
N− IN + 1 Output Quadratic trend estimate Ck

10 IERR I 1 Output Error indicator
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(4) Restrictions

(a) N > 0

(b) 0 ≤ IN ≤ N

(c) 0.0 < ALH < 1.0

(d) M ≥ 0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 N = IN EV(1) and AV(1) are calculated, and 0.0

is set for QR(1) and TR(1).

3000 Restriction (a) was not satisfied. Processing is aborted.

3100 Restriction (b) was not satisfied.

3200 Restriction (c) was not satisfied.

3300 Restriction (d) was not satisfied.

(6) Notes

(a) When a model is forecasted having this structure pattern, at least three data values are required. A

forecast performed using data for two or fewer points is statistically meaningless.
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Chapter 6

TESTS AND ESTIMATES

6.1 INTRODUCTION

A random sample of size n sampled (using sampling with replacement) from a population is theoretically repre-

sented as follows by a set of n random variables having an equal probability distribution since they are mutually

independent.

S = (X1, X2, · · · , Xn)

S is called a sample of size n, and the common probability distribution of the Xi is called the population

distribution. The constants that define the population distribution are called parameters, and a parameter for

which the value is unknown is called an unknown parameter. Statistical analysis deals with estimates of the values

of these kinds of unknown parameters (statistical estimates) and decisions on whether or not hypotheses related

to the values of unknown parameters can be established (statistical hypothesis testing). This library provides

functions for calculating the following kinds of estimates and tests.

• Interval estimations

– Interval estimation of the population ratio according to one set of samples

– Interval estimation of the population mean according to one set of samples

– Interval estimation of the difference of the population means according to two sets of independent

samples

– Interval estimation of the population variance due to one set of samples

– Interval estimation of the population correlation coefficient according to one set of samples

– Interval estimation of the difference of the population correlation coefficient according to two sets of

independent samples

– Interval estimation in the simple linear regression

• Tests

– Test of the population ratio according to one set of samples

– Test of the difference of the population ratios according to two sets of independent samples

– Test of the population mean according to one set of samples

– Test of the difference of the population means according to two sets of independent samples

– Test of the population variance due to one set of samples

– Test of the population correlation coefficient according to one set of samples

– Test of the difference of the population correlation coefficients according to two sets of independent

samples

– Test in the simple linear regression
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6.1.1 Explanation

(1) Interval estimation of the population ratio according to one set of samples

When the number of data having the observed characteristic in the one set of sample data of size n is m,

obtain the confidence interval of the population ratio when the confidence level 1 − α is specified. The

confidence interval (p1, p2) is defined as follows.

p1 =
m

(n−m+ 1)F1 +m

p2 =
(m+ 1)F2

(m+ 1)F2 + (n−m)

Here,

α

2
= 1− P (F1|2(n−m+ 1), 2m) = 1− P (F2|2(m+ 1), 2(n−m))

P (F |n1, n2) is the cumulative distribution function (c.d.f.) of a F distribution having numbers of degrees

of freedom n1 and n2. If the sample ratio p̂ is given as p̂ = m
n ,

• when p̂ = 0:

the upper bound of one-sided confidence interval in the confidence level 1− α is given as follows

p2 =
Fα

n+ Fα

where

α = 1− P (Fα|2, 2n)
P (F |n1, n2) is the cumulative distribution function (c.d.f.) of a F distribution having numbers of

degrees of freedom n1 and n2.

• when p̂ = 1:

the lower bound of one-sided confidence interval in the confidence level 1− α is given as follows

p1 =
n

n+ Fα

where

α = 1− P (Fα|2, 2n)
(2) Interval estimation of the population mean according to one set of samples

From the mean μ and variance (or population variance) σ2 of one set of sample data of size n, obtain the

confidence interval of the population mean when the confidence level 1 − α is specified. The confidence

interval (t1, t2) is defined as follows.

t1 = μ− zα
2

√
β

t2 = μ+ zα
2

√
β

(a) When the population variance is known
α

2
= 1− P (zα

2
)

Here, P (x) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

β =
σ2

n

σ2: Population variance
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(b) When the population variance is unknown

α

2
= 1− P (zα

2
, n− 1)

Here, P (t, n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β =
σ2

n

σ2 is an unbiased estimate of the population variance.

(3) Interval estimation of the difference of the population means according to two sets of inde-

pendent samples

From the means μ1 and μ2 and variances (or population variances) σ1
2 and σ2

2 of two sets of independent

sample data of sizes n1 and n2, respectively, obtain the confidence interval of the difference of the population

means when the confidence level 1− α is specified. The confidence interval (t1, t2) is defined as follows.

t1 = (μ1 − μ2)− zα
2

√
β1 + β2

t2 = (μ1 − μ2) + zα
2

√
β1 + β2

(a) When the population variances are known

α

2
= 1− P (zα

2
)

Here, P (x) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

β1 =
σ1

2

n1
, β2 =

σ2
2

n2

σ1
2, σ2

2: Population variances of the two sets

(b) When the population variances of the two sets are equal and that value is unknown

α

2
= 1− P (zα

2
, n1 + n2 − 2)

Here, P (t, n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
sp

2

n1
, β2 =

sp
2

n2

sp
2 is defined as follows.

sp
2 =

(n1 − 1)σ1
2 + (n2 − 1)σ2

2

n1 + n2 − 2

σ1
2 and σ2

2 are unbiased estimates of the population variances.

(c) When the population variances of the two sets are not equal and those values are unknown

zα
2
=

β1t
(1)
α
2

+ β2t
(2)
α
2

β1 + β2

α

2
= 1− P (t

(1)
α
2
, n1 − 1) = 1− P (t

(2)
α
2
, n2 − 1)

Here, P (t, n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
σ1

2

n1
, β2 =

σ2
2

n2

σ1
2 and σ2

2 are unbiased estimates of the population variances.
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(4) Interval estimation of the population variance due to one set of samples

From the variance (or population variance) σ2 of one set of sample data of size n, obtain the confidence

interval of the population variance when the confidence level (t1, t2) is specified. The confidence interval

(t1, t2) is defined as follows.

t1 =
σ2(n− 1)

χ1
2

t2 =
σ2(n− 1)

χ2
2

σ2 is an unbiased estimate of the population variance. Also,

α

2
= P (χ1

2;n− 1) = 1− P (χ2
2;n− 1)

Here, P (x, y) is the cumulative distribution function (c.d.f.) of a χ2 distribution with y degrees of freedom.

(5) Interval estimation of the population correlation coefficient according to one set of samples

From the sample correlation coefficient r of one set of sample data of size n, obtain the confidence interval of

the population correlation coefficient ρ when the confidence level 1−α is specified. The confidence interval

(t1, t2) is defined as follows.

t1 =
ea−b − 1

ea−b + 1

t2 =
ea+b − 1

ea+b + 1

Here,

a = loge
1 + r

1− r

b =
2zα

2√
n− 3

α

2
= 1− P (zα

2
)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

(6) Interval estimation of the difference of the population correlation coefficient according to two

sets of independent samples

From the correlation coefficients r1 and r2 of two sets of independent sample data of sizes n1 and n2,

respectively, obtain the confidence interval of the difference of the population correlation coefficients ρ1 and

ρ2 when the confidence level 1− α is specified. If ρ1 = ρ2 = ρ, the confidence level of ρ is obtained.

(a) When ρ1 = ρ2 = ρ

The confidence interval (t1, t2) of ρ is defined as follows.

t1 =
ea−b − 1

ea−b + 1
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t2 =
ea+b − 1

ea+b + 1

Here,

a =
2(n1 − 3)z1 + 2(n2 − 3)z2

n1 + n2 − 6

b =
2zα

2√
n1 + n2 − 6

z1 =
1

2
loge

1 + r1
1− r1

z2 =
1

2
loge

1 + r2
1− r2

α

2
= 1− P (zα

2
)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

(b) When ρ1 �= ρ2

The confidence interval (t1, t2) of ρ1 − ρ2 is defined as follows.

t1 =
ea−b − 1

ea−b + 1

t2 =
ea+b − 1

ea+b + 1

Here,

a = loge
1 + r1
1− r1

− loge
1 + r2
1− r2

b = 2zα
2

√
1

n1 − 3
+

1

n2 − 3

α

2
= 1− P (zα

2
)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

(7) Interval estimation in the simple linear regression

For regression coefficient a, constant term b, and a given specific data x0 in the following simple linear

regression expression (or regression line) related to one set of sample data {xi, yi} (1, · · · , n) of size n

ŷi = axi + b

obtain the estimate ŷ0 and the confidence interval of the confidence level 1 − α of the theoretical value

Ax0 − B. Assume that yi corresponding to each xi is the random sample from the normal population

having the mean Axi − B and the variance σ2. Obtain the regression coefficient a and constant term b of

the sample data from the following normal equations.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n∑
i=1

yi = a

n∑
i=1

xi + bn

n∑
i=1

xiyi = a
n∑

i=1

x2
i + b

n∑
i=1

xi

The confidence interval (t1, t2) is defined as follows.
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(a) Regression coefficient

t1 = a− tα
2
· sa

t2 = a+ tα
2
· sa

Here,

sa =

√
σ2∑

(xi − μx)2

i. When the population variance is known

σ2 : Population variance
α

2
= 1− P (tα

2
)

Here, P (t) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the population variance is unknown

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

(b) Constant term

t1 = a− tα
2
· sb

t2 = a+ tα
2
· sb

Here,

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]

i. When the population variance is known

σ2 : Population variance
α

2
= 1− P (tα

2
)

Here, P (t) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the population variance is unknown

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

(c) Estimated value

t1 = ŷ0 − tα
2
· sy

t2 = ŷ0 + tα
2
· sy

Here,

sy =

√
σ2

[
1 +

1

n
+

(x0 − μx)2∑
(xi − μx)2

]
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i. When the population variance is known

σ2 : Population variance
α

2
= 1− P (tα

2
)

Here, P (t) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the population variance is unknown

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

(d) Theoretical value

t1 = ŷ0 − tα
2
· s0

t2 = ŷ0 + tα
2
· s0

Here,

s0 =

√
σ2

[
1

n
+

(x0 − μx)2∑
(xi − μx)2

]

i. When the population variance is known

σ2 : Population variance
α

2
= 1− P (tα

2
)

Here, P (t) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the population variance is unknown

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

(8) Test of the population rate according to one set of samples

When the number of data having the observed characteristic in the one set of sample data of size n is m,

test the hypothesis p = p0 related to the ratio p in the population to which the respective set of sample

data belong with the confidence level 1− α. The test criteria are as follows.

(a) When the alternative hypothesis is p �= p0

For f1 and f2 defined as follows

f1 =
2(n−m)p0

2(m+ 1)(1− p0)

f2 =
2m(1− p0)

2(n−m+ 1)p0{
If f1 ≥ F1 or f2 ≥ F2, reject

If f1 < F1 and f2 < F2, accept

Here,

α

2
= 1− P (F1|2(n−m+ 1), 2m) = 1− P (F2|2(m+ 1), 2(n−m))

P (F |n1, n2) is the cumulative distribution function (c.d.f.) of a F distribution having numbers of

degrees of freedom n1 and n2.
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(b) When the alternative hypothesis is p < p0

For f1 defined as follows

f1 =
2(n−m)p0

2(m+ 1)(1− p0){
If f1 ≥ F ∗

1 , reject

If f1 < F ∗
1 , accept

Here,

α = 1− P (F ∗
1 |2(m+ 1), 2(n−m))

P (F |n1, n2) is the cumulative distribution function (c.d.f.) of a F distribution having numbers of

degrees of freedom n1 and n2.

(c) When the alternative hypothesis is p > p0

For f2 defined as follows

f2 =
2m(1− p0)

2(n−m+ 1)(1− p0){
If f2 ≥ F ∗

2 , reject

If f2 < F ∗
2 , accept

Here,

α = 1− P (F ∗
2 |2(n−m+ 1), 2m)

P (F |n1, n2) is the cumulative distribution function (c.d.f.) of a F distribution having numbers of

degrees of freedom n1 and n2.

(9) Test of the difference of the population ratios according to two sets of independent samples

When the number of data having the observed characteristic in the two sets of independent sample data of

sizes n1 and n2 are m1 and m2, respectively, test the hypothesis p1 = p2 related to the ratios p1 and p2 in

the population to which the respective sets of sample data belong with the confidence level 1− α.

Let the sample ratios in the two sets of independent samples, respectively, be p̂1 and p̂2 as shown below.

p̂1 =
m1

n1
, p̂2 =

m2

n2

The test criteria are as follows.

(a) When no continuity correction is performed

i. When the alternative hypothesis is p1 �= p2

For z defined as follows

z =
p̂1 − p̂2√

p̂(1− p̂)( 1
n1

+ 1
n2
){

If |z| ≥ zα
2
, reject

If |z| < zα
2
, accept

where, p̂ and α
2 are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2
α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.
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ii. When the alternative hypothesis is p1 < p2

For z defined as follows

z =
p̂1 − p̂2√

p̂(1 − p̂)( 1
n1

+ 1
n2
){

If z ≤ −zα, reject

If z > −zα, accept

where, p̂ and α are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

iii. When the alternative hypothesis is p1 > p2

For z defined as follows

z =
p̂1 − p̂2√

p̂(1 − p̂)( 1
n1

+ 1
n2
){

If z ≥ zα, reject

If z < zα, accept

where, p̂ and α are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(b) When continuity correction is performed

i. When the alternative hypothesis is p1 �= p2

For z defined as follows⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

z =
p̂1 − p̂2 − 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 ≥ p̂2)

z =
p̂1 − p̂2 + 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 < p̂2)

{
If |z| ≥ zα

2
, reject

If |z| < zα
2
, accept

where, p̂ and α
2 are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2
α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

ii. When the alternative hypothesis is p1 < p2

For z defined as follows⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

z =
p̂1 − p̂2 − 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 ≥ p̂2)

z =
p̂1 − p̂2 + 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 < p̂2)
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{
If z ≤ −zα, reject

If z > −zα, accept

where, p̂ and α are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

iii. When the alternative hypothesis is p1 > p2

For z defined as follows⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

z =
p̂1 − p̂2 − 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2

)
(when p̂1 ≥ p̂2)

z =
p̂1 − p̂2 + 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2

)
(when p̂1 < p̂2)

{
If z ≥ zα, reject

If z < zα, accept

where, p̂ and α are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(10) Test of the population mean according to one set of samples

From the mean μx and variance (or population variance) σ2 of one set of sample data of size n, test the

hypothesis μ = μ0 with the confidence level 1− α. The test criteria are as follows.

(a) When the population variance is known

i. When the alternative hypothesis is μ �= μ0

For z defined as follows

z =
μx − μ0√

σ2

n{
If |z| ≥ zα

2
, reject

If |z| < zα
2
, accept

where,

σ2 : Population variance
α

2
= 1− P (zα

2
)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the alternative hypothesis is μ < μ0

For z defined as follows

z =
μx − μ0√

σ2

n{
If z ≤ −zα, reject

If z > −zα, accept

where,

σ2 : Population variance

α = 1− P (zα)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.
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iii. When the alternative hypothesis is μ > μ0

For z defined as follows

z =
μx − μ0√

σ2

n{
If z ≥ zα, reject

If z < zα, accept

where,

σ2 : Population variance

α = 1− P (zα)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

(b) When the population variance is unknown

i. When the alternative hypothesis is μ �= μ0

For t defined as follows

t =
μx − μ0√

σ2

n{
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept

where,

σ2 : Unbiased estimate of population variance
α

2
= 1− P (tα

2
|n− 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

ii. When the alternative hypothesis is μ < μ0

For t defined as follows

t =
μx − μ0√

σ2

n{
If t ≤ −tα, reject

If t > −tα, accept

where,

σ2 : Unbiased estimate of population variance

α = 1− P (tα|n− 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

iii. When the alternative hypothesis is μ > μ0 For t defined as follows

t =
μx − μ0√

σ2

n{
If t ≥ tα, reject

If t < tα, accept

where,

σ2 : Unbiased estimate of population variance

α = 1− P (tα|n− 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.
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(11) Test of the difference of the population means according to two sets of independent samples

From the means μx1 and μx2 and variances (or population variances) σ2
1 and σ2

2 of two sets of independent

sample data of sizes n1 and n2, respectively, test the hypothesis μ1 = μ2 related to the means μ1 and μ2 in

the population to which the respective sets of sample data belong with the confidence level 1−α. The test

criteria are as follows.

(a) When the population variances are known

i. When the alternative hypothesis is μ1 �= μ2 For z defined as follows

z =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2{
If |z| ≥ zα

2
, reject

If |z| < zα
2
, accept

where α
2 is as follows.
α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

σ2
1 , σ

2
2 : Population variances of the two sets

ii. When the alternative hypothesis is μ1 < μ2

For z defined as follows

z =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2{
If z ≤ −zα, reject

If z > −zα, accept

where α is as follows.

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

σ2
1 , σ

2
2 : Population variances of the two sets

iii. When the alternative hypothesis is μ1 > μ2

For z defined as follows

z =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2{
If z ≥ zα, reject

If z < zα, accept

where α is as follows.

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

σ2
1 , σ

2
2 : Population variances of the two sets

(b) When the population variances of the two sets are equal and that value is unknown

i. When the alternative hypothesis is μ1 �= μ2

For t defined as follows

t =
μx1 − μx2√
s2p(

1
n1

+ 1
n2

){
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept
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where s2p and α
2 are as follows.

s2p =
(n1 − 1)σ2

1 + (n2 − 1)σ2
2

n1 + n2 − 2
α

2
= 1− P (tα

2
|n1 + n2 − 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom. σ2
1 , σ

2
2 : Unbiased estimates of the population variances.

ii. When the alternative hypothesis is μ1 < μ2

For t defined as follows

t =
μx1 − μx2√
s2p(

1
n1

+ 1
n2
){

If t ≤ −tα, reject

If t > −tα, accept

where s2p and α are as follows.

s2p =
(n1 − 1)σ2

1 + (n2 − 1)σ2
2

n1 + n2 − 2

α = 1− P (tα|n1 + n2 − 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

σ2
1 , σ

2
2 : Unbiased estimates of the population variances.

iii. When the alternative hypothesis is μ1 > μ2

For t defined as follows

t =
μx1 − μx2√
s2p(

1
n1

+ 1
n2
){

If t ≥ tα, reject

If t < tα, accept

where s2p and α are as follows.

s2p =
(n1 − 1)σ2

1 + (n2 − 1)σ2
2

n1 + n2 − 2

α = 1− P (tα|n1 + n2 − 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

σ2
1 , σ

2
2 : Unbiased estimates of the population variances.

(c) When the population variances of the two sets are not equal and those values are unknown

i. When the alternative hypothesis is μ1 �= μ2

For t defined as follows

t =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2

t∗α
2
=

β1t
(1)
α
2

+ β2t
(2)
α
2

β1 + β2{
If |t| ≥ t∗α

2
, reject

If |t| < t∗α
2
, accept

where α
2 is as follows.
α

2
= 1− P (t

(1)
α
2
|n1 − 1) = 1− P (t

(2)
α
2
|n2 − 1)
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Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
σ2
1

n1
, β2 =

σ2
2

n2

σ2
1 , σ

2
2 : Unbiased estimates of the population variances

ii. When the alternative hypothesis is μ1 < μ2

For t defined as follows

t =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2

t∗α =
β1t

(1)
α + β2t

(2)
α

β1 + β2{
If t ≤ −t∗α, reject

If t > −t∗α, accept

where α is as follows.

α = 1− P (t(1)α |n1 − 1) = 1− P (t(2)α |n2 − 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
σ2
1

n1
, β2 =

σ2
2

n2

σ2
1 , σ

2
2 : Unbiased estimates of the population variances

iii. When the alternative hypothesis is μ1 > μ2

For t defined as follows

t =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2

t∗α =
β1t

(1)
α + β2t

(2)
α

β1 + β2{
If t ≥ t∗α, reject

If t < t∗α, accept

where α is as follows.

α = 1− P (t(1)α |n1 − 1) = 1− P (t(2)α |n2 − 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
σ2
1

n1
, β2 =

σ2
2

n2

σ2
1 , σ

2
2 : Unbiased estimates of the population variances

(12) Test of the population variance due to one set of samples

From the variance (or population variance) s2 of one set of sample data of size n, test the hypothesis σ2 = σ2
0

related to the population variance σ2 in the population to which the respective set of sample data belong

with the confidence level 1− α. The test criteria are as follows.

(a) When the alternative hypothesis is σ2 �= σ2
0

For χ2 defined as follows

χ2 =
(n− 1)s2

σ2
0
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{
If χ2 ≤ χ2

1−α
2
or χ2 ≥ χ2

α
2
, reject

If χ2
1−α

2
< χ2 < χ2

α
2
, accept

where α
2 is as follows.

α

2
= 1− P (χ2

α
2
|n− 1) = P (χ2

1−α
2
|n− 1)

P (χ2|n) is the cumulative distribution function (c.d.f.) of a χ2 distribution having number of degrees

of freedom n.

s2 : Unbiased estimate of population variance

(b) When the alternative hypothesis is σ2 < σ2
0

For χ2 defined as follows

χ2 =
(n− 1)s2

σ2
0{

If χ2 ≤ χ2
1−α, reject

If χ2 > χ2
1−α, accept

where α is as follows.

α = P (χ2
1−α|n− 1)

P (χ2|n) is the cumulative distribution function (c.d.f.) of a χ2 distribution having number of degrees

of freedom n.

s2 : Unbiased estimate of population variance

(c) When the alternative hypothesis is σ2 > σ2
0

For χ2 defined as follows

χ2 =
(n− 1)s2

σ2
0{

If χ2 ≥ χ2
α, reject

If χ2 < χ2
α, accept

where α is as follows.

α = P (χ2
α|n− 1)

P (χ2|n) is the cumulative distribution function (c.d.f.) of a χ2 distribution having number of degrees

of freedom n.

s2 : Unbiased estimate of population variance

(13) Test of the population correlation coefficient according to one set of samples

From the sample correlation coefficient r of one set of sample data of size n, test the hypothesis ρ = ρ0

related to the population correlation coefficient ρ in the population to which the respective set of sample

data belong with the confidence level 1− α. The test criteria are as follows.

(a) Hypothesis: ρ = 0

i. When the alternative hypothesis is ρ �= 0

For t defined as follows

t = r

√
n− 2

1− r2{
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept

where, α
2 is as follows.

α

2
= 1− P (tα

2
|n− 2)
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Explanation

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

ii. When the alternative hypothesis is ρ < 0

For t defined as follows

t = r

√
n− 2

1− r2{
If t ≥ −tα, reject

If t < −tα, accept

where, α
2 is as follows.

α

2
= 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

iii. When the alternative hypothesis is ρ > 0

For t defined as follows

t = r

√
n− 2

1− r2{
If t ≥ tα, reject

If t < tα, accept

where, α
2 is as follows.

α

2
= 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

(b) Hypothesis: ρ = ρ0

i. When the alternative hypothesis is ρ �= ρ0

For t defined as follows

t = (z − z0)
√
n− 3{

If |t| ≥ zα
2
, reject

If |t| < zα
2
, accept

where, z, z0 and α
2 are as follows.

z =
1

2
loge

1 + r

1− r

z0 =
1

2
loge

1 + ρ0
1− ρ0

α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

ii. When the alternative hypothesis is ρ < ρ0

For t defined as follows

t = (z − z0)
√
n− 3{

If t ≤ −zα, reject

If t > −zα, accept

where, z, z0 and α
2 are as follows.

z =
1

2
loge

1 + r

1− r

z0 =
1

2
loge

1 + ρ0
1− ρ0
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Explanation

α

2
= 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

iii. When the alternative hypothesis is ρ > ρ0

For t defined as follows

t = (z − z0)
√
n− 3{

If t ≥ zα, reject

If t < zα, accept

where, z, z0 and α
2 are as follows.

z =
1

2
loge

1 + r

1− r

z0 =
1

2
loge

1 + ρ0
1− ρ0

α

2
= 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(14) Test of the difference of the population correlation coefficients according to two sets of inde-

pendent samples

From the correlation coefficients r1 and r2 of two sets of independent sample data of sizes n1 and n2, re-

spectively, test the hypothesis ρ1 = ρ2 related to the population correlation coefficients ρ1 and ρ2 in the

population to which the respective set of sample data belong with the confidence level 1 − α. The test

criteria are as follows.

(a) When the alternative hypothesis is ρ1 �= ρ2

For t defined as follows

t =
z1 − z2√
1

n1−3 + 1
n2−3{

If |t| ≥ zα
2
, reject

If |t| < zα
2
, accept

where, z1, z2 and α
2 are as follows.

z1 =
1

2
loge

1 + r1
1− r1

z2 =
1

2
loge

1 + r2
1− r2

α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(b) When the alternative hypothesis is ρ1 < ρ2

For t defined as follows

t =
z1 − z2√
1

n1−3 + 1
n2−3{

If t ≤ −zα, reject

If t > −zα, accept

where, z1, z2 and α are as follows.

z1 =
1

2
loge

1 + r1
1− r1
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Explanation

z2 =
1

2
loge

1 + r2
1− r2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(c) When the alternative hypothesis is ρ1 > ρ2

For t defined as follows

t =
z1 − z2√
1

n1−3 + 1
n2−3{

If t ≥ zα, reject

If t < zα, accept

where, z1, z2 and α are as follows.

z1 =
1

2
loge

1 + r1
1− r1

z2 =
1

2
loge

1 + r2
1− r2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(15) Test in the simple linear regression

For regression coefficient a and constant term b in the following simple linear regression expression (or

regression line) related to one set of sample data {xi, yi} (1, · · · , n) of size n

ŷi = axi + b

test the hypothesis related to the regression coefficient A and constant term B in the population to which

the respective set of sample data belong with the confidence level 1 − α. Assume that yi corresponding

to each xi is the random sample from the normal population having the mean Axi − B and the variance

σ2. Obtain the regression coefficient a and constant term b of the sample data from the following normal

equations.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n∑
i=1

yi = a

n∑
i=1

xi + bn

n∑
i=1

xiyi = a
n∑

i=1

x2
i + b

n∑
i=1

xi

The test criteria are as follows.

(a) Regression coefficient

Hypothesis: A = A0

i. When the population variance is known

A. When the alternative hypothesis is A �= A0

For t defined as follows

t =
a− A0

sa
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Explanation

{
If |t| ≥ zα

2
, reject

If |t| < zα
2
, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Population variance
α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

B. When the alternative hypothesis is A < A0

For t defined as follows

t =
a−A0

sa{
If t ≥ −zα, reject

If t < −zα, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Population variance

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

C. When the alternative hypothesis is A > A0

For t defined as follows

t =
a−A0

sa{
If t ≥ zα, reject

If t < zα, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Population variance

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

ii. When the population variance is unknown

A. When the alternative hypothesis is A < A0

For t defined as follows

t =
a−A0

sa{
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.
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Explanation

B. When the alternative hypothesis is A < A0

For t defined as follows

t =
a− A0

sa{
If t ≥ −tα, reject

If t < −tα, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Unbiased variance of error variation

α = 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.

C. When the alternative hypothesis is A > A0

For t defined as follows

t =
a− A0

sa{
If t ≥ tα, reject

If t < tα, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Unbiased variance of error variation

α = 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.

(b) Constant term

Hypothesis: B = B0

i. When the population variance is known

A. When the alternative hypothesis is B �= B0

For t defined as follows

t =
b−B0

sb{
If |t| ≥ zα

2
, reject

If |t| < zα
2
, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Population variance

α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

B. When the alternative hypothesis is B < B0

For t defined as follows

t =
b−B0

sb
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Explanation

{
If t ≥ −zα, reject

If t < −zα, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Population variance

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

C. When the alternative hypothesis is B > B0

For t defined as follows

t =
b−B0

sb{
If t ≥ zα

2
, reject

If t < zα
2
, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Population variance

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

ii. When the population variance is unknown

A. When the alternative hypothesis is B �= B0

For t defined as follows

t =
b−B0

sb{
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Unbiased variance of error variation

α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.

B. When the alternative hypothesis is B < B0

For t defined as follows

t =
b−B0

sb{
If t ≥ −tα, reject

If t < −tα, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Unbiased variance of error variation

α = 1− P (tα|n− 2)
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Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.

C. When the alternative hypothesis is B > B0

For t defined as follows

t =
b−B0

sb{
If t ≥ tα

2
, reject

If t < tα
2
, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Unbiased variance of error variation

α = 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.
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(1) Lehmann, E. L. , “Testing statistical hypotheses”, John Wiley and Sons, New York (1959, 2nd ed. 1986)

(2) Snedecar, G. W. , “Statistical methods”, Ames, Iowa (1940)
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6.2 INTERVAL ESTIMATES

6.2.1 D3IERA, R3IERA

Interval Estimation of the Population Ratio According to One Set of Samples

(1) Function

The D3IERA or R3IERA obtains the confidence interval of confidence coefficient 1 − α related to the

population ratio p when the number of samples having the characteristic being observed among one set of

sample data of size n is assumed to be m. The confidence interval (p1, p2) is defined as follows.

p1 =
m

(n−m+ 1)F
(1)
α
2

+m

p2 =
(m+ 1)F

(2)
α
2

(m+ 1)F
(2)
α
2

+ (n−m)

where,

α

2
= 1− P (F

(1)
α
2

|2(n−m+ 1), 2m) = 1− P (F
(2)
α
2

|2(m+ 1), 2(n−m))

Here, P (F |n1, n2) is the value of the cumulative distribution function (c.d.f.) of the F distribution with n1

and n2 degrees of freedom. Also, assume the sample ratio p̂ = m
n is given as follows.

• When p̂ = 0

p2, which is given as follows:

p2 =
F (α|2, 2n)

n+ F (α|2, 2n)
is the upper bound of the one-tailed confidence interval of confidence level 1− α.

• When p̂ = 1

p1, which is given as follows:

p1 =
n

n+ F (α|2, 2n)
is the lower bound of the one-tailed confidence interval of confidence level 1− α.

(2) Usage

Double precision:

CALL D3IERA (N, M, CL, CI, IERR)

Single precision:

CALL R3IERA (N, M, CL, CI, IERR)
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D3IERA, R3IERA
Interval Estimation of the Population Ratio According to One Set of Samples

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of sample data n

2 M I 1 Input Number of samples having the characteristic

being observed m

3 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

4 CI
{
D

R

}
2 Output CI(1): Confidence interval lower bound p1

CI(2): Confidence interval upper bound p2

5 IERR I 1 Output Error indicator

(4) Restrictions

(a) N > 0

(b) M ≥ 0

(c) N ≥ M

(d) 0.0 ≤ CL ≤ 100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 CL=100.0 CI(1)=0.0 and CI(2)=1.0 are performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

None
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D3IERA, R3IERA
Interval Estimation of the Population Ratio According to One Set of Samples

(7) Example

(a) Problem

When the number of samples having the characteristic being observed among a sample of size 20 is

assumed to be 14, obtain the confidence interval of the population ratio with 95% confidence level.

(b) Input data

N=20, M=14 and CL=95.0.

(c) Main program

PROGRAM B3IERA
! *** EXAMPLE OF D3IERA ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N,M
REAL(8) CL,CI(2)

!
N=20
M=14
CL=90.0D0
WRITE(6,1000)
WRITE(6,2000) N
WRITE(6,2010) M
WRITE(6,2020) CL
WRITE(6,3000)
CALL D3IERA(N,M,CL,CI,IERR)
WRITE(6,4000) IERR
WRITE(6,6000) CI(1),CI(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3IERA ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I3)
2010 FORMAT(9X,’M = ’,I3)
2020 FORMAT(9X,’CL = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
6000 FORMAT(9X,’CI(1) = ’,F8.4,2X,’CI(2) = ’,F8.4)

END

(d) Output results

*** D3IERA ***
** INPUT **

N = 20
M = 14
CL = 90.0

** OUTPUT **
IERR = 0
CI(1) = 0.4922 CI(2) = 0.8604
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D3IEME, R3IEME
Interval Estimation of the Population Mean According to One Set of Samples

6.2.2 D3IEME, R3IEME

Interval Estimation of the Population Mean According to One Set of Samples

(1) Function

The D3IEME or R3IEME obtains the confidence interval of the population mean from the mean μ and

variance (or population variance) σ2 of one set of sample data of size n when the confidence level 1− α is

specified. The confidence interval (t1, t2) is defined as follows.

t1 = μ− zα
2

√
β

t2 = μ+ zα
2

√
β

(a) When the population variance is known

α

2
= 1− P (zα

2
)

Here, P (x) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

β =
σ2

n

σ2: Population variance

(b) When the population variance is unknown

α

2
= 1− P (zα

2
, n− 1)

Here, P (t, n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β =
σ2

n

σ2 is an unbiased estimate of the population variance.

(2) Usage

Double precision:

CALL D3IEME (N, XE, XV, CL, CI, ISW, IERR)

Single precision:

CALL R3IEME (N, XE, XV, CL, CI, ISW, IERR)
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D3IEME, R3IEME
Interval Estimation of the Population Mean According to One Set of Samples

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of sample data n

2 XE
{
D

R

}
1 Input Mean of sample data μ

3 XV
{
D

R

}
1 Input Variance of sample data or population σ2

4 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

5 CI
{
D

R

}
2 Output CI(1): Confidence interval lower bound t1

CI(2): Confidence interval upper bound t2

6 ISW I 1 Input ISW=1: The variance of the population is en-

tered for XV

ISW=2: The variance (not an unbiased esti-

mate) of the sample data is entered for XV

ISW=3: The variance (unbiased estimate) of

the sample data is entered for XV

7 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {1, 2, 3}
(b) N ≥ 2

(c) XV > 0.0

(d) 0.0 ≤ CL ≤ 100.0
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D3IEME, R3IEME
Interval Estimation of the Population Mean According to One Set of Samples

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 CL=100.0 The negative minimum value is set for

CI(1) and the positive maximum value is

set for CI(2).

1010 CL=0.0 (Confidence level is 0.0%.) The mean is set for CI(1) and CI(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

Obtain the confidence interval of the population mean at a 95% confidence level when the number of

sample data is 100, the mean is 42.0, and the unbiased variance is 2.25.

(b) Input data

ISW=1, N=100, XE=42.0, XV=2.25 and CL=95.0.

(c) Main program

PROGRAM B3IEME
! *** EXAMPLE OF D3IEME ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N,ISW
REAL(8) XE,XV,CL,CI(2)

!
ISW=1
N=100
XE=42.0D0
XV=2.25D0
CL=95.0D0
WRITE(6,1000)
WRITE(6,2000) ISW
WRITE(6,2010) N
WRITE(6,2020) XE
WRITE(6,2030) XV
WRITE(6,2040) CL
WRITE(6,3000)
CALL D3IEME(N,XE,XV,CL,CI,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) CI(1),CI(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3IEME ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’ISW = ’,I3)
2010 FORMAT(9X,’N = ’,I3)
2020 FORMAT(9X,’XE = ’,F4.1)
2030 FORMAT(9X,’XV = ’,F4.1)
2040 FORMAT(9X,’CL = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’INTERVAL = (’,D17.10,’,’,D17.10,’)’)

END
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(d) Output results

*** D3IEME ***
** INPUT **

ISW = 1
N = 100
XE = 42.0
XV = 2.3
CL = 95.0

** OUTPUT **
IERR = 0
INTERVAL = ( 0.4170600540D+02, 0.4229399460D+02)
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D3IESU, R3IESU
Interval Estimation of the Difference of the Population Means According to Two Sets of Independent Samples

6.2.3 D3IESU, R3IESU

Interval Estimation of the Difference of the Population Means According to

Two Sets of Independent Samples

(1) Function

The D3IESU or R3IESU obtains the confidence interval of the difference of the population means from the

means μ1 and μ2 and variances (or population variances) σ1
2 and σ2

2 of two sets of independent sample

data of sizes n1 and n2, respectively, when the confidence level 1 − α is specified. The confidence interval

(t1, t2) is defined as follows.

t1 = (μ1 − μ2)− zα
2

√
β1 + β2

t2 = (μ1 − μ2) + zα
2

√
β1 + β2

(a) When the population variances are known

α

2
= 1− P (zα

2
)

Here, P (x) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

β1 =
σ1

2

n1
, β2 =

σ2
2

n2

σ1
2, σ2

2: Population variances of the two sets

(b) When the population variances of the two sets are equal and that value is unknown

α

2
= 1− P (zα

2
, n1 + n2 − 2)

Here, P (t, n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
sp

2

n1
, β2 =

sp
2

n2

sp
2 is defined as follows.

sp
2 =

(n1 − 1)σ1
2 + (n2 − 1)σ2

2

n1 + n2 − 2

σ1
2 and σ2

2 are unbiased estimates of the population variances.

(c) When the population variances of the two sets are not equal and those values are unknown

zα
2
=

β1t
(1)
α
2

+ β2t
(2)
α
2

β1 + β2

α

2
= 1− P (t

(1)
α
2
, n1 − 1) = 1− P (t

(2)
α
2
, n2 − 1)

Here, P (t, n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
σ1

2

n1
, β2 =

σ2
2

n2

σ1
2 and σ2

2 are unbiased estimates of the population variances.
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Interval Estimation of the Difference of the Population Means According to Two Sets of Independent Samples

(2) Usage

Double precision:

CALL D3IESU (N1, XE1, XV1, N2, XE2, XV2, CL, CI, ISW, IERR)

Single precision:

CALL R3IESU (N1, XE1, XV1, N2, XE2, XV2, CL, CI, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N1 I 1 Input Number of sample data n1

2 XE1
{
D

R

}
1 Input Mean of sample data μ1

3 XV1
{
D

R

}
1 Input Variance of sample data or population σ1

2

4 N2 I 1 Input Number of sample data n2

5 XE2
{
D

R

}
1 Input Mean of sample data μ2

6 XV2
{
D

R

}
1 Input Variance of sample data or population σ2

2

7 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

8 CI
{
D

R

}
2 Output CI(1): Confidence interval lower bound t1

CI(2): Confidence interval upper bound t2
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No. Argument Type Size
Input/

Output
Contents

9 ISW I 1 Input ISW=1: The population variances of the two

sets are entered for XV1 and XV2

ISW=2: The population variances of the two

sets are equal, and the variances (not unbiased

estimates) of the sample data are entered for

XV1 and XV2

ISW=3: The population variances of the two

sets are equal, and the variances (unbiased es-

timates) of the sample data are entered for XV1

and XV2

ISW=4: The population variances of the two

sets are not equal, and the variances (not unbi-

ased estimates) of the sample data are entered

for XV1 and XV2

ISW=5: The population variances of the two

sets are not equal, and the variances (unbiased

estimates) of the sample data are entered for

XV1 and XV2

10 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {1, 2, 3, 4, 5}
(b) N1,N2 ≥ 2

(c) XV1,XV2 > 0.0

(d) 0.0 ≤ CL ≤ 100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 CL=100.0 The negative minimum value is set for

CI(1) and the positive maximum value is

set for CI(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

Obtain the confidence interval of the difference of the population means at a 95% confidence level
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from two sets of independent samples for which the sample variances are not equal and the numbers of

sample data, the means, and the unbiased variances are 100, 42.0, 2.25 and 50, 30.0, 3.25, respectively.

(b) Input data

ISW=5, N1=100, XE1=42.0, XV1=2.25, N2=50, XE2=30.0, XV2=3.25 and CL=95.0.

(c) Main program

PROGRAM B3IESU
! *** EXAMPLE OF D3IESU ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N1,N2,ISW
REAL(8) XE1,XV1,XE2,XV2,CL,CI(2)

!
ISW=5
N1=100
XE1=42.0D0
XV1=2.25D0
N2=50
XE2=30.0D0
XV2=3.25D0
CL=95.0D0
WRITE(6,1000)
WRITE(6,2000) ISW
WRITE(6,*) ’ FOR SAMPLE 1’
WRITE(6,2010) N1
WRITE(6,2020) XE1
WRITE(6,2030) XV1
WRITE(6,*) ’ FOR SAMPLE 2’
WRITE(6,2010) N2
WRITE(6,2020) XE2
WRITE(6,2030) XV2
WRITE(6,2040) CL
WRITE(6,3000)
CALL D3IESU(N1,XE1,XV1,N2,XE2,XV2,CL,CI,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) CI(1),CI(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3IESU ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’ISW = ’,I3)
2010 FORMAT(9X,’N = ’,I3)
2020 FORMAT(9X,’XE = ’,F4.1)
2030 FORMAT(9X,’XV = ’,F4.1)
2040 FORMAT(9X,’CL = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’INTERVAL = (’,D17.10,’,’,D17.10,’)’)

END

(d) Output results

*** D3IESU ***
** INPUT **

ISW = 5
FOR SAMPLE 1

N = 100
XE = 42.0
XV = 2.3

FOR SAMPLE 2
N = 50
XE = 30.0
XV = 3.3
CL = 95.0

** OUTPUT **
IERR = 0
INTERVAL = ( 0.1140748848D+02, 0.1259251152D+02)
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6.2.4 D3IEVA, R3IEVA

Interval Estimation of the Population Variance Due to One Set of Samples

(1) Function

The D3IEVA or R3IEVA obtains the confidence interval of the population variance from the variance (or

population variance) σ2 of one set of sample data of size n when the confidence level 1−α is specified. The

confidence interval (t1, t2) is defined as follows.

t1 =
σ2(n− 1)

χ1
2

t2 =
σ2(n− 1)

χ2
2

σ2 is an unbiased estimate of the population variance. Also,

α

2
= P (χ1

2;n− 1) = 1− P (χ2
2;n− 1)

Here, P (x, y) is the cumulative distribution function (c.d.f.) of a χ2 distribution with y degrees of freedom.

(2) Usage

Double precision:

CALL D3IEVA (N, XV, CL, CI, ISW, IERR)

Single precision:

CALL R3IEVA (N, XV, CL, CI, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of sample data n

2 XV
{
D

R

}
1 Input Variance of sample data σ2

3 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

4 CI
{
D

R

}
2 Output CI(1): Confidence interval lower bound t1

CI(2): Confidence interval upper bound t2

5 ISW I 1 Input ISW=1: The variance (not an unbiased esti-

mate) of the sample data is entered for XV

ISW=2: The variance (unbiased estimate) of

the sample data is entered for XV

6 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW ∈ {1, 2}
(b) N ≥ 2

(c) XV > 0.0

(d) 0.0 < CL ≤ 100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 CL=100.0 0.0 is set for CI(1) and the positive max-

imum value is set for CI(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a) When the confidence interval at a 1 − α confidence level for the variance σ2 is (t1, t2), the confidence

interval for the standard deviation is (
√
t1,

√
t2).

(7) Example

(a) Problem

Obtain the confidence interval of the population variance at a 95% confidence level when the number

of sample data is 25 and the unbiased variance is 29.16.

(b) Input data

ISW=2, N=25, XV=29.16 and CL=95.0.

(c) Main program

PROGRAM B3IEVA
! *** EXAMPLE OF D3IEVA ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N,ISW
REAL(8) XV,CL,CI(2)

!
ISW=2
N=25
XV=29.16D0
CL=95.0D0
WRITE(6,1000)
WRITE(6,2000) ISW
WRITE(6,2010) N
WRITE(6,2030) XV
WRITE(6,2040) CL
WRITE(6,3000)
CALL D3IEVA(N,XV,CL,CI,ISW,IERR)
WRITE(6,4000) IERR
WRITE(6,5000) CI(1),CI(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3IEVA ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’ISW = ’,I3)
2010 FORMAT(9X,’N = ’,I3)
2030 FORMAT(9X,’XV = ’,F4.1)
2040 FORMAT(9X,’CL = ’,F4.1)
3000 FORMAT(’ ’,/,/,6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’INTERVAL = (’,D17.10,’,’,D17.10,’)’)

END
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(d) Output results

*** D3IEVA ***
** INPUT **

ISW = 2
N = 25
XV = 29.2
CL = 95.0

** OUTPUT **
IERR = 0
INTERVAL = ( 0.1777864624D+02, 0.5643347494D+02)
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6.2.5 D3IETC, R3IETC

Interval Estimation of the Population Correlation Coefficient According to

One Set of Samples

(1) Function

From the sample correlation coefficient r of one set of sample data of size n, obtain the confidence interval of

the population correlation coefficient ρ when the confidence level 1−α is specified. The confidence interval

(t1, t2) is defined as follows.

t1 =
ea−b − 1

ea−b + 1

t2 =
ea+b − 1

ea+b + 1

where a, b and α
2 are as follows.

a = loge
1 + r

1− r

b =
2zα

2√
n− 3

α

2
= 1− P (zα

2
)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

(2) Usage

Double precision:

CALL D3IETC (N, R, CL, T, IERR)

Single precision:

CALL R3IETC (N, R, CL, T, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of sample data n

2 R
{
D

R

}
1 Input The sample correlation coefficient r of one set

of sample data (See Note (a))

3 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

4 T
{
D

R

}
2 Output T(1) : Confidence interval lower bound t1

T(2) : Confidence interval upper bound t2

5 IERR I 1 Output Error indicator
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(4) Restrictions

(a) N≥2

(b) −1.0 < R < 1.0

(c) 0.0≤CL≤100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 CL=100.0 T(1) = −1.0 and

T(2) = 1.0

are performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

(6) Notes

(a) The sample correlation coefficient r for n sample data, {xi, yi} (i = 1, · · · , n), is defined as follows.

(See 4.4.1

{
D2CCMT

R2CCMT

}
)

r =

1

n

n∑
i=1

(xi − μx)(yi − μy)√√√√ 1

n

n∑
i=1

(xi − μx)
2

√√√√ 1

n

n∑
i=1

(yi − μy)
2

(7) Example

(a) Problem

From the following one set of sample data of size 10, obtain the confidence interval of the population

correlation coefficient with 95% confidence level.

xi yi

10.129 63.4

12.611 60.1

13.900 57.2

16.532 46.5

20.822 43.9

26.025 39.6

28.283 39.7

29.199 39.1

30.766 37.8

32.664 27.8

(b) Input data

N=10, CL=95.0 and sample data {xi, yi}.
R : calculate from D2CCMT.
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(c) Main program

PROGRAM B3IETC
! *** EXAMPLE OF D3IETC ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER N
PARAMETER (N=10)
INTEGER M
PARAMETER (M=2)
REAL(8) X(N,2),X1(M),WK(M),RR(N,M)
INTEGER IERR,NS,KERR,ISW
REAL(8) R,CL,T(2)
DATA (X(I,1),I=1,N)&

/10.129D0, 12.611D0, 13.900D0, 16.532D0, 20.822D0,&
26.025D0, 28.283D0, 29.199D0, 30.766D0, 32.664D0/,&

(X(I,2),I=1,N) &
/63.4D0, 60.1D0, 57.2D0, 46.5D0, 43.9D0,&
39.6D0, 39.7D0, 39.1D0, 37.8D0, 37.8D0/

!
CL=95.0D0

!
ISW=0

!
CALL D2CCMT(X,N,N,M,NS,X1,RR,N,ISW,WK,KERR)

!
IF (KERR.NE.0) THEN
WRITE(6,900)KERR
STOP

ENDIF
R=RR(1,2)

!
WRITE(6,1000)
WRITE(6,2010) N
WRITE(6,2030) CL
WRITE(6,2100)
DO 100 I=1,N

WRITE(6,2110)I,X(I,1),X(I,2)
100 CONTINUE

WRITE(6,3000)
!

CALL D3IETC(N,R,CL,T,IERR)
!

WRITE(6,4000) IERR
WRITE(6,5000) R
WRITE(6,5100) T(1),T(2)

!
STOP

!
900 FORMAT(’ ’,/,5X,’ERROR OCCURED IN D2CCMT’,/,1X,’KERR=’,I4)

1000 FORMAT(’ ’,/,5X,’*** D3IETC ***’,/,&
6X,’** INPUT **’)

2010 FORMAT(9X,’N = ’,I3)
2030 FORMAT(9X,’CL = ’,F5.1)
2100 FORMAT(9X,’NO.’,1X,’SAMPLE1’,1X,’SAMPLE2’)
2110 FORMAT(9X,I3,2F8.3)
3000 FORMAT(6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’R = ’,F15.8)
5100 FORMAT(9X,’INTERVAL = (’,D18.10,’,’,D18.10,’)’)

END

(d) Output results

*** D3IETC ***
** INPUT **

N = 10
CL = 95.0
NO. SAMPLE1 SAMPLE2

1 10.129 63.400
2 12.611 60.100
3 13.900 57.200
4 16.532 46.500
5 20.822 43.900
6 26.025 39.600
7 28.283 39.700
8 29.199 39.100
9 30.766 37.800
10 32.664 37.800

** OUTPUT **
IERR = 0
R = -0.94474904
INTERVAL = ( -0.9871689208D+00, -0.7777713387D+00)
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6.2.6 D3IECD, R3IECD

Interval Estimation of the Difference of the Population Correlation Coefficient

According to Two Sets of Independent Samples

(1) Function

From the correlation coefficients r1 and r2 of two sets of independent sample data of sizes n1 and n2,

respectively, obtain the confidence interval of the difference of the population correlation coefficients ρ1 and

ρ2 when the confidence level 1− α is specified. If ρ1 = ρ2 = ρ, the confidence level of ρ is obtained.

(a) When ρ1 = ρ2 = ρ

The confidence interval (t1, t2) of ρ is defined as follows.

t1 =
ea−b − 1

ea−b + 1

t2 =
ea+b − 1

ea+b + 1

Here,

a =
2(n1 − 3)z1 + 2(n2 − 3)z2

n1 + n2 − 6

b =
2zα

2√
n1 + n2 − 6

z1 =
1

2
loge

1 + r1
1− r1

z2 =
1

2
loge

1 + r2
1− r2

α

2
= 1− P (zα

2
)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

(b) When ρ1 �= ρ2

The confidence interval (t1, t2) of ρ1 − ρ2 is defined as follows.

t1 =
ea−b − 1

ea−b + 1

t2 =
ea+b − 1

ea+b + 1

Here,

a = loge
1 + r1
1− r1

− loge
1 + r2
1− r2

b = 2zα
2

√
1

n1 − 3
+

1

n2 − 3

α

2
= 1− P (zα

2
)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.
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(2) Usage

Double precision:

CALL D3IECD (N1, R1, N2, R2, CL, T, ISW, IERR)

Single precision:

CALL R3IECD (N1, R1, N2, R2, CL, T, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N1 I 1 Input Number of first sample data n1

2 R1
{
D

R

}
1 Input The correlation coefficient r1 of first sample

data (See Note (a))

3 N2 I 1 Input Number of second sample data n2

4 R2
{
D

R

}
1 Input The correlation coefficient r2 of second sample

data (See Note (a))

5 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

6 T
{
D

R

}
3 Output T(1) : Confidence interval lower bound t1

T(2) : Confidence interval upper bound t2

7 ISW I 1 Input Processing switch

ISW=1 : when ρ1 = ρ2

ISW=2 : when ρ1 �= ρ2

8 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {1, 2}
(b) N1 ≥ 4, N2 ≥ 4

(c) −1.0 < R1 < 1.0, −1.0 < R2 < 1.0

(d) 0.0 ≤ CL ≤ 100.0
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 CL=100.0 T(1) = −1.0 and T(2) = 1.0 are

performed.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a) The sample correlation coefficient r for n sample data, {xi, yi} (i = 1, · · · , n), is defined as follows.

(See 4.4.1

{
D2CCMT

R2CCMT

}
)

r =

1

n

n∑
i=1

(xi − μx)(yi − μy)√√√√ 1

n

n∑
i=1

(xi − μx)
2

√√√√ 1

n

n∑
i=1

(yi − μy)
2

(7) Example

(a) Problem

For the correlation coefficient r1 = 0.8 obtained from a set of 50 observed values and the correlation

coefficient r2 = 0.6 obtained from a set of 15 observed values, test the hypothesis ρ1 = ρ2 related to the

population correlation coefficients of the populations to which the respective observed values belong.

Assume that the alternative hypothesis is ρ1 �= ρ2.

Moreover, if the hypothesis ρ1 = ρ2 is accepted, obtain the confidence interval of the correlation

coefficient of population ρ1 = ρ2 = ρ with 95% confidence level. If the hypothesis ρ1 = ρ2 is rejected,

obtain the difference of the two correlation coefficient of population ρ1 − ρ2 with 95% confidence level.

(b) Input data

N1=50, R1=0.8, N2=40, R2=0.6 and CL=95.0.

(c) Main program

PROGRAM B3IECD
! *** EXAMPLE OF D3IECD ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERRTS,IERRIE
INTEGER N1,N2,ISWTS,ISWIE
REAL(8) R1,R2,CL,T(2),Z(2)

!
ISWTS=1
N1=50
N2=40
R1=0.8D0
R2=0.6D0
CL=95.0D0

!
WRITE(6,1000)
WRITE(6,1010)
WRITE(6,1100) ISWTS
WRITE(6,2010) N1
WRITE(6,2015) N2
WRITE(6,2020) R1
WRITE(6,2025) R2
WRITE(6,2030) CL
WRITE(6,1020)
WRITE(6,2010) N1
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WRITE(6,2015) N2
WRITE(6,2020) R1
WRITE(6,2025) R2
WRITE(6,2030) CL
WRITE(6,3000)

!
CALL D3TSCD(N1,R1,N2,R2,CL,IR,Z,ISWTS,IERRTS)

!
WRITE(6,1010)
WRITE(6,4000) IERRTS
WRITE(6,5000)
IF(IR.EQ.0) THEN

WRITE(6,5010)
ELSE

WRITE(6,5020)
ENDIF

!
WRITE(6,6000) Z(1),Z(2)
IF(IR.EQ.0) THEN

ISWIE=1
ELSE

ISWIE=2
ENDIF

!
CALL D3IECD(N1,R1,N2,R2,CL,T,ISWIE,IERRIE)

!
WRITE(6,1020)
WRITE(6,4010) IERRIE
WRITE(6,1110) ISWIE
WRITE(6,7000) T(1),T(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3IECD ***’,/,&

6X,’** INPUT **’)
1010 FORMAT(9X,’** D3TSCD **’)
1020 FORMAT(9X,’** D3IECD **’)
1100 FORMAT(9X,’ISWTS = ’,I3)
1110 FORMAT(9X,’ISWIE = ’,I3)
2010 FORMAT(9X,’N1 = ’,I3)
2015 FORMAT(9X,’N2 = ’,I3)
2020 FORMAT(9X,’R1 = ’,F5.1)
2025 FORMAT(9X,’R2 = ’,F5.1)
2030 FORMAT(9X,’CL = ’,F5.1)
3000 FORMAT(6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERRTS = ’,I4)
4010 FORMAT(9X,’IERRIE = ’,I4)
5000 FORMAT(9X,’HYPOTHESIS: RHO1 .EQ. RHO2’)
5010 FORMAT(9X,’HYPOTHESIS IS ACCEPTED.’)
5020 FORMAT(9X,’HYPOTHESIS IS REJECTED.’)
6000 FORMAT(9X,’Z(1)= ’,F8.4,/,9X,’Z(2)= ’,F8.4)
7000 FORMAT(9X,’INTERVAL = (’,D18.10,’,’,D18.10,’)’)

END

(d) Output results

*** D3IECD ***
** INPUT **

** D3TSCD **
ISWTS = 1
N1 = 50
N2 = 40
R1 = 0.8
R2 = 0.6
CL = 95.0
** D3IECD **
N1 = 50
N2 = 40
R1 = 0.8
R2 = 0.6
CL = 95.0

** OUTPUT **
** D3TSCD **
IERRTS = 0
HYPOTHESIS: RHO1 .EQ. RHO2
HYPOTHESIS IS ACCEPTED.
Z(1)= 1.8449
Z(2)= 1.9600
** D3IECD **
IERRIE = 0
ISWIE = 1
INTERVAL = ( 0.6082663460D+00, 0.8123376258D+00)
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6.2.7 D3IESR, R3IESR

Interval Estimation in the Simple Linear Regression

(1) Function

For regression coefficient a, constant term b, and a given specific data x0 in the following simple linear

regression expression (or regression line) related to one set of sample data {xi, yi} (1, · · · , n) of size n

ŷi = axi + b

obtain the estimate ŷ0 and the confidence interval of the confidence level 1 − α of the theoretical value

Ax0 − B. Assume that yi corresponding to each xi is the random sample from the normal population

having the mean Axi − B and the variance σ2. Obtain the regression coefficient a and constant term b of

the sample data from the following normal equations.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n∑
i=1

yi = a

n∑
i=1

xi + bn

n∑
i=1

xiyi = a
n∑

i=1

x2
i + b

n∑
i=1

xi

The confidence interval (t1, t2) is defined as follows.

(a) Regression coefficient

t1 = a− tα
2
· sa

t2 = a+ tα
2
· sa

Here,

sa =

√
σ2∑

(xi − μx)2

i. When the population variance is known

σ2 : Population variance
α

2
= 1− P (tα

2
)

Here, P (t) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the population variance is unknown

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

(b) Constant term

t1 = a− tα
2
· sb

t2 = a+ tα
2
· sb

Here,

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]

311



D3IESR, R3IESR
Interval Estimation in the Simple Linear Regression

i. When the population variance is known

σ2 : Population variance
α

2
= 1− P (tα

2
)

Here, P (t) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the population variance is unknown

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

(c) Estimated value

t1 = ŷ0 − tα
2
· sy

t2 = ŷ0 + tα
2
· sy

Here,

sy =

√
σ2

[
1 +

1

n
+

(x0 − μx)2∑
(xi − μx)2

]

i. When the population variance is known

σ2 : Population variance
α

2
= 1− P (tα

2
)

Here, P (t) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the population variance is unknown

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

(d) Theoretical value

t1 = ŷ0 − tα
2
· s0

t2 = ŷ0 + tα
2
· s0

Here,

s0 =

√
σ2

[
1

n
+

(x0 − μx)2∑
(xi − μx)2

]

i. When the population variance is known

σ2 : Population variance
α

2
= 1− P (tα

2
)

Here, P (t) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the population variance is unknown

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.
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(2) Usage

Double precision:

CALL D3IESR (X, N, Y, YV, X0, CL, T, STAT, ISW1, ISW2, W, IERR)

Single precision:

CALL R3IESR (X, N, Y, YV, X0, CL, T, STAT, ISW1, ISW2, W, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X
{
D

R

}
N Input Values of independent variable X of sample,

xi(i = 1, n)

2 N I 1 Input Number of sample data n

3 Y
{
D

R

}
N Input Values of dependent variable Y of sample,

yi(i = 1, n)

4 YV
{
D

R

}
1 Input Variance of the population to which dependent

variable Y belongs(if ISW2 = 1)

Output Unbiased variance of error variation σ2 (if ISW2

= 2) (See 10.2.1)

5 X0
{
D

R

}
1 Input Value of x0 to obtain the estimated value or

the theoretical value (If ISW1 = 1 or ISW1 =

2, initialization is not necessary.)

6 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

7 T
{
D

R

}
2 Output T(1) : Confidence interval lower bound t1

T(2) : Confidence interval upper bound t2

8 STAT
{
D

R

}
2 Output STAT(1) : The sample regression coefficient

STAT(2) : The sample constant term

9 ISW1 I 1 Input The switch for selection of the statistic.

ISW1=1 : To obtain the confidence interval of

the regression coefficient.

ISW1=2 : To obtain the confidence interval of

the constant term.

ISW1=3 : To obtain the confidence interval of

the estimated value.

ISW1=4 : To obtain the confidence interval of

the theoretical value.
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No. Argument Type Size
Input/

Output
Contents

10 ISW2 I 1 Input Switch for variance

ISW2=1 : The variance of the population is en-

tered for YV

ISW2=2 : The variance (not an unbiased esti-

mate) of the sample data is entered for YV

11 W
{
D

R

}
29 Work Work area

12 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW1 ∈ {1, 2, 3, 4}
(b) ISW2 ∈ {1, 2}
(c) N ≥ 3

(d) 0.0 ≤ CL ≤ 100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 CL=100.0 The negative minimum value is set for

T(1) and the positive maximum value is

set for T(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

4000 There are no difference among indepen-

dent variable X.

4100 The Unbiased variance of error variation

is 0.0. (See 10.2.1)

(6) Notes

None
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(7) Example

(a) Problem

From the following one set of sample data of size 9, obtain the confidence interval regression coefficient

of population with 95% confidence level.

xi yi

1 3

2 3

3 5

4 5

5 6

6 7

7 8

8 8

9 9

The variance value of the population to which the samples belongs is unknown.

(b) Input data

ISW1=1, ISW2=2 N=9, array X, array Y and CL=95.0.

(c) Main program

PROGRAM B3IESR
! *** EXAMPLE OF D3IESR ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER N
PARAMETER (N=9)
REAL(8) X(N),Y(N),W(29)
INTEGER IERR,ISW1,ISW2
REAL(8) CL,T(2),STAT(2)
DATA (X(I),I=1,N) &

/1.0D0, 2.0D0, 3.0D0, 4.0D0, 5.0D0,&
6.0D0, 7.0D0, 8.0D0, 9.0D0/,&

(Y(I),I=1,N) &
/3.0D0, 3.0D0, 5.0D0, 5.0D0, 6.0D0,&
7.0D0, 8.0D0, 8.0D0, 9.0D0/

!
ISW1=1
ISW2=2
X0=5.0D0
CL=95.0D0

!
WRITE(6,1000)
WRITE(6,1100)ISW1
WRITE(6,1150)ISW2
WRITE(6,2000)N
WRITE(6,2100)CL
WRITE(6,2200)X0
WRITE(6,2500)
DO 100 I=1,N

WRITE(6,2510)I,X(I),Y(I)
100 CONTINUE

!
CALL D3IESR(X,N,Y,YV,X0,CL,T,STAT,ISW1,ISW2,W,IERR)

!
WRITE(6,3000)
WRITE(6,4000) IERR
WRITE(6,3010)
WRITE(6,5000) T(1),T(2)

!
!

WRITE(6,6000) STAT(1)
WRITE(6,6010) STAT(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3IESR ***’,/,&

6X,’** INPUT **’)
1100 FORMAT(9X,’ISW1= ’,I3)
1150 FORMAT(9X,’ISW2= ’,I3)
2000 FORMAT(9X,’N = ’,I3)
2100 FORMAT(9X,’CL = ’,F5.1)
2200 FORMAT(9X,’X0 = ’,F5.1)
2500 FORMAT(9X,’SAMPLE DATA’,/,&

9X,’ I’,1X,’X(I)’,1X,’Y(I)’)
2510 FORMAT(9X,I2,2F5.1)
3000 FORMAT(6X,’** OUTPUT **’)
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3010 FORMAT(6X,’*** REGRESSION COEFFICIENT ***’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’INTERVAL = (’,D18.10,’,’,D18.10,’)’)
6000 FORMAT(9X,’REGRESSION COEFFICIENT OF SAMPLE= ’,D18.10)
6010 FORMAT(9X,’CONSTANT TERM OF SAMPLE= ’,D18.10)

END

(d) Output results

*** D3IESR ***
** INPUT **

ISW1= 1
ISW2= 2
N = 9
CL = 95.0
X0 = 5.0
SAMPLE DATA
I X(I) Y(I)
1 1.0 3.0
2 2.0 3.0
3 3.0 5.0
4 4.0 5.0
5 5.0 6.0
6 6.0 7.0
7 7.0 8.0
8 8.0 8.0
9 9.0 9.0

** OUTPUT **
IERR = 0

*** REGRESSION COEFFICIENT ***
INTERVAL = ( 0.6578196590D+00, 0.9088470076D+00)
REGRESSION COEFFICIENT OF SAMPLE= 0.7833333333D+00
CONSTANT TERM OF SAMPLE= 0.2083333333D+01
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6.3 TESTS

6.3.1 D3TSRA, R3TSRA

Test of the Population Ratio According to One Set of Samples

(1) Function

When the number of data having the observed characteristic in the one set of sample data of size n is m,

test the hypothesis p = p0 related to the ratio p in the population to which the respective set of sample

data belong with the confidence level 1− α. The test criteria are as follows.

(a) When the alternative hypothesis is p �= p0

For f1 and f2 defined as follows

f1 =
2(n−m)p0

2(m+ 1)(1− p0)

f2 =
2m(1− p0)

2(n−m+ 1)p0{
If f1 ≥ F1 or f2 ≥ F2, reject

If f1 < F1 and f2 < F2, accept

Here,

α

2
= 1− P (F1|2(n−m+ 1), 2m) = 1− P (F2|2(m+ 1), 2(n−m))

P (F |n1, n2) is the cumulative distribution function (c.d.f.) of a F distribution having numbers of

degrees of freedom n1 and n2.

(b) When the alternative hypothesis is p < p0

For f1 defined as follows

f1 =
2(n−m)p0

2(m+ 1)(1− p0){
If f1 ≥ F ∗

1 , reject

If f1 < F ∗
1 , accept

Here,

α = 1− P (F ∗
1 |2(m+ 1), 2(n−m))

P (F |n1, n2) is the cumulative distribution function (c.d.f.) of a F distribution having numbers of

degrees of freedom n1 and n2.

(c) When the alternative hypothesis is p > p0

For f2 defined as follows

f2 =
2m(1− p0)

2(n−m+ 1)(1− p0){
If f2 ≥ F ∗

2 , reject

If f2 < F ∗
2 , accept

Here,

α = 1− P (F ∗
2 |2(n−m+ 1), 2m)

P (F |n1, n2) is the cumulative distribution function (c.d.f.) of a F distribution having numbers of

degrees of freedom n1 and n2.
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(2) Usage

Double precision:

CALL D3TSRA (N, M, CL, P0, IR, F, ISW, IERR)

Single precision:

CALL R3TSRA (N, M, CL, P0, IR, F, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of sample data n

2 M I 1 Input Number of samples having the characteristic

being observed m

3 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

4 P0
{
D

R

}
1 Input Tested ratio value p0

5 IR I 1 Output Test result

IR=0 : Hypothesis p = p0 is accepted

IR=1 : Hypothesis p = p0 is rejected

6 F
{
D

R

}
4 Output When ISW=1

F(1) : Value of f1

F(2) : Value of f2

F(3) : Value of F distribution F1

F(4) : Value of F distribution F2

When ISW=2

F(1) : Value of f1

F(2) : Value of F distribution F ∗
1

When ISW=3

F(1) : Value of f2

F(2) : Value of F distribution F ∗
2

7 ISW I 1 Input The alternative hypothesis switch

ISW=1 :

When the alternative hypothesis is p �= p0

ISW=2 :

When the alternative hypothesis is p > p0

ISW=3 :

When the alternative hypothesis is p < p0

8 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW ∈ {1, 2, 3}
(b) N > 0

(c) 0 < M < N

(d) 0.0 ≤ P0 ≤ 1.0

(e) 0.0 ≤ CL ≤ 100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 ISW=1 :

CL=100.0

ISW=1 :

0.0 or the positive maximum value is set

for F(3) and F(4).

ISW=2 or 3 :

CL=0.0 or CL=100.0.

ISW=2 or 3 :

0.0 or the positive maximum value is set

for F(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

When the number of sample data having the observed characteristic in the independent sample of size

19 is 5, test the hypothesis p = 0.5 related to the population ratio p with 95% confidence level. Assume

that the alternative hypothesis is p �= 0.5.

(b) Input data

ISW=1, N=19, M=5, P=0.5 and CL=95.0.

(c) Main program

PROGRAM B3TSRA
! *** EXAMPLE OF D3TSRA ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N,M,IR,ISW
REAL(8) CL,P0,F(4)

!
ISW=1
N=19
M=5
P0=0.5D0
CL=95.0D0

!
WRITE(6,1000)
WRITE(6,2000) N
WRITE(6,2010) M
WRITE(6,2020) CL
WRITE(6,2030) ISW
WRITE(6,3000)

!
CALL D3TSRA(N,M,CL,P0,IR,F,ISW,IERR)

319



D3TSRA, R3TSRA
Test of the Population Ratio According to One Set of Samples

!
WRITE(6,4000) IERR
WRITE(6,5000) P0
IF(IR.EQ.0) THEN

WRITE(6,5010)
ELSE

WRITE(6,5020)
ENDIF
WRITE(6,6000) F(1),F(3),F(2),F(4)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3TSRA ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N = ’,I3)
2010 FORMAT(9X,’M = ’,I3)
2020 FORMAT(9X,’CL = ’,F4.1)
2030 FORMAT(9X,’ISW = ’,I3)
3000 FORMAT(6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’HYPOTHESIS: P .EQ.’,F5.1)
5010 FORMAT(9X,’HYPOTHESIS IS ACCEPTED.’)
5020 FORMAT(9X,’HYPOTHESIS IS REJECTED.’)
6000 FORMAT(9X,’F(1) = ’,F8.4,2X,’F(3) = ’,F8.4,/,&

9X,’F(2) = ’,F8.4,2X,’F(4) = ’,F8.4)
END

(d) Output results

*** D3TSRA ***
** INPUT **

N = 19
M = 5
CL = 95.0
ISW = 1

** OUTPUT **
IERR = 0
HYPOTHESIS: P .EQ. 0.5
HYPOTHESIS IS ACCEPTED.
F(1) = 2.3333 F(3) = 2.4484
F(2) = 0.3333 F(4) = 3.3110
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6.3.2 D3TSRD, R3TSRD

Test of the Difference of the Population Ratios According to Two Sets of

Independent Samples

(1) Function

When the number of data having the observed characteristic in the two sets of independent sample data of

sizes n1 and n2 are m1 and m2, respectively, test the hypothesis p1 = p2 related to the ratios p1 and p2 in

the population to which the respective sets of sample data belong with the confidence level 1− α.

Let the sample ratios in the two sets of independent samples, respectively, be p̂1 and p̂2 as shown below.

p̂1 =
m1

n1
, p̂2 =

m2

n2

The test criteria are as follows.

(a) When no continuity correction is performed

i. When the alternative hypothesis is p1 �= p2

For z defined as follows

z =
p̂1 − p̂2√

p̂(1− p̂)( 1
n1

+ 1
n2
){

If |z| ≥ zα
2
, reject

If |z| < zα
2
, accept

where, p̂ and α
2 are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2
α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

ii. When the alternative hypothesis is p1 < p2

For z defined as follows

z =
p̂1 − p̂2√

p̂(1− p̂)( 1
n1

+ 1
n2
){

If z ≤ −zα, reject

If z > −zα, accept

where, p̂ and α are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

iii. When the alternative hypothesis is p1 > p2

For z defined as follows

z =
p̂1 − p̂2√

p̂(1− p̂)( 1
n1

+ 1
n2
){

If z ≥ zα, reject

If z < zα, accept

where, p̂ and α are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2
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α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(b) When continuity correction is performed

i. When the alternative hypothesis is p1 �= p2

For z defined as follows⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

z =
p̂1 − p̂2 − 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 ≥ p̂2)

z =
p̂1 − p̂2 + 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 < p̂2)

{
If |z| ≥ zα

2
, reject

If |z| < zα
2
, accept

where, p̂ and α
2 are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2
α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

ii. When the alternative hypothesis is p1 < p2

For z defined as follows⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

z =
p̂1 − p̂2 − 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 ≥ p̂2)

z =
p̂1 − p̂2 + 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 < p̂2)

{
If z ≤ −zα, reject

If z > −zα, accept

where, p̂ and α are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

iii. When the alternative hypothesis is p1 > p2

For z defined as follows⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

z =
p̂1 − p̂2 − 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 ≥ p̂2)

z =
p̂1 − p̂2 + 0.5( 1

n1
+ 1

n2
)√

p̂(1− p̂)( 1
n1

+ 1
n2
)

(when p̂1 < p̂2)

{
If z ≥ zα, reject

If z < zα, accept

where, p̂ and α are as follows.

p̂ =
n1p̂1 + n2p̂2
n1 + n2

=
m1 +m2

n1 + n2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.
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(2) Usage

Double precision:

CALL D3TSRD (N1, M1, N2, M2, CL, IR, Z, ISW1, ISW2, IERR)

Single precision:

CALL R3TSRD (N1, M1, N2, M2, CL, IR, Z, ISW1, ISW2, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N1 I 1 Input Number of first sample data n1

2 M1 I 1 Input Number of data having the observed character-

istic in first sample data m1

3 N2 I 1 Input Number of second sample data n2

4 M2 I 1 Input Number of data having the observed character-

istic in second sample data m2

5 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

6 IR I 1 Output Test result

IR=0 : Hypothesis p1 = p2 is accepted

IR=1 : Hypothesis p1 = p2 is rejected

7 Z
{
D

R

}
2 Output When ISW2=1

Z(1) : Values of z

Z(2) : Values of a standard normal distribution

zα
2

When ISW2=2

Z(1) : Values of z

Z(2) : Values of a standard normal distribution

−zα

When ISW2=3

Z(1) : Values of z

Z(2) : Values of a standard normal distribution

zα

8 ISW1 I 1 Input Processing switch

ISW1=1 : Continuity correction is not per-

formed

ISW1=2 : Continuity correction is performed
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No. Argument Type Size
Input/

Output
Contents

9 ISW2 I 1 Input The alternative hypothesis switch

ISW2=1 :

When the alternative hypothesis is p �= p0

ISW2=2 :

When the alternative hypothesis is p > p0

ISW2=3 :

When the alternative hypothesis is p < p0

10 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW1 ∈ {1, 2}
(b) ISW2 ∈ {1, 2, 3}
(c) N1 > 0, N2 > 0

(d) 0 < M1 < N1, 0 < M2 < N2

(e) 0.0 ≤ CL ≤ 100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 ISW2=1 :

CL=100.0

ISW2=1 :

The positive maximum value is set for

Z(2).

ISW2=2 or 3 :

CL=0.0 or CL=100.0.

ISW2=2 or 3 :

The positive maximum value or the neg-

ative minimum value is set for Z(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

(6) Notes

None
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(7) Example

(a) Problem

When the numbers of data having the observed characteristic in the two sets of independent samples

of size 200 and 250 are 140 and 150, respectively, test the hypothesis p1 = p2 related to the popula-

tion ratios p1 and p2 with 95% confidence level and perform continuity correction. Assume that the

alternative hypothesis is p1 �= p2.

(b) Input data

ISW1=2, ISW2=1 N1=200, M1=140, N2=250, M2=150 and CL=95.0.

(c) Main program

PROGRAM B3TSRD
! *** EXAMPLE OF D3TSRD ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N1,N2,M1,M2,IR,ISW1,ISW2
REAL(8) CL,Z(2)

!
ISW1=2
ISW2=1
N1=200
M1=140
N2=250
M2=150
CL=95.0D0

!
WRITE(6,1000)
WRITE(6,2000) N1
WRITE(6,2005) M1
WRITE(6,2010) N2
WRITE(6,2015) M2
WRITE(6,2030) CL
WRITE(6,2040) ISW1
WRITE(6,2045) ISW2
WRITE(6,3000)

!
CALL D3TSRD(N1,M1,N2,M2,CL,IR,Z,ISW1,ISW2,IERR)

!
WRITE(6,4000) IERR
WRITE(6,5000)
IF(IR.EQ.0) THEN

WRITE(6,5010)
ELSE

WRITE(6,5020)
ENDIF
WRITE(6,6000) Z(1),Z(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3TSRD ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’N1 = ’,I3)
2005 FORMAT(9X,’M1 = ’,I3)
2010 FORMAT(9X,’N2 = ’,I3)
2015 FORMAT(9X,’M2 = ’,I3)
2030 FORMAT(9X,’CL = ’,F4.1)
2040 FORMAT(9X,’ISW1= ’,I3)
2045 FORMAT(9X,’ISW2= ’,I3)
3000 FORMAT(6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’HYPOTHESIS: P1 .EQ. P2’)
5010 FORMAT(9X,’HYPOTHESIS IS ACCEPTED.’)
5020 FORMAT(9X,’HYPOTHESIS IS REJECTED.’)
6000 FORMAT(9X,’Z(1) = ’,F8.4,2X,’Z(2) = ’,F8.4)

END

(d) Output results

*** D3TSRD ***
** INPUT **

N1 = 200
M1 = 140
N2 = 250
M2 = 150
CL = 95.0
ISW1= 2
ISW2= 1

** OUTPUT **
IERR = 0
HYPOTHESIS: P1 .EQ. P2
HYPOTHESIS IS REJECTED.
Z(1) = 2.1030 Z(2) = 1.9600
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6.3.3 D3TSME, R3TSME

Test of the Population Mean According to One Set of Samples

(1) Function

From the mean μx and variance (or population variance) σ2 of one set of sample data of size n, test the

hypothesis μ = μ0 with the confidence level 1− α. The test criteria are as follows.

(a) When the population variance is known

i. When the alternative hypothesis is μ �= μ0

For z defined as follows

z =
μx − μ0√

σ2

n{
If |z| ≥ zα

2
, reject

If |z| < zα
2
, accept

where,

σ2 : Population variance
α

2
= 1− P (zα

2
)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

ii. When the alternative hypothesis is μ < μ0

For z defined as follows

z =
μx − μ0√

σ2

n{
If z ≤ −zα, reject

If z > −zα, accept

where,

σ2 : Population variance

α = 1− P (zα)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

iii. When the alternative hypothesis is μ > μ0

For z defined as follows

z =
μx − μ0√

σ2

n{
If z ≥ zα, reject

If z < zα, accept

where,

σ2 : Population variance

α = 1− P (zα)

P (z) is the cumulative distribution function (c.d.f.) of a standard normal distribution.

(b) When the population variance is unknown

i. When the alternative hypothesis is μ �= μ0

For t defined as follows

t =
μx − μ0√

σ2

n
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{
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept

where,

σ2 : Unbiased estimate of population variance
α

2
= 1− P (tα

2
|n− 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

ii. When the alternative hypothesis is μ < μ0

For t defined as follows

t =
μx − μ0√

σ2

n{
If t ≤ −tα, reject

If t > −tα, accept

where,

σ2 : Unbiased estimate of population variance

α = 1− P (tα|n− 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

iii. When the alternative hypothesis is μ > μ0 For t defined as follows

t =
μx − μ0√

σ2

n{
If t ≥ tα, reject

If t < tα, accept

where,

σ2 : Unbiased estimate of population variance

α = 1− P (tα|n− 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number of

degrees of freedom n.

(2) Usage

Double precision:

CALL D3TSME (N, XE, XV, CL, XI, IR, Z, ISW1, ISW2, IERR)

Single precision:

CALL R3TSME (N, XE, XV, CL, XI, IR, Z, ISW1, ISW2, IERR)

327



D3TSME, R3TSME
Test of the Population Mean According to One Set of Samples

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of sample data n

2 XE
{
D

R

}
1 Input Mean of sample data x̄

3 XV
{
D

R

}
1 Input Variance of sample data or population σ2

4 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

5 XI
{
D

R

}
1 Input Tested population mean μ0

6 IR I 1 Output Test result

IR=0 : Hypothesis μ = μ0 is accepted

IR=1 : Hypothesis μ = μ0 is rejected

7 Z
{
D

R

}
2 Output When ISW2=1

Z(1) : Value of z or t

Z(2) : Value of a normal distribution zα
2

or

value of a t distribution tα
2

When ISW2=2

Z(1) : Value of z or t

Z(2) : Value of a normal distribution −zα or

value of a t distribution −tα

When ISW2=3

Z(1) : Value of z or t

Z(2) : Value of a normal distribution zα or value

of a t distribution tα

8 ISW1 I 1 Input Switch for variance

ISW1=1 : The variance of the population is en-

tered for XV

ISW1=2 : he variance (not an unbiased esti-

mate) of the sample data is entered for XV

ISW1=3 : The variance (unbiased estimate) of

the sample data is entered for XV
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No. Argument Type Size
Input/

Output
Contents

9 ISW2 I 1 Input The alternative hypothesis switch

ISW2=1 :

When the alternative hypothesis is μ �= μ0

ISW2=2 :

When the alternative hypothesis is μ > μ0

ISW2=3 :

When the alternative hypothesis is μ < μ0

10 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW1 ∈ {1, 2, 3}
(b) ISW2 ∈ {1, 2, 3}
(c) N ≥ 2

(d) XV > 0.0

(e) 0.0 ≤ CL ≤ 100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 ISW2=1 :

CL=100.0

ISW2=1 :

The positive maximum value is set for

Z(2).

ISW2=2 or 3 :

CL=0.0 or CL=100.0.

ISW2=2 or 3 :

The positive maximum value or the neg-

ative minimum value is set for Z(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

(6) Notes

None
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(7) Example

(a) Problem

When the number of sample data is 10, the sample mean is 20.54 and the population variance is 0.08,

test the hypothesis μ = 20.52 related to the population mean μ with 95% confidence level. Assume

that the alternative hypothesis is μ �= 20.52.

(b) Input data

ISW1=1, ISW2=1, N=10, XE=20.54, XV=0.08, XI=20.52 and CL=95.0.

(c) Main program

PROGRAM B3TSME
! *** EXAMPLE OF D3TSME ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N,ISW1,ISW2,IR
REAL(8) XE,XV,CL,XI,Z(2)

!
ISW1=1
ISW2=1
N=10
XE=20.54D0
XV=0.08D0
XI=20.52D0
CL=95.0D0

!
WRITE(6,1000)
WRITE(6,1100) ISW1
WRITE(6,1200) ISW2
WRITE(6,2010) N
WRITE(6,2020) XE
WRITE(6,2030) XV
WRITE(6,2040) CL
WRITE(6,3000)

!
CALL D3TSME(N,XE,XV,CL,XI,IR,Z,ISW1,ISW2,IERR)

!
WRITE(6,4000) IERR
WRITE(6,5000) XI
IF(IR.EQ.0) THEN

WRITE(6,5010)
ELSE

WRITE(6,5020)
ENDIF
WRITE(6,6000) Z(1),Z(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3TSME ***’,/,&

6X,’** INPUT **’)
1100 FORMAT(9X,’ISW1= ’,I3)
1200 FORMAT(9X,’ISW2= ’,I3)
2010 FORMAT(9X,’N = ’,I3)
2020 FORMAT(9X,’XE = ’,F6.2)
2030 FORMAT(9X,’XV = ’,F6.2)
2040 FORMAT(9X,’CL = ’,F6.2)
3000 FORMAT(6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’HYPOTHESIS: MU .EQ.’,F6.2)
5010 FORMAT(9X,’HYPOTHESIS IS ACCEPT.’)
5020 FORMAT(9X,’HYPOTHESIS IS REJECT.’)
6000 FORMAT(9X,’Z(1)= ’,F8.4,/,9X,’Z(2)= ’,F8.4)

END

(d) Output results

*** D3TSME ***
** INPUT **

ISW1= 1
ISW2= 1
N = 10
XE = 20.54
XV = 0.08
CL = 95.00

** OUTPUT **
IERR = 0
HYPOTHESIS: MU .EQ. 20.52
HYPOTHESIS IS ACCEPT.
Z(1)= 0.2236
Z(2)= 1.9600
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6.3.4 D3TSSU, R3TSSU

Test of the Difference of the Population Means According to Two Sets of

Independent Samples

(1) Function

From the means μx1 and μx2 and variances (or population variances) σ2
1 and σ2

2 of two sets of independent

sample data of sizes n1 and n2, respectively, test the hypothesis μ1 = μ2 related to the means μ1 and μ2 in

the population to which the respective sets of sample data belong with the confidence level 1−α. The test

criteria are as follows.

(a) When the population variances are known

i. When the alternative hypothesis is μ1 �= μ2 For z defined as follows

z =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2{
If |z| ≥ zα

2
, reject

If |z| < zα
2
, accept

where α
2 is as follows.
α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

σ2
1 , σ

2
2 : Population variances of the two sets

ii. When the alternative hypothesis is μ1 < μ2

For z defined as follows

z =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2{
If z ≤ −zα, reject

If z > −zα, accept

where α is as follows.

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

σ2
1 , σ

2
2 : Population variances of the two sets

iii. When the alternative hypothesis is μ1 > μ2

For z defined as follows

z =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2{
If z ≥ zα, reject

If z < zα, accept

where α is as follows.

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

σ2
1 , σ

2
2 : Population variances of the two sets

(b) When the population variances of the two sets are equal and that value is unknown

i. When the alternative hypothesis is μ1 �= μ2

For t defined as follows

t =
μx1 − μx2√
s2p(

1
n1

+ 1
n2

)
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{
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept

where s2p and α
2 are as follows.

s2p =
(n1 − 1)σ2

1 + (n2 − 1)σ2
2

n1 + n2 − 2
α

2
= 1− P (tα

2
|n1 + n2 − 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom. σ2
1 , σ

2
2 : Unbiased estimates of the population variances.

ii. When the alternative hypothesis is μ1 < μ2

For t defined as follows

t =
μx1 − μx2√
s2p(

1
n1

+ 1
n2
){

If t ≤ −tα, reject

If t > −tα, accept

where s2p and α are as follows.

s2p =
(n1 − 1)σ2

1 + (n2 − 1)σ2
2

n1 + n2 − 2
α = 1− P (tα|n1 + n2 − 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

σ2
1 , σ

2
2 : Unbiased estimates of the population variances.

iii. When the alternative hypothesis is μ1 > μ2

For t defined as follows

t =
μx1 − μx2√
s2p(

1
n1

+ 1
n2
){

If t ≥ tα, reject

If t < tα, accept

where s2p and α are as follows.

s2p =
(n1 − 1)σ2

1 + (n2 − 1)σ2
2

n1 + n2 − 2
α = 1− P (tα|n1 + n2 − 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

σ2
1 , σ

2
2 : Unbiased estimates of the population variances.

(c) When the population variances of the two sets are not equal and those values are unknown

i. When the alternative hypothesis is μ1 �= μ2

For t defined as follows

t =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2

t∗α
2
=

β1t
(1)
α
2

+ β2t
(2)
α
2

β1 + β2{
If |t| ≥ t∗α

2
, reject

If |t| < t∗α
2
, accept

where α
2 is as follows.
α

2
= 1− P (t

(1)
α
2
|n1 − 1) = 1− P (t

(2)
α
2
|n2 − 1)
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Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
σ2
1

n1
, β2 =

σ2
2

n2

σ2
1 , σ

2
2 : Unbiased estimates of the population variances

ii. When the alternative hypothesis is μ1 < μ2

For t defined as follows

t =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2

t∗α =
β1t

(1)
α + β2t

(2)
α

β1 + β2{
If t ≤ −t∗α, reject

If t > −t∗α, accept

where α is as follows.

α = 1− P (t(1)α |n1 − 1) = 1− P (t(2)α |n2 − 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
σ2
1

n1
, β2 =

σ2
2

n2

σ2
1 , σ

2
2 : Unbiased estimates of the population variances

iii. When the alternative hypothesis is μ1 > μ2

For t defined as follows

t =
μx1 − μx2√

σ2
1

n1
+

σ2
2

n2

t∗α =
β1t

(1)
α + β2t

(2)
α

β1 + β2{
If t ≥ t∗α, reject

If t < t∗α, accept

where α is as follows.

α = 1− P (t(1)α |n1 − 1) = 1− P (t(2)α |n2 − 1)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

β1 =
σ2
1

n1
, β2 =

σ2
2

n2

σ2
1 , σ

2
2 : Unbiased estimates of the population variances

(2) Usage

Double precision:

CALL D3TSSU (N1, XE1, XV1, N2, XE2, XV2, CL, IR, Z, ISW1, ISW2, IERR)

Single precision:

CALL R3TSSU (N1, XE1, XV1, N2, XE2, XV2, CL, IR, Z, ISW1, ISW2, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N1 I 1 Input Number of sample data n1

2 XE1
{
D

R

}
1 Input Mean of sample data μx1

3 XV1
{
D

R

}
1 Input Variance of sample data or population σ1

2

4 N2 I 1 Input Number of sample data n2

5 XE2
{
D

R

}
1 Input Mean of sample data μx2

6 XV2
{
D

R

}
1 Input Variance of sample data or population σ2

2

7 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

8 IR I 1 Output Test result

IR=0 : Hypothesis μ1 = μ2 is accepted

IR=1 : Hypothesis μ1 = μ2 is rejected

9 Z
{
D

R

}
2 Output When ISW2=1

Z(1) : Value of z or t

Z(2) : Value of a standard normal distribution

zα
2
or value of t distribution tα

2
or t∗α

2

When ISW2=2

Z(1) : Value of z or t

Z(2) : Value of a standard normal distribution

−zα or value of t distribution −tα or −t∗α
When ISW2=3

Z(1) : Value of z or t

Z(2) : Value of a standard normal distribution

zα or value of t distribution tα or t∗α
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No. Argument Type Size
Input/

Output
Contents

10 ISW1 I 1 Input Switch for variance

ISW1=1 : The population variances of the two

sets are entered for XV1 and XV2

ISW1=2 : The population variances of the two

sets are equal, and the variances (not unbiased

estimates) of the sample data are entered for

XV1 and XV2

ISW1=3 : The population variances of the two

sets are equal, and the variances (unbiased esti-

mates) of the sample data are entered for XV1

and XV2

ISW1=4 : The population variances of the two

sets are not equal, and the variances (not unbi-

ased estimates) of the sample data are entered

for XV1 and XV2

ISW1=5 : The population variances of the two

sets are not equal, and the variances (unbiased

estimates) of the sample data are entered for

XV1 and XV2

11 ISW2 I 1 Input The alternative hypothesis switch

ISW2=1 :

When the alternative hypothesis is μ1 �= μ2

ISW2=2 :

When the alternative hypothesis is μ1 < μ2

ISW2=3 :

When the alternative hypothesis is μ1 > μ2

12 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW1 ∈ {1, 2, 3, 4, 5}
(b) ISW2 ∈ {1, 2, 3}
(c) N1≥ 2, N2≥ 2

(d) XV1≥ 0.0, XV2≥ 0.0

(e) 0.0 ≤ CL ≤ 100.0
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 ISW2=1 :

CL=100.0

ISW2=1 :

The positive maximum value is set for

Z(2).

ISW2=2 or 3 :

CL=0.0 or CL=100.0.

ISW2=2 or 3 :

The positive maximum value or the neg-

ative minimum value is set for Z(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

When the number of sample data, the sample mean and the population variance in the two sets of

independent samples are 20, 62.0, 64.0 and 25, 67.0, 81.0, respectively, test the hypothesis μ1 = μ2

related to the each population mean μ1 and μ2 with 95% confidence level. Assume that the alternative

hypothesis is μ1 �= μ2.

(b) Input data

ISW1=1, ISW2=1, N1=20, XE1=62.0, XV1=64.0, N2=25, XE2=67.0, XV2=81.0 and CL=95.0.

(c) Main program

PROGRAM B3TSSU
! *** EXAMPLE OF D3TSSU ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N1,N2,ISW1,ISW2,IR
REAL(8) XE1,XE2,XV1,XV2,CL,Z(2)

!
ISW1=1
ISW2=1
N1=20
XE1=62.0D0
XV1=64.0D0
N2=25
XE2=67.0D0
XV2=81.0D0
CL=95.0D0

!
WRITE(6,1000)
WRITE(6,2000) ISW1
WRITE(6,2005) ISW2
WRITE(6,2010) N1
WRITE(6,2020) XE1
WRITE(6,2030) XV1
WRITE(6,2015) N2
WRITE(6,2025) XE2
WRITE(6,2035) XV2
WRITE(6,2050) CL
WRITE(6,3000)

!
CALL D3TSSU(N1,XE1,XV1,N2,XE2,XV2,CL,IR,Z,ISW1,ISW2,IERR)

!
WRITE(6,4000) IERR
WRITE(6,5000)
IF(IR.EQ.0) THEN

WRITE(6,5010)
ELSE
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WRITE(6,5020)
ENDIF
WRITE(6,6000) Z(1),Z(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3TSSU ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’ISW1= ’,I3)
2005 FORMAT(9X,’ISW2= ’,I3)
2010 FORMAT(9X,’N1 = ’,I3)
2015 FORMAT(9X,’N2 = ’,I3)
2020 FORMAT(9X,’XE1 = ’,F4.1)
2025 FORMAT(9X,’XE2 = ’,F4.1)
2030 FORMAT(9X,’XV1 = ’,F4.1)
2035 FORMAT(9X,’XV2 = ’,F4.1)
2050 FORMAT(9X,’CL = ’,F4.1)
3000 FORMAT(6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’HYPOTHESIS: MU1 .EQ. M2’)
5010 FORMAT(9X,’HYPOTHESIS IS ACCEPTED.’)
5020 FORMAT(9X,’HYPOTHESIS IS REJECTED.’)
6000 FORMAT(9X,’Z(1)= ’,F10.4,/,9X,’Z(2)= ’,F10.4)

END

(d) Output results

*** D3TSSU ***
** INPUT **

ISW1= 1
ISW2= 1
N1 = 20
XE1 = 62.0
XV1 = 64.0
N2 = 25
XE2 = 67.0
XV2 = 81.0
CL = 95.0

** OUTPUT **
IERR = 0
HYPOTHESIS: MU1 .EQ. M2
HYPOTHESIS IS REJECTED.
Z(1)= -1.9703
Z(2)= 1.9600
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6.3.5 D3TSVA, R3TSVA

Test of the Population Variance Due to One Set of Samples

(1) Function

From the variance (or population variance) s2 of one set of sample data of size n, test the hypothesis σ2 = σ2
0

related to the population variance σ2 in the population to which the respective set of sample data belong

with the confidence level 1− α. The test criteria are as follows.

(a) When the alternative hypothesis is σ2 �= σ2
0

For χ2 defined as follows

χ2 =
(n− 1)s2

σ2
0{

If χ2 ≤ χ2
1−α

2
or χ2 ≥ χ2

α
2
, reject

If χ2
1−α

2
< χ2 < χ2

α
2
, accept

where α
2 is as follows.

α

2
= 1− P (χ2

α
2
|n− 1) = P (χ2

1−α
2
|n− 1)

P (χ2|n) is the cumulative distribution function (c.d.f.) of a χ2 distribution having number of degrees

of freedom n.

s2 : Unbiased estimate of population variance

(b) When the alternative hypothesis is σ2 < σ2
0

For χ2 defined as follows

χ2 =
(n− 1)s2

σ2
0{

If χ2 ≤ χ2
1−α, reject

If χ2 > χ2
1−α, accept

where α is as follows.

α = P (χ2
1−α|n− 1)

P (χ2|n) is the cumulative distribution function (c.d.f.) of a χ2 distribution having number of degrees

of freedom n.

s2 : Unbiased estimate of population variance

(c) When the alternative hypothesis is σ2 > σ2
0

For χ2 defined as follows

χ2 =
(n− 1)s2

σ2
0{

If χ2 ≥ χ2
α, reject

If χ2 < χ2
α, accept

where α is as follows.

α = P (χ2
α|n− 1)

P (χ2|n) is the cumulative distribution function (c.d.f.) of a χ2 distribution having number of degrees

of freedom n.

s2 : Unbiased estimate of population variance
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(2) Usage

Double precision:

CALL D3TSVA (N, XV, CL, XI, IR, Z, ISW1, ISW2, IERR)

Single precision:

CALL R3TSVA (N, XV, CL, XI, IR, Z, ISW1, ISW2, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of sample data n

2 XV
{
D

R

}
1 Input Variance of sample data s2

3 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

4 XI
{
D

R

}
1 Input Tested variance σ0

5 IR I 1 Output Test result

IR=0 : Hypothesis σ2 = σ2
0 is accepted

IR=1 : Hypothesis σ2 = σ2
0 is rejected

6 Z
{
D

R

}
3 Output Z(1) : Value of χ2

Z(2) : Value of χ2 distribution χ2
α
2

Z(3) : Value of χ2 distribution χ2
1−α

2

7 ISW1 I 1 Input ISW1=1 : The variance (not an unbiased esti-

mate) of the sample data is entered for XV

ISW1=2 : The variance (unbiased estimate) of

the sample data is entered for XV

8 ISW2 I 1 Input The alternative hypothesis switch

ISW2=1 :

When the alternative hypothesis is σ2 �= σ2
0

ISW2=2 :

When the alternative hypothesis is σ2 < σ2
0

ISW2=3 :

When the alternative hypothesis is σ2 > σ2
0

9 IERR I 1 Output Error indicator
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(4) Restrictions

(a) ISW1 ∈ {1, 2}
(b) ISW2 ∈ {1, 2, 3}
(c) N ≥ 2

(d) XV > 0.0

(e) XI > 0.0

(f) 0.0 ≤ CL ≤ 100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 ISW2=1 :

CL=100.0

ISW2=1 :

The positive maximum value is set for

Z(2).

ISW2=2 or 3 :

CL=0.0 or CL=100.0.

ISW2=2 or 3 :

0.0 or the positive maximum value is set

for Z(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

(6) Notes

None

(7) Example

(a) Problem

When the number of sample data is 25 and the sample variance (unbiased estimate) is 182.25, test the

hypothesis σ2 = 100.0 related to the population variance with 95% confidence level. Assume that the

alternative hypothesis is σ2 �= 100.0.

(b) Input data

ISW1=2, ISW2=1, N=25, XV=182.25, XI=100.0 and CL=95.0.

(c) Main program

PROGRAM B3TSVA
! *** EXAMPLE OF D3TSVA ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER IERR
INTEGER N,ISW1,ISW2,IR
REAL(8) XV,CL,XI,Z(3)

!
ISW1=2
ISW2=1
N=25
XV=182.25
XI=100
CL=95

!
WRITE(6,1000)
WRITE(6,2000) ISW1
WRITE(6,2005) ISW2
WRITE(6,2010) N
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WRITE(6,2030) XV
WRITE(6,2040) CL
WRITE(6,3000)

!
CALL D3TSVA(N,XV,CL,XI,IR,Z,ISW1,ISW2,IERR)

!
WRITE(6,4000) IERR
WRITE(6,5000) XI
IF(IR.EQ.0) THEN

WRITE(6,5010)
ELSE

WRITE(6,5020)
ENDIF
WRITE(6,6000) Z(1),Z(2),Z(3)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3TSVA ***’,/,&

6X,’** INPUT **’)
2000 FORMAT(9X,’ISW1= ’,I3)
2005 FORMAT(9X,’ISW2= ’,I3)
2010 FORMAT(9X,’N = ’,I3)
2030 FORMAT(9X,’XV = ’,F9.4)
2040 FORMAT(9X,’CL = ’,F9.4)
3000 FORMAT(6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’HYPOTHESIS: SIGMA2 .EQ.’,F5.1)
5010 FORMAT(9X,’HYPOTHESIS IS ACCEPTED.’)
5020 FORMAT(9X,’HYPOTHESIS IS REJECTED.’)
6000 FORMAT(9X,’Z(1)= ’,F8.4,/,&

9X,’Z(2)= ’,F8.4,2X,’Z(3)= ’,F8.4)
END

(d) Output results

*** D3TSVA ***
** INPUT **

ISW1= 2
ISW2= 1
N = 25
XV = 182.2500
CL = 95.0000

** OUTPUT **
IERR = 0
HYPOTHESIS: SIGMA2 .EQ.100.0
HYPOTHESIS IS REJECTED.
Z(1)= 43.7400
Z(2)= 39.3641 Z(3)= 12.4012
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6.3.6 D3TSTC, R3TSTC

Test of the Population Correlation Coefficient According to One Set of Sam-

ples

(1) Function

From the sample correlation coefficient r of one set of sample data of size n, test the hypothesis ρ = ρ0

related to the population correlation coefficient ρ in the population to which the respective set of sample

data belong with the confidence level 1− α. The test criteria are as follows.

(a) Hypothesis: ρ = 0

i. When the alternative hypothesis is ρ �= 0

For t defined as follows

t = r

√
n− 2

1− r2{
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept

where, α
2 is as follows.

α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

ii. When the alternative hypothesis is ρ < 0

For t defined as follows

t = r

√
n− 2

1− r2{
If t ≥ −tα, reject

If t < −tα, accept

where, α
2 is as follows.

α

2
= 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

iii. When the alternative hypothesis is ρ > 0

For t defined as follows

t = r

√
n− 2

1− r2{
If t ≥ tα, reject

If t < tα, accept

where, α
2 is as follows.

α

2
= 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution with n degrees of

freedom.

(b) Hypothesis: ρ = ρ0

i. When the alternative hypothesis is ρ �= ρ0

For t defined as follows

t = (z − z0)
√
n− 3
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{
If |t| ≥ zα

2
, reject

If |t| < zα
2
, accept

where, z, z0 and α
2 are as follows.

z =
1

2
loge

1 + r

1− r

z0 =
1

2
loge

1 + ρ0
1− ρ0

α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

ii. When the alternative hypothesis is ρ < ρ0

For t defined as follows

t = (z − z0)
√
n− 3{

If t ≤ −zα, reject

If t > −zα, accept

where, z, z0 and α
2 are as follows.

z =
1

2
loge

1 + r

1− r

z0 =
1

2
loge

1 + ρ0
1− ρ0

α

2
= 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

iii. When the alternative hypothesis is ρ > ρ0

For t defined as follows

t = (z − z0)
√
n− 3{

If t ≥ zα, reject

If t < zα, accept

where, z, z0 and α
2 are as follows.

z =
1

2
loge

1 + r

1− r

z0 =
1

2
loge

1 + ρ0
1− ρ0

α

2
= 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(2) Usage

Double precision:

CALL D3TSTC (N, R, CL, R0, IR, Z, ISW, IERR)

Single precision:

CALL R3TSTC (N, R, CL, R0, IR, Z, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of sample data n

2 R
{
D

R

}
1 Input The sample correlation coefficient r of one set

of sample data (See Note (a))

3 CL
{
D

R

}
1 Input Confidence level 100(1− α)

4 R0
{
D

R

}
1 Input Value of tested correlation coefficient ρ0

5 IR I 1 Output Test result

IR=0 : Hypothesis ρ = ρ0 is accepted

IR=1 : Hypothesis ρ = ρ0 is rejected

6 Z
{
D

R

}
2 Output When ISW=1

Z(1) : Value of t

Z(2) : Value of t distribution tα
2
or value of a

standard normal distribution zα
2

When ISW=2

Z(1) : Value of t

Z(2) : Value of t distribution −tα or value of a

standard normal distribution −zα

7 ISW I 1 Input The alternative hypothesis switch

ISW=1 :

When the alternative hypothesis is ρ �= ρ0

ISW=2 :

When the alternative hypothesis is ρ < ρ0

ISW=3 :

When the alternative hypothesis is ρ > ρ0

8 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {1, 2, 3}
(b) N≥4

(c) −1.0 < R < 1.0

(d) −1.0 < R0 < 1.0

(e) 0.0 ≤ CL ≤ 100.0
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 ISW=1 :

CL=100.0

ISW=1 :

The positive maximum value is set for

Z(2).

ISW=2 or 3 :

CL=0.0 or CL=100.0.

ISW=2 or 3 :

The positive maximum value or the neg-

ative minimum value is set for Z(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

(6) Notes

(a) The sample correlation coefficient r for n sample data, {xi, yi} (i = 1, · · · , n), is defined as follows.

(See 4.4.1

{
D2CCMT

R2CCMT

}
)

r =

1

n

n∑
i=1

(xi − μx)(yi − μy)√√√√ 1

n

n∑
i=1

(xi − μx)
2

√√√√ 1

n

n∑
i=1

(yi − μy)
2

(7) Example

(a) Problem

From the following one set of sample data of size 10, test the hypothesis ρ = 0.0 related to the

population correlation coefficient ρ with 95% confidence level.

xi yi

10.129 63.4

12.611 60.1

13.900 57.2

16.532 46.5

20.822 43.9

26.025 39.6

28.283 39.7

29.199 39.1

30.766 37.8

32.664 27.8

Assume that the alternative hypothesis is ρ �= 0.0.

(b) Input data

N=10, R0=0.0 and CL=95.0.
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(c) Main program

PROGRAM B3TSTC
! *** EXAMPLE OF D3TSTC ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER N
PARAMETER (N=10)
INTEGER M
PARAMETER (M=2)
REAL(8) X(N,2),X1(M),WK(M),RR(N,M)
INTEGER IERR,ISW,IR,NS
REAL(8) R,R0,CL,Z(2)
DATA (X(I,1),I=1,N)&

/10.129D0, 12.611D0, 13.900D0, 16.532D0, 20.822D0,&
26.025D0, 28.283D0, 29.199D0, 30.766D0, 32.664D0/,&

(X(I,2),I=1,N) &
/63.4D0, 60.1D0, 57.2D0, 46.5D0, 43.9D0,&
39.6D0, 39.7D0, 39.1D0, 37.8D0, 37.8D0/

!
ISW=1
R0=0.0D0
CL=95.0D0

!
CALL D2CCMT(X,N,N,M,NS,X1,RR,N,0,WK,IERR)
R=RR(1,2)

!
WRITE(6,1000)
WRITE(6,1100) ISW
WRITE(6,2010) N
WRITE(6,2020) R
WRITE(6,2030) CL
WRITE(6,2100)
DO 100 I=1,N

WRITE(6,2110)I,X(I,1),X(I,2)
100 CONTINUE

WRITE(6,3000)
!

CALL D3TSTC(N,R,CL,R0,IR,Z,ISW,IERR)
!

WRITE(6,4000) IERR
WRITE(6,5000) R0
IF(IR.EQ.0) THEN

WRITE(6,5010)
ELSE

WRITE(6,5020)
ENDIF
WRITE(6,6000) Z(1),Z(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3TSTC ***’,/,&

6X,’** INPUT **’)
1100 FORMAT(9X,’ISW = ’,I3)
2010 FORMAT(9X,’N = ’,I3)
2020 FORMAT(9X,’R = ’,F5.1)
2030 FORMAT(9X,’CL = ’,F5.1)
2100 FORMAT(9X,’NO.’,1X,’SAMPLE1’,1X,’SAMPLE2’)
2110 FORMAT(9X,I3,2F8.3)
3000 FORMAT(6X,’** OUTPUT **’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’HYPOTHESIS: RHO .EQ.’,F5.1)
5010 FORMAT(9X,’HYPOTHESIS IS ACCEPTED.’)
5020 FORMAT(9X,’HYPOTHESIS IS REJECTED.’)
6000 FORMAT(9X,’Z(1)= ’,F8.4,/,9X,’Z(2)= ’,F8.4)

END

(d) Output results

*** D3TSTC ***
** INPUT **

ISW = 1
N = 10
R = -0.9
CL = 95.0
NO. SAMPLE1 SAMPLE2

1 10.129 63.400
2 12.611 60.100
3 13.900 57.200
4 16.532 46.500
5 20.822 43.900
6 26.025 39.600
7 28.283 39.700
8 29.199 39.100
9 30.766 37.800
10 32.664 37.800

** OUTPUT **
IERR = 0
HYPOTHESIS: RHO .EQ. 0.0
HYPOTHESIS IS REJECTED.
Z(1)= -8.1519
Z(2)= 2.3060
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6.3.7 D3TSCD, R3TSCD

Test of the Difference of the Population Correlation Coefficients According

to Two Sets of Independent Samples

(1) Function

From the correlation coefficients r1 and r2 of two sets of independent sample data of sizes n1 and n2,

respectively, test the hypothesis ρ1 = ρ2 related to the population correlation coefficients ρ1 and ρ2 in the

population to which the respective set of sample data belong with the confidence level 1 − α. The test

criteria are as follows.

(a) When the alternative hypothesis is ρ1 �= ρ2

For t defined as follows

t =
z1 − z2√
1

n1−3 + 1
n2−3{

If |t| ≥ zα
2
, reject

If |t| < zα
2
, accept

where, z1, z2 and α
2 are as follows.

z1 =
1

2
loge

1 + r1
1− r1

z2 =
1

2
loge

1 + r2
1− r2

α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(b) When the alternative hypothesis is ρ1 < ρ2

For t defined as follows

t =
z1 − z2√
1

n1−3 + 1
n2−3{

If t ≤ −zα, reject

If t > −zα, accept

where, z1, z2 and α are as follows.

z1 =
1

2
loge

1 + r1
1− r1

z2 =
1

2
loge

1 + r2
1− r2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(c) When the alternative hypothesis is ρ1 > ρ2

For t defined as follows

t =
z1 − z2√
1

n1−3 + 1
n2−3
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{
If t ≥ zα, reject

If t < zα, accept

where, z1, z2 and α are as follows.

z1 =
1

2
loge

1 + r1
1− r1

z2 =
1

2
loge

1 + r2
1− r2

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

(2) Usage

Double precision:

CALL D3TSCD (N1, R1, N2, R2, CL, IR, Z, ISW, IERR)

Single precision:

CALL R3TSCD (N1, R1, N2, R2, CL, IR, Z, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N1 I 1 Input Number of first sample data n1

2 R1
{
D

R

}
1 Input The correlation coefficient r1 of first sample

data (See Note (a))

3 N2 I 1 Input Number of second sample data n2

4 R2
{
D

R

}
1 Input The correlation coefficient r2 of second sample

data (See Note (a))

5 CL
{
D

R

}
1 Input Confidence level 100(1− α)

6 IR I 1 Output Test result

IR=0 : Hypothesis ρ1 = ρ2 is accepted

IR=1 : Hypothesis ρ1 = ρ2 is rejected

7 Z
{
D

R

}
2 Output When ISW=1

Z(1) : Value of t

Z(2) : Value of a standard normal distribution

zα
2

When ISW=2

Z(1) : Value of t

Z(2) : Value of a standard normal distribution

−zα

When ISW=3

Z(1) : Value of t

Z(2) : Value of a standard normal distribution

zα
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No. Argument Type Size
Input/

Output
Contents

8 ISW I 1 Input The alternative hypothesis switch

ISW=1 :

When the alternative hypothesis is ρ1 �= ρ2

ISW=2 :

When the alternative hypothesis is ρ1 < ρ2

ISW=3 :

When the alternative hypothesis is ρ1 > ρ2

9 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW ∈ {1, 2, 3}
(b) N1 ≥ 4, N2 ≥ 4

(c) −1.0 < R1 < 1.0, −1.0 < R2 < 1.0

(d) 0.0 ≤ CL ≤ 100.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 ISW=1 :

CL=100.0

ISW=1 :

The positive maximum value is set for

Z(2).

ISW=2 or 3 :

CL=0.0 or CL=100.0.

ISW=2 or 3 :

The positive maximum value or the neg-

ative minimum value is set for Z(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a) The sample correlation coefficient r for n sample data, {xi, yi} (i = 1, · · · , n), is defined as follows.

(See 4.4.1

{
D2CCMT

R2CCMT

}
)

r =

1

n

n∑
i=1

(xi − μx)(yi − μy)√√√√ 1

n

n∑
i=1

(xi − μx)
2

√√√√ 1

n

n∑
i=1

(yi − μy)
2

(7) Example

See the example in Section 6.2.6 (7).
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6.3.8 D3TSSR, R3TSSR

Test in the Simple Linear Regression

(1) Function

For regression coefficient a and constant term b in the following simple linear regression expression (or

regression line) related to one set of sample data {xi, yi} (1, · · · , n) of size n

ŷi = axi + b

test the hypothesis related to the regression coefficient A and constant term B in the population to which

the respective set of sample data belong with the confidence level 1 − α. Assume that yi corresponding

to each xi is the random sample from the normal population having the mean Axi − B and the variance

σ2. Obtain the regression coefficient a and constant term b of the sample data from the following normal

equations.⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n∑
i=1

yi = a
n∑

i=1

xi + bn

n∑
i=1

xiyi = a

n∑
i=1

x2
i + b

n∑
i=1

xi

The test criteria are as follows.

(a) Regression coefficient

Hypothesis: A = A0

i. When the population variance is known

A. When the alternative hypothesis is A �= A0

For t defined as follows

t =
a−A0

sa{
If |t| ≥ zα

2
, reject

If |t| < zα
2
, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Population variance
α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

B. When the alternative hypothesis is A < A0

For t defined as follows

t =
a−A0

sa{
If t ≥ −zα, reject

If t < −zα, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Population variance

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.
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C. When the alternative hypothesis is A > A0

For t defined as follows

t =
a− A0

sa{
If t ≥ zα, reject

If t < zα, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Population variance

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

ii. When the population variance is unknown

A. When the alternative hypothesis is A < A0

For t defined as follows

t =
a− A0

sa{
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Unbiased variance of error variation
α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.

B. When the alternative hypothesis is A < A0

For t defined as follows

t =
a− A0

sa{
If t ≥ −tα, reject

If t < −tα, accept

where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Unbiased variance of error variation

α = 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.

C. When the alternative hypothesis is A > A0

For t defined as follows

t =
a− A0

sa{
If t ≥ tα, reject

If t < tα, accept
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where sa is as follows.

sa =

√
σ2∑

(xi − μx)2

σ2 : Unbiased variance of error variation

α = 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.

(b) Constant term

Hypothesis: B = B0

i. When the population variance is known

A. When the alternative hypothesis is B �= B0

For t defined as follows

t =
b−B0

sb{
If |t| ≥ zα

2
, reject

If |t| < zα
2
, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Population variance

α

2
= 1− P (zα

2
)

Here, P (z) is the c.d.f. value of the standard normal distribution.

B. When the alternative hypothesis is B < B0

For t defined as follows

t =
b−B0

sb{
If t ≥ −zα, reject

If t < −zα, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Population variance

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.

C. When the alternative hypothesis is B > B0

For t defined as follows

t =
b−B0

sb{
If t ≥ zα

2
, reject

If t < zα
2
, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Population variance

α = 1− P (zα)

Here, P (z) is the c.d.f. value of the standard normal distribution.
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ii. When the population variance is unknown

A. When the alternative hypothesis is B �= B0

For t defined as follows

t =
b−B0

sb{
If |t| ≥ tα

2
, reject

If |t| < tα
2
, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Unbiased variance of error variation

α

2
= 1− P (tα

2
|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.

B. When the alternative hypothesis is B < B0

For t defined as follows

t =
b−B0

sb{
If t ≥ −tα, reject

If t < −tα, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Unbiased variance of error variation

α = 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.

C. When the alternative hypothesis is B > B0

For t defined as follows

t =
b−B0

sb{
If t ≥ tα

2
, reject

If t < tα
2
, accept

where sb is as follows.

sb =

√
σ2

[
1

n
+

μ2
x∑

(xi − μx)2

]
σ2 : Unbiased variance of error variation

α = 1− P (tα|n− 2)

Here, P (t|n) is the cumulative distribution function (c.d.f.) of a t distribution having number

of degrees of freedom n.
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(2) Usage

Double precision:

CALL D3TSSR (X, N, Y, YV, X0, CL, IR, Z, STAT, ISW1, ISW2, ISW3, W, IERR)

Single precision:

CALL R3TSSR (X, N, Y, YV, X0, CL, IR, Z, STAT, ISW1, ISW2, ISW3, W, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X
{
D

R

}
N Input Values of independent variable X of sample,

xi(i = 1, n)

2 N I 1 Input Number of sample data n

3 Y
{
D

R

}
N Input Values of dependent variable Y of sample,

yi(i = 1, n)

4 YV
{
D

R

}
1 Input Variance of the population to which dependent

variable Y belongs(if ISW2 = 1) (See 10.2.1)

Output Unbiased variance of error variation σ2 (When

ISW2=2)

5 X0
{
D

R

}
1 Input When ISW1=1

Tested regression coefficient value A0

When ISW1=2

Tested constant term value B0

6 CL
{
D

R

}
1 Input Confidence level 100(1− α)(%)

7 IR
{
D

R

}
1 Output Test result

When ISW1=1,

IR=0 : Hypothesis A = A0 is accepted

IR=1 : Hypothesis A = A0 is rejected

When ISW1=2,

IR=0 : Hypothesis B = B0 is accepted

IR=1 : Hypothesis B = B0 is rejected
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No. Argument Type Size
Input/

Output
Contents

8 Z
{
D

R

}
2 Output When ISW2=1 and ISW3=1

Z(1) : Value of t

Z(2) : Values of a standard normal distribution

zα
2

When ISW2=1 and ISW3=2

Z(1) : Value of t

Z(2) : Values of a standard normal distribution

−zα

When ISW2=1 and ISW3=3

Z(1) : Value of t

Z(2) : Values of a standard normal distribution

zα

When ISW2=2 and ISW3=1

Z(1) : Value of t

Z(2) : Value of t distribution tα
2

When ISW2=2 and ISW3=2

Z(1) : Value of t

Z(2) : Value of t distribution −tα

When ISW2=2 and ISW3=3

Z(1) : Value of t

Z(2) : Value of t distribution tα

9 STAT
{
D

R

}
2 Output STAT(1) : The sample regression coefficient

STAT(2) : The sample constant term

10 ISW1 I 1 Input The switch for selection of the statistic.

ISW1=1 : Testing the population regression co-

efficient

ISW1=2 : Testing the population constant

term

11 ISW2 I 1 Input Switch for variance

ISW2=1 : The variance of the population is en-

tered for YV

ISW2=2 : The variance (not an unbiased esti-

mate) of the sample data is entered for YV
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No. Argument Type Size
Input/

Output
Contents

12 ISW3 I 1 Input The alternative hypothesis switch

For ISW1=1,

ISW3=1 :

When the alternative hypothesis is A �= A0

ISW3=2 :

When the alternative hypothesis is A < A0

ISW3=3 :

When the alternative hypothesis is A > A0

For ISW1=2,

ISW3=1 :

When the alternative hypothesis is B �= B0

ISW3=2 :

When the alternative hypothesis is B < B0

ISW3=3 :

When the alternative hypothesis is B > B0

13 W
{
D

R

}
29 Work Work area

14 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW1 ∈ {1, 2}
(b) ISW2 ∈ {1, 2}
(c) ISW3 ∈ {1, 2, 3}
(d) N ≥ 3

(e) 0.0 ≤ CL ≤ 100.0
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 ISW3=1 :

CL=100.0

ISW3=1 :

The positive maximum value is set for

Z(2).

ISW3=2 or 3 :

CL=0.0 or CL=100.0.

ISW3=2 or 3 :

The positive maximum value or the neg-

ative minimum value is set for Z(2).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

4000 There are no difference among indepen-

dent variable X.

4100 The Unbiased variance of error variation

is 0.0. (See 10.2.1)

(6) Notes

None

(7) Example

(a) Problem

From the following one set of sample data of size 9, test the hypothesis A = 0 related to the population

regression coefficient with 95% confidence level.

xi yi

1 3

2 3

3 5

4 5

5 6

6 7

7 8

8 8

9 9

Assume that the alternative hypothesis is A �= 0 and the population variance value is unknown.

(b) Input data

ISW1=1 ISW2=2, ISW3=1, N=9, array X, array Y, X0=0.0 and CL=95.0.

(c) Main program

PROGRAM B3TSSR
! *** EXAMPLE OF D3TSSR ***

IMPLICIT REAL(8) (A-H,O-Z)
INTEGER N
PARAMETER (N=9)
REAL(8) X(N),Y(N),W(29)
INTEGER IERR,ISW1,ISW2
REAL(8) CL,Z(2),STAT(2)

357



D3TSSR, R3TSSR
Test in the Simple Linear Regression

DATA (X(I),I=1,N) &
/1.0D0, 2.0D0, 3.0D0, 4.0D0, 5.0D0,&
6.0D0, 7.0D0, 8.0D0, 9.0D0/,&

(Y(I),I=1,N) &
/3.0D0, 3.0D0, 5.0D0, 5.0D0, 6.0D0,&
7.0D0, 8.0D0, 8.0D0, 9.0D0/

!
ISW1=1
ISW2=2
ISW3=1
X0=0.0D0
CL=95.0D0

!
WRITE(6,1000)
WRITE(6,1100)ISW1
WRITE(6,1110)ISW2
WRITE(6,1120)ISW3
WRITE(6,2000)N
WRITE(6,2100)CL
WRITE(6,2200)
DO 100 I=1,N

WRITE(6,2210)I,X(I),Y(I)
100 CONTINUE

!
CALL D3TSSR(X,N,Y,YV,X0,CL,IR,Z,STAT,ISW1,ISW2,ISW3,W,IERR)

!
WRITE(6,3000)
WRITE(6,4000) IERR
WRITE(6,3010)
WRITE(6,5000)X0
IF(IR.EQ.0) THEN

WRITE(6,5010)
ELSE

WRITE(6,5020)
ENDIF
WRITE(6,6000) Z(1),Z(2)
WRITE(6,7000) STAT(1)
WRITE(6,7100) STAT(2)

!
STOP

!
1000 FORMAT(’ ’,/,5X,’*** D3TSSR ***’,/,&

6X,’** INPUT **’)
1100 FORMAT(9X,’ISW1= ’,I3)
1110 FORMAT(9X,’ISW2= ’,I3)
1120 FORMAT(9X,’ISW3= ’,I3)
2000 FORMAT(9X,’N = ’,I3)
2100 FORMAT(9X,’CL = ’,F5.1)
2200 FORMAT(9X,’SAMPLE DATA’,/,&

9X,’ I’,1X,’X(I)’,1X,’Y(I)’)
2210 FORMAT(9X,I2,2F5.1)
3000 FORMAT(6X,’** OUTPUT **’)
3010 FORMAT(6X,’*** REGRESSION COEFFICIENT ***’)
4000 FORMAT(9X,’IERR = ’,I4)
5000 FORMAT(9X,’HYPOTHESIS: A .EQ.’,F5.1)
5010 FORMAT(9X,’HYPOTHESIS IS ACCEPTED.’)
5020 FORMAT(9X,’HYPOTHESIS IS REJECTED.’)
6000 FORMAT(9X,’Z(1)= ’,F8.4,/,9X,’Z(2)= ’,F8.4)
7000 FORMAT(9X,’REGRESSION COEFFICIENT OF SAMPLE= ’,D18.10)
7100 FORMAT(9X,’CONSTANT TERM OF SAMPLE= ’,D18.10)

END

(d) Output results

*** D3TSSR ***
** INPUT **

ISW1= 1
ISW2= 2
ISW3= 1
N = 9
CL = 95.0
SAMPLE DATA
I X(I) Y(I)
1 1.0 3.0
2 2.0 3.0
3 3.0 5.0
4 4.0 5.0
5 5.0 6.0
6 6.0 7.0
7 7.0 8.0
8 8.0 8.0
9 9.0 9.0

** OUTPUT **
IERR = 0

*** REGRESSION COEFFICIENT ***
HYPOTHESIS: A .EQ. 0.0
HYPOTHESIS IS REJECTED.
Z(1)= 14.7577
Z(2)= 2.3646
REGRESSION COEFFICIENT OF SAMPLE= 0.7833333333D+00
CONSTANT TERM OF SAMPLE= 0.2083333333D+01
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Chapter 7

ANALYSIS OF VARIANCE AND DESIGN OF

EXPERIMENTS

7.1 INTRODUCTION

Design of experiments is one of the fields of inductive statistics. With design of experiments, an actual

measurement value x is considered to be the realized value of the random variable X , and the internal structure

of X corresponding to the experiment conditions is considered and analyzed through the actual measurement

values. To perform the analysis, the experiment must be designed in advance. However, to analyze the actual

measurement values, the within class variation or between class variation and error variation quantities are

systematically sought by using tables called analysis of variance tables. This type of analysis method is called

analysis of variance.

This library provides the following functions for performing design of experiments and analysis of variance.

• One-way Layout

• Two-way Layout

• Multiple-way Layout

• Randomized Block Design

• Greco-Latin Square Method

• Cumulative Method

• Balanced Incomplete Block Design (BIBD)
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Explanation

7.1.1 Explanation

(1) One-way Layout

With the one-way layout analysis of variance method, given one-way layout data {xij}(i = 1, · · · , nj; j =

1, · · · ,m) consisting of m levels so that the number of repetitions in each level is nj , the problem is to test

whether or not there is a difference among the means of m population distributions based on this data. At

this time, the structure equation of the one-way layout observed values is defined as follows.

xij = μ+ αi + εij

μ represents the total mean over all observed values, αi represents the effect in level i, and εij represents

the observation error, and the observed values are assumed to be mutually independent values that obey a

normal distribution N(0, σ2). The following kinds of data are calculated in the analysis. Mean of each level:

x̄j =

nj∑
i=1

xij

nj
j = 1, · · · ,m

Variance of each level :

Vj =

nj∑
i=1

(xij − x̄j)
2

αj
j = 1, · · · ,m

Total mean :

x̄ =

m∑
j=1

nj∑
i=1

xij

m∑
j=1

nj

Here, αj is nj when a sample variance is used, and αj is nj − 1 when an unbiased variance is used.

Variation :

• Total variation

ST =

m∑
j=1

nj∑
i=1

(xij − x̄)2

• Between class variation

SA =

m∑
j=1

(x̄j − x̄)2

• Error variation

SE = ST − SA

Degrees of freedom :

• Degrees of freedom of total variation

φT =

m∑
j=1

nj − 1
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• Degrees of freedom of between class variation

φA = m− 1

• Degrees of freedom of error variation

φE =

m∑
j=1

(nj − 1)

Unbiased variance :

• Unbiased variance of between class variation

VA =
SA

φA

• Unbiased variance of error variation

VE =
SE

φE

Variance ratio :

FA =
VA

VE

Contribution ratio :

• Contribution ratio of between class variance

PA =
SA − φA · VE

ST

• Contribution ratio of error variance

PE = 1− PA

The test is performed by using the critical value of an F distribution for which the variance ratio FA has

degrees of freedom φA and φE .

(2) Two-way Layout

Given factors A and B consisting of ma and mb levels respectively and two-way layout data {xkij}(k =

1, · · · , nij ; i = 1, · · · ,ma; j = 1, · · · ,mb) for which the number of repetitions in the combination of each level

is nij , the problem is to test the effect αi in level i factor A, the effect βj in level j of factor B, and the

interaction effect γij when the structure equation of the two-way layout observed values is defined as follows

based on this data.

xkij = μ+ αi + βj + γij + εkij

μ represents the total mean over all observed values, εij represents the observation error, and the observed

values are assumed to be mutually independent values that obey a normal distribution N(0, σ2). Since each

effect is a constant, this kind of model is called a parameter model. For details, refer to the reference

bibliography.

(3) Multiple-way Layout

This method is a generalization of the two-way layout method in which the number of factors is increased.

The problem is to test the effects of each factor and the interaction effects between the factors. For details,

refer to the reference bibliography.
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(4) Randomized Block Design

Randomized block design is one type of experimental design. Generally, when performing an experiment,

there may be factors that tend to increase the efficiency of the experiment if they are taken into account

in advance even though they are secondary factors from the viewpoint of conditions (factors) having to do

with the immediate objective. To eliminate the effect of these kinds of factors, randomized block design

uses blocks that group the factors so that the effect of these secondary factors is reduced. Generally, the

blocks are arranged so that the secondary conditions increase between different blocks and decrease within

the same block. With randomized block design, equal subdivisions are provided in the levels of factors in

each block, and for each block, the various levels of factors are randomly assigned to each subdivision.

(5) Greco-Latin Square Method

The n Latin characters A,B, · · · arranged in n rows and n columns so that the same Latin character is

not duplicated in the same row or same column is called an n × n Latin Square. By making experimental

arrangements using this kind of Latin square to eliminate nonuniformity in the row and column directions,

you can test differences in significance among treatments A,B, · · · (Latin Square Method). However, in this

case, interactions between row effects and column effects must not exist, and the general mean, row effect,

column effect, treatment effect, and experimental error must be additively combined for the experimental

data. An analysis of variance performed using a table obtained by combining two orthogonal Latin Squares

(Greco-Latin square) in place of a Latin square is called the Greco-Latin Square Method. The Greco-Latin

Square Method can be used when the number of factors is 4, the number of levels for each factor is the same

and at least 4, and no interactions of the factors exist.

(6) Cumulative Method

For details, refer to the reference bibliography.

(7) Balanced Incomplete Block design (BIBD) In a block experiment, when each block contains a complete

set of treatments, it is called a complete block design. If this is not the case and one set of treatments to

be compared is incomplete and is not entered in the blocks, it is called an incomplete block design. In

particular, a block design in which the number of repetitions of each trial is equal and the number of times

two arbitrary trials appear in the same block is equal is called a balanced incomplete block design.

7.1.2 Reference Bibliography

(1) Fisher, R. A. , “The design of experiments”, 7th ed. , Oliver and Boyd, Edinburgh (1966)
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7.2 ONE-WAY LAYOUT

7.2.1 D41WR1, R41WR1

One-Way Layout Analysis of Variance

(1) Function

Given one-way layout data {xij}(i = 1, · · · , nj ; j = 1, · · · ,m) consisting of m levels so that the number of

repetitions in each level is nj , the D41WR1 or R41WR1 obtains the mean and variance of each level and

the total mean over all levels and performs an analysis of variance.

The mean and variance of each level and the total mean over all levels for the one-way layout data {xij} (i =

1, · · · , nj ; j = 1, · · · ,m) are defined by the following equations.

Mean of each level :

x̄j =

nj∑
i=1

xij

nj
j = 1, · · · ,m

Variance of each level :

Vj =

nj∑
i=1

(xij − x̄j)
2

αj
j = 1, · · · ,m

Total mean :

x̄ =

m∑
j=1

nj∑
i=1

xij

m∑
j=1

nj

Here, αj is nj when a sample variance is used, and αj is nj − 1 when an unbiased variance is used.

Also, the analysis of variance results are defined by the following equations.

Variation :

• Total variation

ST =

m∑
j=1

nj∑
i=1

(xij − x̄)2

• Between class variation

SA =

m∑
j=1

(x̄j − x̄)2

• Error variation

SE = ST − SA

Degrees of freedom :

• Degrees of freedom of total variation

φT =

m∑
j=1

nj − 1
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• Degrees of freedom of between class variation

φA = m− 1

• Degrees of freedom of error variation

φE =

m∑
j=1

(nj − 1)

Unbiased variance :

• Unbiased variance of between class variation

VA =
SA

φA

• Unbiased variance of error variation

VE =
SE

φE

Variance ratio :

FA =
VA

VE

Contribution ratio :

• Contribution ratio of between class variation

PA =
SA − φA · VE

ST

• Contribution ratio of error variation

PE = 1− PA

(2) Usage

Double precision:

CALL D41WR1 (A, NA, M, N, NR, STAT, X1, V, ISW, IERR)

Single precision:

CALL R41WR1 (A, NA, M, N, NR, STAT, X1, V, ISW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,M Input Matrix in which observed values are stored (xij)

(See Note (a))

2 NA I 1 Input Adjustable dimension of array A

3 M I 1 Input Number of levels m

4 N I M Input Number of repetitions in jth level nj (not used

when NR≥ 1)

5 NR I 1 Input Number of repetitions when the numbers of rep-

etitions in each level are equal n1 = n2 = · · · =
ng. When the numbers of repetitions in each

level are not equal, set a value that is less than

or equal to zero.

6 STAT
{
D

R

}
M,2 Output Mean and variance of each level (See Note (b))

7 X1
{
D

R

}
1 Output Total mean

8 V
{
D

R

}
11 Output Analysis of variance results

(For the storage method of the analysis of vari-

ance results, see Table 7−1 in Note (c).)

9 ISW I 1 Input Processing switch

0: Calculate the unbiased variance

1: Calculate the sample variance

10 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1

(b) NR≤0 and NA ≥ N(i) (i = 1, · · · ,M)

or NA≥NR

(c) M ≥ 1

(d) NR≤0 and N(i)≥ 1 (i = 1, · · · ,M)

or NR≥1
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 The following five conditions were satis-

fied at the same time.

(a) ISW= 0

(b) M> 1

(c) NR< 1

(d) N(i) = 1 for some i (i = 1, · · · ,M).

(e) N(1)=N(2)= · · · =N(M)= 1 does not

hold.

The absolute value maximum that can be

represented is set for each STAT(i, 2) for

which N(i)= 1, and the other STAT(i, 2)

are calculated normally.

1020 One of the following conditions was satis-

fied.

(a) M=1 and NR< 1 and N(1)> 1

(b) M= 1 and ISW= 1

(c) M> 1 and NR= 1 and ISW= 1

(d) M> 1 and NR< 1 and ISW= 1

and N(1)=N(2)= · · · =N(M)= 1.

The absolute value maximum that can be

represented is set for V(7) to V(11).

1030 One of the following conditions was satis-

fied.

(a) NR= 1 and ISW= 0

(b) NR< 1 and ISW= 0

and N(1)=N(2)= · · · =N(M)= 1

The absolute value maximum that can be

represented is set for all STAT(i, 2) (i=

1, · · · ,M) and for V(7) to V(11).

3000 Any of restriction (b), (c) or (d) were not

satisfied.

Processing is aborted.

(6) Notes

(a) The observed values (xij) are stored in array A as a real matrix (two-dimensional array type) data

(See Appendix A).

(b) The mean and variance of each level are stored as follows in the array STAT

STAT(j, 1) : Mean x̄j

STAT(j, 2) : Variance vj
, j = 1, · · · ,M

(c) The analysis of variance results are stored as follows in the array V.

Table 7−1 Analysis of Variance Table

Element Variation Degrees of freedom Unbiased variance Variance ratio Contribution ratio

Total V(1) V(4)

Between level V(2) V(5) V(7) V(9) V(10)

Error V(3) V(6) V(8) V(11)

(d) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.
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(7) Example

(a) Problem

For one-way layout data given by the matrix X shown below, obtain the mean and variance of each

level and the total mean over all levels and perform an analysis of variance.

X =

⎡
⎢⎢⎢⎣

71 83 85 84 82

74 79 84 80 78

76 83 89 82 83

72 77 82 85 83

⎤
⎥⎥⎥⎦

(b) Input data

One-way layout data X , NA=100, M=5, NR=4 and ISW=0.

(c) Main program

PROGRAM B41WR1
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, M = 5 )
DIMENSION A(NA,M),N(M),STAT(M,2),V(11)

!
WRITE(6,6000)
IERR = 0
DO 100 I=1,M

N(I) = 0
100 CONTINUE

READ(5,*) NR
READ(5,*) ISW
DO 110 I=1,NR

READ(5,*) (A(I,J),J=1,M)
110 CONTINUE

WRITE(6,6010) ISW,M,NR,(N(I),I=1,M)
DO 120 I=1,NR

WRITE(6,6020) (A(I,J),J=1,M)
120 CONTINUE

CALL D41WR1(A,NA,M,N,NR,STAT,X1,V,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040)
DO 130 L=1,M

WRITE(6,6050) L,STAT(L,1),STAT(L,2)
130 CONTINUE

WRITE(6,6060) X1
WRITE(6,6070) ’TOTAL’,V(1),V(4)
WRITE(6,6070) ’LEVEL’,V(2),V(5),V(7),V(9),V(10)
WRITE(6,6080) ’ERROR’,V(3),V(6),V(8),V(11)

!
STOP

6000 FORMAT( ’ *** D41WR1 ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’M = ’,I6,5X,’NR = ’,I6,/,&
/,7X,’NUMBER OF REPETITIONS IN EACH LEVEL’,/,/,&
7X,5(2X,I6),/,&
/,7X,’OBSERVATION MATRIX’,/)

6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’VALUE OF EACH LEVEL’,/,&

/,10X,’LEVEL’,6X,’MEAN’,6X,’VARIANCE’,/,&
9X,35(’-’))

6050 FORMAT( 7X,I6,2X,F11.2,2X,D15.8)
6060 FORMAT( /,7X,’MEAN OVER ALL LEVELS = ’,D15.8,/,&

/,7X,’ANALYSIS OF VARIANCE TABLE’,/,&
/,10X,’FACTOR’,&

6X,’S.S.’,9X,’D.F.’,7X,’M.S.’,8X,’V.R.’,8X,’C.R.’,/,&
9X,69(’-’))

6070 FORMAT( 10X,A,2(2X,F11.2),3(1X,D11.4))
6080 FORMAT( 10X,A,2(2X,F11.2),1X,D11.4,13X,D11.4)

END

(d) Output results

*** D41WR1 ***

** INPUT **

ISW = 0

M = 5 NR = 4

NUMBER OF REPETITIONS IN EACH LEVEL

0 0 0 0 0

367



D41WR1, R41WR1
One-Way Layout Analysis of Variance

OBSERVATION MATRIX

71.00 83.00 85.00 84.00 82.00
74.00 79.00 84.00 80.00 78.00
76.00 83.00 89.00 82.00 83.00
72.00 77.00 82.00 85.00 83.00

** OUTPUT **

IERR = 0

VALUE OF EACH LEVEL

LEVEL MEAN VARIANCE
-----------------------------------

1 73.25 0.49166667D+01
2 80.50 0.90000000D+01
3 85.00 0.86666667D+01
4 82.75 0.49166667D+01
5 81.50 0.56666667D+01

MEAN OVER ALL LEVELS = 0.80600000D+02

ANALYSIS OF VARIANCE TABLE

FACTOR S.S. D.F. M.S. V.R. C.R.
---------------------------------------------------------------------
TOTAL 414.80 19.00
LEVEL 315.30 4.00 0.7882D+02 0.1188D+02 0.6962D+00
ERROR 99.50 15.00 0.6633D+01 0.3038D+00
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7.3 TWO-WAY LAYOUT

7.3.1 D42WRN, R42WRN

Two-Way Layout Analysis of Variance

(1) Function

For factors A and B consisting of ma and mb levels respectively and two-way layout data {xij}(i =

1, · · · ,ma; j = 1, · · · ,mb) for which there are no repetitions in the combination of each level, the D42WRN

or R42WRN obtains the mean and variance of each level for each factor and the total mean over all levels

and performs an analysis of variance.

The mean and variance of each level for each factor and the total mean over all levels are defined by the

following equations.

Mean of each level of factor A :

x̄i· =
1

mb

mb∑
j=1

xij

Variance of each level of factor A :

Vai =
1

αb

mb∑
j=1

(xij − x̄i·)2

Mean of each level of factor B :

x̄·j =
1

ma

ma∑
i=1

xij

Variance of each level of factor B :

Vbj =
1

αa

ma∑
i=1

(xij − x̄·j)2

Total mean :

x̄ =
1

ma ·mb

ma∑
i=1

mb∑
j=1

xij

Here, αa = ma and αb = mb when a sample variance is used, and αa = ma − 1 and αb = mb − 1 when an

unbiased variance is used.

Also, the analysis of variance results are defined by the following equations.

Variation :

• Total variation

ST =

ma∑
i=1

mb∑
j=1

(xij − x̄)2

• Variation of factor A

SA = mb

ma∑
i=1

(x̄i· − x̄)2
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• Variation of factor B

SB = ma

mb∑
j=1

(x̄·j − x̄)2

• Error variation

SE = ST − (SA + SB)

Degrees of freedom :

• Degrees of freedom of total variation

φT = ma ·mb − 1

• Degrees of freedom of factor A variation

φA = ma − 1

• Degrees of freedom of factor B variation

φB = mb − 1

• Degrees of freedom of error variation

φE = (ma − 1) · (mb − 1)

Unbiased variance :

• Unbiased variance of factor A variation

VA =
SA

φA

• Unbiased variance of factor B variation

VB =
SB

φB

• Unbiased variance of error variation

VE =
SE

φE

Variance ratio :

• Variance ratio for unbiased variance of factor A variation

FA =
VA

VE

• Variance ratio for unbiased variance of factor B variation

FB =
VB

VE

Contribution ratio :

• Contribution ratio of factor A variation

PA =
SA − φA · VE

ST

• Contribution ratio of factor B variation

PB =
SB − φB · VE

ST
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• Contribution ratio of error variation

PE = 1− PA − PB

(2) Usage

Double precision:

CALL D42WRN (A, NA, LA, LB, STATA, STATB, X1, V, ISW, IERR)

Single precision:

CALL R42WRN (A, NA, LA, LB, STATA, STATB, X1, V, ISW, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,LB Input Matrix in which observed values are stored (xij)

(See Note (a))

2 NA I 1 Input Adjustable dimension of array A

3 LA I 1 Input Number of levels of factor A ma

4 LB I 1 Input Number of levels of factor B mb

5 STATA
{
D

R

}
LA,2 Output Mean and variance of each level of factor A (See

Note (b))

6 STATB
{
D

R

}
LB,2 Output Mean and variance of each level of factor B (See

Note (b))

7 X1
{
D

R

}
1 Output Total mean

8 V
{
D

R

}
16 Output Analysis of variance table

(For the storage method of the analysis of vari-

ance table, see Table 7−2 in Note (c).)

9 ISW I 1 Input Processing switch

0: Calculate the unbiased variance

1: Calculate the sample variance

10 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1

(b) NA ≥ LA ≥ 1

(c) NB ≥ 1
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 ISW = 0 was specified when LA = 1 or

LB = 1.

If LA = 1, the absolute value maximum

that can be represented is set for the vari-

ance of each level of factor B. If LB = 1,

the absolute value maximum that can be

represented is set for the variance of each

level of factor A. Also, the absolute value

maximum that can be represented is set

for V(9) to V(16).

1020 ISW = 1 was specified when LA = 1 or

LB = 1.

The absolute value maximum that can be

represented is set for V(9) to V(16).

3000 Any of restriction (b) or (c) were not

satisfied.

Processing is aborted.

(6) Notes

(a) The observed values (xij) are stored in array A as a real matrix (two-dimensional array type) data

(See Appendix A).

(b) The mean and variance of each level of factors A and B are stored as follows in the arrays STATA and

STATB.
STATA(i, 1) : Mean of each level of factor A x̄i·
STATA(i, 2) : Variance of each level of factor A Vai

STATB(j, 1) : Mean of each level of factor B x̄·j
STATB(j, 2) : Variance of each level of factor B Vbj

, i = 1, · · · ,LA; j = 1, · · · ,LB

(c) The analysis of variance table elements are stored as follows in the array V.

Table 7−2 Analysis of Variance Table Storage Status

Element Variation Degrees of freedom Unbiased variance Variance ratio Contribution ratio

Total V(1) V(5)

Factor A V(2) V(6) V(9) V(12) V(14)

Factor B V(3) V(7) V(10) V(13) V(15)

Error V(4) V(8) V(11) V(16)

(d) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.

(7) Example

(a) Problem

Given two-way layout data for which there are no repetitions and having factors A and B as shown in
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matrix X below, obtain the mean and variance of each level of each factor and the total mean over all

levels and perform an analysis of variance.

X =

⎡
⎢⎣ 1.26 1.21 1.19

1.29 1.23 1.23

1.38 1.27 1.22

⎤
⎥⎦

(b) Input data

Two-way layout data X , NA=10, LA=3, LB=3 and ISW=0.

(c) Main program

PROGRAM B42WRN
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 10, LA = 3, LB = 3 )
DIMENSION A(NA,LB),STATA(LA,2),STATB(LB,2),V(16)

!
WRITE(6,6000)
IERR = 0
READ(5,*) ISW
DO 100 I = 1,LA

READ(5,*) (A(I,J),J=1,LB)
100 CONTINUE

WRITE(6,6010) ISW,LA,LB
DO 110 I=1,LA

WRITE(6,6020) (A(I,J),J=1,LB)
110 CONTINUE

CALL D42WRN(A,NA,LA,LB,STATA,STATB,X1,V,ISW,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) ’A’
DO 120 L=1,LA

WRITE(6,6050) L,STATA(L,1),STATA(L,2)
120 CONTINUE

WRITE(6,6040) ’B’
DO 130 L=1,LB

WRITE(6,6050) L,STATB(L,1),STATB(L,2)
130 CONTINUE

WRITE(6,6060) X1
WRITE(6,6070) ’TOTAL’,V(1),V(5)
WRITE(6,6070) ’ A ’,V(2),V(6),V(9),V(12),V(14)
WRITE(6,6070) ’ B ’,V(3),V(7),V(10),V(13),V(15)
WRITE(6,6080) ’ERROR’,V(4),V(8),V(11),V(16)

!
STOP

6000 FORMAT( ’ *** D42WRN ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’LA = ’,I6,5X,’LB = ’,I6,/,&
/,7X,’OBSERVATION MATRIX’,/)

6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’VALUE OF EACH LEVEL OF FACTOR ’,A,/,&

/,10X,’LEVEL’,7X,’MEAN’,6X,’VARIANCE’,/,&
9X,35(’-’))

6050 FORMAT( 7X,I6,2X,F11.2,2X,D15.8)
6060 FORMAT( /,7X,’MEAN OVER ALL LEVELS = ’,F11.2,/,&

/,7X,’ANALYSIS OF VARIANCE TABLE’,/,&
/,10X,’FACTOR’,&

8X,’S.S.’,9X,’D.F.’,6X,’M.S.’,8X,’V.R.’,8X,’C.R’,/,&
9X,69(’-’))

6070 FORMAT( 10X,A,2(2X,F11.4),3(1X,D11.4))
6080 FORMAT( 10X,A,2(2X,F11.4),1X,D11.4,13X,D11.4)

END

(d) Output results

*** D42WRN ***

** INPUT **

ISW = 0

LA = 3 LB = 3

OBSERVATION MATRIX

1.26 1.21 1.19
1.29 1.23 1.23
1.38 1.27 1.22

** OUTPUT **

IERR = 0

VALUE OF EACH LEVEL OF FACTOR A
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LEVEL MEAN VARIANCE
-----------------------------------

1 1.22 0.13000000D-02
2 1.25 0.12000000D-02
3 1.29 0.67000000D-02

VALUE OF EACH LEVEL OF FACTOR B

LEVEL MEAN VARIANCE
-----------------------------------

1 1.31 0.39000000D-02
2 1.24 0.93333333D-03
3 1.21 0.43333333D-03

MEAN OVER ALL LEVELS = 1.25

ANALYSIS OF VARIANCE TABLE

FACTOR S.S. D.F. M.S. V.R. C.R
---------------------------------------------------------------------
TOTAL 0.0258 8.0000
A 0.0074 2.0000 0.3700D-02 0.4723D+01 0.2261D+00
B 0.0153 2.0000 0.7633D-02 0.9745D+01 0.5310D+00

ERROR 0.0031 4.0000 0.7833D-03 0.2429D+00
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7.3.2 D42WRM, R42WRM

Two-Way Layout Analysis of Variance (With Missing Values)

(1) Function

For factors A and B consisting of ma and mb levels respectively and two-way layout data {xij}(i =

1, · · · ,ma; j = 1, · · · ,mb) for which there are no repetitions in the combinations of each level and no data

has been obtained for combinations of ns levels, the D42WRM or R42WRM obtains the mean and variance

of each level for each factor and the total mean over all levels and performs an analysis of variance. The

data values of the combinations of levels for which no data has been obtained are called missing values, and

estimates are substituted for the missing values in the calculations of each statistic.

Mean of each level of factor A:

x̄i· =
1

mb

mb∑
j=1

xij

Variance of each level of factor A:

Vai =
1

αb

mb∑
j=1

(xij − x̄i·)2

Mean of each level of factor B:

x̄·j =
1

ma

ma∑
i=1

xij

Variance of each level of factor B:

Vbj =
1

αa

ma∑
i=1

(xij − x̄·j)2

Total mean:

x̄ =
1

ma ·mb

ma∑
i=1

mb∑
j=1

xij

Here, (αa = ma and αb = mb when a sample variance is used, and αa = ma − 1 and αb = mb − 1 when an

unbiased variance is used.

Also, the analysis of variance results are defined by the following equations.

Variation:

• Total variation

ST =

ma∑
i=1

mb∑
j=1

(xij − x̄)2

• Variation of factor A

SA = mb

ma∑
i=1

(x̄i· − x̄)2

• Variation of factor B

SB = ma

mb∑
j=1

(x̄·j − x̄)2
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• Error variation

SE = ST − (SA + SB)

Degrees of freedom:

• Degrees of freedom of total variation

φT = ma ·mb − ns − 1

• Degrees of freedom of factor A variation

φA = ma − 1

• Degrees of freedom of factor B variation

φB = mb − 1

• Degrees of freedom of error variation

φE = (ma − 1) · (mb − 1)− ns

Unbiased variance:

• Unbiased variance of factor A variation

VA =
SA

φA

• Unbiased variance of factor B variation

VB =
SB

φB

• Unbiased variance of error variation

VE =
SE

φE

Variance ratio:

• Variance ratio for unbiased variance of factor A variation

FA =
VA

VE

• Variance ratio for unbiased variance of factor B variation

FB =
VB

VE

Contribution ratio:

• Contribution ratio of factor A variation

PA =
SA − φA · VE

ST

• Contribution ratio of factor B variation

PB =
SB − φB · VE

ST

• Contribution ratio of factor error variation

PE = 1− PA − PB
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Missing value estimates:

The missing value estimates are determined so that the error variation SE is minimized. To obtain estimates

that will minimize SE , you should solve the following equation with the missing values xst ((s, t) ∈ S) as

unknowns.

∂SE

∂xst
= 0 ((s, t) ∈ S)

Here, S is assumed to be the set of combinations of levels for which missing values occurred. Since SE is

a quadratic equation, this equation is a set of ns simultaneous linear equations with the missing values as

unknowns.

For example, for the following two-way layout data in which x13 and x22 are missing values,

X =

⎡
⎢⎣ 1.0 1.1 x13

1.2 x22 1.3

1.1 1.0 1.3

⎤
⎥⎦

the error variation is as follows.

SE = 1.78− 1.4x13 − 1.4x22 +
4

9
x2
13 +

4

9
x2
22 +

2

9
x13x22

Differentiating this with respect to x13 and x22 produces the following simultaneous linear equations.

∂SE

∂x13
= −1.4 +

8

9
x13 +

2

9
x22 = 0

∂SE

∂x22
= −1.4 +

2

9
x13 +

8

9
x22 = 0

Solving these simultaneous linear equations yields the missing value estimates x13 = 1.26 and x22 = 1.26.

(2) Usage

Double precision:

CALL D42WRM (A, NA, LA, LB, IST, ISN, STATA, STATB, X1, V, ISW, IWK, WK, IERR)

Single precision:

CALL R42WRM (A, NA, LA, LB, IST, ISN, STATA, STATB, X1, V, ISW, IWK, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,LB Input Matrix in which observed values are stored (xij)

(See Note (b)).

Output Matrix in which observed values are stored

(xij). However, estimates are stored in the ele-

ments corresponding to missing values.

2 NA I 1 Input Adjustable dimension of array A.

3 LA I 1 Input Number of levels of factor A ma

4 LB I 1 Input Number of levels of factor B mb

5 IST I ISN,2 Input Information about combinations of levels for

which missing values occurred. (See Note (a))

6 ISN I 1 Input Number of missing values ns

7 STATA
{
D

R

}
LA,2 Output Mean and variance of each level of factor A

(See Note (c))

8 STATB
{
D

R

}
LB,2 Output Mean and variance of each level of factor B

(See Note (c))

9 X1
{
D

R

}
1 Output Total mean

10 V
{
D

R

}
16 Output Analysis of variance table

(For the storage method of the analysis of vari-

ance table, see Table 7−3.)

11 ISW I 1 Input Processing switch

0: Calculate the unbiased variance

1: Calculate the sample variance

12 IWK I See

Contents

Work Work area

Size:LA× LB + ISN

13 WK
{
D

R

}
See

Contents

Work Work area

Size:ISN2 + 2× ISN + LA+ LB+ 1

14 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1

(b) NA ≥ LA ≥ 2

(c) LB ≥ 2

(d) 1 ≤ ISN < (LA− 1)× (LB− 1)

(e) 1 ≤ IST(i, 1) ≤ LA (i = 1, 2, · · · , ISN)

(f) 1 ≤ IST(i, 2) ≤ LB (i = 1, 2, · · · , ISN)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

2000 Estimates of missing values could not be

calculated.

The missing value data is replaced by the

mean of the non-missing value data, and

processing continues.

3000 Any of restrictions (b) to (f) was not

satisfied.

Processing is aborted.

(6) Notes

(a) The factor A level of the i-th missing value is stored in IST(i, 1) and the factor B level is stored in

IST(i, 2).

(b) The observed values (xij) are stored in array A as a real matrix (two-dimensional array type) (See

Appendix A).

(c) The mean and variance of each level of factors A and B are stored as follows in the arrays STATA and

STATB.
STATA(i, 1) : Mean of each level of factor A x̄i·
STATA(i, 2) : Variance of each level of factor A Vai

STATB(j, 1) : Mean of each level of factor B x̄·j
STATB(j, 2) : Variance of each level of factor B Vbj

, i = 1, · · · ,LA; j = 1, · · · ,LB

(d) The analysis of variance table elements are stored as follows in the array V.

Table 7−3 Analysis of Variance Table Storage Status

Element Variation Degrees of freedom Unbiased variance Variance ratio Contribution ratio

Total V(1) V(5)

Factor A V(2) V(6) V(9) V(12) V(14)

Factor B V(3) V(7) V(10) V(13) V(15)

Error V(4) V(8) V(11) V(16)

(e) Statistics obtained when an unbiased variance is calculated can be applied to a population for which

sampling with replacement is performed from an infinite or finite population. Statistics obtained when

a sample variance is calculated can be applied to a population for which the population and sample

match.

(7) Example

(a) Problem

Given two-way layout data for which there are no repetitions and having factors A and B as shown in

matrix X below, obtain the mean and variance of each level of each factor and the total mean over

all levels and perform an analysis of variance. However, ∗ indicates that the corresponding data is a

missing value.

X =

⎡
⎢⎢⎢⎣

4 6 8 10 12

7 10 ∗ 16 ∗
∗ 14 18 22 26

13 18 23 28 33

⎤
⎥⎥⎥⎦
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(b) Input data

Two-way layout data X , NA=4, LA=4, LB=5, ISN=3, ISW=0,

IST(1,1)=2, IST(1,2)=3, IST(2,1)=4, IST(2,2)=1 and IST(2,1)=2, IST(2,2)=5.

(c) Main program

PROGRAM N42WRM
IMPLICIT NONE

!
INTEGER NN,MM,NS,NW,NIW
PARAMETER(NN=4,MM=5,NS=3,NW=25,NIW=23)
REAL(8) A(NN,MM),W1(NW),STATA(NN,2),STATB(MM,2)
REAL(8) X1,V(16)

! REAL(8) C0,C1
! PARAMETER(C0=0.0D0,C1=1.0D0)

INTEGER NA,LA,LB,ISN,IST(NS,2),IW1(NIW)
INTEGER I,J,L,ISW,IERR

! WK1 = 0.0D0
!
! EXAMPLE OF D/R42WRM
!

WRITE(6,5000)
WRITE(6,5001)
IERR = 0
READ(5,*) ISW
READ(5,*) NA
READ(5,*) LA
READ(5,*) LB
READ(5,*) ISN
WRITE(6,5100) ISW,NA,LA,LB,ISN
WRITE(6,5200)
DO 100 I = 1,ISN

READ(5,*) IST(I,1),IST(I,2)
WRITE(6,5250) IST(I,1),IST(I,2)

100 CONTINUE
WRITE(6,5260)
DO 110 I=1,LA

READ(5,*) (A(I,J),J=1,LB)
WRITE(6,5270) (A(I,J),J=1,LB)

110 CONTINUE
CALL D42WRM&
(A,NA,LA,LB,IST,ISN,STATA,STATB,X1,V,ISW,IW1,W1,IERR)
WRITE(6,5300) IERR
WRITE(6,5350)
DO 130 I=1,ISN

WRITE(6,5360) IST(I,1),IST(I,2),A(IST(I,1),IST(I,2))
130 CONTINUE

WRITE(6,5400)
WRITE(6,5500) X1
WRITE(6,5600)
WRITE(6,7400) (STATA(L,1),L=1,LA)
WRITE(6,5800)
WRITE(6,7400) (STATA(L,2),L=1,LA)
WRITE(6,5610)
WRITE(6,7500) (STATB(L,1),L=1,LB)
WRITE(6,5810)
WRITE(6,7500) (STATB(L,2),L=1,LB)
WRITE(6,5900)
WRITE(6,6050)
WRITE(6,6100) V(1),V(5)
WRITE(6,6200) V(2),V(6),V(9),V(12),V(14)
WRITE(6,6210) V(3),V(7),V(10),V(13),V(15)
WRITE(6,6300) V(4),V(8),V(11),V(16)

5000 FORMAT( /,’ **** D42WRM ****’)
5001 FORMAT( /,’ ** INPUT **’,/)
5100 FORMAT( /,7X,’ISW =’,I6,/,&

/,7X,’NA = ’,I6&
,5X,’LA = ’,I6&
,5X,’LB = ’,I6&
,5X,’ISN = ’,I6)

5200 FORMAT( /,/,6X,’MISSED VALUES’,/)
5250 FORMAT( /,8X,’A(’,I1,’,’,I1,’)’,/)
5260 FORMAT( /,6X,’OBSERVATION MATRIX’,/)
5270 FORMAT( /,8X,5(D11.5,1X),/)
5300 FORMAT( /,’ ** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
5350 FORMAT( /,/,’ ESTIMATED MISSED VALUES’,/)
5360 FORMAT( /,3X,’A(’,I1,’,’,I1,’) = ’,D15.8,/)
5400 FORMAT( /,/,’ MEAN OVER ALL LEVELS’,/,/)
5500 FORMAT( ’ ’,D11.5,’ ’)
5600 FORMAT( /,/,’ MEAN IN EACH LEVEL OF FACTOR A’,/,/)
5610 FORMAT( /,/,’ MEAN IN EACH LEVEL OF FACTOR B’,/,/)
5800 FORMAT( /,/,’ VARIANCE IN EACH LEVEL OF FACTOR A’,/,/)
5810 FORMAT( /,/,’ VARIANCE IN EACH LEVEL OF FACTOR B’,/,/)
5900 FORMAT( /,/,’ ANALYSIS-OF-VARIANCE TABLE’,/,/)
6050 FORMAT( ’ ’,&

’ FACTOR ’,4X,’S.S.’,9X,’D.F.’,9X,’U.V.’,9X,’R.V.’,9X,’R.C’,/,/)
6100 FORMAT( ’ ’,&

’ TOTAL ’,1X,D11.5,2X,D11.5)
6200 FORMAT( ’ ’,&

’ A ’,5(2X,D11.5))
6210 FORMAT( ’ ’,&
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’ B ’,5(2X,D11.5))
6300 FORMAT( ’ ’,&

’ ERROR ’,3(2X,D11.5),15X,D11.5)
7300 FORMAT( ’ ’,3(’ ’,D11.5,’ ’))
7400 FORMAT( ’ ’,4(’ ’,D11.5,’ ’))
7500 FORMAT( ’ ’,5(’ ’,D11.5,’ ’))

STOP
END

(d) Output results

**** D42WRM ****

** INPUT **

ISW = 0

NA = 4 LA = 4 LB = 5 ISN = 3

MISSED VALUES

A(2,3)

A(4,1)

A(2,5)

OBSERVATION MATRIX

0.40000D+01 0.60000D+01 0.80000D+01 0.10000D+02 0.12000D+02

0.70000D+01 0.10000D+02 0.00000D+00 0.16000D+02 0.00000D+00

0.00000D+00 0.14000D+02 0.18000D+02 0.22000D+02 0.26000D+02

0.13000D+02 0.18000D+02 0.23000D+02 0.28000D+02 0.33000D+02

** OUTPUT **

IERR = 0

ESTIMATED MISSED VALUES

A(2,3) = 0.14408805D+02

A(4,1) = 0.14320755D+02

A(2,5) = 0.21742138D+02

MEAN OVER ALL LEVELS

0.15274D+02

MEAN IN EACH LEVEL OF FACTOR A

0.80000D+01 0.13830D+02 0.16000D+02 0.23264D+02

VARIANCE IN EACH LEVEL OF FACTOR A

0.10000D+02 0.32241D+02 0.10000D+03 0.56245D+02

MEAN IN EACH LEVEL OF FACTOR B

0.63302D+01 0.12000D+02 0.15852D+02 0.19000D+02 0.23186D+02

VARIANCE IN EACH LEVEL OF FACTOR B

0.36600D+02 0.26667D+02 0.39815D+02 0.60000D+02 0.77148D+02
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ANALYSIS-OF-VARIANCE TABLE

FACTOR S.S. D.F. U.V. R.V. R.C

TOTAL 0.13908D+04 0.16000D+02
A 0.59683D+03 0.30000D+01 0.19894D+03 0.14455D+02 0.39945D+00
B 0.67008D+03 0.40000D+01 0.16752D+03 0.12172D+02 0.44222D+00

ERROR 0.12386D+03 0.90000D+01 0.13762D+02 0.15833D+00
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7.3.3 D42WR1, R42WR1

Two-Way Layout Analysis of Variance (Repetition Data)

(1) Function

For factors A and B consisting of ma and mb levels respectively and two-way layout data {xkij}(k =

1, · · · , nij ; i = 1, · · · ,ma; j = 1, · · · ,mb) for which the number of repetitions in the combination of each level

is nij , the D42WR1 or R42WR1 obtains the mean and variance of each level for each factor and the total

mean over all levels and performs an analysis of variance.

The mean of the repetitions in the combination of each level, the mean and variance of each level for each

factor, and the total mean over all levels are defined by the following equations.

Mean of the repetitions in the combination of each level :

x̄·ij =
1

nij

nij∑
k=1

xkij

Mean of each level of factor A :

x̄·i· =
1

mb∑
j=1

nij

mb∑
j=1

nij∑
k=1

xkij

Variance of each level of factor A :

Vai =
1

αi

mb∑
j=1

nij∑
k=1

(xkij − x̄·i·)2

Mean of each level of factor B :

x̄··j =
1

ma∑
i=1

nij

ma∑
i=1

nij∑
k=1

xkij

Variance of each level of factor B :

Vbj =
1

βj

ma∑
i=1

nij∑
k=1

(xkij − x̄··j)2

Total mean :

x̄ =
1

ma∑
i=1

mb∑
j=1

nij

ma∑
i=1

mb∑
j=1

nij∑
k=1

xkij

Here, alphai and betaj are given by

αi =

mb∑
j=1

nij , βj =

ma∑
i=1

nij

when a sample variance is used, and alphai and betaj are given by

αi =

mb∑
j=1

nij − 1, βj =

ma∑
i=1

nij − 1
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when an unbiased variance is used.

Also, the analysis of variance results are defined by the following equations.

Variation :

• Total variation

ST =

ma∑
i=1

mb∑
j=1

nij∑
k=1

(xkij − x̄)2

• Variation of factor A

SA =

ma∑
i=1

mb∑
j=1

nij(x̄·i· − x̄)2

• Variation of factor B

SB =

ma∑
i=1

mb∑
j=1

nij(x̄··j − x̄)2

• Interaction variation

SA×B = SAB − (SA + SB)

Here,

SAB =

ma∑
i=1

mb∑
j=1

nij(x̄·ij − x̄)2

• Error variation

SE = ST − SAB

Degrees of freedom :

• Degrees of freedom of total variation

φT = ma ·mb − 1

• Degrees of freedom of factor A variation

φA = ma − 1

• Degrees of freedom of factor B variation

φB = mb − 1

• Degrees of freedom of interaction variation

φA×B = (ma − 1)(mb − 1)

• Degrees of freedom of error variation

φE =

ma∑
i=1

mb∑
j=1

nij −ma ·mb

Unbiased variance :

• Unbiased variance of factor A variation

VA =
SA

φA
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• Unbiased variance of factor B variation

VB =
SB

φB

• Unbiased variance of interaction variation

VA×B =
SA×B

φA×B

• Unbiased variance of error variation

VE =
SE

φE

Variance ratio :

• Variance ratio for unbiased variance of factor A variation

FA =
VA

VE

• Variance ratio for unbiased variance of factor B variation

FB =
VB

VE

• Variance ratio for unbiased variance of interaction variation

FA×B =
VA×B

VE

Contribution ratio :

• Contribution ratio of factor A variation

PA =
SA − φA · VE

ST

• Contribution ratio of factor B variation

PB =
SB − φB · VE

ST

• Contribution ratio of interaction variation

PA×B =
SA×B − φA×B · VE

ST

• Contribution ratio of error variation

PE = 1− PA − PB − PA×B

(2) Usage

Double precision:

CALL D42WR1 (A, NA, MA, LA, LB, N, NR, Y, STATA, STATB, X1, V, ISW, WK, IERR)

Single precision:

CALL R42WR1 (A, NA, MA, LA, LB, N, NR, Y, STATA, STATB, X1, V, ISW, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
See

Contents

Input Observed values (xkij)

Size: NA,MA,LB

2 NA I 1 Input Adjustable dimension of first dimension of array

A

3 MA I 1 Input Adjustable dimension of second dimension of

array A

4 LA I 1 Input Number of levels of factor A ma

5 LB I 1 Input Number of levels of factor B mb

6 N I MA,LB Input Number of repetitions in the combination (i, j)

of each level nij

(not used when NR ≥ 1)

7 NR I 1 Input Number of repetitions when the numbers of rep-

etitions in the combination of each level are

equal

n11 = · · · = n1mb
= n21 = · · · = n2mb

= · · · =
nma1 = · · · = nmamb

When the numbers of repetitions in the combi-

nation of each level are not equal, set a value

that is less than or equal to zero.

8 Y
{
D

R

}
MA,LB Output Mean of the repetitions in the combination (i, j)

of each level x̄·ij

9 STATA
{
D

R

}
LA,2 Output Mean and variance of each level of factor A (See

Note (a))

10 STATB
{
D

R

}
LB,2 Output Mean and variance of each level of factor B (See

Note (a))

11 X1
{
D

R

}
1 Output Total mean x̄

12 V
{
D

R

}
21 Output Analysis of variance table

(For the storage method of the analysis of vari-

ance table, see Table 7−4 in Note (b).)
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No. Argument Type Size
Input/

Output
Contents

13 ISW I 1 Input Processing switch

0: Calculate the unbiased variance

1: Calculate the sample variance

14 WK
{
D

R

}
LA Work Work area

15 IERR I 1 Output Error indicator

(4) Restrictions

(a) ISW = 0, 1

(b) MA ≥ LA ≥ 1

(c) LB ≥ 1

(d) NR<1 and NA≥N(i, j) ≥ 1 (i = 1, · · · ,LA ; j =1, . . . ,LB)

or NA≥NR≥ 1

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (a) was not satisfied. Processing continues with ISW=0.

1010 LA=1 or LB=1 was specified. The absolute value maximum that can be

represented is set for V(11) to V(21). For

the values stored in STATA and STATB.

(See Note (d))

3000 Any of restriction (b) to (d) was not

satisfied.

Processing is aborted.

(6) Notes

(a) The mean and variance of each level of factors A and B are stored as follows in the arrays STATA and

STATB.
STATA(i, 1) : Mean of each level of factor A x̄·i·
STATA(i, 2) : Variance of each level of factor A Vai

STATB(j, 1) : Mean of each level of factor B x̄··j
STATB(j, 2) : Variance of each level of factor B Vbj

, i = 1, · · · ,LA; j = 1, · · · ,LB
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(b) The analysis of variance table elements are stored as follows in the array V.

Table 7−4 Analysis of Variance Table Storage Status

Factor Variation Degrees of freedom Unbiased variance Variance ratio Contribution ratio

Total V(1) V(6)

Factor A V(2) V(7) V(11) V(15) V(18)

Factor B V(3) V(8) V(12) V(16) V(19)

A×B V(4) V(9) V(13) V(17) V(20)

Error V(5) V(10) V(14) V(21)

(c) Statistics obtained when calculations are performed using an unbiased estimate can be applied to a

population for which sampling with replacement is performed from an infinite or finite population.

Statistics obtained when calculations are performed using a sample variance can be applied to a pop-

ulation for which the population and sample match.

(d) If IERR=1010 occurred when ISW=0 was specified, the following processing is performed.

i. When NR=1 and LA=1 :

The absolute value maximum that can be represented is set for all STATB(j, 2) (j = 1, · · · ,LB).
ii. When NR=1 and LB=1 :

The absolute value maximum that can be represented is set for all STATA(i, 2) (i = 1, · · · ,LA).
iii. When N(1, j)=1 for a j for which NR<1 and LA=1:

The absolute value maximum that can be represented is set for STATB(j, 2).

iv. When N(i, 1)=1 for an i for which NR<1 and LB=1:

The absolute value maximum that can be represented is set for STATA(i, 2).

v. When none of the conditions in 6(d)i. to 6(d)iv. occurs:

All STATA(i, 2) (i = 1, · · · ,LA) and STATB(j, 2)(j = 1, · · · ,LB) are calculated normally.

(7) Example

(a) Problem

Given two-way layout data for which the number of repetitions is 2 and having factors A and B as

shown in matrices X1 and X2 below, obtain the mean in the combinations of each level, mean and

variance of each level of each factor, and the total mean over all levels and perform an analysis of

variance.

X1 =

⎡
⎢⎣ 7.9 9.8 13.2 13.1

10.3 14.6 15.9 9.5

9.1 12.1 11.1 7.0

⎤
⎥⎦

X2 =

⎡
⎢⎣ 8.7 9.3 14.0 12.0

11.0 14.0 14.6 8.5

8.6 12.9 10.0 8.2

⎤
⎥⎦

(b) Input data

Two-way layout data X1 and X2,

NA=100, MA=5, LA=3, LB=4, NR=2 and ISW=0.
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(c) Main program

PROGRAM B42WR1
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, MA = 5, LA = 3, LB = 4 )
DIMENSION A(NA,MA,LB),N(MA,LB),Y(MA,LB)
DIMENSION STATA(LA,2),STATB(LB,2),V(21),WK(MA)

!
WRITE(6,6000)
IERR = 0
READ(5,*) NR
READ(5,*) ISW
DO 100 K=1,NR
DO 101 I=1,LA

READ(5,*) (A(K,I,J),J=1,LB)
101 CONTINUE
100 CONTINUE

DO 110 I = 1,LA
DO 111 J = 1,LB

N(I,J) = 0
111 CONTINUE
110 CONTINUE

WRITE(6,6010) ISW,LA,LB,NR
WRITE(6,6020)
DO 120 I = 1,LA

WRITE(6,6030) (N(I,J),J=1,LB)
120 CONTINUE

WRITE(6,6040)
DO 130 K=1,NR

WRITE(6,6050) K
DO 140 I=1,LA

WRITE(6,6060) (A(K,I,J),J=1,LB)
140 CONTINUE
130 CONTINUE

CALL D42WR1&
(A,NA,MA,LA,LB,N,NR,Y,STATA,STATB,X1,V,ISW,WK,IERR)
WRITE(6,6070) IERR
WRITE(6,6080)
DO 150 I = 1,LA

WRITE(6,6090) (Y(I,J),J=1,LB)
150 CONTINUE

WRITE(6,6100) ’A’
DO 160 L=1,LA

WRITE(6,6110) L,STATA(L,1),STATA(L,2)
160 CONTINUE

WRITE(6,6100) ’B’
DO 170 L=1,LB

WRITE(6,6110) L,STATB(L,1),STATB(L,2)
170 CONTINUE

WRITE(6,6120) X1
WRITE(6,6130) ’TOTAL’,V(1),V(6)
WRITE(6,6130) ’ A ’,V(2),V(7),V(11),V(15),V(18)
WRITE(6,6130) ’ B ’,V(3),V(8),V(12),V(16),V(19)
WRITE(6,6130) ’ AXB ’,V(4),V(9),V(13),V(17),V(20)
WRITE(6,6140) ’ERROR’,V(5),V(10),V(14),V(21)

!
STOP

6000 FORMAT( ’ *** D42WR1 ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’ISW = ’,I6,/,&
/,7X,’LA = ’,I6,5X,’LB = ’,I6,/,&
/,7X,’NR = ’,I6)

6020 FORMAT( /,7X,’NUMBER OF REPETITION N(I,J)’,/)
6030 FORMAT( 9X,5(2X,I6))
6040 FORMAT( /,7X,’OBSERVATION MATRIX’)
6050 FORMAT( /,9X,’A(’,I1,’,I,J)’,/)
6060 FORMAT( 7X,5(2X,F11.2))
6070 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6080 FORMAT( /,7X,’MEAN FOR REPETITION’,/)
6090 FORMAT( 7X,5(2X,F11.2))
6100 FORMAT( /,7X,’VALUE OF EACH LEVEL OF FACTOR ’,A,/,&

/,10X,’LEVEL’,7X,’MEAN’,6X,’VARIANCE’,/,&
9X,35(’-’))

6110 FORMAT( 7X,I6,2X,F11.2,2X,D15.8)
6120 FORMAT( /,7X,’MEAN OVER ALL LEVELS = ’,D15.8,/,&

/,7X,’ANALYSIS OF VARIANCE TABLE’,/,&
/,10X,’FACTOR’,&

6X,’S.S.’,9X,’D.F.’,7X,’M.S.’,8X,’V.R.’,8X,’C.R.’,/,&
9X,69(’-’))

6130 FORMAT( 10X,A,2(2X,F11.2),3(1X,D11.4))
6140 FORMAT( 10X,A,2(2X,F11.2),1X,D11.4,13X,D11.4)
6150 FORMAT( /,7X,’VARIANCE OF EACH LEVEL OF FACTOR ’,A,/)

END
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(d) Output results

*** D42WR1 ***

** INPUT **

ISW = 0

LA = 3 LB = 4

NR = 2

NUMBER OF REPETITION N(I,J)

0 0 0 0
0 0 0 0
0 0 0 0

OBSERVATION MATRIX

A(1,I,J)

7.90 9.80 13.20 13.10
10.30 14.60 15.90 9.50
9.10 12.10 11.10 7.00

A(2,I,J)

8.70 9.30 14.00 12.00
11.00 14.00 14.60 8.50
8.60 12.90 10.00 8.20

** OUTPUT **

IERR = 0

MEAN FOR REPETITION

8.30 9.55 13.60 12.55
10.65 14.30 15.25 9.00
8.85 12.50 10.55 7.60

VALUE OF EACH LEVEL OF FACTOR A

LEVEL MEAN VARIANCE
-----------------------------------

1 11.00 0.54971429D+01
2 12.30 0.77714286D+01
3 9.88 0.41307143D+01

VALUE OF EACH LEVEL OF FACTOR B

LEVEL MEAN VARIANCE
-----------------------------------

1 9.27 0.13466667D+01
2 12.12 0.47256667D+01
3 13.13 0.49026667D+01
4 9.72 0.55736667D+01

MEAN OVER ALL LEVELS = 0.11058333D+02

ANALYSIS OF VARIANCE TABLE

FACTOR S.S. D.F. M.S. V.R. C.R.
---------------------------------------------------------------------
TOTAL 145.36 23.00
A 23.56 2.00 0.1178D+02 0.2879D+02 0.1565D+00
B 62.62 3.00 0.2087D+02 0.5101D+02 0.4223D+00
AXB 54.27 6.00 0.9045D+01 0.2211D+02 0.3565D+00
ERROR 4.91 12.00 0.4092D+00 0.6474D-01
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7.4.1 D4MWRF, R4MWRF

Multiple-Way Layout Analysis of Variance

(1) Function

For m factors A1, A2, · · · , Am (where m is at most 6) consisting of l1, l2, · · · , lm levels respectively and multi-

way layout data xkj1j2···jm(k = 1, · · · , n; i = 1, · · · ,m; ji = 1, · · · , li) for which the number of repetitions in

the combination of each factor level is a fixed value n, the D4MWRF or R4MWRF performs an analysis of

variance. At this time, specified interactions can be confounded. For the explanations below, the operations

Σi and Δi are defined as follows.

Σi ≡
li∑

ji=1

, Δi ≡ li −
li∑

ji=1

The mean of the repetitions in the combination of each level and the total mean over all levels are defined

by the following equations.

Mean of the repetitions in the combination of each level :

x̄·j1j2···jm =
1

n

n∑
k=1

xkj1j2···jm

Total mean :

x̄ =
1

n
m∏
i=1

li

Σ1Σ2 · · ·Σm

n∑
k=1

xkj1j2···jm

Also, the analysis of variance results are defined by the following equations.

Variation :

• Total variation

ST = Σ1Σ2 · · ·Σm

n∑
k=1

(xkj1j2···jm − x̄)2

• Variation of factor Ai

SAi =
n

li

m∏
j=1

lj

Σi(Σ1Σ2 · · ·Σi−1ΔiΣi+1 · · ·Σmx̄·j1j2···jm)2

• Variation of the interaction Ai1 ×Ai2 × · · · ×Ais is of s(s ≤ m) factors Ai1 , Ai2 , · · · , Ais

SAi1×Ai2×···×Ais
=

n

(

s∏
k=1

lis) · (
m∏

k=1

lk)

× Σi1Σi2 · · ·Σis(Σ1 · · ·Σi1−1Δi1Σi1+1 · · ·
Σi2−1Δi2Σi2+1 · · ·Σis−1ΔisΣis+1 · · ·Σmx̄·j1j2···jm)2
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• Error variation

When there are no repetitions :

SE = ST − (Sum of variations of each factor)

− (Sum of variations of interactions other than the highest order interaction

[A1 ×A2 × · · · ×Am])

When there are repetitions :

SE = ST − (Sum of variations of each factor)− (Sum of variations of interactions)

Degrees of freedom :

• Degrees of freedom of total variation

φT = n

m∏
i=1

li − 1

• Degrees of freedom of factor Ai variation

φA = li − 1

• Degrees of freedom of variation of the interaction Ai1 ×Ai2 × · · · ×Ais

φAi1×Ai2×···×Ais
=

s∏
k=1

(lik − 1)

• Degrees of freedom of error variation

When there are no repetitions :

φE = φT − (Sum of degrees of freedom of variations of each factor)

− (Sum of degrees of freedom of variations of interactions other than the highest

order interaction)

When there are repetitions :

φE = φT − (Sum of degrees of freedom of variations of each factor)

− (Sum of degrees of freedom of variations of interactions)

Unbiased variance :

• Unbiased variance of factor Ai variation

VAi =
SAi

φAi

• Unbiased variance of variation of the interaction Ai1 ×Ai2 × · · · ×Ais

VAi1×Ai2×···×Ais
=

SAi1×Ai2×···×Ais

φAi1×Ai2×···×Ais

However, the unbiased variance of the variation of the highest order interaction can be defined only

when there are repetitions.

• Unbiased variance of error variation

VE =
SE

φE
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Variance ratio :

• Variance ratio for unbiased variance of factor Ai variation

FAi =
VAi

VE

• Variance ratio for unbiased variance of variation of the interaction Ai1 ×Ai2 × · · · ×Ais

FAi1×Ai2×···×Ais
=

VAi1×Ai2×···×Ais

VE

However, the variance ratio of the variation of the highest order interaction can be defined only when

there are repetitions.

Contribution ratio :

• Contribution ratio of factor Ai variation

PAi =
SAi − φAi · VE

ST

• Contribution ratio of variation of the interaction Ai1 ×Ai2 × · · · ×Ais

PAi1×Ai2×···×Ais
=

SAi1×Ai2×···×Ais
− φAi1×Ai2×···×Ais

· VE

ST

• Contribution ratio of error variation

When there are no repetitions :

PE = φT − (Sum of contribution ratios of variations of each factor)

− (Sum of contribution ratios of variations of interactions other than the highest

order interaction)

When there are repetitions :

PE = φT − (Sum of contribution ratios of variations of each factor)

− (Sum of contribution ratios of variations of interactions)

(2) Usage

Double precision:

CALL D4MWRF (A, NA, N, LT, M, IPT, IPN, Y, X1, V, WK, IERR)

Single precision:

CALL R4MWRF (A, NA, N, LT, M, IPT, IPN, Y, X1, V, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,M1 Input Observed values (xkβ) (See Note (a)) Here,

M1 =
M∏
i=1

LT(i)

2 NA I 1 Input Adjustable dimension of array A

3 N I 1 Input Number of repetitions in the combination of

each level n

4 LT I M Input Number of levels of each factor li

5 M I 1 Input Number of factors m

6 IPT I M2 Input Factor numbers of factors to be confounded

(See Note (b)) Here, when IPN>0, M2=IPN,

and when IPN=0, the argument IPT should be

a dummy argument.

7 IPN I 1 Input Number of factors to be confounded

8 Y
{
D

R

}
M1 Output Mean of repetitions in combination of each level

x̄·β . (See Note (a).) Here, M1 =

M∏
i=1

LT(i)

9 X1
{
D

R

}
1 Output Total mean x̄

10 V
{
D

R

}
2M + 1, 5 Output Analysis of variance table

(For the storage method of the analysis of vari-

ance table, see Table 7−5 in note (c).)

11 WK
{
D

R

}
M3 Work Work area.

Here, M3 =
N∏
i=1

(LT(i) + 1)

12 IERR I 1 Output Error indicator

(4) Restrictions

(a) NA ≥ N ≥
{

2 (M = 1)

1 (M > 1)

(b) 1 ≤ M ≤ 6

(c) LT(i)≥1 (i = 1, · · · ,M)

(d) 0 ≤ IPN ≤
{

2M − 2 (N = 1)

2M − 1 (N > 1)

(e) 2 ≤ IPT(i) ≤
{

2M − 1 (N = 1)

2M (N > 1)
(i = 1, · · · ,M)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 LT(i) was specified for some i (i =

1, 2, · · · ,M).

The absolute value maximum that can be

represented is set for items other than the

variation and degrees of freedom items of

the analysis of variance table.

3000 Any of restriction (a) to (e) was not

satisfied.

Processing is aborted.

(6) Notes

(a) Multi-way layout data having m factors A1, A2, · · · , Am for which the number of repetitions in the

combination of each factor level is a fixed value n is represented using m+ 1 subscripts as follows.

xkj1j2···jm (k = 1, · · · , n; i = 1, · · · ,m; ji = 1, · · · , li)
However, in this subroutine, the multi-way layout data is represented using 2 subscripts as follows, and

that data is stored in array A as a real matrix (two-dimensional array type) (See Appendix A).

xkj1j2···jm → xkβ

Here, β is defined as follows.

β = j1 +

m∑
i=2

(ji

i−1∏
k=1

lk)

Similarly, the mean of the repetitions in the combination of each level, which is given by

x̄·j1j2···jm (i = 1, · · · ,m; ji = 1, · · · , li)
can be represented by one subscript as follows and stored in array Y as a one-dimensional vector.

x̄·j1j2···jm → x̄·β

Here, β is defined as follows.

β = j1 +

m∑
i=2

(ji

i−1∏
k=1

lk)

(b) The factors that are subject to an analysis of variance are numbered as follows.

• One-way layout

Factor number Factor

1 Total

2 A1

3 Error

• Two-way layout

Factor number Factor

1 Total

2 A1

3 A2

4 A1 ×A2

5 Error
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• Three-way layout

Factor number Factor

1 Total

2 A1

3 A2

4 A1 × A2

5 A3

6 A1 × A3

7 A2 × A3

8 A1 ×A2 ×A3

9 Error

• Four-way layout

Factor number Factor

1 Total

2 A1

3 A2

4 A1 × A2

5 A3

6 A1 × A3

7 A2 × A3

8 A1 ×A2 ×A3

9 A4

10 A1 × A4

11 A2 × A4

12 A1 ×A2 ×A4

13 A3 × A4

14 A1 ×A3 ×A4

15 A2 ×A3 ×A4

16 A1 ×A2 × A3 × A4

17 Error
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• Five-way layout

Factor number Factor

1 Total

2 A1

3 A2

4 A1 ×A2

5 A3

6 A1 ×A3

7 A2 ×A3

8 A1 ×A2 ×A3

9 A4

10 A1 ×A4

11 A2 ×A4

12 A1 ×A2 ×A4

13 A3 ×A4

14 A1 ×A3 ×A4

15 A2 ×A3 ×A4

16 A1 ×A2 ×A3 ×A4

17 A5

18 A1 ×A5

19 A2 ×A5

20 A1 ×A2 ×A5

21 A3 ×A5

22 A1 ×A3 ×A5

23 A2 ×A3 ×A5

24 A1 ×A2 ×A3 ×A5

25 A4 ×A5

26 A1 ×A4 ×A5

27 A2 ×A4 ×A5

28 A1 ×A2 ×A4 ×A5

29 A3 ×A4 ×A5

30 A1 ×A3 ×A4 ×A5

31 A2 ×A3 ×A4 ×A5

32 A1 ×A2 ×A3 ×A4 ×A5

33 Error
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• Six-way layout

Factor number Factor Factor number Factor

1 Total 34 A1 ×A6

2 A1 35 A2 ×A6

3 A2 36 A1 ×A2 ×A6

4 A1 ×A2 37 A3 ×A6

5 A3 38 A1 ×A3 ×A6

6 A1 ×A3 39 A2 ×A3 ×A6

7 A2 ×A3 40 A1 ×A2 ×A3 ×A6

8 A1 ×A2 ×A3 41 A4 ×A6

9 A4 42 A1 ×A4 ×A6

10 A1 ×A4 43 A2 ×A4 ×A6

11 A2 ×A4 44 A1 ×A2 ×A4 ×A6

12 A1 ×A2 ×A4 45 A3 ×A4 ×A6

13 A3 ×A4 46 A1 ×A3 ×A4 ×A6

14 A1 ×A3 ×A4 47 A2 ×A3 ×A4 ×A6

15 A2 ×A3 ×A4 48 A1 ×A2 ×A3 ×A4 ×A6

16 A1 ×A2 ×A3 ×A4 49 A5 ×A6

17 A5 50 A1 ×A5 ×A6

18 A1 ×A5 51 A2 ×A5 ×A6

19 A2 ×A5 52 A1 ×A2 ×A5 ×A6

20 A1 ×A2 ×A5 53 A3 ×A5 ×A6

21 A3 ×A5 54 A1 ×A3 ×A5 ×A6

22 A1 ×A3 ×A5 55 A2 ×A3 ×A5 ×A6

23 A2 ×A3 ×A5 56 A1 ×A2 ×A3 ×A5 ×A6

24 A1 ×A2 ×A3 ×A5 57 A4 ×A5 ×A6

25 A4 ×A5 58 A1 ×A4 ×A5 ×A6

26 A1 ×A4 ×A5 59 A2 ×A4 ×A5 ×A6

27 A2 ×A4 ×A5 60 A1 ×A2 ×A4 ×A5 ×A6

28 A1 ×A2 ×A4 ×A5 61 A3 ×A4 ×A5 ×A6

29 A3 ×A4 ×A5 62 A1 ×A3 ×A4 ×A5 ×A6

30 A1 ×A3 ×A4 ×A5 63 A2 ×A3 ×A4 ×A5 ×A6

31 A2 ×A3 ×A4 ×A5 64 A1×A2×A3×A4×A5×A6

32 A1 ×A2 ×A3 ×A4 ×A5 65 Error

33 A6
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(c) The analysis of variance table elements are stored as follows in the array V.

Table 7−5 Analysis of Variance Table Storage Status

Factor number Variation Degrees of freedom Unbiased variance Variance ratio Contribution ratio

1 V(1, 1) V(1, 2) ∗ ∗ ∗
2 V(2, 1) V(2, 2) V(2, 3) V(2, 4) V(2, 5)

3 V(3, 1) V(3, 2) V(3, 3) V(3, 4) V(3, 5)
...

...
...

...
...

...

N1− 1 V(N1 − 1, 1) V(N1− 1, 2) V(N1 − 1, 3) V(N1− 1, 4) V(N1 − 1, 5)

N1 V(N1, 1) V(N1, 2) V(N1, 3) ∗ V(N1, 5)

Here, N1 = 2M + 1. The absolute value maximum that can be represented is set for array elements

V(1, 3), V(1, 4), V(1, 5), and V(N1, 4), which are elements for which there is no corresponding analysis

of variance table item. Also, when there are no repetitions, 0.0 is set for the value of each item for the

highest order interaction factor (factor number N1 − 1). In addition, for the error, 0.0 is set for the

value of each item for the factors specified in array IPT, which are to be confounded.

(7) Example

(a) Problem

Perform an analysis of variance for three-way layout data for which the number of levels for each factor

is 3 and the number of repetitions is 2. Assume that the transpose matrix XT of the observation

matrix X is given as follows.
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5.5 5.4

6.3 6.5

6.9 6.8

5.4 5.3

6.5 6.3

6.9 6.5

5.5 5.3

6.5 6.2

7.0 6.8

4.9 4.6

5.7 5.6

6.2 6.0

5.0 5.2

6.1 6.5

6.6 6.5

4.8 4.2

5.7 5.4

6.9 6.4

4.2 4.0

5.0 4.9

5.4 5.3

4.5 4.3

5.2 5.0

6.1 6.0

4.9 4.3

5.3 5.2

6.4 6.3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(b) Input data

Observation matrix X , NA=2, N=2, M=3, IPN=0, LT(1)=3, LT(2)=3 and LT(3)=3.

(c) Main program

PROGRAM B4MWRF
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 2, M = 3, NIPT = 7 )
PARAMETER( M1 = 27, M2 = 64, M3 = 9 )
DIMENSION A(NA,M1),LT(M),IPT(NIPT),Y(M1),V(M3,5),WK(M2)

!
WRITE(6,6000)
IERR = 0
READ(5,*) N
LT(1) = 3
LT(2) = 3
LT(3) = 3
READ(5,*) IPN
DO 100 I=1,N

READ(5,*) (A(I,J),J=1,M1)
100 CONTINUE

WRITE(6,6010) N,M
WRITE(6,6020) (LT(I),I=1,3)
WRITE(6,6030) IPN
DO 110 I=1,N

WRITE(6,6040) I
WRITE(6,6050) (A(I,J),J=1,M1)

110 CONTINUE
CALL D4MWRF(A,NA,N,LT,M,IPT,IPN,Y,X1,V,WK,IERR)
WRITE(6,6060) IERR
WRITE(6,6070)
WRITE(6,6050) (Y(I),I=1,M1)
WRITE(6,6080) X1
WRITE(6,6090) (V(1,J),J=1,2)
DO 120 I = 2,M3-1

WRITE(6,6100) I,(V(I,J),J=1,5)
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120 CONTINUE
WRITE(6,6110) (V(M3,J),J=1,3),V(M3,5)

!
STOP

6000 FORMAT( ’ *** D4MWRF ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’N = ’,I6,5X,’M = ’,I6,/,&
/,7X,’NUMBER OF LEVEL OF EACH FACTOR’,/)

6020 FORMAT( 7X,5(2X,I6))
6030 FORMAT( /,7X,’NUMBER OF POOLING SOURCE OF VARIANCES = ’,I6,/,&

/,7X,’OBSERVATION MATRIX’)
6040 FORMAT( /,9X,’A(’,I1,’,J),J=1,27’,/)
6050 FORMAT( 6(8X,5(1X,F11.2),/))
6060 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6070 FORMAT( /,7X,’MEAN FOR REPETITION’,/)
6080 FORMAT( /,7X,’MEAN OVER ALL LEVELS = ’,F11.2,/,&

/,7X,’ANALYSIS OF VARIANCE TABLE’,/,&
/,10X,’FACTOR’,&

7X,’S.S.’,8X,’D.F.’,5X,’M.S.’,8X,’V.R.’,8X,’C.R.’,/,&
9X,67(’-’))

6090 FORMAT( 10X,’TOTAL’,2(1X,F11.2),3(1X,D11.4))
6100 FORMAT( 7X,I6,2X,2(1X,F11.2),3(1X,D11.4))
6110 FORMAT( 10X,’ERROR’,2(1X,F11.2),1X,D11.4,13X,D11.4)

END

(d) Output results

*** D4MWRF ***

** INPUT **

N = 2 M = 3

NUMBER OF LEVEL OF EACH FACTOR

3 3 3

NUMBER OF POOLING SOURCE OF VARIANCES = 0

OBSERVATION MATRIX

A(1,J),J=1,27

5.50 6.30 6.90 5.40 6.50
6.90 5.50 6.50 7.00 4.90
5.70 6.20 5.00 6.10 6.60
4.80 5.70 6.90 4.20 5.00
5.40 4.50 5.20 6.10 4.90
5.30 6.40

A(2,J),J=1,27

5.40 6.50 6.80 5.30 6.30
6.50 5.30 6.20 6.80 4.60
5.60 6.00 5.20 6.50 6.50
4.20 5.40 6.40 4.00 4.90
5.30 4.30 5.00 6.00 4.30
5.20 6.30

** OUTPUT **

IERR = 0

MEAN FOR REPETITION

5.45 6.40 6.85 5.35 6.40
6.70 5.40 6.35 6.90 4.75
5.65 6.10 5.10 6.30 6.55
4.50 5.55 6.65 4.10 4.95
5.35 4.40 5.10 6.05 4.60
5.25 6.35

MEAN OVER ALL LEVELS = 5.67

ANALYSIS OF VARIANCE TABLE

FACTOR S.S. D.F. M.S. V.R. C.R.
-------------------------------------------------------------------
TOTAL 36.09 53.00

2 21.59 2.00 0.1080D+02 0.2886D+03 0.5962D+00
3 0.70 2.00 0.3513D+00 0.9391D+01 0.1739D-01
4 0.51 4.00 0.1282D+00 0.3428D+01 0.1007D-01
5 10.35 2.00 0.5176D+01 0.1384D+03 0.2847D+00
6 0.31 4.00 0.7852D-01 0.2099D+01 0.4556D-02
7 1.25 4.00 0.3130D+00 0.8366D+01 0.3054D-01
8 0.36 8.00 0.4449D-01 0.1189D+01 0.1570D-02

ERROR 1.01 27.00 0.3741D-01 0.5493D-01
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7.4.2 D4MWRM, R4MWRM

Multiple-Way Layout Analysis of Variance (With Missing Values)

(1) Function

For m factors A1, A2, · · · , Am (where m is at most 6) consisting of l1, l2, · · · , lm levels respectively and multi-

way layout data xj1j2···jm(i = 1, · · · ,m; ji = 1, · · · , li) for which there are no repetitions in the combinations

of levels of each factor and no data has been obtained for combinations of ns combinations of levels, the

D4MWRM or R4MWRM performs an analysis of variance. At this time, specified interactions can be

confounded. The data values of the combinations of levels for which no data has been obtained are called

missing values, and estimates are substituted for the missing values in the calculations of each statistic.

For the explanations below, the operations Σi and Δi for factor Ai are defined as follows.

Σi ≡
li∑

ji=1

, Δi ≡ li −
li∑

ji=1

The total mean over all levels is defined by the following equation.

Total mean:

x̄ =
1

m∏
i=1

li

Σ1Σ2 · · ·Σm

n∑
k=1

xkj1j2···jm

Also, the analysis of variance results are defined by the following equations.

Variation:

• Total variation

ST = Σ1Σ2 · · ·Σm

n∑
k=1

(xkj1j2···jm − x̄)2

• Variation of factor Ai

SAi =
1

li

m∏
j=1

lj

Σi(Σ1Σ2 · · ·Σi−1ΔiΣi+1 · · ·Σmxj1j2···jm)2

• Variation of the interaction Ai1 × Ai2 × · · · ×Ais of s(s < m) factors Ai1 , Ai2 , · · · , Ais .

SAi1×Ai2×···×Ais
=

n

(

s∏
k=1

lis) · (
m∏

k=1

lk)

× Σi1Σi2 · · ·Σis(Σ1 · · ·Σi1−1Δi1Σi1+1 · · ·
Σi2−1Δi2Σi2+1 · · ·Σis−1ΔisΣis+1 · · ·Σmxj1j2···jm)2

However, the variation of the highest order interaction A1 ×A2 × · · · ×Am.

• Error variation

SE = ST − (Sum of variations of each factor)

− (Sum of variations of interactions other than the highest order interaction

[A1 ×A2 × · · · ×Am])
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Degrees of freedom:

• Degrees of freedom of total variation

φT = n

m∏
i=1

li − ns − 1

• Degrees of freedom of factor Ai variation

φA = li − 1

• Degrees of freedom of variation of the interaction Ai1 ×Ai2 × · · · ×Ais

φAi1×Ai2×···×Ais
=

s∏
k=1

(lik − 1)

• Degrees of freedom of error variation

φE = φT − (Sum of degrees of freedom of variations of each factor)

− (Sum of degrees of freedom of variations of interactions other than the highest

order interaction -ns)

Unbiased variance:

• Unbiased variance of factor Ai variation

VAi =
SAi

φAi

• Unbiased variance of variation of the interaction Ai1 ×Ai2 × · · · ×Ais

VAi1×Ai2×···×Ais
=

SAi1×Ai2×···×Ais

φAi1×Ai2×···×Ais

However, the unbiased variance of the variation of the highest order interaction is not defined.

• Unbiased variance of error variation

VE =
SE

φE

Variance ratio:

• Variance ratio for unbiased variance of factor Ai variation

FAi =
VAi

VE

• Variance ratio for unbiased variance of variation of the interaction Ai1 ×Ai2 × · · · ×Ais

FAi1×Ai2×···×Ais
=

VAi1×Ai2×···×Ais

VE

However, the variance ratio of the variation of the highest order interaction is not defined.

Contribution ratio:

• Contribution ratio of factor Ai variation

PAi =
SAi − φAi · VE

ST
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• Contribution ratio of variation of the interaction Ai1 ×Ai2 × · · · ×Ais

PAi1×Ai2×···×Ais
=

SAi1×Ai2×···×Ais
− φAi1×Ai2×···×Ais

· VE

ST

However, the contribution ratio of the variation of the highest order interaction is not defined.

• Contribution ratio of error variation

PE = φT − (Sum of contribution ratios of variations of each factor)

− (Sum of contribution ratios of variations of interactions other than the highest

order interaction)

Missing value estimates:

The missing value estimates are determined so that the error variation SE is minimized. To obtain estimates

that will minimize SE , you should solve the following equation with the missing values

xs1s2...sm ((s1, s2, . . . , sm) ∈ S)

as unknowns.

∂SE

∂xst
= 0 ((s, t) ∈ S)

Here, S is assumed to be the set of combinations of levels for which missing values occurred. Since SE is

a quadratic equation, this equation is a set of ns simultaneous linear equations with the missing values as

unknowns.

For example, for the following three-way layout data in which there are three levels of each of the factors

A, B, and C and x132 and x322 are missing values,

X1 =

⎡
⎢⎣ 11 12 10

11 10 12

12 x132 13

⎤
⎥⎦ Factor A level 1 data

X2 =

⎡
⎢⎣ 11 11 12

13 14 11

9 10 12

⎤
⎥⎦ Factor A level 2 data

X3 =

⎡
⎢⎣ 10 12 11

10 x322 12

12 8 11

⎤
⎥⎦ Factor A level 3 data

the error variation is as follows.

SE = ST − SA − SB − SC − SA×B − SB×C − SC×A

= 69714− 5400x132 − 5724x322 + 216x2
132 + 216x322 + 108x132x322

Differentiating this with respect to x132 and x322 produces the following simultaneous linear equations.

∂SE

∂x132
= −5400 + 432x132 + 108x322 = 0

∂SE

∂x322
= −5724 + 108x132 + 432x322 = 0

Solving these simultaneous linear equations yields the missing value estimates x132 = 9.8 and x322 = 10.8.
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(2) Usage

Double precision:

CALL D4MWRM (A, LT, M, IST, ISN, IPT, IPN, X1, V, IWK, WK, IERR)

Single precision:

CALL R4MWRM (A, LT, M, IST, ISN, IPT, IPN, X1, V, IWK, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
M1 Input Observed values (xβ) . (See Note (a).)

Here M1 =

M∏
i=1

LT(i)

Output Observed values (xβ). However, estimates are

stored in the elements corresponding to missing

values.

2 LT I M Input Number of levels of each factor li

3 M I 1 Input Number of factors m

4 IST I ISN,M Input Information about combinations of levels for

which missing values occurred (See Note (b))

5 ISN I 1 Input Number of missing values ns

6 IPT I M2 Input Number of factors to be confounded (See Note

(c))

However, when IPN > 0, M2 = IPN, and when

IPN = 0, the argument IPT should be a dummy

argument.

7 IPN I 1 Input Number of factors to be confounded

8 X1
{
D

R

}
1 Output Total mean x̄

9 V
{
D

R

}
(2M + 1), 5 Output Analysis of variance table

(For the storage method of the analysis of vari-

ance table, see Table 7−6 in Note (c).)

10 IWK I M3 Work Work area. M3 =

M∏
i=1

LT(i) + ISN

11 WK
{
D

R

}
M4 Work Work area. M4 =

M∏
i=1

(LT(i) + 1) + ISN2 + 2 ×

ISN + 1

12 IERR I 1 Output Error indicator
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(4) Restrictions

(a) 1 ≤ M ≤ 6

(b) LT(i) ≥ 1 (i = 1, · · · ,M)

(c) 0 ≤ IPN ≤ 2M − 2

(d) 2 ≤ IPT(i) ≤ 2M − 1 (i = 1, · · · ,M)

(e) 1 ≤ ISN <
∏M

i=1(LT(i)− 1)

(f) 1 ≤ IST(i, j) ≤ LT(j) (i = 1, 2, · · · , ISN ; j = 1, 2, · · · ,M)

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

2000 Estimates of missing values could not be

calculated.

The missing value data is replaced by the

mean of the non-missing value data, and

processing continues.

3000 Any of restrictions (a) to (f) was not

satisfied.

Processing is aborted.

(6) Notes

(a) Multi-way layout data with no repetitions and having m factors A1, A2, · · · , Am is represented using

m subscripts as follows.

xj1j2···jm (i = 1, · · · ,m; ji = 1, · · · , li)
However, in this subroutine, the multi-way layout data is represented using one subscripts as follows,

and that data is stored in array A as a real vector (one-dimensional array).

xj1j2···jm → xβ

Here, β is defined as follows.

β = j1 +

m∑
i=2

(ji

i−1∏
k=1

lk)

(b) The combinations of levels of the i-th missing value (j1, j2, · · · , jm) are represented as a single integer

β according to the method described in Note (a), and that value is stored in IST(i)).

(c) The factors that are subject to an analysis of variance are numbered as follows.

• One-way layout

Factor number Factor

1 Total

2 Error

• Two-way layout

Factor number Factor

1 Total

2 A1

3 A2

4 Error
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• Three-way layout

Factor number Factor

1 Total

2 A1

3 A2

4 A1 ×A2

5 A3

6 A1 ×A3

7 A2 ×A3

8 Error

• Four-way layout

Factor number Factor

1 Total

2 A1

3 A2

4 A1 ×A2

5 A3

6 A1 ×A3

7 A2 ×A3

8 A1 ×A2 ×A3

9 A4

10 A1 ×A4

11 A2 ×A4

12 A1 ×A2 ×A4

13 A3 ×A4

14 A1 ×A3 ×A4

15 A2 ×A3 ×A4

16 Error
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• Five-way layout

Factor number Factor

1 Total

2 A1

3 A2

4 A1 × A2

5 A3

6 A1 × A3

7 A2 × A3

8 A1 ×A2 ×A3

9 A4

10 A1 × A4

11 A2 × A4

12 A1 ×A2 ×A4

13 A3 × A4

14 A1 ×A3 ×A4

15 A2 ×A3 ×A4

16 A1 ×A2 × A3 × A4

17 A5

18 A1 × A5

19 A2 × A5

20 A1 ×A2 ×A5

21 A3 × A5

22 A1 ×A3 ×A5

23 A2 ×A3 ×A5

24 A1 ×A2 × A3 × A5

25 A4 × A5

26 A1 ×A4 ×A5

27 A2 ×A4 ×A5

28 A1 ×A2 × A4 × A5

29 A3 ×A4 ×A5

30 A1 ×A3 × A4 × A5

31 A2 ×A3 × A4 × A5

32 Error
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• Six-way layout

Factor

number

Factor Factor

number

Factor

1 Total 33 A1 ×A6

2 A1 34 A1 ×A6

3 A2 35 A2 ×A6

4 A1 ×A2 36 A1 ×A2 ×A6

5 A3 37 A3 ×A6

6 A1 ×A3 38 A1 ×A3 ×A6

7 A2 ×A3 39 A2 ×A3 ×A6

8 A1 ×A2 ×A3 40 A1 ×A2 ×A3 ×A6

9 A4 41 A4 ×A6

10 A1 ×A4 42 A1 ×A4 ×A6

11 A2 ×A4 43 A2 ×A4 ×A6

12 A1 ×A2 ×A4 44 A1 ×A2 ×A4 ×A6

13 A3 ×A4 45 A3 ×A4 ×A6

14 A1 ×A3 ×A4 46 A1 ×A3 ×A4 ×A6

15 A2 ×A3 ×A4 47 A2 ×A3 ×A4 ×A6

16 A1 ×A2 ×A3 ×A4 48 A1 ×A2 ×A3A4 ×A6

17 A5 49 A5 ×A6

18 A1 ×A5 50 A1 ×A5 ×A6

19 A2 ×A5 51 A2 ×A5 ×A6

20 A1 ×A2 ×A5 52 A1 ×A2 ×A5 ×A6

21 A3 ×A5 53 A3 ×A5 ×A6

22 A1 ×A3 ×A5 54 A1 ×A3 ×A5 ×A6

23 A2 ×A3 ×A5 55 A2 ×A3 ×A5 ×A6

24 A1 ×A2 ×A3 ×A5 56 A1 ×A2 ×A3 ×A5 × A6

25 A4 ×A5 57 A4 ×A5 ×A6

26 A1 ×A4 ×A5 58 A1 ×A4 ×A5 ×A6

27 A2 ×A4 ×A5 59 A2 ×A4 ×A5 ×A6

28 A1 ×A2 ×A4 ×A5 60 A1 ×A2 ×A4 ×A5 × A6

29 A3 ×A4 ×A5 61 A3 ×A4 ×A5 ×A6

30 A1 ×A3 ×A4 ×A5 62 A1 ×A3 ×A4 ×A5 × A6

31 A2 ×A3 ×A4 ×A5 63 A2 ×A3 ×A4 ×A5 × A6

32 A1 ×A2 ×A3 ×A4 ×A5 64 Error
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(d) The analysis of variance table elements are stored as follows in the array V.

Table 7−6 Analysis of Variance Table Storage Status

Factor number Variation Degrees of freedom Unbiased variance Variance ratio Contribution ratio

1 V(1, 1) V(1, 2) ∗ ∗ ∗
2 V(2, 1) V(2, 2) V(2, 3) V(2, 4) V(2, 5)

3 V(3, 1) V(3, 2) V(3, 3) V(3, 4) V(3, 5)
...

...
...

...
...

...

N1− 1 V(N1 − 1, 1) V(N1 − 1, 2) V(N1 − 1, 3) V(N1 − 1, 4) V(N1− 1, 5)

N1 V(N1, 1) V(N1, 2) V(N1, 3) ∗ V(N1, 5)

Here, N1 = 2M. The absolute value maximum that can be represented is set for array elements

V(1, 3), V(1, 4), V(1, 5) and V(N1, 4), which are elements for which there is no corresponding analysis

of variance table item. In addition, for the error, 0.0 is set for the value of each item for the factors

specified in array IPT, which are to be confounded.

(7) Example

(a) Problem

Perform an analysis of variance for three-way layout data having no repetitions and for which the

number of levels for each factor is 3. However, the observation value vector X = xβ is given as follows,

where the ∗ portions are missing values.
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

13

21

∗
18

29

40

23

37

51

21

∗
47

27

44

61

∗
54

75

29

47

65

36

59

82

43

71

99

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(b) Input data

Observation matrix X , NA=2, N=2, M=3, IPN=0, ISN=3, LT(1)=3, LT(2)=3, LT(3)=3, IST(1,1)=1,

IST(1,2)=3, IST(1,3)=2, IST(2,1)=2, IST(2,2)=1, IST(2,3)=2, IST(3,1)=3, IST(3,2)=1 and IST(3,3)=1.

(c) Main program

PROGRAM B4MWRM
!

IMPLICIT NONE
REAL(8) V(8,5),WK(80),A(27),X1
INTEGER NE,IWK(30),IST(3,3),ISN,IPN,LT(7),IPT(15)
INTEGER IERR,M,M1,I,J,IWK1

!
! EXAMPLE OF D/R4MWRM
!

WRITE(6,1000) ’*** DFWTFF ***’
WRITE(6,1000) ’ ** INPUT ** ’
READ(5,*) M
WRITE(6,6020) M
M1 = 1
DO 100 I=1,M

READ(5,*) LT(I)
WRITE(6,6030) I,LT(I)
M1 = M1 * LT(I)

100 CONTINUE
READ(5,*) IPN
WRITE(6,6040) IPN
READ(5,*) ISN
WRITE(6,6045) ISN
DO 110 I=1,ISN

DO 120 J=1,M
READ(5,*) IST(I,J)
WRITE(6,6300) I,J,IST(I,J)

120 CONTINUE
110 CONTINUE

DO 130 I=1,M1
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READ(5,*) A(I)
WRITE(6,5360) I,A(I)

130 CONTINUE
!

CALL D4MWRM(A,LT,M,IST,ISN,IPT,IPN,X1,V,IWK,WK,IERR)
WRITE(6,6050) IERR
WRITE(6,5350)
DO 170 I=1,ISN

IWK1 = IST(I,1)+(IST(I,2)-1)*LT(1)+(IST(I,3)-1)*LT(1)*LT(2)
WRITE(6,5360) IWK1,A(IWK1)

170 CONTINUE
WRITE(6,6060)
WRITE(6,6070) X1
WRITE(6,6110)
WRITE(6,6120)
NE = 2**M
WRITE(6,6130) (V(1,J),J=1,2)
DO 220 I = 2,NE-1

WRITE(6,6150) I,(V(I,J),J=1,5)
220 CONTINUE

WRITE(6,6170) (V(NE,J),J=1,3),V(NE,5)
1000 FORMAT( /,3X,A16)
5200 FORMAT( /,/,6X,’MISSED VALUES’,/)
5250 FORMAT( /,8X,’A(’,I1,’)’,/)
5350 FORMAT( /,/,’ ESTIMATED MISSED VALUES’,/)
5360 FORMAT( /,7X,’A(’,I2,’) = ’,D11.5,/)
6020 FORMAT( /,7X,’M = ’,I6)
6040 FORMAT( /,7X,’IPN = ’,I6)
6045 FORMAT( /,7X,’ISN = ’,I6)
6030 FORMAT( /,7X,’LT(’,I1,’) = ’,I6)
6200 FORMAT( /,7X,’IPT(’,I1,’) = ’,I6)
6300 FORMAT( /,7X,’IST(’,I1,’,’,I1,’) = ’,I6)
6050 FORMAT( /,’ ** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6060 FORMAT( /,/,’ MEAN OVER ALL LEVELS’,/,/)
6090 FORMAT( /,/,’ MEAN FOR REPETITION’,/,/)
6070 FORMAT( ’ ’,2X,’ ’,D11.5,’ ’)
6100 FORMAT( ’ Y(’,I2,’) = ’,D11.5,’ ’)
6080 FORMAT( ’ STRICT (’,D11.5,’)’,/)
6110 FORMAT( /,/,’ ANALYSIS-OF-VARIANCE TABLE’,/,/)
6120 FORMAT( ’ ’,&

’ FACTOR ’,4X,’S.S.’,9X,’D.F.’,9X,’U.V.’,9X,’R.V.’,9X,’R.C’,/,/)
6130 FORMAT( ’ ’,&

’ TOTAL ’,2(2X,D11.4))
6150 FORMAT( ’ ’,&

2X,I3,3X,5(2X,D11.4))
6170 FORMAT( ’ ERROR ’,3(2X,D11.4),15X,D11.4)

STOP
END

(d) Output results

*** DFWTFF ***

** INPUT **

M = 3

LT(1) = 3

LT(2) = 3

LT(3) = 3

IPN = 0

ISN = 3

IST(1,1) = 1

IST(1,2) = 3

IST(1,3) = 2

IST(2,1) = 2

IST(2,2) = 1

IST(2,3) = 2

IST(3,1) = 3

IST(3,2) = 1

IST(3,3) = 1

A( 1) = 0.13000D+02

A( 2) = 0.21000D+02

A( 3) = 0.10000D+01
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A( 4) = 0.18000D+02

A( 5) = 0.29000D+02

A( 6) = 0.40000D+02

A( 7) = 0.23000D+02

A( 8) = 0.37000D+02

A( 9) = 0.51000D+02

A(10) = 0.21000D+02

A(11) = 0.10000D+01

A(12) = 0.47000D+02

A(13) = 0.27000D+02

A(14) = 0.44000D+02

A(15) = 0.61000D+02

A(16) = 0.10000D+01

A(17) = 0.54000D+02

A(18) = 0.75000D+02

A(19) = 0.29000D+02

A(20) = 0.47000D+02

A(21) = 0.65000D+02

A(22) = 0.36000D+02

A(23) = 0.59000D+02

A(24) = 0.82000D+02

A(25) = 0.43000D+02

A(26) = 0.71000D+02

A(27) = 0.99000D+02

** OUTPUT **

IERR = 0

ESTIMATED MISSED VALUES

A(16) = 0.32250D+02

A(11) = 0.35125D+02

A( 3) = 0.25250D+02

MEAN OVER ALL LEVELS

0.43875D+02
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ANALYSIS-OF-VARIANCE TABLE

FACTOR S.S. D.F. U.V. R.V. R.C

TOTAL 0.1185D+05 0.2300D+02
2 0.5101D+04 0.2000D+01 0.2551D+04 0.3001D+04 0.4302D+00
3 0.1838D+04 0.2000D+01 0.9190D+03 0.1081D+04 0.1549D+00
4 0.2311D+03 0.4000D+01 0.5778D+02 0.6798D+02 0.1921D-01
5 0.4164D+04 0.2000D+01 0.2082D+04 0.2449D+04 0.3511D+00
6 0.4794D+03 0.4000D+01 0.1198D+03 0.1410D+03 0.4015D-01
7 0.3631D+02 0.4000D+01 0.9078D+01 0.1068D+02 0.2776D-02

ERROR 0.4250D+01 0.5000D+01 0.8500D+00 0.1649D-02

414



7.5 CUMULATIVE METHOD

7.5.1 D4MU01, R4MU01

Analysis of Variance Using the Cumulative Method

(1) Function

The D4MU01 or R4MU01 performs an analysis of variance using the cumulative method for data for which

the number of repetitions is fixed and the number of factors is at most 3. The number of decision makers

is assumed to be r people, and the decision is assumed to be made in d steps. Although the explanation

presented below takes as an example the case when the number of factors is 3, one- and two-way layouts

can also be handled by setting the number of levels of unused factors to 1.

Let the input data be represented as follows

x
(s)
ijkl

⎛
⎜⎜⎜⎜⎜⎜⎝

i = 1, · · · ,ma ; Factor A

j = 1, · · · ,mb ; Factor B

k = 1, · · · ,mc ; Factor C

l = 1, · · · , r ; Decision maker R

s = 1, · · · , n ; Number of repetitions

⎞
⎟⎟⎟⎟⎟⎟⎠

and let it take integer values from 1 to d. ma, mb and mc are the number of levels in factors A, B, and

C, respectively, and r is the number of decision makers. In the explanations below, unless explicitly stated

otherwise, summations by the
∑

symbol and their weights Wm (m = 1, · · · , d− 1) are defined as follows for

subscripts such as i, j, k, l and s.

δ
(s)(m)
ijkl =

{
1 (When x

(s)
ijkl ≤ m)

0 (otherwise)

Pm =

∑
i

∑
j

∑
k

∑
l

∑
s

δ
(s)(m)
ijkl

ma ·mb ·mc · r · n
Wm =

1

Pm(1− Pm)

The correction factor CF is defined as follows.

CF =
1

ma ·mb ·mc · r · n
d−1∑
m=1

⎧⎨
⎩Wm

∑
i

∑
j

∑
k

∑
l

∑
s

(
δ
(s)(m)
ijkl

)2⎫⎬
⎭

Also, the analysis of variance table consists of the following elements.

• Sum of squares

S
(m)
Ai

=
∑
j

∑
k

∑
l

∑
s

δ
(s)(m)
ijkl

S
(m)
Bj

=
∑
i

∑
k

∑
l

∑
s

δ
(s)(m)
ijkl

S
(m)
Ck

=
∑
i

∑
j

∑
l

∑
s

δ
(s)(m)
ijkl

S
(m)
Rl

=
∑
i

∑
j

∑
k

∑
s

δ
(s)(m)
ijkl
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S
(m)
ABij

=
∑
k

∑
l

∑
s

δ
(s)(m)
ijkl

S
(m)
ACik

=
∑
j

∑
l

∑
s

δ
(s)(m)
ijkl

S
(m)
BCjk

=
∑
i

∑
l

∑
s

δ
(s)(m)
ijkl

S
(m)
ARil

=
∑
j

∑
k

∑
s

δ
(s)(m)
ijkl

S
(m)
BRjl

=
∑
i

∑
k

∑
s

δ
(s)(m)
ijkl

S
(m)
CRkl

=
∑
i

∑
j

∑
s

δ
(s)(m)
ijkl

S
(m)
ABCijk

=
∑
l

∑
s

δ
(s)(m)
ijkl

(i = 1, · · · ,ma; j = 1, · · · ,mb; k = 1, · · · ,mc)

(l = 1, · · · , r;m = 1, · · · , d− 1)

ST = ma ·mb ·mc · r · n · (d− 1)

SA =
1

mb ·mc · r · n
d−1∑
m=1

∑
i

(S
(m)
Ai

)2Wm − CF

SB =
1

ma ·mc · r · n
d−1∑
m=1

∑
j

(S
(m)
Bj

)2Wm − CF

SC =
1

ma ·mb · r · n
d−1∑
m=1

∑
k

(S
(m)
Ck

)2Wm − CF

SAB =
1

mc · r · n
d−1∑
m=1

∑
i

∑
j

(S
(m)
ABij

)2Wm − CF − SA − SB

SBC =
1

ma · r · n
d−1∑
m=1

∑
j

∑
k

(S
(m)
ABij

)2Wm − CF − SB − SC

SAC =
1

mb · r · n
d−1∑
m=1

∑
i

∑
k

(S
(m)
ABij

)2Wm − CF − SA − SC

SR =
1

ma ·mb ·mc · n
d−1∑
m=1

∑
l

(S
(m)
Rl

)2Wm − CF

SAR =
1

mb ·mc · n
d−1∑
m=1

∑
i

∑
l

(S
(m)
ARil

)2Wm − CF − SA − SR

SBR =
1

ma ·mc · n
d−1∑
m=1

∑
j

∑
l

(S
(m)
BRjl

)2Wm − CF − SB − SR

SCR =
1

ma ·mb · n
d−1∑
m=1

∑
k

∑
l

(S
(m)
CRkl

)2Wm − CF − SC − SR

SABC =
1

·r · n
d−1∑
m=1

∑
i

∑
j

∑
k

(S
(m)
ABCijk

)2Wm − CF − SA − SB − SC − SAB

−SAC − SBC
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SE = ST − SA − SB − SC − SAB − SAC − SBC − SR − SAR − SBR

−SCR − SABC

• Degrees of freedom

φT = (ma ·mb ·mc · r · n− 1)(d− 1)

φA = (ma − 1)(d− 1)

φB = (mb − 1)(d− 1)

φC = (mc − 1)(d− 1)

φAB = (ma − 1)(mb − 1)(d− 1)

φBC = (mb − 1)(mc − 1)(d− 1)

φAC = (ma − 1)(mc − 1)(d− 1)

φR = (r − 1)(d− 1)

φAR = (ma − 1)(r − 1)(d− 1)

φBR = (mb − 1)(r − 1)(d− 1)

φCR = (mc − 1)(r − 1)(d− 1)

φABC = (ma − 1)(mb − 1)(mc − 1)(d− 1)

φe = φT − φA − φB − φC − φAB − φBC − φAC − φR − φAR − φBR

−φCR − φABC

• Unbiased variance

VA =
SA

φA

VB =
SB

φB

VC =
SC

φC

VAB =
SAB

φAB

VBC =
SBC

φBC

VAC =
SAC

φAC

VR =
SR

φR

VAR =
SAR

φAR

VBR =
SBR

φBR

VCR =
SCR

φCR

VABC =
SABC

φABC

VE =
SE

φE
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• Variance ratio

FA =
VA

VE

FB =
VB

VE

FC =
VC

VE

FAB =
VAB

VE

FBC =
VBC

VE

FAC =
VAC

VE

FR =
VR

VE

FAR =
VAR

VE

FBR =
VBR

VE

FCR =
VCR

VE

FABC =
VABC

VE

• Contribution ratio

ρA =
SA − φA · VE

ST

ρB =
SB − φB · VE

ST

ρC =
SC − φC · VE

ST

ρAB =
SAB − φAB · VE

ST

ρBC =
SBC − φBC · VE

ST

ρAC =
SAC − φAC · VE

ST

ρR =
SR − φR · VE

ST

ρAR =
SAR − φAR · VE

ST

ρBR =
SBR − φBR · VE

ST

ρCR =
SCR − φCR · VE

ST

ρABC =
SABC − φABC · VE

ST

The contribution ratio is calculated only when a significance of 5% or 1% is obtained by an F test.

Otherwise, 0.0 is set.
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The density frequency is defined as follows.

δ
′(s)(m)
ijkl =

{
1 When x

(m)
ijkl = m

0 otherwise

T···· =
∑
i

∑
j

∑
k

∑
l

n∑
m=1

δ
′(s)(m)
ijkl

Ti··· =
∑
j

∑
k

∑
l

n∑
m=1

δ
′(s)(m)
ijkl

T·j·· =
∑
i

∑
k

∑
l

n∑
m=1

δ
′(s)(m)
ijkl

T··k· =
∑
i

∑
j

∑
l

n∑
m=1

δ
′(s)(m)
ijkl

Tij·· =
∑
k

∑
l

n∑
m=1

δ
′(s)(m)
ijkl

T·jk· =
∑
i

∑
l

n∑
m=1

δ
′(s)(m)
ijkl

Ti·k· =
∑
i

∑
k

n∑
m=1

δ
′(s)(m)
ijkl

T···l =
∑
i

∑
j

∑
k

n∑
m=1

δ
′(s)(m)
ijkl

Ti··l =
∑
j

∑
k

n∑
m=1

δ
′(s)(m)
ijkl

T·j·l =
∑
i

∑
k

n∑
m=1

δ
′(s)(m)
ijkl

T··kl =
∑
i

∑
j

n∑
m=1

δ
′(s)(m)
ijkl

Tij·l =
∑
k

n∑
m=1

δ
′(s)(m)
ijkl

T·jkl =
∑
i

n∑
m=1

δ
′(s)(m)
ijkl

Ti·kl =
∑
j

n∑
m=1

δ
′(s)(m)
ijkl

Tijk· =
∑
l

n∑
m=1

δ
′(s)(m)
ijkl

Tijkl =

n∑
m=1

δ
′(s)(m)
ijkl
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The predicted frequency of each level of each factor is defined as follows.

Ā
(m)
i =

S
(m)
Ai

ma∑
m=1

Ā
(m)
i

B̄
(m)
j =

S
(m)
Bj

mb∑
m=1

B̄
(m)
j

C̄
(m)
k =

S
(m)
Ck

mc∑
m=1

C̄
(m)
k

T̄ (m) =

∑
ijkls

δ
(s)(m)
ijkl

ma ·mb ·mc · r · n

The cumulative predicted frequency μ̂
(m)
ijk is defined as follows.

Ω
(m)
ijk =

(
1

Ā
(m)
i

− 1

)(
1

B̄
(m)
j

− 1

)(
1

C̄
(m)
k

− 1

)
(

1

T̄ (m)
− 1

)

μ̂
(m)
ijk =

1

1 + Ω
(m)
ijk

(m = 1, · · · , d− 1)

μ̂
(d)
ijk = 1

The predicted frequency α̂
(m)
ijk is defined as follows.

α̂
(1)
ijk = μ̂

(1)
ijk

α̂
(m)
ijk = μ̂

(m)
ijk − μ̂

(m−1)
ijk (m = 2, · · · , d)

(2) Usage

Double precision:

CALL D4MU01 (IA, ID, V, IX, NX, NTC, NT, F, TX, OM, MA, AM, AL, MT, P, G, IERR)

Single precision:

CALL R4MU01 (IA, ID, V, IX, NX, NTC, NT, F, TX, OM, MA, AM, AL, MT, P, G, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 IA I M1 Input Input data x
(s)
ijkl (See Note (a))

Here, M1 =

5∏
i=1

ID(i)

2 ID I 6 Input Number of levels of each factor, number of deci-

sion makers, number of repetitions, and number

of steps (See Note (b))

3 V
{
D

R

}
M2 Output Analysis of variance table

(For the storage method of the analysis of vari-

ance table, see Tables 7−7, 7−8 and 7−9 in

note (c).) Here, M2 is 28 when the number of

factors is 1, 46 when the number of factors is 2,

and 74 when the number of factors is 3.

4 IX I NX, ID(6) Output Density frequency table (See Note (e))

5 NX I 1 Input Adjustable dimension of arrays IX and NT

6 NTC I 1 Output Size of density frequency table

7 NT I NX, 4 Output Frequency density table numbers (See Note (e))

8 F
{
D

R

}
3, 9, ID(6) Output Frequency in each step of each level Ā

(m)
i , B̄

(m)
j ,

C̄
(m)
k

9 TX
{
D

R

}
ID(6) Output T̄ (m)

10 OM
{
D

R

}
MA, ID(6) Output Ω

(m)
ijk (See Note (f))

11 MA I 1 Input Adjustable dimension of arrays OM, AM, AL

and MT

12 AM
{
D

R

}
MA, ID(6) Output Predicted cumulative frequency μ̂

(m)
ijk (See Note

(f))

13 AL
{
D

R

}
MA, ID(6) Output Predicted frequency α̂

(m)
ijk (See Note (f))

14 MT I MA, 3 Output Ω
(m)
ijk , μ̂

(m)
ijk or α̂

(m)
ijk numbers (See Note (f))
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No. Argument Type Size
Input/

Output
Contents

15 P
{
D

R

}
ID(6) Output Pm

16 G
{
D

R

}
ID(6) Output Weight Wm

17 IERR I 1 Output Error indicator

(4) Restrictions

(a) 2 ≤ ID(1) ≤ 9

(b) 1 ≤ ID(i) ≤ 9 (i = 2, 3)

(c) 1 ≤ ID(4) ≤ 100

(d) 1 ≤ ID(5) ≤ 5

(e) 1 ≤ ID(6) ≤ 11

(f) NX ≥ (ID(4) + 1)×
∏

i=1,2,3,ID(i) �=1

(ID(i) + 1)

(g) MA ≥
3∏

i=1

ID(i)

(h) If the number of factors of the input data is 2, ID(3) = 1. If the number of factors of the input data is

1, ID(2) = ID(3) = 1.

(i) 1 ≤ IA(i) ≤ ID(6)

(i = 1, 2, · · · ,
5∏

j=1

ID(j))

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Any of restriction (a) to (g) was not

satisfied.

Processing is aborted.

3010 Restriction (h) was not satisfied.

3020 Restriction (i) was not satisfied.
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(6) Notes

(a) The input data x
(s)
ijkl is stored in array IA as follows.

IA(α) = x
(s)
ijkl

α = i+ (j − 1)× ID(1)

+(k − 1)× ID(1)× ID(2)

+(l − 1)× ID(1)× ID(2)× ID(3)

+(s− 1)× ID(1)× ID(2)× ID(3)× ID(4)

That is, the input data is stored so that the subscripts vary in the order of i, j, k and l.

(b) Information related to the input data x
(s)
ijkl is stored in array ID as follows.

ID(1) : Number of levels of factor A ma

ID(2) : Number of levels of factor B mb

ID(3) : Number of levels of factor C mc

ID(4) : Number of decision makers r

ID(5) : Number of repetitions n

ID(6) : Number of steps d
If the number of factors is 2, the number of levels of factor C should be set to 1. If the number of

factors is 1, the number of levels of factor B and the number of levels of factor C should be set to 1.

(c) The analysis of variance table elements are stored as follows in the array V.

• Number of factors = 1

Table 7−7 Analysis of Variance Table Storage Status (Number of Factors = 1)

Factor Sum of

squares

Degrees of

freedom

Unbiased

variance

Variance

ratio

Contribution

ratio

F test

result

T V(1) V(7)

A V(2) V(8) V(13) V(18) V(21) V(26)

R V(3) V(9) V(14) V(19) V(22) V(27)

AR V(4) V(10) V(15) V(20) V(23) V(28)

E V(5) V(11) V(16) V(24)

(E) V(6) V(12) V(17) V(25)

• Number of factors = 2

• Number of factors = 3

(d) The value of an F test result term of array V is set to 1.0 if the test result is a 1% significance, and it

is set to 5.0 if the test result is a 5% significance. Otherwise, it is set to 0.0.

(e) The method of storing the density frequency table in array IX is explained below by taking as an exam-

ple the case when the number of factors is 3. First, the following subscripts are provided corresponding

to the subscripts i, j, k and l of density frequency T
(m)
ijkl .

i′ = 0, 1, 2, · · · ,ma

j′ = 0, 1, 2, · · · ,mb

k′ = 0, 1, 2, · · · ,mc

l′ = 0, 1, 2, · · · , r
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Table 7−8 Analysis of Variance Table Storage Status (Number of Factors = 2)

Factor Sum of

squares

Degrees of

freedom

Unbiased

variance

Variance

ratio

Contribution

ratio

F test

result

T V(1) V(10)

A V(2) V(11) V(19) V(27) V(33) V(41)

B V(3) V(12) V(20) V(28) V(34) V(42)

R V(4) V(13) V(21) V(29) V(35) V(43)

AB V(5) V(14) V(22) V(30) V(36) V(44)

AR V(6) V(15) V(23) V(31) V(37) V(45)

BR V(7) V(16) V(24) V(32) V(38) V(46)

E V(8) V(17) V(25) V(39)

(E) V(9) V(18) V(26) V(40)

Table 7−9 Analysis of Variance Table Storage Status (Number of Factors = 3)

Factor Sum of

squares

Degrees of

freedom

Unbiased

variance

Variance

ratio

Contribution

ratio

F test

result

T V(1) V(13)

A V(2) V(14) V(27) V(40) V(51) V(64)

B V(3) V(15) V(28) V(41) V(52) V(65)

C V(4) V(16) V(29) V(42) V(53) V(66)

R V(5) V(17) V(30) V(43) V(54) V(67)

AB V(5) V(18) V(31) V(44) V(55) V(68)

AC V(6) V(19) V(32) V(45) V(56) V(69)

AR V(7) V(20) V(33) V(46) V(57) V(70)

BC V(8) V(21) V(34) V(47) V(58) V(71)

BR V(8) V(22) V(35) V(48) V(59) V(72)

CR V(9) V(23) V(36) V(49) V(60) V(73)

ABC V(10) V(24) V(37) V(50) V(61) V(74)

E V(11) V(25) V(38) V(62)

(E) V(12) V(26) V(39) V(63)

Then, D
(m)
i′j′k′l′ is defined as follows.

When none of i′, j′, k′ and l′ is 0 :

D
(m)
i′j′k′l′ = T

(m)
i′j′k′l′

When any of i′, j′, k′ and l′ is 0 :

Di′j′k′l′ is defined as the summation of T
(m)
i′j′k′l′ for the subscript or subscripts that are 0. For example,

when j′ = 0 and i′, k′ and l′ are not 0, D
(m)
i′j′k′l′ is defined as follows.

D
(m)
i′j′k′l′ =

∑
j

T
(m)
i′jk′l′ = T

(m)
i′·k′l′

Or, when i′ = k′ = 0 and j′ and l′ are not 0, D
(m)
i′j′k′l′ is defined as follows.

D
(m)
i′j′k′l′ =

∑
i

∑
k

T
(m)
ij′kl′ = T

(m)
·j′·l′
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The density frequency table and these numbers are stored as follows in arrays IX and NT.

IX(β,m) = D
(m)
i′j′k′l′

NT(β, 1) = i′

NT(β, 2) = j′

NT(β, 3) = k′

NT(β, 4) = l′

β = l′ + k′ × ID(4) + j′ × ID(3)× ID(4) + i′ × ID(2)× ID(3)× ID(4)

That is, the subscripts of Ti′j′k′l′ vary in the order of l′, k′, j′ and i′ according to the variation of

array subscript β. However, if the number of factors is 2, the values of NT(β, 3) are set to 0, and if

the number of factors is 1, the values of NT(β, 2) and NT(β, 3) are set to 0.

(f) Ω
(m)
ijk , μ̂

(m)
ijk , and α̂

(m)
ijk and the numbers corresponding to them are stored as follows in arrays OM, AM,

AL and MT.

OM(β,m) = Ω
(m)
ijk

AM(β,m) = μ̂
(m)
ijk

AL(β,m) = α̂
(m)
ijk

MT(β, 1) = i

MT(β, 2) = j

MT(β, 3) = k

β = k + j × ID(3) + i× ID(2)× ID(3)

That is, the subscripts of Ω
(m)
ijk , μ̂

(m)
ijk , and α̂

(m)
ijk vary in the order of k, j and i according to the variation

of array subscript β. However, if the number of factors is 2, the values of MT(β, 3) are set to 0, and if

the number of factors is 1, the values of MT(β, 2) and MT(β, 3) are set to 0.

(7) Example

(a) Problem

Perform an analysis of variance according to the cumulative method for the following observation data

for which the number of factors is 2.

X = {2, 3, 3, 1, 2, 3, 2, 3, 2, 1, 2, 2, 2, 3, 2, 1, 1, 3, 2, 3,
3, 1, 3, 3, 2, 3, 2, 1, 3, 2, 2, 3, 3, 1, 2, 3, 3, 2, 3, 2,

3, 2, 3, 2, 3, 1, 2, 1, 3, 1, 3, 1, 2, 3, 1, 2, 3, 1, 3, 3,

2, 3, 3, 2, 3, 2, 1, 3, 2, 2, 2, 3}
Assume that the number of levels of factor A is 3, the number of levels of factor B is 2, the number of

decision makers is 6, the number of repetitions is 2 and that the decisions are made in 3 steps.

(b) Input data

Observed data X , NX=84, MA=6,

ID(1)=3, ID(2)=2, ID(3)=1, ID(4)=6, ID(5)=2 and ID(6)=3.
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(c) Main program

PROGRAM B4MU01
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NX = 84, MA = 6 )
DIMENSION IA(72),ID(6),V(46),IX(NX,3),NT(NX,4),F(3,9,3),TX(3)
DIMENSION OM(MA,3),AM(MA,3),AL(MA,3),MT(MA,3),P(3),G(3)

!
WRITE(6,6000)
IERR = 0
READ(5,*) (IA(I),I=1,72)
READ(5,*) (ID(I),I=1,6)
WRITE(6,6010) (IA(I),I=1,72)
WRITE(6,6020) (ID(I),I=1,6)
CALL D4MU01(IA,ID,V,IX,NX,NTC,NT,F,TX,OM,MA,AM,AL,MT,P,G,IERR)
WRITE(6,6030) IERR
WRITE(6,6040)
JD = IA(1)
DO 100 I=2,72

JD = MAX(JD,IA(I))
100 CONTINUE

DO 110 I=1,JD-1
WRITE(6,6050) P(I),G(I)

110 CONTINUE
WRITE(6,6060)
DO 120 I=1,9

IF(I.EQ.1) THEN
WRITE(6,6070) I,V(I),V(9+I)

ELSE IF(I.LE.7) THEN
WRITE(6,6070)&
I,V(I),V(9+I),V(17+I),V(25+I),V(31+I),V(39+I)

ELSE
WRITE(6,6080)&
I,V(I),V(9+I),V(17+I),V(31+I)

ENDIF
120 CONTINUE

WRITE(6,6090)
DO 130 I=1,NTC

WRITE(6,6100) (NT(I,J),J=1,4),(IX(I,J),J=1,JD)
130 CONTINUE

WRITE(6,6110) ’A’
DO 140 I=1,ID(1)

WRITE(6,6120) (F(1,I,J),J=1,JD)
140 CONTINUE

WRITE(6,6110) ’B’
DO 150 I=1,ID(2)

WRITE(6,6120) (F(2,I,J),J=1,JD)
150 CONTINUE

WRITE(6,6110) ’TX’
WRITE(6,6120) (TX(J),J=1,JD-1)
WRITE(6,6130) ’OMEGA’
DO 160 I=1,6

WRITE(6,6140) (MT(I,J),J=1,3),(OM(I,J),J=1,JD-1)
160 CONTINUE

WRITE(6,6130) ’MU’
DO 170 I=1,6

WRITE(6,6140) (MT(I,J),J=1,3),(AM(I,J),J=1,JD-1)
170 CONTINUE

WRITE(6,6130) ’ALPHA’
DO 180 I=1,6

WRITE(6,6140) (MT(I,J),J=1,3),(AL(I,J),J=1,JD-1)
180 CONTINUE

!
STOP

6000 FORMAT( ’ *** D4MU01 ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’OBSERVATIONS’,/,/,&
8(6X,10I6,/))

6020 FORMAT( /,7X,’NUMBER OF A = ’,I6,/,&
/,7X,’NUMBER OF B = ’,I6,/,&
/,7X,’NUMBER OF C = ’,I6,/,&
/,7X,’NUMBER OF PERSONS = ’,I6,/,&
/,7X,’NUMBER OF ITERATIONS = ’,I6,/,&
/,7X,’NUMBER OF STEPS = ’,I6)

6030 FORMAT( /,3X,’** OUTPUT **’,/,&
/,7X,’IERR = ’,I6)

6040 FORMAT( /,17X,’P’,9X,’WEIGHT’,/,&
7X,27(’-’))

6050 FORMAT( 7X,5(2X,F11.4))
6060 FORMAT( /,7X,’ANALYSIS OF VARIANCE TABLE’,/,&

/,10X,’FACTOR’,&
4X,’S.S.’,7X,’D.F.’,6X,’M.S.’,8X,’V.R.’,8X,’C.R.’,&
6X,’R.F.’,/,&

9X,71(’-’))
6070 FORMAT( 10X,I2,2X,2(F11.4),3(1X,D11.4),1X,F6.2)
6080 FORMAT( 10X,I2,2X,2(F11.4),1X,D11.4,13X,D11.4,1X,F6.2)
6090 FORMAT( /,7X,’DENSITY FREQUENCIES’,/,&

/,10X,’ABCR’,/,&
9X,30(’-’))

6100 FORMAT( 10X,4I1,3(2X,I6))
6110 FORMAT( /,7X,’FREQUENCIES AT N STEP IN ’,A,’ LEVEL’,/)
6120 FORMAT( 9X,5(2X,D15.8))
6130 FORMAT( /,7X,A,/,&
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/,10X,’ABC’,/,&
9X,39(’-’))

6140 FORMAT( 10X,3I1,2(2X,D15.8))
END

(d) Output results

*** D4MU01 ***

** INPUT **

OBSERVATIONS

2 3 3 1 2 3 2 3 2 1
2 2 2 3 2 1 1 3 2 3
3 1 3 3 2 3 2 1 3 2
2 3 3 1 2 3 3 2 3 2
3 2 3 2 3 1 2 1 3 1
3 1 2 3 1 2 3 1 3 3
2 3 3 2 3 2 1 3 2 2
2 3

NUMBER OF A = 3

NUMBER OF B = 2

NUMBER OF C = 1

NUMBER OF PERSONS = 6

NUMBER OF ITERATIONS = 2

NUMBER OF STEPS = 3

** OUTPUT **

IERR = 0

P WEIGHT
---------------------------

0.1944 6.3842
0.5694 4.0787

ANALYSIS OF VARIANCE TABLE

FACTOR S.S. D.F. M.S. V.R. C.R. R.F.
-----------------------------------------------------------------------
1 144.0000 142.0000
2 30.1867 4.0000 0.7547D+01 0.1083D+02 0.1892D+00 1.00
3 8.4506 2.0000 0.4225D+01 0.6062D+01 0.4845D-01 1.00
4 6.9038 10.0000 0.6904D+00 0.9905D+00 0.0000D+00 0.00
5 8.0788 4.0000 0.2020D+01 0.2898D+01 0.3563D-01 5.00
6 20.4133 20.0000 0.1021D+01 0.1464D+01 0.0000D+00 0.00
7 5.8398 10.0000 0.5840D+00 0.8378D+00 0.0000D+00 0.00
8 64.1269 92.0000 0.6970D+00 0.0000D+00
9 97.2838 132.0000 0.7370D+00 0.7268D+00

DENSITY FREQUENCIES

ABCR
------------------------------
0000 14 27 31
1000 11 10 3
2000 2 9 13
3000 1 8 15
0100 3 14 19
0200 11 13 12
0001 1 5 6
0002 3 6 3
0003 4 3 5
0004 3 2 7
0005 1 6 5
0006 2 5 5
1100 2 7 3
1200 9 3 0
2100 1 3 8
2200 1 6 5
3100 0 4 8
3200 1 4 7
1001 1 2 1
1002 2 1 1
1003 2 1 1
1004 3 1 0
1005 1 3 0
1006 2 2 0
2001 0 2 2
2002 0 3 1
2003 2 1 1
2004 0 1 3
2005 0 0 4
2006 0 2 2
3001 0 1 3
3002 1 2 1
3003 0 1 3
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3004 0 0 4
3005 0 3 1
3006 0 1 3
0101 0 2 4
0102 0 3 3
0103 1 2 3
0104 1 2 3
0105 0 3 3
0106 1 2 3
0201 1 3 2
0202 3 3 0
0203 3 1 2
0204 2 0 4
0205 1 3 2
0206 1 3 2
1101 0 1 1
1102 0 1 1
1103 0 1 1
1104 1 1 0
1105 0 2 0
1106 1 1 0
1201 1 1 0
1202 2 0 0
1203 2 0 0
1204 2 0 0
1205 1 1 0
1206 1 1 0
2101 0 1 1
2102 0 1 1
2103 1 0 1
2104 0 1 1
2105 0 0 2
2106 0 0 2
2201 0 1 1
2202 0 2 0
2203 1 1 0
2204 0 0 2
2205 0 0 2
2206 0 2 0
3101 0 0 2
3102 0 1 1
3103 0 1 1
3104 0 0 2
3105 0 1 1
3106 0 1 1
3201 0 1 1
3202 1 1 0
3203 0 0 2
3204 0 0 2
3205 0 2 0
3206 0 0 2

FREQUENCIES AT N STEP IN A LEVEL

0.45833333D+00 0.41666667D+00 0.12500000D+00
0.83333333D-01 0.37500000D+00 0.54166667D+00
0.41666667D-01 0.33333333D+00 0.62500000D+00

FREQUENCIES AT N STEP IN B LEVEL

0.83333333D-01 0.38888889D+00 0.52777778D+00
0.30555556D+00 0.36111111D+00 0.33333333D+00

FREQUENCIES AT N STEP IN TX LEVEL

0.19444444D+00 0.56944444D+00

OMEGA

ABC
---------------------------------------
110 0.31379310D+01 0.21116834D+00
120 0.64833286D+00 0.94470046D-01
210 0.29206897D+02 0.17469381D+01
220 0.60344828D+01 0.78152493D+00
310 0.61068966D+02 0.24636306D+01
320 0.12617555D+02 0.11021505D+01

MU

ABC
---------------------------------------
110 0.24166667D+00 0.82564906D+00
120 0.60667358D+00 0.91368421D+00
210 0.33105023D-01 0.36404170D+00
220 0.14215686D+00 0.56131687D+00
310 0.16111111D-01 0.28871439D+00
320 0.73434622D-01 0.47570332D+00

ALPHA

ABC
---------------------------------------
110 0.24166667D+00 0.58398239D+00
120 0.60667358D+00 0.30701063D+00
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210 0.33105023D-01 0.33093668D+00
220 0.14215686D+00 0.41916001D+00
310 0.16111111D-01 0.27260328D+00
320 0.73434622D-01 0.40226870D+00
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7.6 RANDOMIZED BLOCK DESIGN

7.6.1 D4RB01, R4RB01

Analysis of Variance Using Randomized Block Design

(1) Function

The D4RB01 or R4RB01 performs an analysis of variance using randomized block design.

The analysis of variance results for observed values {xij}, (i = 1, · · · , n; j = 1, · · · , t) obtained using n

blocks and t trials are defined as follows.

Total sum :

T =

n∑
i=1

t∑
j=1

xij

Total sum for each block :

Ti· =
t∑

j=1

xij

Total sum for each trial :

T·j =
n∑

i=1

xij

Variation :

• Total variation

S =

n∑
i=1

t∑
j=1

(
xij − T

n · t
)2

• Mean variation

Sc =
T 2

n · t
• Inter-block variation

Sp =
1

t

n∑
i=1

(
Ti· − T

n

)2

• Inter-trial variation

Sr =
1

n

t∑
j=1

(
T·j − T

t

)2

• Error variation

Se = S − (Sp + Sr)

Degrees of freedom :

φ = n · t− 1, φc = 1, φp = n− 1, φr = t− 1

φe = (n− 1)(t− 1)
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Unbiased variance :

Vp =
Sp

φp
, Vr =

Sr

φr
, Ve =

Se

φe

Variance ratio :

Fp =
Vp

Ve
, Fr =

Vr

Ve

(2) Usage

Double precision:

CALL D4RB01 (A, NA, NB, NT, V, IERR)

Single precision:

CALL R4RB01 (A, NA, NB, NT, V, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,NT Input Matrix in which observed values are stored (xij)

2 NA I 1 Input Adjustable dimension of array A

3 NB I 1 Input Number of blocks n

4 NT I 1 Input Number of trials t

5 V
{
D

R

}
15 Output Analysis of variance results (See Table 7−10 in

note (a))

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) NA≥NB≥1

(b) NT≥1

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 NB=1 or NT=1 was specified. The absolute value maximum that can be

represented is set for the unbiased vari-

ance and variance ratio.

3000 Restriction (a), (b) was not satisfied. Processing is aborted.
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(6) Notes

(a) The analysis of variance results are stored as follows in the array V.

Table 7−10 Analysis of Variance Table

Factor Variation Degrees of freedom Unbiased variance Variance ratio

Total V(1) V(6)

Mean V(2) V(7)

Inter-block V(3) V(8) V(11) V(14)

Inter-trial V(4) V(9) V(12) V(15)

Error V(5) V(10) V(13)

(7) Example

(a) Problem

When the observed values are given by matrix X shown below, perform an analysis of variance using

randomized block design.

X =

⎡
⎢⎣ 42 28 19 7 4

15 14 −19 −4 −6

−8 30 −17 9 −31

⎤
⎥⎦

(b) Input data

Observation matrix X , NA=100, NB=3 and NT=5.

(c) Main program

PROGRAM B4RB01
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, NT = 5 )
DIMENSION A(NA,NT),V(15)

!
WRITE(6,6000)
IERR = 0
READ(5,*) NB
DO 100 I=1,NB

READ(5,*) (A(I,J),J=1,NT)
100 CONTINUE

WRITE(6,6010) NB,NT
DO 110 I=1,NB

WRITE(6,6020) (A(I,J),J=1,NT)
110 CONTINUE

CALL D4RB01(A,NA,NB,NT,V,IERR)
WRITE(6,6030) IERR
WRITE(6,6040)
WRITE(6,6050) ’TOTAL ’,V(1),V(6)
WRITE(6,6050) ’MEAN ’,V(2),V(7)
WRITE(6,6050) ’BLOCK ’,V(3),V(8),V(11),V(14)
WRITE(6,6050) ’TREATMENT’,V(4),V(9),V(12),V(15)
WRITE(6,6050) ’ERROR ’,V(5),V(10),V(13)

!
STOP

6000 FORMAT( ’ *** D4RB01 ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’NB = ’,I6,5X,’NT = ’,I6,/,&
/,7X,’OBSERVATION MATRIX’,/)

6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’ANALYSIS OF VARIANCE TABLE’,/,&

/,10X,’FACTOR’,&
10X,’S.S.’,9X,’D.F.’,8X,’M.S.’,13X,’V.R.’,/,&

9X,69(’-’))
6050 FORMAT( 10X,A,2(1X,F11.2),2(2X,D15.8))

END

(d) Output results

*** D4RB01 ***

** INPUT **
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NB = 3 NT = 5

OBSERVATION MATRIX

42.00 28.00 19.00 7.00 4.00
15.00 14.00 -19.00 -4.00 -6.00
-8.00 30.00 -17.00 9.00 -31.00

** OUTPUT **

IERR = 0

ANALYSIS OF VARIANCE TABLE

FACTOR S.S. D.F. M.S. V.R.
---------------------------------------------------------------------
TOTAL 5643.73 14.00
MEAN 459.27 1.00
BLOCK 1598.53 2.00 0.79926667D+03 0.43533043D+01
TREATMENT 2576.40 4.00 0.64410000D+03 0.35081699D+01
ERROR 1468.80 8.00 0.18360000D+03
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7.7 GRECO-LATIN SQUARE METHOD

7.7.1 D4GL01, R4GL01

Analysis of Variance Using the Greco-Latin Square Method

(1) Function

The D4GL01 or R4GL01 performs an analysis of variance using the Greco-Latin Square method.

The analysis of variance results for the two orthogonal Latin squares MT and MG and observed values

{xij(kl)} (i: Levels of factor P; j: Levels of factor Q; k and l: Constitute Greco-Latin square) are defined

as follows.

Total sum, row sum, and column sum :

T =
n∑

i=1

n∑
j=1

xij(kl) , Ti· =
n∑

j=1

xij(kl) , T·j =
n∑

i=1

xij(kl)

Tk =
∑

k∈MT

xij(kl) , Tl =
∑

l∈MG

xij(kl)

Variation:

• Total variation

Ss =

n∑
i=1

n∑
j=1

(
xij(kl) − T

n2

)2

• Inter-row variation

Sp =
1

n

n∑
i=1

(
Ti· − T

n

)2

• Inter-column variation

Sq =
1

n

n∑
j=1

(
T·j − T

n

)2

• Inter-R variation

Sr =
1

n

n∑
k=1

(
Tk − T

n

)2

• Inter-A variation

Sa =
1

n

n∑
l=1

(
Tl − T

n

)2

• Error variation

Se = Ss − (Sp + Sq + Sr + Sa)

Degrees of freedom :

φs = n2 − 1, φp = φq = φr = φa = n− 1, φe = (n− 1)(n− 3)

Unbiased variance :

Vp =
Sp

φp
, Vq =

Sq

φq
, Vr =

Sr

φr
, Va =

Sa

φa
, Ve =

Se

φe
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Variance ratio :

Fp =
Vp

Ve
, Fq =

Vq

Ve
, Fr =

Vr

Ve
, Fa =

Va

Ve

(2) Usage

Double precision:

CALL D4GL01 (A, NA, N, MT, MG, V, IWK, WK, IERR)

Single precision:

CALL R4GL01 (A, NA, N, MT, MG, V, IWK, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,N Input Matrix in which observed values are stored

(xij(kl))

2 NA I 1 Input Adjustable dimension of arrays A, MT and MG

3 N I 1 Input Number of trials n

4 MT I NA,N Input Latin square MT

5 MG I NA,N Input Latin square MG

6 V
{
D

R

}
19 Output Analysis of variance results (See Table 7−11 in

note (a))

7 IWK I N×N Work Work area

8 WK
{
D

R

}
N Work Work area

9 IERR I 1 Output Error indicator

(4) Restrictions

(a) NA≥N≥3

(b) MT and MG are Latin squares.

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 N=3 was specified. The absolute value maximum that can be

represented is set for the unbiased vari-

ance and variance ratio.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.
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(6) Notes

(a) The analysis of variance results are stored as follows in the array V.

Table 7−11 Analysis of Variance Table

Factor Variation Degrees of freedom Unbiased variance Variance ratio

P (row) V(1) V(6) V(11) V(16)

Q (column) V(2) V(7) V(12) V(17)

R V(3) V(8) V(13) V(18)

A V(4) V(9) V(14) V(19)

Error V(5) V(10) V(15)

(b) The factors are allocated so that factors P and Q are in a two-dimensional arrangement, and factors

R and A are associated with Latin squares MT and MG for using the various levels.

Table 7−12 Experiment Allocation for Greco-Latin Square Method

Q1 Q2 Q3 Q4

P1 R2A1 R4A3 R1A2 R3A4

P2 R4A2 R2A4 R3A1 R1A3

P3 R1A4 R3A2 R2A3 R4A1

P4 R3A3 R1A1 R4A4 R2A2

(7) Example

(a) Problem

When the observed values X and two Latin squares MT and MG are given as shown below, perform

an analysis of variance using the Greco-Latin square method.

X =

⎡
⎢⎢⎢⎣

8.6 11.0 17.2 18.2

13.5 13.4 20.3 19.0

14.8 20.5 16.9 18.7

18.7 17.2 20.7 22.8

⎤
⎥⎥⎥⎦

MT =

⎡
⎢⎢⎢⎣

1 2 3 4

2 1 4 3

3 4 1 2

4 3 2 1

⎤
⎥⎥⎥⎦

MG =

⎡
⎢⎢⎢⎣

1 3 4 2

2 4 3 1

3 1 2 4

4 2 1 3

⎤
⎥⎥⎥⎦

(b) Input data

Observation matrix X , Latin squares MT and MG, NA=100 and N=4.

(c) Main program

PROGRAM B4GL01
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 100, N = 4 )
DIMENSION A(NA,N),MT(NA,N),MG(NA,N),V(19)
DIMENSION IWK(N*N),WK(N)
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!
WRITE(6,6000)
IERR = 0
DO 100 I=1,N

READ(5,*) (MT(I,J),J=1,N)
100 CONTINUE

DO 110 I=1,N
READ(5,*) (MG(I,J),J=1,N)

110 CONTINUE
DO 120 I=1,N

READ(5,*) (A(I,J),J=1,N)
120 CONTINUE

WRITE(6,6010) N
WRITE(6,6020)
DO 130 I=1,N

WRITE(6,6030) (MT(I,J),J=1,N)
130 CONTINUE

WRITE(6,6040)
DO 140 I=1,N

WRITE(6,6030) (MG(I,J),J=1,N)
140 CONTINUE

WRITE(6,6050)
DO 150 I=1,N

WRITE(6,6060) (A(I,J),J=1,N)
150 CONTINUE

CALL D4GL01(A,NA,N,MT,MG,V,IWK,WK,IERR)
WRITE(6,6070) IERR
WRITE(6,6080)
WRITE(6,6090) ’ROW ’,V(1),V(6),V(11),V(16)
WRITE(6,6090) ’COLUMN ’,V(2),V(7),V(12),V(17)
WRITE(6,6090) ’TREATMENTS R’,V(3),V(8),V(13),V(18)
WRITE(6,6090) ’TREATMENTS A’,V(4),V(9),V(14),V(19)
WRITE(6,6090) ’ERROR ’,V(5),V(10),V(15)

!
STOP

6000 FORMAT( ’ *** D4GL01 ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’N = ’,I6)
6020 FORMAT( /,7X,’LATIN SQUARE MT’,/)
6030 FORMAT( 7X,5(2X,I6))
6040 FORMAT( /,7X,’LATIN SQUARE MG’,/)
6050 FORMAT( /,7X,’OBSERVATION MATRIX’,/)
6060 FORMAT( 7X,5(2X,F11.2))
6070 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6080 FORMAT( /,7X,’ANALYSIS OF VARIANCE TABLE’,/,&

/,10X,’FACTOR’,&
12X,’S.S.’,8X,’D.F.’,8X,’M.S.’,13X,’V.R.’,/,&

9X,70(’-’))
6090 FORMAT( 10X,A,2(F11.2),2(2X,D15.8))

END

(d) Output results

*** D4GL01 ***

** INPUT **

N = 4

LATIN SQUARE MT

1 2 3 4
2 1 4 3
3 4 1 2
4 3 2 1

LATIN SQUARE MG

1 3 4 2
2 4 3 1
3 1 2 4
4 2 1 3

OBSERVATION MATRIX

8.60 11.00 17.20 18.20
13.50 13.40 20.30 19.00
14.80 20.50 16.90 18.70
18.70 17.20 20.70 22.80

** OUTPUT **

IERR = 0

ANALYSIS OF VARIANCE TABLE

FACTOR S.S. D.F. M.S. V.R.
----------------------------------------------------------------------
ROW 77.64 3.00 0.25878958D+02 0.58874354D+01
COLUMN 88.35 3.00 0.29450625D+02 0.66999858D+01
TREATMENTS R 37.64 3.00 0.12547292D+02 0.28544955D+01
TREATMENTS A 1.56 3.00 0.51895833D+00 0.11806247D+00
ERROR 13.19 3.00 0.43956250D+01
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7.8 BALANCED INCOMPLETE BLOCK DESIGN

7.8.1 D4BI01, R4BI01

Analysis of Variance Using Balanced Incomplete Block Design

(1) Function

The D4BI01 or R4BI01 performs an analysis for balanced incomplete block design data. An incomplete

block design indicates the case in which one set of trials (treatments) to be compared is incomplete and is

not entered in the blocks. In particular, a block design in which the number of repetitions of each trial is

equal and the number of times two arbitrary trials appear in the same block is equal is called a balanced

incomplete block design.

The following example shows a situation in which the number of blocks is 4, number of trials is 4, and

number of trials per block is 3.

Trials
Blocks

1 2 3 4
Ti·

A1 x11 x13 x14 T1·
A2 x22 x23 x24 T2·
A3 x31 x32 x33 T3·
A4 x41 x42 x44 T4·
T·j T·1 T·2 T·3 T·4 T

For this example, the number of times two arbitrary trials appear in the same block at the same time is 2.

Given the data {xij}, (i = 1, · · · , n; j = 1, · · · , t), which is allocated using a balanced incomplete block

design for which the number of blocks is n, number of trials is t, and number of trials per block is m, the

analysis of variance results are defined as follows.

Total sum :

T =
n∑

i=1

t∑
j=1

nijxij

Total sum for each block :

Ti· =
t∑

j=1

nijxij

Total sum for each trial :

T·j =
n∑

i=1

nijxij

Total sum for each block-adjusted trial :

Q·j = m · T·j −
n∑

i=1

(nij · Ti·)

(nij : (i, j) element of incidence matrix N)
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Variation :

• Total variation

S =

n∑
i=1

t∑
j=1

nijx
2
ij − CF

Here, CF is defined as follows.

CF =
T 2

n ·m =
1

n ·m ·
⎛
⎝ n∑

i=1

t∑
j=1

nijxij

⎞
⎠

2

• Inter-block variation

SB =
1

m

n∑
i=1

T 2
i· − CF

• Inter-trial variation (block adjusted)

ST =
t− 1

n ·m2 · (m− 1)

t∑
j=1

Q2
·j

• Error variation

SE = S − (SB + ST )

Degrees of freedom :

φ = n ·m− 1

φB = n− 1

φT = t− 1

φE = n ·m− n− t+ 1

Unbiased variance :

VT =
ST

φT

VB =
SB

φB

VE =
SE

φE

Variance ratio :

FT =
VT

VB

(2) Usage

Double precision:

CALL D4BI01 (A, NA, NB, NT, M, N, V, W1, IERR)

Single precision:

CALL R4BI01 (A, NA, NB, NT, M, N, V, W1, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,NT Input Matrix in which observed values are stored (xij)

2 NA I 1 Input Adjustable dimension of arrays A and N

3 NB I 1 Input Total number of blocks n

4 NT I 1 Input Number of trials t

5 M I 1 Input Number of trials per block m

6 N
{
D

R

}
NA,NT Input Incidence matrix (nij). When trial j is per-

formed in the i-th block, nij = 1, otherwise

nij = 0.

7 V
{
D

R

}
11 Output Analysis of variance results (For the method of

storing the analysis of variance results, see Ta-

ble 7−13 in note (b))

8 W1
{
D

R

}
NB Work Work area

9 IERR I 1 Output Error indicator

(4) Restrictions

(a) NA ≥ NB ≥ 2

(b) NT ≥ M ≥ 2

(c)
NB ·M
NT

is an integer.

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

3010 Restriction (c) was not satisfied.

(6) Notes

(a) The analysis of variance results are stored as follows in the array V.

Table 7−13 Analysis of Variance Table

Element Variation Degrees of freedom Unbiased variance Variance ratio

Sum of squares of observed values V(1) V(5)

Inter-block V(2) V(6) V(9) V(12)

Inter-trial (block adjusted) V(3) V(7) V(10)

Error V(4) V(8) V(11)
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(7) Example

(a) Problem

Perform an analysis of variance for the data allocated using a balanced incomplete block design given

by the matrix A shown below. The asterisks (∗) represent portions for which no corresponding observed

values exist.

A =

⎡
⎢⎢⎢⎣

2 ∗ 4 0

∗ 32 13 23

20 14 31 ∗
7 3 ∗ 11

⎤
⎥⎥⎥⎦

The incidence matrix N is given as follows.

N =

⎡
⎢⎢⎢⎣

1 0 1 1

0 1 1 1

1 1 1 0

1 1 0 1

⎤
⎥⎥⎥⎦

(b) Input dataData allocated by a balanced incomplete block design A, incidence matrix N , NA=4, NB=4,

NT=4 and M=3.

(c) Main program

PROGRAM B4BI01
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 5,NT = 4)
DIMENSION A(NA,NT),N(NA,NT),W1(NA),V(12)

!
WRITE(6,6000)
IERR = 0
READ(5,*) NB,M
DO 100 I = 1,NB

READ(5,*) (A(I,J),J=1,NT)
100 CONTINUE

DO 110 I = 1,NB
READ(5,*) (N(I,J),J=1,NT)

110 CONTINUE
WRITE(6,6010) NA,NB,NT,M
WRITE(6,6020)
DO 120 I=1,NB

WRITE(6,6030) (A(I,J),J=1,NT)
120 CONTINUE

WRITE(6,6040)
DO 130 I=1,NB

WRITE(6,6050) (N(I,J),J=1,NT)
130 CONTINUE

CALL D4BI01(A,NA,NB,NT,M,N,V,W1,IERR)
WRITE(6,6060) IERR
WRITE(6,6070)
WRITE(6,6080) ’TOTAL’,V(1),V(5)
WRITE(6,6090) ’ SB ’,V(2),V(6),V(9),V(12)
WRITE(6,6100) ’ ST ’,V(3),V(7),V(10)
WRITE(6,6100) ’ERROR’,V(4),V(8),V(11)

!
STOP

6000 FORMAT( ’ *** D4BI01 ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’NA = ’,I6,5X,’NB = ’,I6,/,&
/,7X,’NT = ’,I6,5X,’M = ’,I6)

6020 FORMAT( /,3X,’A’,/)
6030 FORMAT( 7X,4(2X,F11.2),/)
6040 FORMAT( /,3X,’N’,/)
6050 FORMAT( 7X,4(2X,I6,3X),/)
6060 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6070 FORMAT( /,7X,’ANALYSIS OF VARIANCE TABLE’,/,&

/,10X,’FACTOR’,&
8X,’S.S.’,9X,’D.F.’,6X,’M.S.’,8X,’V.R.’,/,&

9X,69(’-’))
6080 FORMAT( 10X,A,2(2X,F11.4))
6090 FORMAT( 10X,A,2(2X,F11.4),2(1X,D11.4))
6100 FORMAT( 10X,A,2(2X,F11.4),1X,D11.4)

END
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(d) Output results

*** D4BI01 ***

** INPUT **

NA = 5 NB = 4

NT = 4 M = 3

A

2.00 0.00 4.00 0.00

0.00 32.00 13.00 23.00

20.00 14.00 31.00 0.00

7.00 3.00 0.00 11.00

N

1 0 1 1

0 1 1 1

1 1 1 0

1 1 0 1

** OUTPUT **

IERR = 0

ANALYSIS OF VARIANCE TABLE

FACTOR S.S. D.F. M.S. V.R.
---------------------------------------------------------------------
TOTAL 1344.6667 11.0000
SB 975.3333 3.0000 0.3251D+03 0.6323D-02
ST 6.1667 3.0000 0.2056D+01
ERROR 363.1667 5.0000 0.7263D+02
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Chapter 8

NONPARAMETRIC TESTS

8.1 INTRODUCTION

In traditional statistical tests, a normal distribution often is assumed as the population distribution. It is also

a prerequisite that the observed values are continuous quantities. A test of this kind for which the population

distribution is fixed and the observed values are assumed to be continuous quantities is called a parametric

test. In contrast, a test for which the population distribution is not fixed or for which the data subject to the

test is represented by sequences or frequencies, not by observed values that are complete quantities, is called a

nonparametric test.

This library provides the following functions for performing nonparametric tests.

• Test of Goodness of Fit

• χ2 Test (2 × 2 Contingency Table)

• χ2 Test (m× n Contingency Table)

• Median Test

• Sign Test

• Wilcoxon Test

• Mann-Whitney’s U Test

• Spearman’s Rank Correlation Test
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Explanation

8.1.1 Explanation

(1) Test of Goodness of Fit

Given observed frequencies, this test tests whether or not their distribution is equal to a theoretical distri-

bution postulated by the researcher. The goodness-of-fit test is performed by obtaining the χ2 value for

the test for the theoretical probabilities pi, (i = 1, · · · , n) and observed frequencies fi, (i = 1, · · · , n) of n

classes as defined below:

χ2 =

n∑
i=1

(fi − ei)
2

ei

and comparing this value with the critical value of a χ2 distribution with n− 1 degrees of freedom.

(2) χ2 Test (2× 2 Contingency Table)

This is a test for testing the independence of two factors by using a 2× 2 contingency table.

A Ā Sum

B a11 a12 a11 + a12

B̄ a21 a22 a21 + a22

Sum a11 + a21 a12 + a22 n

In the 2× 2 contingency table shown above, A means that the subject has the characteristic being observed

by factor A, and Ā means that the subject does not have the characteristic. B and B̄ have similar meanings

for factor B. Also, aij represents the actual measured frequency of the corresponding characteristics. The

χ2 value, which is the test quantity, for the above contingency table is given as follows.

χ2 =
n
(
|a11a22 − a12a21| − n

2

)2
(a11 + a12)(a21 + a22)(a11 + a21)(a12 + a22)

Here, n = a11 + a12 + a21 + a22. This equation contains Yates’ correction for continuity term −n
2 . The χ2

test is performed by comparing this χ2 value with the critical value of a χ2 distribution with 1 degree of

freedom.

(3) χ2 Test (m× n Contingency Table)

This is a test for testing the independence of two factors by using an m× n contingency table.

B1 B2 · · · Bj · · · Bn Sum

A1 a11 a12
... a1n a1·

A2 a21 a22
... a2n a2·

...
...

...

Ai · · · · · · · · · aij · · · · · · ai·
...

...
...

Am am1 am2

... amn am·
Sum a·1 a·2 · · · a·j · · · a·n S

In the m×n contingency table shown above, Ai means that the subject has the ith level of the characteristic

being observed by factor A, and each level is assumed to be independent. The meanings are similar for Bj

and factor B. Also, aij represents the actual measured frequency of the subject having the characteristics
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for both the ith level of factor A and the jth level of factor B. The χ2 value for the above contingency table

is given as follows.

χ2 =

m∑
i=1

n∑
j=1

(aij − eij)
2

eij

The χ2 test is performed by obtaining this χ2 value and comparing it with the critical value of a χ2

distribution with (m− 1)(n− 1) degrees of freedom. Here, eij is defined according to the following values.

Row sum :

ai· =
n∑

j=1

aij

Column sum :

a·j =
m∑
i=1

aij

Total sum :

S =

m∑
i=1

n∑
j=1

aij

Expected value :

eij =
ai· · a·j

S

(4) Median Test

The median test tests the hypothesis that the median values of two groups are equal. The test is performed

by obtaining the χ2 value and comparing it with the critical value of a χ2 distribution with one degree of

freedom.

(5) Sign Test

When the observed values of two samples are individually associated and their relative sizes can be judged

(including determining that they are equal), the sign test tests the hypothesis that it is equally probable

that the judgements “it is larger” (+) and “it is smaller” (−) will appear. The critical value of a standard

normal distribution is used for the test.

(6) Wilcoxon Test

The Wilcoxon test is a more precise test than the sign test. The critical value of a standard normal

distribution is used for the test.

(7) Mann-Whitney’s U Test

When two independent groups of samples are given, Mann-Whitney’s U Test tests whether or not the

distributions of the populations to which those samples belong are equal. The critical value of a standard

normal distribution is used for the test.

(8) Spearman’s Rank Correlation Test

When n pairs of observed values (xi, yi), (i = 1, · · · , n) are given, if xi and yi are each independently
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ranked and the rankings are represented by R(xi) and R(yi), the Spearman’s rank correlation coefficient rs

is defined as follows.

rs = 1−
6

n∑
i=1

(R(xi)−R(yi))
2

n3 − n

Spearman’s rank correlation coefficient is an index representing the strength of the association of R(xi) and

R(yi). This index can be used to test the hypothesis that there is no correlation between xi and yi.

8.1.2 Reference Bibliography

(1) Gibbons, J. D. , “Nonparametric Statistical Inference”, McGraw-Hill (1971)

(2) Lehmann, E. L. , “Nonparametrics: Statistical methods based on ranks”, Holden-Day, San Francisco (1975)
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8.2 TESTS USING χ2 DISTRIBUTION

8.2.1 D5CHEF, R5CHEF

Test of Goodness of Fit

(1) Function

The D5CHEF or R5CHEF tests the goodness of fit to the expected frequencies (theoretical frequencies)

of given observed frequencies. The values for the theoretical probabilities pi, (i = 1, · · · , n) and observed

frequencies fi, (i = 1, · · · , n) of n classes are defined by the equations below.

Total of frequencies of all classes :

S =

n∑
i=1

fi

Expected frequency (theoretical frequency) of ith class :

ei = S · pi

χ2 value for test :

χ2 =

n∑
i=1

(fi − ei)
2

ei

Degrees of freedom :

φ = n− 1

(2) Usage

Double precision:

CALL D5CHEF (P, N, F, IDF, CHI, IERR)

Single precision:

CALL R5CHEF (P, N, F, IDF, CHI, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 P
{
D

R

}
N Input Theoretical probabilities {pi}

2 N I 1 Input Number of classes of expected frequencies n

3 F
{
D

R

}
N Input Observed frequencies {fi}

4 IDF I 1 Output Degrees of freedom φ

5 CHI
{
D

R

}
1 Output χ2 value

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) N≥2

(b) 0<P(i)<1 (i=1, · · ·, N)

(c)

N∑
i=1

P(i)≤1

(d) F(i)≥ 0 (i=1, · · ·, N)

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a) For the given theoretical probabilities P(i), (i = 1, · · · ,N), the error is reduced by replacing P(N) by

the following:

P(N) = 1−
N−1∑
i=1

P(i)

(7) Example

(a) Problem

When the number of classes is 7 and the theoretical probability pi and observed frequency fi of each

class are given as shown below, perform a test of the goodness of fit to the expected frequencies

(theoretical frequencies) of the observed frequencies.
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Class pi fi

1 0.1 10

2 0.2 20

3 0.3 30

4 0.1 10

5 0.1 10

6 0.12 12

7 0.05 5

(b) Input data

Theoretical probabilities pi, observed frequencies fi and N = 7.

(c) Main program

PROGRAM B5CHEF
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( N = 7 )
DIMENSION P(N),F(N)

!
WRITE(6,6000)
IERR = 0
DO 100 I=1,N

READ(5,*) P(I)
100 CONTINUE

DO 110 I=1,N
READ(5,*) F(I)

110 CONTINUE
WRITE(6,6010) N
DO 120 I=1,N

WRITE(6,6020) P(I),F(I)
120 CONTINUE

CALL D5CHEF(P,N,F,IDF,CHI,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) IDF
WRITE(6,6050) CHI

!
STOP

6000 FORMAT( ’ *** D5CHEF ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’N = ’,I6,/,&
/,8X,’PROBABILITY VALUE’,4X,’FREQUENCY’,/,&
7X,32(’-’))

6020 FORMAT( 7X,F11.2,7X,F11.2)
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’DEGREE OF FREEDOM = ’,5X,I6)
6050 FORMAT( /,7X,’CHI SQUARE VALUE = ’,D15.8)

END

(d) Output results

*** D5CHEF ***

** INPUT **

N = 7

PROBABILITY VALUE FREQUENCY
--------------------------------

0.10 10.00
0.20 20.00
0.30 30.00
0.10 10.00
0.10 10.00
0.12 12.00
0.05 5.00

** OUTPUT **

IERR = 0

DEGREE OF FREEDOM = 6

CHI SQUARE VALUE = 0.10670103D+01
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8.2.2 D5CHTT, R5CHTT

χ2 Test (2× 2 Contingency Table)

(1) Function

The D5CHTT or R5CHTT obtains the χ2 value, which is the test quantity including the Yates’ correction

for continuity term, by using a 2×2 contingency table.

A Ā Sum

B a11 a12 a11 + a12

B̄ a21 a22 a21 + a22

Sum a11 + a21 a12 + a22 n

In the 2× 2 contingency table shown above, A means that the subject has the characteristic being observed

by factor A, and Ā means that the subject does not have the characteristic. B and B̄ have similar meanings

for factor B. Also, aij represents the actual measured frequency of the corresponding characteristics. The

χ2 value, which is the test quantity, for the above contingency table is given as follows.

χ2 =
n
(
|a11a22 − a12a21| − n

2

)2
(a11 + a12)(a21 + a22)(a11 + a21)(a12 + a22)

Here, n = a11 + a12 + a21 + a22.

The χ2 test tests the independence of two factors by comparing this χ2 value with the critical value of a χ2

distribution with 1 degree of freedom.

(2) Usage

Double precision:

CALL D5CHTT (F, CHI, IERR)

Single precision:

CALL R5CHTT (F, CHI, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 F
{
D

R

}
2,2 Input Observed frequencies constituting the contin-

gency table aij

2 CHI
{
D

R

}
1 Output χ2 value

3 IERR I 1 Output Error indicator

(4) Restrictions

(a) F(i, j)≥0 (i=1, 2; j=1, 2)
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 All observed frequencies were zero. The absolute value maximum that can be

represented is set for the χ2 value.

3000 Restriction (a) was not satisfied. Processing is aborted.

(6) Notes

(a) The observed frequencies of the contingency table are stored in array F as the following real matrix

(two-dimensional array type) (See Appendix A).[
a11 a21

a21 a22

]

(7) Example

(a) Problem

Obtain the χ2 value, which is the test quantity including the Yates’ correction for continuity term, by

using the following 2×2 contingency table.

A Ā Sum

B 6 0 6

B̄ 1 3 4

Sum 7 3 10

(b) Input data

F(1, 1) = 6.0, F(2, 1) = 1.0, F(1, 2) = 0.0 and F(2, 2) = 3.0.

(c) Main program

PROGRAM B5CHTT
!

IMPLICIT REAL(8)(A-H,O-Z)
DIMENSION F(2,2)

!
WRITE(6,6000)
IERR = 0
DO 100 I=1,2

READ(5,*) (F(I,J),J=1,2)
100 CONTINUE

WRITE(6,6010)
DO 110 I=1,2

WRITE(6,6020) (F(I,J),J=1,2)
110 CONTINUE

CALL D5CHTT(F,CHI,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) CHI

!
STOP

6000 FORMAT( ’ *** D5CHTT ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’TWO-BY-TWO CONTINGENCY TABLE’,/)
6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’CHI SQUARE VALUE = ’,D15.8)

END

(d) Output results

*** D5CHTT ***

** INPUT **

TWO-BY-TWO CONTINGENCY TABLE
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6.00 0.00
1.00 3.00

** OUTPUT **

IERR = 0

CHI SQUARE VALUE = 0.33531746D+01
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8.2.3 D5CHMN, R5CHMN

χ2 Test (m× n Contingency Table)

(1) Function

The D5CHMN or R5CHMN obtains the χ2 value, which is the test quantity, by using an m×n contingency

table.

B1 B2 · · · Bj · · · Bn Sum

A1 a11 a12
... a1n a1·

A2 a21 a22
... a2n a2·

...
...

...

Ai · · · · · · · · · aij · · · · · · ai·
...

...
...

Am am1 am2

... amn am·
Sum a·1 a·2 · · · a·j · · · a·n S

In the m×n contingency table shown above, Ai means that the subject has the ith level of the characteristic

being observed by factor A, and each level is assumed to be independent. The meanings are similar for

Bj and B. Also, aij represents the actual measured frequency of the subject having the characteristics for

both the ith level of factor A and the jth level of factor B. The χ2 value, which is the test quantity, for the

above contingency table is given as follows.

χ2 =

m∑
i=1

n∑
j=1

(aij − eij)
2

eij

Here, the expected values eij are defined as follows.

Expected value :

eij =
ai· · a·j

S

Row sum :

ai· =
n∑

j=1

aij

Column sum :

a·j =
m∑
i=1

aij

Total sum :

S =

m∑
i=1

n∑
j=1

aij

The χ2 test tests the independence of two factors by comparing this χ2 value with the critical value of a χ2

distribution with (m− 1)(n− 1) degrees of freedom.
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(2) Usage

Double precision:

CALL D5CHMN (A, NA, M, N, IDF, CHI, WK, IERR)

Single precision:

CALL R5CHMN (A, NA, M, N, IDF, CHI, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
NA,N Input Observed frequencies constituting the contin-

gency table (aij)

2 NA I 1 Input Adjustable dimension of array A

3 M I 1 Input Number of rows of contingency table m

4 N I 1 Input Number of columns of contingency table n

5 IDF I 1 Output Degrees of freedom φ

6 CHI
{
D

R

}
1 Output χ2 value

7 WK
{
D

R

}
MAX(M, N) Work Work area

8 IERR I 1 Output Error indicator

(4) Restrictions

(a) NA≥M≥2

(b) N≥2

(c) A(i, j)≥0 (i=1, · · ·, M; j=1, · · ·, N)

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 The expected value in one or more cells

was less than or equal to 1.0.

CHI and IDF are calculated.

3000 Restriction (a), (b) was not satisfied. Processing is aborted.

3010 Restriction (c) was not satisfied.

4000 All observation frequencies were 0.0 or the

expected value was less than or equal to

0.0.
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(6) Notes

(a) The observed frequencies of the contingency table are stored in array F as an m × n real matrix

(two-dimensional array type) defined as A = (ai,j) (See Appendix A).

(7) Example

(a) Problem

Obtain the χ2 value by using the following 3×4 matrix, which corresponds to a 3×4 contingency table

of observed frequencies.⎡
⎢⎣ 34 50 24 12

22 65 115 24

12 41 68 20

⎤
⎥⎦

(b) Input data

Array corresponding to observed frequencies A, NA = 5, M = 3 and N = 4.

(c) Main program

PROGRAM B5CHMN
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( NA = 5, N = 4 )
DIMENSION A(NA,N),WK(NA)

!
WRITE(6,6000)
IERR = 0
READ(5,*) M
DO 100 I=1,M

READ(5,*) (A(I,J),J=1,N)
100 CONTINUE

WRITE(6,6010) M,N
DO 110 I=1,M

WRITE(6,6020) (A(I,J),J=1,N)
110 CONTINUE

CALL D5CHMN(A,NA,M,N,IDF,CHI,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) IDF
WRITE(6,6050) CHI

!
STOP

6000 FORMAT( ’ *** D5CHMN ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’M = ’,I6,5X,’N = ’,I6,/,&
/,7X,’CONTINGENCY TABLE’,/)

6020 FORMAT( 7X,5(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’DEGREE OF FREEDOM = ’,5X,I6)
6050 FORMAT( /,7X,’CHI SQUARE VALUE = ’,D15.8)

END

(d) Output results

*** D5CHMN ***

** INPUT **

M = 3 N = 4

CONTINGENCY TABLE

34.00 50.00 24.00 12.00
22.00 65.00 115.00 24.00
12.00 41.00 68.00 20.00

** OUTPUT **

IERR = 0

DEGREE OF FREEDOM = 6

CHI SQUARE VALUE = 0.48649182D+02
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8.2.4 D5CHMD, R5CHMD

Median Test

(1) Function

The D5CHMD or R5CHMD obtains the χ2 value, which is the test quantity, by using the median test for

two independent samples.

The value for the observation values xi, (i = 1, 2, · · · , n) and yj , (j = 1, 2, · · · ,m) of two samples is defined

by the following equation.

χ2 value :

χ2 =

(n+m)

(
| a · d− b · c | −n+m

2

)2

(a+ b)(c+ d)(a+ c)(b + d)

Here, a, b, c, and d indicate the following values.

a: Among xi, number of observed values that are larger than the median value of the (n +m) observed

values

b: Among xi, number of observed values that are smaller than the median value of the (n+m) observed

values

c: Among yj , number of observed values that are larger than the median value of the (n +m) observed

values

d: Among yj , number of observed values that are smaller than the median value of the (n+m) observed

values

However, for observed values that are equal to the median value of the (n+m) observed values, frequencies

of 0.5 each are added to both the number that are larger and the number that are smaller.

The median test tests the hypothesis that the median values of two groups are equal by comparing this χ2

value with the critical value of a χ2 distribution with one degree of freedom.

(2) Usage

Double precision:

CALL D5CHMD (A, N, B, M, CHI, WK, IERR)

Single precision:

CALL R5CHMD (A, N, B, M, CHI, WK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Observed values of sample A {xi}

2 N I 1 Input Number of observed values of sample A n

3 B
{
D

R

}
M Input Observed values of sample B {yi}

4 M I 1 Input Number of observed values of sample B m

5 CHI
{
D

R

}
1 Output χ2 value

6 WK
{
D

R

}
N+M Work Work area

7 IERR I 1 Output Error indicator

(4) Restrictions

(a) N≥2

(b) M≥2

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Sample A and sample B are mutually

prime.

0.0 is set for CHI.

3000 Restriction (a), (b) was not satisfied. Processing is aborted.

(6) Notes

None

(7) Example

(a) Problem

Given the following observed values for two independent samples,

{xi} = {160, 160, 140, 190}
and

{yi} = {117, 145, 147, 120, 150, 120}
obtain the χ2 value by using the median test.

(b) Input data

Observed values {xi}, N = 4, observed values {yi} and M = 6.
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(c) Main program

PROGRAM B5CHMD
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( N = 4, M = 6 )
DIMENSION A(N),B(M),WK(N+M)

!
WRITE(6,6000)
IERR = 0
DO 100 I=1,N

READ(5,*) A(I)
100 CONTINUE

DO 110 I=1,M
READ(5,*) B(I)

110 CONTINUE
WRITE(6,6010) N,M
WRITE(6,6020) ’A’,(A(I),I=1,N)
WRITE(6,6020) ’B’,(B(I),I=1,M)
CALL D5CHMD(A,N,B,M,CHI,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) CHI

!
STOP

6000 FORMAT( ’ *** D5CHMD ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’N = ’,I6,5X,’M = ’,I6)
6020 FORMAT( /,7X,’OBSERVATIONS ’,A,/,/,&

2(6X,5(2X,F11.2),/))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’CHI SQUARE VALUE = ’,D15.8)

END

(d) Output results

*** D5CHMD ***

** INPUT **

N = 4 M = 6

OBSERVATIONS A

160.00 160.00 140.00 190.00

OBSERVATIONS B

117.00 145.00 147.00 120.00 150.00
120.00

** OUTPUT **

IERR = 0

CHI SQUARE VALUE = 0.41666667D+00
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8.3.1 D5TESG, R5TESG

Sign Test

(1) Function

The D5TESG or R5TESG performs a sign test when the observed values of two samples are individually

associated.

When (X,Y ) is assumed to be a pair of random variables and n pairs of observed values (xi, yi), (i =

1, 2, · · · , n) are given as the actual values for them, this subroutine tests the null hypothesis H0 :“Pr(X >

Y ) = Pr(X < Y ) = 0.5” against the alternative hypothesis H1: “Pr(X > Y ) > 0.5 (or < 0.5).”

The value for the n pairs of observed values (xi, yi), (i = 1, 2, · · · , n) is defined by the equations shown

below.

The following kinds of values a, b, x, and m are obtained from the observed values.

a : Number of pairs of observed values for which xi > yi.

b : Number of pairs of observed values for which xi < yi.

x = min (a, b)

m = a+ b

Probability :

• For m ≤ 25

P =
1

2m

x∑
i=0

(
m

i

)

• For m > 25

P =

∫ Z

−∞

1√
2 · π e

−x2

2 dx

Here, Z is defined as follows.

Z =
x+ 0.5− m

2
1

2

√
m

(Z obeys a standard normal distribution N(0, 1).)

(2) Usage

Double precision:

CALL D5TESG (A, N, B, IZR, ISN, P, IERR)

Single precision:

CALL R5TESG (A, N, B, IZR, ISN, P, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Observed values of sample A {xi}

2 N I 1 Input Number of observed values in each of the two

samples n

3 B
{
D

R

}
N Input Observed values of sample B {yi}

4 IZR I 1 Output Number of times the difference of the corre-

sponding observed values of samples A and B

is not zero m

5 ISN I 1 Output Smaller number of appearances of the signs of

the difference of the corresponding observed

values (number of appearances of + or −) x

6 P
{
D

R

}
1 Output Probability (one-tailed test) P

7 IERR I 1 Output Error indicator

(4) Restrictions

(a) N≥1

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Samples A and B are equal (IZR=0). ISN=0 and P=1 are set.

3000 Restriction (a) was not satisfied. Processing is aborted.

(6) Notes

(a) The number of observed values in the two samples must be equal.

(b) When this subroutine is used, the test is a one-tailed test. However, when this procedure is used

for a two-tailed test, if the significance level is α, the null hypothesis is rejected when the following

relationship holds.

P ≤ α

2

(7) Example

(a) Problem

Perform a sign test for the following set of observed values of two samples.

{(xi, yi)} = {(4, 2), (4, 3), (5, 3), (5, 3), (3, 3), (2, 3), (5, 3), (3, 3), (1, 2),
(5, 3), (5, 2), (5, 2), (4, 5), (5, 2), (5, 5), (5, 3), (5, 1)}
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(b) Input data

Set of observed values {(xi, yi)} and N=17.

(c) Main program

PROGRAM B5TESG
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( N = 17 )
DIMENSION A(N),B(N)

!
WRITE(6,6000)
IERR = 0
DO 100 I=1,N

READ(5,*) A(I),B(I)
100 CONTINUE

WRITE(6,6010) N
DO 110 I=1,N

WRITE(6,6020) I,A(I),B(I)
110 CONTINUE

CALL D5TESG(A,N,B,IZR,ISN,P,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) IZR
WRITE(6,6050) ISN
WRITE(6,6060) P

!
STOP

6000 FORMAT( ’ *** D5TESG ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’N = ’,I6,/,&
/,7X,’OBSERVATIONS’,/,&
/,11X,’NO.’,9X,’A’,12X,’B’,/,&
9X,31(’-’))

6020 FORMAT( 7X,I6,2(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’NUMBER OF PAIRS = ’,I6)
6050 FORMAT( /,7X,’NUMBER OF SIGNS = ’,I6)
6060 FORMAT( /,7X,’PROBABILITY = ’,D15.8,2X,&

’SIGNIFICANT AT 0.05 LEVEL’)
END

(d) Output results

*** D5TESG ***

** INPUT **

N = 17

OBSERVATIONS

NO. A B
-------------------------------

1 4.00 2.00
2 4.00 3.00
3 5.00 3.00
4 5.00 3.00
5 3.00 3.00
6 2.00 3.00
7 5.00 3.00
8 3.00 3.00
9 1.00 2.00

10 5.00 3.00
11 5.00 2.00
12 5.00 2.00
13 4.00 5.00
14 5.00 2.00
15 5.00 5.00
16 5.00 3.00
17 5.00 1.00

** OUTPUT **

IERR = 0

NUMBER OF PAIRS = 14

NUMBER OF SIGNS = 3

PROBABILITY = 0.28686523D-01 SIGNIFICANT AT 0.05 LEVEL

461



D5TEWL, R5TEWL
Wilcoxon Test

8.3.2 D5TEWL, R5TEWL

Wilcoxon Test

(1) Function

The D5TEWL or R5TEWL performs a Wilcoxon test when the observed values of two samples are individ-

ually associated.

When (X,Y ) is assumed to be a pair of random variables and n pairs of observed values (xi, yi), (i =

1, 2, · · · , n) are given as the actual values for them, this subroutine tests the null hypothesis H0: “Pr(X >

Y ) = Pr(X < Y ) = 0.5” against the alternative hypothesis H1: “Pr(X > Y ) > 0.5 (or < 0.5).”

The value for the n pairs of observed values (xi, yi), (i = 1, 2, · · · , n) is defined by the equations shown

below.

Difference of corresponding observed value of two samples :

di = xi − yi, (i = 1, · · · , n)

The following kinds of values m, Ri, TP , and TN are obtained from the observed values.

m : Number of di that are not zero.

Ri : For nonzero di, ranks assigned to their absolute values. The mean rank is assigned for equal ranks.

TP : Sum of ranks assigned to positive di

TN : Sum of ranks assigned to negative di

Test statistic :

T = min (TP , TN)

Expected value of T :

E[T ] =
m(m+ 1)

4

Variance of T :

V [T ] =
m(m+ 1)(2 ·m+ 1)

24

Probability :

P =

∫ Z

−∞

1√
2 · πe

− x2

2 dx

Here, Z is defined as follows.

Z =
T − E[T ]√

V [T ]

(The Z for which T has been normalized obeys a standard normal distribution N(0, 1).)
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(2) Usage

Double precision:

CALL D5TEWL (A, N, B, IZR, T, Z, P, IWK, WK, IERR)

Single precision:

CALL R5TEWL (A, N, B, IZR, T, Z, P, IWK, WK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Observed values of sample A {xi}

2 N I 1 Input Number of observed values in each of the two

samples n

3 B
{
D

R

}
N Input Observed values of sample B {yi}

4 IZR I 1 Output Number of times the difference of the corre-

sponding observed values of samples A and B

is not zero m

5 T
{
D

R

}
1 Output Test statistic T

6 Z
{
D

R

}
1 Output Value for computing the significance of T ac-

cording to a normal distribution (value for

which T has been normalized) Z

7 P
{
D

R

}
1 Output Probability (one-tailed test) P

8 IWK I 3×N Work Work area

9 WK
{
D

R

}
2×N Work Work area

10 IERR I 1 Output Error indicator

(4) Restrictions

(a) N≥2

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Samples A and B are equal (IZR=0). T=0 and P=0 are set, and the absolute

value maximum that can be represented

is set for Z.

3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) The number of observed values in the two samples must be equal.

(b) When this subroutine is used, the test is a one-tailed test. However, when this procedure is used

for a two-tailed test, if the significance level is α, the null hypothesis is rejected when the following

relationship holds.

P ≤ α

2

(7) Example

(a) Problem

Perform a Wilcoxon test for the following set of observed values of two samples.

{(xi, yi)} = {(28, 36), (96, 24), (37, 47), (34, 73), (85, 15), (56, 34), (67, 80),
(56, 82), (19, 78), (27, 41), (61, 56), (76, 32), (13, 31), (43, 41)}

(b) Input data

Set of observed values {(xi, yi)} and N=14.

(c) Main program

PROGRAM B5TEWL
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( N = 14 )
DIMENSION A(N),B(N),IWK(3*N),WK(2*N)

!
WRITE(6,6000)
IERR = 0
DO 100 I=1,N

READ(5,*) A(I),B(I)
100 CONTINUE

WRITE(6,6010) N
DO 110 I=1,N

WRITE(6,6020) I,A(I),B(I)
110 CONTINUE

CALL D5TEWL(A,N,B,IZR,T,Z,P,IWK,WK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) IZR
WRITE(6,6050) T
WRITE(6,6060) Z
WRITE(6,6070) P

!
STOP

6000 FORMAT( ’ *** D5TEWL ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’N = ’,I6,/,&
/,7X,’OBSERVATIONS’,/,&
/,11X,’NO.’,9X,’A’,12X,’B’,/,&
9X,31(’-’))

6020 FORMAT( 7X,I6,2(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’NUMBER OF PAIRS = ’,5X,I6)
6050 FORMAT( /,7X,’STATISTICAL VALUE = ’,D15.8)
6060 FORMAT( /,7X,’NORMALIZED VALUE = ’,D15.8)
6070 FORMAT( /,7X,’PROBABILITY = ’,D15.8,2X,&

’NOT SIGNIFICANT AT 0.05 LEVEL’)
END

(d) Output results

*** D5TEWL ***

** INPUT **

N = 14

OBSERVATIONS

NO. A B
-------------------------------

1 28.00 36.00
2 96.00 24.00
3 37.00 47.00
4 34.00 73.00
5 85.00 15.00
6 56.00 34.00
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7 67.00 80.00
8 56.00 82.00
9 19.00 78.00

10 27.00 41.00
11 61.00 56.00
12 76.00 32.00
13 13.00 31.00
14 43.00 41.00

** OUTPUT **

IERR = 0

NUMBER OF PAIRS = 14

STATISTICAL VALUE = 0.49000000D+02

NORMALIZED VALUE = -0.21971769D+00

PROBABILITY = 0.41304551D+00 NOT SIGNIFICANT AT 0.05 LEVEL
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8.3.3 D5TEMH, R5TEMH

Mann-Whitney’s U Test

(1) Function

The D5TEMH or R5TEMH performs Mann-Whitney’s U test for two independent samples.

Given n observed values xi, (i = 1, · · · , n) and m observed values yj, (j = 1, · · · ,m), which were in-

dependently taken from two populations
∏

1 and
∏

2 having continuous distribution functions F1(x) and

F2(x), this subroutine tests the null hypothesis H0: “F1(x) = F2(x)” against the alternative hypothesis H1:

“F1(x) > F2(x)” or H1: “F1(x) < F2(x).” The value for the n observed values xi, (i = 1, · · · , n) and m

observed values yi, (j = 1, · · · ,m) (where n ≤ m) is defined by the equations shown below.

The following kinds of values Ri and T are obtained from the observed values.

Ri: Ranks assigned to (n + m) observed values obtained by combining xi and yi. The mean rank is

assigned for equal ranks.

T : Sum of ranks assigned to xi

Test statistic :

U = min (U1, U2)

Here, U1 and U2 are defined as follows.

U1 = n ·m+
n(n+ 1)

2
− T

U2 = n ·m− U1

Expected value of U :

E[U ] =
n ·m
2

Variance of U :

• No equal ranks exist

V [U ] =
n ·m(n+m+ 1)

12
• Equal ranks exist

V [U ] =
n ·m

12(n+m)(n+m− 1)
((n+m)3 − (n+m)−

∑
S)

Here, S is defined as follows.

S =
∑

(t3 − t)

t : Number of values having equal ranks according to assigned ranks

Probability :

P =

∫ Z

−∞

1√
2 · πe

− x2

2 dx

Here, Z is defined as follows.

Z =
U − E[U ]√

V [U ]

(The Z for which U has been normalized obeys a standard normal distribution N(0, 1).)

466



D5TEMH, R5TEMH
Mann-Whitney’s U Test

(2) Usage

Double precision:

CALL D5TEMH (A, N, M, R, U, Z, P, IWK, IERR)

Single precision:

CALL R5TEMH (A, N, M, R, U, Z, P, IWK, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N+M Input Of the two independent samples, enter the ob-

served values of the one having fewer observed

values first, followed by the observed values of

the one having more observed values.

2 N I 1 Input Number of observed values in the sample having

fewer observed values n

3 M I 1 Input Number of observed values in the sample having

more observed values m

4 R
{
D

R

}
N+M Output Ranks assigned to observed values obtained by

combining the two samples {Ri}

5 U
{
D

R

}
1 Output Test statistic U

6 Z
{
D

R

}
1 Output Value for computing the significance of U ac-

cording to a normal distribution (value for

which U has been normalized) Z

7 P
{
D

R

}
1 Output Probability (one-tailed test) P

8 IWK I See

Contents

Work Work area

Size: 3×(N+M)

9 IERR I 1 Output Error indicator

(4) Restrictions

(a) N≥1

(b) M≥20

(c) N≤M
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Any of restriction (a) to (c) were not

satisfied.

Processing is aborted.

(6) Notes

(a) When this subroutine is used, the test is a one-tailed test. However, when this procedure is used

for a two-tailed test, if the significance level is α, the null hypothesis is rejected when the following

relationship holds.

P ≤ α

2

(7) Example

(a) Problem

Perform Mann-Whitney’s U test for the two independent samples given by the following observed

values.

{xi} = {13, 12, 12, 10, 10, 10, 10, 9, 8, 8, 7, 7, 7, 7, 7, 6}
and

{yi} = {17, 16, 15, 15, 15, 14, 14, 14, 13, 13, 13, 12, 12, 12, 12, 11, 11, 10, 10, 10, 8, 8, 6}
(b) Input data

Observed values {xi}, N=16, observed values {yi} and M=23.

(c) Main program

PROGRAM B5TEMH
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( N = 16, M = 23 )
DIMENSION A(N+M),R(N+M),IWK(3*(N+M))

!
WRITE(6,6000)
IERR = 0
DO 100 I=1,N+M

READ(5,*) A(I)
100 CONTINUE

WRITE(6,6010) N,M
WRITE(6,6020) ’A’,(A(I),I=1,N)
WRITE(6,6020) ’B’,(A(N+I),I=1,M)
CALL D5TEMH(A,N,M,R,U,Z,P,IWK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040) U
WRITE(6,6050) Z
WRITE(6,6060) P

!
STOP

6000 FORMAT( ’ *** D5TEMH ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’N = ’,I6,5X,’M = ’,I6)
6020 FORMAT( /,7X,’OBSERVATIONS ’,A,/,/,&

5(6X,5(2X,F11.2),/))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’U-VALUE = ’,D15.8)
6050 FORMAT( /,7X,’NORMALIZED VALUE = ’,D15.8)
6060 FORMAT( /,7X,’PROBABILITY = ’,D15.8,2X,&

’SIGNIFICANT AT 0.05 LEVEL’)
END

(d) Output results

*** D5TEMH ***

** INPUT **

N = 16 M = 23

468



D5TEMH, R5TEMH
Mann-Whitney’s U Test

OBSERVATIONS A

13.00 12.00 12.00 10.00 10.00
10.00 10.00 9.00 8.00 8.00
7.00 7.00 7.00 7.00 7.00
6.00

OBSERVATIONS B

17.00 16.00 15.00 15.00 15.00
14.00 14.00 14.00 13.00 13.00
13.00 12.00 12.00 12.00 12.00
11.00 11.00 10.00 10.00 10.00
8.00 8.00 6.00

** OUTPUT **

IERR = 0

U-VALUE = 0.64000000D+02

NORMALIZED VALUE = -0.34509547D+01

PROBABILITY = 0.27930370D-03 SIGNIFICANT AT 0.05 LEVEL
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8.3.4 D5TESP, R5TESP

Spearman’s Rank Correlation Test

(1) Function

The D5TESP or R5TESP obtains Spearman’s rank correlation coefficient and tests the correlation between

two samples.

When (X,Y ) is assumed to be a pair of random variables and n pairs of observed values (xi, yi), (i = 1, · · · , n)
are given as the actual values for them, this subroutine tests the null hypothesis H0: “X and Y are

independent” against the alternative hypothesis H1: “There is a positive correlation between X and Y ” or

H1: “There is a negative correlation between X and Y .”

The value for the n pairs of observed values (xi, yi), (i = 1, · · · , n) is defined by the equations shown below.

First, the two samples are ranked individually and represented by ai and bi, respectively. The mean rank is

assigned for equal ranks.

Spearman’s rank correlation coefficient :

• No equal ranks exist

rs = 1−
6

n∑
i=1

(ai − bi)
2

n3 − n

• Equal ranks exist

rs =

(n3 − n− S1) + (n3 − n− S2)− 12

n∑
i=1

(ai − bi)
2

2
√
(n3 − n− S1)(n3 − n− S2)

Here, S1, which is the correction factor of the first sample, and S2, which is the correction factor of

the second sample, are defined as follows.

S1 =
∑

(t1
3 − t1)

S2 =
∑

(t2
3 − t2)

t : Number of values having equal ranks according to assigned ranks

Test statistic :

T = rs

√
n− 2

1− rs2

(The T obeys a t distribution with n− 2 degrees of freedom.)

(2) Usage

Double precision:

CALL D5TESP (A, N, B, IDF, R1, R2, RS, T, IWK, IERR)

Single precision:

CALL R5TESP (A, N, B, IDF, R1, R2, RS, T, IWK, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
N Input Observed values of sample A {xi}

2 N I 1 Input Number of observed values in each of the two

samples n

3 B
{
D

R

}
N Input Observed values of sample B {yi}

4 IDF I 1 Output Degrees of freedom

5 R1
{
D

R

}
N Output Ranks assigned to observed values of sample A

{ai}

6 R2
{
D

R

}
N Output Ranks assigned to observed values of sample B

{bi}

7 RS
{
D

R

}
1 Output Spearman’s rank correlation coefficient rs

8 T
{
D

R

}
1 Output Value for computing the significance of RS ac-

cording to a t distribution T

9 IWK I 3×N Work Work area

10 IERR I 1 Output Error indicator

(4) Restrictions

(a) N≥10

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

4000 RS was -1 or 1.
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(6) Notes

(a) The number of observed values in the two samples must be equal.

(b) The rankings R1 and R2 correspond to the samples A and B, respectively.

(c) When this subroutine is used, the test is a one-tailed test. However, when this procedure is used for a

two-tailed test, if the number of degrees of freedom is n and the significance level is α, he null hypothesis

is rejected when the either of the following relationships holds, based on the value of t0

(
n,

α

2

)
:

t ≥ t0

(
n,

α

2

)
or

t ≤ −t0

(
n,

α

2

)
(7) Example

(a) Problem

Obtain Spearman’s rank correlation coefficient and test the correlation between the two samples for

the following set of observed values of two samples.

{(xi, yi)} = {(93, 53), (98, 46), (76, 28), (28, 25), (103, 65), (99, 80), (98, 73),
(71, 44), (74, 51), (116, 82), (97, 54)}

(b) Input data

Set of observed values {(xi, yi)} and N=11.

(c) Main program

PROGRAM B5TESP
!

IMPLICIT REAL(8)(A-H,O-Z)
PARAMETER( N = 11 )
DIMENSION A(N),B(N),R1(N),R2(N),IWK(3*N)

!
WRITE(6,6000)
IERR = 0
DO 100 I=1,N

READ(5,*) A(I),B(I)
100 CONTINUE

WRITE(6,6010) N
DO 110 I=1,N

WRITE(6,6020) I,A(I),B(I)
110 CONTINUE

CALL D5TESP(A,N,B,IDF,R1,R2,RS,T,IWK,IERR)
WRITE(6,6030) IERR
WRITE(6,6040)
DO 120 I=1,N

WRITE(6,6020) I,R1(I),R2(I)
120 CONTINUE

WRITE(6,6050) IDF
WRITE(6,6060) RS
WRITE(6,6070) T

!
STOP

6000 FORMAT( ’ *** D5TESP ***’,/,&
/,3X,’** INPUT **’)

6010 FORMAT( /,7X,’N = ’,I6,/,&
/,7X,’OBSERVATIONS’,/,&
/,11X,’NO.’,9X,’A’,12X,’B’,/,&
9X,31(’-’))

6020 FORMAT( 7X,I6,2(2X,F11.2))
6030 FORMAT( /,3X,’** OUTPUT **’,/,&

/,7X,’IERR = ’,I6)
6040 FORMAT( /,7X,’TIED RANKED’,/,&

/,11X,’NO.’,9X,’A’,12X,’B’,/,&
9X,31(’-’))

6050 FORMAT( /,7X,’DEGREE OF FREEDOM’,21X,’= ’,5X,I6)
6060 FORMAT( /,7X,’SPEARMAN RANK CORRELATION COEFFICIENT = ’,D15.8)
6070 FORMAT( /,7X,’STATISTICAL VALUE = ’,D15.8,2X,&

’SIGNIFICANT AT 0.05 LEVEL’)
END
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(d) Output results

*** D5TESP ***

** INPUT **

N = 11

OBSERVATIONS

NO. A B
-------------------------------

1 93.00 53.00
2 98.00 46.00
3 76.00 28.00
4 28.00 25.00
5 103.00 65.00
6 99.00 80.00
7 98.00 73.00
8 71.00 44.00
9 74.00 51.00

10 116.00 82.00
11 97.00 54.00

** OUTPUT **

IERR = 0

TIED RANKED

NO. A B
-------------------------------

1 5.00 6.00
2 7.50 4.00
3 4.00 2.00
4 1.00 1.00
5 10.00 8.00
6 9.00 10.00
7 7.50 9.00
8 2.00 3.00
9 3.00 5.00

10 11.00 11.00
11 6.00 7.00

DEGREE OF FREEDOM = 9

SPEARMAN RANK CORRELATION COEFFICIENT = 0.86105007D+00

STATISTICAL VALUE = 0.50797398D+01 SIGNIFICANT AT 0.05 LEVEL
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Chapter 9

MULTIVARIATE ANALYSIS

9.1 INTRODUCTION

When several sets of various individuals are observed, an analysis of that data is called multivariate analysis.

This library provides the following functions for performing a multivariate analysis.

• Principal Component Analysis

• Factor Analysis

• Canonical Correlation Analysis

• Discriminant Analysis

• Cluster Analysis
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Explanation

9.1.1 Explanation

(1) Principal Component Analysis

The objective of a principal component analysis is to explain numerous variates according to a small number

of variates. Let the mean vector and variance-covariance matrix of the probability vector x = [x1, · · · , xn]
T

be represented by μ and Σ, respectively. Consider the following linear combination of x according to the

vector c.

y = cT (x− μ), cT c = 1

The n variates yi = ci
T (x− μ) that satisfy the following conditions :

• y1 maximizes the variance of y in relation to c.

• When y1, · · · , yk are defined for k < n, yk+1 = ck+1
T (x− μ) maximizes the variance of y in relation

to c based on Cov(y, yi) = 0, i = 1, · · · , k.
are called the ith principal components of x, and the ci are called the principal component vectors. The ci

also constitute the orthonormal eigenvectors of Σ. That is, if the eigenvalues of Σ are given by λ1 ≤ · · · ≤ λn,

the corresponding orthonormal eigenvector is C = [c1, · · · , cn]. The contribution ratio of the ith principal

component, which is defined as follows:

λi∑n
i=1 λi

represents the proportion of the total variation of the variance of yi. Also, the cumulative contribution ratio

up to the kth principal component is given as follows.

∑k
i=1 λi∑n
i=1 λi

The principal component score vector of individual j is defined as follows.

yj = CT (xj − μ)

Generally, since μ and Σ are unknown, the sample mean vector and sample variance-covariance matrix

are used as estimates instead. Also, since the principal components are not invariant based on a scaling

transformation, in practice, the principal component analysis is performed for a standardized variate in

place of x.

(2) Factor Analysis

The objective of a factor analysis is to explain the correlation relationships among several variables according

to “factors” (which are fewer in number than the number of variables). Let the observed values of m variates

xi (i = 1, 2, · · · ,m) consisting of n observed values be represented by xi,j (i = 1, 2, · · · ,m; j = 1, 2, · · · , n),
and let the mean and variance of each variate be represented by xi and σ2

i , respectively. Let the vector

zj = [z1,j, z2,j, · · · , zm,j]
T consist of the standardized variables zi,j that correspond to each variate, where

the zi,j are defined as follows:

zi,j =
xi,j − xi

σi

Assume that the vector zj has the following kind of structure.

zj = Ff j + uj
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Here, F = (ai,k) (i = 1, 2, · · · ,m; k = 1, 2, · · · , l) f j = [f1,j, f2,j , · · · , fl,j ]T , and uj = [u1,j , u2,j, · · · , ul,j]
T

represent the following values, respectively:

• ai,k: Factor loading (unknown constant) related to the kth factor of the ith variable

• fk,j : kth common factor score of jth observed value

• uk,j : Characteristic factor score related to the kth variable of the jth observed value

At this time, the correlation coefficient matrix between the standardized variables R can be decomposed as

follows.

R = FFT +D = R∗ +D

Here, D is a diagonal matrix whose ith principal diagonal term element is called the specificity related to the

ith variable. The ith principal diagonal term element of R∗ is called the communality of the ith variable.

Let the eigenvalues of R∗ be λi, and let the corresponding eigenvectors be W = [w1, · · · ,wm] = (wi,j). To

form an l factor model, represent the factor matrix F as follows.

F = [
√

λ1w1, · · · ,
√
λlwl]

The factor scores H = [f1,f2, · · · ,fn]
T are obtained by solving the following equations.

H = ZW

(FTF )W = F

Here, Z = [z1, z2, · · · , zn]
T . Generally, the factor matrix does not take a suitable form for interpreting

the actual contents of each factor. Therefore, a method is considered of applying a suitable orthogonal

rotation (factor orthogonal rotation) to the factor matrix to make the results easier to interpret. When

performing an orthogonal rotation of the factor matrix, you need to determine the kind of factor structure

to aim for when performing the rotation. A representative example of an orthogonal rotation criterion is

the varimax criterion. With the varimax method, the factor matrix is orthogonally rotated so that

the sum for all factors of the squared variance of the factor loading of each factor (varimax criterion) is

maximized. The procedure is as follows.

1© Obtain the communality before rotation.

h2
i =

k∑
j=1

a2ij

(i = 1, 2, · · · ,m; (Number of variates), j = 1, 2, · · · , k; (Number of factors))

A = (aij); Factor loading matrix

2© Normalize the factor loading matrix.

bij = aij/
√
h2
i (i = 1, 2, · · · ,m; j = 1, 2, · · · , k)

3© Perform an orthogonal rotation that maximizes the variance of the factor loading matrix, which is

shown below.

Vc =

k∑
j=1

m
m∑
i=1

(b2ij)
2 − (

m∑
i=1

b2ij)
2

m2
(c = 1, 2, · · · , r(Maximum number of iterations))
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Let the transformation matrix Tjj′ for the pair (j, j′) among k factors be as follows.

j− th column j′ − th column

Tjj′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
...

...
. . .

...
... 0

1
...

...

· · · · · · · · · cos θ · · · · · · · · · − sin θ · · · · · · · · ·
... 1

...
...

. . .
...

... 1
...

· · · · · · · · · sin θ · · · · · · · · · cos θ · · · · · · · · ·
...

... 1

0
...

...
. . .

...
... 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

j− th row

j′ − th row

At this time, let ui, vi, p, q, r and s be defined as follows.

ui = aij/hi, vi = aij′/hi

p =

m∑
i=1

(u2
i − v2i )

q = 2

m∑
i=1

uivi

r =

m∑
i=1

{(u2
i − v2i )

2 − 4u2
i v

2
i }

s = 4

m∑
i=1

uivi(u
2
i − v2i )

Then, θ is given by the following equation.

θ =
1

4
tan−1

s− pq

m

r − p2 − q2

m

(−π

4
≤ θ ≤ π

4
)

The rotation for the combination of all factors is given as follows:

AT1,2T1,3 · · ·T1,kT2,3 · · ·T2,k · · ·Tk−1,k

and Vc is calculated at this time. This value is compared with Vc−1 of the previous time, and the

calculation ends if the following condition is satisfied.

|Vc − Vc−1| ≤ ε

If this condition is not satisfied, rotation is repeated. Here, ε is 10−7 for single precision and 10−12 for

double precision. Also c denotes number of rotation iterations.
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4© When the final Vc is calculated, the difference of the communality for the factor matrix after rotation,

which is denoted by fi as follows :

fi =

k∑
j=1

a2ij (i = 1, 2, · · · ,m)

and the communality before rotation is calculated as follows.

di = h2
i − fi

(3) Canonical Correlation Analysis

When observed values xi,j (i = 1, 2, · · · , n; j = 1, 2, · · · , l +m) for l +m variables xj (j = 1, 2, · · · , l +m)

concerning n subjects are given, a canonical correlation analysis is a method in which these l+m variables

are divided into two groups according to some criteria, and the relationships between these two groups are

analyzed according to the canonical correlation coefficients. Let the mean and variance of the observed values

for each variable be represented by xj and σ2
j , respectively. The standardized results ui,j corresponding to

each variable are defined as follows.

ui,j =
xi,j − xj

σj

Now, assume that the (standardized) observed values are divided into the following two groups.

First group: ui,j(i = 1, 2, · · · , n; j = 1, 2, · · · , l)
Second group: ui,j(i = 1, 2, · · · , n; j = l + 1, 2, · · · , l +m)

At this time, consider the composite variables z and w determined as follows by the values.

zi =
∑l

j=1 piui,j

wi =
∑l+m

j=l+1 qiui,j

The coefficients pi and qi are determined so that the values of the variances σ2
z and σ2

w of the composite

variables z and w, respectively, are 1. At this time, the composite variables z and w are called canonical

variates, and the correlation coefficients ρzw of z and w are called the canonical correlation coefficients.

Since σ2
z = σ2

w = 1, the following relationship holds.

ρzw = σzw =
n∑

i=1

ziwi

n

Here, σzw is the covariance of the composite variables z and w. A canonical correlation analysis determines

the coefficients p = {pi} and q = {qi} so that the values of the canonical correlation coefficients are

maximized and views the strength of the relationship between the two groups that were divided according

to the canonical correlation coefficients at that time. Now, let the correlation coefficient matrix of the first

group be S (size: l × l), the correlation coefficient matrix of the second group be T (size: m×m), and the

correlation coefficient matrix of the first and second groups be R (size: l×m). For indeterminate constants

λ and μ the following equations are obtained by using Lagrange’s method of indeterminate coefficients.

Rq = λSp

RTp = μTq

Now, from the following relationships:

σ2
z = pTSp = 1

σ2
w = qTTq = 1
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we find that:

λ = μ = ρzw

S−1RT−1RTp = λ2p

q = λ−1T−1RTp

and λ, that is ρzw, is obtained from the maximum eigenvalues of the matrix S−1RT−1RT . Now, p and q

should be determined so that the following relationships are satisfied among the corresponding eigenvectors.

pTSp = 1

qTTq = 1

The number of nonzero canonical correlation coefficients is said to be the number of dimensions of a canonical

variate. The number of dimensions can be determined by sequentially performing hypothesis tests that test

the following null hypothesis:

Hk : λk+1 = · · · = λl = 0

against the following alternative hypothesis:

Kk : Hk is not true

That is, if H0, · · · , Hk−1 are rejected and Hk is adopted, the number of dimensions is assumed to be k. The

test is performed by using the following fact. If Wilks’ Λ, which is defined by the following equation, is

used:

Λk =

l∏
i=k+1

(1− λi
2)

based on hypothesis Hk, the following χ2
k values:

χ2
k = −{n− 0.5(l +m+ 1)} loge Λk

asymptotically obey a χ2 distribution with (l − k)(m− k) degrees of freedom.

(4) Discriminant Analysis

A discriminant analysis deals with the problem of discriminating the population to which a certain individual

belongs among the k populations π1, · · · , πk based on observed values for that individual. A prerequisite

of this problem is that the individual for which the population is to be discriminated belongs to some

population among π1, · · · , πk. When the various populations are normal populations of order p represented

by N(ν1,Σ), · · · , N(νk,Σ), the following kind of linear function (linear discriminant function):

y(i)(x) = νi
TΣ−1x− 1

2
νi

TΣ−1νi

can be used to discriminate:

max
j

yj(x) = yjm(x) ⇒ x ∈ πjm

When the parameters are unknown, these estimates can be used for discrimination.
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(5) Cluster Analysis

From a statistical data analysis viewpoint, classification means to provide a scale for representing the

similarities and differences seen among the classification subjects and dividing those subjects into several

groups (clusters) according to that scale. With this meaning, classification can be called a clustering

method or cluster generation method. Cluster analysis uses an (individual)× (variate) multivariate

characteristic value data matrix for the data handled as the classification subjects. At this time, both the

individuals and the variates are treated as classification subjects. In either case, the cluster generation

process requires a measure for representing the similarities or differences of the classification subjects. This

measure is called the similarity measure or dissimilarity measure. If individuals or variates having

n characteristics are to be used as classification subjects when the (individual)× (variate) multivariate

characteristic value data matrix (aik) or (aki) (i = 1, 2, · · · , n; k = 1, 2, · · · , p) is given, the following measures,

for example, can be used as the dissimilarity measure dij (i, j = 1, 2, · · · , n).

• Euclidean quadratic distance

dij =

p∑
k=1

(aik − ajk)
2 (i, j = 1, · · · , n)

• Standardized Euclidean quadratic distance

dij =

p∑
k=1

(aik − ajk)
2

s2k
(i, j = 1, · · · , n)

Here, s2k, which is the variance of the variate, is defined by the following equation.

s2k =
1

n− 1

n∑
l=1

(alk − āk)
2(āk =

1

n

n∑
l=1

alk)

This is the same as obtaining the Euclidean quadratic distance when the variance of each variate is

standardized to 1.

• Generalized distance of Mahalanobis

dij =

p∑
k=1

p∑
m=1

(aik − ajk)vkm(aim − ajm) (i, j = 1, · · · , n)

Here, vkm is the (k,m) element of the inverse matrix of the variance-covariance matrix of the individuals

and variates.

• Minkowski distance

dij = {
p∑

k=1

| aik − ajk |r}1/r (r ≥ 1.0; i, j = 1, · · · , n)

Also, to perform the classification, a measure must be defined for use when individuals or variates are merged

as a cluster. When a new cluster t is created by merging cluster p and cluster q, the following measures

are used as the dissimilarity measure dtr between cluster t and a separate arbitrary cluster r. Here, np

represents the number of subjects contained in cluster p.

• Nearest neighbor method

dtr = min(dpr, dqr)

• Furtherest neighbor method

dtr = max(dpr, dqr)
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• Group mean method

dtr = (npdpr + nqdqr)/(np + nq)

• Center of gravity method

dtr =
np

np + nq
dpr +

nq

np + nq
dqr − npnq

(np + nq)2
dpq

• Median method

dtr =
1

2
dpr +

1

2
dqr − 1

4
dpq

• Ward’s method

dtr =
np + nr

nt + nr
dpr +

nq + nr

nt + nr
dqr − nr

nt + nr
dpq

• Variable method

dtr =
1− β

2
dpr +

1− β

2
dqr + βdpq (−1

4
≤ β ≤ 0)

The center of gravity method, median method, and Ward’s method assume that the dissimilarity measure

is given by the (standardized) Euclidean quadratic distance.

9.1.2 Reference Bibliography

(1) Anderson, T. W. , “An Introduction to Multivariate Statistical Analysis”, John Wiley & Sons, New York

(1958)
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9.2 PRINCIPAL COMPONENT ANALYSIS

9.2.1 D6CPCC, R6CPCC

Principal Component Cumulative Contribution Ratio

(1) Function

Let the mean vector and variance-covariance matrix of the probability vector x = [x1, · · · , xm]T consisting

of m variates be represented by μ and Σ, respectively. If the eigenvalues of Σ are given by λ1 ≤ · · · ≤ λm,

and the corresponding orthonormal eigenvector is given by C = [c1, · · · , cm], the contribution ratio of the

ith principal component, which is defined as follows:

λi
m∑
i=1

λi

represents the proportion of the total variation of the variance of yi. Also, the cumulative contribution ratio

up to the kth principal component is given as follows.

ck =

k∑
i=1

λi

m∑
i=1

λi

When the eigenvalues λ1 ≤ · · · ≤ λm are given, and the given criterion value is represented by s, the D6CPCC

or R6CPCC obtains the minimum k = km value and the cumulative contribution ratio ck (k = 1, 2, · · · , km)

that satisfies the following relationship.

ck ≥ s

(2) Usage

Double precision:

CALL D6CPCC (A, M, CONS, CP, NUM, IERR)

Single precision:

CALL R6CPCC (A, M, CONS, CP, NUM, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
M Input Eigenvalues λi (See Note (a))

2 M I 1 Input Number of variates m

3 CONS I 1 Input Criterion value s

4 CP
{
D

R

}
M Output Cumulative contribution ratio ck values ck (i =

1, 2, · · · , km)

5 NUM I 1 Output km value

6 IERR I 1 Output Error indicator

(4) Restrictions

(a) M ≥ 1

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

(6) Notes

(a) The eigenvalues must be arranged in ascending order.
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D6CPSC, R6CPSC
Principal Component Scores

9.2.2 D6CPSC, R6CPSC

Principal Component Scores

(1) Function

Let the mean vector and variance-covariance matrix of the probability vector x = [x1, · · · , xm]T consisting

of m variates be represented by μ and Σ, respectively. If the eigenvalues of Σ are given by λ1 ≤ · · · ≤ λm,

and the corresponding orthonormal eigenvector is given by C = [c1, · · · , cm], the principal component score

vector of individual j is defined as follows.

yl = CT (xj − μ) (j, l = 1, 2, · · · ,m)

Given n observed values form variates xij (i = 1, 2, · · · , n; j = 1, 2, · · · ,m) and the mean μj (j = 1, 2, · · · ,m)

of each variate and orthonormal eigenvectors of the variance-covariancematrix cj = (cjl) (j = 1, 2, · · · ,m; l =

1, 2, · · · ,m), the D6CPSC or R6CPSC obtains the principal component scores of each individual. Here,

k(k ≤ m) represents the number of principal components to be obtained. Also, the scores are obtained for

standardized variates as follows, where σj is the standard deviation of each variate.

yil =
m∑
j=1

cjl(xij − μj)

σj
(i = 1, 2, · · · ,m; l = 1, 2, · · · , k)

(2) Usage

Double precision:

CALL D6CPSC (A, MA, M, N, NUM, X1, SD, EV, MEV, Z, IERR)

Single precision:

CALL R6CPSC (A, MA, M, N, NUM, X1, SD, EV, MEV, Z, IERR)

484



D6CPSC, R6CPSC
Principal Component Scores

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
MA,M Input Observation data matrix (xij) (See Note (a))

2 MA I 1 Input Adjustable dimension of array A

3 M I 1 Input Number of variates m

4 N I 1 Input Number of observed values n

5 NUM I 1 Input Number of principal components k

6 X1
{
D

R

}
M Input Mean of each variate μj

7 SD
{
D

R

}
M Input Standard deviation of each variate σj

8 EV
{
D

R

}
MEV,M Input Matrix composed of eigenvectors (cjl) (See Note

(a))

9 MEV I 1 Input Adjustable dimension of array EV

10 Z
{
D

R

}
MA,NUM Output Matrix composed of principal component scores

(yil) (See Note (a))

11 IERR I 1 Output Error indicator

(4) Restrictions

(a) 2 ≤ N ≤ MA

(b) 1 ≤ M ≤ MEV

(c) NUM ≥ 1

(d) SD(i) ≥ Unit for determining error(i = 1, · · · ,M)

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a) The matrices (xij) and (cjl) are stored in arrays A and EV, respectively, as real matrices (two-

dimensional array type). The matrix (yil) is stored in array Z as a real matrix (two-dimensional

array type). For the method of the matrix data storage, see Appendix A.
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(7) Example

(a) Problem

Obtain the eigenvalues and eigenvectors based on the correlation coefficient matrix, and then obtain

the cumulative contribution ration of the eigenvalues and the principal component scores.

(b) Input data

Observation data matrix stored in array A:⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

90.0 91.0 98.0 90.0

92.0 97.0 94.0 92.0

94.0 93.0 90.0 97.0

97.0 94.0 95.0 95.0

99.0 105.0 94.0 106.0

102.0 103.0 103.0 107.0

104.0 95.0 110.0 110.0

105.0 106.0 107.0 104.0

108.0 109.0 105.0 100.0

109.0 107.0 104.0 99.0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Correlation coefficient matrix stored in array R:⎡
⎢⎢⎢⎣

1.0000 0.8000 0.7650 0.6400

0.8000 1.0000 0.4500 0.4575

0.7650 0.4500 1.0000 0.5800

0.6400 0.4575 0.5800 1.0000

⎤
⎥⎥⎥⎦

X1(1) = 100.0,

X1(2) = 100.0,

X1(3) = 100.0,

X1(4) = 100.0,

SD(1) = 6.6667,

SD(2) = 6.6667,

SD(3) = 6.6667,

SD(4) = 6.6667,

MA = 10,MEV = 4,M = 4, N = 10 and CONS = 0.80.

(c) Main program

PROGRAM B6CPSC
! *** EXAMPLE OF D6CPCC,D6CPSC ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER(MEV=4,MA=10,M=4,N=10,CONS=0.8D0)
DIMENSION A(MA,M),X1(M),SD(M),R(M,M),EV(MEV,M),E(M),Z(MA,M),&

W1(M),CP(M)
!

READ(5,*) ((A(I,J),I=1,N),J=1,M)
READ(5,*) ((R(I,J),I=1,M),J=1,M)
READ(5,*) (X1(I),I=1,M)
READ(5,*) (SD(I),I=1,M)
WRITE(6,2000) MA,MEV,M,N,CONS
DO 10 I=1,N
WRITE(6,2010) (A(I,J),J=1,M)

10 CONTINUE
WRITE(6,2060)
WRITE(6,2010) (X1(I),I=1,M)
WRITE(6,2070)
WRITE(6,2010) (SD(I),I=1,M)
DO 20 J=1,M
DO 30 I=1,M

EV(I,J)=R(I,J)
30 CONTINUE
20 CONTINUE

CALL DCSMAA(EV,MEV,M,E,W1,IERR)
WRITE(6,2020) (E(I),I=1,M)
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WRITE(6,2030)
DO 40 I=1,M

WRITE(6,2010) (EV(I,J),J=1,M)
40 CONTINUE

!
CALL D6CPCC(E,M,CONS,CP,NUM,IERR)
WRITE(6,3000) IERR
WRITE(6,3020) NUM,(CP(I),I=1,NUM)
CALL D6CPSC(A,MA,M,N,NUM,X1,SD,EV,MEV,Z,IERR)
WRITE(6,3010) IERR
WRITE(6,3030)
DO 50 I=1,N

WRITE(6,2010) (Z(I,J),J=1,NUM)
50 CONTINUE

!
STOP

!
2000 FORMAT(’ ’,/,/,’ ** INPUT **’,&

/,/,10X,’MA =’,I4,6X,’MEV =’,I4,7X,’ M =’,I4,7X,&
/,10X,’N =’,I4,6X,’CONS =’,F7.2,&

/,/,7X,’*DATA*’)
2010 FORMAT(9X,4F10.4)
2020 FORMAT(’ ’,/,/,6X,’*EIGENVALUES*’,/,9X,(7F10.4))
2030 FORMAT(’ ’,/,/,6X,’*EIGENVECTORS*’)
2060 FORMAT(’ ’,/,/,6X,’*MEAN OF VARIABLES (X1) *’)
2070 FORMAT(’ ’,/,/,6X,’*STANDARD DEVIATION (SD) *’)
3000 FORMAT(’ ’,/,/,’ ** OUTPUT(D/R6CPCC) **’,/,/,’ IERR = ’,I4)
3010 FORMAT(’ ’,/,/,’ ** OUTPUT(D/R6CPSC) **’,/,/,’ IERR = ’,I4)
3020 FORMAT(’ ’,/,/,6X,’NUM =’,I4,/,/,6X,’*CUMULATIVE RATIO (CP) *’,&

/,(7F18.4))
3030 FORMAT(’ ’,/,/,6X,’*PRINCIPAL COMPONENT SCORE (Z) *’)

END

(d) Output results

** INPUT **

MA = 10 MEV = 4 M = 4
N = 10 CONS = 0.80

*DATA*
90.0000 91.0000 98.0000 90.0000
92.0000 97.0000 94.0000 92.0000
94.0000 93.0000 90.0000 97.0000
97.0000 94.0000 95.0000 95.0000
99.0000 105.0000 94.0000 106.0000

102.0000 103.0000 103.0000 107.0000
104.0000 95.0000 110.0000 110.0000
105.0000 106.0000 107.0000 104.0000
108.0000 109.0000 105.0000 100.0000
109.0000 107.0000 104.0000 99.0000

*MEAN OF VARIABLES (X1) *
100.0000 100.0000 100.0000 100.0000

*STANDARD DEVIATION (SD) *
6.6667 6.6667 6.6667 6.6667

*EIGENVALUES*
0.0923 0.4352 0.6096 2.8630

*EIGENVECTORS*
0.7911 0.1574 -0.1748 0.5647
-0.4676 -0.1613 -0.7279 0.4748
-0.3872 0.6555 0.4236 0.4908
-0.0747 -0.7208 0.5101 0.4634

** OUTPUT(D/R6CPCC) **

IERR = 0

NUM = 2

*CUMULATIVE RATIO (CP) *
0.7157 0.8681

** OUTPUT(D/R6CPSC) **

IERR = 0

*PRINCIPAL COMPONENT SCORE (Z) *
-2.3304 0.3526
-1.8891 -0.4561
-1.9516 0.0566
-1.3971 0.0334
0.2467 -0.4419
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1.0905 0.3462
1.4140 1.8416
1.6443 -0.0353
1.6868 -0.8746
1.4859 -0.8225
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9.3 FACTOR ANALYSIS

9.3.1 D6FALD, R6FALD

Factor Loading Matrix

(1) Function

The D6FALD or R6FALD obtains the factor loading matrix and communality (contribution ratio of principal

components) based on the eigenvalues and eigenvectors.

Factor loading matrix (aij) :

aij =
√
λjvij(i = 1, 2, · · · ,m (Number of variates); j = 1, 2, · · · , k (Number of factors); k ≤ m)

Here, λj (λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0) is eigenvalues and vij is the ith component of the eigenvector for

eigenvalue λj .

Communality

h2
i =

k∑
j=1

a2ij

(2) Usage

Double precision:

CALL D6FALD (E, M, EV, LME, NUM, FM, LMF, OC, IERR)

Single precision:

CALL R6FALD (E, M, EV, LME, NUM, FM, LMF, OC, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 E
{
D

R

}
M Input Eigenvalues λj (See Notes (a) and (b))

2 M I 1 Input Number of eigenvalues m

3 EV
{
D

R

}
LME,M Input Matrix composed of eigenvectors corresponding

to each eigenvalue (vij) (See Note (a))

4 LME I 1 Input Adjustable dimension of array EV

5 NUM I 1 Input Number of factors k

6 FM
{
D

R

}
LMF,NUM Output Factor loading matrix (aij)

7 LMF I 1 Input Adjustable dimension of array FM
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No. Argument Type Size
Input/

Output
Contents

8 OC
{
D

R

}
M Output Initial communality (contribution ratio for vari-

ates) h2
i

9 IERR I 1 Output Error indicator

(4) Restrictions

(a) 1≤NUM≤M≤LME, LMF

(b) E(i)(i=1, · · · M) must be arranged in ascending order.

(c) E(M−NUM+1)≥0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

(6) Notes

(a) The eigenvalues must be arranged in ascending order. Also, the eigenvectors must be arranged corre-

sponding to the eigenvalues. Matrix composed of eigenvectors (vij) and factor loading matrix (aij) are

stored in arrays EV and FM as real matrices (two-dimensional array type) (See Appendix A).

(b) The largest NUM eigenvalues and corresponding eigenvectors are used for the calculation.
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9.3.2 D6FAVR, R6FAVR

Rotation According to the Varimax Criterion

(1) Function

The D6FAVR or R6FAVR performs orthogonal rotations of the factor loading matrix according to the

varimax criterion

Also obtain the following values.

Communality

h2
i =

k∑
j=1

a2ij (i = 1, 2, · · · ,m (Number of variates); j = 1, 2, · · · , k (Number of factors))

Here, A = (aij) is the factor loading matrix.

Variance of factor loading matrix

Vc =

k∑
j=1

m

m∑
i=1

(b2ij)
2 − (

m∑
i=1

b2ij)
2

m2
(c = 1, 2, · · · , r(Maximum number of orthogonal rotations))

Here, bij is defined as follows.

bij = aij/
√
h2
i (i = 1, 2, · · · ,m; j = 1, 2, · · · , k)

(2) Usage

Double precision:

CALL D6FAVR (FM, LMF, M, NUM, IC, COM, LMC, V, IERR)

Single precision:

CALL R6FAVR (FM, LMF, M, NUM, IC, COM, LMC, V, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 FM
{
D

R

}
LMF,NUM Input Factor loading matrix before rotations (See

Note (a))

Output Factor loading matrix after final rotation

2 LMF I 1 Input Adjustable dimension of array FM

3 M I 1 Input Number of variates m

4 NUM I 1 Input Number of factors k

5 IC I 1 Input Maximum number of orthogonal rotations (See

Note (b))

Output Actual number of orthogonal rotations

6 COM
{
D

R

}
LMC, 3 Output COM(i, 1):Communality before rotations

COM(i, 2):Communality after final rotation

COM(i, 3):

(Communality before rotations)

− (Communality after final rotation)

(i = 1, · · · ,M)

7 LMC I 1 Input Adjustable dimension of array COM

8 V
{
D

R

}
0:IC Output Variance of factor matrix for each rotation

V(0): Variance before rotations

V(i): Variance after i-th rotation

(i=1, · · ·, IC)
9 IERR I 1 Output Error indicator

(4) Restrictions

(a) 1≤NUM≤M≤LMF, LMC

(b) IC ≥ 1

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

5000 The solution did not converge even

though the assigned maximum number of

orthogonal rotations was reached.

The factor loading matrix, communality,

and variance at that time are returned.
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(6) Notes

(a) Factor loading matrix (aij) are stored in array FM as real matrix (two-dimensional array type) (See

Appendix A).

(b) A value of approximately 50 is suitable for IC.

(7) Example

(a) Problem

Obtain the eigenvalues, eigenvectors, and factor loading matrix of the following correlation coefficient

matrix:

A =

⎡
⎢⎢⎢⎣

1.00000 0.80000 0.76500 0.64000

0.80000 1.00000 0.45000 0.45750

0.76500 0.45000 1.00000 0.58000

0.64000 0.45750 0.58000 1.00000

⎤
⎥⎥⎥⎦

and performs orthogonal rotations of the factor loading matrix according to the varimax criterion and

obtain the factor loading matrix after rotations and so on.

(b) Input data

Correlation coefficient matrix A, M=4, LME=5, NUM=2, LMF=5, IC=10 and LMC=5.

(c) Main program

PROGRAM B6FAVR
! *** EXAMPLE OF D6FALD , D6FAVR ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER (M=4,LME=5,NUM=2,LMF=5,MAXIC=10,LMC=5)
DIMENSION A(M),EV(LME,M),FM(LMF,NUM),OC(M)
DIMENSION W1(M),COM(LMC,3),V(0:MAXIC)

!
READ(5,*) ((EV(I,J),I=1,M),J=1,M)
WRITE(6,1000)
IC=MAXIC
DO 10 I=1,M

WRITE(6,2000) (EV(I,J),J=1,M)
10 CONTINUE

WRITE(6,2100) M,LME,NUM,LMF,IC,LMC
!

WRITE(6,3000)
CALL DCSMAA(EV,LME,M,A,W1,IERR)
WRITE(6,3050) IERR
WRITE(6,3100)
WRITE(6,2000) (A(I),I=1,M)
WRITE(6,3200)
DO 11 I=1,M

WRITE(6,2000) (EV(I,J),J=1,M)
11 CONTINUE

!
CALL D6FALD(A,M,EV,LME,NUM,FM,LMF,OC,IERR)
WRITE(6,4000) IERR
WRITE(6,4100)
DO 12 I=1,M

WRITE(6,4200) (FM(I,J),J=1,NUM)
12 CONTINUE

WRITE(6,4300)
DO 13 I=1,M

WRITE(6,4400) OC(I)
13 CONTINUE

CALL D6FAVR(FM,LMF,M,NUM,IC,COM,LMC,V,IERR)
WRITE(6,5000) IERR
WRITE(6,4100)
DO 14 I=1,M

WRITE(6,4200) (FM(I,J),J=1,NUM)
14 CONTINUE

WRITE(6,5100) IC
DO 15 I=0,IC

WRITE(6,5200) I,V(I)
15 CONTINUE

WRITE(6,5300)
DO 16 I=1,M

WRITE(6,5400) I,COM(I,1),COM(I,2),COM(I,3)
16 CONTINUE

!
STOP

!
1000 FORMAT(’ *** D6FALD , D6FAVR ***’,/,/,’ ** INPUT DATA **’,/,/,&
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7X,’CORRELATION MATRIX’)
2000 FORMAT(5X,4(D15.5))
2100 FORMAT(’ ’,/,7X,’M = ’,I3,5X,’LME = ’,I3,5X,’NUM = ’,I3,&

/,7X,’LMF = ’,I3,5X,’IC = ’,I3,5X,’LMC = ’,I3)
3000 FORMAT(’ ’,/,4X,’** OUTPUT **’)
3050 FORMAT(’ ’,/,5X,’* DCSMAA *’,/,/,7X,’IERR = ’,I4)
3100 FORMAT(’ ’,/,7X,’A(EIGEN VALUE)’)
3200 FORMAT(’ ’,/,7X,’EV(EIGEN VECTOR)’)
4000 FORMAT(’ ’,/,5X,’* D6FALD *’,/,/,7X,’IERR = ’,I4)
4100 FORMAT(’ ’,/,7X,’FM(FACTOR LOADING MATRIX)’)
4200 FORMAT(5X,2(D15.5))
4300 FORMAT(’ ’,/,7X,’OC(COMMUNALITIES)’)
4400 FORMAT(5X,D15.5)
5000 FORMAT(’ ’,/,5X,’* D6FAVR *’,/,/,7X,’IERR = ’,I4)
5100 FORMAT(’ ’,/,7X,’IC = ’,I5)
5200 FORMAT(7X,’V(’,I2,’) = ’,D15.5)
5300 FORMAT(’ ’,/,7X,’COM(COMMUNALITIES)’,/,8X,’VARIABLE’,4X,&

’(ORIGINAL)’,7X,’(FINAL)’,5X,’(DIFFERENCE)’)
5400 FORMAT(7X,I9,3(D15.5))
!

END

(d) Output results

*** D6FALD , D6FAVR ***

** INPUT DATA **

CORRELATION MATRIX
0.10000D+01 0.80000D+00 0.76500D+00 0.64000D+00
0.80000D+00 0.10000D+01 0.45000D+00 0.45750D+00
0.76500D+00 0.45000D+00 0.10000D+01 0.58000D+00
0.64000D+00 0.45750D+00 0.58000D+00 0.10000D+01

M = 4 LME = 5 NUM = 2
LMF = 5 IC = 10 LMC = 5

** OUTPUT **

* DCSMAA *

IERR = 0

A(EIGEN VALUE)
0.92284D-01 0.43517D+00 0.60958D+00 0.28630D+01

EV(EIGEN VECTOR)
0.79110D+00 0.15737D+00 -0.17478D+00 0.56467D+00
-0.46764D+00 -0.16135D+00 -0.72787D+00 0.47485D+00
-0.38715D+00 0.65553D+00 0.42364D+00 0.49084D+00
-0.74704D-01 -0.72075D+00 0.51008D+00 0.46341D+00

* D6FALD *

IERR = 0

FM(FACTOR LOADING MATRIX)
0.95543D+00 -0.13646D+00
0.80345D+00 -0.56829D+00
0.83052D+00 0.33076D+00
0.78410D+00 0.39825D+00

OC(COMMUNALITIES)
0.93147D+00
0.96849D+00
0.79917D+00
0.77342D+00

* D6FAVR *

IERR = 0

FM(FACTOR LOADING MATRIX)
0.62188D+00 -0.73806D+00
0.22093D+00 -0.95900D+00
0.83984D+00 -0.30634D+00
0.85015D+00 -0.22507D+00

IC = 4
V( 0) = 0.25744D-01
V( 1) = 0.19491D+00
V( 2) = 0.23676D+00
V( 3) = 0.26226D+00
V( 4) = 0.26226D+00

COM(COMMUNALITIES)
VARIABLE (ORIGINAL) (FINAL) (DIFFERENCE)

1 0.93147D+00 0.93147D+00 0.00000D+00
2 0.96849D+00 0.96849D+00 -0.11102D-15
3 0.79917D+00 0.79917D+00 -0.22204D-15
4 0.77342D+00 0.77342D+00 0.11102D-15
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9.4 CANONICAL CORRELATION ANALYSIS

9.4.1 D6CVAN, R6CVAN

Canonical Correlation Analysis

(1) Function

To perform a canonical correlation analysis for two groups of observed values, the D6CVAN or R6CVAN

performs the following processing.

Given the correlation coefficient matrix of the first group R11 (size: m1 ×m1),

the correlation coefficient matrix of the second group R22 (size: m2 ×m2),

and the correlation coefficient matrix of the first and second groups R12 (size: m1 ×m2),

solve the following eigenvalue problem to perform a correlation analysis.

R11
−1R12R22

−1R12
Tp = λ2p

q = λ−1R22
−1R12

Tp

Define the following kind of matrix R by collecting together the correlation coefficient matrices.[
R11 R12

T

R12 R22

]

Next, from the eigenvalues λi
2 and eigenvectors pi and qi that were found, obtain the canonical correlation

coefficients, Wilks’ Λ, as well as the canonical coefficients of each group, which are defined by the following

equations.

Canonical correlation coefficients=λi (i = 1, · · · ,m)

However, λ1 > λ2 > · · · > λm, m = min(m1,m2).

Wilks’ Λ:

Λk =

l∏
i=k+1

(1− λi
2)

Canonical coefficients of first group: (p1,p2, · · · ,pm)

Canonical coefficients of second group: (q1, q2, · · · , qm)

The number of nonzero canonical correlation coefficients is said to be the number of dimensions of a canonical

variate. The number of dimensions can be determined by sequentially performing hypothesis tests that test

the following null hypothesis:

Hk : λk+1 = · · · = λl = 0

against the following alternative hypothesis:

Kk : Hk is not true

That is, if H0, · · · , Hk−1 are rejected and Hk is adopted, the number of dimensions is assumed to be k. The

test is performed by using the following fact. If Wilks’ Λ is used, based on hypothesis Hk, the following χ2
k

values:

χ2
k = −{n− 0.5(m1 +m2 + 1)} loge Λk

asymptotically obey a χ2 distribution with (m1 − k)(m2 − k) degrees of freedom.
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(2) Usage

Double precision:

CALL D6CVAN (N, M1, M2, R, MR, CO, CO1, MCO1, CO2, MCO2, E, WIL, CHI, NDF,

W1, IERR)
Single precision:

CALL R6CVAN (N, M1, M2, R, MR, CO, CO1, MCO1, CO2, MCO2, E, WIL, CHI, NDF,

W1, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of observed values

2 M1 I 1 Input Number of variates of first group

3 M2 I 1 Input Number of variates of second group

4 R
{
D

R

}
See

Contents

Input Correlation coefficient matrix R

Size: MR, (M1 +M2)

5 MR I 1 Input Adjustable dimension of array R

6 CO
{
D

R

}
M1 Output Canonical correlation coefficients

7 CO1
{
D

R

}
MCO1,M1 Output Canonical coefficient matrix of first group

8 MCO1 I 1 Input Adjustable dimension of array CO1

9 CO2
{
D

R

}
MCO2,M1 Output Canonical coefficient matrix of second group

10 MCO2 I 1 Input Adjustable dimension of array CO2

11 E
{
D

R

}
M1 Output Eigenvalues

12 WIL
{
D

R

}
M1 Output Wilks’ Λ

13 CHI
{
D

R

}
M1 Output χ2 values χ2

k

14 NDF I M1 Output Number of degrees of freedom for χ2 test

15 W1
{
D

R

}
See

Contents

Work Work area

Size: MR× (M1 +M2)

16 IERR I 1 Output Error indicator
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(4) Restrictions

(a) N≥2

(b) M1≤M2

(c) M1+M2≤MR

(d) 2≤M1≤MCO1, 2≤M2≤MCO2

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

4000+i When performing an LU decomposition,

the pivot was 0.0 during the processing of

the i-th step.

5000 The solution did not converge during the

step for obtaining the eigenvalues.

Processing is aborted.

6000 The eigenvalue was smaller than the unit

for determining error.

(6) Notes

None
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9.4.2 D6CVSC, R6CVSC

Canonical Variate Scores

(1) Function

The D6CVSC or R6CVSC obtains the canonical variate values (scores) of the observed values based on the

canonical coefficients (matrix). The canonical variate zi of the observed values xi,j (i = 1, 2, · · · , n; j =

1, 2, · · · ,m1) form1 variables xj (j = 1, 2, · · · ,m1) concerning n subjects is defined by the following equation.

zi =

m∑
j=1

pi
xi,j − xj

σj

Here, xj and σ2
j represent the mean and variance of the observed values and p = {pi} represents the

canonical coefficient vector.

(2) Usage

Double precision:

CALL D6CVSC (N, M1, M2, A, MA, CO1, MCO1, CO2, MCO2, X1, SD, Z, IERR)

Single precision:

CALL R6CVSC (N, M1, M2, A, MA, CO1, MCO1, CO2, MCO2, X1, SD, Z, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 N I 1 Input Number of observed values

2 M1 I 1 Input Number of variates of first group

3 M2 I 1 Input Number of variates of second group

4 A
{
D

R

}
See

Contents

Input Observed value matrix

Size: MA, (M1 +M2)

5 MA I 1 Input Adjustable dimension of arrays A and Z

6 CO1
{
D

R

}
MCO1,M1 Input Canonical coefficient matrix of first group

7 MCO1 I 1 Input Adjustable dimension of array CO1

8 CO2
{
D

R

}
MCO2,M1 Input Canonical coefficient matrix of second group

9 MCO2 I 1 Input Adjustable dimension of array CO2

10 X1
{
D

R

}
M1+M2 Input Mean of each variate

11 SD
{
D

R

}
M1+M2 Input Standard deviation of each variate

12 Z
{
D

R

}
See

Contents

Output Canonical variate values

Size: MA, (2×M1)

13 IERR I 1 Output Error indicator

(4) Restrictions

(a) 2≤N≤MA

(b) 2≤M1≤MCO1, 2≤M2≤MCO2

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.
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(6) Notes

(a) The canonical variate values are stored in array Z as the following kind of real matrix (two-dimensional

array type) (See Appendix A).⎡
⎢⎢⎢⎢⎢⎣

u1,1 u1,2 · · · u1,M1 v1,1 v1,2 · · · v1,M1

u2,1
. . .

... v2,1
. . .

...
...

. . .
...

...
. . .

...

uN,1 · · · · · · uN,M1 vN,1 · · · · · · vN,M1

⎤
⎥⎥⎥⎥⎥⎦

Here, uk,i and vk,j have the following meanings.

uk,i (i = 1, 2, · · · ,M1; k = 1, 2, · · · ,N): Canonical variate of first group for i-th canonical correlation

coefficient

vk,j (j = 1, 2, · · · ,M1; k = 1, 2, · · · ,N): Canonical variate of second group for j-th canonical correlation

coefficient

(7) Example

(a) Problem

Obtain the canonical coefficient matrix from the following observed value matrix.

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

90.0 91.0 95.0 103.0 75.0

97.0 98.0 98.0 92.0 76.0

93.0 92.0 97.0 106.0 77.0

99.0 90.0 99.0 108.0 78.0

102.0 97.0 101.0 105.0 79.0

100.0 100.0 100.0 100.0 80.0

103.0 99.0 103.0 103.0 81.0

106.0 98.0 101.0 101.0 82.0

111.0 90.0 99.0 104.0 83.0

108.0 98.0 103.0 102.0 84.0

104.0 97.0 105.0 99.0 85.0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Also obtain the canonical correlation coefficients and canonical variates.

(b) Input data

Observed value matrix A, N=11, M1=2, M2=3, MR=5, MA=11, MCO1=3 and MCO2=3.

(c) Main program

PROGRAM B6CVSC
! *** EXAMPLE OF D6CVAN , D6CVSC ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER (N=11,M1=2,M2=3,MR=5,MCO1=3,MCO2=3,MA=11)
DIMENSION A(MA,M1+M2),R(MR,M1+M2)
DIMENSION CO(M1),E(M1),WIL(M1),CHI(M1),NDF(M1)
DIMENSION CO1(MCO1,M1),CO2(MCO2,M1),W1(MR,M1+M2)
DIMENSION X1(M1+M2),SD(M1+M2),Z(MA,2*M1),STAT(M1+M2,5)

!
M=M1+M2
READ(5,*) ((A(I,J),I=1,N),J=1,M)
WRITE(6,1000) N,M1,M2,MR,MA,MCO1,MCO2
WRITE(6,3000)
DO 10 I=1,N
WRITE(6,3100) (A(I,J),J=1,M)

10 CONTINUE
CALL D2BAMS(A,MA,N,M,NS,STAT,0,IERR)
DO 20 I=1,M
X1(I)=STAT(I,2)
SD(I)=STAT(I,5)

20 CONTINUE
CALL D2CCMT(A,MA,N,M,NS,X1,R,MR,0,W1,IERR)
WRITE(6,3200) (X1(I),I=1,M)
WRITE(6,3300) (SD(I),I=1,M)
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WRITE(6,3400)
DO 30 I=1,M

WRITE(6,3100) (R(I,J),J=1,M)
30 CONTINUE

CALL D6CVAN&
(N,M1,M2,R,MR,CO,CO1,MCO1,CO2,MCO2,E,WIL,CHI,NDF,W1,IERR)
WRITE(6,5000) IERR
WRITE(6,4100)
DO 40 I=1,M1

WRITE(6,4200) CO(I),E(I),WIL(I),CHI(I),NDF(I)
40 CONTINUE

WRITE(6,4300)
DO 50 J=1,M1

WRITE(6,4700) (CO1(I,J),I=1,M1)
50 CONTINUE

WRITE(6,4400)
DO 60 J=1,M1

WRITE(6,4800) (CO2(I,J),I=1,M2)
60 CONTINUE

!
CALL D6CVSC(N,M1,M2,A,MA,CO1,MCO1,CO2,MCO2,X1,SD,Z,IERR)
WRITE(6,5500) IERR
WRITE(6,4500)
DO 70 I=1,N

WRITE(6,4700) (Z(I,J),J=1,M1)
70 CONTINUE

WRITE(6,4600)
DO 80 I=1,N

WRITE(6,4700) (Z(I,J),J=M1+1,2*M1)
80 CONTINUE

!
STOP

!
1000 FORMAT(’ *** D6CVAN , D6CVSC ***’,/,/,’ ** INPUT DATA **’,/,/,&

7X,’N = ’,I4,5X,’M1 = ’,I4,5X,’M2 = ’,I4,/,&
7X,’MR = ’,I4,5X,’MA = ’,I4,/,&
7X,’MCO1 = ’,I4,5X,’MCO2 = ’,I4)

3000 FORMAT(’ ’,/,7X,’A(OBSERVATIONS MATRIX)’)
3100 FORMAT(7X,5(D12.4,3X))
3200 FORMAT(’ ’,/,7X,’X1(MEAN OF VARIABLES)’,&

/,7X,5(D12.4,3X))
3300 FORMAT(’ ’,/,7X,’SD(STANDARD DEVIATION)’,&

/,7X,5(D12.4,3X))
3400 FORMAT(’ ’,/,7X,’R(CORRELATION MATRIX)’)
4100 FORMAT(13X,’CO’,13X,’E’,13X,’WIL’,&

12X,’CHI’,8X,’NDF’)
4200 FORMAT(7X,3(D12.4,3X),D12.4,3X,I3)
4300 FORMAT(’ ’,/,7X,’CO1(CANONICAL COEFFICIENT OF THE FIRST SET)’)
4400 FORMAT(’ ’,/,7X,’CO2(CANONICAL COEFFICIENT OF THE SECOND SET)’)
4500 FORMAT(’ ’,/,7X,’Z(CANONICAL SCORE OF THE FIRST SET)’)
4600 FORMAT(’ ’,/,7X,’Z(CANONICAL SCORE OF THE SECOND SET)’)
4700 FORMAT(7X,D12.4,3X,D12.4)
4800 FORMAT(7X,2(D12.4,3X),D12.4)
5000 FORMAT(’ ’,/,4X,’** OUTPUT **’,/,/,5X,’* D6CVAN *’,/,/,7X,’IERR = ’,I4)
5500 FORMAT(’ ’,/,5X,’* D6CVSC *’,/,/,7X,’IERR = ’,I4)
!

END

(d) Output results

*** D6CVAN , D6CVSC ***

** INPUT DATA **

N = 11 M1 = 2 M2 = 3
MR = 5 MA = 11
MCO1 = 3 MCO2 = 3

A(OBSERVATIONS MATRIX)
0.9000D+02 0.9100D+02 0.9500D+02 0.1030D+03 0.7500D+02
0.9700D+02 0.9800D+02 0.9800D+02 0.9200D+02 0.7600D+02
0.9300D+02 0.9200D+02 0.9700D+02 0.1060D+03 0.7700D+02
0.9900D+02 0.9000D+02 0.9900D+02 0.1080D+03 0.7800D+02
0.1020D+03 0.9700D+02 0.1010D+03 0.1050D+03 0.7900D+02
0.1000D+03 0.1000D+03 0.1000D+03 0.1000D+03 0.8000D+02
0.1030D+03 0.9900D+02 0.1030D+03 0.1030D+03 0.8100D+02
0.1060D+03 0.9800D+02 0.1010D+03 0.1010D+03 0.8200D+02
0.1110D+03 0.9000D+02 0.9900D+02 0.1040D+03 0.8300D+02
0.1080D+03 0.9800D+02 0.1030D+03 0.1020D+03 0.8400D+02
0.1040D+03 0.9700D+02 0.1050D+03 0.9900D+02 0.8500D+02

X1(MEAN OF VARIABLES)
0.1012D+03 0.9545D+02 0.1001D+03 0.1021D+03 0.8000D+02

SD(STANDARD DEVIATION)
0.6274D+01 0.3857D+01 0.2914D+01 0.4253D+01 0.3317D+01

R(CORRELATION MATRIX)
0.1000D+01 0.2566D+00 0.6937D+00 -0.8176D-02 0.8794D+00
0.2566D+00 0.1000D+01 0.6100D+00 -0.5819D+00 0.3284D+00
0.6937D+00 0.6100D+00 0.1000D+01 -0.1218D+00 0.8485D+00
-0.8176D-02 -0.5819D+00 -0.1218D+00 0.1000D+01 -0.1418D-01
0.8794D+00 0.3284D+00 0.8485D+00 -0.1418D-01 0.1000D+01
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** OUTPUT **

* D6CVAN *

IERR = 0
CO E WIL CHI NDF

0.8913D+00 0.7944D+00 0.6687D-01 0.2164D+02 6
0.8214D+00 0.6748D+00 0.3252D+00 0.8985D+01 2

CO1(CANONICAL COEFFICIENT OF THE FIRST SET)
0.8736D+00 0.3115D+00
-0.5543D+00 0.9866D+00

CO2(CANONICAL COEFFICIENT OF THE SECOND SET)
0.1592D+00 -0.1801D+00 0.8392D+00
0.1332D+01 -0.5502D+00 -0.1337D+01

* D6CVSC *

IERR = 0

Z(CANONICAL SCORE OF THE FIRST SET)
-0.1917D+01 -0.1517D+00
-0.3767D+00 0.1021D+01
-0.1418D+01 -0.1609D+00
-0.7444D+00 -0.1203D+01
0.2388D+00 0.3231D+00
0.2026D+00 0.1267D+01
0.5396D+00 0.7464D+00
0.8765D+00 0.2255D+00
0.9265D+00 -0.2263D+01
0.1155D+01 0.4885D-01
0.5173D+00 0.1464D+00

Z(CANONICAL SCORE OF THE SECOND SET)
-0.1582D+01 -0.4291D+00
-0.6989D+00 0.1962D+01
-0.1093D+01 -0.7092D+00
-0.8159D+00 -0.4568D+00
-0.3266D+00 0.4423D+00
0.8359D-01 0.2289D+00
0.3734D+00 0.8090D+00
0.6019D+00 -0.2495D+00
0.6186D+00 -0.1955D+01
0.1175D+01 -0.2709D+00
0.1664D+01 0.6282D+00
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9.5 DISCRIMINANT ANALYSIS

9.5.1 D6DAFN, R6DAFN

Discriminant Functions

(1) Function

Given g groups of observed values xl,i
(k) (l = 1, 2, · · · , nk; i = 1, 2, · · · ,m; k = 1, 2, · · · , g) for which νk =

(x
(k)
·i ) where x·i(k) is defined as follows:

x·i(k) =
1

nk

nk∑
l=1

x
(k)
l,i

is the mean vector of the variates of the k-th group and Σ = (σi,j) where σi,j is defined as follows:

σi,j =

g∑
k=1

nk∑
l=1

(x
(k)
l,i − x·i(k))(x

(k)
l,j − x·j(k))∑g

k=1(nk − 1)

is the variance-covariance matrix over all groups and for which the populations for the observed values are

normal populations of order m represented by N(ν1,Σ), · · · , N(νk,Σ), the D6DAFN or R6DAFN obtains

the coefficients of the linear discriminant function of u defined by the following equation.

y(p)(u) = νk
TΣ−1u− 1

2
νk

TΣ−1νk (p = 1, 2, · · · , g)

It also obtains the quantity D2, which is defined by the following equation.

D2 =

m∑
i=1

m∑
j=1

σi,j
−1

g∑
l=1

nk(x·i(k) − x·i)(x·j(k) − x·j)

Here, x·i, which represents the mean of the variates over all groups, is defined by the following equation.

x·i =
g∑

k=1

nkx·i(k)
g∑

k=1

nk

σi,j
−1 is an element of Σ−1. The subroutine also obtains the maximum value ypm

(l,k) related to p = 1, 2, · · · , g
of the value y(p)(u(l,k)) of the discriminant function of ui

(l,k) = xl,i
(k) (i = 1, 2, · · · ,m) and the value pm

(l,k)

of p at that time. In addition, it obtains the maximum probability of the discriminant function, which is

defined by the following equation.

P (l,k) =
1

g∑
k=1

exp(y(k)(u(l,k))− ypm

(l,k))

(l = 1, 2, · · · , nk; k = 1, 2, · · · , g)

(2) Usage

Double precision:

CALL D6DAFN (A, MA, M, N, K, X1, MX1, C, TM, DIST, CO, MCO, P, NUM, IW, W1,

IERR)
Single precision:

CALL R6DAFN (A, MA, M, N, K, X1, MX1, C, TM, DIST, CO, MCO, P, NUM, IW, W1,

IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
MA,M Input Observation data matrix (xl,i

(k)) (See Note (a))

2 MA I 1 Input Adjustable dimension of array A

3 M I 1 Input Number of variates m

4 N I K Input Number of observed values of each group (nk)

5 K I 1 Input Number of groups g

6 X1
{
D

R

}
MX1,K Input Mean of variates of each group (x

(k)
·i )(See Note

(a))

Output Discriminant function value y(g)(u(i,g)) (See

Note (a))

7 MX1 I 1 Input Adjustable dimension of array X1

8 C
{
D

R

}
MX1,M Input Variance-covariance matrix Σ−1

9 TM
{
D

R

}
M Input Mean of variates over all groups x·i

10 DIST
{
D

R

}
1 Output D2 value

11 CO
{
D

R

}
MCO,K Output Discriminant function coefficients νk

TΣ−1 and

− 1
2νk

TΣ−1νk (See Note (a))

12 MCO I 1 Input Adjustable dimension of array CO

13 P
{
D

R

}
See

Contents

Output Probability P (l,k) (l = 1, 2, · · · , nk; k =

1, 2, · · · , g) related to the maximum discrimi-

nant function of each sample over all groups

(See Note (a))

Size: N(1) + · · ·+N(K)

14 NUM I See

Contents

Output Number pm
(l,k) (l = 1, 2, · · · , nk; k =

1, 2, · · · , g) of the discriminant function having

the largest probability (See Note (a))

Size: N(1) + · · ·+N(K)

15 IW I M Work Work area
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No. Argument Type Size
Input/

Output
Contents

16 W1
{
D

R

}
M+2 Work Work area

17 IERR I 1 Output Error indicator

(4) Restrictions

(a) 1 ≤ M ≤ MX1

(b) K ≥ 2

(c) N(i) ≥ 2(i = 1, · · · ,K)

(d) N(1) + · · ·+N(K) ≤ MA

(e) MCO ≥ M+ 1

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

3040 Restriction (e) was not satisfied.

(6) Notes

(a) Consider g groups for which there arem variates and nk (k = 1, 2, · · · , g) observed values of each variate

and assume that each observed value is given by xl,i
(k) (l = 1, 2, · · · , nk; i = 1, 2, · · · ,m; k = 1, 2, · · · , g).

The observation data is stored in array A as the following kind of real matrix (two-dimensional array

type) (See Appendix A).
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1,1
(1) x1,2

(1) · · · x1,m
(1)

x2,1
(1) x2,2

(1) · · · x2,m
(1)

...
... · · · ...

xn1,1
(1) xn1,2

(1) · · · xn1,m
(1)

x1,1
(2) x1,2

(2) · · · x1,m
(2)

...
... · · · ...

xn2,1
(2) xn2,2

(2) · · · xn2,m
(2)

...
... · · · ...

x1,1
(g) x1,2

(g) · · · x1,m
(g)

...
... · · · ...

xng ,1
(g) xng ,2

(g) · · · xng ,m
(g)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The means of the variates of each group are stored in array X1 as the real matrix (two-dimensional

array type) E = (ei,k) (i = 1, 2, · · · ,m; k = 1, 2, · · · , g), which is defined as follows (See Appendix A).

ei,k = x
(k)
·i

On output, the data corresponding to the first row of matrix E is replaced by the values of the

discriminant function y(p)(u(ng ,g)) (p = 1, 2, · · · , g). Also, the discriminant function coefficients are

stored in array CO as the real matrix (two-dimensional array type) C = (ci,k) (i = 1, 2, · · · ,m+1; k =

1, 2, · · · , g), which is defined as follows (See Appendix A).

ci,k = (νk
TΣ−1)i (i = 1, 2, · · · ,m)

cm+1,k = (−1

2
νk

TΣ−1νk)

The input time data of arrays C and X1 used by this subroutine can be generated from array A by

using the subroutine 4.3.2

{
D2VCGR

R2VCGR

}
. (Where, T = N(1) + · · ·+N(K))
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9.5.2 D6DASC, R6DASC

Discriminant Function Scores

(1) Function

Assume there are g groups, the number of observed values consisting of m variates of each group is nk (k =

1, 2, · · · , g), the variance-covariance matrix over all groups is Σ, and the populations for the observed values

are normal populations of order m represented by N(ν1,Σ), · · · , N(νk,Σ). Given the observed values

xl,i
(k) (l = 1, 2, · · · , nk; i = 1, 2, · · · ,m; k = 1, 2, · · · , g) of the g groups and the coefficients C = (ci,k) (i =

1, 2, · · · ,m+1; k = 1, 2, · · · , g) of the linear discriminant function of the m -dimensional vector u defined by

the following equation:

y(p)(u) = νk
TΣ−1u− 1

2
νk

TΣ−1νk (p = 1, 2, · · · , g; k = 1, 2, · · · , g)

where the ci,k are defined as follows:

ci,k = (νk
TΣ−1)i (i = 1, 2, · · · ,m)

cm+1,k = (−1

2
νk

TΣ−1νk)

the D6DASC or R6DASC obtains the value (discriminant score) zl,i
(p) = y(p)(u(l,k)) (p = 1, 2, · · · , g) of the

discriminant function corresponding to each observed value ui
(l,k) = xl,i

(k) (i = 1, 2, · · · ,m).

(2) Usage

Double precision:

CALL D6DASC (A, MA, M, N, K, CO, MCO, Z, IERR)

Single precision:

CALL R6DASC (A, MA, M, N, K, CO, MCO, Z, IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
MA,M Input (xl,i

(k)) (See Note (a))

2 MA I 1 Input Adjustable dimension of array A

3 M I 1 Input Number of variates m

4 N I K Input Number of observed values of each group (nk)

5 K I 1 Input Number of groups g

6 CO
{
D

R

}
MCO,K Input Discriminant function coefficient ci,k (See Note

(a))
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No. Argument Type Size
Input/

Output
Contents

7 MCO I 1 Input Adjustable dimension of array CO

8 Z
{
D

R

}
MA,K Output Discriminant function score y(p)(u(l,k))

9 IERR I 1 Output Error indicator

(4) Restrictions

(a) 2 ≤ M+ 1 ≤ MCO

(b) K ≥ 2

(c) N(i) ≥ 2 (i = 1, · · · ,K)

(d) N(1) + · · ·+N(K) ≤ MA

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a) Consider g groups for which there arem variates and nk (k = 1, 2, · · · , g) observed values of each variate

and assume that each observed value is given by xl,i
(k) (l = 1, 2, · · · , nk; i = 1, 2, · · · ,m; k = 1, 2, · · · , g).

The observation data is stored in array A as the following kind of real matrix (two-dimensional array

type).⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1,1
(1) x1,2

(1) · · · x1,m
(1)

x2,1
(1) x2,2

(1) · · · x2,m
(1)

...
... · · · ...

xn1,1
(1) xn1,2

(1) · · · xn1,m
(1)

x1,1
(2) x1,2

(2) · · · x1,m
(2)

...
... · · · ...

xn2,1
(2) xn2,2

(2) · · · xn2,m
(2)

...
... · · · ...

x1,1
(g) x1,2

(g) · · · x1,m
(g)

...
... · · · ...

xng ,1
(g) xng ,2

(g) · · · xng ,m
(g)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Also, the discriminant function coefficients are stored in array CO as the real matrix (two-dimensional

array type) C = (ci,k) (i = 1, 2, · · · ,m+ 1; k = 1, 2, · · · , g), which is defined as follows.

ci,k = (νk
TΣ−1)i (i = 1, 2, · · · ,m)

cm+1,k = (−1

2
νk

TΣ−1νk)
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The values (discriminant scores) zl,i
(p) = y(p)(u(l,k)) (p = 1, 2, · · · , g) of the discriminant functions

corresponding to the observed values ui
(l,k) = xl,i

(k) (i = 1, 2, · · · ,m) are stored in array Z as a real

matrix (two-dimensional array type), which is defined as follows.⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

z1,1
(1) z1,1

(2) · · · z1,1
(g)

z2,1
(1) z2,1

(2) · · · z2,1
(g)

...
... · · · ...

zn1,1
(1) zn1,1

(2) · · · zn1,1
(g)

z1,2
(1) z1,2

(2) · · · z1,2
(g)

...
... · · · ...

zn2,2
(1) zn2,2

(2) · · · zn2,2
(g)

...
... · · · ...

z1,g
(1) z1,g

(2) · · · z1,g
(g)

...
... · · · ...

zng,g
(1) zng,g

(2) · · · zng,g
(g)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For the method to store the matrix data, see Appendix A.

(7) Example

(a) Problem

Read observation data consisting of three groups and obtain the variance-covariance matrix. Based

on this variance-covariance matrix, obtain the generalized distance of Mahalanobis (D2), discriminant

function, criteria values for discriminating, and discriminant scores.

(b) Input data

Observation data matrix:

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

10.0 3.0 7.0

11.0 5.0 8.0

12.0 7.0 6.0

14.0 4.0 9.0

17.0 12.0 8.0

18.0 11.0 6.0

18.0 13.0 7.0

11.0 4.0 11.0

12.0 6.0 12.0

13.0 8.0 10.0

15.0 5.0 6.0

18.0 10.0 13.0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

N(1) = 4,

N(2) = 3,

N(3) = 5,

K = 3,M = 3,MA = 12,

MX1 = 3 and MCO = 4.
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(c) Main program

PROGRAM B6DASC
! *** EXAMPLE OF D6DAFN,D6DASC ***

IMPLICIT REAL(8) (A-H,O-Z)
!

PARAMETER(NA=12,LM=3,MX1=LM,LK=3,MCO=LM+1)
!

DIMENSION A(NA,LM),X1(MX1,LK),TM(LM)
DIMENSION NUM(NA),N(LK),IW(LM)
DIMENSION C(MX1,LM),CO(MCO,LK),P(NA),Z(NA,LK),W1(LM+2)
DIMENSION NS(LK),WK(LM*LM*LK+LM)

!
WRITE(6,1000)

!
READ(5,*) MA,M,K
READ(5,*) ((A(I,J),J=1,M),I=1,MA)
READ(5,*) (N(I),I=1,K)

!
WRITE(6,2000) MA,M,K
DO 10 I=1,K
WRITE(6,2010) I,N(I)

10 CONTINUE
!

WRITE(6,2020)
NT=0
DO 30 I=1,K
NT=NT+N(I)
WRITE(6,2030) I,(J,J=1,M)
DO 20 L=1,N(I)

WRITE(6,2040) NT-N(I)+L,(A(NT-N(I)+L,J),J=1,M)
20 CONTINUE
30 CONTINUE

!
ISW=0

!
CALL D2VCGR(A,NA,M,N,K,NS,TM,X1,MX1,C,MX1,ISW,WK,IERR)

!
WRITE(6,3000) IERR
DO 40 J=1,K
WRITE(6,3010) J,(I,I=1,M)
WRITE(6,3020) (X1(I,J),I=1,M)

40 CONTINUE
!

WRITE(6,3030)
WRITE(6,3040) (I,TM(I),I=1,M)

!
WRITE(6,3050)
DO 50 I=1,M
WRITE(6,3060) (C(I,J),J=1,M)

50 CONTINUE
!

CALL D6DAFN(A,NA,M,N,K,X1,MX1,C,TM,DIST,CO,MCO,P,NUM,&
IW,W1,IERR)

!
WRITE(6,4000) IERR
WRITE(6,4010) DIST
WRITE(6,4020)
DO 60 I=1,M
WRITE(6,4030) I,(CO(I,J),J=1,K)

60 CONTINUE
WRITE(6,4040) (CO(M+1,J),J=1,K)

!
WRITE(6,4050)
L1=1
L2=N(1)
DO 80 I=1,K
WRITE(6,4060) I
DO 70 J=L1,L2

WRITE(6,4070) J,P(J),NUM(J)
70 CONTINUE

IF(I-K.LT.0) THEN
L1=L1+N(I)
L2=L2+N(I+1)

END IF
80 CONTINUE

!
CALL D6DASC(A,MA,M,N,K,CO,MCO,Z,IERR)
WRITE(6,5000) IERR
WRITE(6,5010) (J,J=1,K)
DO 90 I=1,NT
WRITE(6,5020) I,(Z(I,J),J=1,K)

90 CONTINUE
!

STOP
1000 FORMAT(’ *** D2VCGR, D6DAFN, D6DASC ***’,/)
2000 FORMAT(’ ** INPUT **’,/,/,&

’ MA=’,I2,’, M =’,I2,’, K =’,I2,/)
2010 FORMAT(’ N(’,I1,’)=’,I2)
2020 FORMAT(’ ’,/,’ *OBSERVATION DATA*’)
2030 FORMAT(’ ’,/,’ (GROUP’,I2,’)’,/,&

12X,10I6)
2040 FORMAT(8X,I2,3X,10F6.1)
3000 FORMAT(’ ’,/,’ ** OUTPUT(D2VCGR) **’,/,/,&
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’ IERR = ’,I4,/,/,&
’ *MEAN OF VARIABLES (EACH GROUP)*’)

3010 FORMAT(’ ’,/,’ (GROUP’,I2,’)’,/,&
10X,7I8)

3020 FORMAT(12X,7F8.2)
3030 FORMAT(’ ’,/,’ *TOTAL MEAN OF VARIABLES*’)
3040 FORMAT(9X,’TM(’,I2,’) =’,F9.4)
3050 FORMAT(’ ’,/,’ *VARIANCE COVARIANCE MATRIX*’)
3060 FORMAT(6X,7F9.4)
4000 FORMAT(’ ’,/,’ ** OUTPUT(D6DAFN) **’,/,/,&

’ IERR = ’,I4)
4010 FORMAT(’ ’,/,’ *MAHARANOBIS DISTANCE*’,/,&

9X,’DIST =’,F9.4)
4020 FORMAT(’ ’,/,’ *DISCRIMINANT COEFFICIENT*’)
4030 FORMAT(15X,I2,7F9.4)
4040 FORMAT(’ CONSTANT’,7F9.4)
4050 FORMAT(’ ’,/,’ *EVALUATION OF CLASSIFICATION*’)
4060 FORMAT(’ ’,/,’ (GROUP’,I2,’)’,/,&

12X,’ MAXIMUM PROBABILITY MAXIMUM FUNCTION NO.’)
4070 FORMAT(8X,I2,5X,F13.5,14X,I3)
5000 FORMAT(’ ’,/,’ ** OUTPUT(D6DASC) **’,/,/,&

’ IERR = ’,I4)
5010 FORMAT(’ ’,/,’ *DISCRIMINANT SCORE*’,/,&

21X,’( GROUP )’,/,&
8X,7I10)

5020 FORMAT(8X,I2,7F10.4)
END

(d) Output results

*** D2VCGR, D6DAFN, D6DASC ***

** INPUT **

MA=12, M = 3, K = 3

N(1)= 4
N(2)= 3
N(3)= 5

*OBSERVATION DATA*

(GROUP 1)
1 2 3

1 10.0 3.0 7.0
2 11.0 5.0 8.0
3 12.0 7.0 6.0
4 14.0 4.0 9.0

(GROUP 2)
1 2 3

5 17.0 12.0 8.0
6 18.0 11.0 6.0
7 18.0 13.0 7.0

(GROUP 3)
1 2 3

8 11.0 4.0 11.0
9 12.0 6.0 12.0
10 13.0 8.0 10.0
11 15.0 5.0 6.0
12 18.0 10.0 13.0

** OUTPUT(D2VCGR) **

IERR = 0

*MEAN OF VARIABLES (EACH GROUP)*

(GROUP 1)
1 2 3

11.75 4.75 7.50

(GROUP 2)
1 2 3

17.67 12.00 7.00

(GROUP 3)
1 2 3

13.80 6.60 10.40

*TOTAL MEAN OF VARIABLES*
TM( 1) = 14.0833
TM( 2) = 7.3333
TM( 3) = 8.5833

*VARIANCE COVARIANCE MATRIX*
4.4685 2.3722 0.4333
2.3722 3.7722 1.1444
0.4333 1.1444 4.0222

** OUTPUT(D6DAFN) **

IERR = 0
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*MAHARANOBIS DISTANCE*
DIST = 39.2991

*DISCRIMINANT COEFFICIENT*
1 3.1259 3.5141 3.4876
2 -1.2806 0.6108 -1.2193
3 1.8923 1.1879 2.5568

CONSTANT -22.4189 -38.8641 -33.3364

*EVALUATION OF CLASSIFICATION*

(GROUP 1)
MAXIMUM PROBABILITY MAXIMUM FUNCTION NO.

1 0.92156 1
2 0.78818 1
3 0.84896 1
4 0.59235 3

(GROUP 2)
MAXIMUM PROBABILITY MAXIMUM FUNCTION NO.

5 0.99663 2
6 0.99816 2
7 0.99986 2

(GROUP 3)
MAXIMUM PROBABILITY MAXIMUM FUNCTION NO.

8 0.64966 3
9 0.85401 3
10 0.70803 3
11 0.76530 1
12 0.98186 3

** OUTPUT(D6DASC) **

IERR = 0

*DISCRIMINANT SCORE*
( GROUP )

1 2 3
1 18.2436 6.4250 15.7798
2 20.7005 12.3488 19.3856
3 17.4806 14.7087 15.3209
4 33.2509 23.4682 33.6247
5 30.4912 37.7093 31.7761
6 31.1132 38.2367 31.3694
7 30.4442 40.6463 31.4875
8 27.6578 15.3017 28.2754
9 30.1147 21.2255 31.8812
10 26.8948 23.5854 27.8165
11 29.4194 24.0293 28.2225
12 45.6396 45.9414 50.4865
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9.6 CLUSTER ANALYSIS

9.6.1 D6CLDS, R6CLDS

Dissimilarity Measures

(1) Function

If individuals or variates having n characteristics are to be used as classification subjects when the (individ-

ual) × (variate) multivariate characteristic value data matrix (aik) or (aki) (i = 1, 2, · · · , n; k = 1, 2, · · · , p)
is given, the D6CLDS or R6CLDS obtains the dissimilarity measure dij (i, j = 1, 2, · · · , n) between the i-th

and j-th individual or variate by using the measures described below.

• Euclidean quadratic distance

dij =

p∑
k=1

(aik − ajk)
2 (i, j = 1, · · · , n)

• Standardized Euclidean quadratic distance

dij =

p∑
k=1

(aik − ajk)
2

s2k
(i, j = 1, · · · , n)

Here, s2k, which is the variance of the variate, is defined by the following equation.

s2k =
1

n− 1

n∑
l=1

(alk − āk)
2(āk =

1

n

n∑
l=1

alk)

This is the same as obtaining the Euclidean quadratic distance when the variance of each variate is

standardized to 1.

• Generalized distance of Mahalanobis

dij =

p∑
k=1

p∑
m=1

(aik − ajk)vkm(aim − ajm) (i, j = 1, · · · , n)

Here, vkm is the (k,m) element of the inverse matrix of the variance-covariance matrix of the individuals

and variates.

• Minkowski distance

dij = {
p∑

k=1

| aik − ajk |r}1/r (r ≥ 1.0; i, j = 1, · · · , n)

(2) Usage

Double precision:

CALL D6CLDS (A, LX, LY, NX, NY, ML, DISS, ISW, W1, IERR)

Single precision:

CALL R6CLDS (A, LX, LY, NX, NY, ML, DISS, ISW, W1, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
LX,LY Input Observation data aik or aki (i = 1, 2, · · · , n; k =

1, 2, · · · , p) (See Note (a))

2 LX I 1 Input Adjustable dimension of array A

3 LY I 1 Input Second dimension of array A

4 NX I 1 Input Number of rows of observation data matrix (n

or p)

5 NY I 1 Input Number of columns of observation data matrix

(p or n)

6 ML I 1 Input MAX(LX, LY)

7 DISS
{
D

R

}
See

Contents

Input When ISW=14 or 24 (Minkowski distance),

enter the value of r (r ≥ 1.0) for DISS(1, 1).

Otherwise, this setting is unnecessary.

Size:

When NX=n, the size is (ML,NX)

When NY=n, the size is (ML,NY)

Output Dissimilarity measure matrix (real symmetric

matrix)

8 ISW I 1 Input Dissimilarity measure calculation processing

switch

ISW=11 or 21:

Euclidean quadratic distance

ISW=12 or 22:

Standardized Euclidean quadratic distance

ISW=13 or 23:

(Generalized) distance of Mahalanobis

ISW=14 or 24:

Minkowski distance

For ISW=1x, NX=n

For ISW=2x, NY=n

9 W1
{
D

R

}
See

Contents

Work Work area

Size:

When NX=n, the size is NY × (ML + 1) + 2

When NY=n, the size is NX× (ML + 1) + 2

10 IERR I 1 Output Error indicator
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(4) Restrictions

(a) 1 < NX ≤ LX, 1 < NY ≤ LY

(b) ML = MAX(LX,LY)

(c) ISW ∈ {11, 12, 13, 14, 21, 22, 23, 24}
(d) When ISW = 14 or 24, DISS(1, 1) ≥ 1.0

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

4000 For the entered observation data, the cal-

culation cannot be performed using the

(generalized) distance of Mahalanobis.

(see Section 9.1.1)

(6) Notes

(a) When the Euclidean quadratic distance or Minkowski distance is used for the dissimilarity measure

calculation and the units of the observation data subjects differ, the data should be standardized in

advance so that a suitable positional relationship between the subjects is reflected (see the example).

(7) Example

(a) Problem

Standardize the following observation data matrix:

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.321 119 6 40 6 6 12 29

0.301 112 9 38 4 2 3 31

0.288 133 15 53 4 5 12 30

0.280 112 9 47 4 2 10 24

0.261 109 3 21 1 3 13 21

0.256 107 8 34 4 2 17 38

0.253 95 16 57 4 6 7 37

0.250 100 13 46 4 3 13 37

0.249 92 17 48 6 2 7 23

0.227 88 12 45 4 0 3 33

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

let the number of rows be the number of subjects, and obtain the dissimilarity measure matrix by using

the Euclidean quadratic distance.

(b) Input data

Observation data matrix A, LX = 11, LY = 9, NX = 10, NY = 8, ML = 11 and ISW = 11.
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(c) Main program

PROGRAM B6CLDS
! *** EXAMPLE OF D6CLDS ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER(LX=11,LY=9,NX=10,NY=8,ML=11,ISW=11)
DIMENSION A(LX,LY),DISS(ML,NX),W1(NY*(ML+1)+2),AV(NY),C(NY)

!
READ(5,*) ((A(I,J),J=1,8),I=1,10)
WRITE(6,1000)
WRITE(6,1010) ’A’,’B’,’C’,’D’,’E’,’F’,’G’,’H’
DO 10 I=1,NX
WRITE(6,1020) I,(A(I,J),J=1,NY)

10 CONTINUE
!
! *** NORMALIZATION OF DATA ***

DO 11 J=1,NY
SUM = 0.0D0
DO 12 I=1,NX

SUM = SUM + A(I,J)
12 CONTINUE

AV(J) = SUM/DBLE(NX)
11 CONTINUE

DO 40 I=1,NY
SUM = 0.0D0
DO 41 J=1,NX

SUM = SUM + (A(J,I)-AV(I))**2
41 CONTINUE

C(I) = SUM/(NX-1.0D0)
40 CONTINUE

DO 20 I=1,NX
DO 21 J=1,NY

A(I,J) = (A(I,J)-AV(J))/SQRT(C(J))
21 CONTINUE
20 CONTINUE

!
! *** *** *** *** *** *** *** *** *** ***
!

WRITE(6,1030) ISW,LX,LY,NX,NY,ML
CALL D6CLDS(A,LX,LY,NX,NY,ML,DISS,ISW,W1,IERR)
WRITE(6,2000) IERR
WRITE(6,2010) (I,I=1,NX)
DO 30 I=1,NX
WRITE(6,2020) I,(DISS(I,J),J=1,NX)

30 CONTINUE
!

STOP
!
1000 FORMAT(’ *** D6CLDS ***’,/,/,3X,’** INPUT **’,/)
1010 FORMAT(’ I’,8(4X,A,3X),/,2X,’--+’,64(’-’))
1020 FORMAT(’ ’,I3,’I’,8F8.3)
1030 FORMAT(’ ’,/,3X,’ISW =’,I4,/,3X,’ LX =’,I4,5X,’ LY =’,I4,/,3X,&

’ NX =’,I4,5X,’ NY =’,I4,5X,’ ML =’,I4,/,/)
2000 FORMAT(’ ** OUTPUT **’,/,/,’ IERR = ’,I4,/)
2010 FORMAT(’ I’,10(2X,I2,3X),/,2X,’--+’,70(’-’))
2020 FORMAT(’ ’,I3,’I’,10F7.3)
!

END

(d) Output results

*** D6CLDS ***

** INPUT **

I A B C D E F G H
--+----------------------------------------------------------------
1I 0.321 119.000 6.000 40.000 6.000 6.000 12.000 29.000
2I 0.301 112.000 9.000 38.000 4.000 2.000 3.000 31.000
3I 0.288 133.000 15.000 53.000 4.000 5.000 12.000 30.000
4I 0.280 112.000 9.000 47.000 4.000 2.000 10.000 24.000
5I 0.261 109.000 3.000 21.000 1.000 3.000 13.000 21.000
6I 0.256 107.000 8.000 34.000 4.000 2.000 17.000 38.000
7I 0.253 95.000 16.000 57.000 4.000 6.000 7.000 37.000
8I 0.250 100.000 13.000 46.000 4.000 3.000 13.000 37.000
9I 0.249 92.000 17.000 48.000 6.000 2.000 7.000 23.000

10I 0.227 88.000 12.000 45.000 4.000 0.000 3.000 33.000

ISW = 11
LX = 11 LY = 9
NX = 10 NY = 8 ML = 11

** OUTPUT **

IERR = 0

I 1 2 3 4 5 6 7 8 9 10
--+----------------------------------------------------------------------
1I 0.000 11.433 10.328 10.369 26.272 16.179 21.456 17.143 23.111 33.885
2I 11.433 0.000 12.656 4.942 18.958 13.443 16.062 11.351 14.159 11.996
3I 10.328 12.656 0.000 8.019 28.695 15.941 12.338 10.772 18.421 27.228
4I 10.369 4.942 8.019 0.000 14.354 10.042 14.833 7.866 9.039 12.615
5I 26.272 18.958 28.695 14.354 0.000 16.356 37.180 22.925 33.453 28.873
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6I 16.179 13.443 15.941 10.042 16.356 0.000 17.770 3.919 19.886 15.906
7I 21.456 16.062 12.338 14.833 37.180 17.770 0.000 5.752 12.359 13.710
8I 17.143 11.351 10.772 7.866 22.925 3.919 5.752 0.000 10.465 8.982
9I 23.111 14.159 18.421 9.039 33.453 19.886 12.359 10.465 0.000 8.556
10I 33.885 11.996 27.228 12.615 28.873 15.906 13.710 8.982 8.556 0.000
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9.6.2 D6CLAN, R6CLAN

Cluster Analysis (Input Dissimilarity Measure or Similarity Measure)

(1) Function

Given the dissimilarity measure dij or similarity measure 1.0 − dij (i, j = 1, 2, · · · , n), the D6CLAN or

R6CLAN performs a cluster analysis based on this measure. When a new cluster t is created by merging

cluster p and cluster q, the following measures are used as the dissimilarity measure dtr between cluster t

and a separate arbitrary cluster r. Here, np represents the number of subjects contained in cluster p.

• Nearest neighbor method

dtr = min(dpr, dqr)

• Furtherest neighbor method

dtr = max(dpr, dqr)

• Group mean method

dtr = (npdpr + nqdqr)/(np + nq)

• Center of gravity method

dtr =
np

np + nq
dpr +

nq

np + nq
dqr − npnq

(np + nq)2
dpq

• Median method

dtr =
1

2
dpr +

1

2
dqr − 1

4
dpq

• Ward’s method

dtr =
np + nr

nt + nr
dpr +

nq + nr

nt + nr
dqr − nr

nt + nr
dpq

• Variable method

dtr =
1− β

2
dpr +

1− β

2
dqr + βdpq (−1

4
≤ β ≤ 0)

The center of gravity method, median method, and Ward’s method assume that the dissimilarity measure

is given by the (standardized) Euclidean quadratic distance.

(2) Usage

Double precision:

CALL D6CLAN (A, LNA, NC, IPOS, LNP, DIS, ISW1, ISW2, IW, IERR)

Single precision:

CALL R6CLAN (A, LNA, NC, IPOS, LNP, DIS, ISW1, ISW2, IW, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
LNA,NC Input Dissimilarity measure or similarity measure ma-

trix (real symmetric matrix) (two-dimensional

array type, upper triangular type) (See Note

(a))

Output Entered contents are not saved.

2 LNA I 1 Input Adjustable dimension of array A

3 NC I 1 Input Second dimension of array A

4 IPOS I LNP, 2 Output Information indicating cluster merging (See

Note (b))

This information indicates that the i-th merge

was a merging of the IPOS(i, 1)-th cluster and

the IPOS(i, 2)-th cluster (i = 1, · · · ,NC− 1)

5 LNP I 1 Input Adjustable dimension of array IPOS

6 DIS
{
D

R

}
NC− 1 Input When ISW2=7, enter the value of β (−1/4 ≤

β ≤ 0) for DIS(1) (Default value:β = −1/4).

Otherwise, this setting is unnecessary.

Output Cluster merging distance information (See Note

(c))

This information indicates that clusters were

merged using distance DIS(i) during the i-th

merge (i = 1, · · · ,NC− 1)

7 ISW1 I 1 Input Processing switch (See Note (c))

ISW1=1: When the dissimilarity measure ma-

trix is given for array A

ISW1=2: When the similarity measure matrix

is given for array A

8 ISW2 I 1 Input Analysis method selection switch

ISW2=1: Nearest neighbor method

ISW2=2: Furtherest neighbor method

ISW2=3: Group mean method

ISW2=4: Center of gravity method

ISW2=5: Median method

ISW2=6: Ward’s method

ISW2=7: Variable method (input β)

9 IW I NC Work Work area

10 IERR I 1 Output Error indicator
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(4) Restrictions

(a) 1 < NC ≤ LNA

(b) LNP≥NC−1

(c) ISW1=1 or ISW1=2

(d) 1 ≤ ISW2 ≤ 7

(e) When ISW2 = 7, −1/4 ≤ DIS(1) ≤ 0

(Except when entering 1.0 to set the default value)

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (e) was not satisfied. Processing is performed with the default

value set.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

3020 Restriction (c) was not satisfied.

3030 Restriction (d) was not satisfied.

(6) Notes

(a) The matrix assigned for array A must be a real symmetric matrix. This subroutine uses only the upper

triangular portion to perform the processing.

(b) Information indicating which cluster was merged with which cluster during which merge is stored in

array IPOS. However, the lowest cluster number of the two clusters before merging is assigned to the

merged cluster. For example, the cluster formed by merging cluster 3 and cluster 5 is named cluster 3.

(c) When the matrix (aij) given for array A is a similarity measure matrix, the subroutine performs

the analysis after internally converting this to a dissimilarity measure matrix by using the following

equation.

aij = 1.0− aij

Therefore, in this case, the distances calculated by using the values that were converted by using the

equation shown above are stored in DIS(i)(i = 1, · · · ,NC− 1).
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(7) Example

(a) Problem
Perform a cluster analysis using the following dissimilarity measure matrix as an index.

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.000 11.432 10.328 10.369 26.271 16.179 21.455 17.142 23.111 33.883

11.432 0.000 12.656 4.942 18.957 13.443 16.062 11.350 14.159 11.996

10.328 12.656 0.000 8.019 28.694 15.942 12.338 10.771 18.421 27.228

10.369 4.942 8.019 0.000 14.353 10.042 14.833 7.866 9.040 12.615

26.271 18.957 28.694 14.353 0.000 16.356 37.180 22.924 33.453 28.872

16.179 13.443 15.942 10.042 16.356 0.000 17.771 3.919 19.886 15.906

21.455 16.062 12.338 14.833 37.180 17.771 0.000 5.752 12.359 13.710

17.142 11.350 10.771 7.866 22.924 3.919 5.752 0.000 10.465 8.982

23.111 14.159 18.421 9.040 33.453 19.886 12.359 10.465 0.000 8.556

33.883 11.996 27.228 12.615 28.872 15.906 13.710 8.982 8.556 0.000

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(b) Input data

Dissimilarity measure matrix A, ISW1 = 1, ISW2 = 3, LNA = 11, NC = 10 and LNP = 9.

(c) Main program

PROGRAM B6CLAN
! *** EXAMPLE OF D6CLAN ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER(LNA=11,NC=10,LNP=9,ISW1=1,ISW2=3)
DIMENSION A(LNA,NC),DIS(NC-1),IPOS(LNP,2),IW(NC)

!
READ(5,*) ((A(I,J),J=1,NC),I=1,NC)
WRITE(6,1000)
WRITE(6,1010) (I,I=1,NC)
DO 10 I=1,NC

WRITE(6,1020) I,(A(I,J),J=1,NC)
10 CONTINUE

!
WRITE(6,1030) ISW1,ISW2,LNA,NC,LNP
CALL D6CLAN(A,LNA,NC,IPOS,LNP,DIS,ISW1,ISW2,IW,IERR)
WRITE(6,2000) IERR

!
DO 20 I=1,NC-1

WRITE(6,2010) IPOS(I,1),IPOS(I,2),DIS(I)
20 CONTINUE

!
STOP

!
1000 FORMAT(’ *** D6CLAN ***’,/,/,3X,’** INPUT **’,/)
1010 FORMAT(’ I’,10(I4,3X),/,2X,’--+’,70(’-’))
1020 FORMAT(’ ’,I3,’I’,10F7.3)
1030 FORMAT(’ ’,/,3X,’ISW1 =’,I4,5X,’ ISW2 =’,I4,/,&

3X,’ LNA =’,I4,5X,’ NC =’,I4,5X,’ LNP =’,I4,/,/)
2000 FORMAT(’ ** OUTPUT **’,/,/,’ IERR = ’,I4,/)
2010 FORMAT(11X,I3,’ ---’,I3,5X,F8.4)
!

END

(d) Output results

*** D6CLAN ***

** INPUT **

I 1 2 3 4 5 6 7 8 9 10
--+----------------------------------------------------------------------
1I 0.000 11.432 10.328 10.369 26.271 16.179 21.455 17.142 23.111 33.883
2I 11.432 0.000 12.656 4.942 18.957 13.443 16.062 11.350 14.159 11.996
3I 10.328 12.656 0.000 8.019 28.694 15.942 12.338 10.771 18.421 27.228
4I 10.369 4.942 8.019 0.000 14.353 10.042 14.833 7.866 9.040 12.615
5I 26.271 18.957 28.694 14.353 0.000 16.356 37.180 22.924 33.453 28.872
6I 16.179 13.443 15.942 10.042 16.356 0.000 17.771 3.919 19.886 15.906
7I 21.455 16.062 12.338 14.833 37.180 17.771 0.000 5.752 12.359 13.710
8I 17.142 11.350 10.771 7.866 22.924 3.919 5.752 0.000 10.465 8.982
9I 23.111 14.159 18.421 9.040 33.453 19.886 12.359 10.465 0.000 8.556
10I 33.883 11.996 27.228 12.615 28.872 15.906 13.710 8.982 8.556 0.000

ISW1 = 1 ISW2 = 3
LNA = 11 NC = 10 LNP = 9

** OUTPUT **

IERR = 0

6 --- 8 3.9190
2 --- 4 4.9420
9 --- 10 8.5560
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1 --- 3 10.3280
1 --- 2 10.6190
6 --- 7 11.7615
6 --- 9 13.5513
1 --- 6 15.8938
1 --- 5 25.2289

522



D6CLDA, R6CLDA
Cluster Analysis (Input Observation Data, Use Dissimilarity Measure)

9.6.3 D6CLDA, R6CLDA

Cluster Analysis (Input Observation Data, Use Dissimilarity Measure)

(1) Function

If individuals or variates having n characteristics are to be used as classification subjects when the (individ-

ual) × (variate) multivariate characteristic value data matrix (aik) or (aki) (i = 1, 2, · · · , n; k = 1, 2, · · · , p)
is given, the D6CLDA or R6CLDA obtains the dissimilarity measure dij (i, j = 1, 2, · · · , n) between the i-th

and j-th individual or variate by using the measures described below and performs a cluster analysis using

this as an index.

• Euclidean quadratic distance

dij =

p∑
k=1

(aik − ajk)
2 (i, j = 1, · · · , n)

• Standardized Euclidean quadratic distance

dij =

p∑
k=1

(aik − ajk)
2

s2k
(i, j = 1, · · · , n)

Here, s2k, which is the variance of the variate, is defined by the following equation.

s2k =
1

n− 1

n∑
l=1

(alk − āk)
2(āk =

1

n

n∑
l=1

alk)

This is the same as obtaining the Euclidean quadratic distance when the variance of each variate is

standardized to 1.

• Generalized distance of Mahalanobis

dij =

p∑
k=1

p∑
m=1

(aik − ajk)vkm(aim − ajm) (i, j = 1, · · · , n)

Here, vkm is the vkm element of the inverse matrix of the variance-covariance matrix of the individuals

and variates.

• Minkowski distance

dij = {
p∑

k=1

| aik − ajk |r}1/r (r ≥ 1.0; i, j = 1, · · · , n)

When a new cluster t is created by merging cluster p and cluster q, the following measures are used as

the dissimilarity measure dtr between cluster t and a separate arbitrary cluster r. Here, np represents the

number of subjects contained in cluster p.

• Nearest neighbor method

dtr = min(dpr , dqr)

• Furtherest neighbor method

dtr = max(dpr , dqr)

• Group mean method

dtr = (npdpr + nqdqr)/(np + nq)

• Center of gravity method

dtr =
np

np + nq
dpr +

nq

np + nq
dqr − npnq

(np + nq)2
dpq
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• Median method

dtr =
1

2
dpr +

1

2
dqr − 1

4
dpq

• Ward’s method

dtr =
np + nr

nt + nr
dpr +

nq + nr

nt + nr
dqr − nr

nt + nr
dpq

• Variable method

dtr =
1− β

2
dpr +

1− β

2
dqr + βdpq (−1

4
≤ β ≤ 0)

The center of gravity method, median method, and Ward’s method assume that the dissimilarity measure

is given by the (standardized) Euclidean quadratic distance.

(2) Usage

Double precision:

CALL D6CLDA (A, LX, LY, NX, NY, ML, NC, IPOS, LNP, DIS, ISW1, ISW2, IW, W1,

IERR)
Single precision:

CALL R6CLDA (A, LX, LY, NX, NY, ML, NC, IPOS, LNP, DIS, ISW1, ISW2, IW, W1,

IERR)

(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 A
{
D

R

}
LX,LY Input Observation data aik or aki (i = 1, 2, · · · , n; k =

1, 2, · · · , p) (See Note (a))

2 LX I 1 Input Adjustable dimension of array A

3 LY I 1 Input Second dimension of array A

4 NX I 1 Input Number of rows of observation data matrix (n

or p)

5 NY I 1 Input Number of columns of observation data matrix

(p or n)

6 ML I 1 Input MAX(LX, LY)

7 NC I 1 Input Number of objects n (NX or NY)

8 IPOS I LNP, 2 Output Information indicating cluster merging (See

Note (b))

This information indicates that the i-th merge

was a merging of the IPOS(i, 1)-th cluster and

the IPOS(i, 1)-th cluster (i = 1, · · · ,NC− 1)

9 LNP I 1 Input Adjustable dimension of array IPOS
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No. Argument Type Size
Input/

Output
Contents

10 DIS
{
D

R

}
NC− 1 Input When ISW1=14 or 24 (Minkowski distance),

enter the value of r (r ≥ 1.0) for DIS(1).

When ISW2 = 7, enter the value of β (−1/4 ≤
β ≤ 0) for DIS(2) (Default value: β = −1/4).

Otherwise, this setting is unnecessary.

Output Cluster merging distance information.

This information indicates that clusters were

merged using distance DIS(i) during the i-th

merge (i = 1, · · · ,NC− 1).

11 ISW1 I 1 Input Dissimilarity measure calculation processing

switch

ISW1=11 or 21:

Euclidean quadratic distance

ISW1=12 or 22:

Standardized Euclidean quadratic distance

ISW1=13 or 23:

(Generalized) distance of Mahalanobis

ISW1=14 or 24:

Minkowski distance

For ISW1=11,12,13 or 14, NX=n.

For ISW1=21,22,23 or 24, NY=n.

12 ISW2 I 1 Input Analysis method selection switch

ISW2=1: Nearest neighbor method

ISW2=2: Furtherest neighbor method

ISW2=3: Group mean method

ISW2=4: Center of gravity method

ISW2=5: Median method

ISW2=6: Ward’s method

ISW2=7: Variable method (input β)

13 IW I NC Work Work area

14 W1
{
D

R

}
See

Contents

Work Work area

Size:

When ISW1 =11, 12, 13 or 14

the size is ML×NC +NY × (ML + 1) + 2.

When ISW1 =21, 22, 23 or 24

the size is ML×NC +NX× (ML + 1) + 2.

15 IERR I 1 Output Error indicator
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(4) Restrictions

(a) 1 < NX ≤ LX, 1 < NY ≤ LY

(b) NC = NX (when ISW1 =11, 12, 13 or 14) or NY (when ISW1 =21, 22, 23 or 24)

(c) LNP ≥ NC− 1

(d) ML = MAX(LX,LY)

(e) 11 ≤ ISW1 ≤ 14 or 21 ≤ ISW2 ≤ 24

(f) 1 ≤ ISW2 ≤ 7

(g) When ISW1 = 14 or 24, DIS(1) ≥ 1.0

(h) When ISW2 = 7, −1/4 ≤ DIS(2) ≤ 0

(Except when entering 1.0 to set the default value)

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Restriction (h) was not satisfied. Processing is performed with the default

value set.

3000 Restriction (a) or (b) was not satisfied. Processing is aborted.

3010 Restriction (c) was not satisfied.

3020 Restriction (d) was not satisfied.

3030 Restriction (e) or (f) was not satisfied.

3040 Restriction (g) was not satisfied.

4000 For the entered observation data, the cal-

culation cannot be performed using the

(generalized) distance of Mahalanobis.

(see Section 9.1.1)

(6) Notes

(a) When the Euclidean quadratic distance or Minkowski distance is used for the dissimilarity measure

calculation and the units of the observation data subjects differ, the data should be standardized in

advance so that a suitable positional relationship between the subjects is reflected.

(b) Information indicating which cluster was merged with which cluster during which merge is stored in

array IPOS. However, the lowest cluster number of the two clusters before merging is assigned to the

merged cluster. For example, the cluster formed by merging cluster 3 and cluster 5 is named cluster

3. Where, if NC=NX then m=NY, else if NC=NY then m=NX.
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(7) Example

(a) Problem

From the following observation data matrix:

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.321 119 6 40 6 6 12 29

0.301 112 9 38 4 2 3 31

0.288 133 15 53 4 5 12 30

0.280 112 9 47 4 2 10 24

0.261 109 3 21 1 3 13 21

0.256 107 8 34 4 2 17 38

0.253 95 16 57 4 6 7 37

0.250 100 13 46 4 3 13 37

0.249 92 17 48 6 2 7 23

0.227 88 12 45 4 0 3 33

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

let the number of rows be the number of subjects and perform a cluster analysis using the group mean

method with the dissimilarity measure matrix (standardized Euclidean quadratic distance) as an index.

(b) Input data

Observation data matrix A, LX=11, LY=9, NX=10, NY=8, ML=11, NC=10, LNP=9, ISW1=12 and

ISW2=3.
(c) Main program

PROGRAM B6CLDA
! *** EXAMPLE OF D6CLDA ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER(LX=11,LY=9,NX=10,NY=8,ML=11,NC=10,LNP=9,ISW1=12,ISW2=3)
DIMENSION A(LX,LY),W1(ML*NC+NY*(ML+1)+2)
DIMENSION DIS(NC-1),IPOS(LNP,2),IW(NC)

!
READ(5,*) ((A(I,J),J=1,8),I=1,10)
WRITE(6,1000)
WRITE(6,1010) ’A’,’B’,’C’,’D’,’E’,’F’,’G’,’H’
DO 10 I=1,NX

WRITE(6,1020) I,(A(I,J),J=1,NY)
10 CONTINUE

!
WRITE(6,1030) ISW1,ISW2,LX,LY,NX,NY,ML,NC,LNP
CALL D6CLDA(A,LX,LY,NX,NY,ML,NC,IPOS,LNP,DIS,&

ISW1,ISW2,IW,W1,IERR)
WRITE(6,2000) IERR

!
DO 20 I=1,NC-1

WRITE(6,2010) IPOS(I,1),IPOS(I,2),DIS(I)
20 CONTINUE

STOP
!
1000 FORMAT(’ *** D6CLDA ***’,/,/,3X,’** INPUT **’,/)
1010 FORMAT(’ I’,8(4X,A,3X),/,2X,’--+’,64(’-’))
1020 FORMAT(’ ’,I3,’I’,8F8.3)
1030 FORMAT(’ ’,/,3X,’ISW1 =’,I4,5X,’ ISW2 =’,I4,/,&

3X,’ LX =’,I4,5X,’ LY =’,I4,/,&
3X,’ NX =’,I4,5X,’ NY =’,I4,/,&
3X,’ ML =’,I4,5X,’ NC =’,I4,5X,’ LNP =’,I4,/,/)

2000 FORMAT(’ ** OUTPUT **’,/,/,’ IERR = ’,I4,/)
2010 FORMAT(11X,I3,’ ---’,I3,5X,F8.4)
!

END

(d) Output results

*** D6CLDA ***

** INPUT **

I A B C D E F G H
--+----------------------------------------------------------------
1I 0.321 119.000 6.000 40.000 6.000 6.000 12.000 29.000
2I 0.301 112.000 9.000 38.000 4.000 2.000 3.000 31.000
3I 0.288 133.000 15.000 53.000 4.000 5.000 12.000 30.000
4I 0.280 112.000 9.000 47.000 4.000 2.000 10.000 24.000
5I 0.261 109.000 3.000 21.000 1.000 3.000 13.000 21.000
6I 0.256 107.000 8.000 34.000 4.000 2.000 17.000 38.000
7I 0.253 95.000 16.000 57.000 4.000 6.000 7.000 37.000
8I 0.250 100.000 13.000 46.000 4.000 3.000 13.000 37.000
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9I 0.249 92.000 17.000 48.000 6.000 2.000 7.000 23.000
10I 0.227 88.000 12.000 45.000 4.000 0.000 3.000 33.000

ISW1 = 12 ISW2 = 3
LX = 11 LY = 9
NX = 10 NY = 8
ML = 11 NC = 10 LNP = 9

** OUTPUT **

IERR = 0

6 --- 8 3.9189
2 --- 4 4.9420
9 --- 10 8.5561
1 --- 3 10.3283
1 --- 2 10.6194
6 --- 7 11.7613
6 --- 9 13.5513
1 --- 6 15.8940
1 --- 5 25.2297
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Chapter 10

REGRESSION ANALYSIS

10.1 INTRODUCTION

When statistical data consists of multiple variates and an attempt is to be made to predict the value of one of the

variates from another of the variates, a regression analysis hypothesizes a functional relationship containing

several parameters between the two variates and estimates those parameters from observed values. The parameters

that are obtained are called the regression coefficients. The function obtained by the regression analysis gives

a function for approximating the observation data based on some index. This library provides the following

functions for performing regression analysis.

• Linear Regression Analysis

• Nonlinear Regression Analysis
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10.1.1 Explanation

(1) Linear Regression Analysis

Assume that n observed values (x1, y1), (x2, y2), · · · , (xn, yn) obey the following linear regression model.

yi = β0 + β1xi + εi (i = 1, 2, · · · , n)

Here, εi are error terms that independently obey N(0, σ2). Obtaining the estimates b0 and b1 of coefficients

β0 and β1 by using the method of least squares is called a linear regression. b0 and b1 are obtained by using

the following equations.

b1 =

n∑
i=1

(xi − μx)(yi − μy)

n∑
i=1

(xi − μx)
2

b0 = μy − b1μx

Here, μx and μy, which represent the means of xi and yi, are given by the following equations.

μx =

n∑
i=1

xi

n
, μy =

n∑
i=1

yi

n

The analysis of variance table due to the linear regression is as follows.

Sum of squares Degrees of freedom Unbiased variance F ratio

Total variation ST n− 1

Variation due to regression SR 1 VR = SR F =
VR

VE

Residual variation SE = ST − SR n− 2 VE =
SE

n− 2

Here, ST and SR are defined as follows.

ST =

n∑
i=1

(yi − μy)
2

SR = b1

(
n∑

i=1

(xi − μx)(yi − μy)

)

The estimates ε0
2 and ε1

2 of the variance of the statistics b0 and b1, are given by the following equations:

ε0
2 = VE

⎛
⎜⎜⎜⎜⎝

1

n
+

μx
2

n∑
i=1

(xi − μx)
2

⎞
⎟⎟⎟⎟⎠
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ε1
2 =

VE
n∑

i=1

(xi − μx)
2

and the test quantities t0, which obeys a t distribution with n − 2 degrees of freedom based on the null

hypothesis H0 : β0 = 0, and t1, which obeys a t distribution with n− 2 degrees of freedom based on the null

hypothesis H0 : β1 = 0, respectively, are given as follows.

t0 =
b0
ε0

t1 =
b1
ε1

(2) Linear Regression Analysis (Repetitive Data)

Assume that mi given dependent variable values yij (j = 1, 2, · · · ,mi; i = 1, 2, · · · , n) corresponding to n

independent variable values xi (i = 1, 2, · · · , n) have been given and obey the following linear regression

model.

yij = β0 + β1xi + εi (j = 1, 2, · · · ,mi; i = 1, 2, · · · , n)

Here, εi are error terms that independently obey N(0, σ2). The estimates b0 and b1 of coefficients β0 and

β1 are to be obtained by using the method of least squares. b0 and b1 are obtained by using the following

equations.

b1 =

n∑
i=1

mi∑
j=1

(xi − μx)(yij − μy)

n∑
i=1

mi(xi − μx)
2

b0 = μy − b1μx

Here, μx and μy, which represent the (weighted) means of xi and yij , are given by the following equations.

μx =

n∑
i=1

mixi

n∑
i=1

mi

, μy =

n∑
i=1

mi∑
j=1

yij

n∑
i=1

mi

The analysis of variance table due to the linear regression is as follows.
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Sum of squares Degrees of freedom Unbiased variance F ratio

Total variation ST

n∑
i=1

mi − 1

Variation due to

regression

SR 1 VR = SR FR =
VR

VE

Residual variation SE = ST − SR

n∑
i=1

mi − 2 VE =
SE

n∑
i=1

mi − 2

Variation due to high

order regression

SL = SB − SR n− 2 VL =
SL

n− 2
FL =

VL

VW

Between-class

variation

SB n− 1 VB =
SB

n− 1
FB =

VB

VW

Within-class variation SW = ST − SB

n∑
i=1

mi − n VW =
SW

n∑
i=1

mi − n

Here, ST , SR and SB are defined as follows.

ST =

n∑
i=1

mi∑
j=1

(yij − μy)
2

SR = b1

⎛
⎝ n∑

i=1

mi∑
j=1

(xi − μx)(yij − μy)

⎞
⎠

SB =

n∑
i=1

mi

⎛
⎜⎜⎜⎜⎝

mi∑
j=1

yij

mi
− μy

⎞
⎟⎟⎟⎟⎠

2

The estimates ε0
2 and ε1

2 of the variance of the statistics b0 and b1, are given by the following equations:

ε0
2 = VE

⎛
⎜⎜⎜⎜⎝

1
n∑

i=1

mi

+
μx

2

n∑
i=1

mi(xi − μx)
2

⎞
⎟⎟⎟⎟⎠

ε1
2 =

VE
n∑

i=1

mi(xi − μx)
2

and the test quantities t0, which obeys a t distribution with
∑n

i=1 mi − 2 degrees of freedom based on the

null hypothesis H0 : β0 = 0, and t1, which obeys a t distribution with
∑n

i=1 mi−2 degrees of freedom based

on the null hypothesis H0 : β1 = 0, respectively, are given as follows.

t0 =
b0
ε0

532



Explanation

t1 =
b1
ε1

(3) Multiple Regression Analysis

Assume that n independent variable values xki (k = 1, 2, · · · , n; i = 1, 2, · · · ,m) for m variables and n given

dependent variable values yk (k = 1, 2, · · · , n) corresponding to them have been given and obey the following

linear regression model.

yk = β0 + β1xk1 + β2xk2 + · · ·+ βmxkm + εk (k = 1, 2, · · · , n)

Here, εk are error terms that independently obey N(0, σ2). Obtaining the estimates bi (i = 0, 1, · · · ,m) of

partial correlation coefficients βi (i = 0, 1, · · · ,m) by using the method of least squares is called a multiple

regression. The bi (i = 0, 1, · · · ,m) are obtained by solving the following simultaneous linear equations

(normal equations) for the m− 1 dimensional vector b = (bj) (j = 1, 2, · · · ,m).

Cb = u

The elements of matrix C = (cij) (i, j = 1, 2, · · · ,m) and vector u = (uj) (j = 1, 2, · · · ,m) are defined as

follows.

cij =

n∑
k=1

(xki − μi)(xkj − μj) (i, j = 1, 2, · · · ,m)

uj =
n∑

k=1

(xki − μi)(yj − ν) (j = 1, 2, · · · ,m)

Here, μi and ν are given by the following equations.

μi =

n∑
k=1

xki

n
(i = 1, 2, · · · ,m)

ν =

n∑
k=1

yk

n

Now, b0 is obtained as follows:

b0 = ν −
m∑
i=1

biμi

and the analysis of variance table due to the linear regression is as follows.

Sum of squares Degrees of freedom Unbiased variance F ratio

Total variation ST n− 1

Variation due to regression SR m VR =
SR

m
F =

VR

VE

Residual variation SE = ST − SR n−m− 1 VE =
SE

n−m− 1
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Here, ST and SR are defined as follows.

ST =

n∑
k=1

(yk − ν)2

SR =

m∑
i=1

bi

(
n∑

k=1

(xki − μi)(yi − ν)

)

Let the elements of the inverse matrix of matrix C be represented by dij (i, j = 1, 2, · · · ,m). The estimates

εi
2 (i = 0, 1, · · · ,m) of the variance of the statistics bi (i = 0, 1, · · · ,m) are given by the following equations:

ε0
2 = VE

⎛
⎝ 1

n
+

m∑
i=1

m∑
j=1

μiμjdij

⎞
⎠

εi
2 = VEdii (i = 1, 2, · · · ,m)

and the test quantities ti(i = 0, 1, · · · ,m), which obey t distributions with n − m − 1 degrees of freedom

based on the null hypotheses H0 : βi = 0 (i = 0, 1, · · · ,m), are given as follows.

ti =
bi
εi

(i = 0, 1, · · · ,m)

(4) Polynomial Regression Analysis

Assume that n independent variable values xk (k = 1, 2, · · · , n) and n given dependent variable values

yk (k = 1, 2, · · · , n) corresponding to them have been given and obey the following regression model.

yk = β0 + β1xk + β2xk
2 + · · ·+ βmxk

m + εk (k = 1, 2, · · · , n)

Here, εk are error terms that independently obey N(0, σ2). The estimates bi (i = 0, 1, · · · ,m) of partial

correlation coefficients βi (i = 0, 1, · · · ,m) are obtained by using the method of least squares. The bi (i =

0, 1, · · · ,m) are obtained by solving the following simultaneous linear equations (normal equations) for the

m− 1 dimensional vector b = (bj) (j = 1, 2, · · · ,m).

Cb = u

The elements of matrix C = (cij) (i, j = 1, 2, · · · ,m) and vector u = (uj) (j = 1, 2, · · · ,m) are defined as

follows.

cij =

n∑
k=1

(xk
i − μi)(xk

j − μj) (i, j = 1, 2, · · · ,m)

uj =
n∑

k=1

(xk
i − μi)(yj − ν) (j = 1, 2, · · · ,m)

Here, μi and ν are given by the following equations.

μi =

n∑
k=1

xk
i

n
(i = 1, 2, · · · ,m)
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Explanation

ν =

n∑
k=1

yk

n

Now, b0 is obtained as follows:

b0 = ν −
m∑
i=1

biμi

and the analysis of variance table due to the regression is as follows.

Sum of squares Degrees of freedom Unbiased variance F ratio

Total variation ST n− 1

Variation due to regression SR m VR =
SR

m
F =

VR

VE

Residual variation SE = ST − SR n−m− 1 VE =
SE

n−m− 1

Here, ST and SR are defined as follows.

ST =

n∑
k=1

(yk − ν)2

SR =

m∑
i=1

bi

(
n∑

k=1

(xk
i − μi)(yi − ν)

)

Let the elements of the inverse matrix of matrix C be represented by dij (i, j = 1, 2, · · · ,m). The estimates

εi
2 (i = 0, 1, · · · ,m) of the variance of the statistics bi (i = 0, 1, · · · ,m) are given by the following equations:

ε0
2 = VE

⎛
⎝ 1

n
+

m∑
i=1

m∑
j=1

μiμjdij

⎞
⎠

εi
2 = VEdii (i = 1, 2, · · · ,m)

and the test quantities ti(i = 0, 1, · · · ,m), which obey t distributions with n − m − 1 degrees of freedom

based on the null hypotheses H0 : βi = 0 (i = 0, 1, · · · ,m), are given as follows.

ti =
bi
εi

(i = 0, 1, · · · ,m)

Remark: The coefficient matrix of normal equations often is rather ill-behaved, and, in particular, the

solution has a tendency to quickly approach a singularity as the number of variates increases. For a

polynomial regression, this is serious. Therefore, the calculation should be performed using the double-

precision subroutine whenever possible.

(5) Regression According to an Arbitrary Function

Assume that n sets of independent variables xk = (x1k, x2k, · · · , xmk) (k = 1, 2, · · · , n) consisting of m

variables and n given dependent variable values yk (k = 1, 2, · · · , n) corresponding to them have been given

and obey the following regression model.

yk = f(xk;β) + εk (k = 1, 2, · · · , n)

535



Reference Bibliography

Here, εk are error terms that independently obey N(0, σ2). The estimates b = (b1, b2, · · · , b�) of the �

regression model parameters β = (β1, β2, · · · , β�) is obtained according to the nonlinear method of least

squares, with β minimizing the residual variation

Se =

n∑
k=1

(yk − f(xk;β))
2,

and the analysis of variance table due to the regression is as follows.

Sum of squares Degrees of freedom Unbiased variance

Total variation ST n

Residual variation SE n− � VE =
SE

n− �

Here, ST and SE are defined as follows.

ST =
n∑

k=1

y2k

SE =

n∑
i=1

(yk − f(xk; b))
2

In addition, the asymptotic variance-covariance matrix V = (Vij) (i, j = 1, · · · , �) and standard deviation

estimates εi (i = 1, · · · , �) of the statistics bi (i = 1, · · · , �) are defined by the following equations.

V = SE(J
T J)−1

εi =
√
Vii (i = 1, 2, · · · , �)

Here, J is the Jacobian matrix for which the (i, j)-th element is defined as follows.

Jij =
∂f(xi;β)

∂βj

∣∣∣∣
β=b

(i = 1, · · · , n; j = 1, · · · , �)

10.1.2 Reference Bibliography

(1) Draper, N. R. and Smith, H. , “Applied regression analysis”, John Wiley & Sons, New York (1966)
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10.2 LINEAR REGRESSION ANALYSIS

10.2.1 DNLNRG, RNLNRG

Linear Regression Analysis

(1) Function

Assume that n observed values (x1, y1), (x2, y2), · · · , (xn, yn) obey the following linear regression model.

yi = β0 + β1xi + εi (i = 1, 2, · · · , n)

Here, εi are error terms that independently obey N(0, σ2).

The DNLNRG or RNLNRG obtains:

(a) the estimates b0 and b1 of coefficients β0 and β1

(b) the statistics for creating the following analysis of variance table due to the linear regression:

Sum of squares Degrees of freedom Unbiased variance F ratio

Total variation ST n− 1

Variation due to regression SR 1 VR = SR F =
VR

VE

Residual variation SE = ST − SR n− 2 VE =
SE

n− 2

(c) the multiple correlation coefficient R

R =

√
SR

ST

(d) the standard deviation estimates ε0 and ε1 of the statistics b0 and b1

(e) the test quantity t0, which obeys a t distribution with n − 2 degrees of freedom based on the null

hypothesis H0 : β0 = 0

(f) the test quantity t1, which obeys a t distribution with n − 2 degrees of freedom based on the null

hypothesis H0 : β1 = 0.

(2) Usage

Double precision:

CALL DNLNRG (X, Y, N, B0, B1, R, STAT, IERR)

Single precision:

CALL RNLNRG (X, Y, N, B0, B1, R, STAT, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X
{
D

R

}
N Input Independent variate observation data xi

2 Y
{
D

R

}
N Input Dependent variate observation data yi

3 N I 1 Input Number of observed values n

4 B0
{
D

R

}
3 Output B0(1): β0 estimate b0

B0(2): β0 standard deviation estimate ε0

B0(3): β0 test quantity t0

5 B1
{
D

R

}
3 Output B1(1): β1 estimate b1

B1(2): β1 standard deviation estimate ε1

B1(3): β1 test quantity t1

6 R
{
D

R

}
2 Output R(1): Multiple correlation coefficient R

R(2): Contribution ratio R2

7 STAT
{
D

R

}
21 Output Basic statistics of calculation result (See Note

(a))

8 IERR I 1 Output Error indicator

(4) Restrictions

(a) N ≥ 3

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 There was no difference between indepen-

dent variates.

0.0 is set for B0, B1, R, and STAT(1) to

STAT(9).

1010 The residual is 0.0. (STAT(3)=0.0) The positive maximum value is set for

STAT(9), B0(3), and B1(3).

3000 Restriction (a) was not satisfied. Processing is aborted.
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(6) Notes

(a) The following kind of array is stored as a one-dimensional vector in array STAT.

1: ST Total variation

2: SR Variation due to regression

3: SE Residual variation

4: fT = n− 1 Degrees of freedom of total variation

5: fR = 1 Degrees of freedom of variation due to regression

6: fE = n− 2 Degrees of freedom of residual variation

7: VR Unbiased variance of variation due to regression

8: VE Unbiased variance of residual variation

9: F F ratio

10: μx =

∑n

i=1
xi

n Mean of xi

11: μy =

∑
n

i=1
yi

n Mean of yi

12: σx =

√∑
n

i=1
(xi−μx)2

n−1 Standard deviation of xi

13: σy =

√∑n

i=1
(yi−μy)2

n−1 Standard deviation of yi

14: sx =

n∑
i=1

xi Sum of xi

15: sy =

n∑
i=1

yi Sum of yi

16: sxx =
n∑

i=1

xi
2 Sum of squares of xi

17: syy =
n∑

i=1

yi
2 Sum of squares of yi

18: sxy =

n∑
i=1

xiyi Sum of products of xi and yi

19: Sxx =

n∑
i=1

(xi − μx)
2 Sum of squares of deviations of xi

20: Syy =

n∑
i=1

(yi − μy)
2 Sum of squares of deviations of yi

21: Sxy =

n∑
i=1

(xi − μx)(yi − μy) Sum of products of deviations of xi and yi
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(7) Example

(a) Problem

Obtain the regression coefficient values, multiple correlation coefficient value, contribution ratio, and

basic statistics according to a regression analysis from the following observation data.

X(1)=1.0 Y(1)=-2.0

X(2)=2.0 Y(2)=7.0

X(3)=3.0 Y(3)=34.0

X(4)=4.0 Y(4)=91.0

X(5)=5.0 Y(5)=190.0

X(6)=6.0 Y(6)=343.0

X(7)=7.0 Y(7)=562.0

X(8)=8.0 Y(8)=859.0

X(9)=9.0 Y(9)=1246.0

X(10)=10.0 Y(10)=1735.0

X(11)=11.0 Y(11)=2338.0

(b) Input data

Observation data X, Y and N=11.

(c) Main program

PROGRAM BNLNRG
! *** EXAMPLE OF DNLNRG ***

IMPLICIT REAL(8) (A-H,O-Z)
DIMENSION X(11),Y(11),B0(3),B1(3),R(2),STAT(21)

!
READ(5,*) N
READ(5,*) (X(I),I=1,N)
READ(5,*) (Y(I),I=1,N)

!
WRITE(6,1000)
DO 10 I=1,N
WRITE(6,2000) I,X(I),Y(I)

10 CONTINUE
!

CALL DNLNRG(X,Y,N,B0,B1,R,STAT,IERR)
!

WRITE(6,3000) IERR
WRITE(6,3010) (B1(I),I=1,3)
WRITE(6,3020) (B0(I),I=1,3)
WRITE(6,3030) (R(I),I=1,2)
WRITE(6,4000)
WRITE(6,4010) STAT(1),INT(STAT(4)),STAT(2),INT(STAT(5)),&

STAT(3),INT(STAT(6))
WRITE(6,4020)
WRITE(6,4030) STAT(7),STAT(9),STAT(8)
WRITE(6,5000)
WRITE(6,5010) ’MEAN OF X : ’,10,STAT(10)
WRITE(6,5010) ’MEAN OF Y : ’,11,STAT(11)
WRITE(6,5010) ’STANDARD DEVIATION OF X : ’,12,STAT(12)
WRITE(6,5010) ’STANDARD DEVIATION OF Y : ’,13,STAT(13)
WRITE(6,5010) ’SUM OF X : ’,14,STAT(14)
WRITE(6,5010) ’SUM OF Y : ’,15,STAT(15)
WRITE(6,5010) ’SUM OF SQUARES OF X : ’,16,STAT(16)
WRITE(6,5010) ’SUM OF SQUARES OF Y : ’,17,STAT(17)
WRITE(6,5010) ’SUM OF PRODUCTS OF X AND Y : ’,18,STAT(18)
WRITE(6,5020) ’SUM OF SQUARES OF ’
WRITE(6,5010) ’ DEVIATIONS OF X : ’,19,STAT(19)
WRITE(6,5020) ’SUM OF SQUARES OF ’
WRITE(6,5010) ’ DEVIATIONS OF Y : ’,20,STAT(20)
WRITE(6,5020) ’SUM OF PRODUCTS OF ’
WRITE(6,5010) ’ DEVIATIONS OF X AND Y : ’,20,STAT(21)

!
STOP

!
1000 FORMAT(’ **** INPUT DATA ****’,/,/,6X,’ N’,’I’,15X,’X’,24X,’Y’,&

/,6X,’---+’,50(’-’))
2000 FORMAT(6X,I3,’I’,2(5X,D20.10))
3000 FORMAT(’ ’,/,/,’ *** OUTPUT ***’,/,/,4X,’IERR=’,I4,&

/,/,3X,’*REGRESSION COEFFICIENT*’,&
/,/,21X,’R.C’,13X,’S.E’,12X,’T-V’,/,4X,12(’-’),’+’,42(’-’))

3010 FORMAT(4X,’B1(X)’,7X,’I’,3D14.6)
3020 FORMAT(4X,’B0(CONSTANT)’,’I’,3D14.6)
3030 FORMAT(’ ’,/,4X,’R(1)(MULTIPLE CORRELATION COEFFICIENT) =’,&

D20.10,/,4X,’R(2)(CONTRIBUTION RATIO)’,15X,’=’,D20.10)
4000 FORMAT(’ ’,/,/,3X,’*ANALYSIS OF VARIANCE TABLE*’,/,/,4X,’FACTOR OF ’,&
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/,4X,’VARIATION’,2X,’I’,5X,’SUM OF SQUARES’,&
15X,’DEGREES OF FREEDOM’,/,4X,11(’-’),’+’,55(’-’))

4010 FORMAT(4X,’TOTAL’,6X,’ISTAT(1) = ’,D18.10,6X,&
’STAT(4) = ’,I3,/,15X,’I’,&

/,4X,’DUE TO’,5X,’ISTAT(2) = ’,D18.10,6X,&
’STAT(5) = ’,I3,/,4X,’REGRESSION I’,/,15X,’I’,&
/,4X,’DEVIATION ISTAT(3) = ’,D18.10,6X,&
’STAT(6) = ’,I3,/,5X,’FROM’,6X,’I’,/,4X,’REGRESSION I’)

4020 FORMAT(’ ’,/,/,4X,’FACTOR OF ’,/,4X,’VARIATION’,&
2X,’I’,3X,’UNBIASED VARIANCE’,&
21X,’F-RATIO’,/,4X,11(’-’),’+’,62(’-’))

4030 FORMAT(4X,’DUE TO’,5X,’ISTAT(7) = ’,D18.10,6X,&
’STAT(9) = ’,D18.10,/,4X,’REGRESSION I’,/,15X,’I’,&
/,4X,’DEVIATION ISTAT(8) = ’,D18.10,6X,&
/,5X,’FROM’,6X,’I’,/,4X,’REGRESSION I’)

5000 FORMAT(’ ’,/,/,3X,’*STATISTICS*’)
5010 FORMAT(5X,A31,’STAT(’,I2,’) =’,D14.6)
5020 FORMAT(5X,A31)

END

(d) Output results

**** INPUT DATA ****

NI X Y
---+--------------------------------------------------

1I 0.1000000000D+01 -0.2000000000D+01
2I 0.2000000000D+01 0.7000000000D+01
3I 0.3000000000D+01 0.3400000000D+02
4I 0.4000000000D+01 0.9100000000D+02
5I 0.5000000000D+01 0.1900000000D+03
6I 0.6000000000D+01 0.3430000000D+03
7I 0.7000000000D+01 0.5620000000D+03
8I 0.8000000000D+01 0.8590000000D+03
9I 0.9000000000D+01 0.1246000000D+04

10I 0.1000000000D+02 0.1735000000D+04
11I 0.1100000000D+02 0.2338000000D+04

*** OUTPUT ***

IERR= 0

*REGRESSION COEFFICIENT*

R.C S.E T-V
------------+------------------------------------------
B1(X) I 0.219600D+03 0.311249D+02 0.705544D+01
B0(CONSTANT)I -0.644600D+03 0.211099D+03 -0.305354D+01

R(1)(MULTIPLE CORRELATION COEFFICIENT) = 0.9202634294D+00
R(2)(CONTRIBUTION RATIO) = 0.8468847795D+00

*ANALYSIS OF VARIANCE TABLE*

FACTOR OF
VARIATION I SUM OF SQUARES DEGREES OF FREEDOM
-----------+-------------------------------------------------------
TOTAL ISTAT(1) = 0.6263730000D+07 STAT(4) = 10

I
DUE TO ISTAT(2) = 0.5304657600D+07 STAT(5) = 1
REGRESSION I

I
DEVIATION ISTAT(3) = 0.9590724000D+06 STAT(6) = 0
FROM I

REGRESSION I

FACTOR OF
VARIATION I UNBIASED VARIANCE F-RATIO
-----------+--------------------------------------------------------------
DUE TO ISTAT(7) = 0.5304657600D+07 STAT(9) = 0.4977926421D+02
REGRESSION I

I
DEVIATION ISTAT(8) = 0.1065636000D+06
FROM I

REGRESSION I

*STATISTICS*
MEAN OF X : STAT(10) = 0.600000D+01
MEAN OF Y : STAT(11) = 0.673000D+03
STANDARD DEVIATION OF X : STAT(12) = 0.331662D+01
STANDARD DEVIATION OF Y : STAT(13) = 0.791437D+03
SUM OF X : STAT(14) = 0.660000D+02
SUM OF Y : STAT(15) = 0.740300D+04
SUM OF SQUARES OF X : STAT(16) = 0.506000D+03
SUM OF SQUARES OF Y : STAT(17) = 0.112459D+08
SUM OF PRODUCTS OF X AND Y : STAT(18) = 0.685740D+05
SUM OF SQUARES OF

DEVIATIONS OF X : STAT(19) = 0.110000D+03
SUM OF SQUARES OF

DEVIATIONS OF Y : STAT(20) = 0.626373D+07
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SUM OF PRODUCTS OF
DEVIATIONS OF X AND Y : STAT(20) = 0.241560D+05
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10.2.2 DNLNRR, RNLNRR

Linear Regression Analysis (Repetitive Data)

(1) Function

Assume that mi given dependent variable values yij (j = 1, 2, · · · ,mi; i = 1, 2, · · · , n) corresponding to n

independent variable values xi (i = 1, 2, · · · , n) have been given and obey the following linear regression

model.

yij = β0 + β1xi + εi (j = 1, 2, · · · ,mi; i = 1, 2, · · · , n)

Here, εi are error terms that independently obey N(0, σ2).

The DNLNRR or RNLNRR obtains:

(a) the estimates b0 and b1 of coefficients β0 and β1

(b) the statistics for creating the following analysis of variance table due to the linear regression.

Sum of squares Degrees of freedom Unbiased variance F ratio

Total variation ST

n∑
i=1

mi − 1

Variation due to

regression

SR 1 VR = SR FR =
VR

VE

Residual variation SE = ST − SR

n∑
i=1

mi − 2 VE =
SE

n∑
i=1

mi − 2

Variation due to high

order regression

SL = SB − SR n− 2 VL =
SL

n− 2
FL =

VL

VW

Between-class

variation

SB n− 1 VB =
SB

n− 1
FB =

VB

VW

Within-class variation SW = ST − SB

n∑
i=1

mi − n VW =
SW

n∑
i=1

mi − n

(c) the multiple correlation coefficient R

R =

√
SR

ST

(d) the standard deviation estimates ε0 and ε1 of the statistics b0 and b1

(e) the test quantity t0, which obeys a t distribution with
∑n

i=1 mi − 2 degrees of freedom based on the

null hypothesis H0 : β0 = 0

(f) the test quantity t1, which obeys a t distribution with
∑n

i=1 mi − 2 degrees of freedom based on the

null hypothesis H0 : β1 = 0

(2) Usage

Double precision:

CALL DNLNRR (X, N, NY, Y, MY, M, B0, B1, R, STAT, IERR)

Single precision:

CALL RNLNRR (X, N, NY, Y, MY, M, B0, B1, R, STAT, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X
{
D

R

}
N Input Independent variate observation data xi

2 N I 1 Input Number of independent variate observed values

n

3 NY I N Input Number of repetitions of each dependent vari-

ate for an independent variate mi

4 Y
{
D

R

}
MY , M Input Dependent variate observation data yij (See

Note (a))

5 MY I 1 Input Adjustable dimension of array Y

6 M I 1 Input Maximum number of repetitions of dependent

variate observed values

max(mi) (See Note (c))

7 B0
{
D

R

}
3 Output B0(1): β0 estimate b0

B0(2): β0 standard deviation estimate ε0

B0(3): β0 test quantity t0

8 B1
{
D

R

}
3 Output B1(1): β1 estimate b1

B1(2): β1 standard deviation estimate ε1

B1(3): β1 test quantity t1

9 R
{
D

R

}
2 Output R(1): Multiple correlation coefficient R

R(2): Contribution ratio R2

10 STAT
{
D

R

}
33 Output Basic statistics of calculation result (See Note

(b))

11 IERR I 1 Output Error indicator

(4) Restrictions

(a) 3 ≤ N ≤ MY

(b) 1 ≤ NY(i) ≤ M (i = 1, 2, · · · ,N)

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 There was no difference between indepen-

dent variates.

0.0 is set for B0, B1, R, and STAT(1) to

STAT(20).

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.
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(6) Notes

(a) Observation data yi,j is stored in array Y as the following kind of real matrix (two-dimensional array

type) data (See Appendix A).⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y1,1 y1,2 · · · y1,m1 ∗ ∗
y2,1 y2,2 · · · · · · y2,m2 ∗
...

... ∗ ∗
yi,1 · · · · · · · · · yi,mi

...
... ∗ ∗

yn,1 · · · yn,mn ∗ ∗ ∗

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Remark: The asterisks (∗) indicate arbitrary values.

(b) The following kind of array is stored as a one-dimensional vector in array STAT.

1: ST Total variation

2: SR Variation due to regression

3: SE Residual variation

4: fT =

n∑
i=1

mi − 1 Degrees of freedom of total variation

5: fR = 1 Degrees of freedom of variation due to regression

6: fE =
n∑

i=1

mi − 2 Degrees of freedom of residual variation

7: VR Unbiased variance of variation due to regression

8: VE Unbiased variance of residual variation

9: FT F ratio of variation due to regression

10: SL Variation due to high-order regression

11: SB Between-class variation

12: SW Within-class variation

13: fL = n− 2 Degrees of freedom due to high-order regression

14: fB = n− 1 Degrees of freedom of between-class variation

15: fW =

n∑
i=1

mi − n Degrees of freedom of within-class variation
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16: VL Unbiased variance of variation due to high-order regression

17: VB Unbiased variance of between-class variation

18: VW Unbiased variance of within-class variation

19: FL F ratio of variation due to high-order regression

20: FB F ratio of between-class variation

21: μx =

∑
n

i=1
mixi∑

n

i=1
mi

Weighted mean of xi

22: μy =

∑
n

i=1

∑
mi

j=1
yij∑

n

i=1
mi

Grand mean of yij

23: σx =

√∑
n

i=1
mi(xi−μx)2∑
n

i=1
mi−1

Weighted standard deviation of xi

24: σy =

√∑n

i=1

∑mi

j=1
(yij−μy)2∑n

i=1
mi−1

Standard deviation of yij

25: sx =

n∑
i=1

mixi Weighted sum of xi

26: sy =

n∑
i=1

mi∑
j=1

yij Sum of yij

27: sxx =
n∑

i=1

mixi
2 Weighted sum of squares of xi

28: syy =

n∑
i=1

mi∑
j=1

yij
2 Sum of squares of yij

29: sxy =
n∑

i=1

mi∑
j=1

xiyij Sum of products of xi and yij

30: Sxx =

n∑
i=1

mi(xi − μx)
2 Weighted sum of squares of deviations of xi

31: Syy =

n∑
i=1

mi∑
j=1

(yij − μy)
2 Sum of squares of deviations of yij

32: Sxy =

n∑
i=1

mi∑
j=1

(xi − μx)(yij − μy) Sum of products of deviations of xi and yij

33:

n∑
i=1

mi Total number of yij

(c) When M=1, STAT(10) to STAT(20) are not calculated.
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(7) Example

(a) Problem

Obtain the regression coefficient values, multiple correlation coefficient value, contribution ratio, and

basic statistics according to a regression analysis from the following observation data:

(xi) =

⎡
⎢⎢⎢⎢⎢⎢⎣

55.0

65.0

75.0

80.0

85.0

⎤
⎥⎥⎥⎥⎥⎥⎦
, (yi,j) =

⎡
⎢⎢⎢⎢⎢⎢⎣

26.0 29.0 32.0 0.0

32.0 35.0 0.0 0.0

36.0 35.0 31.0 34.0

33.0 0.0 0.0 0.0

37.0 35.0 0.0 0.0

⎤
⎥⎥⎥⎥⎥⎥⎦

and numbers of repetitions:

(mi) =

⎡
⎢⎢⎢⎢⎢⎢⎣

3

2

4

1

2

⎤
⎥⎥⎥⎥⎥⎥⎦

(b) Input data

Observation data X and Y, numbers of repetitions NY, N=5, MY=5 and M=4.

(c) Main program

PROGRAM BNLNRR
! *** EXAMPLE OF DNLNRR ***

IMPLICIT REAL(8) (A-H,O-Z)
DIMENSION X(5),NY(5),Y(5,4),B0(3),B1(3),R(2),STAT(33)

!
READ(5,*) MY,N,M
READ(5,*) (NY(I),I=1,N)
READ(5,*) (X(I),I=1,N)
READ(5,*) ((Y(I,J),I=1,MY),J=1,M)

!
WRITE(6,1000) MY,N,M
WRITE(6,1010)
DO 10 I=1,N

WRITE(6,2000) I,X(I),NY(I),(Y(I,J),J=1,NY(I))
10 CONTINUE

!
CALL DNLNRR(X,N,NY,Y,MY,M,B0,B1,R,STAT,IERR)

!
WRITE(6,3000) IERR
WRITE(6,3010) (B1(I),I=1,3)
WRITE(6,3020) (B0(I),I=1,3)
WRITE(6,3030) (R(I),I=1,2)

!
WRITE(6,4000)
WRITE(6,4010) STAT(1),INT(STAT(4)),STAT(2),INT(STAT(5)),&

STAT(3),INT(STAT(6))
WRITE(6,4020) STAT(10),INT(STAT(13)),STAT(11),INT(STAT(14)),&

STAT(12),INT(STAT(15))
WRITE(6,5000) STAT(7),STAT(9),STAT(8)
WRITE(6,5010) STAT(16),STAT(19),STAT(17),STAT(20),STAT(18)

!
WRITE(6,6000)
WRITE(6,6010) ’WEIGHTED MEAN OF X : ’,21,STAT(21)
WRITE(6,6010) ’GRAND MEAN OF Y : ’,22,STAT(22)
WRITE(6,6020) ’WEIGHTED STANDARD ’
WRITE(6,6010) ’ DEVIATION OF X : ’,23,STAT(23)
WRITE(6,6010) ’STANDARD DEVIATION OF Y : ’,24,STAT(24)
WRITE(6,6010) ’WEIGHTED SUM OF X : ’,25,STAT(25)
WRITE(6,6010) ’SUM OF Y : ’,26,STAT(26)
WRITE(6,6010) ’WEIGHTED SUM OF SQUARES OF X : ’,27,STAT(27)
WRITE(6,6010) ’SUM OF SQUARES OF Y : ’,28,STAT(28)
WRITE(6,6010) ’SUM OF PRODUCTS OF X AND Y : ’,29,STAT(29)
WRITE(6,6020) ’WEIGHTED SUM OF SQUARES OF ’
WRITE(6,6010) ’ DEVIATIONS OF X : ’,30,STAT(30)
WRITE(6,6020) ’SUM OF SQUARES OF ’
WRITE(6,6010) ’ DEVIATIONS OF Y : ’,32,STAT(31)
WRITE(6,6020) ’SUM OF PRODUCTS OF ’
WRITE(6,6010) ’ DEVIATIONS OF X AND Y : ’,32,STAT(32)
WRITE(6,6010) ’TOTAL NUMBER OF Y : ’,33,STAT(33)

!
STOP

!
1000 FORMAT(’ **** INPUT DATA ****’,&
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/,/,8X,’MY =’,I2,5X,’N =’,I2,5X,’M =’,I2)
1010 FORMAT(’ ’,/,6X,’ N’,’ I’,6X,’X’,6X,’NY’,17X,’Y’,&

/,7X,’---+’,65(’-’))
2000 FORMAT(6X,I3,’ I’,D10.2,I5,4D12.4)
3000 FORMAT(’ ’,/,/,’ *** OUTPUT ***’,/,/,4X,’IERR=’,I4,&

/,/,3X,’*REGRESSION COEFFICIENT*’,&
/,/,21X,’R.C’,13X,’S.E’,12X,’T-V’,/,4X,12(’-’),’+’,42(’-’))

3010 FORMAT(4X,’B1(X)’,7X,’I’,3D14.6)
3020 FORMAT(4X,’B0(CONSTANT)’,’I’,3D14.6)
3030 FORMAT(’ ’,/,4X,’R(1)(MULTIPLE CORRELATION COEFFICIENT) =’,&

D20.10,/,4X,’R(2)(CONTRIBUTION RATIO)’,15X,’=’,D20.10)
4000 FORMAT(’ ’,/,/,3X,’*ANALYSIS OF VARIANCE TABLE*’,/,/,&

4X,’FACTOR OF ’,/,4X,’VARIATION’,&
2X,’I’,5X,’SUM OF SQUARES’,&
13X,’DEGREES OF FREEDOM’,/,4X,11(’-’),’+’,55(’-’))

4010 FORMAT(4X,’TOTAL’,6X,’ISTAT(1) = ’,D18.10,3X,&
’STAT(4) = ’,I3,/,15X,’I’,&
/,4X,’DUE TO’,5X,’ISTAT(2) = ’,D18.10,3X,&
’STAT(5) = ’,I3,/,4X,’REGRESSION I’,/,15X,’I’,&
/,4X,’DEVIATION ISTAT(3) = ’,D18.10,3X,&
’STAT(6) = ’,I3,/,5X,’FROM’,6X,’I’,/,4X,’REGRESSION I’,&
/,15X,’I’)

4020 FORMAT(4X,’LACK OF’,4X,’ISTAT(10) = ’,D18.10,3X,&
’STAT(13) = ’,I3,/,4X,’FITNESS’,4X,’I’,/,15X,’I’,&
/,4X,’BETWEEN’,4X,’ISTAT(11) = ’,D18.10,3X,&
’STAT(14) = ’,I3,/,15X,’I’,&
/,4X,’WITHIN’,5X,’ISTAT(12) = ’,D18.10,3X,&
’STAT(15) = ’,I3)

5000 FORMAT(’ ’,/,/,4X,’FACTOR OF ’,/,4X,’VARIATION’,&
2X,’I’,3X,’UNBIASED VARIANCE’,&
21X,’F-RATIO’,/,4X,11(’-’),’+’,62(’-’),&
/,4X,’DUE TO’,5X,’ISTAT(7) = ’,D18.10,3X,&
’STAT(9) = ’,D18.10,/,4X,’REGRESSION I’,/,15X,’I’,&
/,4X,’DEVIATION ISTAT(8) = ’,D18.10,6X,&
/,5X,’FROM’,6X,’I’,/,4X,’REGRESSION I’,/,15X,’I’)

5010 FORMAT(4X,’LACK OF’,4X,’ISTAT(16) = ’,D18.10,3X,&
’STAT(19) = ’,D18.10,/,4X,’FITNESS’,4X,’I’,/,15X,’I’,&
/,4X,’BETWEEN’,4X,’ISTAT(17) = ’,D18.10,3X,&
’STAT(20) = ’,D18.10,/,15X,’I’,&
/,4X,’WITHIN’,5X,’ISTAT(18) = ’,D18.10)

6000 FORMAT(’ ’,/,/,3X,’*STATISTICS*’,/)
6010 FORMAT(5X,A31,’STAT(’,I2,’) =’,D14.6)
6020 FORMAT(5X,A31)

END

(d) Output results

**** INPUT DATA ****

MY = 5 N = 5 M = 4

N I X NY Y
---+-----------------------------------------------------------------
1 I 0.55D+02 3 0.2600D+02 0.2900D+02 0.3200D+02
2 I 0.65D+02 2 0.3200D+02 0.3500D+02
3 I 0.75D+02 4 0.3600D+02 0.3500D+02 0.3100D+02 0.3400D+02
4 I 0.80D+02 1 0.3300D+02
5 I 0.85D+02 2 0.3700D+02 0.3500D+02

*** OUTPUT ***

IERR= 0

*REGRESSION COEFFICIENT*

R.C S.E T-V
------------+------------------------------------------
B1(X) I 0.207891D+00 0.600947D-01 0.345938D+01
B0(CONSTANT)I 0.182777D+02 0.428021D+01 0.427028D+01

R(1)(MULTIPLE CORRELATION COEFFICIENT) = 0.7380912731D+00
R(2)(CONTRIBUTION RATIO) = 0.5447787274D+00

*ANALYSIS OF VARIANCE TABLE*

FACTOR OF
VARIATION I SUM OF SQUARES DEGREES OF FREEDOM
-----------+-------------------------------------------------------
TOTAL ISTAT(1) = 0.1089166667D+03 STAT(4) = 11

I
DUE TO ISTAT(2) = 0.5933548306D+02 STAT(5) = 1
REGRESSION I

I
DEVIATION ISTAT(3) = 0.4958118361D+02 STAT(6) = 10
FROM I
REGRESSION I

I
LACK OF ISTAT(10) = 0.1108118361D+02 STAT(13) = 3
FITNESS I

I
BETWEEN ISTAT(11) = 0.7041666667D+02 STAT(14) = 4

I
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WITHIN ISTAT(12) = 0.3850000000D+02 STAT(15) = 7

FACTOR OF
VARIATION I UNBIASED VARIANCE F-RATIO
-----------+--------------------------------------------------------------
DUE TO ISTAT(7) = 0.5933548306D+02 STAT(9) = 0.1196733896D+02
REGRESSION I

I
DEVIATION ISTAT(8) = 0.4958118361D+01
FROM I

REGRESSION I
I

LACK OF ISTAT(16) = 0.3693727871D+01 STAT(19) = 0.6715868855D+00
FITNESS I

I
BETWEEN ISTAT(17) = 0.1760416667D+02 STAT(20) = 0.3200757576D+01

I
WITHIN ISTAT(18) = 0.5500000000D+01

*STATISTICS*

WEIGHTED MEAN OF X : STAT(21) = 0.704167D+02
GRAND MEAN OF Y : STAT(22) = 0.329167D+02
WEIGHTED STANDARD

DEVIATION OF X : STAT(23) = 0.111719D+02
STANDARD DEVIATION OF Y : STAT(24) = 0.314667D+01
WEIGHTED SUM OF X : STAT(25) = 0.845000D+03
SUM OF Y : STAT(26) = 0.395000D+03
WEIGHTED SUM OF SQUARES OF X : STAT(27) = 0.608750D+05
SUM OF SQUARES OF Y : STAT(28) = 0.131110D+05
SUM OF PRODUCTS OF X AND Y : STAT(29) = 0.281000D+05
WEIGHTED SUM OF SQUARES OF

DEVIATIONS OF X : STAT(30) = 0.137292D+04
SUM OF SQUARES OF

DEVIATIONS OF Y : STAT(32) = 0.108917D+03
SUM OF PRODUCTS OF

DEVIATIONS OF X AND Y : STAT(32) = 0.285417D+03
TOTAL NUMBER OF Y : STAT(33) = 0.120000D+02
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10.2.3 DNLNMA, RNLNMA

Multiple Regression Analysis

(1) Function

Assume that n independent variable values xki (k = 1, 2, · · · , n; i = 1, 2, · · · ,m) for m variables and n given

dependent variable values yk (k = 1, 2, · · · , n) corresponding to them have been given and obey the following

linear regression model.

yk = β0 + β1xk1 + β2xk2 + · · ·+ βmxkm + εk (k = 1, 2, · · · , n)

Here, εk are error terms that independently obey N(0, σ2).

The DNLNMA or RNLNMA obtains:

(a) the estimates bi (i = 0, 1, · · · ,m) of partial correlation coefficients βi (i = 0, 1, · · · ,m)

(b) the statistics for creating the following analysis of variance table due to the linear regression.

Sum of squares Degrees of freedom Unbiased variance F ratio

Total variation ST n− 1

Variation due to regression SR m VR =
SR

m
F =

VR

VE

Residual variation SE = ST − SR n−m− 1 VE =
SE

n−m− 1

(c) the multiple correlation coefficient R

R =

√
SR

ST

(d) the degree of freedom adjusted correlation coefficient R∗

R∗ =

√
1− (n− 1)SE

(n−m− 1)ST

(e) the standard deviation estimates εi (i = 0, 1, · · · ,m) of the statistics bi (i = 0, 1, · · · ,m)

(f) the test quantities ti(i = 0, 1, · · · ,m), which obey t distributions with n − m − 1 degrees of freedom

based on the null hypotheses H0 : βi = 0 (i = 0, 1, · · · ,m)

(2) Usage

Double precision:

CALL DNLNMA (X, MX, M, N, B, R, V, STAT, IW1, W1, IERR)

Single precision:

CALL RNLNMA (X, MX, M, N, B, R, V, STAT, IW1, W1, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X
{
D

R

}
MX, M+1 Input Independent variate observation data xki and

dependent variate observation data yk (See

Note (a))

2 MX I 1 Input Adjustable dimension of array X

3 M I 1 Input Number of independent variates m

4 N I 1 Input Number of observed values n

5 B
{
D

R

}
0 : M, 3 Output B(i, 1): βi estimate bi

B(i, 2): βi standard deviation estimate εi

B(i, 3): βi test quantity t value ti

(i = 0, 1, · · · ,M)

6 R
{
D

R

}
3 Output R(1): Multiple correlation coefficient R

R(2): Contribution ratio R2

R(3): Degree of freedom adjusted correlation

coefficient R∗

7 V
{
D

R

}
9 Output Statistics for creating analysis of variance table

(See Note (b))

8 STAT
{
D

R

}
M+1, 5 Output Basic statistics of calculation result (See Note

(c))

9 IW1 I M+1 Work Work area

10 W1
{
D

R

}
See

Contents

Work Work area

Size: (M + 1)× (M + 3)

11 IERR I 1 Output Error indicator

(4) Restrictions

(a) 3 ≤ N ≤ MX

(b) 1 ≤ M < N− 1
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Total sum of squares ≤ Regression sum of

squares.

0.0 is set for bi and ti.

2000 Residual unbiased variance > Total unbi-

ased variance.

0.0 is set for R∗.

3000 Restriction (a) was not satisfied. Processing is aborted.

3010 Restriction (b) was not satisfied.

4000 The inverse matrix could not be obtained.

(6) Notes

(a) Observation data xki (k = 1, 2, · · · , n; i = 1, 2, · · · ,m) and yk (k = 1, 2, · · · , n) are stored in array X as

the following kind of real matrix (two-dimensional array type) data (See Appendix A).⎡
⎢⎢⎢⎢⎢⎣

x11 x12 · · · x1,m y1

x21
. . .

... y2
...

. . .
...

...

xn1 · · · · · · xnm yn

⎤
⎥⎥⎥⎥⎥⎦

(b) The following kind of a one-dimensional vector is stored in array V.

1: ST Total variation

2: SR Variation due to regression

3: SE Residual variation

4: fT = n− 1 Degrees of freedom of total variation

5: fR = m Degrees of freedom of variation due to regression

6: fE = n−m− 1 Degrees of freedom of residual variation

7: VR Unbiased variance of variation due to regression

8: VE Unbiased variance of residual variation

9: F F ratio

(c) The following kind of real matrix (two-dimensional array type) is stored in array STAT (See Appendix

A). ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n∑
k=1

xk1

n∑
k=1

xk2 · · ·
n∑

k=1

xk,m

n∑
k=1

yk

μ1 μ2 · · · μm ν
n∑

k=1

(xk1 − μ1)
2

n∑
k=1

(xk2 − μ2)
2 · · ·

n∑
k=1

(xkm − μm)2
n∑

k=1

(yk − ν)2

n∑
k=1

(xk1 − μ1)
2

n− 1

n∑
k=1

(xk2 − μ2)
2

n− 1
· · ·

n∑
k=1

(xkm − μm)2

n− 1

n∑
k=1

(yk − ν)2

n− 1√√√√√√
n∑

k=1

(xk1 − μ1)
2

n− 1

√√√√√√
n∑

k=1

(xk2 − μ2)
2

n− 1
· · ·

√√√√√√
n∑

k=1

(xkm − μm)2

n− 1

√√√√√√
n∑

k=1

(yk − ν)2

n− 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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(7) Example

(a) Problem

Obtain the regression coefficient values, multiple correlation coefficient value, contribution ratio, analy-

sis of variance table, and basic statistics according to a regression analysis from the following observation

data.

(xki|yk) =

⎡
⎢⎢⎢⎢⎢⎢⎣

2.0 1.0 3.0 −1.0

3.0 3.0 −1.0 0.0

4.0 −2.0 0.0 2.0

1.0 1.0 −2.0 2.0

−1.0 3.0 −1.0 3.0

⎤
⎥⎥⎥⎥⎥⎥⎦

(b) Input data

Observation data X, MX=5, N=5 and M=3.

(c) Main program

PROGRAM BNLNMA
! *** EXAMPLE OF DNLNMA ***

IMPLICIT REAL(8) (A-H,O-Z)
DIMENSION IW1(4),X(5,4),B(0:3,3),R(3),V(9),STAT(4,5),W1(24)

!
READ(5,*) MX,N,M
READ(5,*) ((X(I,J),I=1,N),J=1,M+1)

!
WRITE(6,1000) MX,N,M
WRITE(6,1010) (I,X(I,M+1),(X(I,J),J=1,M),I=1,N)

!
CALL DNLNMA(X,MX,M,N,B,R,V,STAT,IW1,W1,IERR)

!
WRITE(6,3000) IERR
WRITE(6,3010) (I,(B(I,J),J=1,3),I=0,M)
WRITE(6,3030) (R(I),I=1,3)
IV4=V(4)
IV5=V(5)
IV6=V(6)
WRITE(6,3040)
WRITE(6,3041) V(1),IV4
WRITE(6,3042) V(2),IV5
WRITE(6,3043) V(3),IV6
WRITE(6,3044)
WRITE(6,3045) V(7),V(9)
WRITE(6,3046) V(8)
WRITE(6,3050)
WRITE(6,3060)&

(I,STAT(I,1),STAT(I,2),STAT(I,3),STAT(I,4),STAT(I,5),I=1,M+1)
STOP

!
1000 FORMAT(1X,/,1X,’**** INPUT DATA ****’,&

/,/,5X,’MX =’,I3,5X,’N =’,I3,5X,’M =’,I3,&
/,/,6X,’ N’,’ I’,5X,’Y’,4X,’I’,14X,’X’,&
/,7X,’---+’,10(’-’),’+’,29(’-’))

1010 FORMAT(6X,I3,’ I’,F9.3,’ I’,3F9.3)
3000 FORMAT(1X,/,/,2X,’*** OUTPUT ***’,/,/,4X,’IERR=’,I4,&

/,/,4X,’*REGRESSION COEFFICIENT*’,&
/,/,27X,’B(I,1)’,9X,’B(I,2)’,9X,’B(I,3)’,&
/,14X,’I I’,8X,’R.C.’,11X,’S.E.’,11X,’T-V.’,&

/,11X,8(’-’),’+’,45(’-’))
3010 FORMAT(14X,I1,’ I’,3F15.7)
3030 FORMAT(1X,/,/,10X,’R(1)(MULTIPLE CORRELATION COEFFICIENT)’,10X,&

’=’,F10.7,&
/,10X,’R(2)(CONTRIBUTION RATIO)’,24X,’=’,F10.7,&
/,10X,’R(3)(ADJUSTED MULTIPLE CORRELATION COEFFICIENT) =’,&

F10.7)
3040 FORMAT(1X,/,/,3X,’*ANALYSIS OF VARIANCE TABLE*’,&

/,/,10X,’FACTOR OF’,/,10X,’VARIATION’,2X,’ISUM OF SQUARES’,&
5X,’DEGREES OF FREEDOM’,/,10X,11(’-’),’+’,37(’-’))

3041 FORMAT(10X,’TOTAL’,6X,’IV(1) =’,F10.7,3X,’V(4) =’,I3,/,21X,’I’)
3042 FORMAT(10X,’DUE TO’,5X,’IV(2) =’,F10.7,3X,’V(5) =’,I3,&

/,10X,’REGRESSION I’,/,21X,’I’)
3043 FORMAT(10X,’DEVIATION IV(3) =’,F10.7,3X,’V(6) =’,I3,&

/,11X,’FROM’,6X,’I’,/,10X,’REGRESSION I’)
3044 FORMAT(1X,/,/,10X,’FACTOR OF’,/,10X,’VARIATION’,2X,&

’IUNBIASED VARIANCE’,5X,’F-RATIO’,&
/,10X,11(’-’),’+’,37(’-’))

3045 FORMAT(10X,’DUE TO’,5X,’IV(7) =’,F10.7,3X,’V(9) =’,F10.7,&
/,10X,’REGRESSION I’,/,21X,’I’)

3046 FORMAT(10X,’DEVIATION IV(8) =’,F10.7,&
/,11X,’FROM’,6X,’I’,/,10X,’REGRESSION I’)

3050 FORMAT(1X,/,/,3X,’*STATISTICS*’,&
/,/,18X,’STAT(I,1)’,4X,’STAT(I,2)’,4X,’STAT(I,3)’,&

4X,’STAT(I,4)’,4X,’STAT(I,5)’,&
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/,8X,’I I’,6X,’SUM’,10X,’MEAN’,&
8X,’SUM OF’,6X,’VARIANCE’,5X,’STANDARD’,&
/,13X,’I’,31X,’SQUARES’,18X,’DEVIATION’,&
/,5X,8(’-’),’+’,65(’-’))

3060 FORMAT(8X,I1,4X,’I’,5F13.7)
END

(d) Output results

**** INPUT DATA ****

MX = 5 N = 5 M = 3

N I Y I X
---+----------+-----------------------------
1 I -1.000 I 2.000 1.000 3.000
2 I 3.000 I 3.000 -1.000 0.000
3 I 4.000 I -2.000 0.000 2.000
4 I 1.000 I 1.000 -2.000 2.000
5 I -1.000 I 3.000 -1.000 3.000

*** OUTPUT ***

IERR= 0

*REGRESSION COEFFICIENT*

B(I,1) B(I,2) B(I,3)
I I R.C. S.E. T-V.

--------+---------------------------------------------
0 I 5.2055950 0.8979475 5.7972153
1 I -0.7442274 0.1916032 -3.8842112
2 I 0.0386323 0.3714016 0.1040177
3 I -1.4702487 0.3410923 -4.3104124

R(1)(MULTIPLE CORRELATION COEFFICIENT) = 0.9852786
R(2)(CONTRIBUTION RATIO) = 0.9707738
R(3)(ADJUSTED MULTIPLE CORRELATION COEFFICIENT) = 0.9397315

*ANALYSIS OF VARIANCE TABLE*

FACTOR OF
VARIATION ISUM OF SQUARES DEGREES OF FREEDOM
-----------+-------------------------------------
TOTAL IV(1) =20.8000000 V(4) = 4

I
DUE TO IV(2) =20.1920959 V(5) = 3
REGRESSION I

I
DEVIATION IV(3) = 0.6079041 V(6) = 1
FROM I
REGRESSION I

FACTOR OF
VARIATION IUNBIASED VARIANCE F-RATIO
-----------+-------------------------------------
DUE TO IV(7) = 6.7306986 V(9) =11.0719747
REGRESSION I

I
DEVIATION IV(8) = 0.6079041
FROM I
REGRESSION I

*STATISTICS*

STAT(I,1) STAT(I,2) STAT(I,3) STAT(I,4) STAT(I,5)
I I SUM MEAN SUM OF VARIANCE STANDARD

I SQUARES DEVIATION
--------+-----------------------------------------------------------------

1 I 7.0000000 1.4000000 17.2000000 4.3000000 2.0736441
2 I -3.0000000 -0.6000000 5.2000000 1.3000000 1.1401754
3 I 10.0000000 2.0000000 6.0000000 1.5000000 1.2247449
4 I 6.0000000 1.2000000 20.8000000 5.2000000 2.2803509
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10.3 NONLINEAR REGRESSION ANALYSIS

10.3.1 DNNLPO

Polynomial Regression Analysis

(1) Function

Assume that n independent variable values xk (k = 1, 2, · · · , n) and n given dependent variable values

yk (k = 1, 2, · · · , n) corresponding to them have been given and obey the following linear regression model.

yk = β0 + β1xk + β2xk
2 + · · ·+ βmxk

m + εk (k = 1, 2, · · · , n)

Here, εk are error terms that independently obey N(0, σ2).

The DNNLPO obtains:

(a) the estimates bi (i = 0, 1, · · · ,m) of partial correlation coefficients βi (i = 0, 1, · · · ,m)

(b) the statistics for creating the following analysis of variance table due to the regression.

Sum of squares Degrees of freedom Unbiased variance F ratio

Total variation ST n− 1

Variation due to regression SR m VR =
SR

m
F =

VR

VE

Residual variation SE = ST − SR n−m− 1 VE =
SE

n−m− 1

(c) the multiple correlation coefficient R

R =

√
SR

ST

(d) the degree of freedom adjusted correlation coefficient R∗

R∗ =

√
1− (n− 1)SE

(n−m− 1)ST

(e) the standard deviation estimates εi (i = 0, 1, · · · ,m) of the statistics bi (i = 0, 1, · · · ,m)

(f) the test quantities ti(i = 0, 1, · · · ,m), which obey t distributions with n − m − 1 degrees of freedom

based on the null hypotheses H0 : βi = 0 (i = 0, 1, · · · ,m).

(2) Usage

Double precision:

CALL DNNLPO (X, N, Y, M, B, R, V, STATX, STATY, IW1, W1, IERR)

Single precision:

Nothing
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 X D N Input Independent variate observed values xk

2 N I 1 Input Number of observed values n

3 Y D N Input Dependent variate observed values yi

4 M I 1 Input Polynomial degree m

5 B D 0:M, 3 Output B(i, 1): βi estimate bi

B(i, 2): βi standard deviation estimate εi

B(i, 3): βi test quantity t value ti

(i = 0, 1, · · · ,M)

6 R D 3 Output R(1): Multiple correlation coefficient R

R(2): Contribution ratio R2

R(3): Degree of freedom adjusted correlation

coefficient R∗

7 V D 9 Output Statistics for creating analysis of variance table

(See Note (a))

8 STATX D 5 Output STATX(1): Independent variate sum

STATX(2): Independent variate mean

STATX(3): Independent variate sum of squares

of deviations

STATX(4): Independent variate variance

STATX(5): Independent variate standard

deviation

9 STATY D 5 Output STATY(1): Dependent variate sum

STATY(2): Dependent variate mean

STATY(3): Dependent variate sum of squares

of deviations

STATY(4): Dependent variate variance

STATY(5): Dependent variate standard

deviation

10 IW1 I M+1 Work Work area

11 W1 D See

Contents

Work Work area

Size: (M+1)×(M+4)

12 IERR I 1 Output Error indicator

(4) Restrictions

(a) 2 ≤ M+ 1 < N
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(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

1000 Total sum of squares ≤ Regression sum of

squares.

0.0 is set for bi and ti.

2000 Residual unbiased variance ≥ Total unbi-

ased variance.

0.0 is set for R∗.

3000 Restriction (a) was not satisfied. Processing is aborted.

4000 The inverse matrix could not be obtained.

(6) Notes

(a) The following kind of a one-dimensional vector is stored in array V.

1: ST Total variation

2: SR Variation due to regression

3: SE Residual variation

4: fT = n− 1 Degrees of freedom of total variation

5: fR = m Degrees of freedom of variation due to regression

6: fE = n−m− 1 Degrees of freedom of residual variation

7: VR Unbiased variance of variation due to regression

8: VE Unbiased variance of residual variation

9: F F ratio

(7) Example

(a) Problem

Obtain the regression coefficient values, multiple correlation coefficient value, contribution ratio, analy-

sis of variance table, and basic statistics according to a regression analysis from the following observation

data.

X( 1) = 1.0 Y( 1) = 10.0

X( 2) = 3.0 Y( 2) = 20.0

X( 3) = 5.0 Y( 3) = 25.0

X( 4) = 6.0 Y( 4) = 26.0

X( 5) = 8.0 Y( 5) = 36.0

X( 6) = 10.0 Y( 6) = 62.0

X( 7) = 11.0 Y( 7) = 78.0

X( 8) = 13.0 Y( 8) = 107.0

X( 9) = 14.0 Y( 9) = 118.0

X(10) = 15.0 Y(10) = 127.0

(b) Input data

Observation data X and Y, N=10 and M=4.
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(c) Main program

PROGRAM BNNLPO
! *** EXAMPLE OF DNNLPO ***

IMPLICIT REAL(8) (A-H,O-Z)
!

PARAMETER(N=10,M=4)
DIMENSION X(10),Y(10),B(0:M,3)
DIMENSION R(3),V(9),STATX(5),STATY(5)
DIMENSION IW1(N+1),W1((N+1)*(N+4))

!
READ(5,*) (X(I),I=1,N)
READ(5,*) (Y(I),I=1,N)
WRITE(6,1000) N,M
WRITE(6,3000)
DO 10 I=1,N
WRITE(6,3100) I,X(I),Y(I)

10 CONTINUE
CALL DNNLPO(X,N,Y,M,B,R,V,STATX,STATY,IW1,W1,IERR)
WRITE(6,4000) IERR
WRITE(6,4010)
WRITE(6,4020) (I,(B(I,J),J=1,3),I=0,M)
WRITE(6,4040) (R(I),I=1,3)
IV4=V(4)
IV5=V(5)
IV6=V(6)
WRITE(6,4050)
WRITE(6,4060) V(1),IV4
WRITE(6,4070) V(2),IV5
WRITE(6,4080) V(3),IV6
WRITE(6,4090)
WRITE(6,4100) V(7),V(9)
WRITE(6,4110) V(8)
WRITE(6,4120)
WRITE(6,4130) (STATX(I),I=1,5)
WRITE(6,4140) (STATY(I),I=1,5)

!
STOP

!
1000 FORMAT(’ *** DNNLPO ***’,/,/,’ ** INPUT DATA **’,/,/,&

4X,’N = ’,I4,3X,’M = ’,I4)
3000 FORMAT(’ ’,/,4X,’OBSERVATION VALUE’,/,/,5X,’N’,11X,’X’,18X,’Y’)
3100 FORMAT(4X,I2,3X,D16.9,3X,D16.9)
4000 FORMAT(4X,’** OUTPUT **’,/,/,4X,’IERR = ’,I4)
4010 FORMAT(/,/,4X,’*REGRESSION COEFFICIENT*’,&

/,/,21X,’B(I,1)’,12X,’B(I,2)’,12X,’B(I,3)’,&
/,8X,’I I’,8X,’R.C.’,14X,’S.E.’,14X,’T-V.’,&
/,5X,8(’-’),’+’,55(’-’))

4020 FORMAT(7X,I2,’ I’,3D18.10)
4030 FORMAT(11X,’CONSTANT’,’I’,3D18.10)
4040 FORMAT(’ ’,/,/,5X,’R(1)(MULTIPLE CORRELATION COEFFICIENT)’,10X,&

’=’,D18.10,&
/,5X,’R(2)(CONTRIBUTION RATIO)’,24X,’=’,D18.10,&
/,5X,’R(3)(ADJUSTED MULTIPLE CORRELATION COEFFICIENT) =’,&

D18.10)
4050 FORMAT(’ ’,/,/,4X,’*ANALYSIS OF VARIANCE TABLE*’,&

/,/,5X,’FACTOR OF’,/,5X,’VARIATION’,2X,’ISUM OF SQUARES’,&
13X,’DEGREES OF FREEDOM’,/,5X,11(’-’),’+’,52(’-’))

4060 FORMAT(5X,’TOTAL’,6X,’IV(1) =’,D18.10,3X,’V(4) =’,I3,/,16X,’I’)
4070 FORMAT(5X,’DUE TO’,5X,’IV(2) =’,D18.10,3X,’V(5) =’,I3,&

/,5X,’REGRESSION I’,/,16X,’I’)
4080 FORMAT(5X,’DEVIATION IV(3) =’,D18.10,3X,’V(6) =’,I3,&

/,6X,’FROM’,6X,’I’,/,5X,’REGRESSION I’)
4090 FORMAT(’ ’,/,/,5X,’FACTOR OF’,/,5X,’VARIATION’,2X,&

’IUNBIASED VARIANCE’,10X,’F-RATIO’,&
/,5X,11(’-’),’+’,52(’-’))

4100 FORMAT(5X,’DUE TO’,5X,’IV(7) =’,D18.10,3X,’V(9) =’,D18.10,&
/,5X,’REGRESSION I’,/,16X,’I’)

4110 FORMAT(5X,’DEVIATION IV(8) =’,D18.10,&
/,6X,’FROM’,6X,’I’,/,5X,’REGRESSION I’)

4120 FORMAT(’ ’,/,/,4X,’*STATISTICS*’,&
/,/,8X,’I I 1.SUM’,8X,’2.MEAN’,&
7X,’3.SUM OF’,5X,’4.VARIANCE’,3X,’5.STANDARD’,&
/,13X,’I’,29X,’SQUARES’,19X,’DEVIATION’,&
/,5X,8(’-’),’+’,65(’-’))

4130 FORMAT(6X,’STATX I’,5(D13.6))
4140 FORMAT(6X,’STATY I’,5(D13.6))
!

END

(d) Output results

*** DNNLPO ***

** INPUT DATA **

N = 10 M = 4

OBSERVATION VALUE

N X Y
1 0.100000000D+01 0.100000000D+02
2 0.300000000D+01 0.200000000D+02
3 0.500000000D+01 0.250000000D+02
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4 0.600000000D+01 0.260000000D+02
5 0.800000000D+01 0.360000000D+02
6 0.100000000D+02 0.620000000D+02
7 0.110000000D+02 0.780000000D+02
8 0.130000000D+02 0.107000000D+03
9 0.140000000D+02 0.118000000D+03

10 0.150000000D+02 0.127000000D+03
** OUTPUT **

IERR = 0

*REGRESSION COEFFICIENT*

B(I,1) B(I,2) B(I,3)
I I R.C. S.E. T-V.

--------+-------------------------------------------------------
0 I -0.4607861598D+01 0.1568666444D+01 -0.2937438751D+01
1 I 0.1891301677D+02 0.3032062662D+01 0.6237673449D+01
2 I -0.4973007854D+01 0.7643575879D+00 -0.6506127411D+01
3 I 0.5505362721D+00 0.7155311132D-01 0.7694092709D+01
4 I -0.1761845964D-01 0.2223941477D-02 -0.7922177728D+01

R(1)(MULTIPLE CORRELATION COEFFICIENT) = 0.9996471755D+00
R(2)(CONTRIBUTION RATIO) = 0.9992944755D+00
R(3)(ADJUSTED MULTIPLE CORRELATION COEFFICIENT) = 0.9993648262D+00

*ANALYSIS OF VARIANCE TABLE*

FACTOR OF
VARIATION ISUM OF SQUARES DEGREES OF FREEDOM
-----------+----------------------------------------------------
TOTAL IV(1) = 0.1743890000D+05 V(4) = 9

I
DUE TO IV(2) = 0.1742659643D+05 V(5) = 4
REGRESSION I

I
DEVIATION IV(3) = 0.1230357206D+02 V(6) = 5
FROM I
REGRESSION I

FACTOR OF
VARIATION IUNBIASED VARIANCE F-RATIO
-----------+----------------------------------------------------
DUE TO IV(7) = 0.4356649107D+04 V(9) = 0.1770481405D+04
REGRESSION I

I
DEVIATION IV(8) = 0.2460714411D+01
FROM I
REGRESSION I

*STATISTICS*

I I 1.SUM 2.MEAN 3.SUM OF 4.VARIANCE 5.STANDARD
I SQUARES DEVIATION

--------+-----------------------------------------------------------------
STATX I 0.860000D+02 0.860000D+01 0.206400D+03 0.229333D+02 0.478888D+01
STATY I 0.609000D+03 0.609000D+02 0.174389D+05 0.193766D+04 0.440188D+02
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10.3.2 DNNLGF, RNNLGF

Regression According to an Arbitrary Function

(1) Function

Assume that n sets of independent variables xk = (x1k, x2k, · · · , xmk) (k = 1, 2, · · · , n) consisting of m

variables and n given dependent variable values yk (k = 1, 2, · · · , n) corresponding to them have been given

and obey the following regression model.

yk = f(xk;β) + εk (k = 1, 2, · · · , n)

Here, εk are error terms that independently obey N(0, σ2)).

The DNNLGF or RNNLGF obtains:

(a) the estimates b = (b1, b2, · · · , b�) of the � regression model parameters β = (β1, β2, · · · , β�)

(b) the statistics for performing an analysis of variance for the regression model

Sum of squares Degrees of freedom Unbiased variance

Total variation ST n

Residual variation SE n− � VE =
SE

n− �

(c) the asymptotic variance-covariance matrix V = (Vij) (i, j = 1, · · · , �)
(d) the standard deviation estimates εi (i = 1, · · · , �) of the statistics bi (i = 1, · · · , �)

(2) Usage

Double precision:

CALL DNNLGF (F, XD, NA, NN, NM, YD, NL, ER, NEV, X, XE, Y, C, NV, V, STAT,

IW1, W1, IERR)
Single precision:

CALL RNNLGF (F, XD, NA, NN, NM, YD, NL, ER, NEV, X, XE, Y, C, NV, V, STAT,

IW1, W1, IERR)
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(3) Arguments

D:Double precision real Z:Double precision complex

R:Single precision real C:Single precision complex
I:

{
INTEGER(4) as for 32bit Integer

INTEGER(8) as for 64bit Integer

}

No. Argument Type Size
Input/

Output
Contents

1 F
{
D

R

} − Input Function subprogram name of the function

F(X, B) for defining the regression model

f(x,β).

2 XD
{
D

R

}
NA,NM Input Independent variate observation values xk (See

Note (a))

3 NA I 1 Input Adjustable dimension of array X

4 NN I 1 Input Number of observed values m

5 NM I 1 Input Number of independent variables n

6 YD
{
D

R

}
NN Input Dependent variate observation values yi

7 NL I 1 Input Number of parameters � of regression model

function f(x;β).

8 ER
{
D

R

}
1 Input Requested precision

(default value:2×√(units for error decision))

9 NEV I 1 Input Maximum number n of evaluations of function

f(x,β)

(default value:100×NN×NL)

Output Actual number of function evaluations

10 X
{
D

R

}
NL Input Initial values of βi

Output Estimated values bi of βi

(i =, 1, · · · ,NL)
11 XE

{
D

R

}
NL Output Estimated standard deviation εi of bi

(i = 1, · · · ,NL)

12 Y
{
D

R

}
NN Output Function value f(xi, b) according to the opti-

mal least square solution.
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No. Argument Type Size
Input/

Output
Contents

13 C
{
D

R

}
NV,NL Output Asymptotic variance-covariance matrix V for

parameter β.

14 NV I 1 Input Adjustable dimension of array CV.

15 V
{
D

R

}
5 Output Statistics for creating analysis of variance table.

(See Note (c))

16 STAT
{
D

R

}
NL+1,5 Output Basic statistics of calculation result. (See Note

(b))

17 IW1 I 4×NL Work Work area

18 W1
{
D

R

}
See

Contents

Work Work area

Size:NN× (2×NL + 1) + NL× (NL + 4)

19 IERR I 1 Output Error indicator

(4) Restrictions

(a) 0 < NN ≤ NA

(b) 0 < NL ≤ NV

(c) NM > 0

(d) 2 ≤ NL + 1 < NN

(5) Error indicator

IERR value Meaning Processing

0 Normal termination.

3000 Any of restrictions (a) to (d) was not

satisfied.

Processing is aborted.

4000 The linear least squares method could not

be solved.

The values of X, Y, STAT and V at that

time are output.

4100 The steepest descent could not be

calculated.

4200 The solution could not be corrected 2NN

times consecutively.

4300 The inverse matrix could not be obtained.

5000 The sequence did not converge before

reaching the given maximum number of

evaluations.
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(6) Notes

(a) Observation data xki (k = 1, 2, · · · , n; i = 1, 2, · · · ,m) are stored as a real matrix (two-dimensional

array type) in array XD as follows (See Appendix A).⎡
⎢⎢⎢⎢⎢⎣

x11 x12 · · · x1,m

x21
. . .

...
...

. . .
...

xn1 · · · · · · xnm

⎤
⎥⎥⎥⎥⎥⎦

(b) The following kind of real matrix (two-dimensional array type) is stored in array STAT (See Appendix

A). ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n∑
k=1

xk1 μ1

n∑
k=1

(xk1 − μ1)
2

n∑
k=1

(xk1 − μ1)
2

n− 1

√√√√√√
n∑

k=1

(xk1 − μ1)
2

n− 1

n∑
k=1

xk2 μ2

n∑
k=1

(xk2 − ν)2

n∑
k=1

(xk2 − μ2)
2

n− 1

√√√√√√
n∑

k=1

(xk2 − μ2)
2

n− 1

...
...

...
...

...

n∑
k=1

xkm μ1

n∑
k=1

(xkm − ν)2

n∑
k=1

(xkm − μm)2

n− 1

√√√√√√
n∑

k=1

(xkm − μm)2

n− 1

n∑
k=1

yk ν

n∑
k=1

(yk − ν)2

n∑
k=1

(yk − ν)2

n− 1

√√√√√√
n∑

k=1

(yk − ν)2

n− 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Here, μi and ν are defined as follows.

μi =

∑n
k=1 xki

n

ν =

∑n
k=1 yk
n

(c) The following kind of a one-dimensional vector is stored in array V.

1: ST Total variation

2: SE Residual variation

3: fT = n Degrees of freedom of total variation

4: fE = n− � Degrees of freedom of residual variation

5: VE Unbiased variance of residual variation

(d) The actual name for the first argument term F must be declared by using an EXTERNAL statement in

a user-created program and a function subprogram having the actual name must be created in advance.

The function subprogram (in double-precision) should be created as follows.

REAL(8) FUNCTION F(X,B)

REAL(8) B,X]

DIMENSION B(∗),X(∗)
F = f(x, b) (Expression of X and coefficients B(i))
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RETURN

END

(e) The convergence decision is made according to the following expression by solving for b+Δb.

‖Δb‖ ≤ ER×max(1, ‖b+Δb‖)
Here, Δb is the correction vector for b and ‖b‖ = max |bi|
A value on the order of the default value should be taken as ER.

(f) If a default value is written in the Contents column of the Arguments table, the default value is set if

an integer less than or equal to 0 is entered for an integer type or a real number less than or equal to

0.0 is entered for a real type.

(7) Example

(a) Problem

From the following observation data,

(xki|yk) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2.0 −2.0 −1.0 2.7

−1.5 −1.5 −1.0 2.9

−1.0 −1.0 −1.0 3.1

−0.5 −1.0 −1.5 3.4

−0.5 −1.5 1.0 3.9

0.0 0.0 0.0 4.7

0.5 0.25 0.25 6.0

0.5 1.0 0.5 7.8

1.0 1.0 1.0 7.9

1.5 1.5 1.0 6.3

1.5 2.0 1.5 5.2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

perform a regression analysis according to the following regression model

f(x;β) =
β3β

2
2

(x1 + x2 + x3 − β1)2 + β2
2

+ β4 + β5(x1 + x2 + x3)

to obtain the estimates and estimate errors of the regression parameters, asymptotic variance-covariance

matrix, analysis of variance table, and basic statistics.

(b) Input data

Observation data XD and YD, NN=11, NM=3, NL=5, NEV=0, initial values of regression parameters,

NEV=0 and ER=0.0.
(c) Main program

PROGRAM BNNLGF
! *** EXAMPLE OF DNNLGF ***

IMPLICIT REAL(8) (A-H,O-Z)
PARAMETER (L = 5, N = 11, NA = 20, M = 3, NV = 5)
DIMENSION IWK(4*L)
DIMENSION A(5),AE(5),YF(N),WK(N*(2*L+1)+L*(L+4))
DIMENSION X(NA,M),Y(N),V(5),C(NV,L),STAT(M+1,5)
EXTERNAL FNDANL

!
WRITE(6,1000)
DO 100 I = 1,N

READ(5,*) (X(I,J),J=1,M),Y(I)
100 CONTINUE

READ(5,*) NEV
READ(5,*) ER
READ(5,*) (A(I),I=1,L)
WRITE(6,1100) N,M,L,NEV,ER
DO 110 I = 1,N

WRITE(6,1200) (X(I,J),J=1,M),Y(I)
110 CONTINUE

WRITE(6,1300) (I,A(I),I=1,L)
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CALL DNNLGF&
(FNDANL,X,NA,N,M,Y,L,ER,NEV,A,AE,YF,C,NV,V,STAT,IWK,WK,IERR)
WRITE(6,1400) &
IERR,NEV,(I,A(I),I=1,L),(I,AE(I),I=1,L),(I,YF(I),I=1,N),&
((C(I,J),J=1,L),I=1,L),(I,V(I),I=1,5),&
(I,(STAT(I,J),J=1,5),I=1,M),(STAT(M+1,J),J=1,5)

!
1000 FORMAT(’ ’,/,’ *** DNDANL ***’)
1100 FORMAT(’ ** INPUT **’,/,&

5X,’N =’,I5,/,&
5X,’M =’,I5,/,&
5X,’L =’,I5,/,&
5X,’NEV =’,I5,/,&
5X,’ER =’,D18.10)

1200 FORMAT(5X,’(( COORDINATES (X,Y) ))’,/,&
(5X,3(2X,F5.1),4X,F5.1))

1300 FORMAT(5X,’(( INITIAL VALUE OF COEFFICIENTS ))’,/,&
(5X,’ A(’,I2,’) =’,F5.1))

1400 FORMAT(’ ** OUTPUT **’,/,&
5X,’IERR =’,I5,/,&
5X,’NEV =’,I5,/,&
5X,’(( OPTIMIZED COEFFICIENTS ))’,/,&

5(5X,’ A(’,I2,’) =’,D18.10,/),&
5X,’(( ESTIMATED ERROR OF COEFFICIENTS ))’,/,&

5(5X,’ AE(’,I2,’) =’,D18.10,/),&
5X,’(( FUNCTION VALUE ))’,/,&

11(5X,’ YF(’,I2,’) =’,D18.10,/),&
5X,’(( ASYPTOTIC VARIANCE-COVARIANCE MATRIX ))’,/,&

5(5X,5(D11.3,1X),/),&
5X,’(( ANALISYS OF VARIANCE TABLE ))’,/,&

5(5X,’ V(’,I2,’) =’,D18.10,/),&
5X,’(( STATISTICS ))’,/,&

3(5X,’ X(’,I2,’) :’,5(D11.3,1X),/),&
5X,’ Y :’,5(D11.3,1X))

END

REAL(8) FUNCTION FNDANL(X,A)
REAL(8) X,A,F1,F2
DIMENSION A(*),X(*)
REAL(8) R

!
R = X(1) + X(2) +X(3)
F1 = A(3)*A(2)*A(2)/((R-A(1))*(R-A(1))+A(2)*A(2))
F2 = A(4)+A(5)*R
FNDANL = F1+F2
RETURN
END

(d) Output results

*** DNDANL ***
** INPUT **

N = 11
M = 3
L = 5
NEV = 0
ER = 0.0000000000D+00
(( COORDINATES (X,Y) ))

-2.0 -2.0 -1.0 2.7
(( COORDINATES (X,Y) ))

-1.5 -1.5 -1.0 2.9
(( COORDINATES (X,Y) ))

-1.0 -1.0 -1.0 3.1
(( COORDINATES (X,Y) ))

-0.5 -1.0 -1.5 3.4
(( COORDINATES (X,Y) ))

-0.5 -1.5 1.0 3.9
(( COORDINATES (X,Y) ))

0.0 0.0 0.0 4.7
(( COORDINATES (X,Y) ))

0.5 0.3 0.3 6.0
(( COORDINATES (X,Y) ))

0.5 1.0 0.5 7.8
(( COORDINATES (X,Y) ))

1.0 1.0 1.0 7.9
(( COORDINATES (X,Y) ))

1.5 1.5 1.0 6.3
(( COORDINATES (X,Y) ))

1.5 2.0 1.5 5.2
(( INITIAL VALUE OF COEFFICIENTS ))

A( 1) = 0.0
A( 2) = 1.0
A( 3) = 6.0
A( 4) = 3.5
A( 5) = 0.2

** OUTPUT **
IERR = 0
NEV = 902
(( OPTIMIZED COEFFICIENTS ))

A( 1) = 0.2486789111D+01
A( 2) = 0.1745170205D+01
A( 3) = 0.4861744252D+01
A( 4) = 0.3073046191D+01
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A( 5) = 0.1132194723D+00
(( ESTIMATED ERROR OF COEFFICIENTS ))

AE( 1) = 0.1051397452D+00
AE( 2) = 0.3165868493D+00
AE( 3) = 0.5230434840D+00
AE( 4) = 0.4125090217D+00
AE( 5) = 0.6950610080D-01

(( FUNCTION VALUE ))
YF( 1) = 0.2757500684D+01
YF( 2) = 0.2948308621D+01
YF( 3) = 0.3180048686D+01
YF( 4) = 0.3180048686D+01
YF( 5) = 0.3933760271D+01
YF( 6) = 0.4677319147D+01
YF( 7) = 0.6003344734D+01
YF( 8) = 0.7810268963D+01
YF( 9) = 0.7887470677D+01
YF(10) = 0.6301151442D+01
YF(11) = 0.5220777954D+01

(( ASYPTOTIC VARIANCE-COVARIANCE MATRIX ))
0.111D-01 0.183D-01 0.315D-01 -0.254D-01 -0.491D-02
0.183D-01 0.100D+00 0.115D+00 -0.120D+00 -0.182D-01
0.315D-01 0.115D+00 0.274D+00 -0.191D+00 -0.321D-01

-0.254D-01 -0.120D+00 -0.191D+00 0.170D+00 0.261D-01
-0.491D-02 -0.182D-01 -0.321D-01 0.261D-01 0.483D-02
(( ANALISYS OF VARIANCE TABLE ))

V( 1) = 0.3001500000D+03
V( 2) = 0.6278727310D-01
V( 3) = 0.1100000000D+02
V( 4) = 0.8000000000D+01
V( 5) = 0.7848409138D-02

(( STATISTICS ))
X( 1) : -0.500D+00 -0.455D-01 0.137D+02 0.137D+01 0.117D+01
X( 2) : -0.125D+01 -0.114D+00 0.187D+02 0.187D+01 0.137D+01
X( 3) : 0.750D+00 0.682D-01 0.108D+02 0.108D+01 0.104D+01
Y : 0.539D+02 0.490D+01 0.360D+02 0.360D+01 0.190D+01
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Appendix A

METHODS OF HANDLING ARRAY DATA

A.1 Methods of handling array data corresponding to matrix

Since the ASL subroutine library uses array data corresponding to matrix, this section describes various methods

of handling arrays.

To call a subroutine that uses array data, you must declare that array in advance in the calling program. If

the declared array is A(LNA, K), then n× n matrix A = (ai,j) (i = 1, 2, · · · , n; j = 1, 2, · · · , n) is stored in array

A as shown in the figure below.

Matrix Storage Mode Within an Array A

a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
. . .

...

an,1 an,2 an,3 · · · an,n

← −−−−−− n−−−−−− →
LNA

:⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐<
← −−−−−−−−K−−−−−−− →

:⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐<
n

Remarks

a. LNA ≥ n and K ≥ n must hold.

b. Matrix element ai,j corresponds to the array element A(i, j).

Figure A−1 Matrix Storage Mode Within an Array A()

LNA is called an adjustable dimension. If a two-dimensional array is used as an argument, the adjustable must

be passed to the subroutine as an argument in addition to the array name and order of the array. The matrix

elements ai,j (i = 1, 2, · · · ,LNA; j = 1, 2, · · · ,K) must correspond to the array element A(i, j) (i = 1, 2, · · · ,LNA; j =
1, 2, · · · ,K) , as follows on the main memory.

a1,1 a2,1 · · · aLNA,1 a1,2 a2,2 · · ·
� � · · · � � � · · ·

A(1, 1) A(2, 1) · · · A(LNA, 1) A(1, 2) A(2, 2) · · ·

Example DAM1AD (Real matrix addition)

Add 3×2 matrices A and B placing the sum in matrix C. If you declare arrays of size (5, 4), the declaration

and CALL statements are as follows.

REAL(8) A(5, 4), B(5, 4), C(5, 4)

INTEGER IERR

C

CALL DAM1AD(A, 5, 3, 2, B, 5, C, 5, IERR)

Data is stored in A as follows. Data are stored in B and C in the same way.
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a1,1 a1,2

a2,1 a2,2

a3,1 a3,2

← −− 2−− →5

:⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐<
← −−−− 4−−−− →

:⏐⏐⏐⏐<3

Figure A−2 Matrix Storage Mode Within an Array A

If you will be manipulating several arrays having different orders as data, you can prepare one array having

LNA equal to the largest order and use that array successively for each array. However, you must always assign

the LNA value as an adjustable dimension.

A.2 Data storage modes

Matrix data storage modes differ according to the matrix type. Storage modes for each type of matrix are shown

below.

A.2.1 Real matrix (two-dimensional array type)

Matrix to be stored

a1,1 a1,2 a1,3 a1,4 a1,5

a2,1 a2,2 a2,3 a2,4 a2,5

a3,1 a3,2 a3,3 a3,4 a3,5

a4,1 a4,2 a4,3 a4,4 a4,5

a5,1 a5,2 a5,3 a5,4 a5,5

⇒

Storage status within array A(LNA, K)

a1,1 a1,2 a1,3 a1,4 a1,5

a2,1 a2,2 a2,3 a2,4 a2,5

a3,1 a3,2 a3,3 a3,4 a3,5

a4,1 a4,2 a4,3 a4,4 a4,5

a5,1 a5,2 a5,3 a5,4 a5,5

← −−−−−−N−−−−− →
LNA

:⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐< ← −−−−−−−K−−−−−−− →

:⏐⏐⏐⏐⏐⏐⏐⏐⏐<
N

Remarks

a. LNA ≥ N and K ≥ N must hold.

Figure A−3 Real Matrix (Two-Dimensional Array Type) Storage Mode
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Real symmetric matrix and positive symmetric matrix

A.2.2 Real symmetric matrix and positive symmetric matrix

(1) Two-dimensional array type, upper triangular type

Matrix to be stored

a1,1 a1,2 a1,3 a1,4 a1,5

a1,2 a2,2 a2,3 a2,4 a2,5

a1,3 a2,3 a3,3 a3,4 a3,5

a1,4 a2,4 a3,4 a4,4 a4,5

a1,5 a2,5 a3,5 a4,5 a5,5

⇒

Storage status within array A(LNA, K)

a1,1 a1,2 a1,3 a1,4 a1,5

∗ a2,2 a2,3 a2,4 a2,5

∗ ∗ a3,3 a3,4 a3,5

∗ ∗ ∗ a4,4 a4,5

∗ ∗ ∗ ∗ a5,5

← −−−−−−N−−−−− →

LNA

:⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐< ← −−−−−−−K−−−−−−− →

:⏐⏐⏐⏐⏐⏐⏐⏐⏐<
N

Remarks

a. The asterisk (∗) indicates an arbitrary value.

b. LNA ≥ N and K ≥ N must hold.

Figure A−4 Real Symmetric Matrix (Two-dimensional Array Type) (Upper Triangular Type) Storage mode
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Appendix B

MACHINE CONSTANTS USED IN ASL

B.1 Units for Determining Error

The table below shows values in ASL as units for determining error in floating point calculations. The units

shown in the table are numeric values determined by the internal representation of floating point data. ASL uses

these units for determining convergence and zeros.

Table B−1 Units for Determining Error

Single-precision Double-precision

2−23(� 1.19× 10−7) 2−52(� 2.22× 10−16)

Remark: The unit for determining error ε, which is also called the machine ε, is usually defined as the smallest positive

constant for which the calculation result of 1+ ε differs from 1 in the corresponding floating point mode. Therefore, seeing

the unit for determining error enables you to know the maximum number of significant digits of an operation (on the

mantissa) in that floating point mode.

B.2 Maximum and Minimum Values of Floating Point Data

The table below shows maximum and minimum values of floating point data defined within ASL. Note that the

maximum and minimum values shown below may differ from the maximum and minimum values that are actually

used by the hardware for each floating point mode.

Table B−2 Maximum and Minimum Values of Floating Point Data

Single-precision Double-precision

Maximum value 2127(2 − 2−23) (� 3.40× 1038) 21023(2 − 2−52) (� 1.80× 10308)

Positive

minimum value
2−126 (� 1.17× 10−38) 2−1022 (� 2.23× 10−308)

Negative

maximum value
−2−126 (� −1.17× 10−38) −2−1022 (� −2.23× 10−308)

Minimum value −2127(2− 2−23) (� −3.40× 1038) −21023(2− 2−52) (� −1.80× 10308)
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